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Â h3l�sa|¨hjlTY�Z/Z/Z\[^]�_ ¢>£>¥a`�Ù�¥j¤@Ù ¹�~M���3s3~�vxvx�&~z��wM��|¨l:�&txs �>ÒMËM�,Êß�@Ì�tu|ª��l��j��l>�¨l�sR|¨l:�&~��j��l>~z»M°
|�hjwz�3yzh«|¨w-¹f~����j��|�hjl}��|�~�sW�j~�����t��¨~�|¨txwzs«w�­2Ð3wR~-|¨txsjy��BwztxsR|�~���tu|¨hjk«l�|�tx{>��¸cb�l�­±wM�¨lMÉ�|¨h3l��Wl>h3~@¼�tuwM�j�.wz­ ~
�3�¨wMyz��~�k«kÏ��l��Bl�s3�jl>��wzs�|¨h3lr�3vx~�|�­±wz��k tu|�¹�~M�fl�¯�l>{���|¨l:�4wMs�¸xÊ �@Ì�gfhjl���|�~�s3�3~����4��l �3sjl>��|�¹�w«k*~�txs
ÐWwM~-|�tus3y7�BwztxsR|�­±wz��k*~-|��}{�~�vxvxl>����txsjyzvxl�~�sW���jwz�j�jvxl��j��l>{�tx�¨tuwMs�~zs3����l��Wsjl>�f|�hjl�l�¯j~M{�|}�¨l�k*~�sR|¨t�{��fwz­
|�hjl�­±wM�j����|�~zs3�j~z����wM�Wl>��~�|¨txwzs3��¹�h3tx{�h_~z�¨l!~z�j��tu|¨txwzsÈÉB�¨�j�3��|¨��~z{�|¨txwzs�ÉWk%�jvu|¨tx�jvxtx{>~-|¨txwzs+~�s3�F��tx¼�tx�¨txwzs�¸
�}vuv.|¨hjt���wz�Bl���~-|�tuwMs3�#{�~zs��Blª{�wMs3�¨tx��l>�¨l:�O|�w��j�¨w����W{�lª{�wM�¨��l>{�|¨vx�F�¨wM�js3��l:�_��l>�¨�jvu|��>ÉÈtG¸ lM¸*tÁ­�|¨h3lªwz��°
l>��~�|¨txwzsT¹�l���lª{�~�����tul:�+wM��|%txs,tus �3sjtu|¨l4�3�¨l:{�t���txwzs,~�sW�TtÁ­�|�hjtx�%tusR|�l���k7l:��t�~-|¨l4�¨l:���jvu|�¹�l���lª�¨wM�js3��l:�
�W��txsjy�wzsjl«w�­º|¨hjl7­±wM�j���¨wM�js3��txsjy�k«w��jl>����l �3sjl>�+���F|¨h3l«��|�~zs3�j~z���^d�|�hjl«wz��|�~�txsjl>�+�¨l:���3vÁ|#¹ºwM�jv��
�Bl*�¨~zk«l!~z��|�h3~-|�wzs3l!�j��w����3{�l>�O����|�hjl!�3s3��l���vx�Rtxsjy��3sjtu|¨l«�j��l>{�tx�¨tuwMsOh3~z����¹f~���lz¸#³´sT~z�j�jtÁ|�tuwMsO|¨w
|�hjlf­±wz�3�.yzl>sjl���~�v�wM�Wl>��~�|¨txwzs3�>É@|¨hjl��¨�R�3~z�¨l��¨w�wz|Å­±�js3{�|�tuwMs*~�s3�!|¨h3l��¨l>k*~�txs3��l��ÅwM�Wl>��~�|¨txwzs7h3~@¼zlf�Bl�l>s
s3wz��k«~zvutfe�l:�4~M��|¨w*�Bl�tuk«�jvxl�k«l�sR|�l>��¹�tÁ|�hF~7{�wz���¨l:{�|f�¨wM�js3��txsjy�Êß��É3�@Ìµ¸

g}s�­±wz�¨|¨�jsW~-|¨l>vu�MÉ3|�hjt��}��|�~�sW�j~�����h3~z����wMk7l�k*~���wz�}��l�­·~��jvu|��>¸�gfhjl �W����|}wzs3l�tx��~«hjt���|�wz��tx{>~�v�wMsjlz¸
Â h3l�s�|¨hjl#��|�~�s3�3~����*h3~z���Bl�l>s��¨l�|f�j��É��j��w�{�l:�¨�¨wz���ÅtxsM|�l�yM��~�|¨l>�ªÐ3wM~�|¨txsjy%�BwztxsR|��3sjtÁ|���~�txk«tusjy7w�|�hjl��
yMwM~zvx��|¨h3~zs&sjw-¹f~z�j~@���
�È�j��w�{�l:�¨�¨wz����¹�hjt�{�h&txs3{�vu�3�jl�sjl>¹Ï­±l>~�|¨�j��l>�>¸,³´s¾­·~M{�|:É
k«w���l���s¾�j��w�{�l>���¨wz���
�¨�j�j�Bwz�¨|4k!�3{�h ¹�tx�jl��ª­±wM�¨k*~�|��«|�h3~�s®|�hjl+��wM�j�jvxlO�j��l>{�tx�¨tuwMsa­±wz��k«~�|�~�sW� ��wMk7l+���j�3�jvul>k«l�sR|�~z�¨�
h �3~M��t�{ �r|¨l>�¨sW~����%wz�Bl���~-|�tuwMs3��¹�tu|¨h*wzs3vu�!wzsjl���wz�jsW��tus3y�izlM¸ yW¸È|�hjl�³´sR|¨l>vj³µ|�~zsjtx�jkÎ�
�¨w�{�l:�¨�¨wz�ÅhW~z�.~�ËRm
�3tÁ|Å¹�t���l�Ð3wM~�|¨txsjy}�BwztxsR|���l�yMtx��|¨l>�È­±wM�¨k*~�|�txs7~M�j��tu|¨txwzs%|¨wr|¨hjl��z�}�jtu|Å³´Ä.Ä.Ä¾��wM�j�jvxlº�j��l>{�tx�¨txwzs�­±wM�¨k*~�|
~zs3�²tÁ|ªtxk«�jvul>k«l�sR|��«|�hjlO�¨w�{>~�vxvul:�¾­±�3�¨l>��°Gk!�jvÁ|�tu�3vu�R°´~�s3��°´~z�3�&txs3��|¨���3{�|�tuwMsJj�kml ¹�hjt�{�h®{�~�v�{��3vx~�|¨l>�
a · b + c

~M�}tu­
tu|�¹ºl>�¨l7{�~�v�{��3vx~�|¨l>�Otus+tus �WsjtÁ|�l«tusR|¨l>�¨k«l:��tx~�|¨l7�j��l>{�t��¨tuwMs_~�s3�F|¨h3~zs_��wz�js3�jl>�F|�w4|�hjl
wM�Wl>��~�|¨txwzs3~zv3�j��l>{�tx�¨txwzs�ÉRt<¸ lz¸.ËRm��jtu|>¸xÊx�z��Ì�� �j��wzyz��~�k«k«l��
�3��txsjy!|¨hjlr³´Ä.Ä.Ä®��|�~�sW�j~����ª~z��~!�¨l�­±l���l�s3{�l
¹�wz�3vx�7~z{�|¨�3~zvuvx��l�¯��Bl>{�|
tus7|�hjtx�
{�~z�¨l�~�s«txsM|�l���k«l>��t�~-|�l���wz�3s3��txsjy#w�­B|¨hjl�k!�jvÁ|�tu�3vut�{�~�|¨tx¼zlf|¨l>�¨kÎw�­B|¨hjl
l�¯��j�¨l:�¨�¨txwzs

a · b
�Bl�­±wM�¨l�|¨hjl#~z�3��tÁ|�tuwMs4|�w%|�hjlr|¨l>�¨k

c
¸Å��l>�¨�jtu|¨lr|¨hjt��>Éj~z��¹ºlr¹�txvuv �¨l�lzÉ�|�hjl#��l>��{���tu�Bl>�

�Bl�hW~@¼Rtxwz�3�}w�­Å|�hjt���txs3��|¨���3{�|�tuwMsOt��}¼Ml������3�¨l�­±�3vÈ­±wM�r�¨wzk«l�|�l>{�hjs3tx�R�jl:��~zvuvxw-¹�tus3yª�3�}|¨w h l�k!�jv�~-|¨l���~
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�3��|�wz|¨hjl>���jvx~�|�­±wM�¨k*��{�wz�3vx��~zvx�¨w}�Blf�3�¨l>��tu­3|�hjl����¨�j�j�Bwz�¨|��¨wzk«l
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gfh3l�yzl�s3l���~�v�t���l>~#wz­W|�hjl}~�vxyzwM�¨tu|¨h3k�{�~zs7�Bl}�¨l�l>s7txs«|¨h3l�­±wzvxvuw-¹�txsjy#l>�R�3~�|¨txwzs!n |�hjl}~���yz�3k7l>sR|
x
tx�

�jl>{�wMk«�WwR��l:�!���7��~zsjyzl���l>�j�3{�|�tuwMs*tusR|¨w!��l>¼zl���~�v3�3~��¨|��Å¹�h3tx{�h4~z�¨l��W��l:�7­±wz�
txs3��l�¯�tusjy�½±���
i1
~�s3�

i2
À

|�¹�w«|�~z�jvxl>��w�­Å�j��l>{�~zvx{��jv�~-|¨l:��¼@~zvu�3l>�}~zs3��­±wz�r{�~zvx{��jvx~�|¨txsjy4~zsO~��j�j��w@¯�tuk*~�|¨txwzs�|¨wª|�hjl%l�¯��WwMsjl�sR|¨t�~�v
­±�3s3{�|�tuwMs�wMs�~«�¨k*~�vxv���wzk*~�txs����ªl�¼-~�vx�3~�|¨txwzs�w�­�~7�Bwzvx��sjwzk«t�~�vGÍ

ex = 2M · 2
i1
27 · 2

i2
214 · (1 + p (r)) · (1 + xl) + ∆

³´s�|�hjt���l>�R�3~�|¨txwzs�Éj|¨hjl�¼-~zvu�jl:�
M
É
i1
É
i2
É
r
~zs3�

xl {�wMs3��|¨tu|¨��|�l�|¨hjl%�¨l:���jvu|}wz­�|�hjl���~�sjyMlr��l>�j�3{�|�tuwMs�jwzsjl#wzs
x
~z��­±wMvuvxw-¹��('-Í

k =

⌊

x ·
214

ln 2

⌋

x = k ·
ln 2

214
+ r + xl + τ

k = 214 ·M + 27 · i1 + i2

¹�h3l���l
i1, i2 ∈ N ∩

[
0; 27 − 1

] ~zs3�
M ∈ N

¸
gfhjl#¼-~���t�~��jvxl>�

∆
~�sW�

τ
��|�~�s3�ª­±wz��|¨hjl#l>�¨��wz���.txs3���3{�l>�����«|¨hjlrÐ3wR~-|¨txsjy7�WwMtusR|�~���tu|¨hjk«l�|�tx{r~�sW�

|�hjl�k*~-|�hjl�k*~-|�tx{>~�v l>�¨��wz��w�­Å~7�WwMvu��sjwMk7t�~�v�~z�j�j��w@¯�tuk*~-|�tuwMs�¸
gfhjt���yzl�s3l���~�v�wM��|¨vxtus3l%w�­Å|�hjl!~zvuyMwz��tÁ|�hjkÃtx�r~�sO~M�j~���|�l>�F¼Ml�����txwzs�wz­.w�|¨h3l���~zvuyMwz��tÁ|�hjk*���¨�3{�h_~z�

|�hjl%~zvuyMwz��tÁ|�hjk ­±wM�}�¨tusjyMvul%�j�¨l:{�t���txwzs��j��l>�¨l�sR|�l>��txs¾Êu��ÌG¸}gfh3l%{�hjwzt�{�l�wz­
~*��~�sjyMl��¨l:���3{�|�tuwMs��3��txsjy4~
��{�~zvul#{�wMs3��|�~�sR|fw�­ ln 2

214

t���|¨hjl#��l>�¨�jvÁ|�wz­�~!�¨l>vx~�|¨tx¼zl�vx�ª{�wMk«�jvul�¯4��|��3����wzsª|�hjl#­±wzvxvxw-¹�tusjy!­±wz�3���BwztxsR|��
|�h3~-|�txs�­±l���l«wzs_|¨hjt��#tx���¨�jlzÍ�|¨hjl*�¨t e>l«w�­
|�hjl7|�¹ºw�|�~z�jvxl>�#¹�hjt�{�h+{>~�s��Wl«wz�j|¨txk7tfe�l:�_¹�h3l�sT~�s_l>¼zl>s
��{�~zvul�{�wzsW��|�~�sR|%l�¯��Bwzsjl>sR|>É

14
É�t��%�W��l:� É�|¨hjl���l�yM�¨l>lªw�­�|�hjl4�Bwzvx��sjwzk«t�~�v
¹�h3tx{�h&�jl��Bl�s3�j�!wzs¾|¨hjl

�¨tfe�l*w�­f|�hjlªk*~-¯�txk%�jk1k«~zyzsjtu|¨�W��lªw�­f|�hjl �3s3~zv.��l>���3{�l>�T~���yz�3k7l>sR|
r
É�|�hjl4��l>yz��l�l*w�­�|¨h3l4vxw-¹ºl>�

) Û�Ü@é·å�õrq�Ü@å�õ:à�àGÜ:ÝßÞ�ã�é±à<Ýßê�äßáS{ ác{ÈÝßäßäzó�ã+*�áÅã�äßÝ q�Ü�à�ã�è@õ@ÞGáÅå�ìjà<Ü@áSq�ã�õ@Þ<ÞGÝçã�ñ&,@å>å�é�æ�ã�äßõ@áÅñ:å�àµã�à<Ýßå�ñLs�{2á�î@á#|-ñ@á
k = btc ⇔ k ∈ N

Þ<åºà<Ü-ã�à
¬∃k′ ∈ N.|k′ − t| < |k − t|

ðpw u�ð �
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�W~��¨|���l>�j�3{�l:�!~z�¨yM�jk«l�sR|
xl ~z�j�j��w@¯�tuk*~-|�tuwMs!~zs3�!�¨wzk«l���|¨wz��~�yMl
t��¨�¨�jl:��l�s3{�wz�jsR|¨l>�¨l:��¹�tu|¨h7|¨h3l��¨{>~�vxl{�wzs3��|�~zsR| ln 2

214

¸
gfhjl«�Bwzvx��sjwzk«t�~�v��3�¨l>�F­±wM��~��j�j��w@¯�tuk*~�|¨txsjyª|�hjl!l�¯��WwMsjl�sR|¨t�~�v�­±�jsW{�|¨txwzs�wzs+|¨h3l!��l>���W{�l>��~���yz�j°

k«l>sM|
r
t��%~Ok7w���t��3l:�,�O��l�yM�¨l>l*k«tusjtxk*~-¯T�WwMvu��sjwMk«tx~zv
wz�j|�~�txsjl:�+���T��l�k«l e4~��j�3�¨w@¯�txk«~�|¨txwzs,~z�

�jl>��{���tu�Bl>��tusTÊßm:Ìµ¸.gfhjl�~�vxyzwM�¨tu|¨hjk {>~�v�{��jv�~-|�l>�ftu|�tus�|�hjl#­±wzvxvuw-¹�txsjy!­±wz��k�Í

p(r) = r +
1

2
r2 + r3 ·

((
ah
4 + al

4

)
+ (a5 + (a6 + a7 · r) · r) · r

)

���Åwzs3l�¹�tuvxvjl�¯��Bl>{�|.|¨hjl�¼-~zvu�jl:��­±wz�
ah
4

É
al
4

É
a5
É
a6
~�s3�

a7
~���l�sjl>~z��|¨w���l>�¨�Wl:{�|�tu¼Ml�vx� 1

6

É 1
24

É 1
120

~�sW�
1

720
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~!~��j�3�¨w@¯�txk«~�|¨txwzs7|¨w|�hjl}¼-~zvu�jlrw�­ |�hjlr�WwMvu��sjwMk7t�~�vG¸�gfhjtx�ºtxs3��|��¨�W{�|¨txwzs���l:�M�3l�s3{�l}t��.|�hjl�k«wR��|º|¨txk7l#{�wMs3�¨�jk«tusjy%�jh3~z�¨l}wz­
|�hjl�~�vxyzwM�¨tu|¨h3k ~�s3�4|¨hjl�k«wR��|}��tu©ª{��jvu|�txs�|�l���k*�fw�­�|¨hjl��j��w�w�­�w�­�tu|��}~z{�{��j��~z{��M¸
gfhjl�|�¹�wT¼-~�vx�jl>�

th1 + tl1 = 2
i1
27 + δ

~zs3�
th2 + tl2 = 2

i2
214 + δ

~z�¨l���l>~M�&txsa|�¹ºw�|�~z�jvxl>�*wz­
�@m�Ë�l�sR|��¨txl>�#l:~z{�h�É�¹�hjl���l7|¨hjl>��~z�¨l*��|¨wz��l>��~z�r|�¹�wO��wM�j�jvxl*l�¯�|¨l>s3��l>���j��l>{�tx�¨txwzs�sR�3k%�Bl�����¸4gfh3l��
~z�¨l!k%�jvu|¨tx�jvxtul:���3��txsjy�~�sjwz|¨hjl>��txs3��|¨���3{�|�tuwMs��¨l>�R�jl>s3{�l!|¨w�wz�j|�~�txsO|�¹�w���wz�j�3vul«l�¯�|�l�s3��l:�_s��jk!�Wl>���
th + tl =

(
th1 + th1

)
·
(
th2 + tl2

)
+ ∆
¹�hjt�{�h�¹�tuvxvÅ�Wl«�3�¨l>�+txs_|�hjl��3s3~�vÅ��l>{�wzs3��|¨���3{�|¨txwzs_��|¨l>�_|�h3~-|

{>~�v�{��jv�~-|�l>�r|�hjlª�j��w����3{�|�wz­
th2 + tl2

É
1 +

(
ph + pl

) ~�s3�
1 + xl |�wFvul:~z�+|¨w+~�¼-~zvu�jl4¹�hjtx{�hTk!�3��|�¨txk7�3vu�*�Bl#k%�jvu|¨tx�jvxtul:�4���

2M ~zs3�ª��wz�3s3��l>�ª|¨w7yzl�|�~zs�~z�j�j��w@¯�txk*~-|�tuwMs«|¨w!|¨hjl#l�¯��Bwzsjl>sR|¨t�~�v2¹�hjt�{�ht���½±txs�|¨hjl�k«wR��|}{>~z�¨l>��À.yMwRw���l�sjwM�jyzh�|¨w*�Bl�{�wM�¨��l>{�|¨vx�*�¨wM�js3��l:�ª|�w*��wz�j�3vul#�j��l>{�tx�¨tuwMs�¸
gfhjl��¨t e>l�wz­È|�hjlr|�~��3vul#t��

2 · 128 · 2 · 16 = 8192
���R|¨l>��¹�hjt�{�h�tx�f~7�¨l>vx~�|¨tx¼zl>vu�«yz��l>~�|º¼-~�vx�jl«Ê ��É ��Ì

­±wM��~�sT~�vxyzwM�¨tu|¨hjk ­±wM�r|¨hjl*l�¯��Bwzs3l�sR|¨t�~�v�­±�jsW{�|¨txwzsÈ¸ªgfhjtx�#t��#txs�wz|¨hjl>�#¹ºwM���j��|�hjl*�j��t e>l!|�w��3~@��­±wz�
{�wz���¨l:{�|�vu�*��wz�jsW��l>����l>�¨�jvÁ|���¸���s�|�hjl�w�|�hjl��}h3~�s3��É�|¨hjl�|�~��3vul�{�wz�jv����j|��:m!|�tuk«l>��tus�|¨h3l���m«{>~z{�hjl��
wz­�|¨h3l�³µ|�~�s3tu�jk �j�¨w�{�l>����wM�
¹�hjt�{�h�{>~�s��Wl�~z{>{�l:�¨�¨l>�4tus�wzsjvx�ª�«{���{�vxl>�>¸xÊu�M��Ì��j�j�¨|¨hjl>�¨k«wM�¨lMÉRtu|����¨tfe�lrtx�
vxl>����|¨hW~�s«|¨h3l���tfe�l:�Åw�­B|¨hjlf|�~��jvxl>�.�3��l:�7�R�!w�|�hjl��.~zvuyMwz��tÁ|�hjk*���j�¨wM�WwR��l:�%���%��l�­±wM�j��Ê �-ÌW~zs3� �Btx¼B¸xÊx�>Ë@Ì
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��wMtus3l>�F���F��wMk«l�­±l�¹ wz|¨hjl>��txs3��|¨���3{�|�tuwMs3��sjl>l>��l:��­±wz�rtxs3��l�¯�txsjyª|�hjl�|�~��jvxlzÉ2vxwM~M��tus3y*|¨hjl7{�wMs3��|�~�sR|��
s3l�l>�jl>��l�|�{�¸fÂ�l!~z���¨�jk«l#|¨h3~�|}|¨h3l��¨l:~z��l>��¹�txvuv��Wl%~z�jvxl�|¨w �Wyz�j��l�wz��|}|¨hjl>tu���3��l%tusF|�hjl%{�wzk«�jvxl�|¨l
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~M�j��tu|¨txwzs�É�|¨hjl �3sW~�v
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l�¯��WwMsjl�sR|¨t�~�v3­±�js3{�|¨txwzs ���
	¬txs���wM�j�jvxl}�j��l>{�tx�¨txwzs«­±wz�
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gfhj��wz�3yzhjwM��|Å|¨hjl}­±wzvxvuw-¹�txsjyWÉ-|�¹ºw��jt �2l���l�sR|>É�{�wMs3{��3�¨��l�sR|.sjwz|�~-|�tuwMs3�Å¹�txvuvW�Wl��3�¨l>� ¸�gfhjl��W����|.wzsjl

{�wzk«l>��{�vuwR��l7|�wF³´sM|�l�v.³µ|�~�sjtx�jk(~z����l>k%�jvxl���{�w��jlª~�s3��t����3�¨l>�T~z��~���l�­±l>�¨l>s3{�l«txs+|�hjl*�j��w�w�­�¸4gfhjl
�¨l>{�wzs3�ªwzsjlMÉRk*~z»zl>��~��W��|���~M{�|¨txwzs*wz­�~z���¨l�k%�3vu�«v�~�sjyM�3~�yMl����*�Wl>tusjy7k«wz��l�{�vuwR��l}|¨w«~�k*~-|�hjl�k*~-|�tx{>~�v
s3w�|�~�|¨txwzs�¸�gfhjl%k*~�txsOwM�Wl>��~�|¨txwzs3��¹�txvxv��Bl!��l �3sjl:�O�Bl�vxw-¹ �3��|}|�hjl%­±wMvuvxw-¹�txsjyª{�wMsR¼Ml�sR|¨txwzsW��¹�tuvxv��Wl
�W��l:� Í

� ��wz�3s3��txsjyO~�hjtuyMhjl���wM��tus �3sjtu|¨lª�j��l>{�tx�¨txwzs�¼@~zvu�3l x̂
|�wF~�Ð3wM~�|¨txsjy��WwMtusR|�­±wz��k*~-|�w �2l���txsjy

n�jtu|���w�­.k*~�sR|¨t����¨~*¹�txvxv��Bl%sjwz|¨l:� Í
x ← 〈x̂〉n

¸}³µ­Å|�hjl!{�wzsR|¨l�¯R|r�Wl>�¨k«tu|��}tÁ|:ÉW|�hjl%txs3��t�{�~�|¨txwzsOwz­
|¨hjl���l>�¨�jvu|¨txsjy«�j��l>{�t��¨tuwMs�¹�txvuvÈ�Wl#vxl�­ò|}wM��|>¸

� gfhjl�~���tu|¨hjk«l�|�tx{>~�v wM�Wl>��~�|¨wz����{�wz����l>�¨�WwMs3��txsjy%|�w«|¨hjl#k*~-|�hjl�k*~�|¨t�{�~�vÈwz�Bl���~-|¨txwzsW� + É − ~�s3� ·¹�tuvxv��Bl�sjw�|�l>�
⊕
É
	
~zs3�
⊗
¸
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c← a⊕ b

�S�%�%�c�	��� ����� ��
#�I� ����� � �f�I���?
$�����?�	�6�����	�����������8����& � ��� c
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 �a��


c = (a + b) · (1 + ε)
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|ε| ≤ 2−64 � �V� ���.-�� �V
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Q���m�����0/ ���2��1����32 �4�5�
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�98����: 4";�<&=��(+*>(?$
d← 〈a · b + c〉

�S�%�%�c�	��� ����� ��
#�I� ����� � �f�I���?
$�����?�	� ����& � ��� d
���0
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d = (a · b + c) · (1 + ε)

����� � �@�S�%
 �
|ε| ≤ 2−64
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 ����� 
 �a�
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gfh3l#��~�k«l#�j��wz�Bl��¨|��4{�~zs��Bl�wz�W��l>�¨¼Ml>�*­±wM�f|¨hjl�j�k>C�txs3��|��¨�W{�|¨txwzs�¹�hjt�{�hF{�~�v�{��3vx~�|¨l>�

a · b− c
¸
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�98����: 4"%$'&=��(+*>(@���
c← 〈a · b + 0〉�98  ��: 4";�<&=��(+*>(?$
d← 〈a · b− c〉

�	��� �����f��
#� �V
��Q� ����� � �f�I���?
$�����?�	� ����& � ���
� c
���m�

d
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c + d = a · b

�����
|d| ≤ |c| · 2−64
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 �a�I����� � � �I����
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Q
#� a · b

�
� ¤ Ø�Ø��«Â�l�»Rs3w-¹J|¨hW~-|�|¨h3l �3����|�tusW��|��¨�3{�|¨txwzs�w�­�|¨hjl��¨l>�R�jl>s3{�l�{>~�v�{��jv�~-|�l>�

c
��w7|¨hW~-|

c = a · b · (1 + ε)

