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FHGJILKNMNOQPSR5T>UVM>WYX[Z\M	]^UV_[U`]aILKNM>U
b9cadfe`ML]5gihjKNd?UaW

R^Wfklk!dYcV]*m[MncVMDopGlMLcpopGlMrqEs%tfu?v?vwPSx*dzy?MLK�{!MLc^vYuYu?|}P~|?|�k#Wf�YMDU

�\�.�>�L�z�l�Y�Y��� M5klcadzyYM�]VGJM*m[M>oLh�mlWY{lh��jhj]`_�df�!]VGJM*�?X#Wfq1]Vhj�JMLcV����cVM>MY�fU�]aWz]ah�o���cpWf�?K;M>q1]%dY�EWYK�{lh�MLq1]<��dY�Yh�of�
� hj]VG�o	dYKNk!d?UVh�]ahjd?qwWYmze`XlqJo�]nWfq#m�h�]aMLcpWz]ahjd?q�� � GJh�opGwoLdYcacVMDU�k!dYq#mlUH]Vd�W���h�qJm�df�9caML�?Xl��Wfc^MLZ[klcVMDUVUVh�dYq
��WfqJ�YXJWY�YM}��dYc}UVMLKNh�U�]VcaXJo	]VXlcaM>m�mlWf]aWJ�QFHGlM�M>UaU�M>qJo	M�df�<]VGJh�UQcaM>UVXl��]Qh�UQW\UVXlcaklcah�UVhjqJ��o	dYqJqlM>o	]Vh�dYqi{!M	�
] � MLM>q;��dYcaK�Xl��WYU%dY�#]aGlM^WfK�{lh�MLq1]<�jd?�Yh�o5WfqJmNo	d?Xlq1]Vh�ql��o	d?qJU�]VcpWfh�q?]pU.dYq���qlMDU`]aM>mJ <yYM>o	]Vd?caU%dY�!h�q1]VML�?MLcpUL�

¡ Xlc;klcad�df�*KNM	]aGld[m'h�U�{#WYUVM>m¢d?q£WwqJM � o	��WYUaU�df�5]VcaMLM(WfXl]VdYK¤Wf]aW(��d?c�XlqJcaWYql�YMDm¥�<Xlqld?cam[M>cVMDm
]acVM>M>U>� � Glh�opG�K¤W¦_icaM>UVXl�j]Qh�q§klcaW?o�]ah�o>Wf�<Wf���Yd?cVhj]VGlK¤U^��dYc�m[MDo	h�m[h�ql��]VGlM¤UaWz]Vh�U��#Wf{lh���h�]`_�dY�+W0��dYcaK�Xl��Wl�
¨ {#M>qlM	�l];df�5dYXJc�WfklkJcVd1WYopG�h�U�]VdiqJWf]VXlcpWf����_w��M>WYm�]adwWfq¢MLZ1]aMLqJUVh�dYq§df�H]VGJM��jd?�Yh�o � h�]aG'caM>o	XJcaUVhjy?M
mlM	�Jqlhj]Vh�dYq#UL� � Glh�opG'h�U�WY��UVd�mlM>o	h�mlWY{l�jM?��©.h�qJWf���j_?� � M�h�mlMLq1]Vhj��_'WwUVhjKNkl��M0UV_�q1]aWYo	]Vh�o�caM>U�]Vcah�o	]Vh�dYq¢d?q
��d?cVK�Xl��WYU�]VGJWf]*hjKNklcadzyYMDU�]VGlMnMLª!MDo�]Vh�yYM>qlM>UaUHdf�.dYXlc*WY�j�?dYcah�]aGlK¤U+dYq���WYcV�?M�MLZ[WYKNkl�jMDUL�
«�¬1­E®a¯�° �z±.�Y� F�caMLMnWfX[]adYK¤Wz]pWl�lUVkJWz]ah�WY�¥�jd?�Yh�oLU>�[U�M>K;hj�²U`]acVXJo	]VXlcaM>m�mlWf]aWl�

∗ ³C´Dµ*¶p·D¸�´D¹�º,»½¼¥¹�º,¾�¶a¸9¸�´Dµ�¿�ÀLÁ�Â�Ã�À�ÄÅÂ�ÆjÃ�ÇnÈ1É Ê²ËVÌ²Â�Ã²ÍHÀ�Ä�ÆjÎVÏ¦Ç^Ð�Â�ËfÈ	À�ÍHÇVËzÄ�À	Ñ Ç}È	Ç^Ò�À�Ã²Ó²Ç�ÆjÑ�Ñ Ç�ÔlÕ.Ön×¢ØDÙ�Ø�ØDÔ#Ú¥Û.×�Ü
¶pÝ¦Þ^Õ�Ý¦ß à	µ`º�»�ß ¸,á%Þ¦µ%âJº,¹�à	µ`Ý¦ã`µ	Ôz¶pÝ¦ÞQ¶pº�µ%äz¶pº�¸,å æ5»�·¦äDäY¹�º�¸,µ�Þ�çLæ*èJ³�é�â�ê,ëz¹�Ý¦Þ¦µ`ì5µ`Ý	¸�»¥Þ¦µ�å�í éÅÝL¸,µ`º,º�¹�î	¶a¸,ßï¹�Ý}Þ¦µ`»�ð.¹�Ý¦Ý¦á`µ`»
Ü>µ`ì5ß ñ�ÜL¸,º,·¦ã²¸,·¦º�á�µ`»�ò�¶pÝ¦ÞNé�Ü>³'âJº,¹pój·¦Ý¦Þ¦ßï»�ô}è'äf¹�º�¸,ßï¹�Ý¤¹pó¥¸,´¦ßï»½¼E¹�º,¾�¶pä¦äfµ�¶pº,»HßïÝNõ�Ã�Â�ö÷Ç÷Ç÷È�Æ�Ë>ø	Ó^Â,Ì*ÄjùDÇ}ú	û�Ó÷Ä�ü.ËzËzÏ¦À�Ñ
üHý�Òÿþ¦Ê��#õ!¿�ü�����þ¦Ê��#ü+ý��nþ
	�Í��DÂ�Ó÷Æ�ÏDÍ¢Â�Ë�õ¥Ã²ÆjËfö�Æ �fÑ Ç�Ó¥Â,Ìlõ�Ã�Â÷ø�Ã�À	Í�Í+Æ�Ë>ø9¿1À	Ë>ø�Ï¦ÀVøLÇ�Ó�
�â��%â����÷Ôaè�Ú¥ÖÿâJº,µ`»,»VÔ��������¦ô
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��� ����� � � x*dYX#U�kJcVd?XlyYd?qJU���W�m[T>oLh�mlWY{lh��jhj]VT�m[X£��caWY�YKNMLq1]¤U`]pWz]Vh��1XlMY�+UVWYqJU;�?X#Wfq1]Vhj�#oLWf]VM>XlcaU>�½m[M
��W(��dY�Yh��1XlM¤m[M>U�WfK�{JhjM>q?]pU�W¦yYMDo���� WYm¦e`d?hjq1]�m[M���W�o	d?KNk#d1U�hj]Vh�dYq�M	]���� h�]aTLcpWz]Vh�dYqC���1Xlh9MDU`]���� TD�1XlhjyzWY�jM>q?]
m � Xlq ��Wfql�1Wf�?M�m!� M	Z[klcaM>UaUVhjd?qJU;cVT>�YXl��hjI>cVMDU;k#d?Xlc¤�jMDU�m[d?qlqlTLMDU¤U�M>KNh��²U`]acVX#o�]VXJcVT>M>U>�#"$� MDUVUVMLq#o	M�m[Mio	M
caT>UVXl�j]aWf]�M>U�]5XlqlM}o	d?qlqlM	Z[h�dYq�U�XlcaklcaMLqJWYq1]VM*M>q?]acVMQ��M>U���dYcaK�Xl��M>UHm[MQ��W���dY�?h��1XlMDU�m[MDUHWfK�{JhjM>q?]pU+M	]5m[M>U
oLdYq1]VcpWfh�q1]VMDU+WYcVhj]VGJK;TL]Vh��1XlM>U5UVXlc*m[MDUHyYM>o	]VM>XlcaU5m � M>q?]ahjM>caU>�

x^df]VcaM9]aM>opGlqJh��1XlMHm[M½kJcVM>XlyYM�M>U�]C��dYq#m[TLM+U�Xlc.XlqlM+qld?XlyYM>�j��M�oL��W?UVUVM½m!� WfX[]adYK¤Wz]aM>U.m!� Wfca{lcVMDU¥M	]%k!MLX[]
UVMLcay�hjc5m[Mn{#WYUVM&%N��� h�KNkl��TLKNMLq1]aWf]Vh�dYq(m!� Wf���YdYcahj]VGlKNM>U+k!dYXlc*mlT>o	h�m[M>c5��W¤UaWz]ah�U��#Wf{Jhj��h�]aTnm!� XJqlM}��dYcaK�Xl��MY�
'^qÿm[MDU�{!TLqJT	�#oLM>U;m[M0qJdf]VcaM0WYklklcad[opGlM�M>U�];mlM�UVM\klc)(	]aMLc�qJWz]aXlcVM>�j��MLKNM>q?]*%iXlqJM0MLZ1]aMLqJUVh�dYq£m[M0��W
��dY�?h��1XlM+kJWYc9m[M>U9mlT	�Jqlhj]Vh�dYq#U<cVTDo	XlcpUVhjy?M>U>�¦�1XlhJM>U�]9ML���jM*WYXJUVUVh[m[T>oLh�mJWf{l��MY��+9q[�JqC�?qld?XJU%h�m[MLq1]Vhj�Jd?qJU<XlqlM
caM>U�]Vcah�o�]Vh�dYq�U�_�q1]aWfZ[h��1XlM;U�h�KNkl�jM¤�1Xlh9WYK;T>�jh�dYcaM;�,� M�-�oLW?o	hj]VT¤m[MNqldY]VcaM;WYklklcad�opGJM���dYcpUV�1X � dYqi]VcpW¦y¦WYhj����M
UVXlc*m[M}�?caWYqJmlUHM	Z[M>K;kJ�jMDUL�
.�° �D� ® �0/ � �0� ¨ Xl]VdYK¤Wf]VMnm!� Wfca{lcVMDUL����dY�?h��1XlMnUVkJWz]ah�WY�jM?�lm[dYqlqJTLM>U5UVMLKNhj�÷U�]VcaXJo	]VXlcaTLMDUL�
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� MwkJcVdzy?M�]VGlM�m[M>oLh�mJWf{lh��jhj]`_ df�n]aGlM�U�]aWf]Vh�o���cpWf�YKNM>q?]0df��WfK�{lh�MLq1]0��dY�?h�oLK M�N÷� � hj]VG o	dYKNk!d?UVh�]ahjd?q
W?m¦e`XlqJo	]�Wfq#m(h�]aMLcpWz]Vh�dYqC� � Glh�opGio	dYcacaM>UVk#d?qJmlU+]Vd0W¤��hjqJm(dY�<cVM>�YXl��Wfc5MLZ�kJcVMDUVUVhjd?q0��WfqJ�YXJWY�YMQ��dYc^]VcaMLM	�
��h��YMnmlWz]pWNU`]acVXJo	]VXlcaM>U>�

FHGlM�WYK�{lh�MLq1]n��dY�Yh�o�h�UnW�KNd[mlWf�<��dY�?h�o;klcadYk!d?UVM>mi]Vd�m[M>Uao	cah�{#M;]VGJM�U`]acVXJo	]VXlcpWf�9WYqJm�{#M>GJW¦y�hjd?caWY�
kJcVd?k#M>c�]ahjMDU%df�EK;d?{lh��jM*WYK�{lh�MLq1]aU�K O2N÷�<P²q�]aGlh�U<kJWfk!MLcD� � MHdYql��_�oLdYqJUVh�m[MLc%]aGlM*U�k#Wz]Vh�Wf�l��caWY�YKNMLq1]<df�!]VGlM
��dY�?h�o�WfqJm � d?cV� � h�]aGw�#qlh�]aMY��U�]aWf]Vh�o�klcad[o	M>UaUVM>U>�QFHGlh�UQU`]pWz]Vh�o���caWY�YKNMLq1]>�¥WY��UVd\oLWY�j��M>mi]VGlM �6, �&� 4Q�R�E�
	
�,F
"� Hh�qSKUTVN÷�Jh�U^MDUVUVMLq1]ah�WY�j��_0W¤��dY�?h�o}d?q(�Jqlhj]VM�M>m[�?M	�÷��WY{#M>�jMDm\]acVM>M>U>�5FHGlM�U�]VXJml_0dY�.]aGlh�U*��cpWf�?K;M>q1]*h�U
KNdY]Vh�y¦Wf]VMDm}{1_nW*oLdYqlqJM>o�]ahjd?q � h�]aGn]`_�k#M+U�_[U�]VM>KNU�WfqJmn�1XlM>cV_Q��Wfql�?XJWf�?M>U!��dYc.U�M>KNh�U�]VcaXJo�]aXlcaM>mnmlWf]aW?K�O$N
MLZ[kl�jd?h�]aM>m\{1_@W+WYcamlML���jh¥Wfq#m@XQGlM>�j��h¥hjq0]VGJMLh�c+��WfqJ�YXJWY�YM�F�Y&"½�/P²q�]VGJMLh�cHWYklklcad?W?opG��1W���dYcaK�XJ��W�df��F
"
K¤W¦_�{#M�o	d?qJU�h�m[M>cVMDm�W?U�WiUVh�K;kJ�jM0_YM>U-Z¦qJdi�?XJMLca_�Wf�1Wfh�qJU�]�W'�Å]acVM>M\caMLklcaM>UVMLq1]ahjql��W1 �mlWf]aWf{#WYUVM[K t�N��
� GJMLcaM�]aGlM;WYqJU � M>c�h�UQ_YM>UQhj�½]aGlM�]acVM>M;UaWz]ah�U��JMDU^]aGlM;��dYcaK�Xl��Wl� � hj]VG§UVdYKNM�MLZ1]aMLqJUVh�dYqJU>��W���d?cVK�Xl��W
K¤W¦_\WY��UVd;{#MnXJUVM>m0]ad;MLZ�]VcpWYo�]H]aGlM�U�XJ{lkJWfcV]aUHdY�.W�]VcaMLMQ]aGJWz]*K¤Wz]popG�W;mlM>Uao	cahjk[]ahjd?q��

P²q¢]aGlh�U;UVM	]V]Vh�ql�J� � M0WYcVM�h�q1]VM>cVMDU`]aM>m§{�_�] � dikJcVd?{l�jM>K¤U0F AJ� 1\� 4U]9	  5� 	&^��)�/� �½]Vd�]aM>U�] � GJM	]VGJMLc�W
�?hjy?MLq¤h�q[��dYcaK¤Wz]ahjd?qN]VcaMLM^UaWz]ah�U��JM>U�Wn��d?cVK�Xl��W=_1WYqJm`# ���6� #ba �Ec0�)4U�)�6. ��]Vd�]VM>U�]�hj��]aGlMLcaM*M	Z[h�U`]pU�Wn]VcaMLM*]aGJWz]
UaWz]ah�U��JMDU�Wi��dYcaK�Xl��Wl�SXQh�yYMLq']VGlM(kJWYcaWY�j��ML��{#ML] � M>MLqÿF
" Wfq#m'�1XlMLca_¢��WYql�YX#Wf�YMDUL�%KNd[m[ML�j�²opGlM>op��h�ql�
WYklk!M>WfcpU�UVhjKNh���WYcn]Vd�o	dYKNklXl]Vh�ql��]VGJM\caM>UVXl��]�df�*Wi�1XlMLca_Y� � Glh��jM�UVWf]Vh�U`�!Wf{lh��jhj]`_wh�U�X#U�ML��Xl�½��d?c��1XlM>cV_
d?k[]Vh�KNhQdDWz]ahjd?qJU^d?c^]ad�opGJM>op�(�?XJMLca_�hjqJoL�jX#U�h�dYq£��]VGlh�UQklcadY{l��MLK�h�U�WY��UVd\caML��Wz]aM>m(]ad�UVXl{[]`_�klh�ql�0hjq�]VGlM
h�KNkl��MLKNMLq1]aWf]Vh�dYq�df�<F�Y&"� 	�

FHGlM�KNd�mlML��U½dY�¥]VGlM^]VcaMLM^��dY�?h�o^WfcaMH]VMLcaK¤U½dY�¥]VGlM^��dYcaK
a1[d1] | · · · | ap[dp]

�[oLWY�j��M>m �)�V8$��,-AJ���6�
���
�6, �&�$#p�Hd?{[]aWYhjqlMDm {1_£]VGlMwkJWfcpWf���jM>�*o	d?K;k!d?UVhj]Vh�dYq df��W¢UVM>�1XlMLq#o	M�df�e� 4 � A � �=� #p� +9��MLKNMLq1]pU�GJW¦y?M(W
q#WfKNM�����WY{#M>�� 	�

a
��WfqJm�W\yzWf��XlM(�Å]VGJML_i��M>W?m(]Vd(W0UVXl{[]acVM>MD 	�

d
�fP²q1]aXlh�]ahjy?ML��_Y�¥h�q[��dYcaK¤Wz]ahjd?q�]VcaMLMDUQWYcVM

qJM>U�]VM>m0K�XJ��]ah�UVM	]pUHdf����Wf{!ML��U5Wfq#m�K¤W¦_�{!M}oLdYKNkJWYcVMDm¤]VdCgQg "§m[d[o	XlKNMLq1]pUL� � GlM>cVMQML��MLKNM>q?]pU5WfcaM�dY�
]aGlM¤��d?cVKih"j/k

d
h/l\j�kJ��MLZ[oLMLk[]n]aGJWz]�]VGlM\dYcpm[MLcndY�HM>�jM>KNMLq1]aU�h�q'W(]acVM>M¤h�U�qldf]�caML��MLyzWYq?]D��FHGJM¤]VcaMLM

��dY�?h�o�h�UHM>�1XJWf����_�XlqJoL�jX[]V]VM>cVMDm�WYqJm0hjqJoL�jX#m[M>UHklcah�K;hj]Vh�yYMDU+��dYcH]acVM>M}oLdYKNk!d?UVh�]ahjd?q��
A | B

�[��d?c5ML��MLKNMLq1]
]acaW¦y?MLcpU�h�ql�#�

a[A]
��WfqJm§]aGlM�hjKNkl��h�o>Wz]ahjd?q'hjq#m[XJo	MDm'{�_¢o	d?K;k!d?UVhj]Vh�dYq��

A B B
� � hj]VG W�UVh�K;kJ�jM�WfqJm

h�q1]VXlhj]Vh�yYM�K;MDWfqlh�ql�
F 	&��A ' � # �)�m�
��� �
A | B

�#h�U^UaWz]ah�U��JM>m�{�_0]VcaMLM>U
d1 | d2

� GlM>cVM d1
UaWz]ah�U��JM>U

A
Wfq#m

d2
UVWf]Vh�U`�#M>U

B
_ 4Q�V	&���6�
��� �

a[A]
�[h�UHUaWz]ah�U��JM>m\{�_N]VcaMLM>U � hj]VG(W�UVh�ql�Y��M^M>�jM>K;M>q1] a[d] � GlM>cVM d UVWf]Vh�U`�JMDU

A
_ 	���A ' � # �)�6�
����� 1 :-���;	$� �

ABB
��h�U�UaWz]ah�U��JM>m�{1_�]VcaMLMDU9]aGJWz]D� � GlMLq\oLdYKNk!d?UVM>m � hj]VG0WYq�_�]acVM>M*]VG#Wz]

UaWz]ah�U��JMDU
A
�lcaM>UVXl��]*h�q�]VcaMLMDU+]VGJWf]5UaWz]ah�U���_

B
�

FHGlMnm[MDo	h�mlWf{Jhj��h�]`_¤dY��]VGJMQKNd[m[M>���²opGlM>op��h�ql��WYqJm0UaWz]ah�U��#WY{lhj��hj]`_;kJcVd?{l�jM>K¤U½h�UHqldf]+]Vcah�y1h�Wf���<P²qJm[M>M>m¥�
]aGlM¤KNM>WYqlhjqJ��df�

A B B
h�U�mlM	�JqlMDm�]VGlcadYXl�?G�W(k!d?UaUVhj{l��_wh�q[�JqJh�]aM��?X#Wfq1]Vhj�#oLWf]Vh�dYq�dzyYM>c}]VGlM�UVM	]�dY�

]acVM>M>U�UaWz]ah�U���_�hjqJ�
A
� ¨ qJdf]VGJMLc0mlh -�o	XJ��]`_ Wfcah�U�MDU;��cVd?K h�qJm[ML�Jqlhj]VMwcaMLk!M	]ah�]ahjd?qr�
n}��MLM>qlMwU�]aWfc� 
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]aGlMim[MDo	h�mlWf{lh���h�]`_ÿdf�Q]VGlMiKNd[m[M>���²opGlM>op��h�ql�§WfqJm UaWz]Vh�U��#Wf{lh���h�]`_ÿklcVd?{l��MLK¤U;��dYc\F
"½�½WYU � ML���^W?UN]VGlM
mlM>o	h�mlWY{lhj��hj]`_���dYc9]VGlM5��dY�?h�oHM>qlcVh�opGlMDm � hj]VG¤W}��hjKNhj]VMDm;��dYcaK�df�E�lZ[MDm�k!dYh�q1]½dYq;]aGlM5yYM>c�]ah�o>Wf�JU�]VcaXJo�]aXlcaM
dY��W\]VcaMLMY��WY��hjqw]Vd�kJWz]aGwM	Z[klcaM>UaUVhjd?qJUL�¥WYqJmwUVGld � ]VG#Wz]}]VGlMDU�M�] � d\��hjq#mlU}df�½caM>oLXlcpU�h�dYqiWYcVM;hjq#m[MLMDm
d?c�]aGldY�?dYqJWY�,�
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¡ XJc�KNdf]ahjyzWf]Vh�dYqJU*��dYc�]VGlh�U � d?cV�(U`]pWfqJm�Wz]�]VGlM;hjq1]aMLcpU�MDo�]Vh�dYq�dY�9] � d��jd?ql�f��]VM>cVK caM>UVM>WYcaopG(klcadfe`MDo�]aU
h�q � GJh�opG¤]aGlM}WfX[]aGldYcpU�WYcVM^hjq�yYd?�jy?M>m F%W�kJcVdYe`M>o�]Ho	d?qJo	M>cVqlMDm � hj]VG�]aGlM}U`]aXJm[_Ndf�C��dY�?h�o>Wf�!U�_[U�]VMLK¤U½��dYc
KNd?{lhj��M�mlh�U�]Vcahj{JX[]VMDmwUV_�U�]VM>K¤U�WYqJmiW�kJcVdYe`M>o�]�cVM>��Wf]VM>m�]Vd\��WfqJ�YXJWY�YM>U*��dYcQK¤Wfqlh�klXl��Wz]ahjql��U�M>KNh�U�]VcaXJo��
]aXlcaM>m�mlWz]pWl�

P²q0]VGlMnoLdYq1]VMLZ1]5dY��]VGlMQ�JcpU�]HcaM>UVM>WYcaopG¤kJcVdYe`M>o�] Kïv�O2N÷�[dYXlcH�?d?Wf�Eh�U�]VdNhjKNklcadzyYM�dYXlcH��qld � ��M>m[�?M^d?q
]aGlM*o	d?KNkl�jMLZ[h�]`_�dY�J]aGlM*WfK�{lhjM>q1]%��dY�?h�oY��FHGlM*opGJdYh�o	MHdf�EWfK�{JhjM>q?]<��dY�?h�o+h�U%k#M>c�]ahjqlM>q1]9{#MDoLWfX#U�MHhj]9�Yh�yYM>U
W��YM>qlMLcpWf�!��Wfql�?XJWf�?M*��dYcHMLZ�kJcVMDUVUVhjqJ��{!MLGJW¦y�h�dYcpU½dY��U�k#Wz]Vh�Wf����_�m[h�U�]Vcah�{lX[]VMDm0UV_[U`]aMLK¤UHWfqJm0{!M>oLWYXJUVM�hj]aU
��WYop�§dY�QUVMLqJUVh�]ahjy�hj]`_§]Vd�]VGlM�m[ML]aWYhj��U;df�*]aGlM(XlqJm[M>cV��_�hjql��KNd[m[ML�HK¤Wf�?M>U;h�]¤MDWYUVhj��_�]VcpWfqJUVk#d1UVWY{l��M�]Vd
dY]VGlM>cQUVM	]V]Vh�ql�?UN�,U�XJopG�WYU^]VGlM

π
�²oLWf��o	XJ�jXJU K D2N9dYc}Wf��KNd?U�]�M>yYMLca_�oLWY��oLXl�jX#U � hj]VG§W\UV_[U`]aMLK�df��qlM>U�]VMDm

��d[oLWf]Vh�dYqJU KjO?Of�EO M2N� ��9©JdYc+]VGJMQUaWfKNMQcVMDWYUVdYqJU>�Yhj]5h�UHWf��UVd�W�k#M>c���MDo�]+]VM>U�]5{#MDm¤��d?c+MLZ�]VMLq#U�h�dYqJU>�[U�X#opG0WYU
�1XJWYq1]Vhj�#oLWf]Vh�dYq\d?q���cVMDU�G�qJWfKNMDU KjODu[�#vfu�N��

� M�d?ql��_ oLdYqJUVh�m[MLc\]VGlM�U`]pWz]Vh�o���cpWf�?KNMLq1]\df��WYK�{lh�MLq1]��jd?�Yh�o�dYq �#qlh�]aM�kJcVd[o	MDUVUVM>U>�rb9caMLy�h�dYXJU
� dYca�[UQGJW¦yYM¤UVGld � qw]aGJWz]n]aGlM¤KNd[m[ML�½opGJM>op��hjqJ�0klcadY{J�jM>K h�U}b-,�b ¨ W +���dYc}]aGlM¤��dY�Yh�o � h�]aGldYXl]�WYm��
e`XJqJo�] KjO¦vVN�WfqJm�]VGJWf]+hj]Hh�U+XlqJmlM>o	h�mlWY{l�jM^��dYc+]VGJM���dY�?h�o � h�]aG\qJWYK;MQ�1XJWfq1]Vhj�#o>Wz]Vh�dYq0WfqJm0o	dYKNk!d?UVh�]ahjd?q
W?m¦e`XlqJo	] K�O>|�N��<P²q K�O D�N��1]VGJMQWYX[]VGld?caU�U�GJd � m[M>oLh�mlWY{lh��jhj]`_Ndf��]aGlM�UaWz]ah�U��#Wf{Jhj��h�]`_NklcadY{J�jM>K ��d?c½]aGlMQ�jd?�Yh�o
� hj]VGJdYX[]�W?m¦e`XlqJo	]�Wfq#m§qJWfKNM��1XJWfq1]ah��#o>Wz]ahjd?q�X#U�h�ql�(]VcaMLM0WfX[]adYK¤Wz]pWl�0FHGJM�cVMDU�XJ��]�h�U�MLZ1]aMLqJmlM>m�]Vd
]aGlM��jd?�Yh�o � h�]aGÿW?m¦e`XlqJo	];h�q K |�N÷��FHGlM�KNM	]aGld[m'XJUVM>m¢h�U;WYmlWYk[]VMDm§��cVd?K W�]VMDopGlqlh��1XlM\��d?c�kJcVdzy�h�ql�
mlM>o	h�mlWY{lhj��hj]`_¤df��yzWY�jh�m[hj]`_¤hjq(W�UVkJWf]Vh�Wf�E�jd?�Yh�o*��d?cHcVMDWYUVdYqlh�ql��WY{#d?X[]5GlM>WYkJU K � NCWYqJm0h�U+{JW?U�MDm�dYq\�Jqlhj]VM
]aM>U�]*U�ML]aU+��dYc

B
�*,�h�qJoLM}]VGlM�UVhQd>M�dY�%W�]aM>U�]5UVM	]5h�UHqldf]*M>�jM>KNMLq1]aWYcV_¤h�q\]aGlM�U�h dLM}dY�C]VGJM}��dYcaK�Xl��W0��h�]*h�U

qJdf]H{#d?XlqJm[MDm�{�_�Wfq�_;]Vd � MLc+df�CMLZ[k#d?qlMLq1]Vh�Wf��Up <hj]Hh�U+qldf]HdY{�y�h�dYXJU9]VGJWf]+]aGlh�U+WYklklcad?W?opG¤KNW¦_N��M>W?m¤]Vd
W;klcpWYo	]Vh�oLWY�EWY�j�?dYcah�]aGlK(�

P²q�]VGJh�U}kJWYk#M>c>� � MNklcadzyYM�]VGlM�mlM>o	h�mlWY{lhj��hj]`_idf��]VGlMN]acVM>M���dY�?h�o � hj]VG¢WYm¦e`XJqJo�]D�Chj]VMLcpWz]ahjd?q�WYqJm�W
caM>U�]Vcah�o�]VMDm(��dYcaK�df��cVMDo	XlcpU�h�dYq�Wf��dYql�\]VGlM;kJWz]aGJUQdf��W\]VcaMLM?� � M¤WY��UVd0UVGld � ]VG#Wz]Q]VGlM¤UaWz]Vh�U��#Wf{lh���h�]`_
kJcVd?{l�jM>K h�U¤hjq ]ahjKNMiM>�jM>K;M>q1]aWfca_Y� ¡ XJc�Wfklklcad?W?opG£h�U¤{JW?U�MDm£d?q W¢UVXlcaklcah�UVhjqJ��caML��Wz]ahjd?qÿ{!M	] � MLM>q
F
"�Wfq#m\Wfcahj]VGlKNM	]ah�o>Wf�¥o	d?qJU�]VcpWfh�q?]pU½d?q\y?M>o�]adYcpU½dY�Ch�q?]aML�?MLcpU���M	Z[klcaM>UaU�MDm\WYU½��dYcaK�XJ��W?U½dY��b9caM>UV{lXlca�YM>c
WYcVhj]VGJK;ML]Vh�o> 	�½FCd¤d?{[]aWYhjq�dYXJc^m[M>oLh�mJWf{lh��jhj]`_�caM>UVXl�j]aU>� � M�UVGld � ]VGlMnMD�?XJhjyzWf��MLq#o	Mn{!M	] � MLMLq�F
"¢WYqJm0W
qJM � �jd?�Yh�o}dYq�qlMDU`]aM>m(K�Xl��]ah�UVM	]pU^dY�<��WY{#M>��U>�l]aGlMe#R 5� ��> �$# 4Q�����
	 �!]VGJWf]�m[h�cVMDo�]a�j_�hjq#o	��XJm[M>U�b9caM>UV{lXlca�YM>c
WYcVhj]VGJK;ML]Vh�o<��d?cVK�Xl��W?UL�!P²q�d?Xlc.WYklklcad?W?opG��L]aGlMHU�GlMDW¦yYMDU���dY�Yh�o½WYklk!M>WfcpU�KNd?cVM+WfKNMLqJWY{l��M9]Vd}WfXl]VdYK¤Wf]Vh�o
kJcVd[o	MDUVUVh�ql��WYqJm�kl��W¦_[U�]VGlM}cadY��M�dY�.W�]aWfca�YML]}�,WYUaU�M>K�{l��_l 9��WfqJ�YXJWY�YM^h�q � Glh�opG � MnoLdYKNklh��jM���dYcaK�Xl��WYU
dY�.F
"½�

