
HAL Id: inria-00071584
https://inria.hal.science/inria-00071584

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Cost optimisation in water supply system
Satyaveer Singh Chauhan, Najoua Dridi, Jean-Marie Proth

To cite this version:
Satyaveer Singh Chauhan, Najoua Dridi, Jean-Marie Proth. Cost optimisation in water supply system.
[Research Report] RR-4994, INRIA. 2003, pp.17. �inria-00071584�

https://inria.hal.science/inria-00071584
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
49

94
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME 4

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Cost optimisation in water supply system

Chauhan S. Satyaveer — Najoua Dridi — Proth Jean-Marie

N° 4994

Novembre 2003





Unité de recherche INRIA Lorraine
LORIA, Technopôle de Nancy-Brabois, Campus scientifique,

615, rue du Jardin Botanique, BP 101, 54602 Villers-Lès-Nancy (France)
Téléphone : +33 3 83 59 30 00 — Télécopie : +33 3 83 27 83 19

�����������	��

��
�������
�����
����������������	������ !�� "�#���$�

%'&)(+*,&)(.-0/213/�(.465#(87:9;9=<
∗† >)? (A@
B:*)(DC�<FEHG,E ‡ >3I <
B+4J&LK+9=(+-�MONL(+<FEH9 §†

P�QAROSUT�V'WYX8Z[S]\A^`_bacZed;fgT�ahdjikacZeSUZ`lm_namZ[djf
o T�lmp8lqamR
SUT
lhr�d;SUiA^eTOskT
l

t3umdjvwT�axl$Xky$z|{3t
}$_niAi+djuma o T�ucT
rxQAT
ucrxQAT0f:~�V;�;�nV�WY�$d;�8TOSU�AucT��j�j�;��W��b��i._n�jTFl

�	���
�O�b�A�j�j� P�QAZ`l"i�_ji.T
u�iAucT
lmTOf=acl"_���_bacTOu�lm\AiAiA^[pDiAucdj��^eT
S�_nucZ`lqZ[fA����umd;S�amQ�T�umT
�jZ[djf�lU�hQ�TOucT
i+db��TOu,lq\Ai�iA^ep�Z`l�fAdna,umT
�j\A^`_bacT o _jf o acQAT���_namTOu,lm\AiAiA^[ZeT
u,Q�_jl�amd|S"_nf�_j�jT3acQAT o TOS"_nf o _ba,SUZef�ZeS�\AS
i+d;lclmZe�A^[TUr�d;lqa
�UP�QATUr�d;f�lq\�S'iAamZ[djf�Z[l�rOdjf�lqamux_nZ[fAT o amd�djuc�;_jfAZe 
T]ux_bacZed;fAZef���¡�_nf o acQ=\.l�¢=f�db�hf o _Jp
_n�£amT
u o _Jpj�¥¤�\AumamQAT
umSUdjucTj¡3amQAT�lc_nSUTgr�djf.lq\ASUikacZed;fDiAucdn¦.^eT�Z[lUS"_jZef=ac_jZef�T o§o \AucZefA��amQ�Tglm\ASUSUTOu
lmT
_;lqd;f�¡#_nf o amQAZ`l|T�skiA^`_nZ[f�l¨amQATUZ[SUi.d;uqax_nf�rOT]dn�2amQAT'ucT
lmTOuc�jdjZ[u¨rOdjf=amT
f=a�_na¨acQAT��+TO�;Zef�fAZef���dj�©T
_;rxQ
o _Jpj�)P�QAT�r�ucZeamTOucZ[djf�acdU�.T�SUZ[fAZeSUZ[ OT o Z[l�acQAT�r�d=lwahdn�,TOf�TOuc�jpUamQ._ba$TO�;dj^[�jTFl o \AumZ[fA�'amQ�T o _Jpj�
ª¬«=­:®c¯]° �b±��j�³² _bacTOu¨Xk\AiAiA^[pj¡+´¨iAamZ[S'Z`lc_bamZ[djf�¡.µ2p8rO^eZ`r�lqpklqamT
S�¡._nf o }hT
lmTOuc�jd;Zeu�rO_ji�_jrOZ¶awp

∗ ·¹¸bºx»J¸bºx¼b½�¾À¿6ÁHÂÃºFÄ ÅeÁ
† Æ�Ç�È�Æ£É�ÊÌË
É�Í,Î.ÏAÐbÆ ¾ÀÑ)ÒF» Ë ºx»J¾À·ÔÓ ÐnÕ ÑÔÖH× ÐbØ�ÙxÚxÛ�ØFÐbÜ ÁÝºx¼F·qÑ6Ä
‡ Î ·q¿6¾ÀÑ Ç ºcÖÝÂÀ¿6¼bºx¾ÀÑÞÒ=ß Æ ¼Jà6áw¼JÂÀÑw»JÁÌâãÒJÑÞäk»J¼JÂÀâ Ð�å#Ïçæ�Ù
Ð�è Ñ å Ñw¾ é�áqÒFêqÁÌÑ ÐìëqÚ6Ú6í0Ê äk»J¼JÂÀâ Ð Ñ Ê£î ºxÂÀ¾`ï�¼bº Êð ¿6»bºFÄ ÒFÁHÂÀÒJÂ¶½�Ñw¼JÂ ÖqÄ ÁÌ¼
»=Ä ÖH¼
§ ñ ÁH¿xÖH¸n½�¾À¿6ÁÌÂÃºFÄ Å[Á Ð ä�áw¾`ï Ú6æ6ò�Ù2æFë3ØxÛhØ6ò¨ó`ô ¿6ÁHÁÌÑwâ ñ ¿6¼JÒJÂÀ¼Jà¨ºx»FÖH¸J¿6ÁÝõ



� � ��
O��
O������
O�������h������������� �]� � �������,�	����
$���
� ���������
�U
O��
��������$���h�]� �h���h���

��� ����� � � µ2TOaqacT r�d;SUS]\AfAZ`rO_namZ[djf iAu��
lmTOf=acT�\Af iAucdj��^eR
S'T o _niAi�umdb�8Z`lqZ[djfAf�TOSUTOf=a�TOfDT
_n\ o _nf�l
\�f�T
f8�=Z[ucdjfAfAT
SUTOf=a�d���^[T�r�d��Aa o T�^��OfAT
um�;ZeTU�b_nucZeT�_j\ r�dj\�ucl o T"^`_'vwdj\�umf��
T"T�a]d���^eTF_n\ o djZea���acumT
ux_bacZed;fAf��
Tj����_�u��O�;\A^`_bamZ[djfglmT��Ì_nZea TOf¬r�d;f=amux_nZ[�jf�_jf;a�^[T�iAucdn¦�^ o T�r�djf.lqd;S'S"_namZ[djf o \Aux_nf=ah^[_"lc_nZ`lqd;f
lmR
rxQ�T! )r�T
^[_]T�skiA^[Z�"=\AT¨^eZ[SUi.d;uqax_nf�rOT o \ fAZ[�jT
_j\ o T|^eTF_n\ o _nf�l2^eT|u��
lmTOuc�jdjZ[u3_n\ o �O��\ka o T¨^`_�i#�OucZed o T
$ ^[_¨vwd;\Aumf%�OT'&��(��d;�kvwT
r�amZe��T
lqa o T�SUZ[fAZeSUZ`lqT
uh^eT�rOd��ka o T�^��Of�TOuc�jZ[T|rOdjf�lmdjSUS)�OT;�
*�° �F� ® ��+ � � � y$i�iAumdb�8Z`lqZ[djf�fATOSUTOf=a�TOfgT
_j\�¡.´¨ikacZeSUZ`lm_namZ[djf�¡A},�FlqT
um�;djZ[u
¡kX8pklqamROSUT�rOp8rO^eZ-"=\AT



���������
	���
�
�����	���	������ �

� � �����,� �����©��
����

² _bacTOu3lm\AiAiA^[p]Z`l)_�iAucdjSUZ[fATOf=a)iAucdj�A^[TOS Z[fUumT
�jZ[djf�l��hQAT
umT���_bacTOu,umTFlqd;\Auxr�T
l,_jumThlcrO_nuxr�T�_nf o T
fATOuc�jp
Z`l|^eZ[SUZ¶acT o ���Ôf amQAZ`l�¢8Zef o dn��TOf8�8Zeucdjf�S'T
f=a��nV QAd;\Auxl¨i�\ASUiAZef�� acd�rOZeuxr�\�^[_namT'��_namTOu�Z[f�ucT
lmZ o TOf=amZ`_n^
rOdj^[djf8p¬dju�rOZ¶awp�Z`l�fAdja|��TF_jlmZe��^eT;�UX8Z[f�rOTj¡�acQATUTO^[T
r�amucZ[rUlm\AiAiA^[p�Z`l�fAdna�ucTO�j\�^[_namT o ¡#amQAT"lm\AiAiA^[Z[TOu�_n^`lmd
o TOi+TOf o l�\Ai+djf�amQAT�iAucZe�b_bacT©i+db�2T
u�lm\AiAiA^[p�iAucdb�8Z o T
u�d;u�lmTO^e���jT
fATOux_bacT o i+db�2T
u��8p�TO^[T
r6acumZ`r3�;TOfAT
uc_namd;u
acQ�_ba�uc\Af�djf o Z[T
lmTO^Ý¡8_jf o acQ=\.l©acQAT|TO^[T
r6acumZ`r|r�d;lqa2�b_jumZ[T
l o \AucZefA�U_ o _Jpj�)P�d�db�jT
ucrOdjSUT�amQAT|iAucdj�A^[TOSg¡
acQAT]��_bacTOu|lq\Ai�iA^eZ[TOu¨SUdjfAZeamd;ucl$amQAT���_namTOu|r�d;f�lq\�S'iAamZ[djf�l¨_nf o acumZ[T
l$amd umTO¦�^e^�amQAT�ac_jfA¢ o \AucZefA�	amQAT
o _Jp]�hQAT
f�TOfAT
um�;p]Z`l©rxQATF_ni����Ôf o T
T o ¡;amQ�T¨rxQAd;Z[rOT$dn�:amQ�T
lmT$i.T
umZ[d o l3Z`l©rOdjf�lqamux_nZ[fAT o �8p�amQAT|rO_ji�_jrOZ¶awp
dj��acQAT�ac_jfA¢ _jf o Zeacl$ZefAZeamZ`_n^�^eT
�jTO^Ý�

