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y]sg_<��hj��_<~:m°hj~]{¼hjsg_Y_$k�mqsg_<^Y_<��oShvmzmqsqh9|²mg���j_¢£©tjs�{}_1y}��t�o���~}��hvy}y]��� |1hvmg��tj~]f°h�m-i}~]y}sg_7|$_7{O_1~:mg_7{¼fq|1hj��_7f1ª
�§t9~]fg_
�:i}_1~:mq��o9¡jmq[}_1sq_w� f§h�~}_1_7{�£©tjs
fg|*[]_<{Oi}����~}�-mg_7|*[}~}���:i}_<f¶£©tjs§^Y��kO_<{���y]hjsqhj����_1�Lhvy}y}��� |1h�mq��t9~¬��~lmg[}_
[]_$mg_<sgt9�j_<~}_1t9i]fw|1h9fz_9ªw·µ~�mq[}��fIy]hjyP_<sI¨�_��}i]��� {�tj~@_$kO��fzmg��~}�lfq|*[}_7{Oi}����~}��hv���jt9sg��mg[}^¬f
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M©�(O

¨�[]_1sq_
wi =

∑p

j=1 wi,j/p
��f�mq[}_�h��9_1s*hv�9_5_$kO_<|1iOmg��tj~Y|$t9fzm�tj£}mqh9fz¥
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� f-{O_ �P~}_<{¹hjf
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τ
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EST
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EFT
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t9~�y}sqt�|1_<fqfzt9s
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(

Avail(Pj), max
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(AFT (Nk) + ck,i)

)

,
MQ�3O

EFT (Ni, Pj) = wi,j + EST (Ni, Pj),
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Avail(Pj)
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Pj

ª
AFT (Nk)
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¥�~}t�¨�~¤ª
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EFT
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EFT (Ni, Pj)

ªWZ
[}_
EST
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i
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N∗

j
∈Succ(N∗

i
)

(
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(

N∗
j

))

,
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w∗

i
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i
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ri,j
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i

+
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N∗
i
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hv����t�¨wfWi]f5mqt�yP_<sz£©t9sg^�h�fzmqhvmg� fpmq��|<hv����o
fg���j~}� �P|1hj~:m¶~�i}^��L_1s§tv£�_$kOyL_1sq��^�_<~9m*f¶hj~]{¬^¬hv¥9_<f5� f¶yLt9fqfg���}��_�mqt�_$kOy}��tjsq_wh�¨�� {O_ws*hv~]�j_wtj£Ãy]��hvmz£©tjsq^
|1tj~ �P�ji}s*h�mq��t9~]f1ª´³¹_Si]fg_¦mg[]_������
	��
��� mgt�tj��¥��®m G �}¡I`<��HIh9f�mg[]_�£©tji}~P{}h�mq��t9~ tj£-tji}s�fg��^¢i}� h�mgt9s<ª
�����
	��
���ly}sqt��:� {O_7f¤�]h9fz_�hj�]fpmqsqh9|²mq��t9~]f�£©t9sCmg[}_�{O� fg|1sg_1mg_1�>_<�j_1~:m�fz��^�i}� h�mq��t9~¢tj£]y]hjsqhj����_1�Ohvy]y}��� |1hvmg��tj~]f
��~ {O� fpmqsg���}iOmq_<{¹_1~�����sqtj~]^Y_<~:mqf°hv~]{¹¨
hjf-fgyP_7|$� �P|1hj����o@{O_7fz���j~]_<{@£©tjs-mq[}_¬_1��hv��i]hvmg��tj~¹tv£�fg|*[}_7{Oi}����~]�
hj���9tjsq�®mq[}^¬f1ªC³¹_b{O_1mqhj���L�P_<��t�¨0mg[}_by}� h�mz£©t9sg^¬f<¡:hjy}y}����|<h�mq��t9~]f1¡�hv~P{lfq|*[}_<{Oi]����~}�¢hj���9tjsq�®mq[}^¬f5mq[]h�m
¨§_
iPfz_°��~�t9i}swfg��^¢i}��hvmg��tj~]f<ª