FHGlM+U�MDo	d?qJmncaM>UVM>WfcpopGQklcVdYe`M>o	]Ch�U�caML��Wz]VMDmQ]Vd���WYql�YXJWY�YMDUE��dYc.K¤Wfqlh�klXl��Wz]ahjql��U�M>K;h�U�]VcaXJo�]aXlcVMDmnmlWz]pWl�
¨ UQcVM>KNWYcV�?M>m({�_�W+Wfcpm[M>�j��h.WYqJm�XQGJML���jh�KUTVN÷�E]VGlM�]VcaMLM��jd?�Yh�o�h�U�WYqJWf��dY�?dYXJU*]Vd(W�caML�?Xl��WYc�MLZ[klcVMDUVUVh�dYq
��WfqJ�YXJWY�YM���d?c}]VcaMLML����hj�?M;mJWz]aW�U�]VcaXJo�]aXlcVMDU}WfqJm�h�UQ]aGlMLcaM	��d?cVMNW�k#M>c���MDo�]n{JW?U�h�UQ��dYcQ]`_�klh�ql�(��WYql�YXJWY�YMDU
K¤WYqlhjkJXl��Wf]Vh�ql�'UVMLKNh�U�]VcaXJo	]VXlcaM>m mlWz]pWl� � Mwo>Wfq m[cpW � W§kJWYcaWY�j��ML� � hj]VG ]VGJMiXJUVM�df�}cVM>�YXl��Wfc;]VcaMLM
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MLZ[klcVMDUVUVh�dYqJU^hjq�]VGlMN��Wfql�?XJWf�?M�g��^XJoLM K vlO-N�� � GlMLcaM;W0��dY�Yh�o;U�h�KNhj��Wfc�]Vd�F
"9�¥WY�j{!MLhj]ndYq�WYqwd?cam[M>cVMDm
KNd[m[M>�,�lh�UHXJUVM>m0]Vd;]`_�k!MnM	Z�]VM>qJm[M>m0kJWf]�]VM>cVq(K¤Wz]popGlh�ql�NdYk!MLcpWz]Vh�dYq#U�dzy?MLc�g�g "¢m[d[o	XlKNMLq1]pUL�

FHGlM�Wf���YdYcahj]VGlKNh�o�KNML]VGld[mlU<X#U�MDm�h�qN]VGJM5hjKNkl��MLKNMLq1]pWz]Vh�dYq¤dY� g��^X#o	M^WYcVMH{JW?U�MDm�d?qNcVM>�YXl��Wfc.]VcaMLM
WYX[]Vd?K¤Wz]aWSKjO¦tVN�� '^q[��dYcV]VXlq#Wz]VM>�j_?�<cVM>�YXl��Wfc�]VcaMLM�WfX[]adYK¤Wz]pWwWfcaM�qldY] � ML�����²UVXlh�]aM>m'��dYc�XJqlcaWYql�YMDm¢dYc
XJqldYcpm[MLcaM>mi]VcaMLMDUL�;©ldYcnMLZlWfKNkl��MY��caML�?Xl��WYc^]acVM>MN��WYql�YXJWY�YMDU�WYcVM;�YM>qlMLcpWf���j_(qldY]�o	��d?UVM>m�XlqJm[M>c�WYUaU�dY�
oLh�Wf]Vh�y�h�]`_�dYc}WYUaU�d[oLh�Wf]Vh�y1hj]`_1�÷oLdYKNK�Xl]aWz]ahjy�hj]`_w� ¨ WH ^df�<��XJqJo�]ahjd?q�UV_1K�{#d?��U>� P²qw]VGlh�U^k#Wfk!MLcD� � M�XJUVM�W
UVh�K;kJ�jM�MLZ�]VMLq#U�h�dYq¢dY�*cVM>�YXl��Wfc}]acVM>M\WfX[]adYK¤Wz]pW�]VGJWf] � dYca�[UndYq¢h�q[��dYcaK¤Wz]ahjd?q§]VcaMLM>U>��FHGlh�U�oL��W?UVUndY�
WYX[]Vd?K¤Wz]aWJ�loLWY�j��M>m #R 5� ��> �-# �����3��AC���3� �lh�U5M	Z[klcaM>UaU�h�yYMQMLqJdYXl�?G\]adNW?oLoLMLk[]5]aGlM�U�ML]5df�.]VcaMLM>UHK¤Wf]aopGlMDm
{�_\WYq�WYK�{lh�MLq1]*��dY�?h�o^��dYcaK�Xl��Wl�

FHGlM;m[M	�#qlh�]ahjd?q�df�9UVGlM>W¦y?M>U*WYX[]Vd?KNWf]aWNK¤W¦_\{!M��?MLqlM>caWY�jh dLMDm0]Vd\WYqiWf���YML{JcaW � hj]VGwWYqiWfca{lh�]acaWYcV_
q�XlK�{#M>c½dY�¥��cVM>M*��XlqJo	]Vh�dYq\UV_�K�{!dY��U½WYqJm � hj]VG0WYq�_�q�XlK�{#M>c½df�CW?UVUVd[o	h�Wz]ahjy?M*WfqJm ¨ Wÿd?k#M>caWf]Vd?caU Kïv � N��
©JdYcNM	ZlWYK;kJ�jM?��WfqÿM	Z�]VM>qJm[MDm£y?MLcpU�h�dYqÿdf��UVGlM>W¦y?M>U;WfX[]adYK¤Wz]pWwG#WYUN{!MLMLq XJUVM>mÿ{�_§]VGlM�WfXl]VGld?caU�]Vd
kJcVdzy?MQm[MDo	h�mlWf{Jhj��h�]`_\cVMDU�Xl�j]aUHd?q�W���cpWf�?KNMLq1]5df�!gQg "¢UaopGlMLK¤W`KjO�T N÷�9FHGlMLcaM	��d?cVM?��]VGlMn��dY�?h�o>U+WYqJm0]VGlM
caM>UVXl�j]aU.�Yh�yYM>q�h�q�]aGlh�U%k#Wfk!MLc%K¤W¦_n{#MHM	Z�]aMLqJm[MDm�]adQW^]VcaMLM+KNd[m[ML� � hj]VG;{#dY]VGNU�MD�1XlMLq1]Vh�Wf�[WYqJm�kJWYcaWY�j��ML�
oLdYKNk!d?UVh�]ahjd?q0d?k#M>caWf]VdYcpU>�
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FHGJM\kJWYk#M>c�h�U�d?cV�1Wfqlh dLMDm�W?Un��d?�j��d � UL�[P²q!,�M>o	]Vh�dYqÿvl��|wWYqJm � � M�caMLy�h�M � {JWYop���?cVd?XlqJm�K¤Wz]VM>cVh�Wf�
d?q�h�q[��d?cVK¤Wz]ahjd?qw]acVM>M>U>��dYq�]VGJM�FCcaMLM "�d?�Yh�o0�,F
"� }WYqJm�dYq�b9cVMDU�{JXlcV�?MLcnWfcahj]VGlKNM	]ah�oY�CP²q ,[M>o�]ahjd?q§t
� M�m[ML�JqlM�WNqlM � KNd[mlWf�C�jd?�Yh�oQ��dYc5h�q[��dYcaK¤Wz]Vh�dYq�]acVM>M>U>�[]VGlM ,[GlM>W¦y?M>U
"�d?�Yh�of� � Glh�opG(h�U^{JWYUVM>m0dYq�WYq
WY��]aMLcaqJWz]ahjy?M¤cVM>klcaM>UVMLq1]aWf]Vh�dYq§df�5K�XJ��]ah�UVM	]pU�W?Un]VGJM\klcad[m[XJo�];df�*WwUVM>�1XlM>qJo	M\df�5K�Xl�j]Vh�kl��h�oLh�]ahjMDU � hj]VG
W�UVM>�1XlMLq#o	M�df��M>�jM>KNMLq1]aU>� ¨ UNh�]¤h�UNdf�Å]VM>q£]aGlM�oLW?U�M?�<]VGlM�UVGlhj�Å]�hjqÿ]VGlM�mlWf]aWf�÷U�]VcaXJo�]aXlcaM\K¤Wf�?M>U;h�]
k!d?UaUVhj{l��M¤]adwXJUVM�KNdYcaM�ML��Wf{!dYcpWz]aM�Wf���Yd?cVhj]VGlKNh�oNKNM	]VGJd�mJUL� ¨ ]�]VGJh�U�k#d?hjq1]D� � M0o>Wfq'WY�jcaM>W?m[_�UVGld �
]aGJWz]�]VGlM}o	d?KNkl�jMLZ[h�]`_Ndf�¥]aGlMQ�jd?�Yh�o*caM>UVXl��]pU½MD�1XJWf���j_���cadYK ]VGlMQXJUVM�dY�Co	d?K;k!d?UVhj]Vh�dYq\W?m¦e`XlqJo	]HW?U<��cadYK
]aGlM¤o	d?K�{lh�qJWz]ahjd?qwdY�+o	d?KNk#d1U�hj]Vh�dYq � h�]aG�qJML�?Wf]Vh�dYq��;g�dYcaMNU�Xlcaklcah�UVh�ql�Y��_Y� � M;h�m[M>q?]ah���_wh�]aMLcpWz]Vh�dYq§WYU
]aGlM
��K;d1U`]5MLZ�k!MLq#U�h�yYM
��klcahjKNhj]Vh�yYMY�

FHGlM>q � M�UVGld � GJd � ]Vd(h�q1]VMLcaklcaM	]�M>yYMLca_io	d?qlqlMDo�]Vd?cndf�HF
" hjq�]VGJM�U�GlMDW¦yYMDU���dY�?h�o(� , "� 	� ¨ U�W
caM>UVXl�j]>� � MHdY{l]aWfh�q¤Wno	d?K;k!d?UVhj]Vh�dYqJWY�[MLqJoLd�mlhjql�ndY�EF
"(h�q , "9�?FHGlM5h�mlM>W}h�U%]VdnklcadzyYM+]aGlM*m[M>oLh�mJWf{lh��jhj]`_
dY� , " hjq#U`]aM>WYm£df�}m[hjcaM>o	]V��_'U`]aXJm[_�h�ql��F
"½�<FCd�]VGlh�UNMLq#m¥� � M�m[ML�JqlM¢� ,[M>o�]ahjd?q TY �W�qlM � o	��WYUaU�dY�
]acVM>MQWYX[]Vd?K¤Wz]aW�U�k!M>oLh��!oLWf����_\m[M>UVh��YqlMDm¤��dYcHK¤WfqJhjklXJ��Wf]Vh�ql�;UVGlMDW¦yYM>U>�%FHGlh�UHoL��W?UVU+df�.WfX[]adYK¤Wz]pW � dYca�[U
mlhjcaM>o	]V��_�d?q¢hjq[��d?cVK¤Wf]Vh�dYq§]VcaMLMDU0_<hj]�h�U;o	��d?UVM>m§{�_w]aGlM0oL��W?UVUVh�oLWf�½{#d�dY��M>WYq¢dYk!MLcpWz]ahjd?qJU�Wfq#m§{1_�]VcaMLM
oLdYKNk!d?UVh�]ahjd?q _lWfqJm0hj]*GJWYU5WNm[MDo	h�mlWf{l��M}]VMDU`]H��d?c5MLKNk[]Vh�qlMDUVU>�
�+M	��d?cVMNo	d?qJo	��XJm[h�ql�#� � M;M	Z[kl��dYhj]�]aGlMNhjqlGJMLcaMLq1]QcaM>oLXlcpU�h�yYM>qlM>UaU*dY��WfX[]adYK¤Wz]pW\WYqJmwWYXl�YKNMLq1]Q]VGlM

�,U�GJM>W¦yYMDU¤WfqJm ]acVM>MD N��dY�?h�o>U � hj]VG W¢��hjKNhj]VMDm ��dYcaK dY�}caM>oLXlcpU�h�yYM�m[ML�Jqlhj]Vh�dYqJU>�rFHGlh�U�M	Z�]aMLqJUVhjd?q h�U
MLZ[klcVMDUVUVh�yYMQMLqld?Xl�YG\]Vd¤h�qJo	��XJm[MnkJWf]VG�M	Z[klcaM>UaU�h�dYq#UL�

¨ ��hjKNhj]aWf]Vh�dYq§df�HdYXlcnKNML]VGld[m�h�Un]VGJWf]n]VcaMLM>U}K�XJU�]�{#M¤klcad[o	MDUVUVM>m�{#dY]�]adYK;��XJk�� � Glh�opG§K¤W¦_i{#M
y?MLca_0h�qlM -¤oLhjM>q1]Qh�qi]aGlM�o>WYUVM�df�9��Wfca�YM�]VcaMLM>U>�}FCd�W¦yYdYh�m�]VGJh�UQklcadY{l��MLK(� � M�h�m[MLq1]Vhj��_iW\UVh�K;kJ�jMNU�_�q[�
]pWYo	]Vh�oLWf�CcVMDU`]acVh�o�]ahjd?q��l{!dYcacVd � M>m\��cVd?K W¤oLdYqJU�]VcpWfh�q1]5��dYXlq#m(hjq[gQg " ,[opGlM>K¤W K |JO$N÷�l]VG#Wz]�WY�j��d � U+��dYc
]aGlMnXJUVM}df�<W�]adYk[�²m[d � q0yYMLcpUVhjd?q\df�<UVGlM>W¦y?M>UHWfX[]adYK¤Wz]pWl�
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FHGlMNo	d?qlqlMDo�]Vh�dYqw{#ML] � M>MLqib9caM>UV{lXlca�YM>c�WYcVhj]VGlKNML]Vh�o�WYqJm�K�XJ��]ah�UVM	]}�jd?�Yh�oLU � W?U^WY�jcaM>W?m[_0X#U�MDmih�q
kJcVM>y1h�dYX#U � d?cV�'{�_ÿ]VGlMiWYX[]VGJdYcpU[KjOVD[�^O�T N÷� P²q ]VGJh�U\kJWfk!MLcD� � MioL�jMDWfc�Xlk ]aGlMicaML��MLyzWfq#o	M(df�}]VGJh�U
WYklklcad?W?opG0h�q(]VGlM;oLW?U�MndY�<F
"£WfqJm(MLZ1]aMLqJm(d?Xlc*caM>UVXl�j]aU5]ad�WN��cpWf�YKNM>q?]*dY�%]VGlM;WfK�{JhjM>q?]*��dY�?h�o � hj]VG
oLdYKNk!d?UVh�]ahjd?q WYm¦e`Xlq#o�]>�

B
�^WfqJm n}��MLM>qlM�U�]aWYc>� P÷](h�U\Wf��UVd¢]VGlMw�JcpU`]0]VhjKNMw]VGJWf] � M�o	d?qJUVh�m[M>c\Wfq

MLZ�]VMLq#U�h�dYq�dY�.]aGlM���dY�?h�o � hj]VGwK�X[]aXJWf�.cVMDo	XlcpUVhjy?M}mlM	�Jqlhj]Vh�dYq#UL� ¨ qldf]aGlMLcQo	d?q?]acVh�{lX[]ahjd?q(df�<]VGJh�U � d?cV�
h�U+]VdNklcadYk!d?UVM}Wfq0WYklklcad?W?opG�KNdYcaM}mlhjcaM>o	]VM>m\]Vd � WfcpmlU�klcpWYo�]ah�o>Wf�¥Wf���Yd?cVhj]VGJKNU>�?��dYc5h�qJU`]pWfqJoLMQ]VGlcadYXl�?G
]aGlM\m[ML�Jqlhj]Vh�dYq'dY� c�� #0�-#��,U�M>M ,�MDo�]Vh�dYq tY �� � hj]VG'WiU�]VX#m[_§df�H]VGlM�Wf���Yd?cVhj]VGlKNh�o¤o	d?K;kJ�jMLZ�hj]`_wdY�*dYXlc
KNML]VGld[mlU*WYqJm\]VGlM�m[ML�Jqlhj]Vh�dYq(df�.k#d1UVUVh�{l�jMnUVhjKNkl��hj��_1h�ql�¤caM>U�]Vcah�o	]Vh�dYqJU>�

� H ���z� � � �}���	����� � �
�
�

¡ XJcnK;d[m[M>�9��d?c�U�M>K;hj�²U`]acVXJo	]VXlcaM>m�mlWf]aW(h�Un{#d?cVcad � M>m���cadYK K T2N��@P²q[��dYcaK¤Wz]ahjd?qw]acVM>M>UCKUTVN½klcadzy�h�mlMNW
oLdYKNkJW?o�]CUV_1q1]pWzZ^��d?cCm[ML�Jqlh�ql�5qlM>U�]VMDm}K�Xl�j]Vh�UVM	]aUCdf�[��Wf{!ML��U¥{#d?cVcad � M>m5��cadYK ]VGJM½WfK�{lhjM>q1]CoLWf��o	XJ�jXJU�K O�N��
FHGJML_ o	d?cVcaM>UVk#d?qJm ]Vd£]VGlM§U�]aWz]ah�ow��cpWf�YKNM>q?]�df�n]aGlM�WYK�{lh�MLq1](oLWf��o	XJ�jXJU>� � hj]VGJdYX[]�klcVh�KNh�]ahjy?M>U\��dYc
KNd?{lhj��hj]`_Y�YoLdYKNK�XlqJh�o>Wz]Vh�dYq;WfqJm�qJWfKNM5Uao	dYkJhjql���n{lX[]<]VGJMHUaWfKNM���caWY�YKNMLq1]%K¤W¦_n{#M+��dYXJqJm;hjqNWf��KNd?U�]
M>yYM>cV_NKNdY{lh���MQkJcVd[o	MDUVU+oLWY��oLXl��XJU � h�]aG�UV_[U`]aMLK¤U+df��qJM>U�]VM>m0��d�o>Wz]ahjd?qJUL�%FHGlM}caM>UVXl��]ahjqJ��KNd[m[ML�¥h�U+yYM>cV_
oL�jd1U�M+]adn]VGlM�g�g "�m[d[oLXlKNMLq1]½KNd[m[ML��� � hj]VGN]aGlM^m[hjª!M>cVM>qJo	M*]VGJWf]<]VGlM*d?camlMLc<df�E]aGlM5�JM>��mlU^��UVXl{[]VcaMLMDUa 
h�q�WYq�h�q[��d?cVK¤Wz]ahjd?q�]VcaMLM;h�U}hjcacVM>�jM>yzWfq1]>��g�d?cVM���dYcaK¤Wf���j_?�!]VcaMLMNo	dYKNk!d?UVh�]ahjd?qwh�U}Wfq§WYUaU�d[o	h�Wz]ahjy?M�Wfq#m
oLdYKNK�Xl]aWz]ahjy?M�d?k#M>caWf]Vd?c>�

FHGlM+��d?�j��d � hjqJ�^]pWf{l��M5U�XlKNK¤Wfcah dLM>UC]VGJM*U�_�q1]aWfZ}dY�#h�q[��dYcaK¤Wz]ahjd?q�]VcaMLMDUL��XQh�yYMLq;W}U�ML] Λ
dY�#ML��MLKNM>q?]

��Wf{!ML��U>� � Mnm[ML�JqlM}]VGJM�U�ML] E dY��ML��MLKNM>q?]pU5WfqJm0]aGlM�U�ML] IT df�.hjq[��d?cVK¤Wf]Vh�dYq0]VcaMLM>U>�
� / ¬ � ¬	� �D��� � ±�
 �
��° � �'�[��� °���� � ¬�¬ �

e ::=
+9��MLKNMLq1]

a[d]
ML��MLKNMLq1]5��Wf{!ML��M>m

a
� � h�]aG a ∈ Λ

 ��JoLdYq1]aWYhjqlh�ql�
d

d ::=
P²q[��dYcaK¤Wz]ahjd?q\]acVM>M

0
MLKNk[]`_\hjq[��d?cVK¤Wf]Vh�dYq0]VcaMLM

e
ML��MLKNM>q?]

d | d′
o	d?KNk#d1U�hj]Vh�dYq

F�cVM>M>U � hj]VG(Wfq�M>�1Xlh�y¦WY�jM>q1]HU�]VcaXJo�]aXlcaMQWYcVMQh�mlMLq1]Vhj�JM>m��9FHGlh�U+h�UHM	Z[klcaM>UaU�MDm¤{�_�KNM>WYqJU+df�.W # �m,-�=	0]
�6��,R��4�	����"�E,-� � �;	 �	��]VGlM�U�K¤Wf����M>U�]�cVM>��Wf]Vh�dYq dYq

IT × IT
]aGJWz]�h�U�W¢oLdYql�?cVXlM>qJo	M�WYqJm U�XJopG ]aGJWz]

d | 0 ≡ d
�½WfqJm

d | d′ ≡ d′ | d
WfqJm

d | (d′ | d′′) ≡ (d | d′) | d′′
�¢FHGlh�U�cVM>��Wf]Vh�dYq£oLdYh�qJo	h�m[M>U

� hj]VGÿU`]acVXJo	]VXlcpWf��o	dYqJ�YcaXlMLqJoLMN��dYcn]aGlM��#qlh�]aMY�9U�]aWf]Vh�oN��caWY�YKNMLq1]�dY�+]aGlM0WYK�{lh�MLq1]�o>Wf��o	Xl��XJU>� P²q¢]VGlM
caMLK¤WYhjqJmlMLc<df�!]VGJh�U½kJWfk!MLcD� � M � d?cV� � hj]VGN]aMLcaK¤U<KNd�mlXl�jd�U�]VcaXJo	]VXlcpWf�lMD�1XlhjyzWY�jM>qJo	M?�
�^MLqJoLMY� � M5y�hjM �
h�q[��d?cVK¤Wz]ahjd?q¢]VcaMLMDU�W?U�qlMDU`]aM>m£K�Xl�j]Vh�U�ML]aU;df�*M>�jM>KNMLq1]aU>�¢FHGlM

0
klcad[o	M>UaU�h�U;df�Å]aMLq£d?KNh�]V]VM>m£hjq£]VGlM

oLdYq1]VMLZ�]
a[0]

�[_�hjM>��m[h�ql�
a[ ]
�
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P²q§]aGlM¤��d?�j��d � hjqJ�J�.h�] � h�����dY�Å]VMLq¢{!M\oLdYq�yYM>qlhjM>q1]n]VdiXJUVM 4Q�\c � 4 ���$' , �-#&# �
��� #�]VdicaMLkJcVMDU�M>q?]}�JqJh�]aM\dYc
oLdf�JqJh�]aM�U�ML]aU�dY�+��Wf{!ML��U>��"�Wf{!ML�½MLZ[klcVMDUVUVh�dYqJU>��cpWfql�?M>m�dzyYMLcn{�_

α, β, . . .
�.WYcVM¤M>h�]aGlMLc�df�+]VGlM0U�GJWYk#M

a1, . . . , an
�%��d?cn]VGlM\�Jqlhj]VM�U�ML]�df�5��Wf{!ML��U

{a1, . . . , an} ⊆ Λ
�.d?c�df�H]aGlM0UVGJWfk!M

α⊥ �.��dYc�]VGlM�o	d?K��kJ�jM>K;M>q1]�df�5]aGlM\UVM	];mlMLqldY]VM>m§{�_�]VGlM0��WY{#M>�½MLZ�kJcVMDUVUVhjd?q
α
� � M0UVGJWY�j� � cVhj]VM a ∈ α � GJMLq¢MLhj]VGJMLc

α = a1, . . . , an
WfqJm

a = ai
��dYc*UVdYKNM

i ∈ 1..n
�ld?c

α = β⊥ WfqJm
a /∈ β

�
� M0WY��UVd�M	Z�]VM>qJm'oLdYKNk#d1U�hj]Vh�dYq�]ad�UVM	]aU�df�5h�q[��dYcaK¤Wz]Vh�dYq�]acVM>M>U>�.X#U�h�ql��]aGlM\qldY]aWf]Vh�dYq

S | S′ ]VdmlMLqldY]VM�]VGlM¤UVM	] {

(d | d′) (d, d′) ∈ S × S′
} �fP÷]nh�U}MDWYUV_0]ad�opGJM>op�(]VG#Wz]�o	d?K;k!d?UVhj]Vh�dYqwd?q�UVM	]pU�dY�

]acVM>M>UHh�U5m[h�U`]acVh�{lX[]ahjy?MQdzy?MLc5UVM	]5Xlqlh�dYq��Jh,� MY� F
S | (S1 ∪ S2) = (S | S1) ∪ (S | S2)

� � GlMLq
S
h�U5W;UVM	]

dY�%]VcaMLM>U>� � M � cahj]VM S0 ��dYc*]aGlM�UVh�ql�Y��M	]adYq {

0
} �
Sn ��dYc*]aGlM�UVM	] S | . . . | S �

n
]ahjKNMDUa 	�EWYqJm

S∗ ��dYc]aGlM�UVM	] ⋃

n∈N
Sn �©.h�qJWf���j_?�fhj�
n = (n1, . . . , np)

h�U%WQUVM>�1XlM>qJo	M+df�!hjq1]aML�YM>caU>�fWfq#m
S = (S1, . . . , Sp)

h�U%W}U�MD�1XlMLqJoLM�dY�
UVM	]pU<df�¥M>�jM>K;M>q1]aU>� � M � cVhj]VM n �S

��dYc<]aGlM^UVM	]
Sn1

1 | . . . | S
np
p
�<FHGlM*��Wz]V]VMLc½qldf]pWz]Vh�dYq � h��j�!U�d?KNM	]Vh�KNM>U

{!MQcVML��MLcacVMDmN]VdNWYU+WJ#R 5� ��> �&1 	&��A ' � # �)�6�
��� �#WfqJm¤h�UHWz]+]VGlM}o	d?cVM�df��]aGlMQqlM � ��dY�?h�o^klcaM>UVMLq1]VMDm¤hjq0]VGJh�U
caMLk!dYcV]>�

� � ���
� �§�����L�

F�d5caM>WYUVdYq}Wf{!dYXl]�]VGlM+U�k#Wz]Vh�Wf�?WfqJm�]VM>KNk#d?caWY�YklcadYk!MLcV]Vh�M>U¥dY�1KNd?{lhj��M½WYK�{lh�MLq1]aU>��W+Wfcpm[ML���jh?WfqJmfXQd?cam[d?q
G#W¦yYMnh�q?]acVd[m[X#o	M>m�]VGlM AC� 1 ��4!4Q���E�
	e� 8 ��AJc$� � �=� # K M�N÷�^FHGlM�U�]aWf]Vh�o}��cpWf�YKNM>q?]�df�<]VGJM�WfK�{lh�MLq1]^��dY�Yh�of�
WY��UVd*oLWY�j��M>m�]aGlM½F�cVM>M$"�d?�Yh�o5��F
"� 	�Ld?ql�j_�cVML��MLcpUE]Vd*]VGlM½UVkJWf]Vh�Wf�?mlh�U�]Vcahj{JX[]Vh�dYqndY����d[oLWf]Vh�dYqJU¥WYqJmnWfklk!M>WYcaU
k#WfcV]Vh�o	Xl��Wfca�j_ � ML�����²UVXlh�]aM>m']Vd¢m[M>Uao	cah�{#M0]VGlM�U�]VcaXJo�]aXlcaM0dY��h�q[��dYcaK¤Wz]Vh�dYq£]VcaMLMDUL� P²q£]aGlh�UNk#Wfk!MLcD� � M
U�]VX#m[_�]aGlM��1XJWfq1]ah��JM>c�����caMLMQ��caWY�YKNMLq1]5df�9F
"½� ¨ m[h�U`]ahjq#o�]Vh�yYM}��MDWz]aXlcVMndY�%]VGlM���dY�?h�o}oLdYqJUVh�mlMLcaM>m0GlMLcaMY�
oLdYKNkJWYcVMDmN]Vd K |�N÷�[h�U+]aGJWz] � MQM>qlcah�opG\]VGlMnUV_1q1]pWzZ � hj]VG(Wfq�dYk!MLcpWz]Vd?c½��d?c5hjq#m[M	�JqJh�]aMQcaMLk!M	]ah�]ahjd?q�� A∗ �
� GJh�opG(oLWYk[]VXlcaM>U5WNUVhjKNkl��M�o	��WYUaU+df�5��{lcaM>W?m�]VGl�² `cVMDo	XlcpU�h�yYM^��dYcaK�Xl��WYU>�
� � ¬�¬��½°! �,�#" ­ � �>� �

A,B ::=
��dYcaK�Xl��W

>
]VcaXlM

¬A
qlML�1Wz]ahjd?q

A ∨ B
m[h�U�e`Xlq#o�]Vh�dYq

0
MLKNk[]`_�]VcaMLM
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α[A]
�jd[o>Wz]Vh�dYq

A | B
o	d?K;k!d?UVhj]Vh�dYq

ABB
o	d?K;k!d?UVhj]Vh�dYq(WYm¦e`Xlq#o�]

A∗ h�qJm[M	�#qlh�]aMncVM>k#ML]Vhj]Vh�dYq

¨ qldf]aGlMLcnm[hjª!M>cVM>qJo	M � hj]VG�]Vd0]VGlMNd?cVh��Yh�qJWf�.klcaM>UVMLq1]aWf]Vh�dYqidY��F
" WYU���dYXlq#mwh�q KUT N9h�U�]VGlMNXJUVM�dY�
��Wf{!ML�!M	Z[klcaM>UaUVhjd?qJU^�,U�M>M ,�MDo�]D� vl�jO¦ <h�q�]VGJMQm[ML�Jqlhj]Vh�dYq0df��]aGlM���d[oLWf]Vh�dYq\oLdYqJU�]VcaXJo�]D�.FHGJh�UHUVKNWY�j�!M	Z�]aMLq[�
UVh�dYq¢o	d?K;k!MLq#UVWf]VM>U���dYcn]aGlM0WY{JUVMLqJoLM¤df�*Wfq¢d?k#M>caWf]VdYc}��d?c�M	Z[h�U`]aMLq1]Vh�Wf�+�1XJWfq1]Vhj�#o>Wz]Vh�dYq§dzy?MLcn��Wf{!ML��UL�
∃x.A

�?h�q�d?Xlc½UV_1q1]pWzZ¥� ¡ Xlc½K;dY]Vh�yzWz]Vh�dYqN��d?c<]VGJh�U�M	Z�]VM>qJUVhjd?q;h�U<]aGJWz]D�1WY��]aGldYXJ�YG;]VGlM�WYmlm[hj]Vh�dYq¤dY� �²��Xl���
�1XJWYq1]Vhj�#oLWf]Vh�dYq ��{lcaM>WY�[U*dYXJc}mlM>o	h�mlWY{lhj��hj]`_�cVMDU�Xl�j]aU>�Eh�]nh�U � d?cV�zWf{J�jM�]Vd(o	dYq#U�h�m[MLcQ��d�o>Wz]ahjd?q���dYcaK�Xl��WYU
dzy?MLc ���=. k!d?UaU�h�{l��M���Wf{!ML��� � Glh�opG�oLWYqw{!M � cah�]V]VM>q ∃x.x[A] � hj]VG�W0�1XJWYq1]Vhj�JMLcN� � GlM>cVM x m[d�M>U�qldf]WYklk!M>Wfc+��caMLMnh�q

A
 ��JdYc

∅⊥[A] � h�]aG(W;��Wf{!ML��MLZ[klcVMDUVUVh�dYq��

FHGlMnm[M>qldf]pWz]ahjd?q�df��W���dYcaK�XJ��W
A
h�UHW�UVM	]

[[A]]
dY�Ch�q[��dYcaK¤Wz]Vh�dYq\]VcaMLMDUL� ¨ U+XJUVXJWY�,� � MQUaW¦_;]VGJWf]HW

]acVM>MnUVWf]Vh�U`�JMDU5W���dYcaK�Xl��Wl�lm[M>qldf]aM>m
d |= A

�lh��<Wfq#m0d?ql��_�h��
d ∈ [[A]]

�
� � ¬�¬��½°! �,�#" ¬ �'� � �����Y�

[[>]] = IT
[[¬A]] = IT \ [[A]]
[[A ∨ B]] = [[A]] ∪ [[B]]
[[0]] =

{

0
}

[[α[A]]] =
{

a[d] a ∈ α , d ∈ [[A]]
}

[[A | B]] = [[A]] | [[B]]
[[ABB]] =

{

d ∀d′ ∈ [[A]] . (d | d′) ∈ [[B]]
}

[[A∗]] = [[A]]∗

FHGlM0UVWf]Vh�U`��W?o�]Vh�dYq§caXl��M>U}��d?c�]VGJM�klcadYk!d?UVh�]ahjd?qJWf�%��cpWf�?K;M>q1]�WfcaM�o	dYq�y?MLq1]Vh�dYqJWY�,�0FHGlM¤��dYcaK�XJ��W
0d?ql��_\K¤Wz]popGlM>U��Å]VcaMLMDU*U�]VcaXJo�]aXlcaWY�j��_0oLdYql�?cVXJMLq1]5]Vd� 

0
_#�jd[o>Wz]Vh�dYq

α[A]
K¤Wz]popGlM>U5]VcaMLM>U � h�]aGiW�UVhjql�?�jM

{JcaWYqJopG§��WY{#M>�jMDm
a
Wf]�]VGJM�cVd�dY]>� � h�]aG a ∈ α

�<��M>W?m[hjqJ��]VdwWwU�Xl{l]VcaMLM0UaWz]ah�U���_�hjqJ�
A
_�oLdYKNk#d1U�hj]Vh�dYq

A1 | A2
K¤Wf]aopGlMDU�Wf���*o	d?K;k!d?UVhj]Vh�dYqJUNdY�Qd?qlM(]VcaMLM�UaWz]Vh�U���_1h�ql�

A1
� h�]aG d?qlM(]VcaMLM�UaWz]ah�U���_�hjql� A2

�
©.h�qJWf����_Y�Eo	dYKNk!d?UVh�]ahjd?qiWYm¦e`XJqJo�]

A B B
K¤Wz]popGlM>U

d
hj��WfqJm(d?ql��_0hj�9��dYcQWf����]acVM>M>U

d′
]VG#Wz]QUaWz]ah�U���_

A
�

]aGlM�oLdYKNk!d?UVh�]ahjd?q
d | d′

UaWz]Vh�U��JM>U
B
�¥WfqJm(h�qJm[ML�Jqlhj]VM;cVM>k#ML]Vhj]Vh�dYq

A∗ K¤Wf]aopGlMDU^o	d?KNk#d1U�hj]Vh�dYqJU^df�½WYqWYcV{Jh�]acaWYcV_Nq�XlK�{!MLc5dY��]acVM>M>U5UaWz]ah�U���_�hjql�
A
�

��� � ��� / ¬�� �	��
; 5� 8$��4)4Q� � �)�/�%8$��,-A7��4Q� AJ���(	  5�$# c0�
c$4U�
���E,R� '= �
	&��4 � �
�m,-� �$# 	&��,-, �$#6' ��� 1 �)�"� �(� ' � '5� , #
� ,-�)�6� � ��c0.