�Ôf amQAZ`lhi�_ji.T
u
¡8��T�r�djf.lqZ o TOuh_�iAucdj�A^[TOS��hQAT
umT|acQAT�ZefAZeamZ`_n^#^[TO�;TO^#dj����_namT
u�rOdjf=amT
f=a�Z[f amQAT|ac_jfA¢
Z`l�¢8fAdb�hf _jf o acQAT�r�djf.lq\ASUikacZed;f	Z`l�iA^[_jfAfAT o ��dju�acQAT�fAT�s8a o _Jpj�)P�QAT��jd=_n^+Z[l2acd'_;rxQAZeT
�jT amQAT��jZ[�jT
f
rOdjf�lm\ASUikacZed;f�_ba©acQAT ^[db��T
lqa2r�d=lwa2_jf o acd�umTOam\Aucf"acQAT¨lc_nSUT rOdjf=amT
f;a2dn�#amQ�T$ac_jfA¢"_ba2amQAT¨TOf o dj�#amQAT
o _Jpj��y¨lmlm\ASUZ[fA��amQ�_na)amQAT$lc_nSUT$rOdjf�lm\ASUikamZ[djf'iAucdn¦�^[T�Z[l©_niAiA^[Z[T oUo \AucZef���_|^`_nuc�jThlmT�"=\ATOf.r�T�dn� o _JpklO¡
_jfAdnacQATOu©iAumd;�A^[TOS amd]�+T lmdj^[�jT o Z[l3amQAT|lqT
^eTFr6amZ[djf"dj�#amQAT �.TFlwa�ZefAZeamZ`_n^:r�d;f=amTOf=a©dj�:amQAT¨umTFlqT
um�;djZ[u
¡bacQ�_ba
Z`l�amQ�T�ZefAZeamZ`_n^�^eT
�jTO^:acQ�_ba$^[T
_ o l�amd'acQAT�^edb��T
lqa$r�d=lwaF�

}hTFlqTF_nuxrxQAT
l�Q�_J�;T��.T
TOf¬r�d;f o \�r�amT o acdU¦�f o ��_Jpkl�acdU�Ì_jr�T o ucdj\��jQ=a
�©X8d;SUT�dn��amQATFlqT�ucT
lmT
_nuxrxQATFl
rOdjf�rOTOucf§ac_nf�¢��bumTFlqT
um�;djZ[u o T
lmZe�;f�¡h�hQAZ`rxQ Z`l�fAdja	amQ�T�dj�kvwTFr6acZe�;T�dn��acQAZ[l	i�_ni+TOuF��P�T
rxQAf�Z�"=\ATFlU��dju
rOdjf=amucdj^[^[ZefA�'��_bamT
uhlq\Ai�iA^ep dn��umTFlqT
um�;djZ[ucl o \AucZef�� o umd;\A�jQ=a
¡8Z[f¬_jrOrOdju o _nf.r�T �hZeamQ¬rOdjf�lm\ASUikamZ[djf�¡ o Z o
f�dna$_bamamux_jr6ahS"_nf8p�ucT
lmT
_jucrxQ�TOuxlO�

´¨fAThSUTOamQAd o Z[l3��_jlmT o djf'S"_bacQATOS"_bacZ[r
_n^Ai�umd;�jux_nSUSUZefA�.��y l)�Ì_nu3_jl3�2T�¢8fAdb��¡��[�� ���_jl�acQAT�¦�uxlwa
�hQ�d�\.lqT o ^[Zef�T
_nu�iAucdj�;uc_jSUS'Z[fA� Zef�amQ�Z[l|¦�T
^ o �!�#"� 3\.lqT o S"_bacQATOS"_namZ`rO_n^)i�umd;�jux_nSUSUZefA��_niAi�umd=_jrxQ
acd�r�d;S'i�\kamT��;dj^[\ASUT
l�acQ�_bahacumZ[�j�;TOuhux_bamZ[djf�ZefA�UiAQ._jlmT
l$_na o Z%$:TOucTOf=a$^[TO�;TO^`lO�&� V� o TO�;TO^[dji+T o _US]\�^¶acZ%'
d;�kvwT
r�amZ[�jTg^[ZefATF_nu�i�umd;�jux_nSUSUZefA��_ni�iAumd=_jrxQ¥amd S"_nf._n�jTg��_bacTOu�lm\AiAiA^[p§lmpklwacTOS o \AucZefA� o umd;\A�jQ=a
�
XkZeS�\A^[_namZ[djfgZ`lhSUdjucT��hZ o T
^ep umT
iAucT
lmTOf=amT o Z[f�amQAT]^eZeamT
uc_nam\AucTj�&� �� �Q�_jl$\�lqT o lqZ[S]\A^`_bacZed;f�¡�_;lmlmdkr�Z`_bamT o
�hZeamQìucZ[lm¢¥_jf�_n^[pklqZ`l
� ´ acQATOu _n\kacQAdjuxlUiAucdji+d;lmT o _niAiAucd;_;rxQAT
l���_;lqT o d;f¥S"_jf�_n�;TOSUTOf=a"um\�^eTFlO¡2��dju
Z[f�lqac_jf�r�T;¡(� �) 3Zef=acumd o \�rOT o T�ski+TOuma�lqpklqamTOS"l|acdg_jiAiA^[p�_glmT�a�dn��um\�^eTFl ��d;u�S"_nf�_j�jZ[fA�g��_namTOu�lm\AiAiA^[p
lmpklwacTOS"l
�

P�QAT"i�umd;�A^eT
S _ba�Q�_jf o Z[l o Z%$:TOucTOf=a���umd;S³amQ�T�r�^`_jlclqZ`rO_j^���_bacTOu�lm\AiAiA^[p�iAucdj��^eT
S Zef�acQAT"lqT
f�lqT
acQ�_ba]rOdjf�lm\ASUikacZed;f�Z`l�¦AskT o�o \AumZ[fA�¬_g�jZ[�jT
f�i+TOucZ[d o $ _ o _Jp�&�_nf o amQ._ba�amQ�T��jd=_n^,Z[l�amd¬SUTOTOa�amQAT
rOdjf�lm\ASUikacZed;f _ba�amQ�T|^[db��T
lqa2iAucZ[rOT|_jf o ucT�ac\Aucf�amd'acQAT|lc_nSUT¨ac_jfA¢"^eT
�jT
^:_na2acQAT�TOf o dn��amQAT�i+TOucZed o �
µ2d;f�lqamux_nZ[f;axl|amd _jiAiA^[p�_jumTUacQAT o T
^eZ[�jT
ump�uc_namT"dn��amQ�T�iA\ASUiD_jf o amQAT	r
_ni�_;r�Zeawp dj��acQAT�ucT
lmTOuc�jd;ZeuF�
� dnacT¨acQ�_bah¦�s8Z[fA�"r�d;f�lm\ASUikamZ[djfgZ`lh_���_Jp"acd'd;um�=_nfAZ[ OT|ux_bamZ[djf�ZefA�.�

P�QAT|ucT
lqa�dj��amQAT|i�_ji.T
u�Z`l�djuc�;_jfAZe 
T o _;l3��d;^e^[db�$lO�3X8TFr6acZed;f�� o TO�jdjamT o amd�iAucdj�A^[TOS ��d;umS�\A^[_namZ[djf��
�Ôf¬lmT
r�amZ[djf¬�A¡k��T�iAucT
lmTOf=a�amQAT�i�umd;i.T
uqacZeTFl�dn��_jfgdjikacZeS"_n^�lqd;^e\kacZed;f��©y f�d;ikamZ[S"_n^�_j^e�;djucZ¶acQAS ��_;lqT o
d;f'amQAT$i�umd;i.T
uqacZeTFl)Z[l3iAumd;i.d=lqT o Zef�lmT
r�amZ[djfUV��)X8T
r�amZ[djf*"|Z[^e^[\�lqamux_bacT
l,acQAT _n^[�jd;umZeamQ�S �8p'_�f8\ASUTOucZ`rO_n^
TOsA_nSUiA^[Tj���Ôf lmT
r6acZed;f*+A¡8��T¨lmQAdb�ãQAdb�ìacQAT¨Z[fAZeamZ`_n^:ucT
lmTOuc�jdjZ[u©rOdjf=amT
f;a�Zef�,�\ATOf.r�T
l©amQ�T|rOd;lqa2dn����_namTOu
lm\AiAi�^ep o \AumZ[fA�"_Ui+TOucZed o _nf o ¦�f�_j^e^[p lmT
r�amZ[djf���Z`l�acQAT�r�djf.r�^[\�lqZ[djf��

È�È ¼�- Û�.�.xÛ



V ��� �����������	� ��

��
���� ���)���

� � ���������$� �b���)����������
O���

y ��_namTOu�ax_nfA¢�Z[l]\�lmT o amd�lm\AiAiA^[p���_namTOu�Z[f�amQ�T	r�Zeawpj��y�QAZ[�jQ�i.db��TOu�T
^eTFr6acumZ`rUiA\ASUi Z`l�\�lmT o amd
ucTOi�^eT
fAZ[lmQ�amQAT�ax_nfA¢���ucdjS�T�s8amT
umf�_j^kumTFlqT
um�;djZ[u $ lm_Jp]\Af o T
um�;umd;\Af o ��_bacTOu &6��P�QATh��_namT
u,rOdjf�lm\ASUikacZed;f
dj��acQAT$r�Zeawp]Z`l)_jlclq\�S'T o acd��.Thi+TOucZ[d o Z[r o \AucZ[fA��_�QAdjucZe 
djf

T
$ lm_Jp]_ o _Jp�&���P�QAT���d;^e^[db�hZef��|f�dnac_namZ[djf�l

_jumT|\�lmT o Z[f acQAT���djucS]\�^[_namZ[djf  
g(t
&��;Ze�;T
l2amQAT�Z[f�lqac_jf;ax_nfAT
dj\�l���_bacTOu$r�d;f�lm\ASUikamZ[djfg_ba�amZ[SUT

t ∈ [0, T ]
�

q
Z[lhamQAT�iA\�S'i�ZefA�"ux_bacT�ZH� Tj�,acQAT	";\._nf=amZeawp�iA\ASUi¬Z`lh_n�A^[T|amd"iAucdb�8Z o T¨i+TOu$\�fAZ¶ahacZeSUT;�

c(t)
�;Ze�;T
l amQAT'dji+TOux_bacZef��	r�d=lwa�dn�©i�\ASUi �hQAT
f iA\ASUi�Z[l|dji+TOux_bacZef�� _ba¨amZ[SUT

t ∈ [0, T ]
�&�¹a�Z`l acQAT

rOd;lqahdn��i+db��TOu$lm\AiAiA^[pj�3P�QAZ`lhr�d=lwahZ`lhiAZ[T
rOTO�hZ`lqT�r�d;f=amZ[f=\�dj\�l
�
s0
ucTOiAucT
lmTOf=axl©acQAT���_bamT
u�^eT
�jTO^�_nahamZ[SUT��A�

m
Z`l�acQAT�rO_ji�_jrOZ¶awp"dj��acQAT�ac_jfA¢:¡A_nf o

s(t)
o TOfAdjamT
l�acQAT���_bamT
uh^eT
�jT
^#Zef amQAT�ax_nfA¢�_ba�amZ[SUT

t ∈ [0, T ]
�

¤�\AuqacQATOucSUdjucTj¡k��T o TOfAdjamT��8p
δ : t→ {0, 1}

acQAT���\Af�r�amZ[djf o TO¦�fAT o _;l©��d;^e^[db�$l� 

δ(t) =

{ ��Z¶��amQAT�i�\ASUi�Z`lhd;i.T
uc_namZ[fA��Z[f�amZ[SUT
t�'dnamQ�TOuc�hZ[lmT

}

�Ôf amQAT�ucT
lqahdn��acQAT�i�_ni+TOuh��T|_;lmlm\ASUT¨amQ�_na�Ze�
δ(t) = 1

$ ucT
lmi.TFr6acZe�;TO^[p���&6¡8acQATOucT|T�skZ[lqacl�_Ur�^[d;lmT o
Z[f=amT
um�b_n^

Et = [αt, βt]
lm\�rxQ�acQ�_ba

αt < t < βt

_nf o
|Et| < ε

�hQAT
umT
ε
Z`l�_	�;TOucp�lqS"_j^e^,f8\AS]�+TOuF¡

_jf o amQ�_na
δ(h) = 1

$ ucT
lmi.TFr6acZe�;TO^[p	��&���d;u _nf8p
h ∈ Et

� ² T�umTO��TOuhacdUamQAZ`l$iAucdji+TOumawp	_;lhiAucdji+TOumawp	�A�
�Ôf�amQAZ`l�S'd o T
^.��T¨_;lmlm\ASUThacQ�_ba�amQAT|��T
_nucZ[fA��_nf o amT
_jumZ[fA�]rOd;lqa o \�T acd�lqac_numa '¹\Ai�_jf o lmQ=\Aa o db�hf�dj�
acQAT�iA\ASUigZ`l�fATO�;^eZ[�jZ[�A^[T|�hZeamQgucT
lmi.TFr6ahacd'i+db��TOuhr�d=lwaF�

��T�a
D
�.T�acQAT�lmT�ahdn����\Af�r�amZ[djf�l

δ
amQ�_na lm_namZ`lw��p  

q.