¹�tu|¨h
|ε| ≤ 2−64 ¸.gfh��3� c tx��|��¨tx¼�tx~zvuvx�*|�hjl���wz�3�jvul�l�¯�|¨l�sW��l>��s��jk%�Bl���s3l>~���l>��|�|¨w a · b

¸
Â�l�»�sjw-¹J~zvx�¨w�|�h3~-|�|¨h3l���l}t��ºs3w%txk7k«l:��tx~�|¨lr�¨wM�js3��txsjy!tus4|¨hjl#{�~zvx{��jvx~�|¨txwzsª�Bl�|�¹�l�l>sª|�hjlr{>~�v�{���°

v�~-|�tuwMsFw�­
a · b
~�s3��|�hjl«���j�W��|���~M{�|¨txwzsF¹�tu|¨h

c
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c
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c + d = a + b
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x ∈ {a, b}∧

¬∃x′ ∈ {a, b}. |x′| < |x|���08���
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t2 ← x
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x ∈ {b, a}∧

¬∃x′ ∈ {b, a}. |x′| > |x|�# ���* �! #" ��	��=& ��	
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d← t3 ⊕ t1
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c + d = a + b
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12297829382473034411

73786976294838206464
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4 =

−3098113767111307095
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a5 =
12297829382473034411
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a6 =
4919131753080926207

590295810358705651712

a7 =
13117684675687318145

9444732965739290427392
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x ∈

[
− ln 2

215 ; ln 2
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p(x) = x +
1

2
x2 + x3 ·

((
ah
4 + al

4

)
+ (a5 + (a6 + a7 · x) · x) · x

)
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|ex − 1− p(x)| < 2−123
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|ex − 1− p(x)| < 2−161
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lh + ll = ln 2
214 + δ
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x =

⌊

x ·
214

ln 2
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·
ln 2
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+ r + xl + ∆
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|∆| < 2−118
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= er̂ · (1 + ξ)
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k ← 〈q1 ·
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−
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〉
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rh ←

〈
−k · lh + x

〉
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r + xl ←
 ��� ��

������� � ��� (

rh, rl
)
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|xl| ≤ |r| · 2−64 ~�s3�¾|¨h��3�
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x =

⌊

x ·
214

ln 2

⌋

·
ln 2

214
+ rh + rl + ∆

¹�tu|¨h
|∆| < 2−118 ~zs3��|¨h3~�| |rh| < |rl|

¸
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x · 214

ln 2
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z
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q1 =

〈

x ·
1

ln 2
+ 1.5 · 2112

〉

~zs3�,¹�lª»�sjw-¹ |¨h3~�|
1ulp(q1) = 2112−63 = 249 |¨h��3�%|¨hjl�vxw-¹ºl>���3~��¨|%wz­�|¨hjl���wz�3�jvul�l�¯�|¨l>s3��l:�
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ln 2

⌋
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ln 2
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rh + rl =
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)
+ ∆
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|∆| < 2−118 ¸ ��sjlF{�~�s �¨tuk«�jvx�¼Ml���tÁ­±��|¨hW~-|r�j�jl�|�wª|¨h3l%��l>��|¨��tx{�|¨l>����~�s3yzl�wz­Å|¨hjl!¼@~zvu�3l
x
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k ∈
[
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] ¸
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x · 214

ln 2

⌋

· ln 2
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x
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rh = −k · lh + x
¸
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wz­fÆ�m4{�~zs3{�l>vuvxl>�F�3tÁ|���É2|�hjtx��{>~�s3{�l�vxvx~�|¨txwzsOt���sjw�|�~4�3�¨wM�jvul>k�¸ �Èw�wz»�tus3y�~-|r|¨h3l!��l>���W{�|¨txwzs_­±wz��k%�jv�~jÉ
¹�h3tx{�h�¹ºl�{�wzs3�¨tx�jl���hjl>�¨l�~z��~7k*~-|�hjl�k*~�|¨t�{�~�vxvx�ªl�¯j~z{�|��j�¨wM�WwR��tu|¨txwzsÈÉ

r = x−

⌊

x ·
214

ln 2

⌋

·
ln 2

214

wMsjl��¨l�l>��|¨h3~�|�|¨hjl%{>~�s3{�l�vxvx~�|¨txwzs�wzs�|�hjl%~���tu|¨hjk«l�|�tx{>~�v�{�wzk«�j��|�~-|¨txwzs�wz­Å~zsF~��j�j��w@¯�tuk*~�|¨txwzsª|�w
r
tx�

|�hjl�yM�¨l:~-|¨l>��|¨hjl}|¨l>�¨k ⌊

x · 214

ln 2

⌋

· ln 2
214

tx�Ås3l>~���l��.|¨w
x
~zs3�7|¨h��3�.|¨hjl�{�~�sW{�l�vxv�~-|¨txwzs«t��.txk«�WwM��|�~�sR|.wzsjvx�

� � å�éÈã�ë�á�î-ã�ñ�àGÝßê.ë@é·å>å�ì�{ áÅê�å�õ@äßî�õ@ÞGá.ã�Þ<Ýßó�ÝßäßÝçã�é2ã�é�q�õ@ó�á�ñ�àGã�à<Ýßå�ñ�ã�Þ�Ýßñ � ��� {ÈÜ@ÝßêµÜ�ÝßÞ�è-ã�ÞGá�î#å�ñrã�äßá�ó�ó�ã.ë:é<å�æ�á�ñè�~���à<á�é<è�á�ñr�
Ýßñ � ��� � �

u�uÃñ�� �����	�
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$���

tu­.|�hjl%��l>~zvÈ��l>���3{�|¨l:�_~���yz�3k7l>sR|
r
tx��¼zl>�¨���¨k«~zvuvG¸r³´sOw�|�hjl��r¹ºwM���3��¹ºl!h3~@¼zl!{�~�sW{�l�vxv�~-|¨txwzs_wzsjvx��t��

|�hjl�­±�js3{�|�tuwMs3~�v�~z�¨yM�jk«l�sR|
x
t���¼zl����«sjl>~z�
|�w7~%|�~z�jvxl�l>sM|��¨�*¼-~zvu�jlM¸ � tusW{�lr¹ºlrh3~@¼zl

er =
∞∑

i=0

1
i!r

i =

1 + r + 1
2r2 + . . .

ÉW|¨h3l%txk7�W~z{�|rw�­�|¨h3l%��l>���3{�l>�F~z�¨yM�jk«l�sR|
r
É
|r| < 1

ÉBwzsO|¨hjl��3s3~�v��¨l:���3vÁ|�­±wM�
ex¹�txvxv��Wl�¼Ml����ª��k*~zvuv
½±|¨hjl�vxl>~M��txsjy

1
t���k!�3{�h�yM�¨l:~-|�l��ftus�k*~�yMsjtu|¨�3��l#|�h3~�s

r
wM��l�¼Ml�s

r2 Àf~zs3�4l>¼zl>sk«wM�¨lMÉ�|¨h3l}txk7�W~z{�|ºw�­ |¨h3l}l�����wz�Åk*~z��l����jl�|�w%{�~zs3{�l>vuv�~-|�tuwMs*wzs«|�hjl��3sW~�v3��l>�¨�jvu|
w�­ |�hjl}l�¯��WwMsjl�sR|¨t�~�v
­±�3s3{�|�tuwMsO~-­ò|¨l>��|�hjl%k!�jvÁ|�tu�3vut�{�~�|¨txwzsF���4|�hjl�|�~��jvxl�¼-~�vx�jl>�}¹�tuvxvÈ�Bl!�¨wª�¨k«~zvuvÈ|¨h3~�|}¹�l%��wzs � |}hW~@¼zl#|¨w
{>~���l�|�wRw7k%�W{�h�~��Bwz�j|�tu|>¸ÅÂ h3~�|�k*~�|�|¨l>����t��º|¨hjl�~��W��wMvu��|�l}l>�¨��wz�ºw�­È|�hjl#~���tÁ|�hjk«l�|¨t�{�~zvuvx�ª{�~zvx{��jv�~-|¨l:�
��l>�j�3{�l:�ª~���yz�jk«l>sM|

rh + rl tus�{�wMk7�W~���tx�¨wzs7|¨w!|¨h3l}l�¯j~M{�|º��l>~zvW¼-~zvu�jl x−
⌊

x · 214

ln 2

⌋

· ln 2
214

É�¹�hjt�{�hª¹ºl
~z�¨lryzwMtus3y!|�w«yztx¼zlr|¨hjl��Bwz�3s3��w�­

2−118 ­±wM�>¸
�Èl�|Å�3�Å{�wzs3�¨tx�jl���|¨hjt���t��¨�¨�jlftus«~�k7wM�¨l�­±wM�¨k*~�v�¹f~@�#�R�!��l>~zvutxsjyrsjw�|Å¹�tu|¨h7|¨hjl�~z�3��wMvu�j|¨lf�j��|Å¹�tu|¨h7|¨hjl
��l�v�~-|�tu¼Ml�l�����wz�
txk«�3~z{�|ºwz­�|¨hjl#{�~zs3{�l>vuv�~-|�tuwMs*wzs*|�hjl �3s3~�v2��l>�¨�jvu|>¸�³µ­È¹�l}sjwz|¨l

r̂
|�hjlrk«~�|¨hjl>k*~-|¨t�{�~zvuvx�

l�¯j~z{�|�¼-~�vx�jl#w�­�|¨h3l��¨l:���3{�l:��~z�¨yM�jk«l�sR|>É�¹�l�wz�3�¨l���¼zl

rh + rl = r̂ · (1 + ε)

¹�h3l���l
ε
t��*|�hjlO��l�v�~-|¨tx¼zlFl>�¨��wz�*wz­#|¨hjlO��l>�j�3{�l:� ~���yz�jk«l�sR|:¸ g���txsjyT|¨h3tx�>É�¹�lO{�~�sJ~z�j�j��w@¯�tuk*~-|�l

­±wM�¨k*~zvuvx�«|¨hjl�txk«�3~z{�|�w�­�|¨hjt��fl�����wz�fwzs�|¨hjl���l�v�~-|�tu¼Ml#l����¨wM�
ξ
w�­�|¨hjl �3sW~�v���l>�¨�jvu|>Í

erh+rl

= er̂·(1+ε) = er̂ · er̂ε = er̂ ·

(

1 + r̂ε +
1

2
r̂2ε2 + . . .

)

�}w�|�tusjy
ξ = r̂ε +

1

2
r̂2ε2 + . . . = r̂ε

(

1 +
1

2
r̂ε +

1

6
r̂2ε2 . . .

)

¹�l#h3~@¼zl
erh+rl

= er̂ · (1 + ξ)
~zs3��¹ºl�~���l�~��jvxlr|¨w*yMtu¼Ml}|�hjl#­±wzvxvuw-¹�txsjy«l>��|¨txk*~-|�lzÍ

|ξ| = |r̂| · |ε| ·

∣
∣
∣
∣
1 +

1

2
r̂ε +

1

6
r̂2ε2 . . .

∣
∣
∣
∣
< |r̂| · |ε| · 2

³µ­�¹ºl�hW~@¼zl
j
�jtu|��º|�h3~-|f~���l�vuwR��|����«{>~�s3{�l�vxvx~�|¨txwzs*|�hjl�s4¹ºlr��|�tuvxv2h3~@¼zl

(128− j)
{�wM�¨��l>{�|
�jtu|��ºw�­ÈwM�j�

�Bw�|�l�sR|¨t�~�vxvx�
128
�jtu|��j��l>{�t��¨lr��l>�¨�jvu|>Éj�¨w«tus�|¨h3tx��{>~z�¨l

|ε| < 2−128+j

� w7tu­�¹�l#¹�~zsR|º|�w*h3~@¼zl!�z�>Ë7{�wM�¨��l>{�|��3tÁ|��ftus�|¨h3l �Ws3~�v ��l>�¨�jvu|>É�¹�lrk!�3��|fs3w�|�vuw�wR��l#k«wz��l}|�h3~�s
j
���

{>~�s3{�l�vxvx~�|¨txwzs4­±wz��~�vxv
r̂
txs�|¨hjl#­±wMvuvxw-¹�txsjy!��~�s3yzl

|r̂| > 29−j

�Bl>{>~��3�¨l#tÁ­�|¨h3tx��{�wzs3�jtÁ|�tuwMs�t�����l>�¨�Wl:{�|¨l:�4¹�l#wz��|�~�txs4|�hjl���l:��tx�¨l:�4��l>�¨�jvu|

|ξ| < |r̂| · |ε| · 2 < 29−j · 2−128+j · 2 = 2−118

ðpw u�ð �
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�Èl�|�~z���¨�jk«lrs3w-¹J|¨hW~-|
|r̂| =

∣
∣
∣
∣
x−

⌊

x ·
214

ln 2

⌋

·
ln 2

214

∣
∣
∣
∣
> 29−j

~zs3�T|�h3~-|7¹ºl�vuw�wM�¨lªk«wz��l*|�h3~�s
j
�3tÁ|��%���,{�~zs3{�l>vuv�~-|�tuwMs�¸ � txs3{�l

rh + rl = 〈r̂〉
~zs3�

|r̂| < 2−15¹�l�»�sjw-¹ |¨hW~-|}|�hjl%k«wR��|��¨txyzsjt��W{�~zsR|}�jtu|�txs
rh h3~M�}~4k«~�¯�tuk*~�v�¹ºl>tuyMhR|}w�­ 2−15 ¸ � wªtu­

j
�jtu|��r~���l

{>~�s3{�l�vxvul:� É�|¨h3l �3s3~�v ��l>�¨�jvu|
rh + rl t��ftus�k*~�yMsjtu|¨�3��l

|rh + rl| < 2−15−j

�3��|}~z��¹�lrhW~@¼zl#~z�����jk«l:�*|¨hW~-|
|r̂| > 29−j É�¹ºl#h3~@¼Mlr~«{�wMsR|¨��~z��t�{�|�tuwMs�¸�Â�l�{�~zsª|�hjl���l�­±wM�¨l�~z���¨�jk«l|�h3~-|�|�hjlfl����¨wM�����3lf|¨w#{�~�sW{�l�vxv�~-|¨txwzs!tus7|�hjlf��~zsjyzlº�¨l:���3{�|�tuwMs!�3h3~z�¨l��jwRl:��sjw�|.~ �Bl:{�|�|¨hjlf�jtu|��.hjtuyMhjl��

|�h3~-|��3tÁ|
118
¸

� w�¹ºl�h3~@¼Ml�|¨w�{�wMs3�¨tx��l>�.wzs3vu�%|¨hjl�l>�¨��wz�.���3lf|¨w�|�hjl��¨wM�js3��txsjy�wz­
lh
~�s3�

ll
ÉM¹�hjt�{�h«¹ºl�¹�txvxv3��w�sjw-¹�Í

rh + rl = −k · lh + x− k · ll + k · ll · ε

= x− k ·
(
lh + ll

)
+ k · ll · ε

= x− k ·

(
ln 2

214
+ δ

)

+ k · ll · ε

= x− k ·
ln 2

214
+ k · δ + k · ll · ε

= x−

⌊

x ·
214

ln 2

⌋

·
ln 2

214
+ k · δ + k · ll · ε

¹�h3l���l
|ε| < 2−64 ~�s3� |δ| < 2−128 ¸

�3�j�¨|¨hjl>��¹ºl#»�sjw-¹J|�h3~-|
|ll| < |lh| · 2−64 ≈ ln 2

214 · 2−64 < 2−80 ¸.gfhR�W�

|∆| < |k · δ + k · ll · ε|

< |k · δ|+ |k · ll · ε|

< 225 · 2−150 + 225 · 2−80 · 2−64 < 2−118

�3wz�%~F{�wzk«�jvxl�|�lª�j��wRwz­�wz­f|¨hjlªvxl�k«k*~jÉ�¹�lª��|�tuvxv
h3~@¼Ml«|¨wO�¨hjw-¹Î|¨h3~�|�­±wz�
x ∈

[
−2−30; 2−30

] |¨hjl
¼-~zvu�jl

r = x
~�sW�4|�h3~-|

xl = 0
¸�gfhjtx�}{�~�s��Bl%�¨hjw-¹�s��¨l>vx~�|¨tx¼zl�vx�*|��¨tx¼�tx~zvuvx�2Í
�}�

|x| < 2−30 ¹�l�h3~@¼Ml|�h3~-|
∣
∣
∣
∣
x ·

214

ln 2

∣
∣
∣
∣
<

1

2�¨w
k
¹�txvxv��Wl

k = 0gfh��3��|�hjl���l>�¨�jvÁ|�vxl>~M��tus3y!|�w
rl ~zs3� rh ¹�tuvxv�yztx¼zl

rl = 0

~zs3�
rh = x

u�uÃñ�� �����	�
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$���

���%¹�l4hW~@¼zl4�¨hjw-¹�s,|�h3~-|7|¨hjl�~z�j�jtÁ|�tuwMs3~�v ��������� ��������� ��

������� � ��� ��l:�R�jl�s3{�lªt��!l>�¨��wz��vxl>����É�|¨hjl
�3�¨wM�Wl>��|��«­±wMvuvxw-¹���¸
	�Ô �¾¥�¤ �Å§ �ÈwRwM»�tusjy!wzs*|�hjlr�j�¨l:{�l>l>��txsjy�txs3��|¨���3{�|�tuwMs��¨l>�R�jl�sW{�l}wMsjl�{�wz�jv��ª�¨�jyzyMl>��|
|�h3~-|�tÁ|f¹ºwM�jv��
�¨��©ª{�l7|�w�|�~�»Ml

rh ~�s3� rl ~z�r|�hjl*hjtxyzhjl>��~�s3�+|¨h3l*vuw-¹�l��#�3~z��|�w�­�|¨h3l*�¨l:���3{�l:�T~���yz�jk«l�sR|:¸«gfh3tx�¹�wz�3vx�7�¨~@¼Mlf�3��|¨hjl}�3��lfwz­W|�hjl ����� ��� ��������� �#
�������� � ���Ã��l:�R�jl�s3{�l�¹�hjwM�¨lf�3�¨l���hjwM�jv��%�Bl�~@¼zwMtx��l:�
~M����t��¨{��3�¨�¨l>��~��Bw-¼zlM¸Ig}s�­±wz�¨|¨�3s3~-|�l�vx�F|¨hjt���~z�j�j��wM~z{�h�{�~zsjsjw�|��Bl*��wzsjl*�Bl>{>~��3�¨l«w�­º|¨hjl«­±wMvuvxw-¹�tus3y
��l>~M��wMs�Í�¹ºl#»�sjw-¹J|�h3~-|

rl k«tuyMhR|f�Bl�~z�fyM�¨l:~-|�~z� 2−56 tus�k*~�yzs3tÁ|��3��l������

|rl| = |ll| · |k| > 2−81 · 225 = 2−56

Â tu|¨hO�¨�3{�hF~«yz��l>~�|�vuw-¹�l����3~z��|���l>�j�3{�l:��~z�¨yM�jk«l�sR|>Éj|¨hjl%�R�3~M����~-|¨t�{�|¨l>�¨k¿w�­�|¨hjl�g�~@��vuwM����l�¼Ml�vxwz��°
k«l>sM|�wz­

exl ¹�wz�3vx��h3~@¼zl�|¨w«�Bl�l�¼-~�vx�3~�|¨l>�ª|¨w«wz�j|�~�txs�|¨hjl���l:��tx��l>�ª�3�¨l:{�t���txwzs�¸Sg���txsjy
xl ~z��~7vxw-¹ºl>��W~��¨|}�¨l:���3{�l>��~���yz�jk«l>sM|�¹�tÁ|�h

|xl| < 2−79 ~zvuvxw-¹����3��|¨w4~z�j�j��w@¯�tuk*~-|�l exl wMsjvx�����
1 + xl ~M��¹ºl~M{�|��3~�vxvu����w3¸

���3��tÁ|�tuwMs3~�vxvx�zÉ�¹ºl#{�~zsjsjwz|f~@¼Mwzt��«|¨w7�3�¨l}|�hjl�{�wzsW��tÁ|�tuwMs3~�v2¼Ml�����txwzs*wz­È|¨h3l 

������� � ��� ��l:�M�3l�s3{�lz¸Å�}�
~7��l>�¨�jvu|�w�­Å{�~�sW{�l�vxv�~-|¨txwzsÈÉ

rh {�~zs��Bl�vxl>����tus�k*~�yMsjtu|¨�3��l#|�h3~�s rl ¸
gfh3wz�jyMh�|�hjt���{�~M��l��¨l�l�k*�f|�w*�Wll�¯�|¨��l�k«l�vx�%��~���lzÉMl�¼zl>sª~�vxk«wM��|.tuk«�BwM����tx�jvxl�|¨w�wM�j�
wM�jtxsjtuwMs�É�|�hjl���l�t��.sjw%k«~�|¨hjl>k*~-|¨t�{�~zv3��l>~M��wMs!|�h3~-|
tu|�{>~�sjsjwz|}l�¼Ml�sR|¨�W~�vxvu��h3~��j�Bl�sÈ¸ �j�j�¨|¨hjl>�>É3|¨hjl%�3��l%w�­�|¨hjl ��������� ��������� ��

������� � ���Ã~�vxyzwz��tu|¨hjk¿tx�
s3w�|.¼zl>�¨�7{�wR��|�vu�M¸��}�º��|�~-|�l>�«~�vx�¨l:~z���!~��Bw-¼zlzÉz¹ºl�{>~�s«hjt���l�|¨h3l�vx~�|¨l>s3{��!w�­2|¨hjl��¨�j�j�3vul>k7l>sR|�~�����|�l>��|��
{�wzk«�jvxl�|�l�vx�ªtus�|�hjl�vx~�|¨l>s3{��ªwz­�|�hjl��Bwzvx�Rs3wzk«tx~zv2l�¼-~�vx�3~-|�tuwMs3�>¸
!#" Ô�Ø ¤ Ô � ����� ����


ah
4 ≈

1

6

al
4 ≈ ah

4 · 2
−64

a5 ≈
1

24

a6 ≈
1

120

a7 ≈
1

720

h =
1

2
�f��


x � �2�"����� � �f�*���?
$�����?���U�����	�����������8����& � ��� � �a�����
x ∈

[
− ln 2

215 ; ln 2
215

] �����
�f��


p(x) � �2
 ��� ���������m��&I�����

p(x) = x + h · x2 + x3 ·
((

ah
4 + al

4

)
+ (a5 + (a6 + a7 · x) · x) · x

)

� Û�å#è�á�ê�å�ó�ë@äßá´àGá�ä ~%ó�ã�à<Ü@á�ó�ã�àGÝßê�ã�äßä ~%á´â@ã�ê´à�z^{ á {2å�õ@äßî«Ü-ã�æ�á�à<å�ô�õ-ã�ñ�à<Ý ì ~!à<Ü@á�ë@é·å�ëzå�Þ<Ý àGÝßå�ñ*è�~!ã�ñ«á´â:ÝßÞ·àGá�ñ�àGÝçã�äô>õ-ã�ñ�à<Ý |-á�é��WÝßñrê�å�ñ�àGé<ã�Þ<à�àGå�ã�äßäMå�àGÜ:á�éÈë@é·å�ë�å�ÞGÝ à<Ýßå�ñ@Þ�Ýßñ�àGÜ:ÝßÞ�ë-ã�ë�á�é {�Ü:ÝßêµÜrã�é·á.Ýßó�ë@äßÝßê´àGä ~fõ@ñ@Ý æ�á�é<ÞGã�äßä ~}ô>õ-ã�ñ�à<Ý |-á�îLs
∃x.|rl| = |ll| · |k| > 2−81 · 225 = 2−56
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����� ���"!���
#����!�
$�����%��& �-Æ

����
 �a� A����%�f���S�%��-T�%� ��
 ������

����� �����������m���I�	��� ����� ��
$� ��
��Q�"����� � �f�����?
#���m���	���^��& � ���
� ph
�����

pl
��� 7
 �a��


ph + pl = p(x) + ∆
����� � � �S�%
 �

|∆| < 2−124 7 
 �a��
 ph
��� 
 ���,����� � �f�N���?
$�����?���B����& � ��� ���	����� ��
�
#� p(x)

�����R
 ����

|pl| < |ph| · 2−64

�
!��N���?���%

����� 7 A���� x ∈

[
−2−30;2−30

] 
 �a�I�����%
 � &���

���	���c���������
∆
� AV
 �a�
�������������	�V���V� � �
�U
 �a���

|∆| < 2−141

!�� ��

������

�������������������	���
��
$�#�

1
�

�98����: 4"���	 " &'��	��)( 
)( ��	��
z1 ← 〈a7 · x + a6〉�98����: 4"���	
�=&���	 " ( 
)( ��	�?
z2 ← 〈z1 · x + a5〉�98����: 4"���	���	&; &���	
� ( 
�( ���

�98  ��: 4"���	���	��=&���	
� ( 
�(���	���	<;
zh
3 + zl

3 ←

���������� �����

(z2, x)

��
$�#�
2
�

���������! #"���	#" & ��	#"�	&;>(���	��
	<;
�# ���* �! #"���	�?'&���	#"�( ��	#"�	<;
�# ���* �! #"���	��=&���	���	&;>(���	�?

z4 + z6 ←


������� � ��� (

ah
4 , zh

3

)

���������! #"���	��=&���	���	���(���	��
z7 ← zl

3 ⊕ z6���������! #"���	��=& ��	#"�	���(���	��
z8 ← al

4 ⊕ z7���������! #"���	�$
	<; &	��	 "�(���	��
�# ���* �! #"���	 "�� &���	�$
	<;>(���	 "
�# ���* �! #"���	�$
	�� &	��	
�)(���	 "��

zh
9 + zl

9 ←

�������� � ���

(z4, z8)

��
$�#�
3
�

�98����: 4"���	 "�"�	<; & 
�( 
�(@���
�98  ��: 4"���	 "�"�	�� & 
�( 
�(���	#"�" 	<;

zh
11 + zl

11 ←


���������������

(x, x)