��^T_ �D�qvyx���af�<c k
³¹_-|$t9~]fz� {O_<s�y]��hvmz£©tjsq^¬f�mg[]hvmw|$tj~Pfz� fpm�tj£§`j¡]�}¡O�]¡Ot9srL�|1��i]fzmg_<sqf<ª�«¶hj|*[¦|$��i]fzmg_<sw|$tj~:m*hv��~]f
h¢s*hv~P{Otj^
~�i}^¢�P_<s¬tv£by}sgtO|1_<fqfzt9sqf¢�P_1mp¨§_<_1~2� hv~]{ Rv�P¡¶~}tjm¬����^��®mq_<{¸mgt yLt�¨§_<sqfYtj£°�Oª2rWsqtO|$_7fgfgtjs¬fgyP_<_<{¸��f
[]tj^�tj�9_1~}_<tji]fl¨��®mq[}��~ _<h9|*[ |1��i]fzmg_<s��¢|$��i]fpmq_1s¦y}sqtO|$_<fqfgtjs!fgyL_1_<{]f�hjsg_�fqhv^�y}��_<{´£©sqtj^ h¸i}~}��£©tjsq^
y]sgt9�]hv�}�����®mpoY{O��fzmgsq���}iOmg��tj~¤¡j£©t9s¶��hvsq��t9i]fW^�_7hv~]f§hv~]{�s*hv~}�9_<f<¡j¨���mg[¬mq[}_ns*hv~]�j_��L_1��~}��y}sqtjyLtjsgmg��tj~]hj�Omgt
mq[}_-^�_<hj~�ª5³¼_�{}_ �]~}_-y]sgtO|$_7fgfgtjs
fgyP_<_<{¦hjf�mq[}_-~�i}^��L_1swtj£��}��������tj~��]t:h�mg��~}��yLtj��~9mwt9yP_<sqhvmg��tj~]f�yL_1s
fg_<|1tj~]{ M�I°½C��tjy��vfz_7|SO²ª�½}t9sWhv����_$kOyP_<sg��^�_1~:mqf�¨�_�hjfqfzi]^Y_§mg[Ph�m5mg[]_�~]_$mp¨�tjsq¥-[]hjf5h°�I^�f�� h�mq_1~]|1o�hv~P{
h�`<�QI�����m���fg_<|w�]hv~]{}¨���{�mq[�ª5³¹_n¥j_<_1y�mq[}_n~}_1mp¨§t9sg¥Y|*[]hvs*hj|$mg_<sg� fpmq��|<f �}kO_<{lhv~]{���hvsqo¢mg[}_Iy}sgtO|1_<fqfzt9s
fgyL_1_<{]f¶mqt¢_1kOyP_<sg��^�_1~:m�¨���mg[�h�s*hv~]�j_ntj£¤y}� h�mg£©tjsq^�|1tj^�^�i]~}��|<h�mq��t9~���|1tj^�y}iOm*h�mg��tj~lsqhvmg��t9f<ªCZChv�}��_b�
��� fpm*fÃmg[}_¶��hj��i]_<f�¨�_5i]fg_<{I£©tjs¤mg[}_7fz_5yPhvs*hv^�_$mq_1s*f1¡1mg[}_¶|1tj^¢�}��~Ph�mg��tj~°tj£:¨�[}� |*[-�j_<~}_1s*h�mq_<f��3Lj�
{O��±L_<sg_<~9m
y]��hvmz£©tjsq^ |1tj~ �]�9i}s*h�mg��tj~Pf1ª´�wtjmg_¦mq[]h�ml_7hj|*[ ��~Pfpm*hv~:mg� h�mq��t9~¸[]h9f¬s*hv~]{Ot9^ _1��_1^�_<~9m*f1¡�~]hj^Y_<��o mg[}_
~�i}^¢�P_<s�tv£�y}sqt�|1_<fqfzt9sqf�yL_1sn|1��iPfpmq_1s7¡]hv~]{!_<h9|*[¦y}sgtO|1_<fqfzt9s�fgyP_<_<{Êª�Z
[}_1sq_$£©t9sg_9¡�¨§_-�9_1~}_<sqhvmg_-fz_<�j_<sqhj�
fqhv^�y}��_<f�£©t9s�_<h9|*[ly}� h�mg£©tjsq^ |$t9~ �]�9i}sqhvmg��tj~�ª

~:i]^��L_1s�tv£�|$��i]fzmg_1s*f `j¡]�O¡]�]¡#L
^Y_7hv~�y}sqt�|1_<fqfzt9s�fgyL_1_<{ M I°½���tjy���fg_<|SO `j¡]�O¡¤`<�}¡}�j�}¡Ê`<�9�}¡}�v�9�}¡Ã`<�9�j�
y}sgtO|1_<fqfzt9s�fgyP_<_<{�s*hv~}�9_ �}¡

0.2 × mean
¡Êª<ª1ª1¡

1.8 × mean~}_$mp¨�tjsq¥¬��hvmg_<~]|$o Mâ^¬f�O �
~}_$mp¨�tjsq¥¬�]hv~P{O¨���{Omg[ M�I�����m���fg_<|�O `<�

ZChv�}��_��%+�r5hvs*hv^�_1mg_1s*f§£©tjswfg��^¢i}� h�mg_7{ly]��hvmz£©tjsq^¬f1ª

��^�] �����l�
nT�!vyx#nqa�hlk
³¹_¦|$tj~Pfz� {O_1s¢mp¨�t¼|$� hjfqfg_<f�tj£Ihvy]y}��� |1hvmg��tj~ �nºiI°f1¡¶{}_1y}� |²mq_<{ ��~¸½C���ji}sq_¹`j¡Whv~P{ ¨�[}� |*[ ¨�_!{O_1mqhj���
�L_1��t�¨-ª

���1���}�7� À�� � ·µ~@`7�3R9�}¡%W:mgs*hjfqfz_<~�y}sqtjyLt9fg_<{�hj~lhv���jt9sg��mg[]^¾mqtY|1tj^�y}iOmq_nmq[}_by}sgtO{OiP|²m
tv£�mp¨�t
2× 2^¬hvmgsq��|1_<f�mg[Ph�mw~}_<_<{}fn�¢^¢i}�®mq��y]��� |1hvmg��tj~]f
��~]fzmg_<h9{�tv£yL�G×�v��H>ªWZ
[}_-_<���9[:m
^¢i}��mg��y}��� |1hvmg��tj~¦� f�sg_<y}� hj|$_7{

��oYh-fz_1mWtv£Ê_1���j[:mg_<_1~¬hj{]{O�®mq��t9~]f5tj£L��t�¨§_<sW|$t9^Yy]��_1k���mpojª�Z
[}� fWhv���jt9sg��mg[]^¾|1hj~��P_nhjy}y}����_7{Ysg_7|$i}s*fz���j_<��o
mqt

2 × 2
�}��t�|*¥�^¬hvmgsq��|1_<fbmgt¦hj|*[]��_<�j_�hv~�hjfgo:^�yOmqtvmq��|Y|$t9^Yy]��_1k���mpo�tv£

O(nlog(7))
¡�¨�[}_1sq_

n
� fbmg[}_

é�
 ��é��
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+ + + + + + + + + +

* * * * * **

+ + + + + +

+ +W:mqsqh9fgfg_1~ ½]tjsq¥9���9tj��~
½����ji]sg_�`3+5ºny}y}����|<h�mg��tj~ �wºiI°f<ª