∫ T

t=0

δ(t)dt =

∫ T

t=0

g(t)dt

D
rxQ�_nux_jr�amTOucZ[ OT
l�amQAT�T�sA_;r6a�ucTOi�^eT
fAZ[lmQASUTOf=a�amQ�_na�Z`l�fATOT o T o amd¨��\A^e¦�^=amQAT o T
SU_jf o]o \AumZ[fA�¨i.T
umZ[d o

[0, T ]
� P�Q�T
lmT�ucTOiA^[TOf�Z[lmQASUTOf=aclg_jumT amQAT�djf�^epãd;fAT�dj�]Z[f;acTOucT
lqa o \AT�amd¥amQAT�i+TOucZed o Z`r�Zeawpãdn��amQAT

rOdjf�lm\ASUikacZed;f��
P�QAT�i�umd;�A^eT
S _bahQ�_jf o r�d;f�lqZ`lqa�dj��lmTO^[T
r�amZ[fA�

δ∗ ∈ D
acQ�_ba lc_bacZ[lq��p  

∫ T

t=0

c(t)δ∗(t)dt = Minδ∈D

∫ T

t=0

c(t)δ(t)dt
$ � &

\Af o TOuhacQAT���dj^[^[db�hZefA�Ur�d;f�lqamux_nZ[f;axl� 

s(h) = s0 + q

∫ h

t=0

δ∗(t)dt−

∫ h

t=0

g(t)dt ∈ [0,m], ∀ h ∈ [0, T ]
$ ��&

P�QAT�d;�kvwT
r�amZ[�jTj¡ T�skiAucT
lclqZ[djf $ �'&�¡¨Z`l amd§S'Z[fAZ[SUZe 
T�acQAT�umT
iA^[TOfAZ`lqQ�S'T
f=agrOd;lqa o \AucZ[fA�§_¥�jZ[�jT
f
Q�djucZe 
djf��¬µ2djf�lqamux_nZ[f=a $ ��&��j\�_juc_jf;acTOTFl acQ�_ba]amQAT	ac_nf�¢ ^[TO�jT
^3^[ZeTFl��+T�aw��TOTOf �¬_jf o

m
��y�lqd;^e\kacZed;f

δ∗ ∈ D
acQ�_ba��jT
umZe¦�T
l $ ��&hZ`l¨lc_nZ o amd �.T]��T
_;lqZ[�A^[T�_nf o Z¶a�Z`l d;ikamZ[S"_n^�Z¶�w¡:Z[f _ oAo Z¶acZed;f�¡:Z¶a�SUZefAZ[SUZe 
T
l

$ �'&��3�$dnacT|amQ�_nahamQAT�lmT�a$dj����T
_;lqZ[�A^[T�lqd;^e\AamZ[djf�l�S"_Jp��+T�TOSUikawp	T
�jT
f Ze�
D 6= ∅

�
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P�QAZ`l'Z[lU_�fAdjf�'Ý^[Zef�T
_nu�iAucdj�A^[TOS _jf o _nf§_nf�_j^ep=acZ[r
_n^�T�sA_jr�a'lmdj^[\kamZ[djf¥dn�$acQAZ[l'iAucdj��^eT
S Z`l'�jT
ump
o Z���r�\�^¶aF�3P�dUS"_n¢;T¨acQAZ`l�iAumd;�A^[TOS�acuc_;r6ac_j�A^[T¨��T o Z[lcr�ucT�acZe 
T|amQAT�iAucdj��^eT
S��=p o Ze�8Z o Z[fA�UamQAT�QAd;umZ[ Od;f
Z[f=amd

N
Z[f;acTOuc�b_n^`lO��� db��¡.acQAT o Z`lmrOumTOamT]�;TOuxlqZ[djf dn�3acQAZ[l|iAucdj��^eT
S r
_nf��.T���djucS]\A^`_bacT o _jl|_	�AZ[f�_jump

Z[f=amT
�jTOu¨iAucdj�jux_nSg�|P�QAT���d;umS�\A^[_namZ[djf�dj�)amQAT'�AZ[f�_nucpgiAucdj�A^[TOS Z`l iAucT
lmTOf=acT o Z[f�_jiAi.T
f o Zes#�|y �;_nZ[f�¡
Zea Z`l$��TO^[^�¢8fAdb�hfgamQ._ba$acQAT��AZ[f�_nucp	Z[f=amT
�jTOu iAumd;�jux_nSUSUZef��'SUTOamQAd o Z`l$fAdja¨_nfgT�$:T
r�amZ[�jT�SUTOamQAd o Ze�
acQAT�lmZe 
T"dn��amQAT"iAucdj��^eT
S Z[l��jTOucp�^`_nuc�jT;��� TOucTUamQAT�lmZ[ OT $ lmTOT�_jiAi+TOf o Zes%&|dn��amQAT"��Zef�_jump�iAucdj�A^[TOS
o TOi+TOf o l�\Ai+djf

N
� �Ôf�acQAZ`l2��djuc¢U�2T|lqQ�db�ìamQ�_na�acQAT�_n^[�jdjucZeamQAS iAucT
lmTOf=amT o ��dju�acQAZ[l�iAucdj��^eT
S�Z[l©�Ì_nu

S�\�rxQ��.TOaqamT
uhamQ._nf�amQAT���Zef�_jump"Z[f=amT
�jTOuhi�umd;�jux_nSUSUZefA��SUT�amQ�d o lhdju o p8f�_jSUZ[r|iAucdj�;uc_jS'SUZ[fA���
�Ôf¥amQATg��d;^e^[db�hZ[fA��lmT
r�amZ[djf�¡2�2T�Z[f;acumd o \.r�T¬lqd;SUT iAucdji+TOumamZ[T
l'dj�|_nf§djiAamZ[SU_j^$lqd;^e\AamZ[djf ��d;uUamQAT

rOdjf=amZ[f8\Adj\.lhiAucdj�A^[TOSg�
��_bamT
u$acQAT
lmT]iAucdji+TOumamZ[T
l �hZe^[^�QATO^[i�\�l amd o TO�jT
^ed;i�_nf�T���r�Z[TOf=a¨QAT
\AucZ[lqamZ`r�amd
lmdj^[�jT|acQAZ[l iAucdj�A^[TOSg�2P�Q�dj\A�;Q�¡AQAT
\AumZ`lqamZ`r�_n^[�jdjucZeamQAS r�djSUTFl�\Ai¬�hZ¶acQgamQAT]djikacZeS"_n^�lqd;^e\kacZed;fgdn�,amQAT
o Z[lcr�ucZ¶acZe 
T o iAucdj�A^[TOSç�2T�r
_n^[^3Zea]QATO\�umZ`lwacZ[rU�+T
r
_n\�lmTUamQ�T�iAucdj�A^[TOSç�2T�lmdj^[�jT o Z`l o Z`lmrOumTOamT�_jf o amQAT
d;ikamZ[S"_n^�lqd;^e\kacZed;f dn��amQ�T	iAucdj�A^[TOS S"_Jp�f�dna]�+T�acQAT	d;ikamZ[S"_n^3��d;u�acQAT rOdjf=amZ[f8\Adj\�l�iAumd;�A^[TOSg��´ �
rOdj\AuxlmTUamQAT o Z%$:TOucTOf�rOT��+T�aw��TOTOf�acQAT�aw��d�lmdj^[\kamZ[djf r
_nf �+T	ucT o \�rOT o �8p�lmTO^[T
r�amZ[fA�

N
lm\���r�Z[TOf=am^[p

^`_nuc�jT;�

� � ������������
��h� � �ì��� ���	��
O����� ���]������
����

P�Q�T ¦.uclqa�iAucdji+TOumawp lqQAdb�$l�acQ�_baF¡2Ze��amQATgdjiAamZ[SU_j^$Z[f=�;TOf=amd;ump�^[TO�;TO^hZ`l"fAdna"TOs=acumT
SUT�ZÝ� Tj�ãfAT
Z¶acQATOu
S"_ns8Z[S"_n^nf�dju�SUZ[fAZeS"_j^ o \AucZ[fA�

[0, T ]
¡�acQATOf�amQAT3ucTOi�^eT
fAZ[lmQASUTOf=axl�_nucT)S"_ o T3d;fA^[p o \�umZ[fA��amQ�T3i.T
umZ[d o l

�hQ�TOf amQAT�i+db�2T
u$lq\�iAiA^[p�Z[lhamQAT�rxQATF_ni+T
lqa
�)P�QAT�S"_bacQATOS"_namZ`rO_n^#i�umd8dn��Z[l�i�umTFlqT
f;acT o _jl�ucT
lm\A^ea��;�
�Ôf o TOT o ¡���T�_;lmlm\ASUT|amQ�_na Ze��acQAT�iA\ASUi¬Z`lhdji+TOux_bacZefA� $ umTFlqi��)f�dna$dji+TOux_bacZef�� &�_bahacZeSUT

t
¡AZea _n^`lmd

d;i.T
uc_namTFl $ umTFlqi�� o d=TFlUfAdna"d;i.T
uc_namT'&�Z[f§_�rO^ed=lqT o Z[f=amTOuc�b_n^$rOdjf=ac_jZefAZ[fA�
t
¡�_;lUSUTOf=amZ[djfAT o Z[f§amQAT

i�umT
�=Z[dj\.l�lmT
r�amZ[djf��
� « �'��+����

��T�a
δ∗
�+T$_nfUd;ikamZ[S"_n^Almdj^[\kamZ[djf"_nf o

s∗(h), h ∈ [0, T ]
o TOf�dnamTFl�amQATh��_bacTOu)^[TO�;TO^kZ[fUamQAT�ax_nfA¢ o \AumZ[fA�

acQAT$i+TOucZed o
[0, T ]

_nf o
U ⊂ [0, T ]

acQAT \�fAZed;f"dn�:amQ�T i+TOucZed o l)Z[f��hQAZ`rxQ"ucTOiA^[TOfAZ`lmQASUTOf=a3ac_j¢jTFl)iA^`_jr�T;¡
ZÝ� Tj��amQAT$i+TOucZ[d o l)Zef"�hQ�Z[rxQ