��
$�#�
4
�

�98����: 4"���	 " �'&���	 "�"�	<;>( 
�(@���
�98  ��: 4"���	 "��=&���	 "�"�	<;>( 
�(���	 " �

z12 + z13 ←


��������������� (

zh
11, x

)

�98����: 4"���	 "4" &���	 "�"�	���( 
�(���	 "��
z14 ←

〈
zl
11 · x + z13

〉

���������! #"���	 "&?
	<; &	��	 " ��(���	#"4"
�# ���* �! #"���	 "
� &���	 "&?
	<;>(���	#" �
�# ���* �! #"���	 "&?
	�� &	��	 "4"�(���	#"��

zh
15 + zl

15 ←


������� � ���

(z12, z14)

��
$�#�
5
�

�98����: 4"���	 "��=&���	�$�	&;>(���	 "&?
	<;>(����

u�uÃñ�� �����	�
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#������� ���%���%���x����
$���

�98  ��: 4"���	 "��=&���	�$�	&;>(���	 "&?
	<;>(���	#"��
z17 + z18 ←



��������������� (
zh
9 , zh

15

)

�98����: 4"���	 "&$=&���	�$�	���(���	 "&?
	<;>(���	#"��
z19 ←

〈
zl
9 · z

h
15 + z18

〉

�98����: 4"���	
���=&���	�$�	&;>(���	 "&?
	���(���	#"&$
z20 ←

〈
zh
9 · z

l
15 + z19

〉

���������! #"���	
�#" 	<; &	��	 "��)(���	����
�# ���* �! #"���	
���=&���	
�#" 	<;>(���	#"��
�# ���* �! #"���	
�#" 	�� &	��	
���)(���	��
�

zh
21 + zl

21 ←


������� � ���

(z17, z20)

��
$�#�
6
�

�98����: 4"���	
���=&���	 "�"�	<;>(-;>(@���
�98  ��: 4"���	
�#" &���	 "�"�	<;>(-;>(���	
���

z23 + z24 ←


��������������� (

zh
11, h

)

�98����: 4"���	
��?'&���	 "�"�	���(-;>(���	
�#"
z25 ←

〈
zl
11 · h + z24

〉

���������! #"���	
�
��	<; &	��	
���)(���	���?
�# ���* �! #"���	
�
� &���	
�
��	<;>(���	����
�# ���* �! #"���	
�
��	�� &	��	
��?�(���	����

zh
26 + zl

26 ←


������� � ���

(z23, z25)

��
$�#�
7
�

���������! #"���	
�
� &���	
�
��	<;>(���	�� " 	<;
�# ���* �! #"���	
�#$ &���	
�
�)(���	
�
��	<;
�# ���* �! #"���	���� &���	
�#" 	<;>(���	���$

z28 + z30 ←


������� � ��� (

zh
26, z

h
21

)

���������! #"���	�� " &���	
�#" 	���(���	����
z31 ← zl

21 ⊕ z30���������! #"���	��
�=&���	
�
��	���(���	���"
z32 ← zl

26 ⊕ z31���������! #"���	�����	<; &	��	
���)(���	����
�# ���* �! #"���	#"
� &���	�����	<;>(���	����
�# ���* �! #"���	�����	�� &	��	�����(���	���"

zh
33 + zl

33 ←


������� � ���

(z28, z32)

��
$�#�
8
�

���������! #"���	���?=&���	�����	<;>( 

�# ���* �! #"���	���� &���	���?�( 

�# ���* �! #"���	���� &���	�����	<;>(���	�� �

z35 + z37 ←


������� � ��� (

zh
33, x

)

���������! #"���	���� &���	�����	���(���	�� �
z38 ← zl

33 ⊕ z37���������! #" � 	<; &���	���? (���	�� �
�# ���* �! #"���	���$ & � 	<;�(���	���?
�# ���* �! #" � 	��'&���	�� ��(���	���$

ph + pl ←


������� � ���

(z35, z38)

³´s�wz����l��º|¨w7�Blr~z�jvul�|¨w7yztx¼zlr~ �Ws3~�v2�j��w�w�­�w�­�|¨hjt��º|¨hjl>wz��l�k�É�¹ºlr¹�txvuv2�3�¨lr�¨l�¼Ml���~�vWvul>k7k*~�|�~%­±wz��|¨hjl
�jt �2l���l�sR|r��|¨l>�3�>¸#gfh3l!�j��w�w�­.wz­.|¨hjl!|¨h3l�wz��l�k ¹�txvuv�|�hjl�s���txk«�jvu�F{�wzs3�¨tx��|�txs+~����3k7k«txsjy��j�_wz­.|¨hjl
¹�l�txyzhR|�l>�����jk w�­�|¨hjl���t��2l���l�sR|�l����¨wM���f~z{>{��jk!�jv�~-|¨l:�4txs�|¨hjl���t��2l���l�sR|}��|�l��3�>¸

ðpw u�ð �
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DºÔ � �¾¥%��� ��� � �a���%� ��

������

����� �������������	�U�	���%� �	��� �	
#�#����� �%�T
 �a�V��� -?�����%
 ��&F� � �41r�*����� ����� ��
#� � zh
3�����

zl
3

����
 �a��

zh
3 + zl

3 = (a5 + (a6 + a7x) x) x + ∆1

����� � � �S�%
 �
|∆1| < 2−82

�����*
 �a��

zh
3

���4
 �a�U�?��� � � �U���?
#���m���	���^��& � ��� ���	����� ��
�
#�2
 ���/��� ����
���� ������
:�
� ¤ Ø�Ø��*gfhjl!vx~M��|�m*txs3��|��¨�W{�|¨txwzsW��w�­Å|�hjt��r��|¨l>�F­±wz��kÃ|¨hjl 

����������� ��� ~�vxyzwM�¨tu|¨hjkÃ¹�hjt�{�hOh3~M�}�Bl�l>s
�3�¨w-¼Ml�s�~z�Ww-¼Ml}|�w«�Wl�l>�¨��wz��vul:�¨�>¸ � w«¹ºl#h3~@¼MlzÍ

zh
3 + zl

3 = x · ((a7x + a6) (1 + ε1) + a5) · (1 + ε2)

= . . .

= (a5 + (a6 + a7x) x) x + ∆1

¹�h3l���l

∆1 = a7x
3ε1 + a6x

2ε1 + a5xε2 + a7x
3ε2 + a6x

2ε2 + a7x
3ε1ε2 + a6x

2ε1ε2

¹�tu|¨h
|ε1| < 2−64 ~�sW� |ε2| < 2−64 ¸ � tusW{�l

|∆1| = |a7x
3ε1|+ |a6x

2ε1|+ |a5xε2|+ |a7x
3ε2|+ |a6x

2ε2|+ |a7x
3ε1ε2|+ |a6x

2ε1ε2|

~zs3�
|a7x

3ε1| <
1

720
· 2−46 · 2−64 < 2−109

|a6x
2ε1| < 2−101

|a5xε2| < 2−83

|a7x
3ε2| < 2−109

|a6x
2ε2| < 2−101

|a7x
3ε1ε2 < 2−160

|a6x
2ε1ε2| < 2−150

¹�l#h3~@¼zl

|∆1| < 2−109 + 2−101 + 2−83 + 2−109 + 2−101 + 2−160 + 2−150 < 2−82

DºÔ � �¾¥%��� ��� � �a� �����������m���I�	���%� �	��� ��
#�$� '��6�%�8
 ���*��� -L�����%
 � & � � �41r� �	���f����� ��
$� �2
 �a�+1r������� � zh
9�����

zl
9

����
 �a��

zh
9 + zl

9 =
((

ah
4 + al

4

)
+

(
zh
3 + zl

3

))
+ ∆2

����� � � �S�%
 �
|∆2| < 2−130

�����B
 ����

zh
9

��� 
 ���,����� � �f�,����
#�������	� �^��& � �����m�	����� ��
�
$�8
 �a�N��� �?��
��� ������
:�

u�uÃñ�� �����	�



mz� ���������	
#������� ���%���%���x����
$���

� ¤ Ø�Ø��*gfhjl �3����|ª|�hj�¨l>l+~zs3�®|¨h3l_v�~z��|ª|¨hj��l�l+tusW��|��¨�3{�|¨txwzs3�4w�­�|�hjl+��|¨l>�¬~���lF|¨h3l 

������� � ���Ã~zvÁ°
yMwz��tÁ|�hjk�¸�g�w}l>s3���3�¨l
|¨h3~�|�|�hjlº��l>�¨�jvu|���tÁ|��j��w����3{�l:��~z�¨l�{�wM�¨��l>{�|È¹ºl�k%�W��|��j�¨w-¼MlÅ|¨hW~-|�|¨hjl�{�wMs3��tu|¨txwzs3�
wMs4|�hjl�k*~�yMsjtÁ|��3��l#w�­�tu|���txsj�j��|�¼-~zvu�jl:��~���l#�¨l:���Bl>{�|¨l>��¸
Â�l�h3~@¼MlzÍ

|ah
4 | ≈

1

6

|zh
3 | ≈ |a5x + δ|�¨w«wzsjl�{>~�s�l>~z�¨txvu�4�¨l�lr|�h3~-|�|�hjl�tus3�j��|}{�wMs3��tu|¨txwzs�tx���¨l:���Bl>{�|¨l>��¸

� l>{�wMs3��vx�zÉ�¹�l#h3~@¼zl
|z4| ≈ |a

h
4 + zh

3 |

|z8| ≤ |a
l
4 + zl

3 +
(
ah
4 + zh

3

)
· 2−64| < 3 · |ah

4 + zh
3 | · 2

−64

�¨w�|�hjl�tusj�3��|�{�wzs3�jtÁ|�tuwMs%t�����l>�¨�Bl>{�|�l>��~zvx�¨w�­±wM�È|�hjlf��l:{�wzsW����|¨txvxtx��~-|�tuwMs%w�­�|�hjl 

������� � ���Ã~�vxyzwM�¨tu|¨h3k�¸
gfh��3�f¹�l�{�~zs�~M�¨�¨�jk«lr|¨h3~�|�¹ºl#h3~@¼Ml

z4 + z6 = ah
4 + zh

3l�¯j~z{�|�vu��~�s3�4|¨h3~�|�tÁ|}�¨��©ª{�l:��|¨wª�¨hjw-¹ |�h3~-|

z4 + z8 =
((

ah
4 + al

4

)
+

(
zh
3 + zl

3

))
+ ∆2

�}l�s3{�l

z4 + z8 = z4 +
(
al
4 +

(
zl
3 + z6

)
(1 + ε1)

)
(1 + ε2)

= . . .

= z4 + z6 + al
4 + zl

3 + ∆2

= . . .

=
((

ah
4 + al

4

)
+

(
zh
3 + zl

3

))
+ ∆2¹�h3l���l

∆2
t��

∆2 = zl
3ε1 + z6ε1 + al

4ε2 + zl
3ε2 + z6ε2 + zl

3ε1ε2 + z6ε1ε2Â�l�h3~@¼Ml
|zl

3ε1| < 2−148

|z6ε1| < 2−132

|al
4ε2| < 2−132

|zl
3ε2| < 2−148

|z6ε2| < 2−132

|zl
3ε1ε2| < 2−200

|z6ε1ε2| < 2−196

gfh3l���l�­±wz��l
|∆2| < 2−131 + 2−147 + 2−196 + 2−200 < 2−130

ðpw u�ð �
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DºÔ � �¾¥%��� � � � �a�I�%����
 ������
 ����� �������������	�I�����%� �	��� ��
$�#��� �-�%�,
 �a� ��� -L�����%
 � & -��61���� � � ��1����	��� ��� /�f��
#� �
zh
11

�����
zl
11

���0
 ����

zh
11 + zl

11 = x2

��� ����
 � � �����0
 ����

zh
11

���V
 �a�I����� � � � ���?
$�����?���U�����	�����������8����& � ���/���	����� ��
 
#� x2
�

� ¤ Ø�Ø��*g��¨tx¼�tx~zv<É-|�hjl�txs3��|��¨�W{�|¨txwzsW�Å��l:�M�3l�s3{�l�t���|�hjl 

����������� ��� ~�vxyzwM�¨tu|¨hjk�¹�hjwM�¨l�{�wz����l>{�|�sjl>����h3~z�
~zvu��l>~M���*�Bl�l�s��j��w-¼zl>s�¸
DºÔ � �¾¥%��� � E � �a� �%� ��

������

����� �����������m����� � � ���%� �	� � ��
#�$� . �V�%�B
 �a�@-��61���� ��� -L�����%
 � & �	��� ����� ��
$� �
zh
15

���m�
zl
15

����
 �a��

zh
15 + zl

15 =
(
zh
11 + zl

11

)
· x + ∆4

����� � �,�S�%
 �
|∆4| < 2−173 ���m��
 �a��


zh
15

���U
 �a�*����� � � � ���?
$�����?���/�����	�����	�����N�^��& � ���U���	����� ��
Q
#��
 �a���� ����
Q��� ������
:�
� ¤ Ø�Ø�� ��sjlªs3w�|¨t�{�l:�#|¨hW~-|%|�hjl �3����|�|�¹ºwFvxtxsjl>�%w�­f|¨hjl���|�l��¾~z�¨l«|�hjl 

��������������� ~�vxyzwM�¨tu|¨h3k1~�sW�
|�h3~-|7|¨h3l�v�~z��|!|�hj��l�l�{�wzs3��|¨tu|¨�j|¨l�|¨hjl 

������� � ���¿~zvuyMwz��tÁ|�hjk�¸ � w_tu|*�¨��©ª{�l:��|�w+�3�¨w-¼Ml*|¨hjl�txsj�j��|
{�wzs3�jtÁ|�tuwMs3��~�s3�4|¨w*l:��|�tuk*~�|¨lr|¨hjl�l>�¨��wz�����3l�|�w«|¨hjl�wz|¨hjl>��tusW��|��¨�3{�|¨txwzs�¸
Ú wMs3{�l>�¨s3tusjy!|¨h3l�tusj�3��|}{�wMs3��tu|¨txwzs�Éj¹�l#h3~@¼zlMÍ

|z12| ≈ |z
h
11 · x|

|z14| ≤ |z
l
11 · x + zh

11 · x · 2
−64| ≈ |zh

11 · x| · 2
−63

�¨w7|¨hjl�txsj�j�j|}{�wzsW��tÁ|�tuwMs�t�����l>�¨�Wl:{�|�l>� ¸
gfh��3�>Éj~z�f¹�l�{�~zs�~M�¨�¨�jk«l�~7{�wz���¨l:{�|f�¨l:���3vÁ|�­±wM�

z12 + z13 = zh
11 · x

¹�l#wz�3�¨l���¼zl�|¨h3l#­±wzvxvuw-¹�txsjy

z12 + z14 = z12 +
(
zl
11 · x + z13

)
(1 + ε1)

= . . .

=
(
zh
11 + zl

11

)
· x + ∆4

¹�h3l���l
∆4
t��

∆4 = zl
11xε1 + z13ε1¹�tu|¨h

|ε1| < 2−64 ¸
� tus3{�l

|zl
11xε1| < 2−174

|z13ε1| < 2−174

¹�l#h3~@¼zl�|¨h3l��¨l:���jvu|
|∆4| < 2−173 ¸

u�uÃñ�� �����	�
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������

����� �������������	� ����& �	� � ��
#�$��� �S����� ����� ��
#� � 
��Q�U�?��� � � �4����
#�������	�6����& /
� ���
� zh

21

�����
zl
21

����
 �a��


zh
21 + zl

21 =
(
zh
15 + zl

15

)
·
(
zh
9 + zl

9

)
+ ∆5

����� � � �S�%
 �
|∆5| < 2−173 ���m�8
 ����


zh
21

���"
 ���T����� � � �D���?
$�����?�	�,�^��& � ��� �m������� �	
U
#�8
 ���T��� �?��
��� ������
:�
� ¤ Ø�Ø��*gfhjl��3����|#|�¹�w�vutxsjl>�#wz­
|�hjlª��|�l��,~���l!|¨hjl#

��������������� �¨l>�R�jl>s3{�lMÉ |¨hjl«v�~z��|#|¨hj��l�l*~���l7|¨hjl


������� � ���Ã~�vxyzwz��tu|¨hjk�¸ � w�tu|�����©ª{�l>��|¨wF�¨hjw-¹ |¨h3~�|#|¨hjl«txsj�j��|%{�wzs3��tu|¨txwzs+w�­º|¨hjl#

������� � ���Ã~zvÁ°
yMwz��tÁ|�hjk t��f�¨l:���Bl>{�|¨l:��~zs3��|¨w«l>��|¨txk*~-|¨l#|�hjl�l�����wz��tus3�j�3{�l:�����*|�hjl�w�|�hjl��}m!wM�Wl>��~�|¨txwzs3�>¸
Ú wMs3{�l>�¨s3tusjy!|¨h3l�tusj�3��|}{�wMs3��tu|¨txwzs3�f¹�l�wz�3�¨l���¼zlMÍ

|z17| ≈ |z
h
9 · z

h
15|

|z20| < |z
h
9 · z

l15 + zl
9 · z

l
15 + zh

9 · z
h
15 · 2

−64| ≤ |zh
9 · z

h
15| · 2

−63

|�h��3��|¨hjl�{�wzs3�jtÁ|�tuwMs�wMs4|�hjl�k*~�yMsjtÁ|��3��l#w�­�|¨h3l�tusj�3��|�¼-~�vx�jl>�ft�����l>�¨�Wl:{�|¨l:� ¸
� tus3{�l#¹ºl�h3~@¼Mlr~zs�l�¯j~z{�|���l>�¨�jvu|�­±wz�

z17 + z18 = zh
9 · z

h
15

¹�l�{�~zs���l:���3{�l

z17 + z20 = z17 +
(
zh
9 · z

l
15 +

(
zl
9 · z

h
15 + z18

)
(1 + ε1)

)
(1 + ε2)

= . . .

= zh
9 · z

h
15 + zh

9 · z
l
15 + zl

9 · z
h
15 +

zl
9 · z

l
15 − zl

9 · z
l
15 + zl

9 · z
h
15 · ε1 +

z18 · ε1 + zh
9 · z

l
15 · ε2 + zl

9 · z
h
15 · ε2 +

z18 · ε2 + zl
9 · z

h
15 · ε1ε2 + z18 · ε1ε2

=
(
zh
15 + zl

15

)
·
(
zh
9 + zl

9

)
+ ∆5

¹�h3l���l
∆5
t��

∆5 = −zl
9z

l
15 + zl

9z
h
15ε1 + z18ε1 + zh

9 zl
15ε2 + zl

9z
h
15ε2 + z18ε2 + zl

9z
h
15ε1ε2 + z18ε1ε2

¹�tu|¨h
ε1 < 2−64 ~�s3� ε2 < 2−64 ¸Â tu|¨h�|�hjl#­±wzvxvuw-¹�txsjy«l>��|¨txk*~-|�l>�

| − zl
9z

l
15| < 2−176

|zl
9z

h
15ε1| < 2−244

|z18ε1| < 2−176

|zh
9 zl

15ε2| < 2−176

ðpw u�ð �
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|zl
9z

h
15ε2| < 2−176

|z18ε2| < 2−176

|zl
9z

h
15ε1ε2| < 2−244

|z18ε1ε2| < 2−244

¹�l#yzl�|
|∆5| < 2−173

DºÔ � �¾¥%��� � ] � �a�6�%���	

����
 ����� �������������	�-�BA 
 ���-��� -?�����%
 ��& �	���%� �	� � �	
#�#��� � �	��� ����� ��
#� � 
��Q�2�?��� � � ����?
$�����?�	�6�����	�����������8����& � ���
� zh
26

�����
zl
26

���0
 ����


zh
26 + zl

26 = h ·
(
zh
11 + zl

11

)
+ ∆6

����� � � �S�%
 �
|∆6| < 2−159

���m�N
 ����

zh
26

��� 
 �a� ����� � �f�*�����	�����������<����& � ��� ���	����� ��
U
$�,
 ���T��� �?��
��� ������
:�
� ¤ Ø�Ø�� ��sjl.��l�k*~z�¨»��B|¨hW~-|�|�hjl �3����|È|�¹ºw�vxtus3l>� txs#|¨hjt�����|�l���~���l�|¨hjl 

����������� ��� ��l:�R�jl�s3{�l.~�s3�r|�h3~-|
|�hjl�v�~z��|�|¨h3�¨l>l%~���l�|¨h3l!

������� � ��� ~zvuyMwz��tÁ|�hjk�¸ � wªtÁ|#���j©*{�l>�f|�w��¨hjw-¹D|¨h3~�|}|¨h3l�tus3�j��|r{�wzs3�jtÁ|�tuwMs
wz­.|¨h3l 

������� � ���¿~zvuyMwz��tÁ|�hjk tx�r��l>�¨�Wl:{�|�l>��|�w��Bl7~z�jvxl%|�w�~M�¨�¨�jk«l!{�wz���¨l:{�|}��l>�¨�jvu|���­±wz��|¨hjl:��l!|�¹�w
�W~��¨|��fw�­�|¨hjl���|¨l>��¸
�Èl�|��3� �W����|���hjw-¹¬|¨hjl�txsj�j�j|}{�wzsW��tÁ|�tuwMs�Í
Â�l�h3~@¼Ml

|z23| ≈

∣
∣
∣
∣

1

2
· zh

11

∣
∣
∣
∣

|z25| ≈

∣
∣
∣
∣

1

2
· zl

11 +
1

2
· zh

11 · 2
−64

∣
∣
∣
∣
< |zh

11 · 2
−64|

gfh��3��|�hjl�txsj�j��|}{�wzs3��tu|¨txwzs�t��f�¨l:���Bl>{�|¨l:� ¸
� w7¹�l#h3~@¼zl

z23 + z24 = h · zh
11l�¯j~z{�|�vu��~�s3�4|¨hjl>�¨l�­±wz��l

z23 + z25 = z23 +
(
zl
11 · h + z24

)
(1 + ε1)

= . . .

= h ·
(
zh
11 + zl

11

)
+ ∆6¹�h3l���l

∆6
t��

∆6 = h · zl
11 · ε1 + z24 · ε1

¹�tÁ|�h
ε1 < 2−64

��s3l#{>~�s�l>~M��txvu��{�hjl>{�»*|�h3~-|
|h · zl

11 · ε1| < 2−160

|z24 · ε1| < 2−160

�¨w«¹ºl#h3~@¼Mlr~M��~7�¨l:���jvu|
|∆6| < 2−159

u�uÃñ�� �����	�
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DºÔ � �¾¥%��� ��$ � �a�I�%����
 ������
 ����� �������������	�I�����%� �	��� ��
$�#��� �-�%�,
 �a� ��� -L�����%
 � & -��61���� � � ��1����	��� ��� /�f��
#� �V
��Q� ����� � �f�*���?
$�����?���0����& � ���
� zh
33

�����
zl
33

���0
 ����


zh
33 + zl

33 =
((

zh
26 + zl

26

)
+

(
zh
21 + zl

21

))
+ ∆7

����� � �,�S�%
 �
|∆7| < 2−158 ���m��
 �a��


zh
33

���U
 �a�*����� � � � ���?
$�����?���/�����	�����	�����N�^��& � ���U���	����� ��
Q
#��
 �a���� ����
Q��� ������
:�
� ¤ Ø�Ø��*�}��wMsjl�{>~�s4�¨l�lMÉM|�hjl �3����|
|�hj��l�l#~�s3�«|�hjlrvx~M��|�|¨hj��l�l�tusW��|��¨�3{�|¨txwzs3�ºtxsª|¨h3lr�¨l>�R�jl>s3{�l�w�­���|¨l>�
Æ!~z�¨lr|�¹�w%|�tuk«l>��|¨hjl 

������� � ��� ��l:�M�3l�s3{�lz¸�Â+l�¹�txvxv��3����|�{�hjl:{�»*|¨hjl>tu��txsj�j�j|}{�wzsW��tÁ|�tuwMs�Í

|zh
26| ≈ |h · x

2| ≈
1

2
· x2

|zh
21| ≈ |x

3 · (a4 + (a5 + (a6 + a7x) x) x) |
g�w«�j��w-¼zl�|¨h3~�|

|zh
26| > |z

h
21|
Éj¹ºl#vxw�{�~-|�l�s��jk«l���tx{>~�vxvu�«|�hjl�k«tusjtxk%�3k w�­

1

2
· x2 −

∣
∣x3 · (a4 + (a5 + (a6 + a7x) x) x)

∣
∣

txs�|¨h3l�yztx¼zl>s���~�sjyMl#­±wz�
x
�3��txsjyª~7|�wRwMvÈ�¨�3{�hO~z� 	_~��jvxlz¸�gfhjl�k«tus3tuk!�jk¿t��

0
­±wM�

x = 0
É3|¨h��3��|�hjl

txsj�j�j|}{�wzsW��tÁ|�tuwMs�t�����l>�¨�Wl:{�|�l>� ¸
Ú wMs3{�l>�¨s3tusjy!|¨h3l���l:{�wzsW�4�3�¨l#w�­�|¨hjl 

������� � ���Ã��l:�M�3l�s3{�lzÉ�¹�l�wz�3�¨l���¼zlr~z��­±wzvxvxw-¹���Í

|z28| ≈ |z
h
26 + zh

21|

|z32| ≈ |z
l
26 + zl

21 +
(
zh
26 + zh

21

)
· 2−64| < |

(
zh
26 + zh

21

)
· 2−63|

�¨w7|¨hjl�txsj�j�j|}{�wzsW��tÁ|�tuwMs�t���¼Ml�� �3l>��~�v���w7­±wz�f|�hjt�����l:�R�jl�s3{�lz¸
�Èl�|��3��s3w-¹¬l>��|¨txk*~-|�l�|�hjl�l�����wz�����jl#|�w!|�hjl�w�|�hjl��f|�¹�w«tusW��|��¨�3{�|¨txwzs3�fwz­���|¨l>�OÆ�¸
Â�l�h3~@¼Ml�l�¯�~M{�|�vu�

z28 + z30 = zh
26 + zh

21

~�s3�4|¨h��3�

z28 + z32 = z28 +
(
zl
26 +

(
zl
21 + z30

)
(1 + ε1)

)
(1 + ε2)

= . . .