{}��^�_1~Pfz��tj~´tj£bmq[}_@^¬hvmgsq��|1_<f<ª Z
[]_@��_$£»m!yPhvsgm�tv£�½C���9i}sq_ `@fz[]t�¨wf�mg[}_ �wºiI |$t9sgsq_<fgyLtj~]{O��~}�¹mgt
mq[}_��]s*fpm°��_<�j_<�Ctj£�{O_7|$t9^YyLt9fg��mg��tj~@tj£Wmg[]_JW�mgs*hjfqfz_<~¼hv���jt9sg��mg[]^�¡Ã¨�[}_<sg_Y~}tO{O_7f°^�hjsg¥9_<{�¨���mg[�h ��� �
sq_1y]sg_7fz_<~9m°^¬h�mqsg��k¹h9{}{O��mg��tj~]f<¡¤hv~P{@mq[}t9fg_�^¬hvsq¥j_<{¼¨���mg[ h ��� �Êsg_<y}sq_<fg_1~:m-^�hvmgsq�®k¼^�i}��mg��y}����|<h�mg��tj~Pf1ª
³¹_���~]fzmqhv~:mq��hvmg_�R¬fziP|*[ �nºiI°f1¡P¨�[}��|*[¦¨�_�|1hj����W�mgs*hjfqfz_<~O�

d
£»t9s

d = 2, ..7
¡Pfzi]|*[�mq[]h�mw_7hj|*[�mqh9fz¥!��~

W�mgs*hjfqfz_<~O�
d
t9yP_<sqhvmg_<f
t9~�h

(1000× 2d) × (1000× 2d)
^¬h�mqsg��kÊª

��Å ��� Â	�ÊÅ�
 ��� ³¹_bhj��fgt�_1k�yL_1sq��^Y_<~:m§¨���mg[¦fz��^�y}��_n£©tjsq¥:��upt9��~ �nºiI°f�fgt�mq[]h�m
¨�_I|1hj~l_<��hj��iPh�mg_Itji}s
hj���9tjsq�®mq[}^¬f°£©tjs¢�js*hv[]f�¨��®mq[ [}���j[ {O_<�jsq_1_¬tv£�m*hjfg¥:�>y]hjsqhj����_1��� fz^¦ª�·µ~ y]hvsgmg� |$i}� hvs7¡�mg[}_lmqhjfg¥:�>yPhvs*hv����_<�
¯n«¶½�Z´[}_<i}sg� fzmg� |wfz[]tji}� {¬�L_n_$±Ã_<|$mg���j_�£©t9s�fgi]|*[¬�9sqhjy}[]f<ª�³¹_n��~]fzmqhv~:mq��hvmg_�£©t9sg¥:��uptj��~ �wºiI°f¶¨���mg[@`<�}¡
�j�}¡Chv~]{2`7�j�!mqh9fz¥Of<ª!«¶h9|*[¹mqhjfg¥¹��f-_<�®mq[}_1sYh¦^¬h�mgsq��k¹hj{]{O�®mq��t9~ tjs�^¬hvmgsq�®k¹^�i}��mg��y}����|<h�mg��tj~ Mâ¨�[}� |*[
^¬hj¥j_<f��®mYyPt:fgfg���}��_lmgt¼sg_<i]fz_!tjsY{}h�m*h���y]hvs*hv����_<�¶hvy]y}��� |1hvmg��tj~ yL_1sg£©tjsq^	^YtO{O_<��f�O²ª¹³¹_�hj��fgt@hjfqfgi}^�_
mq[]h�mYmg[]_l_1~:mqsgo¹mqh9fz¥ fg_1~]{ mp¨§t@^�hvmgsq��|1_<f�mgt¼_<hj|*[ ��~}~]_1s¢mqhjfg¥Ã¡Whv~]{ mg[]hvmY_7hj|*[ ��~}~}_<s�m*hjfg¥�fg_1~P{
mq[}_�sq_<fgi}��m�tv£
mg[}_l^�hvmgsq�®k�tjyL_1s*h�mq��t9~�¡��FU���U=V�tj~}_¬^¬hvmgsq�®kÊ¡�mgt�mq[}_�_1~P{¹mqhjfg¥Ãª!³¹_��9_1~}_<sqhvmg_ �wºiI°f
¨���mg[��j�
��¡¤�j�
�l¡Êhv~]{��v�
� tv£¶^¢i}�®mq��y]��� |1hvmg��tj~Sm*hjfg¥Of1ª-³¹_�[]h��j_�mg[�i]f°�lyLt9fqfg���}��_¢£©tjsq¥9��uptj��~S�9sqhjy}[
|1tj~ �P�ji}s*h�mq��t9~]f1ªC½}t9s¶_<h9|*[¬mqh9fz¥Y¨�_ny}� |*¥Ymg[}_I^�hvmgsq�®k�fg�=/<_w��~!h�fg��^Y��� hvsW£âh9fz[]��t9~�hjf¶£©tjsWmq[}_�W:mgs*hjfqfz_<~
�nºiI�W!{}_<fq|$sq���L_<{�hv�Lt��j_9ª

��^�� ���<��g�s�jl�TnTh�e �w�Tefaf�<nqx#��c k
½]tjs5hv����y}� h�mz£©t9sg^¾hv~]{Yhvy}y]��� |1hvmg��tj~¢|1tj~ �P�ji}s*h�mq��t9~]f¤{O_7fg|1sg���L_<{Yhv�Lt��j_¶¨�_�|$t9^YyPhvsq_Wmg[]_�_$±Ã_<|²mq���9_1~}_7fgf
tj£��¦fq|*[}_<{Oi]����~}�¦hv���jtjsq��mg[}^¬f<ªYZ
[}_��]s*fzmbmp¨�t�hvsq_Y¯n«¶½�Z¾hj~]{¹x¦��¯n«¶½�Z�Mâtv£
¨�[}� |*[¼¨�_�[]h��j_¢mg[}_
x���¯n«¶½�Z°`nhv~]{¬x���¯n«¶½�Zw�°��hvsq��hj~9m*f�O�mg[]hvm¶¨§_<sg_w{}_<fq|$sq���L_<{���~NW�_<|$mg��tj~]f¶�]ª�`nhv~P{¢�Pª �-sg_7fzyL_<|$mg���j_1��ojª
³¹_°hv� fzt���~:mgsqtO{Oi]|$_b[}_<sg_bh-mg[]��s*{lhj���9tjsq�®mq[}^¦¡:¯n«¶½�Z ? ¡�¨�[}� |*[�� f
h�fg��^�y}��_b{]h�mqhv�>yPhvs*hv����_<�}_$k�mg_<~]fg��t9~tj£°¯n«¶½�Z hj~]{ ¨�[}� |*[ t9yP_<sqhvmg_7f¬hjfY£©tj����t�¨wf1ª0½]tjs¬_<h9|*[ |1��iPfpmq_1s���~ mg[}_�y}� h�mg£©tjsq^¦¡�¯n«¶½�Z