δ∗(h) = 1
Ze�
h ∈ U

�)y lclm\ASUT�amQ�_na
0 < s∗(h) < m

¡
∀h ∈ [0, T ]

��P�QAT
f�¡
∀ t ∈ U

_nf o
τ ∈ [0, T ] \ U

¡
c(t) ≤ c(τ)

�
	 � °�°�

² T�rOdjf o \�r6aU_ o T
S'd;f�lqamux_bamZ[djf ��� �
��	 � � ��� �g��y¨lmlm\ASUT�acQ�_ba�amQAT
umT T�skZ`lwaxl

t ∈ U
_jf o

τ ∈
[0, T ] \ U

lq\.rxQ�acQ�_ba
c(t) > c(τ)

��P�QATOf�¡�_jr
r�d;u o Z[fA� amd¬Q8p8i.djamQATFlqZ`l $ � &�_nf o acQAT"Q8p=i+dnacQAT
lmZ`l�dn�
ucT
lm\A^ea��j¡8amQ�TOucT�T�skZ[lqa�aw�2d"rO^ed=lqT o Z[f=amTOuc�b_n^`l

Et

rOdjf=ac_jZef�ZefA�
t
_nf o

Eτ

r�d;f=ac_nZ[fAZ[fA�
τ
lm\�rxQ�amQ�_na� 

c(x) > c(y)
��d;u

x ∈ Et

_nf o
y ∈ Eτ

$ ��&

|Et| = |Eτ |,
ZH� Tj�,acQAT�Z[f;acTOuc�b_n^`l

Et

_nf o
Eτ

_jumT�T'";\._n^Ý� $ V &

Minh∈[0,T ][s
∗(h), (m− s∗(h))]/q ≥ |Et| = |Eτ |

$ "�&
² T��A\AZ[^ o

δ∗∗
_;l���dj^[^edb�$l� 

È�È ¼�- Û�.�.xÛ
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δ∗∗(h) =

{

δ∗
Ze�

h ∈ [0, T ] \ (Et ∪ Eτ )
1 − δ∗(h)

Ze�
h ∈ Et ∪ Eτ

} $ +�&

δ∗∗
rOdjf�lmZ[lqacl�dj��fAd;f ucTOi�^eT
fAZ[lmQASUTOf=a$Z[f

Et

_jf o ucTOi�^eT
fAZ[lmQASUTOf=ahZ[f
Eτ

� ² T o TOfAdjamT��8p
s∗∗

amQAT
��\�f�r6acZed;f acQ�_ba$�;Ze�;T
l2amQ�T�r�djf=acTOf=ahdn��amQAT�ax_nfA¢	rOdjucumTFlqi+djf o Zef���amd

δ∗∗
�3�$db�	 

'©yhr
r�d;u o Z[fA��amd $ V &6¡
s∗∗(T ) = s0

�
'©y f o ¡�_;rOrOdju o Zef��]acd $ "�&�¡

0 ≤ s∗∗(h) ≤ m, ∀ h ∈ [0, T ]
�

P�Q8\�l
δ∗∗ ∈ D

_nf o
δ∗∗

Z`l���T
_;lqZ[�A^[Tj�3¤A\�uqacQATOucSUdjucTj¡k_jr
r�dju o Z[fA��amd $ � &�_nf o $ + &  
∫ T

h=0

c(h)δ∗(h)dh =

∫ T

h=0

c(h)δ∗∗(h)dh−

∫

h∈Eτ

c(h)dh+

∫

h∈Et

c(h)dh >

∫ T

h=0

c(h)δ∗∗(h)dh

P�QAT�_j�.db�;T¨ucTO^`_bacZed;f�rOdjSUiA^[T�acT
l�amQ�T�iAumd8dj�w¡A_jl�Zea r�djf=acuc_ o Z[r�acl2amQ�T�Q=p8i+dnacQAT
lmZ[l
�
}hTFlq\�^¶a'��Z[l¨lq\�S'S"_jumZ[ OT o Z[f¬¦��;\AucT"�j�$P�QAT]rOd;lqa¨_ba|_nf8p	i+djZ[f=a¨Z[fgamZ[S'T�dn�

l1 ∪ l2
Z[l ^eTFlml$amQ�_jf

d;u�T�"=\�_n^:acdUamQAT�rOd;lqa$_ba$_nf8p�i+djZ[f=a$dn�
[0, T ] \ {l1 ∪ l2}

�
P�QAT���d;^e^[db�hZ[fA�'rOdjucdj^[^[_jumpUZ`l o T
umZ[�jT o ��ucdjS ucT
lm\A^ea��j�
� « �'��+����

��T�a
U ⊂ [0, T ]

o TOfAdjamTFlh_"lqTOa�dj��acQAT�\AfAZ[djf�dn��amQ�T�lqTOacl�dn��i.T
umZ[d o l$lm\�rxQ amQ�_na� 

¤�Z[�j\AucTU�� )�$T
�jT
uhT�s8amucTOS"_n^:Z[f8�jTOf=acdjucp"^eT
�jTO^ $
l1, l2

umT
iAumTFlqT
f=acl2amQAT�ucTOi�^eT
fAZ[lmQASUTOf=axl�i.T
umZ[d o l�&
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• ∀ t ∈ U
_nf o

τ ∈ [0, T ] \ U, c(t) ≤ c(τ)

• q.|U | =

∫ T

t=0

g(t)dt
y f o ¡A��T�r�d;f�lqZ o T
u�amQAT�lmdj^[\kamZ[djf

δ
o T�¦�fAT o _jl���dj^[^[db�$l� 

δ(h) =

{

1
Ze�

h ∈ U
0

Ze�
h ∈ [0, T ] \ U

}

P�Q�TOf�¡AZe��amQAT]_j�.db�;T|lmdj^[\kacZed;f�ucTOi�umTFlqT
f;acT o �=p
δ
Z`l���TF_jlmZe�A^[T�_nf o acQAT���_bamT
uh^eT
�jT
^#Z[lhf�TOZeamQAT
u$S"_bskZ%'

S�\AS
(m)

fAd;u©SUZef�ZeS�\AS
(0)

amQ�TOf"acQAT ��TF_jlmZe��^eT
δ
Z`l2_jf�djiAamZ[SU_j^.lmdj^[\kamZ[djf��,P�Q�T$iAucd=dj��Z[l�lqamux_nZ[�jQ=a '

��d;um��_nu o _jf o QATOf�rOT�djSUZeaqamT o �)t3^[T
_;lqT�fAdjamT|amQ�_nahamQAT�d;ikamZ[S"_n^�rOdjf=amucdj^:S"_Jp�fAdjah�.T�\Af�Z�"=\AT;�
¤�dju$_nf�djiAamZ[SU_j^�lmdj^[\kamZ[djf�¡Alc_Jp

δ∗
¡A�2T o T
fAdnacT��8p

t1, t2, ..., tn
�hQAT
umT

0 = t0 < t1 < t2 < ... <
tn < tn+1 = T

acQAT Z[f�lqac_nf=axl3�hQAT
umThacQAT ��_bacTOu3^[TO�;TO^ $
s∗(h), h ∈ [0, T ]

&)Z[l©SU_nskZeS"_n^ $ ZÝ� T;�,T�"=\�_n^�amd
m
&6� ² T o T�¦.fAT��8p

θ1i , θ
2
i , ..., θ

ri

i

amQ�T�Zef�lqac_jf=acl
¡=�hQ�TOucT|��_bacTOu�^[TO�jT
^#Z[l�SUZ[fAZ[S]\AS $ ZH� Tj�)T'"=\�_n^:acdU� &6¡
�+T�aw��TOT
f�amQAT�aw��d"Zef.lwax_nf=acl

ti
_jf o

ti+1, i ∈ {0, 1, ..., n}
�
ri
o TOf�dnamTFlhf8\AS]�+TOu dn�,Zef�lqac_jf�r�T��hQ�TOucT

acQAT�ac_nf�¢�Z`l¨TOSUikawp¬�+T�aw��TOTOf
ti
_jf o

ti+1
�&�Ôf o TOT o ¡#�2T�SU_JpgQ�_J�;T

ri = 0, i ∈ {0, 1, 2, ..., n}
��dju

lmdjSUT�Z[f;acTOuc�b_n^Ý� ² T�lmT�a
ti = θ0i

_nf o
ti+1 = θri+1

i

�
��T�a

Uk
i

�.T�acQAT�\AfAZ[djfgdj��amQ�T�i.T
umZ[d o l�Zef.r�^[\ o T o Z[f
[θk

i , θ
k+1
i ]

lm\�rxQ amQ�_na

δ∗(h) =

{

1
Ze�

h ∈ Uk
i

0
Ze�

h ∈ [θk
i , θ

k+1
i ] \ Uk

i

}

k = 0, 1, ..., ri.

� db��¡8ac_j¢=Z[fA�UZ[f;acd"_jrOrOdj\Af=ahiAucdji+TOumawp��A¡8acQAT���dj^[^edb�hZ[fA�UucT
lm\A^¶axlO¡kucT
lm\A^ea$�'_jf o umTFlq\�^¶ahV�¡kQ�dj^ o lO�
}hTFlq\�^¶a¬�DlmQAdb�$l"acQ�_ba ��djug_nfãd;ikamZ[S"_n^�lqd;^e\kacZed;f Ze��amQAT
umT�_nucTj¡$_na ^[T
_jlqa
¡$amQAucTOT�r�djf.lqTFr�\kacZe�;T

Z[f�lqac_jf;axl $ lc_Jp��;¡ �A¡ ��¡ V.¡e�[� &��hQATOucTh��_namT
u)^eT
�jTO^�Z[l)SUZ[fAZ[S]\AS _nf o acQATOucThZ[l3fAd�i.d;Zef=a3�+T�aw��TOT
fU_jf8p�aw��d
Z[f�lqac_jf;axl)�hQAT
umT�acQAT ��_bacTOu)^[TO�jT
^�Z`l3S"_bskZ[S"_n^kacQATOfUacQAT r�d=lwa�_ba3i+djZ[f;a2�hQATOucT$iA\ASUiAZ[fA��Z`l)fAdja o d;fATj¡
�+T�aw��TOT
f�acQAT�_nf8pUaw�2d'Z[f�lwax_nf=acl $ lm_Jp¬�;¡ ��&6¡8Z[lh_j^e��_Jpkl©rOd;lqam^[ZeT
u2acQ�_nf amQ�T|i�\ASUiAZef��'rOd;lqa o \�umZ[fA�'amQAT
i+TOucZ[d o l��hQATOucT�iA\ASUiAZ[fA�"Z[l o djfAT��+T�aw��TOT
f�_jf=p�aw�2dUZ[f�lwax_nf=acl�d;f8��_ju o l $ ZÝ� Tj�©�k¡ �A¡ V�¡[�[� &��

P�QAThucT
lm\A^ea3Z[l©_n^`lqd��b_n^[Z o Z[f'amQAT r
_jlmT��hQATOucT�amQAT
umT$_jumT�aw��d�r�djf.lqTFr�\kacZe�;T�Z[f�lqac_jf;axl,�hZ¶acQ"SUZefAZ[S"_n^
��_bacTOu�^[TO�jT
^�_nf o d;fAT�fAT�s8a$Z[f�lwax_nf=ah�hZ¶acQgSU_nskZeS"_n^#��_bacTOuh^[TO�;TO^Ý�

� « �'��+����
�¹�
δ∗
ucTOi�umTFlqT
f;axl	_jf djikacZeS"_j^|lmdj^[\kamZ[djf amQAT
f ��djug_nf8p

t ∈ ∪ri

k=jU
k
i

_nf o
τ ∈ [θj

i , θ
j+1
i ] \ U j

i

¡
t, τ 6= θj

i , θ
j+1
i

��d;u
i = 0, 1, ..., n

_jf o
j = 0, 1, ..., ri

¡�ZefAT'"=\�_n^[Z¶awp
c(t) ≤ c(τ)

QAd;^ o lO�
	 � °�°�


² T�rOdjf o \�r6ag_ o TOSUd;f�lwacuc_namZ[djf ��� � ��	�� ���)� �g� y lclm\ASUT�amQ._ba	acQATOucT TOskZ[lqacl
t ∈ ∪ri

k=jU
k
i

_nf o
τ ∈ [θj

i , θ
j+1
i ]\U j

i

¡
t, τ 6= θj

i , θ
j+1
i

lm\�rxQUamQ�_na
c(t) > c(τ)

�3P�QATOf�¡;_jr
r�d;u o Z[fA�|amd]iAumd;i.T
uqawp $ ��&3_nf o
acQAT�Q8p=i+dnacQAT
lmZ`l�dj�.ucT
lm\A^ea,��¡bamQAT
umT�TOs8Z`lqacl�aw�2d�r�^[d;lmT o Zef=acTOuc�J_j^[l

Et

r�djf=ax_nZ[fAZef��
t
_nf o

Eτ

r�djf=ax_nZ[fAZef��
τ
amQ._ba lc_bamZ`lq��p $ � &6¡ $ V &�_nf o

θj
i , θ

j+1
i /∈ Et ∪ Eτ

$ � &

Minh∈Z(t,τ)[s
∗(h), (m− s∗(h))]/q ≥ |Et| = |Eτ |,

$�� &
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�hQ�TOucT
Z(t, τ) = [t, τ ] ∪ Et ∪ Eτ .� db� o TOucZe�;T

δ∗∗
��ucdjS

δ∗
_jl¨lqQ�db�hf�Z[f $ + &6� �¹�

t ∈ U j
i

¡�acQAT�acuc_nvwT
r6acdjucp�dn�
s∗∗(h)

¡.��_bacTOu$^[TO�;TO^
rOdjucumTFlqi+djf o amd

δ∗∗ :' o TFr�ucT
_;lqTFl3�+T�aw��TOTOf amQ�T¨^[db�2T
u2�+dj\�f o dj�
Et

_jf o acQAT�\AiAi+TOu��+dj\Af o dn�
Eτ

¡8�A\kahucTOS"_nZ[f�l��jucT
_namT
u
acQ�_nf�djuhT'"=\�_n^:acd�� o \AT�amd $ ��&�_nf o $�� &�Z¶�

t < τ
¡

'�Zef�rOumTF_jlmT
l,�+T�aw��TOT
f�acQAT$^[db�2T
u,�.d;\Af o dn�
Eτ

_jf o amQATh\�iAi.T
u©�+dj\Af o dn�
Et

¡;�A\Aa©umT
S"_nZ[f�l,^eTFlml)amQ�_jf
d;u�T�"=\�_n^:acd

m
o \AT�acd $ � &�_jf o $�� &�¡AZe�

t > τ
�

�Ôfg�+dnacQ acQAT�rO_;lqTFlO¡8acQAT�lqTOa
{θj

i }j=0,1,...,ri+1
ucTOS"_jZef�l�\�f�rxQ�_nf��jT o ¡

δ∗∗
Z`l���TF_jlmZe�A^[T�_nf o

∫ T

h=0

c(h)δ∗(h)dh =

∫ T

h=0

c(h)δ∗∗(h)dh−

∫

h∈Eτ

c(h)dh+

∫

h∈Et

c(h)dh >

∫ T

h=0

c(h)δ∗∗(h)dh
$ ��&

}hT
^[_namZ[djf $ � &�lqQAdb�$l�acQ�_ba
δ∗
Z`lhfAdjahdjikacZeS"_n^Ý�

�¹�
j+1 ≤ ri

_jf o
t ∈ ∪ri

k=j+1U
k
i

¡jacQATOfUacQAThamux_bvwTFr6acdjucp�dn�
s∗∗(h)

Z[f�r�ucT
_;lqTFl,�.TOaw�2T
TOfUamQ�T$^edb��TOu
�+dj\�f o dn�

Eτ

_nf o acQAT \Ai�i.T
u©�+dj\Af o dn�
Et

¡=�A\ka2ucTOS"_jZef�l3^eTFlml3amQ�_jf"dju©T'"=\�_n^kacd
m
o \AThacd $ ��&)_nf o

$ � &���¤�\AumamQAT
umSUdjucTj¡+Ze�
t ∈ Uk∗

i

¡
k∗ ∈ {j + 1, ..., ri}

¡+amQAT
f
s∗∗(h) > 0

��d;u
h ∈ {θj

i , ..., θ
k∗

i }
��y l

Z[f�amQAT�rO_jlmT
t ∈ U j

i

¡���T�lqT
T¨acQ�_ba $ ��&�Q�dj^ o l$_nf o acQ8\�l
δ∗
Z`lhfAdja$djikacZeS"_j^H�©� dnacT�amQ�_na$amQAZ`lhi�_juqa$dj�

i�umd8dn���b_nfAZ`lqQ�T
l�Ze�
ri = 0

�,P�Q�Z[l$rOdjSUiA^[T�acT
l�amQ�T�iAumd8dj�w�
}hTFlq\�^¶a��	Z`l|ZeSUi+djumac_jf;a�lqZ[f�rOT�Zea�lmQAdb�$l amQ�_na|Ze�2_�lqd;^e\AamZ[djf�Z`l|djikacZeS"_n^,_nf o Ze�3amQATU��_bacTOu ^[TO�;TO^

rOdjucumTFlqi+djf o Zef���amdUacQAZ`l$lqd;^e\AamZ[djf�Z[l�S"_bskZ[S"_n^#Z[fglmdjSUT�i+djZ[f;axl�Zef�acZeSUT�amQ�TOf  
' �¹��acQAT¨��_bacTOu2^eT
�jTO^+Z`l©fAT
�jT
u2T'";\._n^.amd] 
TOucd��+T�aw��TOTOf	aw�2d]i.d;Zef=acl
¡

ti
_jf o

ti+1
¡ o T�¦�fAT o _;l3��d;^e^[db�$l� 

$ Z-&
ti = 0

dju�amQ�T���_namTOuh^[TO�;TO^#Z`l�S"_bskZeS"_j^�_ba$i+djZ[f;a
ti
¡

$ ZeZ &2amQ�T���_namTOuh^[TO�;TO^#Z`l�S"_bskZeS�\AS _na$i.d;Zef=a
ti+1

dju
ti+1 = T

¡
$ ZeZ[Z &2amQAT�Z[f8�jTOf=acdjucp"^eT
�jTO^#Z`l�fAT
�jTOuhS"_ns8Z[S"_n^#Z[f

(ti, ti+1)acQATOfgacQAT�r�d=lwa _na _Ui.d;Zef=a$Z[f
[ti, ti+1]

�hQATOucT�iA\ASUi¬Z`lhZ o ^eT]Z[l$_j^e��_Jpkl��jucT
_bacTOu�amQ._nfgamQ�T�r�d;lqa _ba _
i+djZ[f=a)Zef

[ti, ti+1]
�hQATOucT�umT
iA^[TOfAZ`lqQ�S'T
f=a,dkr
r�\AuxlO��P�QAZ`l,umTFlq\A^ea)Z[l,i�Z[r�amdjucZ`_n^[^ep�Z[^e^[\�lqamux_bacT o Zef�¦��j\�umTh�k�

' �¹�|amQATg��_bacTOuU^eT
�jT
^hZ[l'S"_bskZ[SU_j^$_ba�lmdjSUT i+djZ[f=aclUdj� amZ[SUT
t1 < t2 < ... < tn

_nf o SUZ[fAZeS"_j^H¡
ZÝ� Tj� T'";\._n^$acdD 
TOucd�¡h_baglqd;S'T dnamQ�TOu	i+djZ[f=acl	ZefãacZeSUT;¡¨lc_Jp

θ1i < θ2i < ... < θri

i

d;f Zef=acTOuc�J_j^[l
[ti, ti+1], i = 0, 1, ..., n

¡�acQATOf Ze�$acQATOucT�Z`l�_ umT
iA^eT
fAZ`lqQASUT
f;a'_ba
t ∈ [θj

i , ti+1]
_jf o fAd�umT
iA^eT
fAZ`lqQ '

SUT
f;axlh_bahacZeSUT
τ ∈ [θj

i , θ
j+1
i ]

¡k��T�Q�_J�;T
c(t) < c(τ)

�
P�QAT �jTOf�TOux_n^ArO_;lqThZ`l)Z[^e^[\�lqamux_bacT o Z[fU¦��j\AucT$�A�,¤Ad;u3Z[f�lwax_nf�rOTj¡;Z¶�:amQ�TOucThZ[l©umT
iA^eT
fAZ`lqQASUT
f;axl3_ba)acZeSUT

t ∈ [θ11 , t2]
_nf o fAd"umT
iA^[TOfAZ`lqQ�S'T
f=a¨_ba$acZeSUT

τ ∈ [θ11 , θ
2
1]
¡�acQATOf

c(t) < c(τ)
� X8Z[S'Z[^`_nuc^ep;¡�Ze��acQATOucT�Z`l

ucTOi�^eT
fAZ[lmQASUTOf=a2_na3amZ[SUT
t ∈ [θ12 , T ]

_nf o fAd]umT
iA^eT
fAZ`lqQASUT
f;a�_ba©acZeSUT
τ ∈ [θ12 , θ

2
2]
¡=amQAT
f

c(t) < c(τ)
�

y ^[lmd�¡.Z¶�)acQATOucT�Z`l$ucTOiA^[TOf�Z[lmQASUTOf=a¨_na$amZ[SUT
t ∈ [θ22, T ]