Cardelli
�)�

1998
* ��� 1 �)� ' ��,-�6�
	0��4Q��,f�  5� �)� 8$��,-AC���m�
�����6, �&� �E�)> � ���)��� � ��A ' 4 ��� B�� �

article [title[>] | author [Cardelli[ ]] | year [1998[ ]] | ¬((title , year)[>] | >)] .


; � # 8$��,-A ��4Q� #6'5� 	0� a �$# �  ���;�  5� ��,-�m�
	04 � A � # �  ��> � � �m�)�64 � * �  5� �����  ��,	� j�

�
������� *
��� 1 �  5� . � ��,
�98 ' �=c$4U�
	&���m�
�����������;B 
  =� , � AC���)�=�)�"� ' ��,-�f�98J�  =� 8$��,-A ��4Q�2*

¬((title , year )[>]) | >)
* #6'5� 	0� a �$#

�  ��� �e>2��4U� 1@� �=�6,-.CAC��. ��4 # �@	����=�(���)�����  5� , a � 4 12#�� 8$��,?�)� # �(���;	 � �  5� :0����,-� ��4 �)� �! �
	  �  =��' � '=� ,
� � # ' �=c04U� #R 5�&1�� * ' ,R��>V� 1E�&1 �  ��� � ��� � � 8 �  5�$#$� a � 4 1�# AJ���(	  5�$#

title
��,

year
B

é�Û.×�éÅè



���������
	��
�����������������
����� M

¡ qn]aGlMHUVWYK;M½�jh�qlM+df�[]VGJdYXl�?G?]D� � M+o	dYXJ��m�mlM	�JqlM+W*yzWf��h�m[h�]`_noLcVhj]VM>cVh�dYq}��d?cC{lh�{l��hjd?�YcpWfklGlh�oLWY�YM>q?]acVh�M>U
W?U+]VGlM}��d?cVK�Xl��W5F

article [title [>] | author [>] | ¬((title [>] ∨ (year [>] | year [>])) | >)] .
�`O¦ 

©JdYcaK�Xl��W'�`O¦ �UVk#MDo	hj�JM>U�]VG#Wz];Wiy¦WY�jh�m¢{lh�{l��hjd?�YcpWfklGJh�o>Wf�9M>q?]acV_§K�XJU`];o	dYq1]pWfh�q ��� �\	$�64U. d?qlM��#ML��m
��Wf{!ML��M>m

title
� ����4 � � # � dYqJM��JM>��m���Wf{!ML��M>m

author
�¥WfqJm ��� AC� # � dYqlMn�#ML��m���WY{#M>�jMDm

year
�!k#d1UVUVhj{J�j_

WY�jd?ql�?UVh�m[M � hj]VG§U�d?K;M;df]aGlMLcN��XJqJU�k!M>oLh��#M>mJ ^�JM>��mlU>��FHGlMDU�MNo	d?qJU�]VcpWfh�q?]pU^oLdYXl��mi{!MNM	Z[klcaM>UaU�MDm�KNdYcaM
mlhjcaM>o	]V��_�XJUVhjql�N]aGlM�UVGlM>W¦y?M>m�o	dYKNk!d?UVh�]ahjd?q0qJdf]aWf]Vh�dYq�df�<U�MDo�]ahjd?q�vl�jO?�[{�_\UVW¦_�h�ql�;]VGJWf]^WNyzWf��h�m�MLq1]acV_
K�XJU�]H{!Mnh�q�d?qlM}df�.]VGlM�UVM	]pU0F

(nt, na, ny, no) � ([[title [>]]], [[author [>]]], [[year [>]]], [[(title , author , year)⊥[>]]]) ,

� GJMLcaM nt, na, ny, no
WYcVM}h�q1]VML�?MLc5yzWfcah�Wf{l��M>UHUVXJopG�]VGJWf]

(nt = 1)
WfqJm

(na > 1)
WYqJm

(ny 6 1)
WfqJm

(no > 0)
� ¡ qlMNdf�9]aGlMNK¤Wfh�q�oLdYq1]Vcahj{JX[]Vh�dYqJU�df��]VGlh�U}caMLk!dYcV]�h�UQ]Vd(U�Gld � ]VGJWf]nWYq�_(�1XJWYq1]Vhj�JMLcV�,��caMLM

F
"��,��d?cVK�Xl��W�o>Wfq§{!M�M	Z[klcaM>UaU�MDm�hjq§]aGlM\UaWfKNM � W¦_?��]aGJWz]�h�U>�.W?U}]VGlM\klcVd[m[X#o�]�df�5h�q1]VML�?MLcpUnyYMDo�]adYcpU
�,m[M	�#qJWf{l��MQhjq�b9caM>UV{lXlca�YMLcHWfcahj]VGlKNM	]ah�o>Ua ½{�_�U�MD�1XlMLqJoLM>U+df��ML��MLKNMLq1]+��dYcaK�Xl��WYUQ�Å]aGJWz]5h�UL����d?cVK�Xl��W?U½dY�
]aGlMn��hjq#m

α[A]
 	�

P²q�]VGlMNqlMLZ�]nUVM>o	]Vh�dYq�� � M;cVMDoLWf���.]VGlMN{JW?op���YcadYXlqJmidYqwb½cVMDU�{lXJcV�?MLc}Wfcah�]aGlKNM	]Vh�o;WfqJm�U�M>KNhj��hjqJM>Wfc
UVM	]pUH]VG#Wz] � MnqlM>M>m(h�q�dYcpm[MLc5]ad\m[ML�JqlMn]aGlM ,�GlMDW¦yYMDU "�d?�Yh�o¤� , ". +��dYcaK¤Wf���j_?�#Wfq#m\]aGlMLqi]Vd�klcadzyYM}hj]aU
MD�1XlhjyzWY�jM>qJo	M � hj]VG�]VGlM��1XJWYq1]Vhj�JMLcV�,��caMLM���cpWf�YKNM>q?]5dY�.F
"9�

� � ���
����
��%����� ���%�p��� � �+���	�

b½cVMDU�{lXJcV�?MLc^WYcVhj]VGlKNML]Vh�o�h�U*]aGlM��JcpU�]��÷dYcpm[MLc5]aGlMLd?cV_�df�9MD�1XJWf��h�]`_�dzyYM>c5]VGJM��YcadYXJk
(N,+)

df�9qJWf]VXlcpWf�
q�XlK�{#M>caU � hj]VG�W?mlm[hj]Vh�dYq K v"T N��nb½cVMDU�{lXJcV�?MLc*��d?cVK�Xl��WYU;��Wf��UVd0oLWY�j��M>m�o	d?qJU`]acaWYhjq1]pUa 5WYcVM;m[M>Uao	cah�{#MDmih�q
]aGlM���dY���jd � h�ql�n]pWf{l��MY� � GlM>cVM M,N, . . .

cpWfql�?M*dzyYM>c½k!d?UVh�]ahjy?M�h�q1]VM>�YMLc�yzWfcah�WY{l�jMDU�WYqJm
m,n, . . .

caWYql�YM
dzy?MLcHk!d?UVh�]ahjy?MQh�q1]VM>�YMLc5oLdYqJU�]aWYq?]pUL�
� � ¬ �>�����  #¬ ��� °�� �>�L�z� � � �>�

Exp ::=
P²q?]aML�?MLcHM	Z[klcaM>UaU�h�dYq

n
k!d?UVh�]ahjy?MQh�q1]VM>�YMLc5oLdYqJU�]aWYq?]

N
k!d?UVh�]ahjy?MQh�q1]VM>�YMLcHyzWfcah�Wf{l��M

Exp1 + Exp2

WYmJm[h�]ahjd?q
φ, ψ, . . . ::=

b9caM>UV{lXlca�YMLc5WYcVhj]VGlKNML]Vh�o^��d?cVK�Xl��WYU
(Exp1 = Exp2)

]VMDU`]5��d?c5M>�1XJWY�jhj]`_
¬φ

qlM>�?Wz]ahjd?q
φ ∨ ψ

m[h�U�e`Xlq#o�]Vh�dYq
∃N.φ

M	Z[h�U`]aMLq1]Vh�Wf���1XJWYq1]Vhj�#oLWf]Vh�dYq

b9caM>UV{lXlca�YM>c<o	dYq#U`]acaWYhjq1]aU.K¤W¦_�{!M5XJUVM>m�]Vd�m[ML�JqlM*W}UVXl{JU�]aWfq1]ah�WY�lo	��WYUaU�dY�%�,m[M>oLh�mJWf{l��MD .klcadYk!MLcV]Vh�M>U
dzy?MLc�k!d?UVhj]Vh�yYM9h�q1]VML�?MLcpUL�D��hj�?M9��dYc�M	ZlWfKNkl��M �`]VGlM�yzWf��XlM½dY�

M
h�U.U`]acVh�o�]a�j_Q�YcaM>Wf]VMLc�]VGJWYqn]VGlM�yzWf��XlM½dY�

N
�p�

×�× Ý�o=p������



ODu � B��7��4����)4U�
��*�� B �<�E�E� ���
	 ��B�� � . #&# ���
�=� � ,

X#U�h�ql�}]VGJMH��dYcaK�Xl��W
∃X.(M = N+X+1)

_?dYc �
M
h�U9WYqNd�mJm�q�XlK�{#M>c ���

∃X.(M = X+X+1)
�!P²q

]aGlh�UCcaMLk!dYcV]>� � M½XJUVM½b9caM>UV{lXlca�YM>c¥��dYcaK�XJ��W?U¥]Vd�M	Z[klcaM>UaUCWYcVhj]VGlKNML]Vh�oLWf�1o	d?qJU`]acaWYhjq1]pU�dzyYM>c�K�XJ��]ahjkl��h�o	hj]Vh�M>U
dY��K�Xl��]ah�UVM	]pU5df�%ML��MLKNM>q?]pUL�

FHGlcadYXJ�YGld?X[]9]VGJM*]VMLZ�] � M^XJUVM*]aGlM^y?M>o�]adYc�qldf]pWz]Vh�dYqC� n �?��d?c9]aXlkl��M>U+df�¥h�q?]aML�?MLcpUL��WfqJm |S| ��dYc�]VGlMUVh dLMN��q�XlK�{!MLc5dY��M>�jM>K;M>q1]aUp ½dY�
S
� � M}XJU�M�]VGJMnqldf]pWz]Vh�dYq#U

φ(N)
��d?cHW;b9caM>UV{lXlca�YM>c½��d?cVK�Xl��W � Gld1U�M

��caMLM^y¦WYcVh�Wf{J�jMDU½WfcaM^WY�j�#hjq
N = (N1, . . . , Np)

WYqJm
|= φ(n1, . . . , np)

� GlM>q φ{N1 ← n1} . . . {Np ←
np}

h�U^UVWf]Vh�U`�JMDm¥�
FHGlMQm[MLqJdf]aWf]Vh�dYq

[[φ(N)]]
df�CW�b9cVMDU�{JXlcV�?MLc<��d?cVK�Xl��W

φ(N)
h�U½]VGlM}U�ML]�dY��hjq1]VM>�YM>c½yYMDo�]adYcpU

n
UVXJopG

]aGJWz]
|= φ(n)

�+b9cVMDU�{JXlcV�?MLc5Wfcahj]VGlKNM	]ah�o}h�U*WYq�h�q1]VM>cVMDU`]ahjql�NMLZ[WYKNkl�jMnh�q�o	d?K;kJX[]aWf]Vh�dYqJWY�Co	d?K;kJ�jMLZ�hj]`_
]aGlMLd?cV_�{!M>oLWYXJUVM�hj]Qh�U^d?qlM�dY�9]VGJM���M � klcVd?{l��MLK ]VGJWf]QkJcVdzyzWf{J�j_�qlMLMDm�KNdYcaM�]aGJWfqik!dY��_�qldYKNh�Wf�.cVXJq
]ahjKNM KjOVO2N3F.M>yYM>cV_¤Wf���Yd?cVhj]VGJK � Glh�opG0mlM>o	h�m[MDU9]aGlM^]acVXl]VG�df�CW�b9cVMDU�{JXlcV�?MLc+o	dYq#U`]acaWYhjq1] φ ��]VG#Wz]Hh�U�]VMDU`]� GJM	]VGJMLc [[φ]] = ∅

��GJWYUnW�caXlq1]Vh�KNM¤df�+Wf]��jMDWYU�]
2̂ (2̂ (cn))

��d?c�U�d?K;M¤oLdYqJU�]aWYq?]
c
� � GlMLcaM n h�U}]VGlM��MLqJ�f]VG�df�

φ
�.FHGJMLcaM½h�U�WY��UVd^W*��qld � q}]acVh�kl��_}M	Z[k#d?qlMLq1]ah�WY�?XlkJk#M>c��÷{#d?XlqJmnh�q�]aGlM � dYcpU�]�oLW?U�M K vED2N��¦]aGJWz]

h�U���dYc<Wfq�Xlq�{#d?XlqJm[MDm�WY��]aMLcaqJWz]ahjd?q�dY�#�1XJWfq1]Vhj�JM>caU F¥]VGJMHoLdYKNkl��M	Z[hj]`_ndf�#opGlMDop��hjql�^]VGlM5UaWz]ah�U��#Wf{Jhj��h�]`_ndY�
W^��dYcaK�XJ��W

φ
h�U%hjq�]Vh�KNMHWf].KNd1U`]

2̂ (2̂ (2̂ (pn)))
�<FHGlM+klcadY{l��MLK�h�U%x*b9�÷oLdYKNkl��M	]VM+��d?c�]aGlM5M	Z[h�U`]aMLq1]Vh�Wf�

��cpWf�?KNMLq1]+dY�.b½cVMDU�{lXJcV�?MLc5Wfcah�]aGlKNM	]ah�oY�

����� �  �� ��" ���  %��) �  �� 	

��M>oLh�mJWf{lh��jhj]`_�dY�#b9caM>UV{lXlca�YM>c%WYcVhj]VGJK;ML]Vh�o+KNW¦_�{#M5klcadzyYMDm�XJUVh�ql�nWQoLdYqlqJM>o�]ahjd?q � hj]VG`#0� A �)4U�)� � ��, #0� � #
dY��qJWf]VXlcpWf�<q�XlK�{#M>caU>� ¨ 4U�)� � ��, #0� � dY�

N
n � L(b, P )

�Ch�UQ]VGlM�UVM	]ndf�HyYMDo�]adYcpU^�?MLqlM>caWf]VM>m�{�_i��hjqlMDWfc
oLdYK�{lhjq#Wz]Vh�dYq(dY��]aGlM�k!MLcahjd[mlU

P =
{

p1, . . . ,pk

} � � h�]aG pi ∈ N
n ��dYc�Wf��� i ∈ 1..p

 	� � hj]VG(]aGlM�{JW?U�M
b ∈ N

n F

L(b, P ) = �����
{

b +
∑

i∈1..k

λipi λ1, . . . , λk ∈ N
}

.

¨ #0� A �)4U�)� � ��, #0� � h�U�W\�Jqlhj]VM;Xlqlh�dYq�df�½��h�qlM>WYcQUVM	]pUL� ,�M>K;h���hjqlMDWfc}U�ML]aU}WfcaM�MLZlWYo�]a�j_�]aGlM�KNd[m[M>��U
dY�*b9caM>UV{lXlca�YMLc�Wfcah�]aGlKNM	]Vh�o\��dYcaK�Xl��WYU>�C]aGJWz]Nh�UL�%]aGlM�UVM	];df�*h�q1]VML�?MLc�yYM>o	]Vd?caU�UVWf]Vh�U`��_�h�ql�wW���d?cVK�Xl��W
φ(N1, . . . , Np)

h�U;WiUVMLKNh��jh�qlM>WYc�UVM	];df�
N

p �9WfqJm¢oLdYq�yYM>caUVML��_Y� ,�M>KNhj��hjqJM>Wfc;U�ML]aU�WfcaM\o	��d?UVM>m§Xlq#m[MLcW?mlm[hj]Vh�dYqA� � h�]aG L + M = �	���
{

x + y x ∈ L, y ∈ M
}  	�9XlqJmlMLcN{JWYUVh�o\UVM	]NdYk!MLcpWz]Vh�dYq#U0��Xlqlh�dYq��

h�q1]VM>caUVM>o	]Vh�dYq��JUVM	]Qo	dYKNkl��MLKNM>q?]D�C�>�L�a \WfqJm(XJqJm[MLc �)� � ,R���6�
��� � � hj]VG Ln = �	��� L+ · · ·+ L
�
n
]Vh�KNM>U>�

WYqJm
L∗ = �����

⋃

n∈N
Ln  	� P²q�]VGlM0oLWYUVMNdf�5hj]VMLcpWz]ahjd?q���]aGlM�UVMLKNhj��h�qlM>WYc�U�ML] L∗ K¤W¦_i{!M\W(XlqJhjd?q�dY�MLZ[k#d?qlMLq1]Vh�Wf����_�K¤Wfq�_���hjqlMDWfc5UVM	]aU���h�q0]aGlMnq�XlK�{!MLc5dY�.��h�qlM>WYcHUVM	]pU5h�q

L
 ��

� � ° � ° � ��� � °���
 � �
��� � ° ��� ��������� ��, ���=. � � � #0� A �)4U�)� � ��, #$� � #
L,M

�98
N

p
*��  =�J#0� � #

L + M
*

Lk � 8$��,����
.
k ∈ N

� ��� 1
L∗

��, � ��4 # � #0� A7�)4 �)� � ��, #0� � # � 8
N

p
B

b9caM>UV{lXlca�YM>c\o	d?qJU�]VcpWfh�q?]pU�Wfq#m U�M>K;h���hjqlMDWfc\UVM	]pU\WYcVM������ 	$�6�)> � 4U. M>�1Xlh�yzWf��MLq1]>�H]aGJWz]0h�U>�5�Yh�yYM>q W
b½cVMDU�{lXJcV�?MLcNo	dYq#U`]acaWYhjq1]

φ
�+hj]�h�UNk!d?UaU�h�{l��M�]Vd¢o	d?K;kJX[]VM�]VGJM�{#WYUVM>UNWfqJmÿk!MLcahjd[mlUNdY�QW§U�M>KNhj��hjqJM>Wfc

UVM	]¤caMLklcaM>UVMLq1]ahjql�
[[φ]]

�HWfq#mÿoLdYq�yYM>caUVML��_Y�'F�d�{JXlhj��m W�UVMLKNh��jh�qlMDWfc¤U�ML]�o	dYcacaM>UVk#d?qJm[h�ql�i]ad�W��Yh�yYM>q
b½cVMDU�{lXJcV�?MLcHo	dYq#U`]acaWYhjq1]>��hj]*h�UHM>qldYXJ�YG0]VdNk#M>c���d?cVK �?X#Wfq1]Vhj�JMLcHM>�jh�KNhjqJWf]Vh�dYq�dYq0]VGlM�oLdYqJU�]VcpWfh�q1] Kïv\TVN��
W;k!d?UaU�h�{l��_�M	Z[k!MLqJUVh�yYM}klcad�oLM>m[XJcVM?�

é�Û.×�éÅè
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�+Xlh���m[hjqJ�QXJk#d?q�]aGlM*o	d?qlqlMDo�]Vh�dYqN{!M	] � MLM>q;UVMLKNh��jh�qlM>WYc9U�ML]aU<WYqJm;b9cVMDU�{JXlcV�?MLc<Wfcahj]VGlKNM	]ah�oY� � M*oLWfq;��h��Å]
]aGlM�UVXlK WfqJm(hj]VM>caWf]Vh�dYq�d?k#M>caWf]VdYcpUHdYqiUVMLKNh��jh�qlMDWfc�UVM	]pU5]ad¤]VGlM��jM>yYM>�Cdf�%]aGlM���dY�?h�oY�l]VG#Wz]�h�U>� � M�oLWYq
mlMLcahjy?M^o	d?qlqlM>o	]Vd?caU

+
WfqJm
∗
U�X#opG¤]VGJWf]

[[φ+ψ]] = [[φ]] + [[ψ]]
�lWfqJm

[[φ∗]] = [[φ]]∗
�<P²q�]aGlM���dY���jd � h�ql�J�

� M}K¤Wf�YM}XJUVMndf��]VGlMnX#U�XJWY�Cm[M>cVh�yYMDm0oLdYqlqlMDo�]ahjy?M>U>� 	&���0:-��� 	0�6�
��� ∧ � �)A ' 4U�
	&���6�
��� → �JWYqJm ���
�)> � , # ��4
� �=���
�m� a 	&���6�
��� ∀ �

¨ UaU�XlKNM
N,N1

WYqJm
N2

WfcaMQm[h�U�e`dYh�q?]^UVM>�1XlM>qJo	MDU+df�%y¦WYcVh�Wf{J�jMDU F

(φ+ ψ)(N) = �	��� ∃N1,N2.
(

(N = N1 + N2) ∧ φ(N1) ∧ ψ(N2)
)

.

P÷] � h��j�<Wf��UVd0klcadzyYM�XJU�ML��Xl�%]Vd(m[ML�JqlMY��W?UQhjq�F
"9�E]VGJM;W?m¦e`XlqJo	]}dY��UVXlK(�¥]VGJWf]Qh�U}W0oLdYqlqJM>o�]adYc
BUVXJopG(]aGJWz]

ξ ` φ B ψ
hj�½WfqJm�d?ql��_�hj�

ξ + φ ` ψ
� � GlMLcaM�]aGlM�MLq1]pWfh��jKNMLq1]QcVM>��Wf]Vh�dYq�� φ ` ψ �!KNM>Wfq#U]aGJWz]

[[φ]] ⊆ [[ψ]]
 ���FHGJM���d?�j��d � h�ql�0m[ML�Jqlhj]Vh�dYq§h�U}cVM>K;h�qlh�UVoLMLq1]}df�½]aGlM¤o	d?cVcaM>UVk#d?qJm[M>qJo	M�{#ML] � M>MLq

BWYqJm\]VGlMn��hjqJM>Wfc5h�KNkl��h�o>Wz]Vh�dYq(o	d?qlqlMDo�]Vd?c5df�.�jh�qlM>WYc5�jd?�Yh�of� � Glh�opG � W?U5Wf��cVMDWYm[_¤KNMLq1]ahjd?qlM>m0hjq�K M�N÷�

¨ UaU�XlKNM
N,N1

WYqJm
N2

WfcaMQm[h�U�e`dYh�q?]^UVM>�1XlM>qJo	MDU+df�%y¦WYcVh�Wf{J�jMDU F

(φ B ψ)(N) = �	��� ∀N1.
(

φ(N1)→ ∃N2.(N2 = N1 + N) ∧ ψ(N2)
)

.

FHGlM���d?�j��d � hjqJ��klcadYk!MLcV]`_¢U`]pWz]aM>U�]VGlM�UVdYXlq#m[qlM>UaU;df��]VGlMDU�M(MLq#o	d[m[h�ql�?UNWfq#m'caML��Wz]VMDU
B
� h�]aG W

UVXl{[]acaW?o�]ahjd?q0d?k#M>caWf]Vh�dYq\dzy?MLc+]VGJMnk#d � MLcpU�ML]+dY�
N

p �
� � ° � ° � ��� � °���
 � � � #�# ��A �

φ
��� 1

ψ
��, � � � ����, �-# c0��,m� � ,�8$��,-A7��4 � # *f�  =� �[8$��, � > � ,-. #0� �

S
� 8

�)�
� � � � , > � 	$�(��, # * �%�  ��> � �

S ⊆ [[φ+ ψ]] ⇔ S ⊆ [[φ]] + [[ψ]] ,

S ⊆ [[φB ψ]] ⇔ S + [[φ]] ⊆ [[ψ]] .

� � °�°�� ©ld?c½]aGlM^�#caU�]�MD�?XJhjyzWf��MLq#o	MY� � M^klcadzyYM*]VGJWf] [[φ]] + [[ψ]] = [[φ+ψ]]
� ¨ UVUVXlKNM

n
h�U+W�yYMDo�]adYc

h�q
N

p � � M�G#W¦yYM n ∈ [[φ]] + [[ψ]]
hj�^Wfq#m§dYql��_�hj�H]VGlM>cVM0M	Z[h�U`]�] � d�yYMDo�]adYcpU n1

Wfq#m
n2

U�XJopG§]aGJWz]
n = n1 + n2

Wfq#m
n1 ∈ [[φ]]

Wfq#m
n2 ∈ [[ψ]]

�l]VG#Wz]5h�U>�lhj�%WYqJm0dYql��_\hj�
n ∈ [[φ+ ψ]]

�
©JdYc%]VGJM*U�MDo	dYq#m�MD�?XJhjyzWf��MLq#o	MY�Yh�]9h�U%MLqld?Xl�YG�]VdnkJcVdzy?M9]VG#Wz]

n
h�q

[[φBψ]]
hj�EWYqJm;dYql��_�hj�

n+[[φ]] ⊆
[[ψ]]

�
�+_�m[ML�Jqlhj]Vh�dYq�dY�
B
� � M�GJW¦yYM n

hjq
[[φ B ψ]]

hj�9WfqJm�d?ql��_\hj�<��dYc�WY�j�
n1 ∈ [[φ]]

�!]aGlMLcaM�h�U
n2

h�q
[[ψ]]

UVXJopG0]VGJWf]
n + n1 = n2

]aGJWz]5h�UL�
n + n1 ∈ [[ψ]]

�#W?U�qJMLM>mlM>m¥�
�

P÷]�h�U�Wf��UVd0k!d?UaU�h�{l��M;]Vd�m[MLcah�yYM¤W0��dYcaK�Xl��W���d?cnh�]aMLcpWz]ahjd?q��
φ∗
��UVXJopGw]aGJWz]

[[φ∗]] = [[φ]]∗
��]VG#Wz]�h�UL�

|= φ∗(n)
h��9WYqJm(dYql��_\hj�

n
h�U5]aGlM�UVXlK dY�%W¤�Jqlhj]VM�q�XlK�{#M>c^df�%yYMDo�]adYcpU5UVWf]Vh�U`��_�h�ql�

φ
� � M�]pWf�?M}]VGlM

M>KNk[]`_�UVXlK ]Vd0U`]pWfqJm���d?c*]VGJM�q�Xl���CyYMDo�]adYcD�
0 = (0, . . . , 0)

�*FHGlM�oLdYqJU�]VcaXJo	]Vh�dYq�h�U^�1Xlhj]VM�oLdYKNkl��M	Z¥�
WYqJm0cVMD�?XJhjcaM>U+h�q0]aGlM}�JcpU`]5kl��WYoLM}]Vd¤o	d?KNklX[]VM}]aGlMn{JW?U�MDU+WYqJm�k#M>cVh�d[mlUHdf��]VGlM�UVMLKNh��jh�qlMDWfc*UVM	]

[[φ]]
�

×�× Ý�o=p������



O¦v � B��7��4����)4U�
��*�� B �<�E�E� ���
	 ��B�� � . #&# ���
�=� � ,

¨ UaU�XlKNM
φ
h�U*W���dYcaK�XJ��WNUVXJopG\]aGJWz]

[[φ]] =
⋃

i∈1..l L(bi, Pi)
� � hj]VG Pi =

{

pi,1, . . . ,pi,li

} F

φ∗(N) = �	��� ∃µi, λi,j .
(

N =
∑

i6l

(

µibi +
∑

j6li
λi,jpi,j

))

∧
∧

i6l

((
∨

j6li
λi,j 6= 0

)

→ µi 6= 0
)

P²q1]VXJh�]ahjy?ML��_Y�#]VGlMn��d?cVK�Xl��W
φ∗(n)

oLdYqJU�]VcpWfh�q1]aU+]aGlM�y?M>o�]adYc
n
]Vd�{!Mn]aGlM�UVXlK df�<ML��MLKNMLq1]pU5]aWY�YM>q

��cadYK ⋃

i∈1..l L(bi, Pi)
� � GlMLcaMwWYq ML��MLKNMLq1]0h�q L(bi, Pi)

�Å��d?c0WY�j�
i ∈ 1..l

 ¤h�U\{1_ m[ML�Jqlhj]Vh�dYq W
UVdY��X[]ahjd?q0dY�

φ
�

� � ° � ° � ��� � °���
 � � � #�# ��A �
φ
� # � � , �$# c$��,m� � ,�8$��,-A ��4Q� � �)�  

p
8&, �&� >2��,-�
�Ec04 �$# *f�  5� �

|= φ∗(n)� 8`��� 1 ���=4U. � 8e�  5� , �[��� � # � # � a �=�)� �e#0� � � � �;	 � (n1, . . . ,nk)
� 8 � 4 � A � �
� # �)�

N
p # �=	  �  ���

n =
∑

i∈1..k ni
��� 1
|= φ(ni)

8$��,���4)4
i ∈ 1..k

B
� � °�°�� "CM	]

φ
{#M^W}b½cVMDU�{lXJcV�?MLc.��dYcaK�Xl��W}m[MLqJdf]VMDmN{�_n]VGlM�U�M>K;h���hjqlMDWfc9UVM	] ⋃

i∈1..l L(bi, Pi)
� � hj]VG

Pi =
{

pi,1, . . . ,pi,li

} ��dYc*WY�j�
i ∈ 1..l

�
¨ UVUVXlKNM

|= φ∗(n)
�*FHGlMLcaM�WfcaMnhjq1]aML�YM>caU

µi
����dYc

i ∈ 1..l
 5WYqJm

λi,j
�Å��d?c

i ∈ 1..l
WfqJm

j ∈ 1..li
 

UVXJopGw]VGJWf]
n =

∑

i6l

(

µibi +
∑

j6li
λi,jpi,j

) WfqJm (
∨

j6li
λi,j 6= 0

)

→ µi 6= 0
��d?cnWf���

i ∈ 1..l
�

"CM	]V]Vh�ql�
I =

{

i ∈ 1..l µi 6= 0
} � � M�GJW¦y?M µi = λi,j = 0

��d?c�Wf���
i ∈ 1..l \ I

�
j ∈ 1..li

�!WYqJm�]VG�XJU
n =

∑

i∈I

(

µibi +
∑

j6li
λi,jpi,j

) ��©ld?c
i ∈ I

�E�jML]
ni,1 = bi +

∑

j6li
λi,jpi,j

�EWYqJm¥�¥hj�
µi > 2

�
��M	]

ni,2 = . . . = ni,µi
= bi

�½©ld?c^Wf���
i ∈ I

�#Wfq#m\��d?c*Wf���
j ∈ 1..µi

� � MnGJW¦yYM ni,j ∈ L(bi, Pi)
�#Wfq#m

]aG�XJU
|= φ(ni,j)

� � GJhj��M n =
∑

i∈I

(

µibi +
∑

j6li
λi,jpi,j

)

=
∑

i∈I

(
∑

j6µi
ni,j

) �
©JdYc}]VGJM�o	dYq�y?MLcpU�M?��WYUaU�XlKNM;]VGJMLcaMNWYcVM

n1, . . . ,nk
UVXJopG�]VGJWf]

n =
∑

h∈1..k nh
WYqJm
|= φ(nh)��d?c5Wf���

h ∈ 1..k
�<©ld?c+MDWYopG

h ∈ 1..k
�
nh

K�X#U`]H��Wf���¥h�q?]ad;Wf]5�jMDWYU�]Hd?qlMQdf�C]aGlM
L(bi, Pi)

��dYc
i ∈ 1..l

�
UVd�]aGlMLcaMQh�U+W�UVM>�1XlM>qJo	M�df�Ch�q1]VM>�YMLcpU (

µi

)

i∈1..l

U�XJopG\]VGJWf] � M}oLWfq0m[M>oLdYKNk#d1U�M^]VGlM}UVXlK ∑

h∈1..k nhh�q1]Vd
n =

∑

i6l

(
∑

h6µi
ni,h

) � � GlMLcaM ni,h ∈ L(bi, Pi)
��dYcnWf���

i ∈ 1..l
�
h ∈ 1..µi

��FHG�XJU>�E]VGlM>cVM
WYcVMQh�q?]aML�?MLcpU

λi,h,j
����d?c

i ∈ 1..l
�
h ∈ 1..µi

Wfq#m
j ∈ 1..li

�lUVXJopG0]VGJWf]
ni,h = bi +

∑

j6li
λi,h,jpi,j

�
_�h�ML��m[h�ql�

n =
∑

i6l

(
∑

h6µi

(

bi +
∑

j6li
λi,h,jpi,j

)) ��]aGJWz]5h�U
n =

∑

i6l

(

µibi +
∑

j6li
λi,jpi,j

) �
� hj]VG λi,j =

∑

h6µi
λi,h,j

� � M}o	d?qJo	��XJm[MQU�h�KNkl��_¤{1_NqldY]Vh�o	h�ql��]VGJWf]���d?c+WY�j�
i ∈ 1..l

�1hj�
µi = 0

]aGlMLq
λi,j = 0

��d?c*Wf���
j ∈ 1..li

�
�

P²q\]VGlMQWfK�{JhjM>q?]+�jd?�Yh�of��o	d?K;kJX[]Vh�ql��]aGlM}m[MLqldY]aWf]Vh�dYq�dY�
ABB

cVMD�1XlhjcaM>U�W�XlqJhjy?MLcpUVWY�#�1XJWfq1]ah��#o>Wz�
]ahjd?q�dzy?MLc

[[A]]
Wfq#m�hj]9h�U.]aGlMLcaM	��d?cVM5W}o	d1U`]a�j_�dYk!MLcpWz]Vh�dYqC��FHGlh�U<o	d?K;kJ�jMLZ�hj]`_�h�UVUVXlM5m[d�M>U<qJdf]9Wfklk!M>WYc9WYU

oL�jMDWfca�j_0hjq(]aGlM�mlM	�Jqlhj]Vh�dYqwdf�9U�XJ{[]VcpWYo	]Vh�dYq�� XQh�yYMLq(]aGJWz]}Wfq�Xlq#o	dYq1]acVd?�j��M>m(Wf�j]VM>cVq#Wz]Vh�dYq(dY�½U�XlK Wfq#m
qJML�?Wf]Vh�dYqNK¤W¦_���M>W?m;]Vd�b9caM>UV{lXlca�YM>c%��dYcaK�Xl��WYU � h�]aG�Wfq¤Xlq�{!dYXlqJmlM>m¤Wf�j]VM>cVq#Wz]Vh�dYqNdY�¥�1XJWYq1]Vhj�JMLcpUL�Y]VGlM
X#U�M�df�

B
mld1MDU^qJdf]nWfklk!M>WYc�KNdYcaM�klcadY{J�jM>KNWf]Vh�on]aGJWfqw]VGlMNo	d?K�{lh�qJWz]ahjd?qidf�+o	dYKNk!d?UVh�]ahjd?q£�

+
 �WfqJm

qJML�?Wf]Vh�dYq��ng�d?cVM;U�XJcVklcah�U�h�ql�Y��_Y� � GlM>q�oLdYqJUVh�mlMLcahjql�0dYk!MLcpWz]adYcpU*m[MLcah�yYM>mi��cVd?K�F
"9�Eh�]�WYklk#MDWfcpU*]aGJWz]
]aGlM�o	d?KNkl�jMLZ[h�]`_�h�U5m[d?K;h�qJWf]VM>m�{�_�hj]VM>caWf]Vh�dYq��

� � ���5� ���
� �������	�

FHGJM ,�GlM>W¦y?M>U "CdY�Yh�o}� , ". .h�U½W}qlM � KNd�mJWf�l��dY�?h�o���dYc½hjq[��d?cVK¤Wf]Vh�dYq�]VcaMLM>U.]aGJWz]+m[hjcaM>o	]V��_�M>qJo	d?K;k#WYUaU�MDU
b½cVMDU�{lXJcV�?MLc5o	d?qJU`]acaWYhjq1]pUL�[Wfq#m\h�U5{JW?U�MDm\d?q\]aGlM
��UVGlMDW¦yYM>m0o	d?K;k!d?UVhj]Vh�dYq ��qJdf]aWf]Vh�dYq�df�*,�M>o	]Vh�dYq�v[��OY�

é�Û.×�éÅè
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E ::=
+9��MLKNMLq1]5��dYcaK�XJ��W

α[A]
ML��MLKNMLq1] � hj]VG(��WY{#M>��h�q α

A ::=
W�dYXlq1]ahjql�;��d?cVK�Xl��W

>
]VcaXlM

∃N� φ � E
U�GJM>W¦yYMDm\oLdYKNk#d1U�hj]Vh�dYq§� � hj]VG |N| = |E|  

� M�WY�?Wfh�qNXJUVM5]VGlM^�jML]�]VM>caU
A,B, . . .

]ad�cpWfql�?M5dzyYMLc%��d?cVK�Xl��WYU<dY� , "9�1{lX[]9]aGlh�U+UVGldYXl��mNqldY]�oLWYXJU�M
WYq�_�WfK�{lh��YXlhj]`_ � hj]VG�F
"��,��d?cVK�Xl��W?UL� � M^cVML��MLc<]ad}]VGlM^UVM>�1XlM>qJo	M E

df�¥ML��MLKNM>q?]½��dYcaK�Xl��WYU<WYklk#MDWfcahjqJ�
h�q0W�U�GJM>W¦yYMDm¤o	d?K;k!d?UVhj]Vh�dYq

A
WYU½]VGlM7# � 'E' ��,-��> � 	$�(��, df�

A
��P²ql��dYcaKNWY�j��_Y��Wfq0ML��MLKNMLq1]���dYcaK�Xl��W

α[A]h�q�WnUVXlklk!dYcV]9yYM>o	]Vd?c<KNWf]aopGlMDU<�YcadYXJkJU%df�¥ML��MLKNM>q?]pU<df�!]VGJM5��dYcaK
a[d]

� � hj]VG a ∈ α WfqJm d |= A
�<FHGlM

oLdYKNk!d?UVh�]ahjd?q
∃N�φ �E

h�U<WQ�1XJWYq1]Vhj�#oLWf]Vh�dYq;dzyYMLc.]aGlMHq1XJK�{!MLc9dY�#ML��MLKNM>q?]pU%hjqNMDWYopG�dY�#]aGlM>UVMH�YcadYXlk#UL�
oLdYqJU�]VcpWfh�qlMDm({1_�]aGlM�b9caM>UV{lXlca�YM>c*��d?cVK�Xl��W

φ
�nFHGlM���dYcaK�Xl��W

>
m[d�M>U�qldY]Qo	d?qJU�]VcpWfh�q�h�]pU�KNd[m[M>��U�hjq

WYq�_ � W¦_?�
"�� ¬ ��� ¬ � ��°  ����" ¬ �£� � � �,�Y�

[[α[A]]] =
{

a[d] a ∈ α , d ∈ [[A]]
}

[[(E1, . . . , Ep)]] = ([[E1]], . . . , [[Ep]])

[[>]] = IT
[[∃N� φ � E]] =

⋃

n∈[[φ]] n � [[E]]

FHGlM5UVMLK¤Wfq1]ah�oHm[ML�Jqlhj]Vh�dYq;df�!UVGlMDW¦yYM>m�o	d?K;k!d?UVhj]Vh�dYq;h�U%klcadY{#Wf{l��_}M>WYUVh�MLc.]Vd}XlqJmlMLcpU`]pWfqJm�hjq�]VM>cVK¤U
dY�n]VGlM�WYUaU�d[oLh�Wf]VM>m UaWz]ah�U���WYo	]Vh�dYq caML��Wz]Vh�dYqC� ¨ UaU�XJK;M

E
h�U�]aGlM�UVXlklk!dYcV]

(E1, . . . , Ep)
WfqJm

n =
(n1, . . . , np)

� ¨ qih�q[��dYcaK¤Wz]ahjd?q(]VcaMLM�h�U^h�q�]aGlM�UVM	]
n � [[E]]

hj�½WfqJm�d?ql��_0hj�9h�]QK¤W¦_0{!M;mlM>o	d?KNk#d1U�MDm
h�q1]Vd;]VGJMnklcVd[m[X#o�]*df�

n1
ML��MLKNMLq1]pU5UVWf]Vh�U`��_�h�ql�

E1
�¥�>�L�>�JWfqJm

np
M>�jM>K;M>q1]aU5UaWz]Vh�U���_1h�ql�

Ep
�

d ∈ n � [[E]] ⇔

{

d ≡
∏

i∈1..p(e
i
1 | . . . | e

i
ni

)

ei
j |= Ei

��dYc*WY�j�
i ∈ 1..p, j ∈ 1..niFHGlM>q

d
K¤Wz]popGlM>U¤]VGlMwoLdYKNk!d?UVh�]ahjd?q

∃N � φ � E
h���Wfq#mÿd?ql��_£hj�Q]aGlMLcaMiMLZ�h�U�]aU�W¢UVM>�1XlM>qJo	M�dY�

K�Xl�j]Vh�kl�jh�o	hj]Vh�M>U
n
U�X#opG\]aGJWz]

|= φ(n)
WYqJm

d ∈ n � [[E]]
�

����� � � 	  	

FHGJMiU�_�q1]aWfZ£df� , "�m[d�M>U�qldf]�caM>U�]Vcah�o	]¤]VGlMiUVXlklk!dYcV]�yYMDo�]adYcpU�]aGJWz]0KNW¦_£{#MiX#U�MDmÿh�q W���dYcaK�Xl��Wl�
x^dYqlML]VGlM>�jMDUVU>��UVdYKNM�UVXlklk!dYcV]aU;GJW¦yYM�{!M	]�]aMLc�kJcVd?k#M>c�]ahjMDU�]aGJWfq dY]VGlM>caU>� ©JdYcNM	ZlWYK;kJ�jM?��W§U�XJklk#d?c�]
y?M>o	]VdYc}K¤W¦_w{!M � � � � ,R���m�)�/� ��]VG#Wz]�h�UL� ⋃

n∈Np n � [[E]] = IT
��d?cnM>�1Xlh�yzWf��MLq1]V��_ ⋃

i∈1..p[[Ei]] = E
 	�

¨ qldf]aGlMLcnh�q1]VM>cVMDU`]ahjql��klcadYk!MLcV]`_�df�HU�XlkJk#d?c�]nh�UQ]Vd(GJW¦yYM;ML��MLKNM>q?]}��d?cVK�Xl��W?U � h�]aG§mlh�U�e`dYh�q1]nmlMLqldY]aWz�
]ahjd?qJU>��P²q0]aGlMn��Wz]�]aMLc^o>WYUVMY� � MnUVW¦_¤]aGJWz]5]aGlMnML��MLKNM>q?]5��d?cVK�Xl��WYU5WfcaM 4U�)� � ��,-4 .e�)� 1\�3'=� � 1E� �=� �%P²q�]VGJh�U
o>WYUVMY�¦]aGlM5m[M>oLdYKNk#d1U�hj]Vh�dYq�df�#W�]acVM>M�h�U%Wf� � W¦_[U�Xlqlh��?XJMY�z]aGJWz]<h�UL�fhj� n 6= m

]aGlMLq
n � [[E]]∩m �[[E]] = ∅

�
��cpW � hjql��W�kJWfcpWf���jM>� � hj]VG§��hjqJM>WfcnWY�j�?ML{lcpWl� � M;m[ML�JqlM�W0qldf]ahjd?qwdY� ���Yd�d[m �;UVXlklk!dYcV]Qy?M>o�]adYcpUL�E]aGJWz]
� MnoLWY�j� c&� #0�$#�� � Glh�opG(WYcVMQ�YM>qlMLcpWz]ahjqJ�;UVM>�1XlM>qJo	MDUHdf�%�jh�qlM>WYcV��_¤h�qJm[MLk!MLq#m[MLq1]^M>�jM>K;M>q1]+��d?cVK�Xl��WYU>�
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(E1, . . . , Ep)

� # �ec&� # � # � 8f��� 1 ���=4U.C� 8
i 6= j

�)A ' 4U� �$#
[[Ei]]∩

[[Ej ]] = ∅
8$��, ��4)4

i, j ∈ 1..p
*���� 1 ⋃

i∈1..p[[Ei]] = E
Be� c&� # � #

E
� # ' ,R� '5� ,C� 8e��� 1 ���
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E
� # ��4 # �`� c&� # � # B

FHGlM5UVhjKNkl��M>U�]<M	ZlWfKNkl��M+df�#WQ{JW?U�h�UCh�U.]VGJMHUVh�ql�Y��M	]adYq�UVM>�1XlM>qJo	M
AnyE

� ¨ qldY]VGlM>c9U�h�KNkl�jM+M	ZlWYK;kJ�jM
h�U+]VGJM�U�MD�?XJMLqJoLM

(a1[>], . . . , ap[>],Σ⊥[>])
� � GlMLcaM Σ =

{

a1, . . . , ap

} h�U*W��JqJh�]aM�U�Xl{#U�ML]*df�
Λ
�

FHGlMnqJM	Z�]*klcadYk!d?UVh�]ahjd?q�U�]aWf]VM>U+]aGlM}��XlqJmJWfKNMLq1]aWY��klcadYk!MLcV]`_¤df�%{JWYUVM>U>� � Glh�opG0h�UH]aGJWz]^WYq1_\hjq[��d?c��
K¤Wf]Vh�dYq0]VcaMLMnWYm[KNhj]aU*W;XlqJh��1XlM�m[MDo	d?K;k!d?UVhj]Vh�dYq0��dY���jd � h�ql�NW��?hjy?MLq�{JWYUVh�UL�
� � ° � ° � ��� � °���� � � � #�# ��A �

E = (E1, . . . , Ep)
� # � c�� # � # *?�  5� �[8$��,`���=.��)� 8$��,-AJ���6�
��� �6, �&� *
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*

�  5� , � � # �J���=� � � � �)�
� � � � , # > � 	$�(��,&*
n ∈ N

p
* # �=	  �  ���

d ∈ n � [[E]]
B

� � °�°�� "CM	]
d
{#M*]VGlMQo	dYKNk!d?UVh�]ahjd?q

e1 | . . . | el
� � hj]VG ei ∈ E

��dYc½WY�j�
i ∈ 1..l

��,�h�qJo	M
E
h�U9W�{JWYUVh�U>�

WYq�ML��MLKNM>q?]
ei
h�q¤]VGJMQm[MDo	d?K;k!d?UVhj]Vh�dYq�dY�

d
{!ML��dYqJ�?U<]ad�MLZ[W?o�]a�j_NdYqJM�UVM	]
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nk
m[M>qldf]aM>U½]VGlM

q�XlK�{#M>c½dY��ML��MLKNMLq1]aU½hjq
d
]aGJWz]+{#M>�jd?ql�?U9]Vd

[[Ek ]]
� �+_No	d?qJU`]acVX#o�]Vh�dYqC� � M*GJW¦y?M d ∈ n � [[E]]

Wfq#mN]VGlh�U
h�U+]VGJMndYql��_ � W¦_¤]Vd¤m[MDo	dYKNk!d?UVM d ��dY���jd � h�ql� E

�
�

��� � �  	� �  ��  %�-� 	

� M+hjq1]Vcad[m[XJoLM9]VGJM�qldY]Vh�dYq�dY� , �ma � � A � �
� dY�JW�UVXlklk!dYcV]�y?M>o�]adYc.WfqJm�mlM>Uao	cahj{!M+W^KNM	]VGJd�m���dYc.{lXlh���mlhjql�
WNoLdYKNKNdYq�{JWYUVh�U+��cadYK GlM	]aMLcadY�YM>qlMLd?XJUHU�XJklk#d?c�]pUL�

P²q[��d?cVK¤WY�j��_Y�J]VGlM�UVXlklk!dYcV]
F
h�U^W¤caM	�JqJMLKNMLq1]*df�

E
hj�<��cadYK WYq�_0m[MDo	dYKNk!d?UVh�]ahjd?q�df�9W;]VcaMLM�dzyYMLc

E
h�]}h�U*k!d?UaU�h�{l��M�]Vd\M	Z�]VcpWYo	]QW¤KNdYcaM�klcaM>oLh�UVM�m[MDo	d?K;k!d?UVhj]Vh�dYq�dzyYM>c

F
��©JdYc^MLZlWfKNkl��MY�#]VGlM;U�XlkJk#d?c�]

(α[A], α[¬A])
h�U5WNcaM	�JqJMLKNMLq1]5df�

(α[>])
�

��¬��
� ����� °���� � � � �\¬��
�.¬ � ¬	� � � � , �ma � � A � �
��8&,R��A �  5�e# � 'E' ��,-�
E = (E1, . . . , Ep)

�)�=�(�[�  5�
# � '\' ��,-�

F = (F1, . . . , Fq)
� # � , � 4Q���m�
���

R
� 8

1..p × 1..q
# �=	  �  ����8$��,`��4)4

i ∈ 1..p
�%�e ��> �

[[Ei]] =
⋃

(i,j)∈R[[Fj ]]
B

� MiXJUVM�]VGlM�qldY]aWf]Vh�dYq
F �R E � GlM>q ]VGlM>cVM(M	Z[h�U`]pU�W�cVML�JqlM>K;M>q1] R ��cadYK

E
h�q1]Vd

F
WfqJm

UVh�K;kJ�j_ � cah�]aM F � E � GlMLq\]VGlM�cVM>��Wf]Vh�dYq R h�U+dY{�y�h�dYXJU9��cVd?K ]aGlM}o	dYq1]aM	Z�]>�<FHGlM�KNWYhjq0klcadYk!MLcV]`_�dY�
caM	�#qlMLKNMLq1]pU�h�U�]VGJWf] � GlMLq F

caM	�JqJM>U
E
�lWYq1_ , "��,��d?cVK�Xl��W � hj]VG(U�XJklk#d?c�] E

oLWYq\{!M}cVM � cVhj]�]aMLq\h�q1]Vd
WYq0MD�1XlhjyzWY�jM>q?]H��d?cVK�Xl��W � hj]VG�UVXlklk!dYcV] F

�
� � ° � ° � ��� � °���� � � � #�# ��A �

E = (E1, . . . , Ep)
��� 1

F = (F1, . . . , Fq)
��, � � � � # � '\' ��,-� > � 	0�(��, #

# �=	  �  ���
F �R E

* �  =� �`8$��,@���=. � , �-# c0��,m� � , 	&��� # �6,R���)�=�
φ(N)

* � �)�  
N = (N1, . . . , Np)

* �%�
 ��> � �

[[∃N� φ � E]] = [[∃M� ϕR � F]] ,
�! =� , �

M = (M1, . . . ,Mq)
��� 1

ϕR
� # �  5� 	&��� # �6,R���)�=� �

∃
(

Ni

)

i∈1..p
,
(

X i
j

)

(i,j)∈R
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



∧

j∈1..q
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j
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∧
∧
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Ni =
∑
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j

)
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� � °�°�� � MQklcadzyYM
[[∃N� φ � E]] ⊆ [[∃M�ϕR � F]]

�9FHGlM�kJcVd�df�¥��d?c+]VGlMQdf]aGlMLcHm[h�cVMDo�]Vh�dYq0h�UHUVhjKNh���WYc>�
¨ UVUVXlKNM

d ∈ [[∃N � φ � E]]
� FHGlM>q

d
h�UN]VGJMwo	d?K;k!d?UVhj]Vh�dYq df�

n1
M>�jM>KNMLq1]aU0UVWf]Vh�U`��_�h�ql�

E1
�,UVW¦_

e11, . . . , e
1
n1

 ����L�L�aWfqJm
np

M>�jM>KNMLq1]aU5UaWz]ah�U���_�hjql�
Ep

��UaW¦_
ep
1, . . . , e

p
np

  � h�]aG |= φ(n)
�

�+_£m[ML�Jqlhj]Vh�dYq df�
F �R E

� � M�G#W¦yYM [[Ei]] =
⋃

iRj [[Fj ]]
� FHGJMLcaM	��dYcaM�MLyYM>cV_¢M>�jM>KNMLq1]

ei
j

h�q
]aGlh�U�m[MDo	d?K;k!d?UVhj]Vh�dYqwUVGldYXJ��miWY��UVd¤��WY�j�%h�q?]ad\d?qlM�dY�<]VGlMNo	d?K;k!dYqJMLq1]aU�df�

[[F]]
�E]VG#Wz]�h�U>�#]aGlMLcaM�MLZ[h�U�]aU

WYqÿh�qJm[MLZ
ri,j

h�q
1..q

UVXJopGÿ]VGJWf]
i R ri,j

WfqJm
ei

j ∈ [[Fri,j
]]
��dYc�Wf���

i ∈ 1..p, j ∈ 1..ni
�AFHGJh�U

�?hjy?M>U+W;qlM � m[M>oLdYKNk#d1U�hj]Vh�dYq0df�
d
hjq1]Vd�]VGJM�U�XlkJk#d?c�]

F
UVXJopG\]aGJWz]H]aGlMnoLWfcpm[h�qJWf��hj]`_

mk
df� {

(i, j) ∈

1..p×1..ni ri,j = k
} h�U<]aGlM*q�XlK�{#M>c9df�¥ML��MLKNM>q?]pU9K¤Wz]popGlh�ql�

Fk
�.FHGJM*cVM>��Wf]Vh�dYq

d ∈ [[∃M�ϕR �F]]��d?�j��d � U+{�_\klcadzy�hjql��]VG#Wz] ϕR(m1, . . . ,mq)
Gld?��mJUL�

"CM	]
xi

k

{!M*]VGJM^oLWYcam[h�qJWY�jhj]`_�dY�E]VGlMQU�ML] {

j ∈ 1..ni ri,j = k
} �Y]aGJWz]+h�U>�Y]aGlM^q�XlK�{#M>c½dY�EM>�jM>KNMLq1]aU

ei
j

�[��d?c
j ∈ 1..ni

�lWYUaUVhj�?qlM>m\]Vd
Fk
� � MnGJW¦yYM

ni =
∑

iRk,k∈1..q x
i
k

��dYc*WY�j�
i ∈ 1..p

� � Glh�opG(hjKNkl��h�M>U
|= φ(

∑

1Rj x
1
j , . . . ,

∑

pRj x
p
j )
�#WfqJm

mk =
∑

iRk,i∈1..p x
i
k

��d?c*Wf���
k ∈ 1..q

�lWYUHcaM>�1Xlh�cVMDm¥�
�

� � ° � ° � ��� � °���� � � � #�# ��A �
E

��� 1
F

��, � � � � ' ,R� '=� , c�� #0�-# B�� � 	&��� c0���)4 1 � ' ,R� '=� , c�� # � # *
1\� �;��� �&1

E× F
*%�  ��� , �
a � �$# c&���  

E
��� 1

F
B

� � °�°�� �+_�h�qJm[XJo	]Vh�dYq(dYq�]aGlM�m[MLkl]VG(df�
E
� ¨ UVUVXlKNM

E = (E1, . . . , Ep)
WfqJm

F = (F1, . . . , Fq)
�

� GJMLcaM Ei = αi[Ai]
WYqJm

Fj = βj [Bj ]
��d?c*Wf���

i ∈ 1..p, j ∈ 1..q
� � MnklcVd[oLMLM>m0{�_\oLW?U�MnWYqJWf��_[U�h�U+dYq

]aGlM}��dYcaK�XJ��W?U
(Ai)i∈1..p

�
P÷�
Ai = >

��d?c9Wf���
i ∈ 1..p

�f�jML]
G
{!MH]VGJM*U�XlkJk#d?c�] � hj]VG¤ML��MLKNM>q?]%��d?cVK�Xl��W?U Gi,j = (αi∩βj)[Bj ]��d?c*Wf���

i ∈ 1..p, j ∈ 1..q
� � M}klcVdzy?M^]aGJWz]

G
h�U5WN{JWYUVh�U+caM	�JqJhjql�

E
WYqJm

F
�

� M�G#W¦yYM
[[Gi,j ]] = [[Ei]] ∩ [[Fj ]]

� ,�hjq#o	M
[[Gi,j ]] ∩ [[Gk,l]] = ([[Ei]] ∩ [[Ek]]) ∩ ([[Fj ]] ∩ [[Fl]])

� � M
G#W¦yYM

[[Gi,j ]]∩ [[Gk,l]] = ∅
hj��Wfq#m¤dYql��_Nh��

i = k
WYqJm

j = l
� �^MLqJoLMY�1]VGlM^��dYcaK�Xl��WYU½hjq

G
WfcaM*��hjqJM>Wfca��_

h�qJm[M>k#M>qJm[M>q?]D�¢g�dYcaMLdzy?MLcD� ⋃

i,j [[Gi,j ]] =
⋃

i[[Ei]] = E
�<]aGJWz]Nh�U>�

G
h�U��?MLqlM>caWf]Vh�ql�J��©.hjqJWY�j��_Y�9]VGlM

caML��Wz]ahjd?qJU
R
Wfq#m
R′ UVXJopGN]aGJWz] i R (i, j)

WfqJm
j R′ (i, j)

��dYc�Wf���
i ∈ 1..p, j ∈ 1..q

WYcVM5caM	�JqJMLKNMLq1]aU
��cadYK

E
WfqJm

F
]ad

G
�JWYUHqlM>M>m[MDm¥�

¡ ]aGlMLc � h�UVMY��]VGlM>cVM¤h�U n > 1
UVXJopGw]aGJWz]n��d?c�Wf���

i ∈ 1..p
�
Ai

h�U}df�5m[MLkl]VG¢Wz]nKNd?U�]
n
� "�ML]

Ci� , �$#m' B
Dj
 �{#M}]aGlMn{JW?U�h�U+XJU�MDm�hjq0]VGlM�mlM	�Jqlhj]Vh�dYq�df�

Ai
� , �$#m' B

Bj
 �� �+_�h�qJm[X#o�]Vh�dYq(G�_�k#dY]VGlMDU�h�U � M

G#W¦yYM�]VGJWf]+��d?c*Wf���
(i, j) ∈ 1..p× 1..q

��]VGlM>cVM}h�U5W�klcadYk!MLcH{JW?U�h�U
Ci ×Dj

cVML�Jqlh�ql�
Ci

WYqJm
Dj
� �+_

b½cVd?k#d1U�hj]Vh�dYqwtl� vl� � M�K¤W¦_0caM � cahj]VM Ai
WYqJm

Bj
hjq1]Vd\M>�1Xlh�y¦WY�jM>q1]^��dYcaK�XJ��W?U*m[M	�#qlM>m�dzy?MLc5]aGlM;{JWYUVh�U

Ci ×Dj
�<FHGlM>cVML��dYcaMY� � MQo>Wfq�{lXlh���m(W���dYcaK�XJ��W�M>�1Xlh�yzWf��MLq1]H]Vd Ai ∧Bj

�9FHGlM}klcVd?k#d1U�hj]Vh�dYq\��dY���jd � U
{�_iopGld�d1U�h�ql�¤��d?c

E × F
]VGJMNUVXlklk!dYcV]}yYM>o	]Vd?c � hj]VG�ML��MLKNMLq1]Q��dYcaK�Xl��WYU (αi ∩ βj)[Ai ∧ Bj ]

��d?cQWY�j�
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∅[A]
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� hj]VG m[h�U�e`d?hjq1]¤��Wf{!ML�5M	Z[klcaM>UaUVhjd?qJUL� � M�oLWYqÿXJUVM(W�UVh�K;h���Wfc;]VMDopGlqlh��?XJM\]ad�kJcVdzy?M�]VG#Wz]>�½��cVd?K Wfq�_
UVXlklk!dYcV]