?
�]s*fpm

{}_$mg_<sg^���~}_<f�mq[}_
~:i]^��L_1s5tv£Ly}sqt�|1_<fqfzt9sqf¤��~¢mg[]_�� hvsq�j_7fpmC£©_<h9fz���}��_�|1tj~ �P�ji}s*h�mq��t9~�¡�hv~]{�mg[}_<~Y|1tj^�y}iOmq_<f
mq[}_¬fz^¬hj����_<fzm�fzi]|*[¹~�i}^��L_1s-t��9_1s-hv���W|$��i]fzmg_<sqf<¡

p∗
ª¬Z
[}_¬¯w«¶½�Z

?
hv���jtjsq��mg[}^ mq[}_1~�_$kO_7|$iOmq_<f°_<h9|*[

~]t�{}_¬��~�mq[}_lhvy]y}��� |1hvmg��tj~ �wºiI tj~ |1tj~ �]�9i}s*h�mg��tj~Pf°¨��®mq[
p∗
y]sgtO|$_7fgfgtjs*f<ª�Z
[}_�s*h�mg��tj~Phv��_Y�L_1[]��~]{

¯n«¶½�Z
?
� fbmg[]hvm<¡�i}~]����¥j_¬¯w«§½CZ°¡Ê��m�|1hj~Sm*hv¥j_�hj{}��hj~:mqhv�9_¢tj£§{}hvmqh���y]hjsqhj����_1����fg^¦ª�Z
[}_<sg_1£©tjsq_j¡Ê¨�[}����_

¯n«¶½�Z0� f¶����^Y��mg_7{�mqt¢iPfz��~}��t9~}��o�h9f�^�hj~�oYy]sgtO|$_7fgfgtjs*fWh9fWmq[}_°^�hvkO��^¢i}^�~:i]^��L_1s
tv£�|1tj~]|1i}sqsg_<~9mq��o
_1kO_<|$i}mqhv�]��_
hvy}y]��� |1hvmg��tj~-m*hjfg¥�f<¡v¯w«§½CZ

?
|1hv~¢^¬hv¥j_§�P_1mzmq_1s5i]fg_�h���hj��� hv�}��_§|1tj^�y}iOmq_
sg_7fzt9i}sq|1_<f�hv~]{���f

mq[�i]f�h
�L_$mzmq_1sC|$tj^�y]hjsqhvmgt9sÃ£©tjs�_<��hj��iPh�mg��~}��x¦�µ¯w«¶½�Z-ªC¯wt�¨�_1�9_1s7¡$i}~}����¥9_¶x¦�µ¯w«¶½�Z°¡�¯w«§½CZ
?
|1hj~}~}tvm

���­ê}�>���A�A�
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h9{}hvy}mImq[}_¬|$tj~ �]�ji}s*h�mq��t9~¼fg�=/<_¢tj£�{O��±Ã_1sq_1~:m�{}h�m*h���y]hvs*hv����_<�¤m*hjfg¥Ofnmqt�h9|*[}��_1�j_Y�L_$mzmq_1s-iOmq������/<h�mq��t9~¼tj£
|1tj^�y}iOmq_-hv~]{�~}_1mp¨§t9sg¥¬sq_<fgtji}s*|$_7f1ª

� ��#<� �!"1�°
�#$�����­���¤��"*
��

��^T_ �Ex%�#v}k(k(g�h

½]tjs@mg[}_ W:mgs*hjfqfz_<~ hvy}y]��� |1hvmg��tj~�¨�_ tj~}��o y}sq_<fg_1~:m@sq_<fgi}�®m*f�£©t9sSmg[]_ �]s*fpm¹��hvsq��hj~9mStj£lx¦�µ¯w«¶½�Z-¡
x���¯n«¶½�Z°`jª¦Z
[}_ W:mqsqh9fgfg_1~ �wºiI []h9f�h¦��h�o9_1sq_<{¹fpmqsgiP|²mgi]sg_�hj~]{¹mg[}_

rank∗
u

��hj��i}_¬tj£
mp¨§t¦m*hjfg¥�f
hvm�mg[}_¢fghj^Y_°� h�oj_<sw{O�®±Ã_1sIh�mw^�t9fzmw��o�mg[]_�|$t:fpmwtj£�hj~¦h9{}{O��mg��tj~�¡]¨�[}��|*[�� f��9_1~}_<sqhj����o���~]fz���j~]� �P|<hv~:m<ª
Z
[]_1sq_$£©tjsq_j¡�mq[}_�{O��±Ã_1sq_1~:mw^�_$mg[]t�{]fwi]fg_<{!mgt�|1tj^�y}iOmq_

rank∗
u

��~Sx¦�µ¯w«§½CZ°`¢hv~]{¦x¦�µ¯w«¶½�Zw�Y��_<h9{
mqt��:��sgmgi]hj����o�� {O_1~:mg� |1hj�Ãmqh9fz¥�t9sq{}_1sq��~}�:f1ª

W���~]|1_�¨§_¦tj~]��o iPfz_�R �wºiI°fY£©tjs�mq[}_ W:mgs*hjfqfg_1~2hvy}y}��� |1h�mq��t9~�¡¶¨�_¦yP_<sz£©t9sg^ fg��^�i}� h�mq��t9~]f�t��j_<s
hS��hjsg�9_¬~:i]^��L_1s�tj£�y}��hvmz£©t9sg^¬f<ªS½}tjsYh��j���j_<~ ~�i}^��L_1s¢tv£n|$��i]fzmg_<sqf<¡