_jf o fAd"ucTOi�^eT
fAZ[lmQASUTOf=a¨_na$amZ[SUT
τ ∈ [θ22, θ

3
2 ]acQATOf

c(t) < c(τ)
�

¤�dj^[^edb�hZ[fA�UumTFlq\�^¶a$lmQAdb�$lO¡8��d;u$_nf�djikacZeS"_j^�lqd;^e\kacZed;f	acQAT�iA\�S'i�ZefA�"rOd;lqah��dju$_nf8p"Z[f=amTOuc�b_n^��hQ�TOucT
acQAT'iA\ASUi Z`l|fAdna�dji+TOux_bacZefA� �.TOaw�2T
TOf¬acQAT'aw�2d Zef.lwax_nf=acl¨�hQATOucT�acQATU��_namT
u ^[TO�jT
^,Z[l¨SUZefAZ[S"_n^ $ ZH� Tj�
θk

i , θ
k+1
i

&$Z[l|_n^[��_Jp8l r�d;lqam^[Z[TOu$acQ�_nf $ dju|_jl¨r�d;lqam^[pg_jl &�amQ�T]iA\ASUiAZ[fA��r�d;lqa|_na¨_nf8p�Zef.lwax_nf=a¨�+T�aw��TOT
f
θk+1

i ,
_nf o

θk+2
i

dju
θk+1

i ,
_nf o

ti+1
�hQATOucT|amQAT�iA\�S'igZ`lhdji+TOux_bacZef����
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µ2d;f�lmZ o T
uh_]��TF_jlmZe��^eT�lmdj^[\kamZ[djf

δ∗
o TO¦�fAT o _;l2��dj^[^edb�$l� 

δ∗(h) =

{

1
Ze�

h ∈ U
0

Ze�
h ∈ [0, T ] \ U

}

�hQ�TOucT
U
Z[l]amQ�T�\AfAZ[djf dj�$lq\A�.lqTOacl�dn�

[0, T ]
¡�_jf o acQ�_ba

q.|U | =
∫ T

t=0 g(t)dt
��y l]lmdj^[\kacZed;f

δ∗
Z[l

��TF_jlmZe��^eT;¡kamQAT���_namT
uh^eT
�jTO^�SU_Jp �.T] OTOucd"dju SU_nskZeS�\AS�_na¨lqd;SUT�i.d;Zef=a dj��acZeSUTj� ² T�\�lmT�amQ�T]lm_jSUT
f�dnac_namZ[djf�l|_jl¨Z[f�umTFlq\�^¶a��	_jf o Z[f;acumd o \.r�T

U = [0, T ] \ U
��P�QATOf�¡:��dju�_nf8p

t ∈ U ∩ [θj
i , ti+1]

_nf o
_jf8p

τ ∈ U ∩ [θj
i , θ

j+1
i ]

¡
i ∈ {0, 1, 2, ..., n}

_nf o
j ∈ {0, 1, ..., ri}

Ze�,�2T�Q�_J�;T
c(t) < c(τ)

acQATOf�acQAT
lmdj^[\kacZed;f

δ∗
Z`l�djiAamZ[SU_j^H�

	 � °�°�

�¨TOucZ[�jT

δ∗∗
��umd;S

δ∗
_jl�lqQ�db�hf0Zef $ +�&¬��dju�_jf8pLi�_jZeu

{t, τ}
¡]�hQAT
umT

t ∈ U ∩ [θj
i , ti+1]

_nf o
τ ∈ U ∩ [θj

i , θ
j+1
i ]

� X8Z[f�r�T
q.|U | =

∫ T

t=0
g(t)dt

¡©acQAT¬lqd;^e\kacZed;f¥Z`l'��T
_;lqZ[�A^[T¬_nf o r�d=lwaUZef.r�ucT
_jlmT
l
�
P�Q�Z[lhrOdjSUiA^[T�amTFl�amQAT�i�umd8dn�w�

P�QAT2_n^[�jdjucZeamQAS i�umTFlqT
f;acT o Z[f�amQAT3f�T�s8a�lqTFr6acZed;f|Z`l o TOucZe�;T o ��umd;SÞacQAT3_n�+db�jT)ucT
lm\A^eacl
� �¹a�r�d;f8�jTOuc�jTFl
acdb��_ju o _Ulqd;^e\kacZed;f	acQ�_ba lc_bacZ[lq¦�TFl2ucT
lm\A^ea¨��dju��b_nf o ucT
lm\A^¶ahV.�

� � � ��� ��
O����� �]�������,
x���g�

P�Q�T�Z o T
_"�+TOQAZ[f o acQAZ`l¨_j^e�;djucZ¶acQAS Z`lhacd lqac_numa$�hZeamQ rOdjf=amZ[f8\Adj\�l$umT
iA^eT
fAZ`lqQASUT
f;a�_nf o acQATOf S'd o Ze��p
acQAThlqd;^e\AamZ[djf�lqamT
i]�8p]lqamT
i�amd�rOdjf8�jT
um�;T)amdb��_nu o l�amQAT�lqd;^e\AamZ[djf�acQ�_ba3lc_bacZ[lq¦�T
l�ucT
lm\A^ea)� dju��b_jf o ucT
lm\A^¶a
V.�

��+	� ° ��
��
� �
�j� �ÔfAZeamZ`_n^[Z[lmT�amQAT�lmdj^[\kacZed;f�_;l���dj^[^edb�$l� 

δ1(t) = 1 ∀ t ∈ [0, T ]
_jf o lqTOa

U1 = [0, T ]

δ1

 	 ��� 
�� 
 � 
 �)� 	 �)��� � 

��� ��� ��� � � � � ����� ���

s1(t)
� ����� �)��� ��	 
 ��� ��
������ ������� � ���������

δ1
���)�

� � 
��
��� ��	�
 ��� �
�
�k�$X8T�a

k = 1
�

�A�$X8T�a
εk = q.maxt∈Uk

(|Et ∩ Uk|)
_nf o

ηk = q.mint∈Uk
(|Et ∩ Uk|)

�
Et

� ��	 � � � � � �	� � � � 
�� ��� � 
 ��� ��� ����� �)��� � � ��� 

�����
εk

��� �
ηk

��� � ������	 � ��	 
������ 
������%� � ���
��� ��
 ���)����� ��� ��� � 
�� 
 ���)� � �!��� ����� � � �"� � ���#� ������� � �������$�

V��%� TO¦�fAT
t1
_;l���dj^[^edb�$l� 

$ _ &
t1
Z`l�amQ�T�lqS"_n^[^[T
lqa

t ∈ [0, T )
lq\.rxQ acQ�_ba

sk(t) > m+ εk

� �¹�
t1
T�skZ`lwaxlO¡k�;d�acd "k�

$ �#&*�¹�
t1
o d8T
lmf'& a$T�skZ`lwa�amQ�TOf o T�¦.fAT

t1 = T
Ze�
sk(T ) > s0 + εk

�©z|dUamd "�Ze�
t1
TOs8Z`lqacl
�
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$ r'&*�¹�
sk(t) > −ηk

��dju'_nf8p
t ∈ [0, T )

_jf o
sk(T ) > s0 − ηk

amQ�T	djiAamZ[SU_j^�lmdj^[\kacZed;f Z[l
d;�kac_jZef�T o �3X=acdji��

$ o &g´ acQATOuc�hZ`lqT|amQ�TOucT|Z`l�fAd�lmdj^[\kamZ[djf amd'acQAT�iAucdj�A^[TOSg�3X=amd;i��
"k�%� TO¦�fAT

θ1
_jl���d;^e^[db�$l� 

θ1
Z[l�amQAT	�jucT
_bacT
lqa

t ∈ [0, t1)
lm\�rxQ�amQ�_na

sk(t) < ηk

d;u�Ze�hlm\�rxQ
t
o d8T
lmf'& a]T�skZ`lwa�acQATOf lmT�a

θ1 = 0
�

� ����
 	�� ��� ��� ��� � � ����
���� � � ����� ��� � � ��	�� ��� 	�� ��� ��� �	� � ��� 	�� �"�
εk

��� �
ηk


 	 � ��
�� 
 � � �
	�
���� � � ��� � � ��� ��� 

��� � � � ��
 � � � 
 	�� ��� � � 
 	 ������� 
�� ��� ��	�� � 
�� ����� �����#	��

+A�%� TO¦�fAT
Z = {t ∈ (θ1+ηk/q, t1]

l
� aF�
δk(t) = 1}

_jf o
τ ∈ Z

lm\�rxQ�acQ�_ba
c(τ) = Maxt∈Zc(t)

�
�8�,��TOa

Eτ

o TOfAdjamTFl�amQAT�rO^ed=lqT o Z[f=amTOuc�b_n^�rOdjucumTFlqi+djf o ZefA��amd
τ
�

�$db��¡�lmT�a
Fτ = Eτ ∩ Z

� �¹�
|Fτ | > εk/q

amQAT
f¬umT
iA^`_jr�T
Fτ

�8p _"rO^ed=lqT o Z[f=amTOuc�b_n^�Z[f�rO^e\ o T o Z[f
Fτ���)� 	�
 � 
�� 
	� 
 � ��� ��� ��� � ��� 
 	 ����� 
�� ����� ���)�

Fτ

�
� �%� TO¦�fAT

δk+1
_;l���dj^[^edb�$l� 

δk+1(t) =

{

0
Ze�

t ∈ Fτ

δk(t)
Z¶�

t /∈ Fτ

}

�A�$X8T�a
k = k + 1

�
�F�A�hX8T�a

Uk = {t | δk(t) = 1}

�;�j�hz|dUamd"�A�
yhr
r�d;u o Z[fA�gacd ucT
lm\A^¶a"�¬_nf o umTFlq\�^¶a'V�¡�amQAT�lqd;^e\AamZ[djf d;�kac_jZefAT o �8p�acQAT _j�.db�;T	_n^[�jd;umZeamQ�S�¡�Ze�¨_nf8pj¡
r
_nf��+T	_jl�rO^ed=lqT o amdgamQ�T�djikacZeS"_j^©_jl���T"��_nf=a
�g�$djamTUamQ._ba

U1 ⊃ U2 ⊃⊃ ... ⊃ Ui ⊃ ..
�gy l�_

rOdjf�lmT�"=\AT
f�r�T�lmTOucZeTFl
εk

_nf o
ηk

_jumT o TFr�ucT
_jlmZ[fA���

���� +H�����k� 
 ° �

�ÔfglqamTOi�����T|Z[fAZeamZ`_n^[Z[lmT|amQAT�_j^e�;djucZ¶acQAS �8p�iA\�S'i�ZefA�'acQAT���_namT
uhZefg_n^[^#i.T
umZ[d o l
[0, T ]