=
((

zh
26 + zl

26

)
+

(
zh
21 + zl

21

))
+ ∆7

¹�h3l���l
∆7
t��

∆7 = zl
21ε1 + z30ε1 + zl

26ε2 + zl
21ε2 + z30ε2 + +zl

21ε1ε2 + z30ε1ε2

¹�tu|¨h
|ε1| < 2−64 ~�s3� |ε2| < 2−64 � w�¹�l*{�~�s+yztx¼zl«��wMk«l!l:��|�tuk*~-|�l>�r­±wM��|�hjl*��t��Bl>�¨l>sM|#|�l���k«�#wz­

|�hjl��¨�jk ¹�hjt�{�h�¹ºl#h3~@¼Mlr{�wzk«k«wzsjvx�4{�~zvx{��jv�~-|¨l:�4�W��txsjy*~«s��jk«l���tx{>~�vB|¨w�wzvGÍ

|zl
21ε1| < 2−177

|z30ε1| < 2−160

ðpw u�ð �
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|zl
26ε2| < 2−160

|zl
21ε2| < 2−177

|z30ε2| < 2−160

|zl
21ε1ε2| < 2−241

|z30ε1ε2| < 2−224

gfh3l���l�­±wz��lr¹ºl#h3~@¼Ml
|∆7| < 2−158

DºÔ � �¾¥%��� � [ � �a� �������������	�"� � � ���%� �	� � ��
#�$�����0� A�
 �a�D��� -?�����%
 ��& -��61r���A� � �41r�N����� ����� ��
#� �"
��Q��?��� � � �I���?
#���m���	���^��& � ���
� ph ���m�
pl ����
 �a��


ph + pl =
((

zh
33 + zl

33

)
+ x

)
+ ∆8

����� � � �S�%
 �
|∆8| < 2−142 �����B
 ����


ph ��� 
 ���,����� � �f�,����
#�������	� �^��& � �����m�	����� ��
�
$�8
 �a�N��� �?��
��� ������
:�
� ¤ Ø�Ø��*��v��¨w�txs+|¨hjt�����l:�R�jl�s3{�lzÉ ¹�l7�¨l�l7|�h3~-|#|¨h3l��W����|�|�hj��l�l*~�s3�_|¨h3l7v�~z��|r|¨hj��l�l«txs3��|��¨�W{�|¨txwzsW��wz­
|�hjl*��|�l���{�wzsW��t���|#txsO|¨h3l�

������� � ��� ~�vxyzwM�¨tu|¨hjk�¸�Â�l«¹�tuvxv�|¨h��3���¨hjw-¹ |¨h3~�|#|¨hjl7tus3�j��|%{�wMs3��tu|¨txwzs3�
~z�¨lr��l>�¨�Wl:{�|¨l:� Í
Â�l�h3~@¼Ml}|�wª��hjw-¹ �3����|f|¨h3~�|

|x| > |zh
33|
t��f|¨���jlM¸

|zh
33| ≈

∣
∣
∣
∣

1

2
x2 + x3 · (a4 + (a5 + (a6 + a7x) x) x)

∣
∣
∣
∣

� tus3{�l
x ∈

[

−
ln 2

214
;
ln 2

214

]

⊂ ]−1; 1[

|�hjt���{�wMs3��tu|¨txwzs�tx�f¼Ml���t �3l:� ¸
Ú wMs3{�l>�¨s3tusjy4|¨hjl*�¨l>{�wzs3�F�W��l7w�­º|¨hjl#

������� � ���¿�¨l>�R�jl>s3{�lMÉ ¹ºl7h3~@¼zl%|¨w���h3w-¹ |¨h3~�|

|z35| > |z38|
¸

Â�l�h3~@¼Ml
|z35| ≈ |z

h
33 + x|

|z38| ≈ |z
l
33 +

(
zh
33 + x

)
· 2−64| < |zh

33 · 2
−63|+ |x · 2−64|

gfh��3��|�hjl�txsj�j��|}{�wzs3��tu|¨txwzs�t��f�¨l:���Bl>{�|¨l:� ¸
�Èl�|��3��s3w-¹¬l>��|¨txk*~-|�l�|�hjl�l�����wz�ftusW���3{�l:���R�ª|¨hjl�wz|¨hjl>��tus3��|¨���3{�|¨txwzs�¸
Â�l�h3~@¼Ml

z35 + z37 = zh
33 + x

l�¯�~M{�|�vu�M¸
gfh3l���l�­±wz��l

z35 + z38 = z35 +
(
zl
33 + z37

)
(1 + ε1)

= . . .

=
((

zh
33 + zl

33

)
+ x

)
+ ∆8

u�uÃñ�� �����	�



mz� ���������	
#������� ���%���%���x����
$���

¹�h3l���l
∆8
t��

∆8 < zl
33ε1 + z37ε1

¹�tu|¨h
ε1 < 2−64 ¸Â�l�{�~zs�{�h3l>{�»ªl:~z�¨tuvx�*�3�¨tusjy*~«s��jk«l���t�{�~�vB|�wRwMv<Éj|¨h3~�|

|zl
33ε1| < 2−160

|z37ε1| < 2−143

gfh��3�
|∆8| < 2−142 ¸

Â�l%»�sjw-¹ sjw-¹ |�hjl!��t��2l���l�sR|�l>�¨��wz���
∆i
É
i = 1 . . . 8

���jl�|�wª|�hjl!�¨l���¼zl>��~zv���|�l��3��w�­Å|�hjl!~zvuyMwz��tÁ|�hjk
|�h3~-|�{�~�v�{��3vx~�|¨l>�*|¨hjl+�WwMvu��sjwMk7t�~�v�~��j�j��w@¯�tuk*~�|¨txwzs®w�­���l>���3{�l>�®~���yz�3k7l>sR|ªw�­�|¨h3l ����	¬­±�js3{�|�tuwMs�¸
g���txsjy7|¨h3tx�f­·~M{�|���É�¹�l�{�~zs�sjw-¹Dyztx¼zl#~«�j��wRwz­�­±wz��|¨hjl�~z{>{��j��~z{��«|¨hjl>wz��l�k yMtu¼Ml�s�~��Bw-¼zlM¸
³´s®|�hjt��4�j��w�w�­�Éf¹�lO¹�tuvxv��¨�jk �j�®|�hjl+��t��2l���l�sR|4l�����wz�:Éº¹�l�txyzhR|¨l:� ��t��Bl>�¨l>sM|�vu�M¸ gÈw&�¨txk7�3vutu­±�®tÁ|�~
vxtu|�|¨vxl��jtu|�~�s3�4|¨w«txs3{���l>~M��lrtÁ|��f�¨l:~z�j~z�jvxtÁ|��MÉR¹�l#¹�tuvxv �3�¨lr|¨hjlr­±wzvxvxw-¹�tusjy«{�wMs�¼zl�sR|�tuwMs3��É�sjwz|�~�|¨txwzs3�f~�sW�
~M�¨�¨�jk«��|�tuwMs3��Í

� �²�¨�jk wz­�|�¹ºwr��wz�j�3vulºl�¯�|¨l>s3��l>�%�j��l>{�t��¨tuwMs�sR�3k%�Bl�����|�h3~-|��¨l>�j��l>�¨l�sR|Ètxs!�¨wzk«l
¹f~@�}|�hjl�hjtuyMhjl��~�s3�!|�hjlfvuw-¹�l����3~z��|Åw�­ ~rhjtxyzhjl>�Å�j�¨l:{�t���txwzs!s��jk%�Bl��:É�¹�txvuvj�Bl�sjwz|¨l>�
ch/l txs3��|¨l:~z�!w�­ (ch + cl

) ¸
� Â+l�¹�tuvxvf~�v���wFk*~�»Ml4~FvxtuyMhR|!~��j�W��lªwz­f|¨hjl�wz�Bl���~-|¨txwzs,�¨tuyMs3� +

~zs3�
·
¸Ogfhjl>�T¹�tuvxv
�Bl4�3�¨l>�

l�tu|¨hjl>�%wMs¾��wz�j�3vulªl�¯�|¨l�sW��l>�T�j��l>{�tx�¨txwzsTs��jk%�Bl�����l�tu|¨h3l��%wMs¾���3k1wz­�|�¹�wO��wM�j�jvxlªl�¯�|¨l>s3��l:�
�j��l>{�t��¨tuwMs�s��jk!�Wl>���fsjwz|¨l:�

ch/l i�lM¸ yW¸ ch/l
1 · c

h/l
2

¹�tuvxv���l��j��l>�¨l�sR| (
ch
1 + cl

1

)
·
(
ch
2 + cl

2

) ¸
� Â+l!¹�tuvxvÈs3w�|¨l δ1

É
δ2
É
δ3
~zs3�

δ4
|�hjl%l>�¨��wz���fk*~z��l%¹�hjl�sF¹�l���l��j��l>�¨l�sR|�|¨h3l%{�wMs3��|�~�sR|��

ah/l É
a5
É
a6
~�sW�

a7
txs��jwz�j�jvxl#l�¯�|¨l>s3��l:���3�¨l:{�t���txwzs�¸�Â�l�»�sjw-¹J|�h3~-|:Í

|δ1| < 2−128

|δ2| < 2−64

|δ3| < 2−64

|δ4| < 2−64

� ¤ Ø�Ø���g}�¨txsjy7|¨hjl�~M�¨�¨�jk«��|¨txwzsW��~�s3��vxl�k«k*~-|�~«�¨hjw-¹�s�~��Bw-¼zlzÉ�¹�l#yzl�|f­±wMvuvxw-¹�tus3y7l:�R�3~-|�tuwMs�Í

ph/l = x + z
h/l
33 + ∆8

= x + z
h/l
26 + z

h/l
21 + ∆7 + ∆8

= x + h · z
h/l
11 + z

h/l
15 · z

h/l
9 + ∆5 + ∆6 + ∆7 + ∆8

= x + h ·
(
x2 + ∆3

)
+

(

z
h/l
11 · x + ∆4

)

·
((

a
h/l
4 + δ1

)

+ z
h/l
3 + ∆2

)

+

+∆5 + ∆6 + ∆7 + ∆8

= . . .

= x + h · x2 +
(
x3 + ∆3x + ∆5

) (

a
h/l
4 + δ1 + ((a5 + δ2) + ((a6 + δ3)

+ (a7 + δ4) · x) · x) · x + ∆1 + ∆2)

+∆5 + h ·∆3 + ∆6 + ∆7 + ∆8

ðpw u�ð �
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��|º|¨hjt��.�BwztxsR|>É�¹�l�¹�tuvxvW�¨txk7�3vutu­±�*~�vutu|�|�vul��jtu|
|¨h3l�{�~zvx{��jv�~-|¨txwzsW�.�3�¨tus3y%��wMk«l�~��j�j��w@¯�tuk*~�|¨txwzs3�>¸ ��tx����|>É
�¨txs3{�l

|∆3| = 0
¹�l#yzl�|

ph/l = x + h · x2 +

+
(
x3 + ∆4

)
·

·
(

a
h/l
4 + δ1 + (a5 + δ2 + (a6 + δ3 + (a7 + δ4) x) x) x + ∆1 + ∆2

)

+

+ ∆5 + ∆6 + ∆7 + ∆8

� l>{�wMs3��vx�zÉ�¹ºlª{>~�sTyztx¼zlª~zs,~��j�j��w@¯�tuk*~�|¨txwzs�w�­f|¨hjl��3s3~�v
l����¨wM�
∆9
���jl*|�w�|¨hjlªl>�¨��wz���

δ1
É
δ2
É
δ3~zs3�

δ4
¸ª���

|x3| < 2−46 É |x4| < 2−62 É |x5| < 2−77 ~�s3� |x6| < 2−93 ¹ºl«¹�txvuv
yzl�|�txs,~���~-|�hjl���Bl>���¨tuk«t���|�tx{#~��3�j�¨w@¯�txk*~-|¨txwzs

|∆9| = |f (δ1, δ2, . . .) | < 2−46 · 2−128 + 2−62 · 2−64 + 2−77 · 2−64 + 2−93 · 2−64 + δ̂

¹�h3l���l
|δ̂| < 2−128 ¸gfh��3�

|∆9| < 2−125

g���txsjy7|¨h3tx��wM�3�¨l���¼@~�|¨txwzs3�>É�¹ºl#wM��|�~ztus

ph/l = x + h · x2 + x3 ·
(

a
h/l
4 + (a5 + (a6 + a7x) x) x

)

+

+ x3∆1 + x3∆2 + ∆4∆1 + ∆4∆2 + ∆5 + ∆6 + ∆7 + ∆8 + ∆9

= x + h · x2 + x3 ·
(

a
h/l
4 + (a5 + (a6 + a7x) x) x

)

+ ∆

¹�h3l���l
∆
tx�

∆ = x3∆1 + x3∆2 + ∆4∆1 + ∆4∆2 + ∆5 + ∆6 + ∆7 + ∆8 + ∆9

� w3É����4�¨�jk«k7txsjy*�j��|�hjl���t��Bl>�¨l>sM|�¼-~�vx�jl:��ÉjwMsjl#yzl�|��>Í

|∆| < 2−124

Â�l#k%�3��|fsjw-¹J�j��w-¼zl}|¨hjl#~z�j�jtÁ|�tuwMs3~�v2�j��wz�Bl��¨|��*�j��wzsjwM�js3{�l:�*txs4|�hjlr|¨hjl>wz��l�kÇ¹�hjt�{�h���~@���.|�h3~-|�­±wz�
x ∈

[
−2−30; 2−30

] ¹�l�h3~@¼zl
|∆| < 2−141

�3wz�
�jwztxsjyr|¨hjt��.¹�l�¹�tuvxv3wMsjvx�%��l>{�wMs3�¨tx��l>��|¨hjl�l>�¨��wz�
∆9
~zs3�!|¨hjl�v�~z��|.l>��|¨txk*~-|�l}��|�l��«¹�hjt�{�h«¹�tuvxv3yMtu¼Ml

�W��~7�¨��©ª{�txl�sR|��Bwz�jsW� ¸ÅÂ+l�hW~z��|¨h3~�|

∆ = x3∆1 + x3∆2 + ∆4∆1 + ∆4∆2 + ∆5 + ∆6 + ∆7 + ∆8 + ∆9

~zs3�4­±wz�f|¨h3l�yztx¼zl�s��3~z��|�tx{��jvx~z����wzk*~�txs�w�­
x
¹ºl#h3~@¼Ml

|x3| < 2−90 É |x4| < 2−120 É |x5| < 2−150 ~�s3� |x6| < 2−180 ¸gfh��3�
|∆9| < 2−180

u�uÃñ�� �����	�
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~zs3��¹ºl#yzl�|�|¨hjl#­±wMvuvxw-¹�txsjy��Ws3~�vÈ�¨�jk«k«tus3y7�3�

|∆| < 2−90 · 2−82 + 2−90 · 2−130 + 2−173 · 2−82 +

+ 2−173 + 2−159 + 2−158 + 2−142 + 2−180

< 2−141

!#" Ô�Ø ¤ Ô � ��� ��� �x��
 � � i1 ∈ {0, ..., 127}
���m�

i2 ∈ {0, ..., 127}
� ����
S���V� �
����& �/
 �a��
 �Q������� ��� ���

�BAI
��Q� 
#� � � � �I�%� � � ���
� �	���������?�%& ��
 ����� ��
#� 
 ��� ��� ����
 1r������� �
2

i1
27

��� �
�a�	��
 �61������
2

i1
214

����� ��
#�����	� �
����
����U� ������&��V
 �a��
 �	���
�D����

��� �	��� ������
 �U�%� '��?��� � � �*���?
$�����?�	� ����& � ���
� th1

���m�
tl1

� ��� �
�a�	��
 �61���� �
th2

���m�
tl2 � 
 �a��
 ����

���3A	�0
 �a� A����%� �4�S�%��-T�	���m���%

����� � �

� thj
���V
 �a�I����� � � � ���?
$�����?���/�����	�����	�����N�^��& � ���U���	����� ��
Q
#� 2

ij

2(j·7)

� |tlj | < |thj | · 2−64

� thj + tlj = 2
ij

2(j·7) + δj
�S�%
 �

|δj | < 2−128

���T
 �a� A����%�f���S�%��-B�%� ��
 ������

����� �����������m���"�	��� ����� ��
$� �0
��Q�8����� � �f�"���?
$�����?�	� �m���	�����������J����& � ���
� th�����
tl

���0
 ����

th + tl = 2

i1
27 · 2

i1
214 + ∆

� �������
|∆| < 2−123

���m��
 �a��

th

���V
 �a�I����� � � � ���?
$�����?��������& � ���U���	����� ��
 
$� 
 �a�I�	�������	��
 ��� ������
:�!�� ��

������

�������������������	���
�98����: 4" ��	 " & ��	 " 	&;>( ��	
�
	&;>( ���
�98  ��: 4" ��	
�=& ��	 " 	&;>( ��	
�
	&;>(���	 "

u1 + u2 ←


������� ������� (

th1 , th2
)

�98����: 4" ��	�� & ��	 " 	&;>( ��	
�
	���(���	
�
u3 ←

〈
th1 · t

l
2 + u2

〉

�98����: 4" ��	#"<& ��	 " 	���( ��	
�
	&;>(���	��
u4 ←

〈
tl1 · t

h
2 + u3

〉

���������! #" ��	<; & ��	 " ( ��	#"
�# ���* �! #" ��	�?'& ��	<;>( ��	 "
�# ���* �! #" ��	��'& ��	#"�( ��	�?

th + tl ←


������� � ���

(u1, u4)

� ¤ Ø�Ø��«Â�l%wz�W��l>�¨¼Ml#|¨h3~�|�|�hjl �3����|�|�¹ºw���|�l��3��w�­Å|�hjl%txs3��|¨���3{�|�tuwMs_��l:�R�jl�s3{�l�yztx¼zl>sO{�wMs3��t���|}tus_|¨hjl


������� ������� ~zvuyMwz��tÁ|�hjk ~�sW�4|�h3~-|�|�hjl#vx~M��|�|�hj��l�l�{�wMs3��|�tÁ|���|¨l#|�hjl 

������� � ���¿�¨l>�R�jl>s3{�lM¸
�Èl�|��3�f|�h��3���¨hjw-¹ �3����|�|�h3~-|f|�hjl�tus3�j��|�{�wzs3��tu|¨txwzs�w�­�|¨h3l 

������� � ��� ~�vxyzwM�¨tu|¨hjkÏt�����l>�¨�Wl:{�|�l>� Í

|u1| ≈ |t
h
1 · t

h
2 |

ðpw u�ð �



���������	��

���������������	����������������

����� ���"!���
#����!�
$�����%��& mzÒ

|u4| ≈ |tl1 · t
h
2 + th1 · t

l
2 + th1 · t

h
2 · 2

−64|

< |tl1 · t
h
2 |+ |t

h
1 · t

l
2|+ |t

h
1 · t

h
2 · 2

−64|

< . . .

< |th1 · t
h
2 | · 2

−63 < |th1 · t
h
2 |

� w!|�hjl�txsj�j��|}{�wzs3��tu|¨txwzs�t��f�¨l:���Bl>{�|¨l:� ¸
gfh3l���l�­±wz��lzÉ�tu|}���j©*{�l>��|�w*l>��|¨txk«~�|¨lr|¨h3l�l����¨wM��wz­

u1 + u4
¸

Â�l�»�sjw-¹ |�h3~-|
u1 + u2 = th1 · t

h
2

{�wz���¨l:{�|�vu�M¸
� w7¹�l#yzl�|>Í

u1 + u4 = u1 +
(
tl1 · t

h
2 +

(
th1 · t

l
2 + u2

)
(1 + ε1)

)
(1 + ε2)

= . . .

=
(
th1 + tl1

)
·
(
th2 + tl2

)
+ ∆1

¹�h3l���l
∆1
t��

∆1 = th1 tl2ε1 + u2ε1 + tl1t
h
2ε2 + th1 tl2ε2 + u2ε2 + th1 tl2ε1ε2 + u2ε1ε2 − tl1t

l
2

¹�tu|¨h
|ε1| < 2−64 ~�sW� |ε2| < 2−64 ¸.�}�fwzs3l�{�~�s�l>~M��txvx�4{�hjl>{�»2É�¹�lrhW~@¼zlzÍ

|th1 tl2ε1| < 2−127

|u2ε1| < 2−127

|tl1t
h
2ε2| < 2−127

|th1 tl2ε2| < 2−127

|u2ε2| < 2−127

|th1 tl2ε1ε2| < 2−191

|u2ε1ε2| < 2−191

|tl1t
l
2| < 2−127

gfh��3�
|∆1| < 2−124 ¸g�w7|¨hjt���l>�¨��wz�:ÉM¹�l�k%�W��|�~z�3�4|�hjl#l����¨wM�����jl#|¨w7|�hjl��¨wM�js3��txsjy«w�­�|¨hjl���|¨wM�¨l:�4¼-~zvu�jl:�f¹�hjt�{�h�{>~�s��Wl

~z�j�j��w@¯�tuk*~-|�l>��~z��­±wzvxvxw-¹���Í

2
i1
27 · 2

i1
214 + ∆2 =

(

2
i1
27 + δ1

)

·
(

2
i1
214 + δ2

)

= 2
i1
27 · 2

i1
214 +

+ 2
i1
27 · δ2 + 2

i1
214 · δ1 + δ1δ2

Â�l�{�~zs�l:��|�tuk*~�|¨lr|¨hjl��jt �2l���l�sR|�|¨l>�¨k*��~M�fyztx¼zl�s��Bl�vxw-¹�Í

|2
i1
27 · δ2| < 2−127
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|2
i1
214 · δ1| < 2−127

|δ1δ2| < 2−256

gfh3l���l�­±wz��l�|¨hjl�l>�¨��wz�����jlr|�w«|¨hjl�txs3{�wM�¨��l>{�|�k«l>k7wM�¨tfe>~�|¨txwzs�w�­�|¨hjl#|�~��jvxl#¼@~zvu�3l>��{�~zs��Wl��Bwz�jsW�����

|∆2| < 2−125

~zs3��¹ºl�{�~zsF��l>���W{�lr|¨hjl �Ws3~�v�l>�¨��wz�
∆
¹�h3tx{�h�t��

|∆| < 2−123

!#" Ô�Ø ¤ Ô � ��� ��� �x��

ph

���m�
pl � �T
��Q�R����� � �f�N���?
$�����?��� �m���	�����������A����& � ���
�"
 ����
 ����
 ���3A	�B
 �a�

A����%� ���S�%�.-T�	�������%
 ����� � �
ph + pl ∈

[
−2−15; 2−15

] ���m�
pl ∈

[
−2−79; 2−79

] �
����


th
�����

tl � ��
��Q� �?��� � � �*���?
$�����?�	������& � ���
�U
 �a��
 ����

���3A	�
�
th + tl ∈ [1; 2[

�����
tl ∈

[
−2−63; 2−63

] �
����


xl � �*���?��� � � �I���?
#���m���	���^��& � ��� ���0
 ����

xl ∈

[
−2−79; 2−79

] �
���*
 ���-�%����
 ������
 ����� �����������m��� -��61���� � ���f���<����� ����� ��
#� �6
��Q� ����� � �f�V���?
#���m���	�*����& � ���
� sh �����

sl ���

 �a��


sh + sl =
(
th + tl

)
·
(
1 +

(
ph + pl

))
·
(
1 + xl

)
+ ∆

� �������
|∆| < 2−123

���m��
 �a��

sh

���V
 �a�I����� � � � ����
#�������	� �^��& � ���U���	����� ��
 
#� 
 �a�I�	�������	��
 ��� ������
:�!�� ��

������

�������������������	��� �
��� � �98����: 4">��	 " 	<; & 
�	���( ��	<;>( ���
������� �98  ��: 4">��	 " 	��'& 
�	���( ��	<;>(

��	 " 	<; vh
1 + vl

1 ←


��������������� (

xl, th
)

��������� ���������! #">��	
�=& ��	���(@��	 " 	��
v2 ← tl ⊕ vl

1�����	� ���������! #">��	���	&; & ��	<;�(=��	 " 	&;
���	� �# ���* �! #">��	 "��=&A��	���	&;>(!��	<;
���
� � �# ���* �! #">��	���	��=&A��	 "�	<;>(=��	#"��

vh
3 + vl

3 ←


������� � ��� (

th, vh
1

)

���
����� ���������! #">��	 "<?'&A��	���	���(=��	
�
v15 ← vl

3 ⊕ v2���
������� �98����: 4">��	#"�	<; & � 	<;>( ��	<;>( ���
�����
� �98  ��: 4">��	#"�	��'& � 	<;>( ��	<;>(��	#"�	<; vh

4 + vl
4 ←



��������������� (
ph, th

)

���
� �98����: 4">��	�?=& 
�	���(=��	#"�	<;>(
��	#"�	�� v5 ←

〈
xl · vh

4 + vl
4

〉

����� � �98����: 4">��	�� & � 	���(!��	<;>(=��	�?
v6 ←

〈
pl · th + v5

〉

��������� �98����: 4">��	�� & ��	���( � 	<;>(=��	
�
v7 ←

〈
tl · ph + v6

〉
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�������	� �# ���* �! #">��	 "�";&A��	���	&;>(=��	��
	<;
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vh
8 + vl

8 ←


������� � ��� (

vh
3 , vh

4

)

�����
� � ���������! #">��	�$ &:��	���	���(@��	��
v9 ← vl

8 ⊕ v7�����
����� ���������! #">��	 "��=&A��	�$)( ��	 "<?
v13 ← v9 ⊕ v15�����
������� ���������! #"' �	<; &:��	���	&;>(@��	 "��

�������
� �# ���* �! #">��	 "4" &  �	<;>( ��	���	<;
���
�
� �# ���* �! #"' �	��=&:��	 "���(@��	 "4"

sh + sl ←

�������� � ��� (

vh
8 , v13

)

	�Ô �¾¥�¤ �Å§ gfhjlfl����¨wM�
∆
yztx¼zl>s!txs7|¨hjlfv�~z��|�|�hjl�wM�¨l>k[l�¯��j��l>���¨l>��wzsjvx��|�hjl�l����¨wM���j�jlf|¨hjl�{>~�v�{��jv�~-|�tuwMs

wz­f|¨hjl��¨l:���jvu|%¼-~�vx�jl�¹�tÁ|�h,|¨hjl4yztx¼zl�s,txsj�j�j|!¼-~�vx�jl>�>¸_gfhjl4l����¨wM�%���jl*|�wO|�hjl4l>�¨��wz���#w�­f|¨h3l4txsj�j��|
¼-~zvu�jl:�ftx�fs3w�|}{�wMs3�¨tx��l>�¨l:�ªhjl>�¨l�¹�h3tx{�h�tÁ|�¹�txvxv��Wl�txsF~�sjwz|¨hjl>����l:{�|¨txwzsÈ¸
� ¤ Ø�Ø��
�����3�¨�3~�vGÉ-|¨h3tx�Åtxs3��|¨���3{�|�tuwMs7�¨l>�R�jl>s3{�l:���3��l:��|¨hjl 

������� � ���Ã~�s3�%|¨hjl 

������� ������� ~zvuyMwz��tÁ|�hjk�¸�gfhjl
v�~-|¨|¨l>��{>~�sª�Blr�¨l�l>sªtxsªvutxsjl:� � � � ~�s3�

� �%� � ~�sW�
� 1 �%�%� � ~zs3�

� � � � ¸Å���
�j��w-¼zl>sª~��Bw-¼zl�tu|ftx�ºl�¯j~z{�|
­±wM��~zvuvtxsj�j�j|�¼@~zvu�3l>�>¸
gfh3lrvxtxsjl>� � �61 � °

� 1 �%� � É
� �?�%�%� � °

� � 1 � ~zs3�
� � 1}�%�%� � °

� �}� � {�wMs3��|�tÁ|���|¨l#|�hjl 

������� � ���Ã�¨l>�R�jl>s3{�lM¸ ��l�|�W����hjw-¹ �3����|f|¨hW~-|�|¨h3l�tx��tus3�j��|}{�wMs3��tu|¨txwzs3��~z�¨l#��l>�¨�Wl:{�|�l>� ¸
� ��txsjl>� � �61 � °

� 1 � �
|vh

1 | ≈ |x
l · th| < |th| · 2−79 < |th|

��w7|�hjl�tus3�j��|�{�wzs3��tu|¨txwzs�t��f�¨l:���Bl>{�|¨l>��¸
� ��txsjl>� � �?�%�%� � °

� � 1 �
|vh

3 | > |t
h|

|vh
4 | ≈ |p

h · th| < |th| · 2−15 < |th| < |vh
3 ||¨h��3�f|�hjl�txsj�j��|}{�wzs3��tu|¨txwzs�t��f�¨l:���Bl>{�|¨l:��~zvx�¨w«hjl���lz¸

� ��txsjl>� � � 1}�%�%� � °
� �r� �

|vh
8 | > |v

h
3 | > |t

h|

|v13| ≈ |v9 + v15|

≈ |vl
8 + v7 + v15|

< |vh
8 | · 2

−64 + |v7|+ |v15|

≈ |vh
3 + vh

4 | · 2
−64 + |tl · ph + v6|+ |v

l
3 + v2|
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< |vh
3 | · 2

−64 + |vh
4 | · 2

−64 + |th · ph| · 2−64 + |v6|+ |v
h
3 | · 2

−64 + |v2|

≈ . . .