M
¡5ZChv�}��_!��fg[}t�¨wf�mg[]hvm�¨§_

|1tj~]fg� {O_1s
7× 10 = 70

{O�®±Ã_1sq_1~:m�y}� h�mg£©tjsq^ |$t9~ �]�ji]sqhvmg��tj~]f<ª�½]tjs
mg[]_<fg_°fg��^�i}� h�mq��t9~]f
¨§_b��~]fpm*hv~:mg� h�mq_
10× M

fqhv^�y}��_<f�£©t9s�_<h9|*[!tj£¤mg[]_<fg_-y}��hvmz£©t9sg^ |1tj~ �P�ji}s*h�mq��t9~]f1ª5Z
[}_°s*h�mq��t9~]hv��_°��f�mq[]h�mw¨�_°¨���fg[�mgt
�9_1~}_<sqhvmg_b^�tjsq_°fqhv^�y}��_<f�£©tjs�y}� h�mg£©tjsq^�f
¨���mg[¦� hvsq�j_<s�~�i}^¢�P_<sqfwtv£C|1��iPfpmq_1s*f1¡]h9f�hY��hjsg�9_1s
~�i}^��L_1swtj£
|1��iPfpmq_1sw��^�y}����_<fIh¬� hvsq�j_1s�~�i}^¢�P_<swtv£5yLt9fqfz���}��_�y}� h�mg£©tjsq^ mgt9yPt9��t9�j��_<f<ª¶³¹_�mq[:iPf�yP_<sz£©t9sg^�_7{�hYmgtvm*hv�
tj£��}`j¡ �j�j�Yfg��^¢i}��hvmg��tj~!sgi}~Pf1ª
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Size of matrices in Strassen (x 1000)

HEFT
HEFT-*

½C���ji}sq_ �%+0c�_<��hvmg���j_�^¬hv¥9_<fgy]hv~]f!£©t9sS¯w«¶½�Z
hj~]{�¯w«§½CZ

?
�9_1s*fzi]f�mg[}_¢^�hvmgsq�®kSfg�=/<_�i]fg_<{���~

mq[}_QW:mqsqh9fgfg_1~ �wºiI°f1ª
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Number of clusters

HEFT
HEFT-*

½C���ji}sq_ �#+0c�_<��hvmg���j_�^¬hv¥j_7fzyPhv~]f!£©tjsS¯n«¶½�Z
hj~]{¼¯n«¶½�Z

?
�9_1s*fzi]fImq[}_¬~�i}^��L_1s�tj£
|1��iPfpmq_1s*f

��~lmq[}_-y}� h�mg£©tjsq^�ª

-I�9_1s-hv���Wtji]s�fz��^�i}� h�mq��t9~¼sq_<fgi}��mqf<¡Êmg[]_�h��j_1s*hv�9_�^¬hv¥9_<fgy]hv~PfItj£�¯n«¶½�Z hj~]{¹¯w«¶½�Z
?
¡¤sq_1� h�mq���9_

mqt mq[]h�m¦tv£�x¦�µ¯w«¶½�Z°¡°hvsq_¹�O`9ª R�� hj~]{ �]ª L:� sq_<fgyP_7|²mg���j_<��o9ª x¦�µ¯w«¶½�Z,t9iOmgyL_1sg£©tjsq^¬f!¯n«¶½�Z,��o
hj��^�t:fpm¶t9~}_nt9sq{}_1s¶tj£¤^¬hv�9~}�®mqi]{O_9¡9¨�[}� |*[�¨
hjf§_$kOyL_<|²mq_<{�h9f§¯n«¶½�Z0|1hj~}~}tjm¶mqhj¥j_bhj{O��hv~:m*hv�j_�tj£�hv~�o
{]h�mqhv�>yPhvs*hv����_<��� fz^ hv~P{ mq[:iPf���fY[}���j[}��o ����^���mg_7{ ��~ mq[}_¦~�i}^��L_1s¬tj£Isq_<fgtji}s*|$_7f���m¬|<hv~ i]fg_jª¸xStjsq_
��~:mg_<sg_7fpmq��~}�9��o9¡
mg[}_@£âhj|$mlmg[Ph�m�x���¯n«¶½�Z,|$��_<hjsg��o t9iOmgyL_1sg£©tjsq^¬fl¯w«§½CZ ? {O_<^�tj~]fzmgs*h�mq_<f¬mq[]h�m�tji}s

é�
 ��é��
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fq|*[}_<^Y_�£©tjs¢{}_$mg_<sg^���~}��~}�¼hjy}y}sqtjy}sq��hvmg_�|1tj~ �]�9i}s*h�mg��tj~ fg�=/<_<f�£©tjs�{}h�m*h���y]hvs*hv����_<��mqh9fz¥Of�� f¢_$±Ã_<|²mq���9_jª
³¹_-~}t�¨ hv~]hj��o�/1_btji]s�sg_7fzi}��mqf
��~¦^�tjsq_b{O_1mqhj��� f1ª

½C���ji}sq_b�¢fz[]t�¨wfWsq_1� h�mg���j_I^¬hv¥j_7fzyPhv~]fW£©tjs
¯w«¶½�Z hj~]{l¯n«¶½�Z
?
�j_<sqfgi]f5mq[}_b^�hvmgsq�®k�fg�=/<_IiPfz_7{���~