E
� � M�K¤W¦_�Wf� � W¦_[U^dY{[]pWfh�qwW\kJcVd?k#M>c�{JW?U�h�U�cVML�Jqlh�ql� E

��FHGlM�h�m[MDW�h�U^]ad�U�]VX#m[_�ML��MLKNMLq1]
��d?cVK�Xl��WYU

BI
M>�1Xlh�yzWf��MLq1]+]Vd ∧

i∈I Ei ∧
∧

i/∈I ¬Ei
� � GlM>cVM I h�UHW�UVXl{JUVM	]Hdf� 1..p

�<FHGlMQklcad�df�CdY��]VGlh�U
caM>UVXl�j]�h�U�UV��hj�?G?]a�j_�KNdYcaM�h�q�yYdY��yYMDm0]VGJWYqi]VGJM�klcad�df�9df�9b½cVd?k#d1U�hj]Vh�dYqwtl� |J�!UVhjq#o	M�h�qi]aGlM��?MLqlM>caWY��o>WYUVM
¬(α[A])

h�U�qldY]�Wfq¢M>�jM>KNMLq1]���dYcaK�XJ��WJ�C{lX[];caWf]VGlM>cn]VGJM\m[h�U�e`Xlq#o�]Vh�dYq¢dY�
α⊥[>]

WfqJm
α[¬A]

�iFHGlh�U
U�]VcadYqJ�YMLc;klcadYk!MLcV]`_§h�UNqldY]¤qlMLMDm[M>m£hjqÿ]VGlM(klcad�df�Qdf�^d?XlcNKNWYhjq caM>UVXl��]D�ÿg�d?cVM>dzyYM>c>� � GlM>cVMDWYU�]VGlM
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�?MLqlM>caWf]VM}Wfq�M	Z[k!dYqlM>q?]ah�WY�¥q�XlK�{!MLc*dY��M>�jM>K;M>q1]5��dYcaK�Xl��WYU>�

� � �N
0���������5������� �
��
��p���

P²q�]aGlh�UnUVM>o	]Vh�dYq � M;M>qJo	d[m[MNM>yYMLca_�dYk!MLcpWz]adYc}df�5F
" hjq1]adiW�mlMLcahjy?M>mw��dYcaK�Xl��W\dY� , "9� ¨ U�W0caM>UVXl�j]>�
� M�dY{l]aWfh�q W¢o	d?K;k!d?UVhj]Vh�dYqJWY�*MLqJoLd[m[hjqJ�§��cVd?K F
" ]ad , " ]VG#Wz]\klcaM>UVMLcayYMDU;]VGlMwhjq1]VM>cVkJcVML]aWz]ahjd?qÿdY�
��d?cVK�Xl��WYU>� P²q�]aGlM���dY���jd � h�ql�J� � M�XJUVM�]aGlM;qldf]pWz]Vh�dYq AnyE

��dYc�]VGJM�M>�jM>K;M>q1]^��dYcaK�XJ��W
∅⊥[>]

�E]aGJWz]
K¤Wf]aopGlMDUHMLyYM>cV_¤M>�jM>KNMLq1]*hjq

E
�

FHGlM�oLdYqJU�]aWYq1]
>
df�5F
" Wf��cVMDWYm[_wGJWYU}hj]aUnMD�1XlhjyzWY�jM>q?]�h�q , "9��WfqJm

0
oLWYq�{!M¤caM>WYmlhj��_iMLq#o	d[m[M>m

X#U�h�ql�¤W;b9cVMDU�{JXlcV�?MLc5o	d?qJU�]VcpWfh�q?]+]VG#Wz]*K¤Wz]popGlM>UHd?ql�j_�]VGlMnq�Xl����yYMDo�]adYcD�
FHGlM�MLqJoLd[m[hjqJ�*df�[]aGlM�' � # �)�6�)> � � '=� ,R���3��, #�h�U��?hjy?MLqnh�qn]VGlM½��dY���jd � h�ql�5]pWf{l��MY��"�d[oLWf]Vh�dYq�� α[A]

�fK¤W¦_
{!MQMLqJoLd�mlM>m�X#U�h�ql��]aGlM¤��UVhjqJ�Y��M	]Vd?q# �U�XlkJk#d?c�]

(α[A])
� � Glhj��M�]VGlMQMLqJoLd[m[hjqJ�?U+df�¥]aGlM}df]VGJMLc+dYk!MLcpWz]Vd?caU

{#WYUVh�o>Wf���j_¤caML��_�dYq0]VGJM�m[MLcahjy?M>m0b9caM>UV{lXlca�YMLcHd?k#M>caWf]VdYcpU��Yh�yYMLq�h�q ,[M>o�]ahjd?q � �ïv[�

¨ UaU�XlKNM
A = ∃N� φA � E

WfqJm
B = ∃N� φB � E

�

0 = �	��� ∃N � (N = 0) � AnyE
α[A] = �	��� ∃N � (N = 1) � α[A]
A ∨ B = �	��� ∃N� (φA ∨ φB) � E

A | B = �	��� ∃N� (φA + φB) � E

A∗ = �	��� ∃N� (φ∗A) � E

FHGlM5M>qJo	d[m[h�ql�1U%��dYc
A∨B

WYqJm
A | B

caM>�1Xlh�cVM
A
Wfq#m

B
]adn{#M^mlM	�JqlMDm;dzyYMLc.]aGlM^UaWfKNM5U�XlkJk#d?c�]D�

FHGJh�U¤oLdYqJm[hj]Vh�dYq h�UNqldf]�kJcVd?{l�jM>K¤Wz]Vh�of� P²qJmlMLM>m��+�?hjy?MLq£] � d¢UVXlklk!dYcV]�yYM>o	]Vd?caU E = (E1, . . . , Ep)WYqJm
F = (F1, . . . , Fq)

�J]aGlM�UVXlklk!dYcV]
(E1, . . . , Ep, F1, . . . , Fq)

caM	�#qlM>U5{!df]aG
E
WfqJm

F
�HFHG�XJU>�J{�_

b½cVd?k#d1U�hj]Vh�dYqwtl� vl� � M�oLWYqiWf� � W¦_[U*W?UVUVXlKNMn]aGJWz]}Wfq�_\] � d¤��d?cVK�Xl��W?U*WfcaM�m[ML�JqlMDm�XJUVhjql�0W\o	d?KNK;d?q
UVXlklk!dYcV]>�

FHGlM9��dY���jd � h�ql�*klcadYk!d?UVhj]Vh�dYqnU`]pWz]aM>UE]aGlM�UVdYXlq#m[qlM>UaU¥dY�1]aGlM½M>qJo	d[m[h�ql�1UE��dYcC]VGlM9k!d?UVhj]Vh�yYM9d?k#M>caWf]VdYcpU>�
FHGJM�klcad�df�CcaML��h�M>U+dYq�Wf���YML{JcaWYh�o5kJcVd?k#M>c�]ahjMDU�dY��]VGJM}UVMLKNhj��cah�ql�

(2IT ,∪, ∅, |,
{

0
}

)
�lUVXJopG�WYUHm[h�U`]acVh�{lX[�

]ahjy�hj]`_�dY�[kJWfcpWf���jM>�fo	d?K;k!d?UVhj]Vh�dYq}dzyYM>c�U�ML]CXlqlh�dYq�WYqJmQ]VGlM½M	Z[k#d?qlMLq1]ah�Wf]Vh�dYq}cVXJ�jM?�
Sn1 | Sn2 = Sn1+n2

�
� � ° � ° � ��� � °�� ��� � � #�# ��A �

A = ∃N � φA � E
��� 1

B = ∃N � φB � E
B 
; 5� 8$��4)4Q� � �)�"� � � �=���m�
��� #

 ��4 1 �

[[0]] =
{

0
}

,

[[α[A]]] =
{

a[d] a ∈ α , d ∈ [[A]]
}

,

[[A ∨ B]] = [[A]] ∪ [[B]],

[[A | B]] = [[A]] | [[B]],

[[A∗]] = [[A]]∗.
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� � °�°�� �+_\m[ML�Jqlhj]Vh�dYq��
[[0]]

h�U+]aGlM�U�ML]
0 � [[AnyE]]

�[]VG#Wz]*h�U+]VGlM�UVhjqJ�Y��M	]Vd?q {

0
} �

�+_�m[ML�Jqlhj]Vh�dYq��
[[α[A]]]

h�U�]VGJM}UVM	]
1 � [[α[A]]]

�[]aGJWz]5h�U�]VGlMnUVM	]
[[α[A]]]

� � Glh�opG\h�U�hj]aUVML�j�.mlM	�JqlMDm0W?U
{

a[d] a ∈ α , d ∈ [[A]]
} ��h��½_?dYX(��M>ML�<W¤{lhj]}oLdYq[��X#U�MDm¥�EcVMDoLWf����]aGJWz] � M�GJW¦yYM�m[M	�JqJM>m α[A]

] � h�oLMY�
d?qJo	MnW?U5Wfq�ML��MLKNMLq1]5��dYcaK�XJ��W;WfqJm�d?qJo	MnWYU5WNoLdYXlq1]Vh�ql�;��dYcaK�XJ��W1 ��

FHGlMnUVM	]
[[A ∨B]]

h�U+]VGlM}Xlqlh�dYq�df��]VGlMnUVGlM>W¦y?M>m0o	dYKNk!d?UVh�]ahjd?qJU
n � [[E]]

��dYc5Wf���E]VGlM}y?M>o�]adYcpU
n
hjq

[[φA ∨ φB ]]
�[]VGJWf]*h�U>�lh�q

[[φA]] ∪ [[φB ]]
�9FHGlMLcaM	��d?cVM

[[A ∨ B]] = [[A]] ∪ [[B]]
�

FHGlM�UVM	]
[[A | B]]

h�U5]VGlMnXlqJhjd?q�dY��]aGlM�UVGlM>W¦y?M>m�o	dYKNk!d?UVh�]ahjd?qJU
n � [[E]]

��dYc*Wf���¥]aGlMnyYMDo�]Vd?caU
n
hjq

[[φA + φB ]]
�[]aGJWz]5h�UL����d?cHWY�j�E]aGlM}yYMDo�]Vd?caU�df��]VGlMQ��d?cVK

nA + nB
� hj]VG nA ∈ [[φA]]

WYqJm
nB ∈ [[φB ]]

�
FHGJMQcaM>UVXl�j]5��dY���jd � U���cadYK ]aGlM}��WYo	]5]VGJWf]

(nA + nB) � [[E]] = nA � [[E]] | nB � [[E]]
�

FHGlM0U�ML]
[[A∗]]

h�U}]aGlM�XlqJhjd?q¢df�H]VGlM0U�GlMDW¦yYMDm�oLdYKNk#d1U�hj]Vh�dYq#U
n � [[E]]

��dYc�Wf���9]VGJM�yYMDo�]Vd?caU
n
hjq

[[φ∗A]]
��]VGJWf]�h�U>�.��dYc�WY�j�½yYM>o	]Vd?caUndY��]aGlM���d?cVK

n1 + · · · + nk
� h�]aG k ∈ N

Wfq#m
ni ∈ [[φA]]

��dYc�WY�j�
i ∈ 1..k

� �*M>qJo	M?�<��cadYK dYXlc;caM>UVXl��]NdYq£kJWfcpWf���jM>��oLdYKNk#d1U�hj]Vh�dYqC� � M�dY{[]pWfh�q¢]VG#Wz] [[A∗]]
h�U�]aGlM�UVM	]

dY�HWY�j�9]VcaMLM>U�df�+]VGlM¤��d?cVK
d1 | · · · | dk

� hj]VG k ∈ N
WfqJm

di ∈ [[A]]
��dYc�Wf���

i ∈ 1..k
�\FHGlM>cVML��dYcaMY�

[[A∗]] =
⋃

k∈N
[[A]]k = [[A]]∗

�lWYUHqlM>M>m[MDm¥�
�

©JdYcH]VGJM � � �"���6�)> � � '=� ,����(��, #��
¬
WfqJm

B
� � MnXJU�MQ]aGlM�o	d?cVcaM>UVk#d?qJm[h�ql�;b9cVMDU�{JXlcV�?MLcHdYk!MLcpWz]adYcpUL� ¨

K¤Wfe`dYcHm[h�ªEMLcaMLq#o	M � h�]aG\]aGlM}klcVM>y�hjd?XJU�o>WYUVM>U�h�U�]aGJWz] � M�caM>�1Xlh�cVM^��dYcaK�Xl��WYU+m[ML�JqlM>m0dzyYM>c+W;o	d?KNK;d?q
{#WYUVM>Un��UVMLM ��M	�#qlh�]ahjd?qwt[��OD 	��FHGlh�U*o	d?qJm[hj]Vh�dYq(h�U*qldY]*klcVd?{l��MLK¤Wz]ah�o}UVhjqJoLMY�#{1_0b9cadYk!d?UVh�]ahjd?q�tl� |J�[h�]�h�U
WY� � W¦_[U½k!d?UaUVhj{l��M}]Vd¤m[ML�JqlM�WNo	d?KNK;d?q0caM	�#qlhjqJ�;{#WYUVh�U+��cadYK ] � dN�Yh�yYM>q\{JW?U�MDUL�

¨ UaU�XlKNM
A = ∃N� φA � E

WfqJm
B = ∃N� φB � E

� � GlM>cVM E
h�U5W�{#WYUVh�U>�

¬A = �	��� ∃N� (¬φA) � E

ABB = �	��� ∃N� (φA B φB) � E

FHGlM^��dY���jd � h�ql��kJcVd?k#d1U�hj]Vh�dYq�U�]aWf]VM>U9]VGlMQU�d?XlqJm[qJM>UaU9df�¥]aGlM^M>qJo	d[m[h�ql�1U9df� ¬ WYqJm B
� � Glh�opG\cVM>�jh�M>U

d?q\]aGlM}��XlqJmJWfKNMLq1]aWY��klcadYk!MLcV]`_¤df�.{JWYUVM>U>�
� � ° � ° � ��� � °�� ��� � � #�# ��A �

A = ∃N� φA � E
��� 1

B = ∃N� φB � E
* �! =� , �

E
� # �`c&� # � # �

[[¬A]] = IT \ [[A]],

[[ABB]] =
{

d ∀d′ ∈ [[A]] . (d | d′) ∈ [[B]]
}

.

� � °�°�� ,�h�qJo	M
E
h�UHW�{JWYUVh�UL�?��dYcHM>W?opG

d ∈ IT
�1]aGlMLcaM�h�UHW�XJqlh��1XlM

nd
UVXJopG¤]VG#Wz]

d ∈ nd � [[E]]
��P÷]

��d?�j��d � U+]VG#Wz] d ∈ [[A]]
hj�9WfqJm�dYqJ�j_0h��

nd ∈ [[φA]]
��FHG�XJU>�l{�_0m[ML�Jqlhj]Vh�dYq�dY�

¬A
� � MnG#W¦yYM d ∈ [[¬A]]hj��WYqJmid?ql�j_�hj�

nd ∈ [[¬φA]]
�¥h��HWfqJmwdYql��_(h��

nd /∈ [[φA]]
hj�+WYqJmid?ql��_�hj�

d /∈ [[A]]
��©ldYc�]VGJMNUVM>oLdYqJm

MD�1XJWz]ahjd?q��
d ∈ [[A B B]]

hj�+WYqJmid?ql�j_�hj�
nd ∈ [[φA B φB ]]

��hj�+WYqJmid?ql��_�h�����dYcnWf���
nA ∈ [[φA]]

]VGlM
UVXlK

nA + nd
h�U�hjq

[[φB ]]
� ,�d�h��

d ∈ [[A B B]]
�%]aGlMLq¢��d?c;WY�j�

d′ ∈ [[A]]
�
nd′ ∈ [[φA]]

WYqJm�]VG�XJU
nd|d′ = nd +nd′ ∈ [[φB ]]

_�h�ML��m[hjqJ�
(d | d′) ∈ [[B]]

�%W�dYq�yYM>caUVML��_Y�?h��¥��d?c+WY�j�
d′ ∈ [[A]]

�
(d | d′) ∈ [[B]]

�
]aGlMLq§��M	]

nA ∈ [[φA]]
�%WfqJm���M	]

d′ ∈ nA � [[E]]
� � M¤GJW¦yYM

d′ ∈ [[A]]
�.UVd

(d | d′) ∈ [[B]]
�._�hjM>��m[h�ql�

nd|d′ ∈ [[φB ]]
� ��Xl]

nd|d′ = nd + nd′ = nd + nA
�JUVd

d ∈ [[ABB]]
�

�
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'�U�h�ql�n]aGlM^M>qJo	d[m[h�ql��dY�EqJML�?Wf]Vh�dYq�� � M^�Yh�yYM^WnqJM � MLqJoLd[m[hjqJ��df�¥��d�o>Wz]ahjd?q�� α[ � ]
�?]VGJWf]½h�U�m[ML�JqlMDm

dzy?MLc5W;{JWYUVh�UL�

¨ UaU�XlKNM
A = ∃N� φA � E

� � GJMLcaM E
h�U5W;{JWYUVh�UL�

α[A] = �	��� ∃N1, N2, N3 � (N1 = 1 ∧N2 = 0 ∧N3 = 0) � (α[A], α[¬A], α⊥ [>])

� M�WfcaM}qld � h�q(k#d1U�hj]Vh�dYq0]Vd¤U�]aWz]aMndYXlcHK¤Wfh�q(cVMDU�XJ��]D�
� � ¬�° � ¬ � � �	� � ��,?���
. 8$��,-A7��4Q�

A
� 8 
 �+*��  =� , � � # � 8$��,-A7��4 �

B
� 8 � �+* 1\�
a � �&1 ��> � ,f� ' ,R� '=� ,

c&� # � # * # �=	  �  ���
[[A]] = [[B]]

B
� � °�°�� �+_¢hjqJmlXJo�]ahjd?qÿd?q¢]VGlM�UV_�q?]pWzZ¢df�

A
�£FHGlM�MLq#o	d[m[h�ql�?U���dYc¤o	d?qJU�]aWfq1]pU�dY��F
" WY�j�H_�h�ML��m

��d?cVK�Xl��WYUQdf� , " m[M	�JqJM>m�dzyYMLcQklcadYk!MLc}{JW?U�MDUL�;©ldYc}]aGlMNXlqJWYcV_�d?k#M>caWf]VdYcpU>� � M¤oLWYq���{�_ih�qJm[XJo	]Vh�dYq��
mlhjcaM>o	]V��_NWYklkl��_;]VGlMQWfklklcadYkJcVh�Wz]aM5MLqJoLd�mlhjql�1UL� � Glh�opG0WY�j�#_1h�ML��m¤��d?cVK�Xl��WYU9dY��, "wmlM	�JqlMDm�dzy?MLc9klcadYk!MLc
{#WYUVM>U>�Q©JdYcQ]VGlM;{lh�qJWfca_(dYk!MLcpWz]adYcpUL�!UVW¦_

A1 B A2
�E{�_�hjqJmlXJo�]ahjd?qi]VGJMLcaM;WYcVMn��d?cVK�Xl��WYU

B1
WfqJm

B2dY� , "9��mlM	�JqlMDm dzyYM>c¤klcVd?k#M>c¤{JWYUVM>U
E1

WYqJm
E2
�5U�XJopG ]aGJWz]

[[A1]] = [[B1]]
WYqJm

[[A2]] = [[B2]]
�

�+_ b9cadYk!d?UVh�]ahjd?q t[� |l�*]VGlM>cVM�h�U(W£klcVd?k#M>c0{#WYUVh�U
E
]aGJWz](caM	�JqlMDU\{!df]aG

E1
WYqJm

E2
� FHG�XJU>�^{�_

b½cVd?k#d1U�hj]Vh�dYq¢t[�ïv[�¥]aGlMLcaM¤WfcaM;��dYcaK�Xl��WYU
C1

WfqJm
C2

df� , "9�C{#dY]VG¢m[M	�#qlM>m�dzyYM>cQ]VGlM¤{JW?U�h�U
E
�CU�X#opG

]aGJWz]
[[C1]] = [[A1]]

Wfq#m
[[C2]] = [[A2]]

� � MNo	d?qJo	��XJm[M�{1_�WYklkl��_1h�ql�\]VGlMNWfklkJcVd?klcVh�Wz]aMnMLqJoLd[m[hjqJ��]Vd
C1

WYqJm
C2
�[]VG�XJUHd?{[]aWYhjqJhjql�¤W���dYcaK�XJ��W;df��, "¢m[ML�JqlM>m�dzy?MLc+]VGlMnkJcVd?k#M>c+{#WYUVh�U

E
�

�

� � ¬�° � ¬ � � � � � ��,����=. 8$��,-A ��4Q�
B

� 8 � �+*��  5� , � � # � 8$��,-A ��4Q�
A
� 8 
 � # �=	  �  ���
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∃N � φ � E
� � GlM>cVM E = (α1[B1], . . . , αp[Bp])

� �+_
h�qJm[X#o�]Vh�dYqC�H]VGlM>cVMiMLZ[h�U�]aU

p
��dYcaK�Xl��WYUNdY�
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A1, . . . , Ap
�*UVXJopG ]VGJWf]

[[Ai]] = [[Bi]]
��dYc\WY�j�

i ∈ 1..p
�

"CM	]
F
{!M�]aGlM0UVM>�1XlM>qJo	M\df�5�jd[o>Wz]Vh�dYq§��d?cVK�Xl��WYU

(α1[A1], . . . , αp[Ap])
WfqJm§��M	]

n � F
m[M>qldf]aM>U

]aGlM0��dYcaK�Xl��W
α1[A1]

n1 | · · · | αp[Ap]
np

df�QF
"9� "�M	]
L(b1, P1), . . . , L(bq, Pq)

{!M�W�U�M>KNhj��hjqJM>Wfc
UVM	]�cVM>klcVMDU�M>q1]Vh�ql�

[[φ]]
��©ldYc�MLy?MLca_w��hjqlMDWfc�UVM	]

L(bj , Pj)
� � h�]aG i ∈ 1..q

  � M\m[ML�JqlM¤]aGlM���d?cVK�Xl��W
Cj = (bj �F) | (pj,1 �F)∗ | . . . | (pj,lj �F)∗

�?dY��F
"9� � hj]VG�mlMLqldY]aWz]ahjd?q L(bj , Pj) � [[E]]
� � M*d?{[]aWYhjq
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B
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j∈1..q Cj
�

�

����� ��� � � � "# 	

F�d¤h��j��XJU�]VcpWz]VM�dYXlc*caM>UVXl�j]aU>� � M�XJUVMndYXlcQWfklkJcVd1WYopG0]Vd¤klcadzyYM}]aGlM�yzWf��h�mlh�]`_�df�9UVhjKNkl��M�U�]aWz]aMLKNMLq1]pU*h�q
F
"½� ¡ Xlc��JcaU�]�MD�?X#Wz]Vh�dYq§{!ML��d � U`]pWz]VMDU}]VG#Wz]�WiUVh�ql�Y��M¤ML��MLKNMLq1]�qJdf]���Wf{!ML��M>m � hj]VG a h�U�W ��UVh�ql�Y��M	�]aGlcaM>WYmlM>m �5]VcaMLMN��W�]VcaMLM � h�]aG\M	ZlW?o�]V��_NdYqlM�{lcpWfqJopG\Wf]½]aGlM�cad�df]�F ¬0∧¬(¬0 | ¬0)

 ½]VG#Wz]�h�U+qldf]HWfq
M>�jM>KNMLq1]5df�.]VGlM}��d?cVK

a[d]
F
¬a[>]

�

a⊥[>] = ¬0 ∧ ¬(¬0 | ¬0) ∧ ¬(a[>])
�,vY 

� M\o	d?qJUVh�m[M>c}]VGlM\{JWYUVh�U
E = (a[>], a⊥[>])

Wfq#m�d?ql��_wcaM>WYUVdYq�dYq�]aGlM\o	d?Xlq1]Vh�ql��o	d?qJU`]acaWYhjq1]pUL�
� M¤XJUVMN]VGlM\y¦WYcVh�Wf{J�jM

M
��dYc}]VGJM�q�XlK�{!MLc�dY�+M>�jM>KNMLq1]aUnK¤Wf]aopGlh�ql�

a[>]
WYqJm

N
��d?cn]VGJM¤q1XJK�{!MLc
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dY�<ML��MLKNMLq1]aU^K¤Wz]aopGJhjql�
a⊥[>]

� � M�G#W¦yYM}]VG#Wz]
¬(a[>])

o	d?cVcaM>UVk#d?qJmlU+]ad
¬((M = 1) ∧ (N = 0))

�
"Chj�?M � h�U�M?� ¬0 oLdYcacVMDU�k!dYq#mlU�]Vd}]VGJM5��dYcaK�Xl��W ¬((M = 0)∧ (N = 0))

��dYc½M>�1Xlh�y¦WY�jM>q1]V��_
M+N 6= 0

 
WYqJm
¬0 | ¬0

o	d?cVcaM>UVk!dYqJmlU�]ad`F

∃M1, N1,M2, N2.(M = M1 +M2) ∧ (N = N1 +N2) ∧ (M1 +N1 6= 0) ∧ (M2 +N2 6= 0)

� GJh�opG;h�U%MD�1XlhjyzWY�jM>q?]<]ad M+N > 2
� ��_�o	dYK�{lh�qlhjqJ��]aGlM>UVM+]VGlcaMLMHb9caM>UV{lXlca�YM>c.��dYcaK�Xl��WYU>� � MHd?{[]aWYhjq

]aGJWz]+]VGJMQcah��YG1]��÷GJWfq#m�U�h�m[MQdf�}�,vY �o	d?cVcaM>UVk!dYqJmlU½]Vd
(M +N = 1)∧¬((M = 1)∧ (N = 0))

� � Glh�opG
h�UHM>�1Xlh�yzWf��MLq1]H]Vd

(M = 0) ∧ (N = 1)
�JWYUHqJMLM>mlM>m¥�

FHGlMQU�MDo	d?qJmNM>�1XJWf]Vh�dYq�U�]aWz]aM>U9]VGJWf]�W�o	d?KNk#d1U�hj]Vh�dYq¤dY��ML��MLKNMLq1]aU½qJWfKNMDm
a
K¤W¦_;qldf]�oLdYq1]aWYhjqi�,Wz]

]adYk[�÷��MLyYM>�� +WYq0M>�jM>K;M>q1]*qldf]5��Wf{!ML��M>m � h�]aG a �

a[>]∗ = ¬(> | a⊥[>])
�,|? 

� M§XJU�M�]VGJM§UaWfKNM�{JWYUVh�U\]aGJWfq hjq ]VGJM�kJcVM>y1h�dYX#U\MLZ[WYKNkl�jM§Wfq#mAWf�1Wfh�qAo	d?qJo	M>q1]VcpWz]VM�dYq ]VGlM
oLdYXlq1]ahjql��oLdYqJU�]VcpWfh�q1]aU>��FHGlM��jML�Å]��÷GJWfqJm�UVh�m[M�df���,|? +]acaWYqJUV��Wf]VM>U5]Vd

((M = 1) ∧ (N = 0))∗
�l]aGJWz]�h�U

]ad
(M > 0) ∧ (N = 0)

�<©JdYcH]VGJMncVh��YG1]��÷GJWYqJm0UVh�m[MY�
> | a⊥[>]

oLdYcVcaM>UVk!dYqJmlU�]ad`F

∃M1, N1,M2, N2.(M = M1 +M2) ∧ (N = N1 +N2) ∧ (N2 > 1) ,

� GJh�opG�h�U*M>�1Xlh�y¦WY�jM>q1]+]ad (M > 0) ∧ (N > 1)
�lW?UHqlMLMDm[M>m��

FHGlMDU�M}MLZ[WYKNkl�jMDUHhj����XJU`]acaWf]VM}Gld � � MnoLWYq�UVhjKNkl��_\caM>mlXJo	M�]VGlMncaM>W?U�d?qlh�ql��d?q�F
"�]ad;kJXlcVMnWYcVhj]VG[�
KNML]Vh�oLWf�!caM>WYUVdYqJhjql�#�Cb9caM>UV{lXlca�YM>c�WYcVhj]VGlKNML]Vh�o*h�U�WYK;M>qJWf{J�jM^]Vd�WYX[]Vd?K¤Wz]Vh�o5]aGlMLd?cVM>K klcVdzy�h�ql�JF.]VGlM>cVM
MLZ[h�U�]HUVMLy?MLcpWf�!m[M>m[h�oLWf]VMDm�klcadzyYM>caU�K vl�[vEM2N�WfqJm\K¤Wfq�_�W¦yzWfh���WY{l�jM �`�?MLqlM>cVh�o �5]aGlMLd?cVM>K klcVdzy?MLcpU9h�qJo	��XJm[M
W�m[M>oLh�UVh�dYq�kJcVd[o	MDm[XlcaM9��d?cH�,Wz]%�jMDWYU�]%W*��caWY�YKNMLq1]%df�a Cb9caM>UV{lXlca�YM>c.WYcVhj]VGlKNML]Vh�of��FHGJMLcaM	��dYcaMY�fW^k#d1UVUVh�{l�jM
WYklkl��h�o>Wz]ahjd?q0dY��dYXJc5MLqJoLd�mlhjql�Nh�UH]Vd¤m[h�caM>o�]a�j_0WYUaU�M>c�]D�[dYcHhjql��MLcD�lyzWf��h�m(U�]aWz]aMLKNMLq1]pUHhjq�F
"9�

P²q0dYcpm[MLc�]VdNm[M>WY� � hj]VG�KNdYcaM^�?MLqlM>caWY�JklcadY{l��MLK¤U>� � M�qlMLMDm\W��JM	Z[h�{l�jM���cpWfKNM � dYca����d?c�caM>W?U�d?qlh�ql�
d?q}]VGlM�KNd�mlML��U�df� , "¥����dYcaK�Xl��WYU>��©ld?�j��d � hjqJ�5]VGlM+o	��WYUaU�h�oLWY�Yo	d?qlqlMDo�]Vh�dYqn{!M	] � MLM>qn�jd?�Yh�o9Wfq#mnWfX[]adYK¤Wz]pW
]aGlMLd?cV_?� � M�klcadYk!d?UVM�h�q�]VGJM�qlMLZ1]}U�MDo�]ahjd?qiW\o	��WYUaU*dY�%]VcaMLM�WYX[]Vd?K¤Wz]aW\U�k!M>oLh��#o>Wf���j_0]aWYcV�?M	]aM>m�Wz]�]VGlM
K¤WYqlhjkJXl��Wf]Vh�dYq�df�<U�GJM>W¦yYMDU9��d?cVK�Xl��WYU>�

� � ���5� ���
� � 
\��� � �n���

P²ql��dYcaKNWf]Vh�dYqw]VcaMLM>UnWYcVMNMDUVUVMLq1]Vh�Wf����_(]VcaMLM>U}KNd[m[Xl��d�Wfq§WYUaU�d[oLh�Wf]Vh�yYM	�²o	d?KNK�X[]pWz]Vh�yYM�� ¨ WH �]aGlMLd?cV_?��h�]
h�U¤]aGlMLcaM	��d?cVMwqJWz]aXlcaWY�5]VdÿXJUVM�]VcaMLMwWYX[]Vd?K¤Wz]aW�]ad£caM>W?U�d?qÿd?q ]VGlM>K(��x*d?qlM	]aGlML��M>UaUL�5caML�?Xl��WfcN]VcaMLM
WYX[]Vd?K¤Wz]aW KjO¦tVN9WfcaM�qldY]QUaWz]Vh�U���WYo�]adYca_0h�qi]aGlM;klcVMDU�M>qJo	M�df� ¨ W d?k#M>caWf]VdYcpU>�!UVXJopGwW?U�oLdYKNk#d1U�hj]Vh�dYq

|
�

WYqJm � M}qlM>M>m0]VdNh�q?]acVd[m[X#o	M�Wfq�M	Z�]aMLqJm[MDm(o	��WYUaU�dY�%WYX[]Vd?K¤Wz]aW�]aWYhj��dYcaM>m\]VdNd?Xlc5qlMLMDm¥�
¨ ��{!df]V]VdYK;�÷Xlk# QUVGlM>W¦y?M>U^WYX[]Vd?K¤Wz]Vd?q