< . . .

< |th| · 2−62 < |th| < |vh
8 |

�jwM�f|¨hjt�����l>~z�¨wzs4|¨hjl�txsj�j�j|}{�wzsW��tÁ|�tuwMs�tx�f��l>�¨�Wl:{�|�l>� ¸
� w7¹�l�{�~zs�~M�¨�¨�jk«lr|¨hjl#­±wMvuvxw-¹�tus3y7k*~�|¨hjl>k«~�|¨t�{�~zvuvx�ªl�¯j~M{�|��¨l:���3vÁ|���Í

� vh
1 + vl

1 = xl · th

� vh
3 + vl

3 = th + vh
1

� vh
4 + vl

4 = ph · th

� vh
8 + vl

8 = vh
3 + vh

4

� sh + sl = vh
8 + v13

gfh3l���l�­±wz��lr¹ºl�{�~zs��jw«|¨hjl#­±wMvuvxw-¹�tus3y!l:��|�tuk*~-|�l>�>Í

sh + sl = vh
8 + v13

= vh
8 + (v9 + v15) · (1 + ε1)

= vh
8 +

((
vl
8 + v7

)
· (1 + ε2) +

(
vl
3 + v2

)
· (1 + ε3)

)
(1 + ε1)

= . . .

= vh
8 + vl

8 + v7 + v2 + vl
3 + ∆1

¹�tu|¨h

∆1 = vl
8ε + v7ε2 + vl

3ε3 + v2ε3 + vl
8ε1 + v7ε1 + vl

8ε1ε2 + v7ε1ε2 + vl
3ε1 +

+ v2ε1 + vl
3ε1ε3 + v2ε1ε3

gfh��3�

sh + sl = vh
3 + vh

4 + v7 + v2 + vl
3 + ∆1

= th + vh
1 + vh

4 + v7 + v2 + ∆1

= th + vh
1 + vh

4 + v7 +
(
tl + vl

1

)
(1 + ε4) + ∆1

= . . .

= th + tl + xl + th + vh
4 + v7 + ∆2

¹�tu|¨h
∆2 = tlε4 + vl

1ε4 + ∆1

ðpw u�ð �
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gfh3l���l�­±wz��l

sh + sl = th + tl + xlth + vh
4 +

(
tlph + v6

)
· (1 + ε5) + ∆2

= . . .

= th + tl + xlth + vh
4 + tlph + thpl + v5 + ∆3¹�tu|¨h

∆3 = plthε6 + v5ε6 + tlphε5 + plthε5 + v5ε5 + plthε5ε6 + v5ε5ε6 + ∆2gfh��3�

sh + sl = th + tl + xlth + vh
4 + tlph + thpl +

(
xlvh

4 + vl
4

)
· (1 + ε7) + ∆3

= . . .

= th + tl + xlth + thph + tlph + thpl + xlvh
4 + ∆4

¹�tu|¨h
∆4 = xlvh

4 ε7 + vl
4ε7 + ∆3

� w7¹�l#h3~@¼zl

sh + sl = th + tl + xlth + thph + tlph + thpl + xlphth (1 + ε8) + ∆4

= . . .

= th + tl + xlth + thph + tlph + thpl + xlphth + ∆5

¹�tu|¨h
∆5 = xlphthε8 + ∆4

� w��Ws3~�vxvu�MÉ

sh + sl = th + tl + xlth + thph + tlph + thpl + xlphth + xlplth + xltl + tlpl +

+ tlxlph + tlxlpl − xlplth − xltl − tlpl − tlxlph − tlxlpl + ∆5

=
(
th + tl

) (
1 +

(
ph + pl

))
·
(
1 + xl

)
+ ∆

¹�tu|¨h
∆ = −xlplth − xltl − tlpl − tlxlph − tlxlpl + ∆5³´sF~zvuv2|�hjtx��l>��|¨txk«~�|¨l:��É�|�hjl

εj
~���l
|εj | < 2−64 ¸.��s3��¹�l#{>~�s���l>�j�3{�l#|�hjl �3s3~zv�l����¨wM�ºl:��|�tuk*~�|¨lzÍ

|∆| < |xlplth|+ |xltl|+ |tlpl|+ |tlxlph|+

+ |tlxlpl|+ |xlphthε8|+ |x
lvh

4 ε7|+ |v
l
4ε7|+

+ |plthε6|+ |v5ε6|+ |t
lphε5|+ |p

lthε5|+

+ |v5ε5|+ |p
lthε5ε6|+ |v5ε5ε6|+ |t

lε4|+

+ |vl
1ε4|+ |v

l
8ε2|+ |v7ε2|+ |v

l
3ε3|+

+ |v2ε3|+ |v
l
8ε1|+ |v7ε1|+ |v

l
8ε1ε2|+

+ |v7ε1ε2|+ |v
l
3ε1|+ |v2ε1|+ |v

l
3ε1ε3|+

+ |v2ε1ε3|

u�uÃñ�� �����	�



�z� ���������	
#������� ���%���%���x����
$���

b��,~��3�j�¨w@¯�txk*~-|¨txsjyO~zvuvº|¨hjl:��l���t��Bl>�¨l>sM|7¼-~�vx�jl>�7~z�%tÁ|«h3~z�%�Wl>l�sa��hjw-¹�s,txs&~+��txk«tuv�~��!¹�~@��tus&|¨hjl
�3�¨l>¼Rtxwz�W���¨l>{�|¨txwzs3�>É�wzs3lryMl�|���|¨hjl#­±wMvuvxw-¹�tus3y��Ws3~�v ��l>�¨�jvu|>Í

|∆| < 2−157 + 2−142 + 2−142 + 2−157 + 2−221 + 2−157 + 2−157 +

+ 2−142 + 2−142 + 2−141 + 2−142 + +2−142 + 2−206 + 2−127 + 2−206 +

+ 2−126 + 2−140 + 2−126 + 2−126 + 2−126 + 2−140 + 2−190 +

+ 2−204 + 2−126 + 2−126 + 2−190 + 2−190

= 6 · 2−126 + 2−127 + . . . < 2−123

DºÔ � �¾¥%��� � � ����

sh

�����
sl � �-
��Q�*����� � � �U����
#�������	� �m���	�������������^��& � ���
� ���V
 �a��


sh +sl ∈ [0..2[�����0
 ����

sl ∈

[
−2−64; 2−64

] �
����
 � ��� � �*������� � � � ���?
$�����?���U�����	�����������8����& � ���/
 ����
 ���$�m��� ������
 ��� 1�������� 2M 7 M ∈ N

�
���U
 �a��A����%� ���S�%�.-I�%� ��

������

����� �����������m���6�	��� ����� ��
#� �

2M ·
(
sh + sl

) �	����������

�����������������m� � 
 ����� ��� ������


#�"���?��� � � �-�����	����������� ����& � ������� � �S�%
 �a����
4����� �%��
#����&��	������
#�����������*� ��� ���.-T� ��
 �a�����m������� ������
�?� � �V����
 ���m�����32 �4�5� � ���2�����������%��- ���2���-�	��
 ����
$�	�0�?�	���������%�.-�
$�0
 �����������/�����������%��- & �}���
����
:�
!�� ��

������

�������������������	���
�98����: 4"% �	��
	�� 3 &< �	���( ��� 3�( ���

sl
2M ← sl ⊗

A4' 5
�98��������: �� 9	�4 &  �	<;�( ��� 3�(? �	��
	
�<3 ��� �

←
〈
sh ·

A4' 5
+ sl

2M

〉

53

	�Ô �¾¥�¤ �Å§ gfh3l7³´Ä
Ä.Ä���|�~�sW�j~����¾Êß�@Ìº~z�j�jvxtul:�_wMs�|¨hjlª{>~�v�{��jv�~-|�tuwMs+wz­f~�|¨��~�sW�¨{�l�s3��l>sR|�~�v�­±�jsW{�|¨txwzs
�¨�3{�ha~z� ����	D�¨l:�M�3tu��l4|�hjlF{�wM�¨��l>{�|7�¨l�|�|�tus3y�wz­}|�hjl ��txsjl�¯j~z{�|��*ÐW~�y�¹�hjl�sa�js3�jl��¨Ð3w-¹Ïw�{�{��3���«~�sW�
|�~�»�txsjy�w�­ ~r|¨��~��7­±wz�
l�¯j{�l>��|¨txwzs*h3~zs3��vxtus3y3¸��}��|�hjl�l�¯��Bwzsjl>sR|¨t�~�v�­±�jsW{�|¨txwzs*t��.k«wMsjw�|�wzsjt�{�tus3{��¨l:~z�¨tus3y
|�hjl��js3�jl��¨Ð3w-¹&wz­W|�hjl �3s3~zvj��l>�¨�jvÁ|.{>~�s*��txk«�jvx�%�Bl�l�¯j{�vx�3��l:�!­±�¨wMk |¨hjl}k«~ztus«�3~�|¨h«w�­B|¨h3l�~�vxyzwz��tu|¨hjk
���¾~+�j��l>{�l>l>��txsjy_|¨l>��|��7wMs¾|¨h3l�~z�¨yM�jk«l�sR|!wz­�|¨h3l�­±�3s3{�|�tuwMs�¸ � w�wzsjl�h3~M�%|�w_|�hjtxsj»¾wzs3vu�Tw�­�|¨hjl
�3s3��l��¨Ð3w-¹Jwz­�txsR|¨l>�¨k«l>�jtx~�|¨l#�¨l:���3vÁ|������3{�h�~z�

sl
2M

tus�|¨h3l#­±wzvxvuw-¹�txsjy7�j�¨w�wz­�¸
� ¤ Ø�Ø��«³µ­ sjl�tu|¨h3l��Å|�hjl �3s3~zvjsjwz�.|¨hjl�txsR|¨l���k«l>��t�~-|�l�¼-~�vx�jl

sl
2M

�jsW��l��¨Ð3w-¹�É-|�hjl�k%�jvu|¨tx�jvxtx{>~-|�tuwMs7¹�tu|¨h
~7�Bw-¹ºl>�fw�­.m%t��fl�¯j~M{�|>¸ � w7wMsjl�{�~zs4|��¨tx¼�tx~zvuvx�4�¨l�lr|¨h3~�|}~�vxv2|¨hjl��3�¨wM�Wl>��|�tul:��~���lr¼Ml���t �Wl>� ¸
Â�l7h3~@¼zl%~M�¨�¨�jk«l>�F|¨h3~�|�|�hjl��Ws3~�v��¨l:���3vÁ|���w�l>��sjw�|r�js3��l>��ÐWw-¹[��w�¹ºl!h3~@¼zl�wMsjvx��|¨w�{�wzs3�¨t���l���|¨hjl
{>~z�¨l}txs�¹�h3tx{�h4|¨hjlrtusR|�l���k7l:��t�~-|¨lr��l>�¨�jvÁ|

sl
2M

�js3�jl��¨Ð3w-¹��
¹�h3tuvxl}|�hjl �3s3~zvB��l>�¨�jvu|f�jwRl:��sjw�|:¸�³´s�|¨h3tx�
{>~z�¨lzÉ�¹�l#wz�3�¨l���¼zlMÍ

|res| ≈ |sh · 2M + sl
2M | > 2−1022

�Bl>{>~��3�¨lr|¨hjl �Ws3~�v ��l>�¨�jvu|}��w�l>�fsjwz|f�3s3��l��¨Ð3w-¹ ~�s3�

|sl
2M | ≈ |sl · 2M | < |sh · 2M | · 2−64

� w7¹�l�{�~zs���w«|�hjl#­±wzvxvxw-¹�tusjy«~��3�j�¨w@¯�txk*~-|¨txwzs

|sh · 2M |2−1021

ðpw u�ð �
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~zs3�«~z�
¹ºl�»�sjw-¹²|¨h3~�|.|¨h3l�¼-~�vx�jl
sl
2M

¹�hjt�{�h*tx�
��|�wz��l>�7tus*��l�yMtx��|¨l>�Å­±wz��k*~-|.¹�tu|¨hª~*�-Æ��jtu|
l�¯��Bwzsjl>sM|
�3s3��l��¨Ð3w-¹��>É�¹ºl#h3~@¼Ml

|sl
2M | < 2217−1

−2 = 265534

� w�|�hjl�¼-~�vx�jl
sl
2M

t��.�¨w#�¨k*~�vxvjtxs«{�wzk«�3~z�¨t���txwzs%|¨w
sh ·2M |�h3~-|:Ézl>¼zl�s«¹�hjl>s«¹ºlfvxwRwR��l�~zvuv3�¨txyzsjt��W{�~zsR|�3tÁ|���tus

sl
2M

|�hjtx��¹�tuvxv�sjwz|�~ �Bl:{�|�|�hjl �3s3~zv��¨l:���3vÁ|:¸
³µ­ |�hjl��Ws3~�vB�¨l:���3vÁ|��js3��l>��Ð3w-¹��.|¨hjlr��l:�R�jl�s3{�l�t��º��|¨txvuv {�wz���¨l:{�|>ÉR��txs3{�l�|¨hjlrtxsM|�l���k«l>��t�~-|�l}{�~zvx{��jvx~�|¨txwzs3�
�j�j�¨txsjy«|�hjl�vx~M��|-j�kml������ C��!tusW��|��¨�3{�|¨txwzsF~���l���wzs3l�tusFtxs �3sjtu|¨l%�j�¨l:{�t���txwzs��Bl�­±wz��l���wz�js3�jtusjy*~zs3��|¨hjl
|�l�k«�Bwz��~����7¼-~zvu�jl

sl
2M

��l>�¨�jvu|>É���|�wz��l>�4tus���wz�3�jvulrl�¯�|�l�s3��l:�4��l�yMtx��|¨l>�
­±wM�¨k*~�|>Éj��w�l>��sjwz|�sjl>{�l>���¨~z�¨txvu�
�3s3��l��¨Ð3w-¹®¹�hjl>sª|¨h3l��3s3~zvW��l>�¨�jvu|���w�l:�º~zs3�*tu­ÈtÁ|���w�l>��~%�¨txk7txv�~��º~z�¨yM�jk«l�sR|.|�w�|¨h3l��j��l>{�l�l:��tus3y�wzsjl
{>~�s!�Wl��3�¨l>��¸�³´s«{�wMsM|���~M��|�|¨wr|¨h3l�k*~ztus7�3~-|�h�Éz~�|¨��~��%|¨w�~�s7l�¯j{�l���|�tuwMs%h3~zs3��vxl��Åk%�W��|Å�Blº|�~�»Ml�s�¸
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 ��� �	
#�#� � -��61r���:� � ��1�� � ��A9� '�� � 7 '.� / 7 '.� � � 7'.� � /,����� '.��'�� � 7 � �������R����� 
 �a�������.-?�I���	������

����� ��
#�$� 7 
 �a��
$� � � � ���^
 ����&*����

� ��� ������
 ����� ��
$�#� 7 
 �a������ ������&I����� �����m�����?�%&���

����� 7 
 ���V���	�	������
 ������
 �����D������
 ��� ���m���m�����������%�.- ��
#�$� 7 ����� �%������& � �	�}�)/
�m� ��& ����
#����� �%� ��

������

�������@� ������� ����� � � A������m� �%�R
 �a������&4�m� ��
$�0������
 �%�.- � � A9� � � �����;� ��� ���"�����0/
������

��� �����	��� � �2
 ���61}�����%� �V������1����)����D
 � ������� -L�����%
 � &\�	���f����� ��
$� �"���W�	���������?�%& ��
 �����

ŷ

$�,
 ��� ��������������

�����)A	������

�����

ex
���N
 ����
���


�f��� ��
 ��� -��^� � �	���^
 � � � � �%
 � A ŷ
�����2�	�������	��
Q���m� �������m� �/
 �����U���?����� �?�%& ��
 �����,
#���0����� � � � �����	������������^��& � �������	�	�������%��-�
$��
 ���������������%��- & �}���
����
:�

� ¤ Ø�Ø��*�}�º¹�l.���3��|�hW~@¼zl��j��w-¼zl>s7|¨h3~�|º|�hjl��3sW~�vBk%�jvu|¨tx�jvxtx{>~-|¨txwzs����
2M {>~�sª�Bl��jwzsjl�¹�tÁ|�hjwz��|�~�s��l>�¨��wz��~zs3�O~M��¹�l�»�sjw-¹ ~�vxv�|¨h3l%l�����wz����w�­�|¨h3l!��t��Bl>�¨l>sR|r��|¨l��W��ÉBtÁ|#���j©*{�l>��|¨w��¨�jk ~*|�hjl%¹�l�txyzhR|¨l:�

�¨�jk wz­�~zvuv2|�hjl>�¨l�l�����wz����¸�Â+l�{>~�s��WwR��|��jv�~-|¨l

sh/l =
ex

2M
+ ∆

¹�h3l���l
∆
tx�

|∆| < |∆ �
	���
�� |+ |∆ ����� ����� |+ |∆ � �����
� |¹�h3l���l
∆ ��	���
�� t��Å|¨h3l�l����¨wM�.���jl}|¨w���~�sjyMl��¨l:���3{�|�tuwMs�É ∆ ����� ����� t��Å|�hjl�l�����wz�Åtxs3���3{�l>�«���7~z�j�j��w@¯�°txk*~-|�tusjy7|�hjl�l�¯��Bwzsjl>sR|¨t�~�v2­±�js3{�|¨txwzs�����~7�Bwzvx�Rs3wzk«tx~zv�~�s3�

∆ � �������
t���|¨hjl�l>�¨��wz�f�j��w����3{�l>���R�4|¨hjl

ÐWwM~-|�tus3y4�BwztxsM|�~z�¨tu|¨hjk«l�|¨t�{�¸��Èl�|#�3�#�¨l>k«tus3�O|¨hjl*{�wzk«�jvxl�|¨l!|¨l>�¨k �¨hjw-¹�txsjy�hjw-¹ |¨hjl«¼-~�vx�jl
sh/l tx�l>¼-~�vx�3~-|�l>� Í

sh/l = th/l ·
(

1 + ph/l (r)
)

·
(
1 + xl

)
+ ∆.

���
th/l ∈ [0..2[

~zs3���R�4�3��txsjy7|¨h3l�wz��l�kÃm�¸ Ë!¹�l#wz��|�~�txs

|∆ ��	���
�� | < 2 · 2−118 = 2−117

~zs3����txk«tuv�~���vu�4�3��txsjy7|¨h3l�wz��l�kÃm�¸ �!¹�l#yzl�|

|∆ ����� ����� | < 2 · 2−123 = 2−122

u�uÃñ�� �����	�
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#������� ���%���%���x����
$���

�3�j�¨|¨hjl>��¹ºl�{�~zs�¹���tu|¨lzÍ

|∆ � �����
� | < |∆ �
	�� � ��� � |+ |∆ � ����� 	 |+ 2 · |∆ � � ��� |
g���txsjy7|¨h3l#|¨hjl>wz��l�k*��m�¸x�>Ò3É�mj¸u�:Ë!~zs3�Fm�¸ Ò%wMsjl�yzl�|��

|∆ � � �	� | < 2−123 + 2−123 + 2 · 2−123 < 2−121

� w!|�hjl �3s3~zv w-¼zl>��~zvuv2l�����wz��tx�

|∆| < 2−117 + 2−122 + 2−121 < 2−116

~zs3�4|¨hjl��j��wz�Bl��¨|��«­±wzvxvxw-¹���|¨��tu¼�t�~�vxvu�ª�W��txsjy«vul>k«k«~*mj¸ mz�j¸
!#" Ô�Ø ¤ Ô � ��� ����
 DºÔ �
��� ¤ Ô���� ' � 7 ������x��


y � � 
 �a�T�����a��������

�����)A	������
 ����� 1r�������T� A"�8�?��� � � �*�m���	����������� 2 �}��

�%��- �����%�^
 1���� ���
x
� �x��


y∗ � � ���R���?����� ���%&���

�����B
#�
y

��� 
 �a��
 
 �a� �����	
#���m�	� � ��
��Q�����8
 ���2&����^
 ���
��� � � A y
�����

y∗
�	��� � �&����������	� � � ε

� ���
� A����

|x| ≥ 2−30 7 � A ε < 2−53−59 = 2−112 7 A����I���%� �������m���%��- &�� �?� � 7 �����������%��- y∗

#� �?��� � � ������	�����������8�����������61r��� ����
 
$�0�������m���%��-

y
�

� A����
|x| < 2−30 7 � A ε < 2−53−104 = 2−157 7 �������m���%��- y∗

���2�������61����f���^
 
#�������������%��-
y
�

� ¤ Ø�Ø��*�¨l�l«Êu�:�@Ì
� Ø ¤ Ø "�"·¥�¤ Õ ��� � E � ���B��� -L�����%
 � & -��61���� �	���f����� ��
$� �8�J����� � � �"�����	�����	����� ����& � ��� y

� ������� ���N�
�	�������	��

���I�������m���	�0���?����� �?�%& ��
 �����,
#�

ex
A��������%�x�?��� � � � �m���	�����������D�%���m��
 1r������� � � ������������
 ���3A	��
 �a�

�m���	�����	��
#�
|x| < 2−53 ∨ |x| > 230

�
� ¤ Ø�Ø��«Â�l�h3~@¼zl��j�¨w-¼Ml�s�~��Bw-¼zl�|¨h3~�|�|�hjl�~�vxyzwM�¨tu|¨hjkÏyMtu¼Ml�s�{�~�v�{��3vx~�|¨l>�f~��z�@m��3tÁ|�{�wM�¨��l>{�|f~z�j�j��w@¯�°
txk*~-|�tuwMs+wz­
|¨h3l7l�¯��WwMsjl�sR|¨t�~�v�­±�3s3{�|�tuwMs_­±wM��~�vxv�txsj�j�j|���~zs3�O|�h3~-|�tu|��¨wM�js3�j��|�hjtx�#��l>�¨�jvu|#|¨wF��wz�3�jvul
�3�¨l:{�t���txwzs�ÉR|�hjl��j��wz�Bl��¨|��*|¨w«�Bl���hjw-¹�s�­±wzvxvxw-¹��
|��¨tx¼�tx~zvuvx�ª�3�¨txsjy ��l�­±i>¼��¨l�� ��|�hjl�wM�¨l>k�¸