mq[}_8W�mgs*hjfqfz_<~ �nºiI°f�M»£©sqtj^
4, 000×4, 000

mqt
128, 000×128, 000

O²ªL³¹_I|1hj~�fz_<_�mg[Ph�mWmq[}_nsq_1� h�mq���9_
yL_1sg£©tjsq^¬hv~]|1_�tv£�¯n«¶½�Z �j_1s*fgi]f�mg[Ph�m!tj£�x¦�µ¯w«¶½�Z {O_7|$sq_<hjfg_<f¬£©sgt9^ ^¬h�mqsg��k´fz��/1_S�P¡ �9�j�¹mqt fz��/1_
L]¡ �9�j�]¡jhv~]{���~]|1sg_7hjfg_<f�mq[}_1sq_<hv£»mg_1s7ª�Z
[}_nt9sg���j��~]hv�P{O_<|1sg_7hjfg_w|1hv~¬�L_n_1kOy}��hj��~]_<{¬hjf5£©tj����t�¨wf<ªCx���¯n«¶½�Z
^¬hjy]fn{}hvmqhv�>y]hjsqhj����_1�¤^�hvmgsq�®kSh9{}{O��mg��tj~]fwmgtl�9_1sqo!� hvsq�j_¢|$tj~ �]�ji}s*h�mq��t9~]fwh9f�mg[]_1o�|1hj~S�P_YyL_1sg£©tjsq^Y_7{
¨���mg[]tjiOm�|1tj^�^�i}~]��|<h�mg��tj~Pf1ª1-I~@mq[}_¬tvmq[}_1s-[Phv~]{Ê¡�{}h�m*h���y]hvs*hv����_<��^�hvmgsq�®kS^¢i}��mg��y}��� |1hvmg��tj~]f���~��jt9���9_
��~:mg_<sz��y}sqt�|1_<fqfzt9sC|1tj^�^�i]~}��|<h�mq��t9~]f�hv~]{�hvsq_�mg[�i]f5^¬hjy}yP_7{¢mgt�fg^�hj����_1s5|1tj~ �]�9i}s*h�mg��tj~Pf1ªCZ
[}��fWsg_7fzi}��mqf
��~¹^�hj~�o@{}h�m*hlsq_<{}��fzmgsq���]iOmg��tj~]fImq[]h�m���~]|$i]s-yPtjmg_1~:mq��hj����oS� hvsq�j_�~]_$mp¨�tjsq¥���hvmg_1~P|$��_<f<ªY½]tjs°sg_<��hvmg���j_<��o
fg^¬hv����^¬h�mqsg� |$_7f1¡Omq[}_<fg_-� h�mg_<~]|$��_<fnhvsq_°mg[�i]f���_<fqfwhv^�t9szmq�=/<_<{!t��j_1s
mq[}_�|1tj^�y}iOm*h�mg��tj~¤ª§½}t9s�mg[]_�fghj^�_
sq_<h9fzt9~�¡Ph9fw^¬h�mqsg� |$_7fw�9_$mI� hvsq�j_9¡]sq_<{O� fzmgsq���}i}mg��tj~@|1t9fzmqfw��~]|1sg_7hjfg_�{Oi}_�mgtl�Phv~]{O¨�� {�mq[@|$t9~]fzi]^Yy}mg��tj~�ª
³¹_�tj�Pfz_<sg�9_�fg��^�����hjs¬mgsq_1~P{}fY£©tjsl¯n«¶½�Z

?
¡��]iOm��®m*f¬yL_1sg£©tjsq^�hj~]|$_¦� f¬^�tjsq_¦tj~2y]hvs¬¨���mg[2mq[]h�m�tj£

x���¯n«¶½�Z°ªY�n_1�j_<szmq[}_1��_<fqf<¡�x¦��¯n«¶½�Z � f-fpmq�����Whl£âhj|²mqtjs-�}ª L9�l�L_$mzmq_1s-t9~¼h��j_<sqhj�j_9ª�Z
[}��f°� fb�P_7|1hji]fz_
¯n«¶½�Z

?
¡9i}~]����¥j_nx���¯n«¶½�Z-¡9� fW����^Y��mg_7{¬��~�mg[}_bfz��/1_wtj£Êy}sgtO|1_<fqfzt9sW|$tj~ �]�ji}s*h�mq��t9~Ymg[]hvm§|$t9i}��{��L_niPfz_7{

£©t9s�_$kOyL_1~]fg���9_-{}h�m*h���y]hvs*hv����_<�]m*hjfg¥Of�M
��U '�U=VC^�hvmgsq�®k!^�i}��mg��y}����|<h�mg��tj~Pf�O$ª
·µ~lfgi}^�^¬hvsqoj¡9¨�[}����_Ix���¯n«¶½�Z´|$��_<hvsq��o�tji}mgyL_1sg£©tjsq^�f¶�®m*f¶|1tj^�yP_1mg��mgt9sqf<¡9��mqf¶yP_<sz£©t9sg^¬hj~]|$_�� f¶~]_1�v�

hvmg���j_<��o���^YyPhj|²mq_<{!��o¬sg_7{O��fzmgsq���}iOmg��tj~�|$t:fpm*f1¡:¨�[}� |*[!��~]{O� |1hvmg_<f§mq[]h�m�mg[}_7fz_-|1t9fzmqf�hvsq_I~}tjm
h9|1|1tji}~:mg_7{
£©t9sIh9{O_
�:i]hvmg_1��ojªwZ
[]��fnyPt9��~:mqfnmgt!hlfgi}�Omg��_�����^Y��mItj£5tji}sbhvy}y}sqt9h9|*[�ª�Z
[}_��Psqfzmwmg_<sg^ ��~�mg[]_