A
h�U}W¤]Vcah�kl�jM

〈Q,Q ��� , R〉 � GlM>cVM Q =
{

q1, . . . , qp
} h�U

W¤�Jqlhj]VM�UVM	]Qdf�½U�]aWf]VM>U>�
Q ���

h�UQW�U�ML]�dY�<�JqJWf�.U`]pWz]aM>U*h�qJoL�jXJmlM>mih�q
Q
�EWfqJm

R
h�U�W\U�ML]�df�<]acaWYqJUVh�]ahjd?q

caXl��M>U>�<FCcpWfqJUVhj]Vh�dYq�cVXl��M>U5WYcVM�] � d;��h�qJmlU F
�`OD 

α[q′]→ q�,vY 
φ(#q1, . . . ,#qp)→ q

×�× Ý�o=p������
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F�_�k#M¢�`O¦ �caXl��M>UNo	d?cVcaM>UVk!dYqJm§]adw]acaWYqJUVh�]ahjd?q'cVXJ�jMDU�h�q cVM>�YXl��Wfc�]VcaMLM(WfX[]adYK¤Wz]pW£� � M�dYql��_¢GJW¦y?M
XJqJWfca_n��XlqJo	]Vh�dYq�UV_�K�{!dY��UL�

α[.]
 �� ¨ KNh�qldYc�m[h�ªEMLcaMLq#o	M5h�U%]VGJWf]>�1hjqNd?cam[M>c%]Vd � dYca� � hj]VG�o	dY�,�#qlh�]aM*U�ML]aU

dY����Wf{!ML��UL� � M}XJUVM}��WY{#M>��M	Z[klcaM>UaU�h�dYq#U�h�qJU�]VMDWYm0df�<U�h�KNkl�jM}��Wf{!ML��UL�
F�_�k#M��,vY �cVXJ�jMDU�WY�j��d � ]Vd�oLdYKNklX[]aM\d?q'qld[m[M>U � hj]VG£WYq'Xlq�{#d?XlqJm[MDm'Wfcahj]`_Y�<Wfcah�UVh�ql����cadYK ]VGlM

oLdYKNk!d?UVh�]ahjd?q�dY�%] � d�d?c*KNdYcaMnhjql��dYcaKNWf]Vh�dYq�]VcaMLMDUL��P²q�]`_�k!M\�,v? HcaXl�jMDUL� φ h�U�WNb9cVMDU�{JXlcV�?MLc5��d?cVK�Xl��W� hj]VG ��caMLMwy¦WYcVh�Wf{J�jMDU #q1, . . . ,#qp
��dYqlM(��d?c\M>W?opG U`]pWz]VMwhjq

Q
 	� P÷q1]aXlh�]ahjy?ML��_Y�

#qi
h�U\W§yzWfcah�WY{l��M

]aGJWz] � hj���C{!M�UVXl{JU�]Vhj]VXl]VM>mw{�_\]aGlM�q�XlK�{#M>c^df�9d[o>o	XlcacVM>qJo	MDU5df�%]aGlM�U�]aWf]VM qi h�qwWN]acaWYqJU�hj]Vh�dYq�dY�<]VGlMWYX[]Vd?K¤Wz]aWJ� ¨ ]`_�k!M��,v? EcaXl�jM½KNW¦_^�JcaM9h�� � M9GJW¦y?M9WH]VM>cVK df��]aGlM9��d?cVK
e1 | . . . | en

U�XJopGQ]aGJWz]
ei
�jMDWYmlU

]ad\W�U�]aWf]VM
qji
∈ Q

��dYcQWf���
i ∈ 1..n

�#WYqJm
|= φ(m1, . . . ,mn)

� � GlMLcaM mi
h�U*]aGlM�K�Xl��]ahjkJ�jh�o	hj]`_(df�

qih�q¤]aGlM^K�Xl��]ah�UVM	]
qj1 | · · · | qjn

� ¨ kJWYc�]ah�oLXl��WYc½MLZ[WYKNkl�jM^df�E]VcpWfqJUVhj]Vh�dYq¤h�U½d?{[]aWYhjqlMDmNh��
|= φ(0, . . . , 0)

�
h�q � Glh�opG�o>WYUVM�]aGlMncaXl�jM φ→ q

K¤W¦_¤�JcaMQ��dYcH]aGlMnq�Xl�j��]VcaMLMY�
0
�

��� � ��� / ¬����	� � � �
A
c � �  =� �����3��AC���3��� � �)�  C# �(��� �-#

Q = {qa, qb, qs}
* #$� ��� 8 a � ��4 # �3��� �$#

Q��� =
{qs}

��� 1 �  =� 8$��4)4Q� � �)�/�`�m,R��� # �)�6�
��� ,-��4 �-# �

a[qs]→ qa b[qs]→ qb (#qa = #qb) ∧ (#qs > 0)→ qs

� M¤U�Gld � hjq +<ZlWfKNkl��MJT[� vl��Wz�Å]aMLcnm[M	�#qlhjqJ�0]aGlM;]VcpWfqJUVhj]Vh�dYqicaML��Wz]ahjd?q��E]VGJWf]
A
WYo>o	M>k[]aUQM	ZlW?o�]V��_

]aGlM�UVM	]5df�.]VcaMLMDU � h�]aG(W?UHK¤Wfq�_ a � U5W?U b � U5Wf]*M>W?opG\qld[m[M?�l�jh��YMQ��d?c5M	ZlWfKNkl��M b[ ] | a[b[ ] | a[ ]] �

� ��� � )���� 	 �#���#��� �  %"#�����#���

FHGJM �6,R��� # �)�m�
���L, � 4 ���6�
��� dY��Wfq�WfX[]adYK¤Wz]adYq
A
h�U�]VGJM�]acaWYqJUVh�]ahjy?M�o	��d?UVXlcaM�dY�½]VGJM�caML��Wz]ahjd?q�m[ML�JqlM>m

{�_�]VGJM�] � d���d?�j��d � hjqJ�\caXl�jMDUL� � M�XJUVM�]VGlM;qldf]pWz]ahjd?q #Q(qj1 | . . . | qjn
)
��d?c^]aGlM;K�Xl�j]Vh�kl��h�oLh�]ahjMDU�dY�

]aGlM�U�]aWz]aM>UHdY�
Q
hjq0]VGJMnK�Xl�j]Vh�U�ML]

qj1 | . . . | qjn

�
� �z� � � ��� � °��#�\¬ /��l� � °�� �

→

��]`_�k#M¤O¦ 
d→ q′ α[q′]→ q ∈ R a ∈ α

a[d]→ q

�Å]`_�k#M�v? 
e1 → qj1 . . . en → qjn

φ→ q ∈ R
(n 6= 1) #Q(qj1 | . . . | qjn

) ∈ [[φ]]

e1 | . . . | en → q

¨ U�XJUVXJWf��� � M�UaW¦_�]VGJWf]�W�]VcaMLM d h�U �\	�	 �(' � �&1�{1_�Wfq¢WfXl]VdYK¤Wf]VdYq A h��+]VGJMLcaM¤h�U�W��#qJWf�½U�]aWf]VM
q ∈ Q ���

UVXJopG\]aGJWz]
d→ q

�9FHGlMn��WYql�YX#Wf�YM
L(A)

h�U+]VGlM�UVM	]*dY�C]VcaMLMDU5WYo>o	MLkl]VM>m0{�_
A
�

F�d;W¦y?dYh�m¤WfK�{lhj�?Xlhj]Vh�M>U>�1W;U�h�m[ML�÷oLdYqJm[hj]Vh�dYq\hjq\]VGlMQcVXJ�jM^��dYcHo	dYq#U`]acaWYhjqlMDmN]VcpWfq#U�hj]Vh�dYqJU�MLq#U�XlcaM*]aGJWz]
hj]Qo>WfqlqJdf]*{!M�WfkJkl�jh�M>m�]Vd\UVM>�1XlM>qJo	MDUL�

a[d]
� � h�]aGwW�UVhjql�?�jM�ML��MLKNMLq1]>� P÷]}o	d?Xl��m({!M�k!d?UaUVhj{l��Mn]ad�GJW¦yYM

d?ql��_ndYqlM��1h�qJm�df�l]acaWYqJUVh�]ahjd?q�cVXJ�jM?�f{lX[]%h�] � dYXl��m�qJMLM>ml�jMDUVUV�j_noLdYKNkl��h�o>Wz]VM+dYXJc%mlM	�Jqlhj]Vh�dYq#U.WYqJm�kJcVd�df��U
� hj]VGJdYX[]^W?mlm[h�ql�NM	Z[klcaM>UaU�h�y�h�]`_?�
��� � ��� / ¬���� � � � �

A
c � �  5� �����(��AJ���(��� 1E�ma � �&1 �)� � � ��A ' 4 ��� B��EB � �)�;	 � �  5� 	���� # �6,R���)�
�7�)�

�  5� �6. '5� � � � ,-��4 � � 8
A

� # # ���6� #ba �&1 c$.
(0, 0, 0)

* �%�  ��> � �  ���
0 → qs

B � � �
d
c � �  =� �m, �&�
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a[ ] | b[a[ ] | b[ ]]
*%� ' � #&# �
c$4 � �\	&	 �(' �6�)�"� ,-�����98?�  =� �����3��AC���3��� � # ���)> � ��c � 4Q� � �

d → a[0] | b[a[qs] | b[0]] → a[qs] | b[a[qs] | b[0]]
→ a[qs] | b[a[qs] | b[qs]] → qa | b[a[qs] | b[qs]]
→ qa | b[a[qs] | qb] → qa | b[qa | qb]
†
→ qa | b[qs] → qa | qb

†
→ qs

� � �6,R��� # �)�m�
��� # � ��� 1�� � AJ��,R^ ��1 � �)�  �
†
] # .�AJc���4 � * �%� � #$� �  5� ���
4U.@	&��� # �6,R���)� �&1 ,-��4 � � 8

A
B � �

� �\	  	&� #0� * �  5� A ��4U�6� #$� ��� #0��1 �)���  =� 	&��� # �6,R���)�
� # � #
qa | qb

* �! �
	  	&���=�(���)� # � # AC���=.
qa �

# �  ���
qb �
#�� �  ��� � # *

#Q(qa | qb) = (1, 1, 0)
� B

FHGlM�o	��WYUaU<df�¥WfX[]adYK¤Wz]pWno	d?qJU�h�m[M>cVMDm�h�qN]VGJh�U½kJWfk!MLc9h�U9W�UVXl{JUVM	]9dY��W}cVh�opGlMLc���Gld?K;d?q�_1K� %oL��W?UVU<dY�
]acVM>M�WYX[]Vd?KNWf]aW�m[M	�JqJM>m�{�_;]VGJMQWYX[]VGld?caU K�O D[�EO2T���v � N���P²q\]VGlMQdYcah��Yh�qJWf�#yYMLcpUVhjd?q��?UVGlM>W¦y?M>U�WfX[]adYK¤Wz]pW
K¤W¦_�{!M*XJUVM>m;d?q�]aMLcaK¤U<{lXlh���]½��cVd?K Wfq¤WYcV{lhj]VcpWfca_nq�XlK�{!MLc½df�!��cVM>MH��XlqJo�]ahjd?q¤U�_�K�{!dY��U9WYqJm���cVd?K Wfq�_
q�XlK�{#M>c^dY�<W?UVUVd[o	h�Wz]ahjy?M�WfqJm ¨ W d?k#M>caWf]VdYcpU>�+FHGlM>cVML��dYcaMY�J]VGlM;m[M	�JqJh�]ahjd?qidf�9UVGlM>W¦y?M>U5��dY�?h�onK¤W¦_�{#M
MLZ�]VMLq#m[M>m�]Vd�WYq;WYcV{lhj]VcpWfca_nU�h��Yq#Wz]VXJcVM?�f�Yh�y�hjql�}Wfq;ML��ML�1Wfq1] � W¦_}]ad}M	Z�]VM>qJm;dYXlc%caM>UVXl��]pU.]Vd�WYq;WY�j�?ML{lcpW
� hj]VG¤UVM>�1XlM>q?]ah�WY�lo	d?K;k!d?UVhj]Vh�dYqNWfqJm(��qJdf]9dYqJ�j_�XlqJWfca_l C��XlqJo�]ahjd?q¤U�_�K�{!dY��U>� � GlM>qNcVMDU`]acVh�o�]aM>m�]VdQ]VcaMLM
oLdYKNk!d?UVh�]ahjd?q��zU�GlMDW¦yYMDU�WfX[]adYK¤Wz]pW*o	d?cVcaM>UVk!dYqJm�]VdQW*kJWYc�]ah�oLXl��Wfc�h�qJU�]aWfq#o	M½dY� A7��4 �m� #0� �������(��AJ���(� K�O � N��
mlM	�JqlMDm�{�_@W�dY��o	d?K�{!M	]+]Vd;cVMDWYUVdYq¤d?q\Glh��YGlM>c��÷dYcpm[M>c½yYM>caUVh�dYqJU½df�Cb9cad[o	MDUVUHR5M � cVhj]VM ,�_[U`]aMLK¤U>�%gidYcaM
UVh��Yqlhj�#oLWYq1]V��_Y� � MQoLWfq0m[caW � W�kJWfcpWf���jM>�J{!M	] � MLM>q\U�GJM>W¦yYMDU½WYX[]Vd?KNWf]aW�WYqJm@ =��1 � � �����(��AJ���(� K v?tVN��[WYq
MLZ�]VMLq#U�h�dYq(df�<caML�?Xl��WYcH]VcaMLMn��Wfql�?XJWf�?M>U5Wf]5]VGlM�{#WYUVh�U5dY�9R
+$" ¨ g*�²x X K |Yu2N÷�#W\UVopGlM>K¤W���WfqJ�YXJWY�YMQ��dYc
gQg "9� � GJMLcaM>WYU�GlMDm[�YM}WfX[]adYK¤Wz]pW�d?k#M>caWf]VM�dYq0WYq0d?camlMLcaM>m¤KNd[m[ML�EdY�C]VcaMLMDUHWfqJm\XJU�MQcaML�YXJ��WYc � dYcpm
��WfqJ�YXJWY�YM>U5]Vd0oLdYqJU�]VcpWfh�q�dYcpm[M>cVMDm({lXlqJopGlMDU��,U�MD�?XJMLqJoLM>Up 5df�9M>�jM>KNMLq1]aU>� � M � d?cV�0dYqwWYqiXlqld?cam[M>cVMDm
KNd[m[M>�1WYqJm}XJUVM�UVMLKNhj��h�qlM>WYc�UVM	]aU�]VdQo	dYq#U`]acaWYhjqQ]VGJM½K�XJ��]ahjkl��h�o	hj]Vh�M>U.df�[Xlqld?camlMLcaM>m}{lXlq#opGlM>U���K�XJ��]ah�UVM	]pUa 
dY��M>�jM>K;M>q1]aU>�

� � � �  ��$ ) � �������������#���

P²q ]aGlh�U\UVM>o�]ahjd?q�� � MwU�GJd � ]aGJWz]\�?hjy?MLq W ,�GJM>W¦yYMDU ¨ Xl]VdYK¤Wf]VdYqC�
A
� � Mwo>Wfq {lXJhj��m W'o	d?KNkl�jML]VM

mlM	]VM>cVKNh�qlh�U`]ah�o ,[GlM>W¦y?M>U ¨ Xl]VdYK¤Wf]VdYqC�
det(A)

�^W?oLoLMLk[]ahjql�']VGlMwUaWfKNM���Wfql�?XJWf�?MY� FHGlMwm[ML�Jqlhj]Vh�dYq
dY�

det(A)
h�UnWfq§WYmJWfk[]pWz]Vh�dYq�df��]VGlM¤o	��WYUaUVh�o>Wf�<U�XJ{JU�ML]�o	dYq#U`]acVXJo	]Vh�dYq �Å��dYcQ�JqJh�]aM�U`]pWz]VM¤WYX[]Vd?KNWf]aW1 ��

�^MLqJoLMY�[]aGlMnm[M	]aMLcaKNhjqlh�U�]Vh�onWfX[]adYK¤Wz]adYq�KNW¦_\{#MnMLZ�k!dYqJMLq1]Vh�Wf���j_¤{Jhj�?�YMLcH]aGJWfq0]VGJMndYcahj�?hjqJWY�EdYqlM?�
� M�UVW¦_�]VG#Wz]¤W ,�GJM>W¦yYMDU ¨ X[]Vd?K¤Wz]Vd?q

A
h�U[1E� � � ,-A �)�=� # �6�
	 h���WYqJm'd?ql��_¢h�����dYcNMLy?MLca_�k#Wfh�c�dY�

mlh�U�]Vh�qJo�]H]`_�k!M;��OD ½cVXl��M>U>�
α[q]→ q1

WfqJm
β[q]→ q2

� � MQGJW¦y?M [[α]] ∩ [[β]] = ∅
WYqJm¤��d?cHMLyYM>cV_NkJWYhjc+df�

mlh�U�]Vh�qJo�]5]`_�k!M��,v? ½caXl��M>U>�
φ→ q1

Wfq#m
ψ → q2

� � M}GJW¦y?M [[φ]] ∩ [[ψ]] = ∅
�

� M;UaW¦_0]VGJWf]QW ,[GlM>W¦y?M>U ¨ X[]Vd?KNWf]Vd?q
A � hj]VGwUVM	]Qdf��U�]aWf]VM>U Q =

{

q1, . . . , qp
} h�U 	&��A ' 4 � � �;hj�

WYqJmid?ql��_ih�����dYc}MLy?MLca_iU`]pWz]aM
q ∈ Q

WfqJm���WY{#M>�
a ∈ Λ

�¥]aGlMLcaM�h�UnW\]`_1k!M��`O¦ ^caXl��M
α[q] → q′ � hj]VG

a ∈ α
��d?c*U�d?KNM

q′
�lWYqJm0��dYc5M>yYMLca_

n ∈ N
p �[]VGlM>cVM}h�U5W;]`_�k#M¤�,v? +cVXJ�jM φ→ q

UVXJopG0]VGJWf]
n ∈ [[φ]]

�
¨ klcadYk!MLcV]`_0dY�½m[M	]aMLcaK;h�qlh�U`]ah�o;WfXl]VdYK¤Wf]aW¤h�U*]aGJWz]Q��dYcQM>W?opG(]VcaMLM

d
]aGlMLcaM�h�U�Wf]�KNd?U�]�d?qlM�U�]aWf]VM

q ∈ Q
UVXJopG;]VGJWf]

d→ q
� ¨ klcadYk!MLcV]`_�df�¥o	d?KNkl�jML]VM*WYX[]Vd?KNWf]aWQh�U%]VGJWf]9��dYc<M>yYM>cV_�mld�oLXlKNMLq1]

d
]aGlMLcaM

h�U}Wz]}�jMDWYU�]�d?qlM;U�]aWf]VM
q ∈ Q

U�XJopGw]VGJWf]
d → q

� ¨ U�d?klk!d?UVM>m�]ad\]aGlMNU�hj]VXJWf]Vh�dYq � h�]aGw�JqJh�]aM;U�]aWf]VM
WYX[]Vd?K¤Wz]aWJ�¥]VGJM>UVM;kJcVd?k#M>c�]ahjMDUnm[d(qldf]nklcadzy�h�m[MNW�opGJWYcaW?o�]VM>cVh d>Wf]Vh�dYq�dY�Hm[ML]VM>cVKNh�qlh�U�]Vh�o;dYc�oLdYKNkl��M	]VM
WYX[]Vd?K¤Wz]aW���M>yYM>q�hj�.]VGlM>_\WfcaM}qlM>oLM>UaUVWYcV_�oLdYqJm[hj]Vh�dYq#UL�ï 
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��*�� B �<�E�E� ���
	 ��B�� � . #&# ���
�=� � ,

"CM	]
A
{!M*]aGlM^WfXl]VdYK¤Wf]VdYq

〈Q,Q ��� , R〉 � hj]VG�U�]aWz]aM>U Q =
{

q1, . . . , qp
} �<P²q1]VXlhj]Vh�yYM>�j_?�f]aGlM^U�]aWz]aM>U

dY�
det(A)

WfcaM�U�XJ{JU�ML]�dY�
Q
��cpWfql�?M>m(dzy?MLc^{�_

Q1,Q2, ...
 *WYqJm � M�GJW¦y?M�WN]acaWYqJU�hj]Vh�dYq d →∗ Q

h�q
det(A)

h��HWfqJmwdYql��_ihj�
Q
h�U}MLZlWYo�]a�j_(]aGlM¤U�ML]ndf��U�]aWf]VM>UQcaM>W?opGJWf{l��M���cadYK

d
hjq
A
��g�d?cVM���dYcaK¤Wf���j_?�

]aGlM�WfXl]VdYK¤Wf]VdYq
det(A)

h�U*m[ML�JqlM>m(W?U½��d?�j��d � U F

�
]VGlM�U�]aWf]VMDUHdf�

det(A)
h�U+]VGlMnk!d � M>caUVM	] 2Q �[]aGJWz]*h�UL�lW¤U�]aWf]VM Q df�

det(A)
h�U5WNU�XJ{JU�ML]*df�

Q
�

�
]VGlM}�#qJWf��U�]aWf]VM>UHdY�

det(A)
WYcVM�]VGJM�U`]pWz]VM

Q
UVXJopG0]VGJWf]

Q∩Q ��� 6= ∅
�1]VGJWf]*h�U>�lWNU`]pWz]VM

Q
dY�

det(A)
h�UH�JqJWY�¥h��<Wfq#m0d?ql��_�h��%hj]^o	dYq1]pWfh�qJUHW;�JqJWf��U�]aWf]VM}df�

A
�

�
]VGlM�UVM	]5dY�CcVXJ�jMDUHdf�

det(A)
h�U5m[ML�JqlMDm0W?U½��d?�j��d � U>�+P²q0]VGJM���d?�j��d � h�ql�J� � M � cahj]VM a[q1]→ q2

hj�
]VGlM>cVM�h�U�Wn]acaWYqJU�hj]Vh�dYq

β[q1]→ q2 ∈ R
UVXJopGN]VG#Wz]

a ∈ β
� "Chj�?M � h�U�M?� � M � cah�]aM a[Q1]→ Q2

hj�
��dYc½WY�j�

q2 ∈ Q2
]aGlMLcaM5h�U

q1 ∈ Q1
UVXJopG�]VGJWf]

a[q1]→ q2
Wfq#m�hj�!]VGlM>cVM5h�U<qld

q1 ∈ Q1, q3 /∈ Q2U�X#opG0]aGJWz]
a[q1]→ q3

�
� ­ � ¬ � � � � ��/ ¬ �?� ©JdYc;M>W?opG'kJWfh�c;df�^U�]aWz]aM>U

Q1,Q2
h�q

det(A)
�½��M	]

αQ1,Q2

{#M0]VGlM�U�ML];dY�
WY�j�.��Wf{!ML��UL�

a
�¥U�XJopGw]VGJWf]

a[Q1] → Q2
�nFHGlh�U�UVM	]no	d?cVcaM>UVk#d?qJmlUH]ad\]aGlM���dY���jd � h�ql����Wf{!ML�

MLZ[klcVMDUVUVh�dYq F

αQ1,Q2
=

(

⋂

q2∈Q2

(

⋃

q1∈Q1

β[q1]→q2∈R

β
))

∩
(

⋂

q2 /∈Q2

(

⋂

q1∈Q1

β[q1]→q2∈R

β⊥
))

.

©JdYcCWY�j�?U`]pWz]VMDU
Q1,Q2

df�
det(A)

U�XJopGQ]aGJWz]
αQ1,Q2

6= ∅
]VGlM9]`_1k!M*�`O¦ EcaXl�jM

αQ1,Q2
[Q1]→

Q2
h�UHW�cVXJ�jMQdf�

det(A)
� �+_\oLdYqJU�]VcaXJo�]ahjd?q��?��dYcHMLy?MLca_�U`]pWz]VM

Q1
WfqJm0��WY{#M>�

a
]VGlM>cVMQh�U+W

XJqlh��1XlM}]`_�k!M¤�`OD +caXl��M
α[Q1]→ Q2

h�q
det(A)

U�X#opG\]aGJWz]
a ∈ α

�
� ­ � ¬ ��� � � ��/ ¬ �?� ��M	]

φ1 → qj1 , . . . , φn → qjn

{#MN]aGlMN]`_�k#M���vY QcaXl�jMDU}df�
A
�i� �+_�mlM	�Jqlhj�

]ahjd?q��E]VGJM���caMLM;yzWfcah�WY{l�jMDU*dY�
φi
WfcaM

#q1, . . . ,#qp
�  �©ld?c�M>yYM>cV_

i ∈ 1..n � M;m[M	�#qlM;]VGlMb½cVMDU�{lXJcV�?MLc5o	d?qJU`]acaWYhjq1]
ψi
� � hj]VG¢��]VGlM |2Q|

 ���caMLM}yzWfcah�WY{l�jMDU
#∅, . . . ,#Q

�lWYU+��d?�j��d � U F

ψi = �	��� ∃(#q)q∈Q, (Nq,Q)Q∈2Q

q∈Q

.
(

φi(#q1, . . . ,#qn)∧
∧

q∈Q

(

#q =
∑

Q∈2Q

q∈Q

Nq,Q

)

∧
∧

Q∈2Q

(

#Q =
∑

q∈QNq,Q

))

.

©JdYcQWf����UVXl{JUVM	]
I ⊆ 1..n

�J��M	]
ψI =

(
∧

i∈I ψi

)

∧
(
∧

i/∈I ¬ψi

) Wfq#m
QI =

{

qji
i ∈ I

} �
©JdYc+MLy?MLca_;UVXl{JUVM	]

I ⊆ 1..n
UVXJopG¤]VG#Wz]

[[ψI ]] 6= ∅
�1]aGlM^]`_�k!M;��vY 9cVXl��M

ψI → QI
h�U+W�caXl�jM

dY�
det(A)

� �+_\o	d?qJU�]VcaXJo�]ahjd?q�����dYc5M>yYMLca_¤yYMDo�]adYc
n ∈ N

2|Q| ]aGlMLcaM}h�U^W�XJqlh��1XlMQ]`_�k!M��,vY 
caXl��M

ψI → QI
UVXJopG�]VGJWf]

n ∈ [[ψI ]]
����F.Wf�YM;��d?c

I
h�Un]VGlM�UVM	]�dY�HWY�j�<h�qJm[h�o	MDUL�

i
�.U�XJopG

]aGJWz]
n ∈ [[ψi]]

�ï 
� � ° � ° � ��� � °�� � � � 
; 5� �����3��AC���3���

det(A)
� #71E� � � ,-A7�)�
� # �m�
	 ��� 1 	&��A ' 4 � � � B

� � °�°�� � M\U�]aWfcV]�{�_wklcadzy�hjqJ�\]aGJWz]
det(A)

h�U�m[M	]aMLcaK;h�qlh�U`]ah�oY� ¨ UVUVXlKNM
αQ,Q1

[Q] → Q1
Wfq#m

αQ,Q2
[Q]→ Q2

WYcVMH] � d�m[h�U�]Vh�qJo�]9]`_�k!M���OD %caXl��M>U9dY� det(A)
� � M*klcadzyYM+]VG#Wz]

αQ,Q1
∩αQ,Q2

= ∅
�

é�Û.×�éÅè
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¨ UVUVXlKNMn]aGlMLcaMnM	Z[h�U`]�W���WY{#M>�
a
h�q
αQ,Q1

∩ αQ,Q2

�5FHGlM>cVML��dYcaM
a[Q] → Q1

WfqJm
a[Q] → Q2

�#Wfq#m
� M�G#W¦yYM Q1 = Q2

� � Glh�opGwoLdYq1]VcpWYm[h�o�]pU5]aGlM���W?o�]Q]VGJWf]^]aGlM�] � d�]`_�k!M���OD *cVXl��M>UQWfcaM�m[h�U�]Vh�qJo�]D��©ldYc
]`_�k!M0��vY 5caXl��M>U>�J��M	]

ψI
WYqJm

ψJ
{#M;b9caM>UV{lXlca�YM>c^o	d?qJU`]acaWYhjq1]pU*Wfklk!M>WYcVh�ql�¤h�qi]aGlM���M	�Å]V��GJWYqJmiUVh�mlM>U*dY�

] � d¤m[h�U`]ahjqJo	]*cVXJ�jMDU5df� det(A)
� � MnkJcVdzy?M^]aGJWz]

[[φI ]] ∩ [[φJ ]] = ∅
� ¨ UVUVXlKNM}]VGJMLcaMnM	Z[h�U�]aU

i ∈ I \ J
�

{�_(m[M	�#qlh�]ahjd?qidf�
ψI

� M�G#W¦yYM [[ψI ]] ⊆ [[ψi]]
Wfq#m

[[ψJ ]] ⊆ [[¬ψi]]
�¥UVd

[[ψI ]] ∩ [[ψJ ]] = ∅
� ¡ ]VGJMLc � h�UVMY�

]aGlMLcaM*K�XJU`]+{#MQU�d?KNM*hjq#m[h�oLM>U
i ∈ J \ I

��Xlql��M>UaU
I = J

 ���WfqJm � M*d?{[]aWYhjq�]VGlM�cVMDU�Xl�j]½XJUVh�ql��W�UVh�K;h���Wfc
caM>W?U�d?qlh�ql�J�

x^M	Z�]>� � M�klcadzyYM\]VGJWf] det(A)
h�U¤W�o	dYKNkl��M	]aM�WYX[]Vd?K¤Wz]Vd?q�� ¨ UVUVXlKNM

Q ∈ 2Q h�UNW§U�]aWz]aM0dY�
det(A)

WfqJm
a
h�U�W\��Wf{!ML��� � M¤kJcVdzy?M�]VG#Wz]n]VGJMLcaM;h�UnW0]`_�k#M��`O¦ �cVXl��M

αQ,Q′ [Q] → Q′ h�q det(A)UVXJopG ]VG#Wz]
a ∈ αQ,Q′

� P÷]0h�U\MLqld?Xl�YG ]VdÿopGld�d?UVM(��dYc
Q′ ]aGlMwU�]aWz]aMwo	d?cVcaM>UVk!dYqJm[h�ql��]Vd']VGlMwUVM	]

{

q′ ∃q ∈ Q . a ∈ α ∧ α[q] → q′ ∈ R
} �#UVXJopG(]aGJWz]

a[Q] → Q′ �*©.h�qJWf����_Y�l��d?c*]`_�k!M0�,v? HcaXl�jMDUL� � M
kJcVdzy?M}]VGJWf]^��dYcQMLy?MLca_0y?M>o	]VdYc^df�

n ∈ N
2|Q| ]VGJMLcaM�h�U�W\cVXl��M ψI → QI

UVXJopG�]aGJWz]
n ∈ [[ψI ]]

� P÷]Qh�U
M>qldYXJ�YG0]Vd¤opGld�d?UVM^��d?c

I
]VGJM�U�ML] {

i n ∈ [[ψi]]
} �

�

x^M	Z�]>� � M*klcadzyYM5W�o	d?qlqlMDo�]Vh�dYq¤{!M	] � MLM>qN]VGlMQU`]pWz]aM>U9h�q det(A)
WfqJm;]aGlM�UVM	]+df��U�]aWz]aM>U½cVMDWYopGJWY{l�jM

��cadYK W;oLdYKNKNdYq0]VM>cVK hjq
A
�

��¬ � �'� ���	� � ��, � > � ,-. �m, ���
d ∈ IT

* �%�f ��> �
d → Q

�)�
det(A)