����� ��� � 
 ����� 
 � �������>� ���:� �#�5�
������� 
���"����#�$�� &% �+��� 
���� 
 ��"5�
% �	� ���

Â tu|¨ha|�hjl�vx~M��|ª{�wM�¨wMvuv�~����®½·{�­�¸Jmj¸ mz�MÀ%¹ºl�h3~@¼zl��j��w-¼zl>s,|¨h3~�|«|¨hjlO~zvuyMwz��tÁ|�hjkÑ¹ºl��j��l>�¨l�sR|«tusa|¨h3tx�
~z��|�tx{�vul�{>~�v�{��jv�~-|�l>��~*{�wz���¨l:{�|¨vx�ª��wz�jsW��l>��~��3�j�¨w@¯�txk*~-|¨txwzs4|¨w*|�hjl�l�¯��Bwzs3l�sR|¨t�~�v2­±�jsW{�|¨txwzsF�3sjvul:�¨��|¨hjl
­±�3s3{�|�tuwMs�� �%~���yz�jk«l�sR|�t���sjw�|%{�wzsR|�~ztus3l>�+tus,~�¼zl>�¨�+��k*~�vxvÅ��~�sjyMl7wz­�txsj�j�j|��>É�tG¸ lM¸ªtu|�tx��{�wz���¨l:{�|r­±wz�
~zvuv

x 6∈
[
−2−30;−2−53

]
∪

[
2−53; 2−30

] ¸ ³´sa|�hjtx�4��l:{�|¨txwzsÈÉ
¹�lF¹�tuvxv���h3w-¹ |¨hW~-|*|¨h3lO~�vxyzwz��tu|¨hjk
{>~�v�{��jv�~-|�l>��~��:�RÆ*�3tÁ|���{�wM�¨��l>{�|#��l>�¨�jvu|#­±wz��txsj�j��|�¼-~zvu�jl:�

x ∈
[
−2−30; 2−53

]
∪

[
2−53; 2−30

] ¸ �jwz�
|�hjt���¹ºl«¹�txvuv
�3��l7|�hjlª���3�j�jvxl�k«l�sR|�~z�¨�_�¨l:���jvu|��#wz­��¨wzk«l«vul>k«k«~�|�~F~z�Ww-¼Ml%|�h3~-|�¹�l«h3~@¼zl7sjw�|��W��l:�
�Ml�|:¸
��| �3����|}�¨tuyMhM|:É3wMsjl%{�wM�jv���~z�¨yM�jl#|¨hW~-|�|�hjl%~�vxyzwM�¨tu|¨kÃ��txk«�jvx��{>~�sjsjwz|��¨l�|¨�j��sO~��:�RÆ!�jtu|�{�wM�¨��l>{�|

��l>�¨�jvu|�~z�r~�vxvÈtxsR|¨l>�¨k«l>�jtx~�|¨l%¼-~zvu�jl:�}~z�¨l%��|¨wM�¨l:��tusO|�¹ºw���wz�j�3vul�l�¯�|¨l�sW��l>�F�3�¨l:{�t���txwzsF��l�yMtx��|¨l>����¹�tu|¨h
l:~z{�hF���4�jtÁ|��}wz­Åk«~zsR|¨t��¨��~j¸4b���|rwzsjl�hW~z��|�wª��l�k«l�k!�Wl>��|¨hW~-|}|�hjt���hjtxyzhO�3�¨l:{�t���txwzs�t��}sjl>l>��l:��wzsjvx�

ðpw u�ð �



���������	��

���������������	����������������

����� ���"!���
#����!�
$�����%��& ��Æ

¹�h3l�s7|¨hjlf|�~��jvxlfk*~�»zl>�
� �Å��txvul>k«k«~rw�{�{��j����¸�³´s%|�hjl�wz|¨hjl>�.{�~z�¨l>��vxl>�����j��l>{�t��¨tuwMs!t��.�¨��©ª{�txl�sR|>¸�³´s7­·~z{�|
tu­Åwzsjl!{�wzsW��t���l�����k«wz��l�{�vxwM�¨l�vx�ª|�hjl!{�wzsR|¨l>sR|���wz­.lz¸ y3¸�|¨hjl�|�¹ºwª��l�yMtx��|¨l>���

sh ~�s3� sl ¹�hjt�{�hO{�wMsM|�~�txs|�hjlª��l>�¨�jvu|%w�­f|¨h3lª­±�js3{�|¨txwzs¾�Bl�­±wM�¨l«|�hjl��Ws3~�vºk%�jvu|¨tx�jvxtx{>~-|¨txwzs,���
2M ~�s3�T�Bl�­±wM�¨l*��wz�3s3��txsjy3É�wzsjlwM�3�¨l���¼zl>�
|¨h3l#­±wzvxvuw-¹�txsjy«��tu|¨�3~�|¨txwzs�wzs�~�s�txsj�j��|}~z�¨yM�jk«l�sR|�wMs�¹�h3tx{�h�|¨h3l#|�~��3vul#k*~�»Ml�� � �f��txvul>k«k«~

w�{>{��j���
lM¸ yW¸�tus��¨wM�js3�ª|¨w
+∞
k«w���l���Í�|¨hjl#txs �3sjtu|¨l#�j��l>{�tx�¨txwzsªk*~�sR|�tx���¨~!w�­È|¨hjl#��l>�¨�jvÁ|f¹�hjt�{�h4k!�3��|

�Bl�~��3�j�¨w@¯�txk*~-|¨l:�4~zs3����|¨wM�¨l:�4txs
sh ~�s3� sl t��flz¸ y3¸�wz­�|�hjl#­±wzvxvuw-¹�txsjy!­±wz��k1½<{�­�¸�Êßm@Ì±À�Í

2k ·

�������
	
︷ ︸︸ ︷

1.x1x2x3x4x5 . . . xn−10
︸ ︷︷ ︸

�
� �����
	

11111 . . .111110y1y2y3y4 . . .

¹�h3l���l
m
tx��|�hjl7|�~��3vul7k*~�»zl>�
� �r��tuvxl�k«k*~ � �r�j��l>{�t��¨tuwMsOs��jk%�Bl��#~�s3�

k
|¨h3l!ÐWwM~-|�tus3y4�BwztxsM|#­±wM�¨k*~-|

l�¯��WwMsjl�sR|>¸
�Èl�|��3�f~z�����jk«l�|�h3~-|�|¨h3l��j��l�¼�txwz�3�º��|�l��3��wz­ |¨hjl#~�vxyzwM�¨tu|¨hjk �j��w-¼�tx��l�~%�¨��©ª{�txl�sR|��3�¨l:{�t���txwzs�É��¨w�|¨h3tx�
¼-~zvu�jl#t�����|¨wz��l>�4tus

sh ~zs3� sl ~z��­±wMvuvxw-¹���Í

sh = 2k · 1.x1x2x3 . . . xn−1100000000000

sl = −2k−m+11 · 1.ȳ1ȳ2ȳ3ȳ4 . . .
¹�h3l���l

ȳi
��|�~�s3�j��­±wz�!|¨hjl�sjl�yR~-|�l>�,¼-~�vx�jl�w�­

yi
¹�hjtx{�h&tx�

1 − yi
¸ � w+~M��wzs3l�{�~zs&�¨l�lzÉ�|�hjl�vxwzs3y

�¨l���txl>��wz­.wzsjl:� d
� ¹�hjt�{�hO{�wMs3��|�tÁ|���|¨l%|¨hjl7��tu©*{��jvu|���txs�|¨h3l�|�~z�jvxl%k*~�»Ml�� � ���jtuvxl�k«k*~ � �}�¨�Wl:{�t�~�v�{�~z�¨l>�
~z�¨l���|¨wM�¨l:��txs

sh ~�sW� sl wMsjvu��tuk«�jvxt�{�tu|¨vx�z¸fgfhjtx�}�WwR��tu|¨tx¼zl�l �Bl:{�|}t���~M{�|¨�W~�vxvu�4|¨hjl�yM�¨l:~-|�l��f|¨h3l�k«wz��l�jtÁ©ª{��3vÁ|�|�hjl�{�~M��l#t���¸
Â�l�¹�tuvxv �j��w-¼zlrtus�|¨h3l#­±wzvxvuw-¹�txsjy!|¨h3~�|�|�hjl�yztx¼zl>s�~zvuyMwz��tÁ|�hjk {�~zvx{��jvx~�|¨l:�

sh ~zs3� sl ��w!|¨hW~-|�|¨h3tx�
h �jhjl>sjwzk«l>sjwzs���{�~zs��Wlºwz�3�¨l���¼zl:�r~zs3�r|¨hW~-|�~M{�|��3~�vxvu�#~-|�vul:~z��|
�:�RÆº�jtÁ|��Èwz­�|¨hjlºk*~�sR|¨t��¨��~f��l��j��l>�¨l�sR|¨l:�
txs�|¨hjt��f­±wM�¨k¿¹�tÁ|�hO~!txk«�jvxtx{�tÁ|���|¨wM�¨txsjy«w�­Å~7vuwMsjyª�¨�jtÁ|�l�w�­�wzsjl:�fwz� e>l���wM��~���l���txyzs3t �W{>~�sR|>¸ �3wz��|�hjt���É
¹�l*¹�txvuv
�¨hjw-¹�|¨h3~�|�­±wz�#|�hjlªtxsj�j��|%¼-~zvu�jl:�#tus [

−2−30; 2−53
]
∪

[
2−53; 2−30

] wMs+¹�h3tx{�h�|¨h3l*|�~z�jvul
k*~z»zl�� � ����tuvxl�k«k*~�w�{�{��j���%��wMk7l*�W~��¨|���wz­º|�hjl4~�vxyzwM�¨tu|¨h3k wzs3vu����l>~zv.¹�tÁ|�h,l�¯j~z{�|�¼-~�vx�jl>�%¹�tÁ|�hjwz��|
~zs��ªtusR|�l���k7l:��t�~-|¨l#��wz�jsW��tus3y3¸
���
¹�l�h3~@¼Ml�~�vx�¨l:~z���7��l>l�s*txs*vul>k7k*~7m�¸ ËjÉztxs«|¨h3l}yztx¼zl>s*�3~��¨|¨t�{��3vx~z�.��~zsjyzlMÉ�¹�l}{�~zsª~z�����jk«l�|�h3~-|

k = 0
É3�¨w

i1 = 0
~zs3�

i2 = 0
~�s3��|�h3~-|

r = x
~�sW���3sW~�vxvu�

xl = 0
¸

Â�l%»�sjw-¹D|¨hW~-|
2

0
27 = 1

~�sW�
2

0
214 = 1

É2��w«|�hjl%��l>�¨�Bl>{�|�tu¼Ml�|�~z�jvxl�l�sR|¨��txl>��¹�txvxvÈ�Bl
th1 = 1

É
tl1 = 0

É
th2 = 1

~�sW�
tl2 = 0

¸r�}��k%�jvu|¨tx�jvxtx{>~-|�tuwMs3�}���
1
~zs3�O~z�3��tÁ|�tuwMs3��¹�tÁ|�h

0
{�~zsO�Bl!��wMsjl%¹�tu|¨hjwM��|�~�s��

~z�¨tu|¨h3k7l�|¨t�{�~zv�l����¨wM�>É-wMsjl�{�~zs!l:~z�¨tuvx�%�¨l�lzÉR{�wMs3��t���l>�¨txsjy�|¨hjl�txs3��|¨���3{�|�tuwMs7�¨l>�R�jl>s3{�l�yMtu¼Ml�s7tusªmj¸u�:Ë}|�h3~-|
th = 1

~�s3�
tl = 0

l�¯j~M{�|¨vx�z¸
� w7¹�l�{�~zs�wM�3��l>�¨¼Ml}txs�|¨hjl �3sW~�v ��l>{�wMs3��|¨���3{�|�tuwMs��¨l>�R�jl�sW{�l#yztx¼zl>s4txs�vxl�k«k*~*m�¸x�>Ò%|¨h3~�|�¹ºl#yzl�|�|¨hjl
­±wMvuvxw-¹�txsjy!l�¯j~z{�|���l>�¨�jvu|��>Í

vh
1 = 0
É
vl
1 = 0

v2 = 0
� Û�Ü@á.å�à<Ü@á�é�é<å�õ:ñ@î@Ýßñrq�ó�å�î@á�Þ�ë@é·á�ÞGá�ñ�àÅÞGÝßó�Ýßäçã�é Þ<Ý àGõ-ã�à<Ýßå�ñ�å�é�ã�é·á�� á¨ã�Þ<Ýßá�é�ï�Ýßñ}àGá�é·ó�Þ�å�ì3àGÜ@á
ó�ã�â>Ýßó�õ@ó&ã�ê�ê�õ@éGã�ê#~ñ@á�á�î:á�î �n�� å�é ��á�é<å�Þ�Ýßñ�å�à<Ü@á�é�ê�ã�Þ<á�Þ

u�uÃñ�� �����	�



�MË ���������	
#������� ���%���%���x����
$���

vh
3 = 1
É
vl
3 = 0

v15 = 0

vh
4 = ph É vl

4 = 0

v5 = 0

v6 = pl

v7 = pl

vh
8 + vl

8 = 1 + ph

�Èl�|7�3��sjw-¹Ï{�wzs3�¨tx�jl��%k«wM�¨l*�j��l>{�tx�¨l�vx�+|¨hjl�{�wzsR|�l�sR|��%w�­���l�yzt���|¨l����
vh
8

~zs3�
vl
8

¸_³´s¾�3~��¨|¨t�{��3vx~z��¹ºl
¹f~�sR|f|¨w«�j��w-¼zl�|¨hW~-|

vl
8 = 0

���.wMsjl�{>~�s*l>~M��txvx�%�j��w�w�­�ÉM­±wz�
2−53 < |x| < 2−30 ¹ºl}h3~@¼zl 2−53 < |ph +pl| < 2−29 ~zs3�*¹�l�»�sjw-¹|�h3~-|!¹ºlª~z�¨l*txs¾~O{�~M��l*¹�h3l���l«|¨hjl*|�~��jvxlªk*~�»Ml�� � ���jtuvxl�k«k*~Fw�{�{��j����¹�tÁ|�h,k7wM�¨l«|�h3~�s¾�z�F�jtu|���wz­

{��¨tu|¨t�{�~zvB~M{�{��j��~M{��M¸����¨�¨�jk«tus3y%txs�~ �3����|���|�l��ª|�h3~-|
ph + pl �j�¨w-¼�t���l}l>sjwz�3yzh4~M{�{��3��~M{��zÉR¹�l�wM�3��l>�¨¼Ml|�hjl#­±wzvxvxw-¹�tusjy«�¨tÁ|��3~-|�tuwMs d�d i�|¨h3l�l>�R�3~-|�tuwMs�t��fk«l>~zsM|f|�w*�Wl���l>~M��~M��~!k*~�|¨hjl>k«~�|¨t�{�~zv wzsjlMÍ

1 + ph + pl = 1. 0 . . . . . . 0
︸ ︷︷ ︸

≥
m�Ò7�jtu|��

tus
ph

︷ ︸︸ ︷

1x1x2 . . . xj0 �������
︸ ︷︷ ︸

≤
m-�«�jtu|��

1 . . . 1 �	��
�� 1 . . . 1
︸ ︷︷ ︸

≥
m�Ò7�jtu|��

tus
pl

︷ ︸︸ ︷

1 . . . 10y1y2 . . .

� w
ph ~�sW� pl ¹�txvuv�~z{�|��3~�vxvx�ª{�wzsR|�~�txs4|�hjl#­±wzvxvuw-¹�txsjy«¼-~�vx�jl>�>Í

ph = 1.x1x2 . . . xj10 . . . 0

pl = −1.ȳ1ȳ2 . . .
³µ|�t��ftxk7�Bwz��~�sR|f|¨wª�¨l�lr|�h3~-|

ph ¹�tuvxvÈ{�wMsR|�~�txs�~-|�vul:~z��|}m�Ò!|¨��~�txvutxsjy e�l>�¨wR��¸
� w7wMsjl�{�~zs�wM�3��l>�¨¼Ml}­±wM�f|¨hjl�txsR|¨l>�¨k«l>�jtx~�|¨l#�¨l:���3vÁ|

vh
8 + vl

8

Í

vh
8 + vl

8 = 1 + ph =

txs
vh
8

︷ ︸︸ ︷

1.0 . . .01x1x2 . . . xj10 . . .0 �	��
��

tus
vl
8

︷ ︸︸ ︷

0 . . . 0 . . .

gfh��3��¹�l!»�sjw-¹ |�h3~-|
vh
8 = 1 + ph t��#~ªl�¯j~M{�|#�¨l:���jvu|r~zs3�F|�h3~-| vl

8 = 0
¸�gfhjl>�¨l�­±wz��l!~z�r~z�3��tÁ|�tuwMs3�

¹�tu|¨h
0
~���l#l����¨wM��­±��l�lMÉM¹�l#h3~@¼zl�|¨h3l�l�¯j~z{�|f��l>�¨�jvu|��

v9 = pl

n#n Ýßñ}é<å�õ:ñ@î ��à<å �òñ@á�ã�é·á�Þ·àÅó�å�î@á�
>à<Ü@á.å�àGÜ:á�éÈó�å�î@á�Þ�ã�é·á.ÞGÝßó�Ýßäçã�é
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$�����%��& �MÒ

~zs3�
v13 = pl

� w
vh
8 + v13

{�wzsR|�~�txs3�f¹�tÁ|�hjwz�j|}~�s��*�¨wM�js3��txsjy«l�����wz�
1 + ph + pl ¸����|¨hjl 

������� � ��� ��l:�R�jl�s3{�l#vul:~z��txsjy7|¨w

sh ~�sW� sl tx���3�¨w-¼Ml�sª|�w«�Wl�l�¯�~M{�|:É�¹ºl�»�sjw-¹ |�h3~-|

sh + sl = 1 + ph + pl

l�¯j~z{�|�vu�M¸
³´s wM���jl��ª|�w¾�j��w-¼zl�|�h3~-|

sh + sl ��l��j��l>�¨l�sR|��ª~�sJ~z�j�j��w@¯�txk*~-|�tuwMs&|�w¾|¨h3l_l�¯��Bwzsjl>sR|¨t�~�v�­±�jsW{�|¨txwzs¹�tu|¨h²~-|%vxl>~M��|4�@�MÆ��jtu|��%w�­}~M{�{��3��~M{��Otu­
x ∈

[
−2−30; 2−30

] ~�s3�Ttu­�|¨hjl4|�~z�jvul4k«~z»zl>�
� ����txvul>k«k«~
w�{>{��j����É�tu|7�¨��©ª{�l>��|¨hjl>�¨l�­±wz��l«|¨w_�¨hjw-¹ |¨hW~-|

ph + pl tx�!~z{>{��j��~-|�l*l�sjwM�jyzh�¸FÂ�lªh3~@¼Ml*�j��w-¼zl�sT���|�hjl�wM�¨l>kÇmj¸ Ò�|¨h3~�|
|�hjl�~z�¨tu|¨hjk«l�|¨t�{�~�vBl�����wz�
���3l�|¨w%|¨hjlrl�¼-~zvu�3~�|¨txwzs*wz­ |¨hjlr�WwMvu��sjwMk«tx~zv3txs*|¨hjlryztx¼zl>s
��~�s3yzl#tx�

|∆| < 2−141 ~�s3��¹�l�h3~@¼Ml���hjw-¹�s�txs_m�¸ �7|¨h3~�|�|¨h3l��WwMvu��sjwMk«tx~zv��3�¨l>�F~��3�j�¨w@¯�txk*~-|¨l:��|¨hjll�¯��WwMsjl�sR|¨t�~�vÈ­±�js3{�|¨txwzsF¹�tu|¨h_~*k*~�¯�txk*~�v�l����¨wM��w�­
|∆| < 2−161 ¸ � wª¹�l%{�~zsO~z�����3k7l�|¨h3~�|�~-|}vxl>~M��|

140
�jtÁ|�� d � wz­

ph + pl ~z�¨l#{�wM�¨��l>{�|>¸Å�}�f¹�l�»�sjw-¹ |�h3~-|

|ph + pl| < 2−29

|�hjl7tuk«�3~M{�|�wz­Å|¨hjt��rl����¨wM��wzs_|¨hjl��3s3~zv�l>�¨��wz�}tus
sh + sl t�����{�~zvul:�F����~�|�vxl>~M��| 2−29 ¸ � w�~-|�vxl>~M��|

140+29 = 169
�3tÁ|���w�­3|�hjl�txsM|�l���k«l>��t�~-|�lº��l>�¨�jvu|��Bl�­±wM�¨lf��wz�jsW��tus3yr~z�¨l�l�¯j~z{�|Å~zs3�!¹ºlf{�~zs7~�©«��k*~-|�l

� Ø ¤ Ø "�"·¥�¤ Õ ��� � _ � ��� ��� -?�����%
 ��& -��61���� A���� 
 ��� ��1r��������

����� �BAI
 ��� ���������m���^
 ����� A	������
 ����� �	��� ��� /
�f��
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wz­�|¨h3l���l>�¨�jvu|��ºw�­�|�hjl���|�~�s3�j~z���ªk«~�|¨hjk*~�|¨t�{�~�vBvxtu�j��~����7­±�js3{�|¨txwzs3��wzs���~zs3��wMk7vx�7�j�¨w����W{�l>�4wz��h3~�sW�
{�h3wM�¨l�s�~z�¨yM�jk«l�sR|���~M�f~«�¨l�­±l���l�s3{�lz¸
��l��¨­±wz��k*~�s3{�lÅ|¨l:��|�tus3y�t��È¼Ml�����txk«�WwM��|�~�sR|�tu­3wMsjl
¹f~�sR|��È|¨w��j��w-¼Rt���l
~�­±�js3{�|¨txwzs%¹�h3tx{�h!tx��sjw�|�wzsjvx�

{�wz���¨l:{�|�vu����wz�js3�jtusjy��j�j|�~zvx�¨w�hjtuyMhjvx�Owz��|�tuk«tfe�l:�+txsT���Bl�l:� ¸*gfhjl«³µ|�~�s3tu�jk �j�¨w�{�l>����wM��txs3��|¨���3{�|�tuwMs
�¨l�|4�¨�j�j�Bwz�¨|��7|�hjlFl�¯��jvxt�{�tu|ª�3��l�wz­r�3~z��~zvuvxl�vxt���k¶txs®�j��wzyz��~�k*�!¹�hjt�{�hahW~z�7|¨h3lO{�wzsW��l:�M�3l�s3{�l�|�h3~-|
|�hjl«~z����l>k%�jvx��{�w���l%k!�3��|#�Bl7{>~���l�­±�jvxvu����{�hjl>���3vul:��­±wz�rk*~-¯�tuk!�jk �Bl��¨­±wz��k«~zs3{�lM¸�gfhjt����j�¨w�{�l>�����3�
��l>�¨�jvu|¨l:�Ftus�~4~z�WwM��|!�:�z�ª{���{�vul:�}yR~�txsO�Bl�|�¹�l�l�sO|¨hjl��3����|r�js�°´�¨{�hjl:���jvxl>�_¼zl����¨tuwMs�wz­.|¨h3l7{�w��jl!~�sW�
�Ws3~�v�wMsjl�~z��tÁ|�{>~�s��Bl�­±wz�jsW��tusF�¨l>{�|�tuwMs_Æ�¸fgfhjl��¨{�h3l>���jvxtxsjy*h3~z���Wl>l�sFhjtxyzhjvx�4wM��|¨txk«t e>l>��­±wM��|¨hjl
³µ|�~�sjtx�jkÎm��j��w�{�l:�¨�¨wz��~�s3�!¹�tuvxv�|¨h3l���l�­±wz��l��j�¨w-¼�t���lf��vxtuyMhR|¨vx��vul:�¨��l�¯�{�l�vxvul>sR|��Bl��¨­±wz��k*~�s3{�lºwMs!³µ|�~�sjtx�jk
���¨����|�l�k*��¸
Ú wMs3{�l>�¨sjtxsjy«|�hjl%~z{>{��j��~z{���{�hjl:{�»�tusjyWÉj¹�hjt�{�hFtusW{�vx�3��l>��|¨hjl!{�hjl>{�»�tÁ­
~zvuv ÐB~�yM��sjl�l:��l>��|�w*³´Ä.Ä.Ä

Êß�:Ì2{�wzk«�jvxt�~�s3{�lf~z�¨l�{�wz���¨l:{�|�vu���¨l�|:É�|¨h3l�­±�js3{�|¨txwzs*h3~M�Å�Wl>l�s7|¨l:��|�l>�«wMs
130000000

��~�s3��wMk«vu�%{�h3wM�¨l�s
~z�¨yM�jk«l�sR|��}tusO|¨hjl«��l��WsjtÁ|�tuwMs_��wMk«~ztus_w�­Å|¨h3l%­±�jsW{�|¨txwzs d ' tus_l>~z{�h_w�­Å|¨h3l!�ª��wz�3s3��txsjy4k«w���l>�}|�¹�w
wz­
¹�hjt�{�h+~z�¨l%~M{�|��3~�vxvu�Ft���l>sM|�tx{>~�v����jl!|¨w�|¨hjl7­·~M{�|r|¨h3~�|�|�hjl!l�¯��WwMsjl�sR|¨t�~�v�­±�jsW{�|¨txwzs+tx�r�BwM�¨tÁ|�tu¼Ml%wMs
~zvuv�~���yz�jk«l�sR|���¸
���3��tÁ|�tuwMsjs3~zvuvx�zÉ3|¨hjl#­±�jsW{�|¨txwzsFhW~z���Bl�l>s�|¨l>��|¨l:��wzsF�¨�j�j�jvxl�k«l�sR|�~�����~���yz�3k7l>sR|��ftxs
|�hjl#��~zsjyzl

x ∈
[
−2−30;−2−53

]
∪

[
2−53; 2−30

] ¹�hjt�{�h�t��f»�sjw-¹�s4|�w«�Wl#�3~z��|�tx{��jvx~z�¨� h ��tu©ª{��jvu|
�F~z�
wMsjl!{>~�s_�¨l�l7txsO|¨h3l%|�hjl�wM�¨l>kÃwMsF|¨h3l7��wz�3s3��txsjyªw�­
|¨hjl7l�¯��Bwzsjl>sM|�tx~zvÈ­±�3s3{�|�tuwMs+yMtu¼Ml�sFtxs&Ê �jÉÈÆ>Ìµ¸�³´s
s3wzsjl�wz­ |¨hjt��º��~zsjyzl:��É-|�hjl�­±�3s3{�|�tuwMs4��h3w-¹ºl:�«�j�4~���wz�jsW��tus3y�l����¨wM�.yz��l>~�|¨l>��|¨h3~zsªwz�ºl>�R�3~�v3|¨w