���Ôf o T
T o amQAZ`l
lmdj^[\kacZed;f�S"_Jp fAdna �+T���TF_jlmZe��^eT;��X=acTOi � o T�¦�fATFlhacQAT]SUZ[fAZeS�\AS _nf o acQAT�S"_bskZ[S]\AS o T
rOumT
SUTOf=a Z[f
acQAT���_namT
uh^eT
�jTO^:Ze��acQAT�iA\ASUigZ`l�d)$¬��dju$_'�;TOucp�lqS"_n^[^#Z[f;acTOuc�b_n^:��dju�acQAT�r�\AucucTOf=a$lqd;^e\kacZed;f��3X=amT
igV�� _
o T�¦�fATFl2amQAT|Zef.lwax_nf=a

t1
_na2�hQAZ`rxQ�acQAT���_namTOu�db�jT
u ,.db�$l)ZH� Tj��acQAT���_namTOu��jd;^e\�S'T¨Z[l��;umTF_bamT
u3acQ�_nf amQAT

ax_nfA¢ & lhrO_ji�_jrOZ¶awp;� �¹�,��_namT
u o d=TFlqf & a$db�;TOu ,�db�§amQAT
f���T�rxQAT
rx¢	�hQAT�acQATOu�acQAT���_namTOuh^[TO�;TO^#_bahacQAT�^[_;lwa
Z[f=amT
um�b_n^:Z`l�lm_jS'T�_jl2acQAT�lwax_numamZ[fA�]^[TO�;TO^Ý���¹���jucT
_namTOu2amQ._nf amQAT�lwax_numamZ[fA�'^eT
�jTO^Ý¡8�2T o TO¦�fAT

t1
_jl
T
� �¹�

t1
o d=TFlqf & a$TOs8Z`lqahamQAZ`lhdjf�^ep�SUTF_nf�l�acQ�_ba$T
Z¶acQATOuhacQAT�djiAamZ[SU_j^�lmdj^[\kamZ[djf�Z[l$dj�kax_nZ[fAT o dju$_jf=p���T
_jlmZ[�A^eT

lmdj^[\kacZed;f o d=TFlqf & a]TOskZ[lqa $ V.� r	_nf o V.� o &���X=amT
i " o T�¦.fAT
l�acQAT�¦.uclqa�Zef.lwax_nf=a]�hQAT
f�amQAT ��_namTOu�^[TO�;TO^
Z`l¨S'Z[fAZ[S]\AS ZH� Tj��^[db�2T
u$amQ._nf¬acQAT�\�fAZ¶a 'ÝZ[f=amT
um�b_n^ '¹iA\ASUiAZ[fA�	�;dj^[\ASUT�amQ._ba�Z[l¨amQ�T]acdnac_j^�"=\�_jf=amZeawp�dj�
��_bacTOu�iA\ASUi+T o o \�umZ[fA�¬_nf�TO^[TOSUT
f;ax_nucp¬Zef=acTOuc�J_j^H���¹a�Z`l�dj�8�8Z[dj\�l|acQ�_ba���T"rO_nf�fAdna�lqamdji�iA\�S'i�ZefA�
�+T���d;umT�amQ�Z[l�Z[f=amTOuc�b_n^,dnacQATOuc�hZ`lqT�amQAT'ax_nfA¢¬�hZ[^e^)�+T
rOdjSUT'TOSUikawpj� ² T"lmTO^[T
r�a�_jf Z[f�lqac_nf=a�_b�£acTOu�amQ�Z[l
i+djZ[f=a�_jf o �+T���d;umT amQAT|i.d;Zef=a��hQATOucT$ax_nfA¢Udb�jT
u ,.db�$l)ZH� Tj� $

t1
&2_nf o lq\�rxQ�amQ�_na2acQAT|rOd;lqa©Z`l2�;TOucp�Q�Ze�;Q
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$ lwacTOi +�&��*�Ôf lqamT
i � ��T�lmQ=\Aa o db�hf�amQAT�i�\ASUi o \AucZefA�gacQAZ`l�Zef=acTOuc�J_j^©_nf o Z[f lqamTOi �¬_jf o �
���2T
o T�¦�fAT�amQAT�f�TO��lqd;^e\AamZ[djf��8p�Z[f�r�d;umi+djux_bacZef�� acQAT�fAT
� iA\ASUiDlcrxQAT o \�^eT;� ² T�ucTOi+T
_ba]amQAT�i�umdkr�TFlml
\�f;acZe^��2T�ucT
_jrxQ	amQAT�d;ikamZ[S"_n^�lmdj^[\kamZ[djf�¡AZ¶�,T�skZ`lwaxl $ lqamT
i�V &6�
� ° � � + « � 
�� ­
¤�umd;S lqamT
i � dj�kamQAT�_n^[�jd;umZeamQAS ��T2rO_jf]lmTOT)acQ�_ba)_ba�T
_jrxQ�ZeamT
uc_namZ[djf�acQAT2i�\ASUi]Z`l�lqamd;iAi.T o ��dju�djfAT

T
^eT
SUTOf=ac_jump�Z[f=amT
um�b_n^Ý�$X8Z[f�r�T���T�Q�_J�;T o Ze�8Z o T o acQAT�acdnac_j^�QAd;umZ[ Od;f�Z[f=amd
N
i+TOucZed o l
¡���T�Q�_J�;T|amdnax_n^

dj�
N
T
^eT
SUTOf=ac_jump�Zef=amT
um�b_j^[l
� ��T�a

ψ = T/(N)
o T
fAdnacT
l)acQAT$^[TOfA�jamQ"dj�.acQAT d;fAThTO^[TOSUTOf=ax_nucp]Z[f;acTOuc�b_n^

_jf o
R
o TOfAdjamT
l�amQAT©f=\�S]�+TOu�dj�kZef=amT
um�b_j^[l#f�T
r�TFlmlc_nucph��d;u�iA\ASUiAZ[fA�$d;i.T
uc_namZ[djf|amd¨lm_namZ`lw��p¨amQAT o TOS"_nf o

ZÝ� Tj�
R = d

∫ T

t=0

g(t)dt/(q.ψ)e
¡��hQAT
umT

dae
ucTOiAucT
lmTOf=axl acQAT�lmSU_j^e^[T
lqa�Z[f;acTO�;TOu�f8\AS]�+TOu]�jucT
_bacTOu�dju

T'"=\�_n^ amd
a �
_nf o amQ8\�l"acQAT�SU_nskZeS�\AS�f8\AS��.T
u dj��Z¶acTOux_bacZed;f�l�ucT�"=\AZ[umT o �=p§acQAT�_j^e�;djucZ¶acQAS _jumT

( N−R)
� ² Thr
_nf�lmTOT©amQ�_na)djfA^[p�lwacTOi�� amd�lqamTOi �
�¨Zef8�;dj^[�jT
l�Zef�Z¶acTOux_bacZed;f���P�QAT�r�d;SUiA^eTOskZ¶awp�dj��T
_;rxQ

lqamT
i $ �¨amdU�
� &�Z`l,djf�amQ�T�d;u o TOu,dn�
O(N)

_jl)_j^e^8acQAT�dji+TOux_bacZed;f�l�i.T
uq��d;umSUT o �8p�amQ�T
lmT�lqamT
i�l,ucT�"=\AZ[umT o
acd T
Z¶acQATOu)r�d;SUiA\kamT©amQAT���_bamT
u�^[TO�;TO^ $

s(t)
&�d;u�rOd;lqa $

δ(t)
&�_nf o �2T�Q�_J�jT©SU_nskZeS�\AS dn�

N
Z[f=amT
um�b_n^`l�amd

rOdjSUiA\kacTj��P�QATOucT���d;umT)acQAT�r�djSUiA^[T�skZeawp¨dj�kamQAT2��\A^[^k_n^[�jdjucZeamQASLZ[l
O(8×(N)×(N−R)) ≈ O(8(N)2)

�

� � �g�����,
 �2�]� 
��������#��������
����

�Ôf amQAZ`l�lqTFr6acZed;f ��T]iAucT
lmTOf=a�_�f8\ASUTOucZ[r
_n^�T�sA_nSUiA^[T�amd�iAumTFlqT
f=a amQ�T'_jiAiAucd;_jrxQ�� ² T"r�djf.lqZ o TOu¨amQ�Z[l
TOsA_nSUiA^[T¨��d;u�amQAT�Q�djucZe 
djf

T = 10
�)P�QAT�iA\�S'i�ZefA�"ux_bacT�Z[l +;�j�'�jd;^e\ASUT�\AfAZeacl$i.T
u�amZ[S'T�\�fAZ¶aF�©P�QAT

r
_ni�_;r�Zeawp�dn�:��_bamT
u,ac_jfA¢]Z`lh�
�;�j�¨�jd;^e\ASUTh\Af�Z¶axl3_nf o Zea3amQ�ThZefAZeamZ`_n^.��_namT
u)^eT
�jTO^kZ`l � �j�|�jd;^e\ASUTh\Af�Z¶axlO�
P�Q�T o TOS"_nf o _jf o acQAT�r�d=lwa���\Af.r6amZ[djf.l$_nucT�_jl���dj^[^[db�$l� 

� T
S"_nf o
φ(t) = 300[cos(π.t/2.5) + 1]

��d;u
t ∈ [0, T ]

µ2d;lqa
c(t) = 240[cos(πt/2.5) + 1]

��dju
t ∈ [0, T ]

¤�umd;S acQAT _j�.db�;Tg��\Af�r6acZed;f�l �2T r
_nfãlmTOT¬acQ�_bagr�d;lqa _jf oão TOS"_jf o TO�;dj^[�jT�lmZeSUZ[^[_jum^[pj����dnacQ _nucT
S"_ns8Z[S]\�S _jumd;\Af o ��¡ "�_jf o �
��_nf o S'Z[fAZ[S]\AS�_nucdj\Af o �A� " _nf o �8�#"k� ² T ¦�uxlwa o Ze�8Z o T�i.T
umZ[d o
[0, T ]

Z[f=amd
N
T
^eT
S'T
f=ac_nucp�i.T
umZ[d o l'_nf o _jlclq\ASUT o amQ._ba'amQATgiA\ASUi§Z[l'd;i.T
uc_namZ[fA� d;u�fAdja'�hZeamQ�Zef

acQAT
lmT�i.T
umZ[d o lO� �Ôf amQ�Z[lUTOsk_jSUiA^eT �2T o Z[�8Z o T o acQATgQAdjucZ[ OdjfDZef=amd§�
�;�¬TO^[TOSUT
f;ax_nucp i.T
umZ[d o l
�¥´¨f
_jiAiA^[p8ZefA�'acQAT�_n^[�jd;umZeamQAS���T�dj�Aac_nZ[fAT o d;i.T
uc_namZ[fA�'rOd;lqa$dn��amQAT�iA\�S'i�rOdjucumTFlqi+djf o Zef���amdUacQAT��jZ[�jT
f
rOdjf�lm\ASUikacZed;f iAucdn¦�^[Tj¡$�hQ�Z[rxQ Z`l + � V�� P�_n��^eT¥� iAucT
lmTOf=acl	amQ�T�lqac_namT dj��amQAT�iA\ASUi o \AucZefA�L�
�;�
T
^eT
SUTOf=ac_jump i.T
umZ[d o lO�]��umT
iAucT
lmTOf=acl�acQAT]i�\ASUiAZef��	dji+TOux_bacZed;f¬_nf o  
TOucd"umT
iAucT
lmTOf=a$amQ�T]Z o ^eT
fAT
lcl$dj�
acQAT�iA\ASUi��3P�Q�T

k − th
i+d;lmZ¶acZed;f�rOdjucumTFlqi+djf o l3acd

[0.1.(k − 1), 0.1.k]
Z[f=amT
um�b_n^Ý�

P�_n�A^[TU�� 3X=ac_namT�dj��acQAT�iA\ASUi
�U�U�U�U�'�"�U�U�U�U�'�"�U�U�U�U� �"�U�U�U�U�'�"�U�U�U�U�'�"�U�U�������"�����U���'���U�U�U�U�'�"�U�
�U�U�U�U�'�"�U�������'�������U���'�"�U�U�U�U�'�"�U�U�U�U�'�"�U�U���U� ���U���U�U���"���U�U�U�'���U�
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P�_j�A^[T��� ©´¨ikamZ[S"_n^�lmT�"=\AT
f�r�T�dn��umTFlqT
um�;djZ[u�rOdjf=amT
f=acl
� � � V " + �

��� � �j��� �;� $ � & �bV;�A� � ��$ � & + � �A� +j� $ ��& +=�j�A�e�J� $ ��& ")+nV.� �;� $ ��& "j�j�A� + ��$ � & V "�+A�#" ��$ ��&
�;� V=��+�� � " $ � & � " � � V;� $ � & �A�F�A� �j� $ ��& �=�n�A� � " $ ��& �n� "A� "j� $ ��& �j�A�j�Ã�JV $ � & �J�k�j�Ã�JV $ ��&
�A� �
V "A� "j� $ � & �J�j�k� � " $ � & �
�;�A� �j� $ ��& ����� � ��� ��� �
��+�� � " $ �'& � � +A�#" ��$ � & �n�;�A� + ��$ �'&
��� �j�nV.� �;� $ � & � "j�k�[�F� $ � & V��F�A� +j� $ �'& Vk�b��� � ��$ �'& "n�j��� �;� $ �'& " � �A� �;� $ � & +nV=�A� �=� $ �'&
V.� �n�=�k� � � $ � & �)+ "k� �A� $ � & � �j�A� �;� $ �'& � �b��� V8� $ �'& �;�n��� � " $ �'& �8�8�j�#";� $ � & � "�+A� �A� $ �'&
"A�

997.05(0)
�=�JV.� "j� $ ��& �jV � � ��+ $ � & �=� � �À�)+ $ ��& �nV;V��#"n� $ � & �j�=�k� � " $ �'& �=�)+�� ��� $ � &

+�� �jV��;� "=� $ � & � �j�A� � " $ � & � V=�A� V=� $ ��& �n�j��� �=� $ ��& �b� "A� ��� $ ��& +8�j�8� � ��$ � & +A�F�A� �=� $ ��&
�k� " "n��� �=� $ � & "j�j�A� �j� $ � & VjV=�A� � ��$ ��& � � ��� +;� $ ��& �;�j�A�e�J� $ ��& ��+nV�� �j� $ � & �n�;�A� + ��$ ��&
� � ��")+�� " � $ � & �F��+A� � " $ � & " � � V;� $ �'& �b�A� �j� $ � & � � �	��
 � ��� " "k�#"n� $ �'& � �;�À�bV $ ��&
��� "k�j�Ã�JV $ � & � "k�#"n� $ � & +=�k� � " $ ��& V;�A� �j� $ � & � � � V=� $ �'& �F��+A� � " $ � & � � +A�#" ��$ �'&
�F�A� �j�j��� + � $ � & �j�nV�� �j� $ � & � ";�k�[�F� $ �'& V.�
��� +;� $ �'& V8�b��� � ��$ �'& "j�j�A� �j� $ � & " � �A� �;� $ �'&
�;�j� +jV;��� �8� $ � & �n�=�8� � ��$ � & ��+ "k� �A� $ �'& � �n��� �=� $ �'& � �b��� V8� $ �'& �=�n�A� � " $ � & �=�k�j�#";� $ ��&
�J�k� � ")+�� ��� $ � & �;�=�8� � " $ � & �=�bV��#"n� $ ��& �jV � � ��+ $ ��& �A� � � ��+ $ �'& �jVjV��#"n� $ � & ��+8�8� � " $ �'&
�F�A�

986.01(0)
�nV��;� "=� $ ��& � �j��� � " $ � & �j�;�A� V=� $ �'& �A�F�A� �;� $ � & �A��"A� ��� $ �'& ���J�k� � � $ � &

�
V�� ���
��� �8� $ � & � "n�A� �;� $ � & � �j��� �;�

� � ��
x��
O��� �,�h����������
6� �2�]�]���h�]���

P�Q�T o _bax_g\�lmT o Z[f�amQAZ`l�TOsk_jSUiA^eT�_jumTUacQAT	lc_nSUT�_jl�amQAT�d;fAT�\�lmT o Z[f lqTFr6acZed;f "k��´¨fA^ep�rO_ji�_jrOZ¶awp
(m)

_nf o Zef�Z¶acZ[_j^�Z[f8�jTOf=acdjucp
(s0)

_nucT o Z $:TOucTOf=a
��P�QAT
p¬TO�jd;^e�;T]_jl|lmQAdb�2T o Zef�P�_j�A^[T'���|P�QAZ`l¨ac_j�A^eT
i�umdb�8Z o T
l2amQ�T�djikacZeS"_n^�rOd;lqa���djuhT
_;rxQ i._nZ[u

(m, s0)
�

P�_n�A^[T��� 2µ2d=lwa$_jlh_���\Af.r6amZ[djfgdj��amQ�T�i�_nZ[u
(m, s0)µ�_ni�_;r�Zeawp

⇒
"j�j� +j�j� �b�;� � �j� �;�j� �F�j�j� �;�
�j� �J�n�j�

�Ôf�Z¶acZ[_j^#Zef8�jT
f=amdjucp
⇓�
�j� �F�n� "k� �=� �j��"bV.� V;V �F�nV;��� � " ��+�+�� ��+ �;�n��� � � � �=�k� +=� � � "k�Ã�b� � � "k�Ã�b�

�n�j�
1284.71

�;�
�;�A�Ã�n� �
�j�;�A�[�OV �A�F�A�[�F� � "�+A� � � � � � �Ã��+ � �k�j� � � � �k�j� � �
�j�j� �F� � "k�À� �

1126.67 993.00
� � ��� +;� � � � � �;� �j�)+A� � � �j�n�A� �A� �j�n�A� �A�

V;�j� �F�n�8�8� �j� �j�F�j���À�j� �;�j��� � �
874.38 786.50

�JV=�A� � " �b�;�A�[� � �b�;�A�[� �
"n�j� �j��"bV.�À�)+ �F�A�j�;� �;� � � ��� � " � � +�� � �

727.19 714.81
�8�
V�� � �

+j�j� �F�nV "A� V=� �A�
��� +8� � �
��� V + �JV=�A�Ã�j� �8��"k�[��"
713.44�b�j� ��+�+�� �nV � "n���e��" �j� � �À� � �b�;�A�Ã�n� �8��"k�[��"

� �j� �;�j�A� �;� � �;�A� +A� �j�n�A� V;� �b�;�A�Ã�n�
�j�j� � �jV�� � " � �;�k�À�n� �j�n�A� V;�
�F�j�;� � � "k� +�+ � �;�k�À�n�
�;�
�;� � � "k� +�+
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y¨l�acQAT©ucT
_ o TOu�rO_nf�lmTOT;¡FamQAT2djikacZeS"_n^8r�d=lwa o T
rOumTF_jlmT
l�_;l#amQ�T2rO_ji�_jrOZ¶awp|dn�8acQAT2ucT
lmTOuc�jd;Zeu:Z[f�r�ucT
_;lqTFlO¡
��\ka�SUdjucT©_jf o SUdjucT©lq^[db�h^[pj��P�QAT�r�d=lwaxl�r�d;umucT
lmi.d;f o Z[fA��amd$amQAT2�.TFlwa�ZefAZeamZ`_n^8r�d;f=amTOf=a�_jumT©\Af o T
um^[Zef�T o �
¤�\AumamQAT
umSUdjucTj¡.amQ�T]djiAamZ[SU_j^�Z[fAZeamZ`_n^)r�d;f=amTOf=a Z`l|T�"=\�_j^�amd Q�_n^e�3acQAT�r
_ni�_;r�Zeawp dj�3amQAT�umTFlqT
um�;djZ[u� 2amQ�Z[l
Z`l o \AT�acd'amQAT�lmQ�_ni+T
l�dj�,rOd;lqa$_nf o r�d;f�lq\�S'iAamZ[djf

� ����� �2������
O���

�Ôf�amQAZ`l�i�_ni+TOuF¡J�2T2iAumTFlqT
f=amT o amQAT�rO_;lqT3dj����_bamT
u�S"_nf._n�jT
SUTOf=a�iAucdj�A^[TOS �hQAT
f�rOdjf�lm\ASUikamZ[djf]iAumdj¦�^[T
Z`l$¢8fAdb�hf o \�umZ[fA�	_"�;Ze�;TOfgQAd;umZ[ Od;f $ _ o _Jp�&6�hP�QAT]�jd;_j^�Z`lhamd	umTF_jrxQ�amQAT]ZefAZeamZ`_n^���_bamT
u$^[TO�jT
^�Z[f¬amQAT
ax_nfA¢"_na©amQ�T¨T
f o dn�#acQAT|QAdjucZe 
djf����¹a2�hZ[^[^H¡k_ba�^eTF_jlqa
¡k_jlclm\AumT$amQ�_na©��dju2amQ�T¨lc_nSUT ��_bacTOu2rOdjf�lm\ASUikacZed;f
i�umdj¦�^eT���T o d;f'& a¨fAT
T o amd	um\AfgacQAT�_j^e�;djucZ¶acQAS�_j�;_jZef��$´¨\Au|_jlclq\ASUikacZed;fgdn�)SUZefAZ[S]\�S ��_bacTOu$^[TO�;TO^
$  OT
umd &)rO_jf"�.T¨T
_jlmZ[^ep'rxQ�_nfA�;T o acd]_nf8p'i.d=lqZeamZ[�jT$�b_j^e\AT Z¶��acQAT lc_b��TOawp'lqamdkrx¢'Z[l�_n^`lqd�acQAT ucT�"=\AZ[ucTOSUTOf=a
�
P�Q�T	iAucdj�A^[TOS�Z`l�fAdnaUfATO� _jf o r
_nf TF_jlmZe^[p��.T ��djucS]\�^[_namT o _jl��AZef._nucp�Z[f=amT
�jTOu�iAucdj�jux_nSUSUZ[fA��dju
o p=f._nSUZ[r'iAucdj�;uc_jSUS'Z[fA�.¡+��\ka�amQAT"i�umd;�A^eT
S lwacum\.r6am\�umTUucTO�jTF_n^[T o r�TOumac_jZef�iAucdji+TOumamZ[T
l|�hQAZ`rxQ�_j^e^[db�
\.l�amd lmdj^[�jT'acQAZ[l]iAucdj�A^[TOS T
_;lqZ[^ep �hZ¶acQAdj\ka�\�lqZ[fA� �¨t _nf o �Ôt���P�QAT	_j^e�;djucZ¶acQAS Z`l�QAT
^eik��\�^2Z[f�amQAT
r
_jlmTU�hQATOf�amQ�T"QAdjucZe 
djf�Z[l�^[djf��g_jf o Z[l o Ze�8Z o T o Z[f=amd¬_gQ8\A�jTUf8\AS]�+TOu]dn��Zef=amT
um�b_j^[l
� ² T�i�umdb�;T o
acQ�_ba�acQAT�_n^[�jdjucZeamQAS�r�d;SUT¨\Ai��hZeamQg_nf�djikacZeS"_n^#lmdj^[\kamZ[djf \Af o T
u�amQAT�^[ZeSUZeac_namZ[djf	dj� o TFlmrOumZeamZ[ 
_namZ[djf��
¤�\AumamQAT
umSUdjucTj¡8lmZef�rOT acQAT�_n^[�jd;umZeamQAS Z`l��Ì_jlqa
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