� 8C��� 1 ���=4U.`� 8
Q

� # �  5�7#0� �
{

q d→A q
} * �98 # �3��� �$# , � �E	  �Ec04 � 8&,R��A

d
�)�
A
B

� � °�°�� �+_�hjqJmlXJo�]ahjd?q¤dYq;]VGlM�m[M	�JqJh�]ahjd?q¤df�
d
� ¨ UaUVXlKNM

d→ Q
h�q

det(A)
WYqJm

q ∈ Q
� � M*klcadzyYM

]aGJWz]
d → q

h�q
A
��FHGlM;klcad�df�½dY�9]VGlMNo	d?q�yYMLcpUVM�oLW?U�M�h�U}UVhjKNh���WYc>� � M¤opGld�d?UVMn]VGlM¤UaWfKNM;qldf]pWz]Vh�dYq

]aGJWfq�h�q0]aGlMnh�q?]acVd[m[X#o�]Vh�dYq�df�*,�MDo�]>�;T��ïv[�
���l� ¬

d = 0
� {�_wo	d?qJU`]acVX#o�]Vh�dYqi]VGlM>cVMNh�UnW\XlqJh��1XlM;]`_�k#M���vY �cVXJ�jM

ψI → Q
h�q

det(A)
U�XJopG�]VG#Wz]

0 |= ψI
� � GlM>cVM I h�U5WNU�Xl{#U�ML]*df� 1..n

� �+_\m[M	�#qlh�]ahjd?q(df�
ψI

� M}GJW¦y?M�]aGJWz] 0 |= ψi
h�ª
i ∈ I

�
]VGJWf]*h�U>�

I
h�UH]VGJM�U�ML]HdY�.h�qJm[h�o	MDU5U�X#opG0]aGJWz]H]aGlM}��dY���jd � h�ql�;��dYcaK�XJ��W�h�U5]VcaXlMEF

∃(#q)q∈Q, (Nq,Q)Q∈2Q

q∈Q

.φi ∧
∧

q∈Q

(

#q =
∑

Q∈2Q

q∈Q

Nq,Q

)

∧
∧

Q∈2Q

(

0 =
∑

q∈Q

Nq,Q

)

FHGlh�UHh�UHd?ql�j_\k#d1UVUVhj{J�jMQh��
I
h�U+]VGlMnUVM	]5df�.hjqJmlh�oLM>U5UVXJopG\]aGJWz]

0 |= φi
��P÷�

I = ∅
]aGlMLq

0
h�UHqldf]

cVMDWYopGJWY{l��M�{�_
A
WYqJm � MNGJW¦y?M Q = ∅

�CW?U}qlMLMDm[M>m�� ¡ ]VGlM>c � h�UVMY�¥��d?c�Wf���9U`]pWz]aM qji
∈ Q � M

GJW¦yYM
0 |= φji

WfqJm
φji
→ qji

h�U5W;]`_�k!M¤�,vY +caXl��M}df�
A
�JWYUHqlM>M>m[MDm¥�

���l� ¬
d = a[d′]

� ]VGlM>cVMwK�XJU�]0{!M�W']`_1k!Mÿ��OD �cVXl��M
α[Q′] → Q

h�q
det(A)

� � hj]VG a ∈ α
�^WYqJm

d′ → Q′ � �+_�h�qJm[XJo	]Vh�dYq�� Q′ =
{

q′ d′ →A q′
} ��WYqJmw{�_im[ML�Jqlhj]Vh�dYq�df�

det(A)
�¥]aGlMN��WY{#M>�

a
K�XJU�]^{#M�hjq(]aGlM���Wf{!ML�CMLZ[klcVMDUVUVh�dYq

αQ′,Q
� �+_0klcVd?k#M>c�]`_0df�

αQ′,Q
�!UVhjq#o	M

q ∈ Q
� � MnGJW¦yYM

a[q′]→ q
��dYc*WY�j�

q′ ∈ Q′ �lWfqJm0]VGJMLcaM	��dYcaM a[d′]→ q
h�q
A
�JWYUHqJMLM>mlM>m¥�

���l� ¬
d = e1 | · · · | ek

¯ ��� �
k > 1

� �jML]
Qli =

{

q ei →A q
} �C��dYc�WY�j�

i ∈ 1..k
� �+_wh�qJm[X#o�]Vh�dYq

G�_1k!df]aGlM>UVh�UL� � MnGJW¦yYM ei → Qli

h�q
det(A)

�
"�ML]

m = #2Q(Q1 | . . . | Qk)
� �+_�oLdYqJU�]VcaXJo�]ahjd?q�]aGlMLcaM�h�U5W�Xlqlh��?XJM�]`_�k!M¤�,vY �caXl��M

ψI → QIU�X#opG¢]VGJWf]
m ∈ [[ψI ]]

WYqJm
Q = QI

�wg�dYcaMLdzy?MLcD�
I
h�U�]VGlM�U�ML]�dY�5WY�j�+h�qJm[h�o	M>U

i
UVXJopG¢]aGJWz]

×�× Ý�o=p������



v � � B��7��4����)4U�
��*�� B �<�E�E� ���
	 ��B�� � . #&# ���
�=� � ,

m ∈ [[ψi]]
�¤FHGlM>cVML��dYcaM

Q
h�UQ]aGlM¤U�ML] {

qji
m ∈ [[ψi]]

} �C]VGJWf]�h�U>�
q
h�Und?qlM�dY��]aGlM;]`_�k#M

qjk

�
� h�]aG k ∈ 1..n

��]VGJWf]*h�U+]aGlM}]aWYcV�?M	]5df�%W�]`_�k!M��,v? +cVXl��M>U
φk → qjk

∈ R
�

¨ UaU�XJK;M
m = (m∅, . . . ,mQ)

� � M^G#W¦yYM
m ∈ [[ψk]]

hj�¥WYqJmNdYqJ�j_;h��¥]aGlMLcaM^WYcVM5h�q1]VML�?MLcpU
nq
�?��dYc

q ∈ Q
�1WfqJm

nq,Q
�Y��d?c

(q,Q) ∈ Q×2Q ��U�X#opGN]VGJWf] (nq1
, . . . , nqp

) ∈ [[φk ]]
�
nq =

∑

Q3q nq,Q��dYc5MDWYopG
q ∈ Q

�lWfq#m
mQ =

∑

q∈Q nq,Q
��dYc5MDWYopG

Q ∈ 2Q �
FHGlMLcaM	��d?cVM � M^o>WfqN�Jq#m�W�UVM>�1XlMLq#o	M s = ql1 , . . . , qlk

df��ML��MLKNM>q?]pU9h�q
Q
UVXJopG¤]VG#Wz]

ei → qli ∈
Qli

��dYcQMLy?MLca_
i ∈ 1..k

Wfq#m
#Q(s) = (nq1

, . . . , nqp
) ∈ [[φk]]

� �^MLqJoLM
q = qjk

h�UQcaM>WYopG#Wf{l��M
��cVd?K

d
h�q
A
�JWYUHqlM>M>m[MDm¥�

�

� � ° � ° � ��� � °�� � � � � ��, � > � ,-.e�6, �&�
d ∈ IT

* �%�  ��> �
d ∈ L(A)

� 8f��� 1 ���
4U.J� 8
d ∈ L(det(A))

B

� � °�°�� ¨ UVUVXlKNM
d ∈ L(A)

��FHGlMLq
d →A q ∈ Q ���

WfqJm¥�C{1_ "�MLKNK¤W T���OY�
d → Q

h�q
det(A)� hj]VG q ∈ Q �iFHGlMLcaM	��d?cVM Q h�U�W(�JqJWY��U�]aWf]VMY�<W?U�qlM>M>m[MDm¥��W�dYq�yYM>caUVML��_Y��h��

d ∈ L(det(A))
�%]VGlM>q

d → Q
h�q

det(()A)
WfqJm(]aGlMLcaM�h�UQW¤�JqJWY�.U�]aWf]VM?�

q
�Eh�q
A
UVXJopG(]VG#Wz]

q ∈ Q
� �+_�"CMLKNK¤W`T���OY� � M

G#W¦yYM
d→ q

h�q
A
�JWYUHqJMLM>mlM>m¥�

�

� ��� � "#� 	 � )  �� )�� �  )$���� 	

XQh�yYM>q§] � d ,�GlM>W¦y?M>U ¨ X[]Vd?K¤Wz]aW A = 〈Q,Q ��� , R〉
WfqJm
A′ = 〈Q′, Q′��� , R′〉

� � M\o>Wfq£oLdYqJU�]VcaXJo	]
]aGlM ' ,�� 1 �=	$� �����(��AJ���(��� �

A×A′ �l]VG#Wz] � h��j��klcVdzy?M�X#U�ML��Xl�Ch�q�]VGlM�mlM	�Jqlhj]Vh�dYq�dY��]aGlM�WfXl]VdYK¤Wf]aW���dYcXJqlhjd?q�WYqJm�hjq1]aMLcpU�MDo�]Vh�dYqC�%FHGJMnklcVd[m[X#o�]
A×A′ h�UH]VGlM�WYX[]Vd?K¤Wz]Vd?q A× = 〈Q×, ∅, R×〉

U�X#opG0]aGJWz]
Q× = Q×Q′ = {(q1, q

′
1), . . . , (qp, q

′
r)}

WYqJm F

�
��dYcQMLy?MLca_0]`_�k!M0��OD ^cVXl��M

α[q] → s ∈ R
WfqJm

β[q′] → s′ ∈ R′ �¥hj� α ∩ β 6= ∅ ]aGlMLqw]VGlM;cVXJ�jM
(α ∩ β)[(q, q′)]→ (s, s′)

h�U5h�q
R× �

�
��dYcQMLy?MLca_0]`_�k!M0��vY ^cVXl��M

φ → q ∈ R
WYqJm

φ′ → q′ ∈ R′ �!]VGlM;caXl�jM φ× → (q, q′)
h�U^h�q

R× �
� GlMLcaM φ× h�UH]aGlMnklcad[m[XJo�]*dY��]aGlM}��dYcaK�XJ��W?U

φ
Wfq#m

φ′
dY{[]pWfh�qlM>m�WYU+��d?�j��d � UL� "CM	] #(q, q′)

{#M
]VGlMNyzWfcah�Wf{l��M;W?UVUVd[o	h�Wz]aM>m(]ad\]aGlMNq1XJK�{!MLcpU�dY�½d[oLoLXlcVcaMLq#o	M>U�df�½]VGlM¤U�]aWz]aM

(q, q′)
��]VGlM>q

φ×
h�U

]VGlM}��d?cVK�Xl��W5F
φ
(
∑

q′∈Q′ #(q1, q
′), . . . ,

∑

q′∈Q′ #(qp, q
′)
)

∧ φ′
(
∑

q∈Q
#(q, q′1), . . . ,

∑

q∈Q
#(q, q′r)

)

FHGlM}��d?�j��d � h�ql��kJcVd?k#M>c�]`_\U�]aWf]VMDU+]VGlM�UVdYXlq#m[qlM>UaUHdf��]VGlh�U*oLdYqJU�]VcaXJo�]ahjd?q��
� � ° � ° � ��� � °�� � � � � �� ��> �

d→ (q, q′)
�)�[�  =� �����(��AJ���(���

A×A′
*<� 8?��� 1 ���=4U.C� 8?c&���  

d→A q��� 1
d→A′ q′

B

XQh�yYM>q ] � d WfX[]adYK¤Wz]pWl� A WYqJm
A′ �*hj](h�U0k#d1UVUVh�{l�jMi]Vd£{JXlhj��mAWYqAWfXl]VdYK¤Wf]VdYq W?oLoLMLk[]ahjql�£]VGlM

��WfqJ�YXJWY�YM
L(A)∪L(A′)

Wfq#m\Wfq0WfX[]adYK¤Wz]adYq\W?oLo	M>k[]Vh�ql�
L(A)∩L(A′)

�<FHGlMQh�q?]aMLcpU�MDo�]ahjd?q
A∩A′

é�Û.×�éÅè
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�����������������
����� v?t

WYqJm�]VGJM�Xlqlh�dYq
A ∪ A′ K¤W¦_\{!M�d?{[]aWYhjqJM>m���cadYK ]VGlM�kJcVd[m[XJo	]

A ×A′ U�h�KNkl��_0{�_(U�ML]�]Vh�ql�¤]aGlM�UVM	]dY�C�Jq#Wf�CU�]aWf]VM>U+]ad=F
Q∩
��� = �	���

{

(q, q′) q ∈ Q ��� ∧ q ∈ Q′
���

}

Q∪
��� = �	���

{

(q, q′) q ∈ Q ��� ∨ q ∈ Q′
���

}

FHGlMnXJqlhjd?q�WYX[]Vd?K¤Wz]Vd?q\K¤W¦_\WY��UVd�{!M}dY{[]pWfh�qlM>m0XJUVhjqJ�NWNUVhjKNkl��MLc*oLdYqJU�]VcaXJo	]Vh�dYq��[UVhjKNh���WYc�]adN]VGlM
d?qlMQ��dYcH�JqJh�]aM�U`]pWz]VM¤� � d?camJ +WYX[]Vd?KNWf]aWJ�[�jMDWYm[h�ql�;]Vd¤Wfq�WYX[]Vd?KNWf]Vd?q � hj]VG�U`]pWz]aM>U Q ∪Q′ �
� � ° � ° � ��� � °�� � � 
 
; 5� �����(��AJ���(���

A∪A′
�\	�	 �(' � #

L(A) ∪ L(A′)
��� 1
A∩A′

�E	&	 �3' � #
L(A) ∩

L(A′)
B

FHGlM¤oL��W?UVU�df��UVGlMDW¦yYM>UQWfXl]VdYK¤Wf]aW�h�U}Wf��U�d�o	��d?UVM>mw{1_ioLdYKNkl��MLKNMLq1]pWz]Vh�dYqC��FHGlM¤o	dYq#U`]acVXJo	]Vh�dYqidY�
]aGlM�oLdYKNkl��MLKNMLq1]^dY�%WYqiWfX[]adYK¤Wz]adYq(h�U^U�h�KNhj��Wfc5]ad\W¤m[ML]VMLcaKNhjqJhQdDWz]Vh�dYq�kJcVd[o	MDm[XlcaMY�Q�bP²q�kJWYc�]ah�oLXl��WYc>�
]aGlM�o	d?KNkl�jM>KNMLq1]VMDm0WYX[]Vd?KNWf]Vd?q0K¤W¦_�{!MnM	Z[k!dYqlM>q?]ah�WY�j��_¤{lh��Y�?MLcH]VG#Wfq0]VGlMnd?cVh��Yh�qJWf�Å ��
� � ° � ° � ��� � °�� � � ��� �)> � � ���J�����3��AC���3���

A
�%� 	&���ec$���)4 1 ���e�����(��AJ���(���

A⊥ # �=	  �  ���
L(A⊥) =

IT \ L(A)
B

� � °�°�� ¨ UVUVXlKNM
A = 〈Q,Q ��� , R〉

h�U�W�o	d?KNkl�jML]VM�WYqJm¢m[M	]aMLcaKNhjqlh�U�]Vh�o¤WfX[]adYK¤Wz]adYq ��dY]VGlM>c � h�U�M
� MioLWYq WYklkl��_']aGlMwm[ML]VMLcaKNhjqJhQdDWz]Vh�dYq klcad[o	M>mlXlcVM(�?hjy?MLq hjq ,�MDo�]D��T��ïvY 	�AFHGlMiWYX[]Vd?KNWf]Vd?q

A⊥ =
〈Q,Q \Q ��� , R〉

WYo>o	MLkl]aUHM	ZlW?o�]V��_¤]aGlM}]VcaMLMDU+]VGJWf]^WfcaM�qldY]*hjq
L(A)

�
�

FHGlM½klcVd[m[X#o�]�oLdYqJU�]VcaXJo�]ahjd?q}_1h�ML��mlU�WfqnM�-�oLhjM>q?].Wf���YdYcahj]VGlK ]ad5]VMDU`]�]VGlM½hjqJoL�jX#U�h�dYq
L(A) ⊆ L(A′)

�
kJcVdzy�h�m[M>m\]VGJWf]

A′ h�U*m[ML]VM>cVKNh�qlh�U�]Vh�of�%P²q0]aGlh�U^oLW?U�M?� � M�UVh�K;kJ�j_0qlMLMDm\]adN]VMDU`]5]aGlMnMLKNk[]ahjqlMDUVU^df�.]VGlM��WfqJ�YXJWY�YM�W?oLoLMLk[]aM>m�{�_
A×A′ � hj]VG0�JqJWf��U�]aWf]VMDU Q ��� × (Q′ \Q′

��� )
� '^UVhjqJ��d?XlcHM>�1Xlh�y¦WY�jM>qJo	M}Wfq#m

mlM	�JqJWY{lh��jhj]`_�caM>UVXl��]pUL�?FHG���Dl��O+WYqJmJT���OY� � MHKNW¦_ncaML��Wz]aM+]VGlh�U%klcadY{l��MLK�]adQ]VM>U�]Vh�ql� � GlML]VGlM>c9W^��d?cVK�Xl��W
dY�+F
" h�UnW �VUVXl{[]`_�k#M
�;dY�+WfqJdf]VGJMLcQ��dYcaK�Xl��Wl��WYq�h�KNk#d?c�]pWfq1]nh�UaUVXlMNhjq�]VGJM;h�KNkl��MLKNMLq1]aWf]Vh�dYq�df�+]VGlM
kJcVd?�YcpWfKNKNhjql����WYql�YX#Wf�YM}F�Y&"9�

� � � 
� �� �  ) 	���� � ��� � �  	 ��� �*) � � � �����  	 	

P²q�]aGlh�U�U�MDo�]ahjd?q�� � M�o	dYq#U�h�m[MLcH]aGlM�klcadY{J�jM>K df�<opGlMDop�1h�ql�Nhj�<WYq(hjq[��d?cVK¤Wf]Vh�dYq0]VcaMLMnh�U*WYo>o	MLkl]VM>m�{�_0W
�?hjy?MLq�WfX[]adYK¤Wz]adYq��

¨ UVUVXlKNM§]VGlM>cVM¢h�UiWÿ��XlqJo	]Vh�dYq
Cost

U�X#opGA]aGJWz]D�}��dYciWf����oLdYqJU�]VcpWfh�q1]aU
φ
�n]VGlM¢M>yzWf��XJWz]ahjd?q dY�

φ(n1, . . . , np)
oLWfq {!Mim[dYqJM�hjq ]Vh�KNM

O(Cost(p, n)) � GlMLqlM>yYM>c ni 6 n
��dYc�WY�j�

i
hjq

1..p
� ©JdYc

�1XJWYq1]Vhj�JMLcV�,��caMLM�b9cVMDU�{JXlcV�?MLc^��dYcaK�Xl��Wi��WYqJmihj�
n
h�UQhjqi{JhjqJWYcV_(qldY]aWf]Vh�dYq# ^U�XJopG�W¤��XlqJo	]Vh�dYq�h�UQ�Yh�yYM>q

{�_
K.p. log(K.p.n)

� � GlM>cVM K h�U*]VGlM;�YcaM>Wf]VMDU`]^oLd1M -�o	h�MLq1]�d[oLoLXlcacVh�ql�¤h�q
φ
�Q©JdYc�WYcV{Jh�]acaWYcV_�U�hj]VXJWf�

]ahjd?qJU>�Y]aGJWz]½h�U>�Y��d?c9��dYcaK�XJ��W?U � h�]aG�Xlq�{!dYXlqJmlM>m��1XJWYq?]ah��#MLc½WY��]aMLcaqJWz]ahjd?q��YM>y¦WY�jX#Wz]Vh�ql��Wn��dYcaK�Xl��W}h�U+WYU
G#Wfcpm0W?U+]VM>U�]Vh�ql�Nhj]aU*UaWz]ah�U��#Wf{Jhj��h�]`_0WfqJm\]VGlM>cVML��dYcaM^]aGlM�o	d?KNkl�jMLZ[h�]`_�h�UH]acVh�kl��_�M	Z[k!dYqlM>q?]ah�WY�,�
� � ° � ° � ��� � °�� � � � � ��, ��� �����(��AJ���(���

A = 〈Q,Q��� , R〉
* �  =� AJ� 1\� 4 ]9	  =� 	&^��)�"� ' ,��Ec04 � A7*

d ∈
L(A)

* 	&��� c �@1E� 	$� 1\�&1 �)���6�)A �
O(|d|.|R|.Cost(|Q|, |d|))

8$��, � 1\� � � ,-A �)�=� # �6�
	@�����3��AC���3��� B 
  =�
' ,R�Ec04 � A � #�� � ]9	&��A ' 4 � � � 8$��,��e�;���=] 1\� � � ,-A7�)�
� # �6�
	 �����(��AJ���(��� B
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QE = ∅
QM = {q φ→ q ∈ R∧ |= φ(0)}� ¬ � ¬ �[�

� �
α[q′]→ q ∈ R

WYqJm
q′ ∈ QM

WYqJm
α 6= ∅� � ¬	�

QM := QM ∪ {q}
WfqJm

QE := QE ∪ {q}� �
φ→ q ∈ R

WfqJm
φ \QE

h�U5UaWz]Vh�U��#Wf{l��M
� � ¬	�

QM := QM ∪ {q}� � � �,/ qld¤qlM � U�]aWz]aM�oLWYq0{!M�WYmlmlM>m\]Vd
QM� �

QM
oLdYq1]aWYhjqJU5W��Jq#Wf��U�]aWz]aM

� � ¬	�ScVML]VXlcaq �;��� � A ' �6. ¬ /,� ¬ cVML]VXlcaq�� A ' �6.

� M��?hjy?M�WYq\Wf���Yd?cVhj]VGlK ��dYcHm[MDo	h�m[hjqJ��MLKNk[]ahjqJM>UaU�{#WYUVM>m¤d?q\W�U�]aWYqJmlWfcpmNK¤Wfca��hjql��Wf���YdYcahj]VGlK ��dYc
caML�?Xl��Wfc�]VcaMLM�WfXl]VdYK¤Wf]aWl�NFHGlM¤K¤Wfca��hjqJ��WY�j�?dYcah�]aGlK o	d?K;kJX[]VMDUQ] � d�UVM	]aU}dY�HU�]aWf]VMDUL� QM

WfqJm
QE

�
� GJMLcaM QM

oLdYcacVMDU�k!dYqJmJU^]adicaM>WYopG#Wf{l��M¤U`]pWz]VMDU�Wfq#m
QE

oLdYcacVMDU�k!dYqJmJUQ]VdiU�]aWz]aM>UncaM>W?opGJWf{J�jMN{�_�WYq
M>�jM>KNMLq1]�� �
B � BQ* ]aGlcVd?Xl�YG0]VGJM�WfklkJ�jh�oLWf]Vh�dYq(df�<WN]`_�k#M���OD HcaXl��MD 	�+FHGlM�WY�j�?dYcah�]aGlK caM	]aXlcaqJU5WNk#d1U�hj]Vh�yYM
WYqJU � M>c+hj�<WfqJm0dYql��_�hj�%]VGlM>cVM}h�U5WNKNWYcV�?M>m��JqJWf��U�]aWf]VM?�

P²q(]aGlM�oLW?U�MndY�%oLdYqJU�]VcpWfh�qlMDm\caXl��M>U>�
φ → q

� � MnqlM>M>m�]Vd�opGJM>op� � GJM	]VGJMLc5]aGlMLcaM�h�U*WNK�Xl�j]Vh�UVM	]^dY�
K¤WYcV�?M>m(ML��MLKNM>q?]pU � Gld1U�M�K¤Wfklklh�ql�\UaWz]ah�U��JMDU φ �}FHGlh�UQWfKNd?Xlq1]aU5]ad0opGlMDop��hjql�N]aGlMNUVWf]Vh�U`�#WY{lh��jhj]`_0dY�]aGlMHb9caM>UV{lXlca�YMLc���dYcaK�XJ��W

φ(#q1, . . . ,#qp)∧
∧

q/∈QE
#q = 0

� � GJMLq�]VGlh�U.��dYcaK�Xl��W�h�U<UaWz]ah�U��#Wf{J�jM?� � M
UaW¦_N]VG#Wz]*]aGlM�o	d?qJU`]acaWYhjq1]

φ \QE
h�U*UaWz]Vh�U��#Wf{l��MY��P²q(kJWYc�]ah�oLXl��WfcD�?]aGlM�oLdYqJU�]VcpWfh�q1]

φ \ ∅
h�U*UaWz]ah�U��#WY{l�jM

hj�<WfqJm0dYql��_�hj�
|= φ(0)

�
� � ° � ° � ��� � °�� � � � � # �3��� �

q
� # AC��,R^ �&1 c$.[� 4 �"��,-�)�  A � � 8`��� 1 ���=4 . � 8@�  =� , � ��� � # � # ���m, ���

d# �=	  �  ���
d→ q

B

� MiK¤W¦_'klcadzyYM�klcadzyYM0]VGlh�U\oL��WYhjK XJU�h�ql�¢W§caM>WYUVdYqJhjql�§UVhjKNh���WYcN]Vd§]VGJM�dYqlM(��d?c¤cVM>�YXl��Wfc;]VcaMLM
WYX[]Vd?K¤Wz]aWJ� � MNo>Wfq�Wf��U�d0M>U�]aWf{J�jh�U�G§W0cVMDU�Xl�j]}dYqi]aGlM¤o	d?K;kJ�jMLZ�hj]`_�df��]VGlh�UnWf���Yd?cVhj]VGJK���"CM	]

CostAmlMLqldY]VM�]VGlMQK¤WzZ[hjK¤WY�#]ahjKNM}caM>�1Xlh�cVMDmN]VdNm[M>oLh�mlM^]aGlMQUaWz]ah�U��#WY{lhj��hj]`_¤df��]aGlMQoLdYqJU�]VcpWfh�q1]aU�d[oLo	XJcVcahjqJ��h�q
]`_�k!M��,v? ½caXl��M>UHdY�

A
�

� � ° � ° � ��� � °�� � ��� 
; 5� ' ,R�Ec04 � A
L(A)

?
= ∅

� #�1E� 	0� 1 �Ec04 � �)���m�)A �
O(|Q|.|R|.CostA)

B

P²qw]VGlMNoLW?U�M�df�9caML�YXJ��WYc*]VcaMLM;WfX[]adYK¤Wz]pWl�!h�]}h�U�k!d?UaUVhj{l��M�]ad��Jq#mwW�KNd?cVM�cVML�JqlM>mwWf���YdYcahj]VGlK ��dYc
]aGlM^M>KNk[]Vh�qlM>UaU9kJcVd?{l�jM>K(�Y{JW?U�MDmNdYqN]VGJM�UaWz]Vh�U��#Wf{lh���h�]`_;df�¥klcadYk!d?UVh�]ahjd?qJWf� �*dYcaq¤o	��WfXJUVM>U>� � h�]aG¤dYql��_;W
��h�qlM>WYc½o	d?K;kJ�jMLZ�hj]`_�h�qN]VGJM^U�h dLM5dY�

A
�.FHGlM>cVML��dYcaM � M5K¤W¦_�GldYk!M5]Vdnh�KNklcadzyYMHdYXlc�o	dYKNkl��M	Z[hj]`_�caM>UVXl�j]>�
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� M¤klcadzyYM;dYXlcnK¤WYhjq§klcadYk!MLcV]`_��jh�ql��h�ql�iU�GJM>W¦yYMDU}WfX[]adYK¤Wz]pW�WYqJmw]VGlM\UVGlMDW¦yYM>UQ��dY�?h�o;WfqJm�XJUVMN]VGJh�U
caM>UVXl�j]�]ad;mlMLcahjy?MQUVMLy?MLcpWf�#oLdYKNkl��M	Z[hj]`_¤cVMDU�Xl�j]aU+d?q�]VGJM���cpWf�?KNMLq1]+dY� ¨ K�{lh�MLq1] "�dY�?h�o�U`]aXJm[h�M>m0hjq0]VGJh�U
k#Wfk!MLcD�
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B

� � °�°�� �+_(U`]acVX#o�]VXJcaWY��hjq#m[XJo�]ahjd?q�dYq�]VGJM�m[ML�Jqlhj]Vh�dYq�df�
A
� P²q(]aGlM�o>WYUVM

A = > � M�oLWYqiU�h�KNkl��_
opGJd1d1U�M*WYq ��WY�j�!WYo>o	MLkl]Vh�ql� �*WfX[]adYK¤Wz]adYq��%©ld?c9M	ZlWYK;kJ�jM?�Y]aGlM�WYX[]Vd?KNWf]Vd?q � hj]VG\Xlqlh��?XJM��Å�Jq#Wf�Å 9U�]aWz]aMY�
q
�#WfqJm � h�]aG(cVXl��M>U ∅⊥[q]→ q

�JWfq#m
(#q > 0)→ q

�
FHGlMnd?ql��_�df]aGlMLc*o>WYUVMQh�U

A = ∃N� φ � E
� � GlM>cVM E

h�U*WNU�XJklk#d?c�]5y?M>o�]adYc
(α1[A1], . . . , αp[Ap])

�
�+_;hjqJmlXJo�]ahjd?q��Y]aGlMLcaM*h�U�WYq¤WfX[]adYK¤Wz]adYq

Ai
WYoLoLMLk[]ahjqJ�}]VGlM�K;d[m[M>��U½df�

Ai
��dYc�Wf���

i ∈ 1..p
�.©JcVd?K

WYq�WYX[]Vd?KNWf]Vd?q
C
W?oLo	M>k[]Vh�ql�0]VGlMNKNd[m[ML��UQdf�

C
� � M¤oLWYq�oLdYqJU�]VcaXJo�]nWfq§WfXl]VdYK¤Wf]VdYq Cα WYoLoLMLk[]ahjqJ�

]aGlM�UVM	] {

a[d] d ∈ [[C]], a ∈ α
} F+hj�

α = ∅
�J]aGlMLq

[[α[C]]] = ∅
Wfq#m � M;oLWfqiUVh�K;kJ�j_�opGld�d?UVMn��d?c CαWYq�_NWYX[]Vd?K¤Wz]Vd?q � hj]VG(Wfq0MLKNk[]`_�UVM	]Hdf�C�#qJWf�¥U�]aWz]aM>U _�df]VGJMLc � h�UVMY� � M�d?{[]aWYhjq Cα ��cadYK C {�_�WYmlmlhjql�W���caM>UVG\qlM � U�]aWz]aM

qs
��]VG#Wz] � hj���E{#MQ]aGlM}dYql��_N�JqJWY��U`]pWz]VMQdf� Cα �lWfq#m�{�_\WYmJm[hjqJ��d?qlM^]`_�k!M¤�`OD ½caXl�jM

α[q] → qs
��dYc}M>W?opGi�Jq#Wf�<U`]pWz]aM

q
df�
C
��FHG�XJU>� � M�K¤W¦_�{lXJhj��m�WYq�WYX[]Vd?K¤Wz]Vd?q Bi

W?oLo	M>k[]Vh�ql�0]VGlM
KNd[m[M>��UHdY�

αi[Ai]
��dYc*WY�j�

i ∈ 1..p
�

FHGlM(o	d?qJU�]VcaXJo�]ahjd?q¢df�
A
h�U;U�h�K;h���Wfc�]ad�W�m[M	]aMLcaK;h�qlh d>Wf]Vh�dYq'klcad[o	MDUVU>� "�ML]

A
{#M\]VGlM�klcad�mlXJo�]