EFT ?£©i]~]|²mq��t9~��j���j_<~Y��~�« �Lª��-��~]|$��i]{O_7fWtj~]��o�h�|$t9^�y}iOmqhvmg��tj~�|1t9fzm<¡9hj~]{¬~}t�sg_7{O��fzmgsq���}iOmg��tj~�|1t9fzm<ª�Z
[}_1sq_$�
£©t9sg_9¡�mg[}_-^¬hjy}y}��~}��tv£¤mq[}_-_1~:mqsgo¬m*hjfg¥Of
tv£¤mq[}_�hvy]y}��� |1hvmg��tj~��js*hvy}[Pf�hjsg_-|*[}t:fz_<~l¨���mg[}t9iOmn|$t9~]fg��{O_<sz�
hvmg��tj~¼tv£¶��~}��mg� hv�W{}hvmqh��µ{O� fpmqsg���}iOmq��t9~@|$t:fpm*f1ª¢Z
[}��f°��~Smqi}sq~¼��_<h9{}fImgt!mg[}_7fz_¢mqh9fz¥Ofb�P_<��~]�¦{}��fzmgsq���]iOmg_7{
t9~ yLtvmg_<~:mg� hv����o��j_<sgo¹� hvsq�j_l|1tj~ �]�9i}s*h�mg��tj~Pf1M»mpo�y}� |1hj����o¹£©tjs�^¬hvmgsq�®k hj{]{O�®mq��t9~]f¢��~ mq[}_¦|1hjfg_�tj£wmg[}_
W�mgs*hjfqfz_<~¹hjy}y}����|<h�mg��tj~7O²¡�hv~]{¼mg[�i]f�mgt�_1k�yL_1~Pfz���j_�{}hvmqh¦sq_<{O� fzmgsq���}i}mg��tj~]fb£©t9s�fzi]�]fz_ �:i}_1~:mqf-mqhjfg¥Of-��~
mq[}_Shvy]y}��� |1hvmg��tj~ mqh9fz¥¸�js*hvy}[¤ª Z
[}� f¬_$kOy}� hv��~]f¬¨�[�o¸x���¯n«¶½�Z ��_<h9{}fYmgt t��9_1sq��o _$kOyP_<~]fg���9_¦{]h�mqh
sq_<{}��fzmgsq���]iOmg��tj~]f���~ fgtj^�_l|<hjfg_<f<ª�·�m¢� f���^�yPt9szm*hv~:m�mqtS~}tvmq_�mq[]h�mYtji}s�h9{}hvy}mqh�mq��t9~ tv£n¯n«¶½�Z���~:mgt
x���¯n«¶½�Z¾� f�fgtj^�_<¨�[]h�m�~]h��Q�9_�hjf-t9i}s��9t9hv�¶��~�mq[}��f�y]hvyL_1s¢��f-mgtSy}sqt�����{}_�h¦�j_1~]_1sq��|�^�_$mq[}tO{¹£©tjs
h9{}hvy}mg��~}�¬mqh9fz¥:��y]hvs*hv����_1�Ê����fzmz�µfg|*[]_<{Oi}����~}��[}_<i}sg� fzmg� |1fnmgt¬mq[}_¢^���kO_<{���y]hvs*hv����_1�>ª�·�mI¨�tji}� {¦�P_¢yPt:fgfg���}��_
mqt¹£©i}szmq[}_1s¬��^�y}sqt��j_¦x¦��¯n«¶½�Z Mâhv~P{ yLt9fqfz���}��o tvmq[}_1s¬^���kO_<{���y]hvs*hv����_1�
��� fzmz�µfg|*[}_7{Oi}����~]�¼[}_<i}sq��fzmg� |1f
t9�Omqhj��~]_<{Y����h-t9i}sW^�_$mq[}tO{Otj��tj�9o#OC�:o¢��~P|$��i]{O��~}��sq_<{O� fpmqsg���}iOmq��t9~�|$t:fpm*f5_$kOy}����|1�®mq��oY��~9mqt°mg[}_Itj�Oup_7|²mq���9_
£©i]~]|²mq��t9~�ª

½C���ji}sq_-�¢fg[}t�¨wf�sg_<��hvmg���j_I^�hj¥j_7fzy]hj~]f§£©tjs�¯w«§½CZ hv~P{!¯n«¶½�Z
?
�j_<sqfgi]f¶mg[}_°~�i}^��L_1s�tj£C|1��i]fzmg_<sqf

��~¼mg[}_�y}� h�mg£©tjsq^�ªYºnf°_1k�yL_<|$mg_7{¼¯n«¶½�Z � f-sq_1� h�mq���9_�^¬hv¥9_<fgy]hv~@��~]|1sg_7hjfg_<f°fzmg_<h9{O����oSh9fnmq[}_�~�i}^��L_1s
tj£�|$��i]fzmg_<sqf§��~P|$sq_<hjfg_<f§�L_<|1hji]fg_j¡�¨�[}����_-x¦�µ¯w«¶½�Z0|<hv~!_$kOy}��tj��m�� hvsq�j_b|$tj^�y}i}mg��~}�¢y]��hvmz£©tjsq^¬f1¡O¯n«¶½�Z
� f�����^��®mq_<{!mgt�i]fg��~}�!`7��y]sgtO|$_7fgfgtjs*f5£©t9s�W:mgs*hjfqfg_1~ �nºiI°f8M©mg[}_-^¬hvk���^¬hv�Ã~�i}^��L_1s�tj£�mqh9fz¥Of§mg[Ph�mw|1hj~
�L_�_$kO_<|1iOmg_7{�|$tj~P|$i}sqsg_<~:mg��o%O$ª�³¹_�fz_<_�mq[]h�m�¯n«¶½�Z

?
� f°sq_1� h�mq���9_¢^¬hv¥9_<fgy]hv~¹hv� fzt���~]|$sq_<h9fz_7fbhv£»mg_<sb�

|1��iPfpmq_1s*f1ª�cw_<|1hj���Cmq[]h�m°mg[]_
p∗
��hv��i}_¢� f-|$t9^�y}iOmg_7{@h9fbh�^���~}��^¢i}^,t��9_1s°hv����|1��iPfpmq_1s*f1ª�Z
[]_1sq_$£©tjsq_j¡

_<�j_<~�¨�[}_<~¢^¬hv~�o�|1��iPfpmq_1s*fChjsg_
h���hv����hj�}��_§hv~P{¢fgtj^�_
tv£}mq[}_<fg_�|$��i]fzmg_1s*f5hvsq_���hjsg�9_j¡�¯w«¶½�Z
?
� f�����^���mg_<{

mqt°i]fz��~}��|1tj~ �]�9i}s*h�mg��tj~PfC|1tj~:mqhj��~]��~}�-hvm�^�t:fpm5mq[}_�~�i}^��L_1sWtj£Ly]sgtO|$_7fgfgtjs*f�tv£Lmg[}_wfg^¬hv����_7fpmWh���hv����hj�}��_
|1��iPfpmq_1s7ª�Z
[}� fw[]��~]{}_1s*f�yP_<sz£©t9sg^¬hj~]|$_°£©t9sw_$kOyL_1~]fg���9_�{}h�m*h���y]hvs*hv����_1�ÊtjyL_1s*h�mq��t9~]f
tj~¦� hvsq�j_-^¬h�mqsg� |$_7f1ª
��o�|1tj~:mgs*hjfzm<¡�x¦�µ¯w«¶½�Z´[]h9f§mg[}_°hv�}�����®mpo�mqt¢i]fg_b��hjsg�9_wy}sqt�|1_<fqfzt9s§|1tj~ �]�9i}s*h�mg��tj~PfWtj~!��hjsg�9_I|1��i]fzmg_<sqf
£©t9s
mg[}_7fz_°� hvsq�j_°^¬h�mqsg� |$_7f1ª