0.5
�jvu�

��l>�¨�Bl>{�|�tu¼Ml�vx�
1.0
�jvx�¾­±wz�7|�hjl��jtu��l>{�|¨l>�&k«w��jl>�>¸&��vxvfÐW~�yR�%¹�l���l�{�wz���¨l:{�|�vu�,�¨l�|«wzs²~zvuv�~z�¨yM�jk«l�sR|��

txs3{�vu�3�jtusjy�|�hjl*�js3��l>��°��ªw-¼zl��¨Ð3w-¹ {�~M��l:��¸«gfhjt��#�¨l:���3vÁ|#tx��~��BwM�¨tÁ|�tu¼Ml«l�¯��Wl>�¨txk«l�sR|�~zv�¼zl���t��W{�~�|¨txwzs_wz­
|�hjl�k*~-|�hjl�k*~-|�tx{>~�v �j��w-¼zlryztx¼zl>s�~z�Ww-¼Mlz¸
Â tu|¨h��¨l:���Bl>{�|}|�w4�Bl��¨­±wz��k«~zs3{�lMÉ3|�hjl7tuk«�jvxl�k«l�sR|�~-|¨txwzs+h3~z���Bl�l�s�{�wMk7�W~���l>��wzsO|¨hjl7wzsjl!h3~�sW�

|�w7|¨hjl#txk7�3vul>k7l>sR|�~-|�tuwMs�yztx¼zl�s�tus�Ê �-Ì�¹�hjt�{�h�h3~z���Bl�l�s��j��w-¼zl>s*|¨w*�Bl�{�wM�¨��l>{�|¨vx�*�¨wM�js3��txsjy3¸ ��s�|¨hjl
wz|¨hjl>�}h3~zs3� É2~ª{�wMk«�3~���tx�¨wzs�|�wª|¨h3l%wz�Bl�sj°µ�¨wz�j��{�lMÉjvxl>���}~z{>{��j��~-|�l4½

≤ 0.502
�3vu�WÀ�É3hjtxyzh3l��}wM��|¨txk«t e>l>�

vxtx�j��~z�¨�T³´sR|¨l>v��j��w-¼Rt���l:�4Êx�@Æ>Ìf­±wM�7³µ|�~�sjtx�jk¶�W~z�¨l>�&�¨����|�l�k*�7h3~z�7�Bl�l>sa��wMsjlz¸agfhjl��3����|*h3~z�7�Bl�l>s
{�wzk«�jtxvul:�«�3�¨tusjy�³´sR|�l�v � � ������{�wzk«�jtxvul>�Å­±wz�º³µ|�~zsjtu�3k �¨����|�l�k*�Å�3�¨tus3y%��wMk«l�{�wzk«�jtxvxl��
wM��|¨txwzsW�Å¹�hjt�{�h
~z�¨lFs3l�l>�jl>�a­±wz�ª|¨hjl_{�wz���¨l:{�|�sjl>���«w�­#|¨h3tx�4vutx�j��~���� d �F�j��|�¹�hjtx{�hJ~ �Bl:{�|ª|�hjlO�Bl��¨­±wz��k*~�s3{�lFw�­#|¨hjl
­±�3s3{�|�tuwMs�¸,gfhjl�v�~-|¨|¨l>�!h3~M�!�¨txk7�3vu�T�Bl�~M�¨�¨l�k!�jvul:�T|¨w�~F­±�jsW{�|¨txwzsW~�vfvutx�j��~����z¸8g�s�­±wM��|��js3~-|�l�vx�T|¨hjl
�Bwz�¨|�~z�jvxl7{�wz���¨l:{�|#�¨wM�js3��txsjy�tuk«�jvxl�k«l�sR|�~-|¨txwzs��j��w-¼�tx��l:�O���_�r~@¼�tx���}l�­±wz�j��{�wz�jv��+wzsjvx�F�Wl«|�l>��|¨l:�
txs��¨wM�js3��|¨w*s3l>~���l>��|�k«w��jl���txs3{�l�tu|}txk«�jvul>k«l�sR|��f|�hjl%��t��2l���l�sR|�³´Ä.Ä.Ä¬��|�~zs3�j~z�����¨wM�js3��txsjy«k«w���l>�
txs+�jt �2l���l�sR|#­±�js3{�|¨txwzs3�r¹�hjl>�¨l:~z��|¨hjl!Ð3wR~-|¨txsjy��WwMtusR|���|�~-|��3�r�¨l>yzt���|�l���­±wz�#�¨wM�js3��txsjy�{�wMsM|��¨wMv�t��rsjw�|
�Bl#|�~z»zl>s�txsF~z{�{�wz�jsR|f¹�hjt�{�h�k*~z»zl>��tu|}{�wMk7�3vul�|¨l�vx�ªtxs3{�wMk«�3~-|�tu�jvxl#|¨w7|�hjl#|¨txk«tusjyª�¨����|�l�k �W��l:� ¸
gfhjlr­±�jsW{�|¨txwzsW��h3~@¼zlr�Bl�l�s�|¨txk«l>��­±wz��~zvuv �W~-|¨hW�ºwz­�|�hjl�~�vxyzwM�¨tu|¨hjkÏ¹�l#�j��l>�¨l�sR|¨l:� ¸�³´s�~M�j��tu|¨txwzs�É

�¨l���¼zl>��~zvj�BwztxsM|���wzs4¹�h3tx{�h*|�hjl���l:{�wMs3�*l�¼-~zvu�3~�|¨txwzsª�3h3~z�¨l%Ê �-Ì t��ºv�~��3s3{�hjl>�ªtus��}l�­±wz�j� � ��txk«�jvul>k«l�sR|�°
~�|¨txwzs�h3~@¼zlr�Bl�l�s�|�tuk«l>��¸

n ) Ý � á � Ýßñ�à<Ü@áÅé<ã�ñrq�á
x ∈ [−800; 800]n � Ý � á � à<Ü@á ��� � �	��
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��~zsjyzl wz�j� � � � �
	 �}l�­±wz�j� � � ���
	 ³´sR|�l�v�� � ���
	
x = ±0

Ò �MË �:�
|x| < 2−53 É x 6= 0

�-Æ �MË ��m
−700 < x < 700

É
|x| > 2−53 �@Æ�m mz�z� ��m

710 < x < 1000
½±w-¼zl>��ÐWw-¹}À Æ�m ��� mz�z�

−745 < x < 709
½·�js3��l>��Ð3w-¹}À �R�RÆ-Ë �MËM�RÆ �j�:�zË

−1000 < x < −750
½�e�l>�¨w�À �:�MÆ�� �>Òz�z� �:Ëj�>�

x = +∞
�@m ��Æ �M�

x = −∞
�:� ��Æ Ò

x = nan
�@m �R� �z�

x
�BwM�¨tÁ|�tu¼Ml���l�sjwM�¨k*~zv �RÆ-� �M�MÆ�� ���R�

x
sjl>yM~-|�tu¼Ml���l�sjwM�¨k*~zv �zËz� �z�z�M� �Mm-�

�}~z����{�~M��l
1

�@Æ�m ��Æ-��Æ ��m
�}~z����{�~M��l

2
�@Æ�m ��Æ�mj� ��m

�}~z����{�~M��l
3

�@Æ�m �zÒM�j� ��m
�}~z����{�~M��l

4
�@Æ�m �Rm��:Ë ��m

gfhjl!h3~����O{>~z�¨l>��k«l�sR|�tuwMsjsjl>�OtusF|�hjt���vxt���|#~���l
4
��~�s3��wMk«vu��{�hjwM�¨l�sO~z�¨yM�jk«l�sR|���wzsO¹�hjt�{�h_��l�°

­±wM�j� � �}tuk«�jvxl�k«l�sR|�~-|¨txwzsFk!�3��|}vx~z�js3{�h�|�hjl!�¨l>{�wzs3���jhW~z�¨l�|¨wªyM�3~���~�sR|�l�lr|¨hjl7{�wM�¨��l>{�|��¨wM�js3��txsjy3¸��
k«l:~�s&¼-~zvu�jl�|¨txk«tus3y�wMs¾|�hjl>�¨lF{�~z�¨l>�!h3~M�!s3w�|*�Wl>l�sa��wzsjlMÉº~zvx�¨w_wz|¨hjl>�7¼-~zvu�jl:�7k«~@�,�BlF��t��Bl>�¨l>sM|
|�tuk«txsjyM�>¸
���r|¨hjl*��{�hjl>���3vutxsjy�h3~z�rl�¯��jvxt�{�tu|¨vx�O�Wl*��wMsjl!­±wz�r|¨hjl«v�~-|�l�s3{�tul:��wz­
|�hjl«sjl�¹�l��#³´sR|¨l>v�³µ|�~�sjtx�jk1m

�3�¨w�{�l:�¨�¨wz�:ÉM|¨hjl#­±�jsW{�|¨txwzs�¹�txvuv���hjw-¹Dvul:�¨�fl�¯j{�l�vxvxl�sR|��Wl>��­±wM�¨k*~�sW{�lrwzs�³µ|�~zsjtu�3k �z¸
�}vuv3|¨hjl:��l���l>�¨�jvu|��Å�¨hjw-¹¾|�h3~-|Å|�hjl�yztx¼zl>s!txk«�jvxl�k«l�sR|�~�|¨txwzs«w�­ ~#{�wM�¨��l>{�|���wz�3s3��txsjy#l�¯��WwMsjl�sR|�tx~zv�tx�

{�wzk«�Bl�|¨tu|¨tx¼zl%tus_{�wzk«�3~z�¨t���wMs4|�wªtxk7�3vul>k7l>sR|�~-|�tuwMs3��|�h3~-|r�j��w-¼Rt���l�~ª{�wz���¨l:{�|�vu�ª��wz�3s3��l>����l>�¨�jvu|�~�sW�
{>~�s��Wl�~7yMwRw���~�vu|¨l>�¨s3~�|¨tx¼zl�|¨w*vxl>����~z{>{��j��~-|�l�wMsjlz¸

� � �4	��������������

�Ã{���tu|¨t�{�~�vº¼�tul>¹Ïwzs¾|�hjl4yMtu¼Ml�s&~zvuyMwz��tÁ|�hjk vul�|��7wzsjl�l>~M��txvu�T��t��¨{�w-¼zl>��|¨hW~-|%|�hjl�k«~ztus&�3~��¨|!wz­�|¨hjl
v�~-|�l�s3{��ªw�­�|¨h3l�~�vxyzwz��tu|¨hjk t������jl#|�w«|¨hjl��Bwzvx��sjwzk«t�~�v l>¼@~zvu�W~-|¨txwzsÈ¸Å³´s�­·~M{�|:É3~z�����3k7txsjy7|¨h3l�vx~�|¨l�sW{��
wz­�~�s j�kml®txs3��|��¨�W{�|¨txwzs*wMs*³´sR|¨l�vB³µ|�~zsjtx�jk mr|¨w!�Wl

4
{���{�vxl>�>ÉM~zs3~�vx����t��.wz­2|¨hjlr��t �2l���l�sR|f��|�l��3�.wz­ |¨hjt��

�3h3~z�¨l�yztx¼zl:��~ªv�~-|�l�s3{���wz­
~-|}vxl>~M��|
100
{���{�vxl>��­±wM��|�hjl%l>¼@~zvu�W~-|¨txwzsFwz­�|¨hjl!�WwMvu��sjwMk7t�~�v��jsR|¨txv

ph tx�~@¼-~ztuv�~��jvxlz¸Ågfhjt���k*~�»Ml>��wzs3l#|¨hjtxsj»ª|�h3~-|�|�hjl��3~z��~zvuvxl�vxtx�¨kÏ|�hjl��j��w�{�l>����wM�ftx��{>~��3~z�jvul#wz­�t���sjwz|�­±�3vuvx�
l�¯��jvuwMtÁ|�l>� ¸
Ú wMs3��t���l>��~�|¨txsjy�l�¼zl>s+k«wM�¨l«�j��l>{�tx�¨l�vx�F|¨h3l*�WwMvu��sjwMk7t�~�v.~zs3�+|¨hjl*k*~zyzsjtu|¨�3�jl>��wz­º|�hjlª��t��Bl>�¨l>sM|

¼-~zvu�jl:�ftus�¼Mwzvx¼zl>��ÉRwMsjl���l>l>��|�h3~-|�txs

p(x) = x +
1

2
x2 +

(
ah
4 + al

4

)
x3 + x4 · (a5 + x · (a6 + a7x))

|�hjl�hjtxyzh3l��.��l>yz��l�lf|¨l>�¨k*�
x4 · (a5 + x · (a6 + a7x))

¹�tuvxv3wMsjvu�7~ �2l>{�|Å|¨hjl�vxw-¹�l��Å�3~z��|
pl w�­B|¨hjl �Ws3~�v��l>�¨�jvu|>¸Ågfhjt����3~��¨|�wz­È|�hjl#�WwMvu��sjwMk7t�~�v2{�~zsª|�hjl���l�­±wM�¨lr�Wl#l>¼@~zvu�W~-|¨l:�ªtxs4�3~z��~zvuvxl�vB|�w%|�hjl#w�|¨h3l��f�3~��¨|��

u�uÃñ�� �����	�



��m ���������	
#������� ���%���%���x����
$���

txs7s3~-|�tu¼Mlº�j��l>{�tx�¨txwzs%wMsjvx�z¸�³´s7~M�j��tu|¨txwzs�É-|�hjlftusR|�l���k7l:��t�~-|¨lf¼-~�vx�jl
x4 Éz¹�hjt�{�h%t���sjl>l>��l:�%wMsjvu�%¹�tÁ|�h7~zs~M{�{��j��~M{���wz­�wMsjl.��wM�j�jvxlÅl�¯�|¨l>s3��l>�#s��jk!�Wl>�>É@{�~zs#�Wl
{>~�v�{��jv�~-|�l>�#~z�

x2·x2 �3�¨tus3yf|¨hjl.h3tuyMhr�W~��¨|�w�­�|¨hjlk*~M{�hjtus3l��¨l>�j��l>�¨l�sR|�~�|¨txwzs�w�­
x2 txsF|�¹ºw���wz�j�3vul�l�¯�|¨l�sW��l>�Fs��jk!�Wl>���>¸ �3�j��|�hjl��r��wMk«l�tusR|�l���k7l:��t�~-|¨l

s3wz��k«~zvutfe>~�|¨txwzs3�>ÉjtG¸ lM¸f|¨hjl%�3��l!w�­.~ 

������� � ���¿�¨l>�R�jl>s3{�l%wzsF�Bw�|¨l>sR|¨t�~�vxvu� h w-¼Ml���vx~z�j�jtxsjy �Fs��jk!�Wl>���
zh ~zs3� zl ÉW¹�hjt�{�hO~���l���wzsjl�txs�|¨h3l!~�vxyzwM�¨tu|¨h3k ¹ºl%�j�¨l:��l>sR|¨l>��~z�Ww-¼MlzÉ3{�wz�jv����Wl!�¨~@¼Ml>��~-|�|�hjl%{�wR��|wz­�~7l�¼Ml�s�k«wz��lr{�wzk«�jvxl�¯�~M{�{��j��~M{��*�j��w�w�­�¸
�Èl�|��W��yztx¼zl!~�sFtxs3��|��¨�W{�|¨txwzsO�¨l>�R�jl>s3{�l�­±wz��|�hjl%�Bwzvx��sjwzk«t�~�v�l�¼-~�vx�3~-|�tuwMs�|¨h3~�|}|�~z»zl:�}~z�j¼@~zsR|�~�yMl

wz­È|�hjtx���jl�vxtu�Bl���~-|�tuwMs3��¸Ågfhjl��¨l>�R�jl>s3{�l#{�~zs��Bl��¨{�hjl:���jvxl>�4­±wz�f³´sR|¨l>v�³µ|�~zsjtu�3k¿m�txsF���W{�h�~7¹�~@�«|�h3~-|
|�hjl#hjtxyzhjl>���3~��¨|

ph w�­�|¨hjl���l>�¨�jvu|�t���~@¼-~�txv�~��jvxlr~�­ò|¨l>��wMsjvx� 42
k*~z{�hjtxsjl#{���{�vxl>� i�|¨hjl�{���{�vxlrtxs�¹�hjtx{�h

|�hjlftusW��|��¨�3{�|¨txwzs3��{>~�s7�Wlfl�¯�l:{���|�l>�7~���lºtxs3��t�{�~�|¨l>�!txs%|�hjlf�Wl>yztxsjsjtxsjy#w�­Wl:~z{�h!vutxsjlz¸�Â�l�¹�txvxvj{�wzsW��t���l��
|�hjl�~z{>{��j��~z{��«w�­�|¨hjt����¨l>�R�jl�sW{�l#�Wl>vuw-¹�¸

��� � �98�����	#" & 
�(#
�( ���
z1 ← x⊗ x��� � �98�����	��=& ��	#"�	<;>( 
�(@���

��� � �98�����	�?=& ��	���( 
�( �
	��
z5 ← 〈a7 · x + a6〉��� � �98�����	#"�� & ��	 "�	���( 
)( ���
z10 ← al

4 ⊗ x
��� � �98�����	�� &���	
� (���	 " (@���
��� � �98�����	 "<&���	 ".(���	 " (@���

z4 ← z1 ⊗ z1��� � �98�����	
� &���	�? ( 
�( �
	�?
z6 ← 〈z5 · x + a5〉��� � �98  ���	#$ & 
�(#
�(���	 "
z1 + z9 ←


���������� �����
(x, x)���	� �98�����	#"�" &���	#"��)(���	#" ( ���

z11 ← z10 ⊗ z1���	� �98�����	#"�� &:;>( ��	 " (����
z13 ← h⊗ z1�
	
� �98  ���	�� " & ��	 "�	<;>( 
)(���	
�
z2 + z21 ←



��������������� (
ah
4 , x

)

��� � �98  ���	
� &���	
� (���	 " (���	��
z3 + z8 ←


���������� �����
(z1, z2)���
� � �98�����	
� &���	#")(���	��)(@���

z7 ← z4 ⊗ z6���
� � �98�����	#" �=&���	���(���	�$�( ���
z12 ← z2 ⊗ z9���
� � �98�����	#"4"<&:;>( ��	�$)(����
z14 ← h⊗ z9���
� � ������� ��	#"<?=& 
)(���	 "��

�����
� �98�����	��
�=&���	�� " (���	#" ( ���
z22 ← z21 ⊗ z1����� � ������� ��	���� &	��	��)(���	#"�"
z23 ← z8 ⊕ z11����� � ������� ��	��#"<&	��	��)(���	#" �
z24 ← z7 ⊕ z12�����
� ������� ��	#"�� &	��	 "<?�(���	��

���
� � �# ���* ��	#"�� &	��	 "<?�( 

���
� � ������� ��	���?=&	��	 "4"�(���	
�
�

z25 ← z14 ⊕ z22����	 � ������� ��	���� &	��	
���)(���	
�#"
z26 ← z23 ⊕ z24�����
� �# ���* ��	#"&$ &	��	 "��)(���	 "<?

����� � �# ���* ��	#"�� &	��	 "��)(���	 "��
z15 + z17 ←



������� � ���
(x, z13)���
�
� ������� ��	���� &	��	
��?�(���	
���

z27 ← z25 ⊕ z26����� � �# ���* ��	���� &	��	��)(���	#"&$
z18 + z20 ←


�������� � ���
(z15, z3)����� � ������� ��	���� &	��	 "��)(���	
���

z28 ← z17 ⊕ z27�
��� � ������� ��	���$ &	��	
���)(���	
���
z29 ← z28 ⊕ z20�
��� � ������� � 	&; &���	#"��)(���	���$

ðpw u�ð �
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����� ���"!���
#����!�
$�����%��& �R�

�
�
	 � �# ���* ��	���� & � 	<;>(���	#"��
� � �
� �# ���* � 	��'&���	���$)(���	����

ph + pl ←


������� � ���

(z18, z29)

Ú wMs3{�l>�¨sjtxsjy�|�hjl�~M{�{��3��~M{��_wz­f|¨hjt��%�¨l>�R�jl>s3{�lMÉ�vxl�|!�3�!�¨hjw-¹ sjw-¹ |¨h3~�|�­±wz�
|x| < ln 2

215

É
h = 1

2l�¯j~z{�|�vu�MÉ
ah
4 + al

4 ≈
1
6

É
a5 ≈

1
24

É
a6 ≈

1
120

~�sW�
a7 ≈

1
720

É�|¨hjl��¨l>�R�jl>s3{�l�{�~zvx{��jv�~-|¨l:��~7�¨l:���jvu|

ph + pl = p(x) + ∆

¹�tu|¨hF~zs�l>�¨��wz�
∆
¹�tu|¨h

|∆| < 2−126 ~zs3��­±wz� |x| < 2−30 ¹�tu|¨h�wzsjvx� |∆| < 2−155

� ¤ Ø�Ø�� � txk«tuv�~���tuvx�7|¨w%|¨hjlr��l:�M�3l�s3{�l>�.wz­�|¨h3l��3����|�¼zl>���¨tuwMs«w�­È~�vxyzwM�¨tu|¨h3kÎ¹�hjwR��lr~z{>{��j��~z{��%h3~M�
�Bl�l>s
�3�¨w-¼Ml�s*~��Bw-¼zlMÉ�|¨h3tx��txs3��|��¨�W{�|¨txwzs���l:�M�3l�s3{�l�k*~�»zl:�.�3�¨l}wz­ |¨hjl 

������� � ��� ~zvuyMwz��tÁ|�hjk�¸��Èl�|º�W�º�¨hjw-¹
�W����|f|¨h3~�|�|¨hjl���l>�¨�Wl:{�|�tu¼Mlrtxsj�j�j|}{�wzsW��tÁ|�tuwMs3��~���l#�¨l:���Bl>{�|¨l:� ¸
gfh3l 

������� � ���Ãtx�f�W��l:� �W����|f­±wz��{�~zvx{��jv�~-|¨txsjy

z15 + z17 =

�������� � ���

(x, z13)

Â�l�h3~@¼Ml
|z13| ≈

1
2 · x

2 ~zs3� |x| < 1
�¨w7|¨hjl�txsj�j��|}{�wzs3�jtÁ|�tuwMs�t��f��l>�¨�Wl:{�|¨l:� ¸

gfh3l#�¨l>{�wzs3���3�¨l�w�­�|¨hjl 

������� � ��� ��l:�M�3l�s3{�lrt��fk*~z��l#­±wM��{�~zvx{��jvx~�|¨txsjy

z18 + z20 =


������� � ���

(z15, z3)

Â�l�»�sjw-¹ |�h3~-|
|z15| ≈

∣
∣
∣
∣
x +

1

2
· x2

∣
∣
∣
∣

~zs3�
|z3| ≈

∣
∣
∣
∣

1

6
· x3

∣
∣
∣
∣

� w!|�hjl�txsj�j��|}{�wzs3��tu|¨txwzs�t��f�¨l:���Bl>{�|¨l:��~zvx�¨w«hjl���lz¸
gfh3l�|�hjtx����|¨txk«l#|¨hjl��¨l>�R�jl>s3{�l#t����3�¨l>��tx��­±wz�f|¨h3l�{�~�v�{��3vx~�|¨txwzs4wz­

ph + pl =


������� � ���

(z18, z29)

��s3l#{>~�s�¼zl>�¨tu­±�*|¨hW~-|�­±wz�
2−53 < |x| < 2−15 d � ¹ºl#h3~@¼Ml

|z18| ≈

∣
∣
∣
∣
x +

1

2
· x2 +

1

6
· x3

∣
∣
∣
∣
> 2−52

~zs3�
|z29| <

∣
∣
∣
∣
2−61 ·

(
1

12
+

61

60
· x +

181

180
· x2 +

1

6
· x3

)∣
∣
∣
∣
< 2−64

n B Û�Ü@á�äßå�{ á�é è�å�õ@ñ@î�ÝßÞ�ã.é<á�ÞGõ:ä à å�ì�à<Ü@á�ìxã�ê�àBàGÜ-ã�à ìuå�é
|x| < 2−53

{2á�ê�ã�ñ�ÞGÝßó�ë@ä ~ºé<á´à<õ@é·ñ
〈1 + x〉

53

ã�Þ�ã.ê�å�é<é·á�ê´àGä ~é<å�õ@ñ:î@á�î#î@å�õ@è@äßá.ë@é·á�ê�ÝßÞGÝßå�ñ#ã�ë:ë@é<å�â:Ýßó�ã�à<Ýßå�ñ�à<åfà<Ü@áÅá´â:ë�å�ñ@á�ñ�àGÝçã�ä�ìuõ@ñ@ê´à<Ýßå�ñ 
-ÞGá�á � � � � �
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$���

� w
|z18| > |z29|

~zs3�ª|�h��3��Éj|¨hjl�txsj�j��|}{�wzs3�jtÁ|�tuwMs�t�����l>�¨�Wl:{�|¨l:� ¸
�}l�s3{�l#¹ºl�yMl�|f|¨hjl�l�¯j~z{�|���l>�¨�jvu|��

z1 + z9 = x2

z13 =
1

2
· z1

z14 =
1

2
· z9

z2 + z21 = ah
4 · x

z3 + z8 = z2 · z1

z15 + z17 = x + z13

z18 + z20 = z15 + z3

ph + pl = z18 + z29

� w*tÁ­.wMsjl�~��j�3�¨w@¯�txk«~�|¨l:��|¨hjl�l>�¨��wz�f­±wM��l>~M{�h�w�­�|¨hjl%tus3��|¨���3{�|¨txwzs3�}vul�­ò|}tusO~4��txk«tuv�~���¹f~@��~M���¨hjw-¹�s
~z�Ww-¼MlzÉ�wzs3lryMl�|��

ph + pl = x + h · x2 + x3 ·
(
ah
4 + al

4

)
+ a5 · x

4 + a6 · x
5 + a7 · x

6 + ∆

¹�tu|¨h

∆ = z1z21ε12 + z1z10ε13 + z1a
l
4xε14 + z2z9ε15 + ah

4xz9ε16 − al
4xz9 +

+ a7x
6ε12 + a6x

5ε12 + z5x
5ε11 + a5x

4ε11 + 2x4z6ε10 + x4z6ε
2
10 +

+ z1z1z6ε9 + z4z6ε8 + z7ε7 + z12ε7 + z8ε6 + z11ε6 + z23ε5 + z24ε5 +

+ z14ε4 + z22ε4 + z25ε3 + z26ε3 + z17ε2 + z27ε2 + z28ε1 + z20ε1

¹�tu|¨h
|εi| ≤ 2−64 ¸

�3wz�
|x| < 2−15 É ∣∣x2

∣
∣ < 2−30 É ∣∣x3

∣
∣ < 2−45 É ∣∣x4

∣
∣ < 2−60 É ∣∣x5

∣
∣ < 2−75 ~�s3� ∣

∣x6
∣
∣ < 2−90 ¹ºl%yzl�||�hjl���l>�¨�jvu|��.txs«|¨h3l}vxl�­ò|�{�wzvx�jk«s*w�­2|¨h3l�­±wzvxvuw-¹�txsjy#|�~��jvxlzÉM­±wz�

|x| < 2−30 É ∣∣x2
∣
∣ < 2−60 É ∣∣x3

∣
∣ < 2−90 É

∣
∣x4

∣
∣ < 2−120 É ∣∣x5

∣
∣ < 2−150 ~�sW� ∣

∣x6
∣
∣ < 2−180 |�hjl���l>�¨�jvÁ|��fyztx¼zl>s�txs4|�hjl���tuyMhM|�{�wzvx�jk«s��Bl�vxw-¹�Í

ðpw u�ð �
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|z1z21ε12| < 2−175

|z1z10ε13| < 2−175

∣
∣z1a

l
4xε14

∣
∣ < 2−175

|z2z9ε15| < 2−175

∣
∣ah

4xz9ε16
∣
∣ < 2−175

∣
∣al

4xz9

∣
∣ < 2−175

∣
∣a7x

6ε12
∣
∣ < 2−163

∣
∣a6x

5ε12
∣
∣ < 2−145

∣
∣z5x

5ε11
∣
∣ < 2−145

∣
∣a5x

4ε11
∣
∣ < 2−128

∣
∣x4z6ε10

∣
∣ < 2−127

∣
∣x4z6ε

2
10

∣
∣ < 2−192

|z1z1z6ε9| < 2−128

|z4z6ε8| < 2−128

|z7ε7| < 2−127

|z12ε7| < 2−175

|z8ε6 + z11| < 2−175

|z11ε6| < 2−175

|z23ε5| < 2−174

|z24ε5| < 2−126

|z14ε4| < 2−159

|z22ε4| < 2−175

|z25ε3| < 2−158

|z26ε3| < 2−125

|z17ε2| < 2−143

|z27ε2| < 2−124

|z28ε1| < 2−142

|z20ε1| < 2−141

~�s3��|¨h3l���l�­±wz��l

|∆| < 2−122

|z1z21ε12| < 2−220

|z1z10ε13| < 2−220

∣
∣z1a

l
4xε14

∣
∣ < 2−220

|z2z9ε15| < 2−220

∣
∣ah

4xz9ε16
∣
∣ < 2−220

∣
∣al

4xz9

∣
∣ < 2−220

∣
∣a7x

6ε12
∣
∣ < 2−253

∣
∣a6x

5ε12
∣
∣ < 2−210

∣
∣z5x

5ε11
∣
∣ < 2−210

∣
∣a5x

4ε11
∣
∣ < 2−188

∣
∣x4z6ε10

∣
∣ < 2−187

∣
∣x4z6ε

2
10

∣
∣ < 2−252

|z1z1z6ε9| < 2−188

|z4z6ε8| < 2−188

|z7ε7| < 2−187

|z12ε7| < 2−220

|z8ε6 + z11| < 2−220

|z11ε6| < 2−220

|z23ε5| < 2−219

|z24ε5| < 2−188

|z14ε4| < 2−189

|z22ε4| < 2−220

|z25ε3| < 2−188

|z26ε3| < 2−185

|z17ε2| < 2−158

|z27ε2| < 2−184

|z28ε1| < 2−157

|z20ε1| < 2−156

~�sW�4|�h��3�

|∆| < 2−155
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gfh3tx��~z�¨lr|¨h3l��j�¨wM�Wl>��|�tul:�º|¨w*�Bl��j�¨w-¼Ml�s�¸
�3�j�¨|¨hjl>�>É.wMs&txs3�¨�Wl:{�|¨txwzsaw�­}|¨hjl���l>{�wMs3��|¨���3{�|�tuwMs¾��l:�M�3l�s3{�lzÉ.wMsjl�s3w�|¨t�{�l:�«~�v���w_|¨h3~�|7|�hjl��3~���~�vxvxl�vu°
t��¨k |¨hjl«�j��w�{�l>���¨wz�}t��#{�~z�3~��jvxl%wz­ºt��rsjw�|r­±�jvxvu�Ol�¯��jvuwMtÁ|�l>� ¸�³´sT~z�3��tÁ|�tuwMs�É�~z�}|¨h3l7�W~��¨|¨t�{��jv�~���tÁ|�tul:�}wz­
|�hjt����3~z��|}wz­�|¨hjl7~�vxyzwz��tu|¨hjk ­±wz��|�hjl!{>~z�¨l>��¹�h3l���l�k«wz��l#|¨h3~zs
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�3tÁ|��}~���l�sjl>l>��l:��|¨w4�jl>{�t���l%|¨hjl

��wz�3s3��txsjy4~���l%��l�v�~-|�tu¼Ml�vx��¹�l�vxv�»Rs3w-¹�s�ÉWwMsjl!{>~�s_�¨l�|�|¨hjl7�3�¨l%wz­º��wMk«l%���3�j�jvxl�k«l�sR|�~z�¨��sjwM�¨k*~zvutfe>~�°
|�tuwMs 
�������� � ���Ã��l:�R�jl�s3{�l>��~M��t���lz¸ªgfh3tx���jl�vxtu�Bl���~-|�tuwMs3�#h3~@¼zl7vxl>�+|¨wO~�sjl>¹Î��l>{�wzs3��|¨���3{�|�tuwMs_�3~z��|
���ª¹�h3tx{�h�|¨h3lrw-¼Ml���~�vxv�v�~-|�l�s3{��ªw�­�|¨hjl�~zvuyMwz��tÁ|�hjk h3~M�f�Wl>l�s��¨l:���3{�l>�4|¨w
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{���{�vxl>�>Í

��� � �98�� ��	#" & ��	<;�( � 	<;>(@���
��� � �98�� ��	��=& 
�	�� (!��	<;>( ��	��

u2 ←
〈
xl · th + tl

〉

��� � �98�� ��	�?=& ��	�� ( � 	<;>(@��� u5 ← tl ⊗ ph

��� � �98  ��	�� & ��	<;�( � 	<;>( ��	 " u1 + u3 ←


��������������� (

th, ph
)

��� � �98�� ��	 "<& ��	<;�( � 	���( ��	
� u4 ←
〈
th · pl + u2

〉

��� � �������  �	&; & ��	&;>(���	 "
��� � �98�� ��	
� & ��	 ".( 
�	���( ��	�?

u6 ←
〈
u1 · xl + u5

〉

��� � ������� ��	#"�� &%��	��)(���	 "
u10 ← u3 ⊕ u4���
� � �# ���* ��	
�=&  �	&;>(!��	<;

����� � ������� ��	#"�" &%��	 "��)(���	��
u11 ← u10 ⊕ u6����� � �# ���* ��	#$=& ��	#" (���	��
sh + u9 ←


�������� � ��� (
th, u1

)

����	 � �������  �	��'& ��	#"�" (���	#$
sl ← u11 ⊕ u9

��s3l«{>~�s�l>~M��txvu�F¼Ml���tÁ­±�O|¨h3~�|�|¨hjt����¨l>�R�jl�sW{�l7h3~z�r|�hjlª�¨~zk«l7�Bl�hW~@¼Rtxwz�3�#~M�r|¨hjl*��l>{�wzs3��|¨���3{�|¨txwzs+~zvÁ°
yMwz��tÁ|�hjkÏ¹�lr�¨hjw-¹�l>�4~z�Ww-¼Ml�wMsª|�hjl�{�~M��l:�
¹�hjl>�¨lr|�hjl�~���yz�jk«l�sR|

x
w�­È|�hjl#l�¯��Bwzsjl>sM|�tx~zv2­±�js3{�|¨txwzs�tx�

|x| < 2−30 ¸�gfhjt����j��wz�Bl��¨|��4yM�3~���~�sR|�l�l>��|�h3~-|�|¨hjl%�3~��¨|��}w�­�|¨hjl7{�wM�¨��l>{�|¨txwzs��j�¨w�wz­Å{�wzs3{�l���sjtxsjy«|¨hjl¼Ml����*h3~�����{�~z�¨l>��wz­�|�hjl#|�~z�jvul#k*~�»Ml�� � �f��txvxl�k«k*~*~���l#��|¨txvxv�¼zl>�¨t��3l>��¸
Ú wMs3{�l>�¨s3tusjy!|¨h3l�~z{�{��j��~z{��«wz­È|¨h3tx���3h3~z�¨lr­±wz��w�|�hjl���~z�¨yM�jk«l�sR|��ºtxs�wz|¨hjl>����~zsjyzl:��É�¹�l#¹�tuvxv���h3w-¹¬txs
|�hjl#­±wzvxvxw-¹�tusjy!|¨hW~-|�|¨h3l���l:�M�3l�s3{�l#{>~�v�{��jv�~-|�l>�

sh + sl =
(
th + tl

)
·
(
1 +

(
ph + pl

))
·
(
1 + xl

)
+ ∆

¹�tu|¨h
|∆| < 2−122 tu­ th É tl É ph É pl ~�s3� xl ~���lrtus�|¨h3l���~zsjyzl:�ºyMtu¼Ml�s�tus�|�hjl�wM�¨l>k¿m�¸x�>Ò!wzs��3~�yMl��z�j¸

� ¤ Ø�Ø���g}�¨txsjy²~²��txk«tuvxtx~z��~z�j�j��wM~z{�hJ~M�*­±wM�4|�hjl��¨l>{�|¨txwzs3��~��Bw-¼zlMÉ�wzsjl+wz��|�~�txs3�ª|�h3~-|
∆
{�~zsJ�Wl

l�¯��j�¨l:�¨�¨l>��~z�

∆ = −tlpl − tlxl − thplxl − tlphxl − tlplxl + tlphε8 + thphxlε7 + u1x
lε6 +

+ xlthε5 + tlε5 + thplε4 + u2ε4 + u3ε3 + u4ε3 + u10ε2 + u6ε2 + u11ε1 + u9ε1

¹�tu|¨h
εi ≤ 2−64 ¸

b��ªvxw�{�~�|¨txsjy7|¨hjl�~z�3��wMvu�j|¨l#k*~-¯�tuk!�jk wz­�l:~z{�h4wz­�|�hjl�k«wzsjwMk*�fw�­È|�hjt���l�¯��j��l>����txwzsÈÉR¹�l#yzl�|
∣
∣tlpl

∣
∣ < 2−141

ðpw u�ð �
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∣
∣tlxl

∣
∣ < 2−142

∣
∣thplxl

∣
∣ < 2−156

∣
∣tlphxl

∣
∣ < 2−156

∣
∣tlplxl

∣
∣ < 2−220

∣
∣tlphε8

∣
∣ < 2−141

∣
∣thphxlε7

∣
∣ < 2−156

∣
∣u1x

lε6
∣
∣ < 2−156

∣
∣xlthε5

∣
∣ < 2−142

∣
∣tlε5

∣
∣ < 2−127

∣
∣thplε4

∣
∣ < 2−141

|u2ε4| < 2−127

|u3ε3| < 2−141

|u4ε3| < 2−126

|u10ε2| < 2−125

|u6ε2| < 2−140

|u11ε1| < 2−124

|u9ε1| < 2−127

~zs3�4|¨hjl>�¨l�­±wz��lr¹�l#h3~@¼zl
|∆| < 2−122

gfh3l>�¨l���l>�¨�jvu|��7��hjw-¹ |¨h3~�|!|�hjtx�
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{�wz���¨l:{�|�vu�*��wz�jsW��tus3y3¸
³µ|«h3~z�!�Bl�l�s¾|¨l>��|¨l:�¾wMs,|¨hjl�³ 	 ��g � �¨����|�l�kÑ~�s3�¾wzs&~_�Wwz|¨l�sR|�tx~zvuvx�Tl�¯�h3~��W��|�tu¼Mlªvut���|7wz­

6344~z�¨yM�jk«l�sR|��.|¨w%|¨hjlrl�¯��Bwzsjl>sM|�tx~zv3­±�3s3{�|�tuwMs4txs���wM�j�jvxl��j��l>{�tx�¨txwzs*¹�hjt�{�h*|¨h3l}|�~��jvxl�k*~z»zl�� � �
��txvul>k«k«~
w�{>{��j���}¹�tu|¨hT~�sjl�l:�F|¨w�»�sjw-¹[~�|rvxl>~M��|

100
{�wM�¨��l>{�|��jtu|��r|�w�l>s3���3�¨l!|¨hjl*{�wz���¨l:{�|���wz�3s3��txsjy3¸�gfhjt��

vxt���|}hW~z���Bl�l>sOwz�j|�~�txsjl:���3��txsjy*|�hjl!~zvuyMwz��tÁ|�hjk ��l�­±i>¼��¨l�h3~M���j��l>�¨l�sR|�l>��txs¾ÊßÆ:ÌG¸ �}wª��wz�js3�jtusjy4l����¨wM�
{�wz�jv����Wl#­±wM�js3��sjl�tu|¨h3l���¹�tu|¨hF³ 	 ��g � sjl�tu|¨h3l���wMs4|�hjl�vut���|�w�­�~z�¨yM�jk«l�sR|��>¸
�Dk«wz��l}{�wMk7�3vul�|¨l}�3�¨w�w�­�ÉR¹���tÁ|¨|¨l�s4�Wl>�¨h3~z�3�.�W��txsjy!~�|¨hjl>wz��l�k �j��w-¼Rtxsjy#|�wRwMvx���¨�3{�h4~z� Ú w���Êßm-��ÌGÉ

{�wz�jv�����|��¨l>sjy�|�hjl�s�wz�j��{�wzs �B��l�s3{�l#tus�|¨h3tx����l>�¨�jvu|>¸Ågfhjt���t��fvul�­ò|�|¨w7­±�j�¨|¨hjl>��¹�wz��»B¸
��sjl7��h3wz�jv��F��l�k*~���»ª|�h3~-|�|¨hjl!|�~M��»�w�­ �3sW��tus3y�~�sFwM��|¨txk*~�vxvu�F��{�hjl>�j�3~��jvxl%�¨l>�R�jl>s3{�l!h3~@¼�tusjyª~

~z�j�j��wz�j��t�~-|¨l«~z{>{��j��~z{���­±wz��|�hjlª{�~zvx{��jv�~-|¨txwzs�w�­�~��Bwzvx�Rs3wzk«tx~zvÅtx��¼zl����O��tu©ª{��jvu|�­±wz��|¨hjl«­±wMvuvxw-¹�tus3y
��l>~M��wMs3�>ÍÈ~z� ��~����¨t��¨wzs7�¨l>k«~z�¨»���txsFÊ mz�@Ì3|�hjl���l�~���l�sjwMs�°<|��¨tx¼�tx~zv�­·~z{�|¨wM�¨tfe>~�|¨txwzs3��wz­2~��Bwzvx��sjwzk«t�~�v�|�h3~-|
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k*~z»zl«|¨h3l4��l:~���{�h��¨�3~M{�lª~�vx��l>~z�j�O¼zl>�¨�Ov�~���yzlM¸4³´s¾~M�j��tu|¨txwzs�É���txs3{�lª�¨{�hjl:���jvxtus3yFtus3��|¨���3{�|¨txwzs3��¹�tu|¨h
ÐWw-¹J��l��Bl�s3�jl�s3{��ª{�wzsW��|���~ztusR|��ºt��

NP
°´{�wMk7�3vul�|¨l7Ê mMm:ÌGÉR|�hjlr|�~z�¨»«�Wl:{�wMk7l:�º~zvu��l>~M���«�js�­±l:~z�¨tu�jvxl}l>¼zl>s

tu­.wzs3l!{�wM�jv��O~���yz�jl�|¨h3~�|}|¨h3l!vxl�sjyz|¨hOwz­.�3�¨�3~�v��WwMvu��sjwMk«tx~zvx��~�s3��|�h��3��|�hjl%k*~�¯�txk%�3kÃs��jk!�Wl>��wz­
txs3��|¨���3{�|�tuwMs3��s3l�l>�jl>�Ft��}�¨k*~�vxv�l>sjwz�jyMh�|¨wª�Bl%l�¯�h3~��3��|¨tx¼zl>vu���¨l>~���{�hjl:� ¸4b���|�tu­.wzsjl!{�wzsW��t���l�����|�h3~-|
­±wM��l>~M{�h+~��3�j�¨wM�j��tx~�|¨l«��l:�M�3l�s3{�l!­±wM�js3� É�~�­±wz��k«~zv.~z{>{��j��~z{��F�j�¨w�wz­ºk%�W��|��Bl*¹��¨tu|�|�l�s�É�~F��wMvu��|�tuwMs
¹�txvxv2~zvuk«wR��|º~zvu¹f~@���.�Blr�¨�j�Bwz��|�tuk*~zv<¸�³´s_Êßm��-ÌGÉ�~z{>{��j��~z{��!t������jl:�º~z�¨l}sjw�|�{�wMs3��t���l>�¨l:�«tus���l�|�~�txvB~M�º~zvuv
{>~�v�{��jv�~-|�tuwMs3�f~���l����j�3�WwR��l:�ª|�w7�Bl��Bwz�¨|¨l>��wM��|�tus�s3~�|¨tx¼zl#�j��l>{�t��¨tuwMs�¸
��l>�¨�jtu|¨lzÉj~M�
wMsjl}hW~z�º�Wl>l�s�~z�jvxl�|¨w7��l>l}|�hj��wz�jyMhjwz��|
|¨hjt��f~��¨|¨t�{�vxlzÉM|¨hjlr�¨l>�j��l>�¨l�sR|�~�|¨txwzs*w�­�hjtuyMhjl��

�3�¨l:{�t���txwzsrtusR|�l���k7l:��t�~-|¨lÅ��l>�¨�jvu|���{�~�s#�Bl.¼zl>�¨�}l �2l>{�|�tu¼Mlz¸��j�j�¨|¨hjl>�È��|¨�3��txl>�Èw�­�|¨h3l
�¨{�h3l>���jvxtxsjy��j��wz�jvxl�k
�¨hjwM�jvx���Bl���h3~��3�f�Bl���wMsjlr|�~�»�txsjy«tusR|�wª~z{�{�wz�jsR|����W{�h�~«��l��j��l>�¨l�sR|�~-|¨txwzsÈ¸

� � �����º��� �È�����

g�wOwM�j�%wM�jtus3tuwMs�É��¨l�¼Ml���~�v.�BwztxsR|��!��l>l�k |¨wO�Bl�~O�¨l:���jvu|%wz­�|¨hjt���¹�wz��»2¸ ��l�|!�3�!{�wzs3�¨t���l��%�¨wzk«lªwz­
|�hjl�k�Í

� ³´s,{�wzsR|���~M��|r|¨w�w�|�hjl����«Ê �-ÌµÉÈ¹�l7��l>{�wzk«k«l�s3�_|¨h3l«{�wz���¨l:{�|�vu�F��wz�jsW��l>�+l�¼-~�vx�3~�|¨txwzs�w�­�|¨hjl«l�¯�°�WwMsjl�sR|�tx~zvÈ­±�jsW{�|¨txwzs_tus+wzsjvx���3h3~z�¨l�¹�hjl>s_���Bl>{�tx~zv�hW~�����¹�~z�¨l#­±l:~-|��j�¨l:�}~z�¨l%~@¼-~ztuv�~��jvxlzÉW¹�hjt�{�h
tx�#s3w-¹�~M�j~@���}{�wMk«k7wMsjvx��|¨hjl*{�~M��lM¸%gfhjl7�j��l>�¨l�sR|¨l:�_~�vxyzwM�¨tu|¨h3k wz��|��Wl>��­±wM�¨k*�}|¨hjl*�¨w�{>~�vxvul:�
h �R�jt�{�» �T�jh3~z�¨l%wz­.|¨h3l%|�¹�w�°µ�jh3~M��l%~zvuyMwz��tÁ|�hjkÃyztx¼zl�s_tus¾Ê �-Ìµ¸ ��s_�¨wzk«l!~z�¨yM�jk«l�sR|��>É3|�hjl7�Wl>��°
­±wz��k*~�s3{�l}yM~ztus�{�~�s��¨l:~z{�h*�j�4|¨w«~ª�:�z�#|�tuk«l>�f�¨�Wl>l>��°µ�j��~�s3�4k7wM�¨lM¸�gfh3l�w-¼Ml���hjl>~M�«tus3�j�3{�l:�
����|¨hjl h ~��¨|¨t��W{�t�~�v���hjtxyzh7�j��l>{�tx�¨tuwMs!~z�¨tu|¨hjk«l�|¨t�{º�W��l:�%txs%|�hjt��Å{�wzk«�Bl�|�tÁ|�wz� � ��~�vxyzwM�¨tu|¨h3k[~�s3�%|¨hjl
��|��¨t�{�|rvutxk«tÁ|�~-|�tuwMsF|¨w���wz�j�3vul!�j�¨l:{�t���txwzsF~z�¨tu|¨hjk«l�|¨t�{�l�¼Ml�sO¹�h3l�sOk«wz��l��j��l>{�tx�¨txwzsFt��}~@¼-~�txvx~z�jvxl
{�wM�jvx�&�Wl�|�¹�w_wz­}|¨h3l���l>~M��wMs3��­±wM�%|�hjt��«�Wl>h3~@¼�tuwM�j�>¸TÂ�lF{�wzsW{�l�l:�,|�w_|�hjl�~z��|¨h3wz���%wz­}|¨h3tx�
~�vxyzwM�¨tu|¨hjk |¨h3~�|!tu|%t���|¨h3l�wz��l�|�tx{>~�vxvu�_­±�jvxvu���WwM��|�~��jvxlª¹�hjt�{�h,wz�3��tx�%sjw�|:¸ � tusW{�lª|�hjl4~z��|¨hjwM���
�¨l>k*~���»OÊ ��Ì�|¨hW~-|�|�hjl�tx��­±�js3{�|¨txwzsFt���wz�j|¨�Bl��¨­±wz��k7l:��wzsjvx���¨vutxyzhR|�vu���R��w�|�hjl���vxtx�j��~z�¨txl>���¨�3{�hF~z�
|¨hjl*wMsjl«�j��w-¼Rt���l:�_���O³ b 	pÊu�:Ë@ÌµÉÈwzs3l«{>~�sT{�wMs3��t���l>�#|¨hjlª~zvuyMwz��tÁ|�hjk ¹ºl«�j��l>�¨l�sR|�l>�_|¨w��Wlª~
yzw�w���{�wzs3{��j���¨l>sM|�|¨w*�¨�3{�h�~�s4txk«�jvxl�k«l�sR|�~�|¨txwzs�|¨hW~-|��3�¨l>�ftxs4­·~M{�| �Btx¼ � ��k%�3vÁ|�tuvxl�¼Ml�v���|¨��~-|¨l>yz�
¹�hjt�{�h�hW~z�f¼zl>�¨�*yM�¨l:~-|�txk7�W~z{�|��fwzs�|¨hjl�k*~�¯�txk%�3k |¨txk«tus3yM�#Ê �jÉ3m�ÉÈ�>Ë@Ìµ¸

� �}�r~ª{�wMs3�¨l>�R�jl�sW{��4wz­�|¨hjl7��txsjyzvxl�°µvxl�¼zl>v l�¼-~�vx�3~�|¨txwzsF¹�tu|¨hjwM��|�~�s���sjl�l:��|¨w4{>~�vxvÈwz|¨hjl>�}hjl>vu�Bl��­±�js3{�|¨txwzs3�}wz��|}wz­ÅhjtuyMh�°µ�j�¨l:{�t���txwzs�vxtu�j��~���txl>�>É�|¨hjl%tuk«�jvxl�k«l�sR|�~-|¨txwzs�h3~M��sjwz|�|¨w4�jl>~�vÈ¹�tÁ|�hF|¨hjl
l�¼Ml�sR|¨�3~zv2w-¼zl���hjl:~z�*wz­�|¨hjt���{�~zvuv��>¸�gfh3l#{�w���l�hW~z��|¨l>s3�j~zs3{��«|�w7�Bl#k«wz��l�vxw�{�~�v2¹�hjt�{�h�{>~�s��Wl
~�sF~z�j¼@~zsR|�~�yMlr{�wzs3{�l���sjtxsjy%|�hjl�{�~M{�hjtxsjy!�Bl�hW~@¼Rtxwz�3��wz­�k«w���l>�¨s��j��w�{�l>����wM���>¸
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