WYX[]Vd?K¤Wz]Vd?qwdY�9]VGlM
Bi
� U}WYqJmw��M	]

{Q1, . . . ,Qm}
{!MN]VGlM¤U�]aWf]VM>UQdY�

A
� ¨ U�]aWf]VM

Q
df�
A
h�U}df��]VGlM

��d?cVK
(q1, . . . , qp)

� � h�]aG qi WNU�]aWf]VMndf� Bi
�JWfqJm�K¤W¦_\caMLkJcVMDU�M>q?]+]VM>cVK¤U*W?oLoLMLk[]aM>m�{�_0UVMLyYM>caWY�Edf�%]VGlM

Bi
� U>� � M�X#U�Mn]aGlM;qldf]pWz]Vh�dYq

Q ∈
�Jq

(i)
]Vd0UaW¦_0]VGJWf]^]VGJM

i ��� oLdYKNk#d?qlMLq1]Qdf� Q h�UQW¤�JqJWY��U�]aWf]VM�dY�
Bi
�^FHGlM;o	dYq#U`]acaWYhjqlMDm(cVXJ�jMDU*df�

A
WYcVM�dY�<]VGlM���dYcaK

ψ(M1, . . . ,Mm) → Q
� � GJMLcaM Mi

U`]pWfqJmlU*��dYc
]aGlMNq�XlK�{!MLc}df��d�o>o	XlcacaMLqJoLM>U�df�9]aGlM¤U`]pWz]VM

Qi
h�q§W\caXlq���FHGJM�h�m[M>W0h�UQ]Vd�M	Z�]VM>qJm

A � h�]aG�W\��cVMDU�G
qJM � U�]aWf]VMY�

qs
�?]aGJWz] � h��j�E{!M�hj]aU+dYqJ�j_N�Jq#Wf�EU`]pWz]VM?�[WfqJm�]Vd�W?mlm\W�qlM � cVXl��M

φ∃(M1, . . . ,Mm)→ qs
�

� GJMLcaM φ∃ h�U�UaWz]Vh�U��JM>m�{�_wo	d?q[�J�YXJcaWf]Vh�dYqJU Qj1 | · · · | Qjn

o	d?q1]aWfh�qlh�ql��dYql��_�U�]aWf]VM>U}h�q��Jq
(i)

����dYc
UVdYKNM

i ∈ 1..p
 ���FHGlM}��dYcaK�Xl��W

φ∃
�#�Yh�yYMLq�{!ML��d � �[h�U5d?{[]aWYhjqJM>m�{�_0m[MDo	dYKNk!d?UVhjqJ� Mi

hjq1]Vd¤W¤UVXlK dY�
h�q1]VM>�YMLcHyzWfcah�Wf{l��M>U

X i
j

�[��dYc
j ∈ 1..p

�loLdYcacVMDU�k!dYq#m[hjqJ��]VdN�#qJWf��U�]aWf]VM>UHdY�
Bj

d[oLoLXlcVcah�ql��h�q
Qi
�

∃
(

X i
j

)

i∈1..m
j∈1..p

·





∧

i∈1..m

(

Mi =
∑

j∈1..p
Qi∈ ��� (j)

X i
j

)

∧ φ
(
∑

i∈1..m
Qi∈ ��� (1)

X i
1, . . . ,

∑

i∈1..m
Qi∈ ��� (p)

X i
p

)





FHGlMnkJcVd?k#M>c�]`_N��d?�j��d � UH{�_\U�GJd � hjql��]VG#Wz] d |= A
hj�<WfqJm�dYqJ�j_�hj�

d ∈ L(A)
�

�

¨ ��dYcaK�Xl��W
A
df�-, "£h�U�{JW?U�h�oLWY�j��_�W���UV_�q?]pWzZJ H]acVM>M � GlM>cVM�M>WYopGwqld[m[M�h�U^��Wf{!ML��M>mi{1_�W0U�GlMDW¦yYMDU

oLdYKNk!d?UVh�]ahjd?q��
∃N� φ � E

�#WYqJm�GJW?U
|E|

U�d?qJU>� '^UVhjql��]VGlM�XlqJm[M>cV��_�hjql��]VcaMLM�U�]VcaXJo�]aXlcaM�df�%��dYcaK�XJ��W?UL�
� M�o>Wfqim[ML�JqlM�]aGlM�GJMLh��YG1]>� h(A)

�¥WYqJm(]VGJM�m[M>�YcaMLMY�
d(A)

�EdY�½WN��dYcaK�Xl��W
A
�QFHGlM�oLdYqJU�]VcaXJo�]ahjd?q�df�

]aGlM�WfXl]VdYK¤Wf]VdYq�caM>o	d?�Yqlh dLh�ql�(W0��dYcaK�Xl��W
A
cVMD�?XJhjcaM>U�]VdioLdYKNklX[]aMN]VGlM¤kJcVd[m[XJo	]�df�5Wz]nKNd?U�]

d(A)WYX[]Vd?K¤Wz]aW\��dYc}MDWYopG�oLdYKNk!d?UVh�]ahjd?qwh�q
A
�NFHGJMLcaM	��dYcaMY�!]aGlM�U�h dLM;df��]VGlM¤WYX[]Vd?KNWf]Vd?qwh�U}{#d?XlqJm[MDmw{�_

T (̂d(A)̂ h(A))
� � GlMLcaM T h�U9W}o	d?qJU�]aWfq1]<{!dYXlqJmlhjql�}]aGlM*UVhQd>M+dY�#]aGlM*WfXl]VdYK¤Wf]VdYq;caM>o	d?�Yqlh dLh�ql� > WYqJm

â b
U�]aWfq#mlUQ��dYcQ]VGJM¤M	Z[k#d?qlMLq1]ah�Wf]Vh�dYq

ab �¤FHGlM¤m[M>oLh�mJWf{lh��jhj]`_£�,WfqJmw]VGlM¤oLdYKNkl��M	Z[h�]`_l �df� , "ÿ��dY���jd � U

×�× Ý�o=p������
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��cadYK FHG��+T[�jO�WYqJm�b9cVd?k#d1U�hj]Vh�dYqST�� Ol�0FHGlM\o	d?KNkl�jMLZ[h�]`_ih�U�m[d?Xl{l��_�MLZ[k#d?qlMLq1]Vh�Wf�<h�q§]VGJM�U�h dLM¤dY�
A���jh��YM}h�q0b½cVd?k#d1U�hj]Vh�dYq[T�� Ol� � MQWY{JU`]acaW?o�]HdzyYM>c½]aGlM�o	d?K;kJ�jMLZ�hj]`_¤df�%m[M>oLh�mlhjql�;]aGlMnUVWf]Vh�U`�#WY{lh��jhj]`_�df��]VGlM

b½cVMDU�{lXJcV�?MLc5o	d?qJU`]acaWYhjq1]pUa 	�
� � ¬�° � ¬ � ��� ��� "��[����� � �l�
�,/ ��� ­ � � ��, ���
.�8$��,-A ��4Q�

A
�98 � �<* �  =��# ���m� #ba �Ec0�)4U�)�m. ' ,R�\c$4 � A

[[A]] = ∅� #�1\� 	0� 1 �\c$4 � �)� �6�)A �
O(T 2 (̂d(A)̂ h(A)))

B

W�d?K�{lh�qlM>m � h�]aG�dYXlc�klcaMLy�hjd?XJU9caM>UVXl�j]aU½dYq¤]aGlM^M>K�{!M>mlm[h�ql��df�CF
"�h�q , " � MQWf��U�d�d?{[]aWYhjq�mlM>o	h�m��
WY{lh��jhj]`_�klcadYk!MLcV]Vh�M>U���dYcQ]VGJM�]acVM>M���dY�?h�oY��WYU � ML���%W?U}WfX[]adYK¤Wz]pWz�÷{JWYUVM>mimlM>o	h�UVhjd?qwklcad[o	M>mlXlcVMDU*��d?c}]VGlM
KNd[m[M>���²opGlM>op��h�ql��Wfq#m�U�Xl{l]`_1kJhjql�\klcVd?{l��MLK¤UL� P²q#m[MLMDm¥�!��cVd?K WN��d?cVK�Xl��W

A
dY�<F
" � M�oLWfq�{JXlhj��miWYq

MD�1XlhjyzWY�jM>q?] , "��,��d?cVK�Xl��W � h�]aGw]aGlM;UaWfKNMNm[MLkl]VGÿ� � Glh�opG�h�UQ{#d?XlqJm[MDmi{�_ |A|  QWYqJm � hj]VG�m[ML�?cVM>M�Wz]KNd1U`]
3̂ |A|

��FHGlM;yzWf��XlM
3
o	d?KNM>U���cVd?K ]VGlMNUVhQd>M�dY�9]VGlMN{JW?U�h�U�XJU�MDmwh�qi]aGlMNMLqJoLd[m[hjqJ�\df�+�jd[o>Wz]Vh�dYq

� ,�M>o	]Vh�dYq D? 	� � M}dY{l]aWfh�q0]VGJWf]+]aGlM�UaWz]Vh�U��#Wf{lh���h�]`_¤klcadY{J�jM>K ��dYc*F
"�h�UHh�q(m[dYXl{J�jM}M	Z[k!dYqlM>q1]Vh�Wf�!]Vh�KNMY�
¡ q#o	M}KNdYcaMY� � M}WY{JU�]VcpWYo�]HdzyYM>c+]VGlM�oLdYKNkl��M	Z[h�]`_\df�%b9cVMDU�{JXlcV�?MLc���dYcaK�Xl��WYU>�
� � ¬�° � ¬ � ��� � � "��[����� � �l�
�,/ ��� ­ � � ��, ���=.�8$��,-A7��4 �

A
�98 
 �<* �  =��# ���6� #ba �Ec0�)4U�)�6. ' ,��Ec04 � A

[[A]] = ∅� #�1\� 	0� 1 �\c$4 � �)� �6�)A �
O(T 2 (̂3 |̂A|2))

B

� � �5�+
������ ��� � ���5� ���
� �������	�

W�d?qJU�]VcpWfh�qlM>m¥�1]`_�k!MN��vY 	�[cVXl��M>UHdY��UVGlM>W¦y?M>UHWfX[]adYK¤Wz]pW�WYcVMQXJUVM>m\]VdNM	Z[kl��dYcaM^]aGlM �`GJdYcahQd>dYq1]aWY� ��U�]VcaXJo��
]aXlcaM�dY�J]VcaMLMDUL��,�GlMDW¦yYM>U.WfXl]VdYK¤Wf]aWQoLWfq;WYU.M>W?U�h���_QMLZ[kl�jd?cVM+yYM>c�]ah�o>Wf��U`]acVX#o�]VXJcVMHWfqJm�{#MHXJUVM>m�]VdQK¤Wz]popG
k#Wz]VG#U^dY����qlMDU`]aM>mwML��MLKNMLq1]aUp ^��WY{#M>��U>� � MNoLWYq�UVhjKNkl��_�]aWf�?M�W?m[yzWfq1]aWY�YM�dY�<]VGlM;h�q?]acVh�qJUVh�o�caM>o	XJcaUVhjy?M
q#Wz]VXJcVMQdf��WYX[]Vd?K¤Wz]aWJ�1]VGJWf]HK¤W¦_¤o	d?q1]aWfh�qJUHo	_[oL�jh�o�mlMLk!MLqJm[M>qJo	h�M>UH{!M	] � MLM>q0U�]aWf]VM>U>�1]Vd¤o	d?KNklhj��MQkJWz]aG
MLZ[klcVMDUVUVh�dYqJU>�

P²q ]aGlh�U0U�MDo�]ahjd?q�� � MiMLZ�]VMLq#m ]VGlMwUV_�q1]aWzZ df� , " � hj]VG caM>oLXlcpU�h�yYM(m[M	�#qlh�]ahjd?qJU>� ©JdYc¤]aGlMwUaWf�?M
dY�+{JcVM>y1hj]`_Y� � M � hj����U�]aW¦_�Wz]�WYq�h�q[��d?cVK¤Wf�½�jM>yYML��o	dYKNkJWYcVMDm�]Vd(]VGJM�cVMDU`]�df�+]VGlM�k#Wfk!MLcD� ¨ o	]VXJWY�j��_Y�
d?Xlc5klcahjK¤WYcV_��?d?WY�¥h�UH]ad¤klcadzyYMQ]VGJWf]*kJWz]aG(M	Z[klcaM>UaU�h�dYqJU5WYqJm�h�]aMLcpWz]ahjd?q�WYcVM}h�qJm[MLMDm�] � dNd?c�]aGldY�?dYqJWY�
��d?cVK¤U%dY�EcaM>oLXlcpU�h�dYq;WfqJm;]aGJWz]9d?Xlc<��cpWfKNM � dYca��oLWYq;MDWYUVhj��_�{!M*MLqJcVh�opGlM>m � hj]VG¤kJWf]VGNM	Z[klcaM>UaUVhjd?qJUL� � M
WY��UVd�U�]VXJm[_�W0U�h�KNkl�jM�U�_�q1]aW?o�]Vh�oncaM>U�]Vcah�o	]Vh�dYq�d?q(��dYcaK�Xl��WYU*]VGJWf]�h�K;kJcVdzy?M>UH]aGlM�MLª!MDo�]Vh�yYM>qlM>UaU*dY�9dYXlc
WYklklcad?W?opG��
�0¬ �0���¦��� � ¬ " � ¬ � � ¬ � �½°! �,�

X,Y, . . .
caM>o	XJcaUVhjy?M�yzWYcVh�Wf{l��M>U

E ::=
ML��MLKNMLq1]5��d?cVK�Xl��W

α[X ]
ML��MLKNM>q?] � hj]VG(��Wf{!ML�¥h�q α

D ::=
cVMDo	XlcpUVhjy?MQm[ML�Jqlhj]Vh�dYq

X ← ∃N� φ(N) � E
U�GlMDW¦yYMDU+oLdYKNk!d?UVh�]ahjd?q

A ::=
+-, "���d?cVK�Xl��W

〈D1, . . . , Dn;X〉

é�Û.×�éÅè
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FHGlM�UV_�q1]aWzZ�df�+��dYcaK�Xl��WYU}h�UnM>yYMLq���M>WfqJMLcn]aGJWfq§h�q , " WfqJm�h�UncVM>KNhjqlh�Uao	MLq1]�dY��]acVM>M¤�YcpWfKNK¤WfcVF
��d[oLWf]Vh�dYq�h�U5caM>U�]Vcah�o�]VMDm�]ad¤yzWfcah�WY{l�jMDUHWfqJm(W���dYcaK�Xl��W;h�U^U�h�KNkl�j_�W¤U�ML]*df�.cVMDo	XlcpU�h�yYM}m[ML�Jqlhj]Vh�dYqJU � hj]VG
WNm[h�U�]Vh�ql�YXlh�UVGlM>m���h�qlhj]Vh�Wf�Å HyzWfcah�WY{l�jM?�

FHGlM�o	d?qlqlM>o	]Vh�dYq � hj]VG¢]acVM>M��YcpWfKNK¤Wfc�h�U�MLyYM>q'o	��M>WYcVM>c�hjq']VGlM�m[M	�JqJh�]ahjd?q¢df�5]VGJM0UaWz]Vh�U���WYo�]ahjd?q
caML��Wz]ahjd?q�� ¨ ]VcaMLM

d
KNWf]aopGlMDU�W\��dYcaK�XJ��W

〈D;X〉
��m[MLqldY]VMDm

D ` d : X
�¥hj�+WYqJmid?ql��_�hj�½]aGlMLcaM;h�U}W

mlM	�Jqlhj]Vh�dYq
(X ← ∃n�φ �E)

hjq
D
UVXJopG;]VGJWf]

d ∈ n � [[E]]
WfqJm
|= φ(n)

�?]VG#Wz]9h�UL�
d |= ∃N�φ �E

h�q , "9�
� M}Wf��U�d;WYm¦e`XJU�]+]VGlMQcVXJ�jM���dYc+ML��MLKNMLq1]+��dYcaK�Xl��WYU>� ¨ q\M>�jM>KNMLq1]

a[d]
K¤Wz]popGlM>U

α[Y ]
��hjq\]VGlM}o	d?q1]VM	Z�]

D
 }hj�HWYqJm�dYql��_whj�

a ∈ α
WfqJm

D ` d : Y
��©ldYcnMLZlWfKNkl��MY�Chj�

AnyD
h�U}]VGlM¤caM>oLXlcpU�h�yYM¤m[ML�Jqlhj]Vh�dYq

X ← ∃N � (N > 0) � ∅⊥[X ]
]aGlM���d?cVK�Xl��W

〈AnyD;X〉
K¤Wz]popGlM>U*MLyYM>cV_0]VcaMLM�hjq

IT
��hj]�klcadzy�h�m[MDU*W

k!d?UaUVhj{l��M}MLqJoLd[m[hjqJ�;dY�
>
 	�

XQcpWfq1]VMDm']aGlM(cVM>��Wf]Vh�dYq � h�]aGÿ]acVM>M0�?caWYKNKNWYc>�½h�]¤h�UNqldf]¤qlMDo	M>UaUaWfca_§]Vd�XJU�M�]acVM>M(WYX[]Vd?K¤Wz]aWw]Vd
mlM>o	h�m[M0]VGlM(��dY�?h�oY�SP²qJm[M>M>m¥�½]VGlM>cVM(M	Z[h�U`]NM�-�oLhjM>q?] � W¦_[U�]ad�K¤WfqJhjklXJ��Wf]VM(�YcpWfKNK¤WfcpUn]aGJWz]�m[d�qldf]
��M	Z[kl��h�oLh�]a�j_l ^cVMD�1XlhjcaM�WYX[]Vd?K¤Wz]aWf��{#WYUVM>m0]VMDopGlqlh��?XJM>U>�}x^dYqlML]VGlM>�jMDUVU>�!]VGlMNo	d?KNklhj��Wz]ahjd?q���cadYK +-, "£]Vd
UVGlMDW¦yYM>UNWYX[]Vd?KNWf]aW�h�U\U�]VcpWfh��YG1]���d?c � Wfcpm'Wfq#mÿkJcVdzy�h�m[M>UNW§�Yd�d[m h�mlM>W§df�}Gld � U�GJM>W¦yYMDUNWfX[]adYK¤Wz]pW
oLdYK�{lhjqJM � M>�j� � h�]aGicVMDo	XlcpUVhjd?q�� ¨ qihjq1]aMLcaM>U�]Vh�ql�¤klcadYk!MLcV]`_\df�%]aGlM�WfXl]VdYK¤Wf]VdYq A d?{[]aWYhjqlMDm���cVd?K W
��d?cVK�Xl��W

A
h�U+]VG#Wz]^M>yYMLca_¤yzWfcah�WY{l��MQdY�

A
oLdYcacVMDU�k!dYqJmJU9]ad�W¤U�h�ql�Y��MnU`]pWz]aMQh�q

A
�#WYqJm\]VGlM�UVh dLM>UHdY�

AWYqJm
A
WfcaMQkJcVd?k#d?c�]ahjd?qJWf���

� � ¬�° � ¬ � � �	� ���0¬�� � �[� � / ��� ­ � � ��, � > � ,-. 8$��,-A ��4Q�
A
* �%� 	&��� c0���)4 1 ��� �����3��AC���3���

A
� 8 # � �V�

O(|A|)
�E	&	 �3' �m�)�/�@�  =� AJ� 1\� 4 # �98

A
B

� � °�°�� ¨ UVUVXlKNM
A = 〈D;X〉

�0©JdYcnM>yYMLca_iM>�jM>K;M>q1]���dYcaK�Xl��W
α[Y ]

WfqJm�MLy?MLca_iyzWfcah�WY{l��M
Z
d�o	�

oLXlcacVh�ql��h�q
A � M;U�ML]�Xlk�]aGlMNU`]pWz]VMDU qα[Y ]

WYqJm
qZ
� "�ML]

Q
{!M�]VGlM;U�ML]�df�+Wf�j�%UVXJopGiU`]pWz]aM>U>�QFHGlM>q��

��d?c�M>yYM>cV_�ML��MLKNMLq1];��dYcaK�Xl��W
α[Y ] � M�U�ML]�Xlk£]VGlM0]`_�k#M§�`O¦ �caXl��M α[qY ] → qα[Y ]

WfqJm§��d?c�M>yYM>cV_
mlM	�Jqlhj]Vh�dYq

Y ← ∃N� φ � E
h�q

D
� � hj]VG E = (α1[Y1], . . . , αp[Yp])

� � M;U�ML]�Xlk�]aGlM�]`_�k!M0��vY 5caXl��MEF
φ(#qα1[Y1], . . . ,#qαp[Yp]) → qY

�&"CM	]
R
{!M�]aGlM;UVM	]Qdf�½WY�j�%U�X#opGicVXJ�jMDUL�^FHGJM;UVGlM>W¦y?M>U*WYX[]Vd?K¤Wz]Vd?q

� hj]VG�U�]aWf]VM>U Q �[cVXl��M>U R WfqJm\�JqJWY��U`]pWz]VM}]aGlM�UVhjql�?�jML]Vd?q
{qX}

WYoLoLMLk[]pU�]VGlMnKNd[m[ML��U5dY�
A
�

�

'�U�h�ql�N]VGJM�m[M	�#qlh�]ahjd?q�df�.]VGlM�m[MLcahjy?M>m�dYk!MLcpWz]adYcpU+�Yh�yYMLq(h�q ,�M>o	]Vh�dYq Dl� � M�o>Wfq(klcadzyYMQ]VGJWf] +-, "
oLdYcacVMDU�k!dYq#mlU�]VdiWfq§MLZ1]aMLqJUVh�dYq�df�5F
" � h�]aG¢cVMDo	XlcpU�h�yYMNm[ML�Jqlhj]Vh�dYqJU>� � GlM>cVMN]aGlM¤��d�o>Wz]ahjd?q�d?k#M>caWf]Vd?c
h�U*��h�K;hj]VMDm(]Vd\cVMDo	XlcpU�h�yYM}yzWfcah�Wf{l��MY�

a[X ]
�H©JdYc�M	ZlWfKNkl��MY�J��dYcaK�Xl��W�� �  ��!{#M>�jd � �!h�U�UVWf]Vh�U`�#M>m({�_\]acVM>M>U

� hj]VG�W;kJWf]VG (a.b)∗
WYqJm��,tY +h�U5UaWz]Vh�U��JM>m0{�_�]VcaMLMDUHK¤Wz]aopGJhjql�

A
UVdYKNM � GlM>cVM?�

〈

X ← (a[Y ] | >) ∨ 0 , Y ← (b[X ] | >) ; X
〉 � �  

〈

X ← (∅⊥[X ] | >) ∨ A ; X
〉 �,tY 

FHGlh�U*caM>U�]Vcah�o�]Vh�dYq�m[d�MDU*qldY]^M	Zlo	MDUVUVh�yYML��_���hjKNhj]*]VGJM�M	Z[klcaM>UaUVhjy?MLqlMDUVU+df�%]aGlM���dY�?h�oY� ¨ ��]aGldYXl�?G(]VGlM
caM>UVXl�j]Vh�ql�(M	Z�]VM>qJUVhjd?q�dY�HF
" h�U}�jMDUVU�M	Z[klcaM>UaU�h�yYM�]VGJWYq�]VGlM¤��dY�?h�o;MLqJcVh�opGlM>m � hj]VG§�YM>qlMLcpWf�<��M>W?U`]�Wfq#m
�?cVMDWz]aM>U�]��lZ[k#d?hjq1]pUL�9W?U���d?XlqJm¢h�q K M2N÷�9h�]Nh�U�k!d?UaU�h�{l��M�]adwMLq#o	d[m[M0WY�j��]VGJM0kJWf]VG'd?k#M>caWf]Vd?caUnX#U�MDm'h�q
F�Y&" KUTVN÷� ¨ mlm[hj]Vh�dYq#Wf���j_?�J]aGlh�U�U�h�KNkl��M�U�_�q1]aW?o�]ah�o>Wf�CcaM>U�]Vcah�o�]Vh�dYq(klcaM>oL�jX#m[M>UH]aGlM�mlM	�Jqlhj]Vh�dYq�dY�½m[ML�?MLq[�
M>caWf]VM}caM>o	XJcaUVhjy?M*��d?cVK�Xl��W?UL�[dY�C]aGlM}��dYcaK

µX.a[X ] | a[a[X ]]
� � GJMLcaMQyzWYcVh�Wf{l��M>UHWYklk#MDWfc5Wz]^mlh�ªEMLcaMLq1]

mlMLk[]aGJU*Wfq#m\K¤Wz]popG ��Xlq�{JWY��WYqJo	MDm �QUVM	]*df�.]VcaMLMDU}���Ycad � h�ql�;W?U � M>�j�¥h�q({lcaM>WYm[]VG(WfqJm�h�q(mlMLk[]aG# ��

×�× Ý�o=p������
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��*�� B �<�E�E� ���
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¨ �jh�KNh�]pWz]Vh�dYqwdf�<dYXlcQWfklkJcVd1WYopG�h�U^]VGJWf]^]acVM>M>U5K�XJU`]Q{#M�klcad�oLM>UaU�MDm�{#dY]�]Vd?K;��XlkC�^FHGlh�U^U�]VcpWz]VM>�Y_
K¤W¦_n{!M5hjqJM�-�o	h�MLq1]%��dYc%��Wfca�YM+hjq[��d?cVK¤Wf]Vh�dYq�]acVM>M>U<UVhjq#o	MY�Yhjq�]VGlh�U<oLW?U�M?� � M � Wfq1]%]Vd � dYca� ��dYql�,]aGlM	� �J_ �p�
� hj]VGJdYX[]�oLdYKNkl��M	]aML��_���d?W?m[hjqJ�*W+]VcaMLM9{!M	��d?cVM9kJcVd[o	MDUVUVh�ql�Hh�]D�.F�d*W¦yYd?h�m�]VGJh�UCklcVd?{l��MLK(� � M9K¤W¦_^h�KNk#d1U�M
WwU�h�KNkl�jM�U�_�q1]aW?o�]ah�o\cVMDU`]acVh�o�]ahjd?q¢dYq +-, " h�q'dYcpm[MLc�]Vd � d?cV� � h�]aG']Vd?k[�²m[d � q'U�GJM>W¦yYMDU�WfXl]VdYK¤Wf]aWl�
� M(]aWY�YM�h�qJUVklhjcpWz]ahjd?q£��cadYK W§cVMDU`]acVh�o�]ahjd?qÿd?q���UVM>�1XlMLq1]ah�WY�^o	d?K;k!d?UVhj]Vh�dYq hjq!  g�g " ,lopGlMLK¤W K |lOf�
,[M>o�]D�J|l� Ol� D�N��l��qld � q(WYU ����� # � # � � �=� � 4 � A � �=��� � 	04Q��,����6�
��� #��

� M^UaW¦_n]VGJWf]½WnU�XJklk#d?c�]
(α1[X1], . . . , αp[Xp])

GJW?U 	&��� # � # � � �
� � 4 � A � �=� 1E� 	04Q��,����6�
��� #;�6W + �} %hj�
M>yYM>cV_���WY{#M>�JXlqlh��1XlML��_¤m[M	]aMLcaKNhjqlMDU½WncaM>oLXlcpU�h�yYMHyzWfcah�WY{l��MEF���d?c�WY�j�

i, j ∈ 1..p
�1hj�

i 6= j
]VGlM>q

Xi 6= XjWYqJm
αi ∩ αj = ∅

� ¨ ��dYcaK�Xl��W
〈D;X〉

GJW?U�W + ��hj�5MLyYM>cV_wy¦WYcVh�Wf{J�jM;h�U�m[M	�JqJM>m ��WYklk!M>WfcpUnWz]n]aGlM
��M	�Å]V��G#WfqJm§UVh�m[M¦ �M	ZlWYo	]V��_idYqJoLMNhjq

D
WYqJm�h��+]VGlM�UVXlklk!dYcV]ndf�HMLy?MLca_im[M	�JqJh�]ahjd?q�h�q

D
GJW?U�W + � ��W

��d?cVK�Xl��W � hj]VG�oLdYqJUVh�U`]aMLq1]<ML��MLKNMLq1]½m[MDo	��WfcpWz]Vh�dYq#U%KNW¦_�o	dYq1]pWfh�q�] � d}ML��MLKNMLq1]pU α[X ]
WYqJm

α[Y ]
� � hj]VG

X 6= Y
��klcadzy1h�m[MDm�]VGJML_wm[d(qldY]�Wfklk!M>WYcQh�q�]VGlM¤UaWfKNM¤m[M	�JqJh�]ahjd?q# �� ¡ qJo	MNKNdYcaMY�E]aGlh�U}cVMDU`]acVh�o�]ahjd?q

K¤W¦_�{!Mn]acaWYqJU`��M>cVcaM>m�]Vd�F
"½�5P÷]�o	d?cVcaM>UVk!dYqJmlU�]ad�m[M	�JqJh�]ahjd?qJU
X ← A

UVXJopG�]VGJWf]>�[��d?c*MLy?MLca_�kJWYhjc5dY�
UVXl{[��d?cVK�Xl��WYU

a[X ]
WfqJm

a[Y ]
d[o>o	XlcacVh�ql��hjq

A
� � M�GJW¦y?M X = Y

�9©ld?cVK�Xl��W0� �  9h�U5Wfq0M	ZlWfKNkl��M�dY��W
F
"��,��d?cVK�Xl��W � hj]VG�o	d?qJUVh�U�]VM>q?]5M>�jM>K;M>q1]5mlM>o	��WfcpWz]ahjd?qJU>�

P÷� � M*caM>U�]Vcah�o	]½]ad���dYcaK�XJ��W?U � hj]VG\oLdYqJUVh�U�]VM>q1]�ML��MLKNM>q?]Hm[M>oL��WYcaWf]Vh�dYqJU>�Yhj]�h�U�k#d1UVUVhj{J�jM^]Vd�oLdYqJU�]VcaXJo	]
]adYk[�²m[d � q UVGlM>W¦y?M>U�WYX[]Vd?KNWf]aW'W?oLoLMLk[]ahjql�']VGlM�UVWYK;MwK;d[m[M>��U>� P²q[��d?cVK¤Wf����_Y�H]VGJM�o	d?qJU�]VcaXJo�]ahjd?q h�U
{#WYUVM>m�dYq�]VGJM}��WYo�]^]VGJWf]>�J�?hjy?MLq(W¤m[M	�#qlh�]ahjd?q

X ← ∃N� φ � E
]Vd¤K¤Wf]aopG��[]aGlM���Wf{!ML��dY�9Wfq(ML��MLKNMLq1]

��XJ�j��_0UVk#MDo	hj�JM>U+]aGlMnML��MLKNM>q?]5��d?cVK�Xl��W�h�q
E
]VGJWf] � M�UVGldYXJ��m\]Vca_¤]Vd�UaWz]ah�U���_Y�

� ������� �	
��C�L���

FHGJh�U�kJWfk!MLc;h�U�o	d?qJo	M>cVqlMDm � h�]aG£W(��cpWf�?K;M>q1]�df�^WYK�{lh�MLq1]���dY�?h�oN]aGJWz];K¤W¦_w{!M�UVMLM>q'WYU�Wi�1h�qJm¢dY�
caML�?Xl��WfcQM	Z[klcaM>UaU�h�dYq���WYql�YXJWY�YM;dzyYM>c�]acVM>M	�÷�jh��YMNmlWf]aW(U`]acVX#o�]VXJcVMDUL�¤g�d?cVM���dYcaK¤Wf���j_?��h�]�h�U�WYq�WY�j�?ML{lcpW
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