���­ê}�>���A�A�
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h
³¹_�yL_1sg£©tjsq^�_<{�fg��^¢i}��hvmg��tj~]f�£©tjs�`7�¬fghj^�y}��_7f�tv£5_7hj|*[�tv£�mq[}_��¬yLt9fqfz���}��_ �wºiI |$t9~ �]�9i}sqhvmg��tj~]f<ª�·µ~
mq_1sq^¬f5tv£Lmg[}_ny}��hvmz£©t9sg^¦¡j¨�_wfg��^¢i}��hvmg_7{!`7�-fghj^�y}��_7f�tv£Ê_<h9|*[¢tj£Ãmg[}_

4×70 = 280
yLt9fqfz���}��_�y}��hvmz£©t9sg^

|1tj~ �P�ji}s*h�mq��t9~]f§{}_<fq|$sq���L_<{���~�ZChv�}��_��O¡�£©t9swh¢mgtvm*hv�Êtj£5�}¡ L9�j�Yfz��^�i}� h�mq��t9~!sqi}~]f<ª
�n~}����¥j_ £©t9s�mg[}_ W:mqsqh9fgfg_1~ hvy}y}��� |1h�mq��t9~�¡�¨§_2|$t9^�y]hvsq_<{ mg[}_ mp¨�t ��hvsq� hv~:mqf�x¦�µ¯w«¶½�Z°`´hv~P{

x���¯n«¶½�Zw�Oª�³¹_�£©tji]~]{�mg[]hvmIt��9_1s*hv���Ãmg[}_¢_$kOyP_<sg��^�_1~:mqfnx¦��¯n«¶½�Z°`���_<{�mqtl�L_$mzmq_1sbfg|*[}_7{Oi}��_<fwmg[]hj~
x���¯n«¶½�Zw�l��~¼�9�
� tj£¶mg[]_�|<hjfg_<f<¡Lmg[]hvm-x���¯n«¶½�Zw����_<{@mgt¦�L_$mzmq_1s-fq|*[}_<{Oi]��_7fnmq[]hv~�x¦�µ¯w«¶½�Z°`���~
�3R
� tj£nmg[]_¦|<hjfg_<f<¡§hj~]{ mq[]h�m���~ mq[}_¦sg_<^¬hv��~}��~]�¼�P`�� mq[}_�mp¨§t¹��_7{ mqt¹mg[}_Sfqhv^�_�yP_<sz£©t9sg^¬hv~P|$_jª
½]i}sgmg[}_<sg^�tjsq_j¡�mg[}_lh��9_1s*hv�9_�yL_1sg£©tjsq^�hj~]|$_¬tj£
x���¯n«¶½�Z°`¬sg_<��hvmg���j_YmgtSx¦�µ¯w«§½CZw����f

1.15
¡¤¨���mg[ h

^¬hvk���^�i]^ tv£
23.69

ªCZ
[}_<fg_
sg_7fzi]�®m*f5fz[}t�¨ mg[]hvm5mg[}_
mp¨�t°��hjsg� hv~:m*f�_1kO[}���]�®mWsqtji}�9[}��o�fz��^���� hvs5_��¬|<hj|1ojª
WO��~]|1_wx¦�µ¯w«¶½�Zw�°[]h9f�mg[]_w[}���j[}_7fpm¶|1tj^�y}��_$kO�®mpo¢¨§_�t9~}��o�y}sq_<fg_1~:mWsq_<fgi}�®m*f�£©tjs§x¦��¯n«¶½�Z°`w[}_<sg_7h�£»mg_<s<ª

Z
[}_¼h��j_1s*hv�9_!yL_1sg£©tjsq^¬hv~]|1_�tv£-¯w«¶½�Z sq_1� h�mq���9_¦mgt x¦�µ¯w«¶½�Z t��9_1s�hv���w_1k�yL_1sq��^Y_<~:mqf�� f¬�Pª×�v�
hj~]{ mq[]h�m¬tj£b¯w«§½CZ

?
��f�`7�}ª�`9`jª Z
[}� f�� f���~2fz[Phvsqy |$t9~9mqsqh9fpm�¨���mg[¸mg[}_¦sq_<fgi}�®m*fY¨§_�tj�Om*hv��~}_<{ £©tjs

mq[}_8W�mgs*hjfqfz_<~�hvy}y}��� |1h�mq��t9~�ª�ºnf§^Y_<~:mg��tj~}_7{¬��~ W�_<|$mg��tj~!�}ª �}¡9fgtj^�_ntj£Ãt9i}s§£©tjsq¥9��uptj��~]f5�9sqhjy}[]f¶_$kO[}���}�®m
[]���9[¢��_1�9_1� f�tj£]m*hjfg¥9��y]hjsqhj����_1����fg^¦¡�¨�[}��|*[�|1hj~¢�L_�_$kOy}��tj��mg_7{���o�¯n«¶½�Z°ª�-I~¢mg[}_
tvmq[}_1s5[Phv~]{Ê¡9¯w«¶½�Z

?iPfz_7fn{}hvmqh���y]hjsqhj����_1����fg^�£©tjsbhv����m*hjfg¥�fw¨��®mq[�mg[}_¢fghj^Y_¢|$tj~ �]�ji}s*h�mq��t9~�fg��/1_-£©t9sIhv����m*hjfg¥Of1ª
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