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O(ZjY�bda�ZjY�^Dy4]_ZjYla+�
S
Z[f ��¹.Q6q�]_nXYN]_ac¡ � Q�fa�bdn�a ª Zja�K¤a�KNQ¬`cb_fQ�]d�IfQ6kGeNQPYN`6Q6f�]d� bdn�i�Zja�n�bdn�h

f�`6]_nQ
S
bdYNq�a�KNQPY f�KN] ª KN] ª a�KNQ�bd\j^r]_n�Zja�K�O Z[fLOR]Gq.Z ��Q6qDa]¬a�KNQB`cb_fQ�]d� ��¹�Q6qDf`6]_nQ8¡>t<QPa

Cn

iFQXa�KNQBfQPa�]d��bd\j\ � m � f!]d��f�Z 1cQ
n
bdYNq bdn�i�Zja�n�bdn�h�a]_a�bd\gf`6]_nQ

S
¡

p `P\�b_ffZ[`cbd\!bdy�y�n]rb_`K�a]¤a�KNQ¾n�bdYNq�]_O�^rQPYNQPn�bda�Z[]_Y ]d��fQ6kGeNQPYN`6Q6fR]d��b�^8Zj�rQPY�\[QPY�^8a�K
q.n�b ª Y��»n]_O b¾\�bdY�^8e�bd^rQ L

Z[f�i�b_fQ6q ]_Y `6]_e�Yla�ZjY�^1f�e)4(¹�Q6fB]d��a�KN]8fQ�fQ6kGeNQPYN`6Q6f«¦ S8Sd©�¡�w�a
bd\j\[] ª f�a]�^rQPYNQPn�bdaQRfQ6kGeNQPYN`6Q6fXZjYN`PnQPORQPYla�bd\j\jh¤�»n]_O \[Q*�»axa]�n�Zj^8KGac¡(w�Y1]_e�n�`cb_fQ8¨<a�K�Z[f�bdy.�
y�n]rb_`�KDZ[f y�nQ*�»QPn�bdi�\[QXa]�a�KNQx^rQPYNQPn�bda�Z[]_Y¾ilh�nQ o�Q6`Pa�Z[]_Y<¡¢JLKNQ%\�bda�aQPn�`6]_YNfZ[f�af ZjY�^rQPYNQPn�bda�ZjY�^
f�Q6kleNQPYN`6Q6f�e�Y�Z �¶]_n�O(\jhDbdOR]_Y�^�bd\j\¸yF]8f�f�Zji�\[Q�fQ6kGeNQPYN`6Q6fc¨NbdYNqDq.Z[f`cbdnq.ZjY�^Ra�KN]8fQ�a�K�bda�q�]¬YN]_a
ORQ6QPa%a�KNQB`6]_YNf�a�n�bdZjYGafc¡�p%\ja�KN]_e�^8K a�K�Z[f%ORQPa�KN]Gq�bd\[f](h�Z[QP\[q�fxbRe�Y�Z �»]_n�O q.Z[f�a�n�Zji�e�a�Z[]_Y<¨4bdYNq
^rQPYNQPn�bda�ZjY�^�Qcb_`K `cbdYNq.Z[qNbdaQ�f�Q6kleNQPYN`6Q�`cbdYDi4QXq�]_YNQ�ZjY�\jZjYNQcbdn�a�ZjORQ8¨.a�KNQXa�ZjORQ�`6]_O(y�\[Q*¹�Zja�h
]d��a�KNQ«nQ o�Q6`Pa�Z[]_Y ORQPa�KN]�q�KNQcbc�GZj\jhq�QPy4QPYNq�f¬]_Y

s
bdYNq

p
y�bdn�bdORQPaQPnfc¡ w�a ª ]_e�\[q�i4Q«Q�4(�

`PZ[QPYGa!Z �}a�KNQ�`6]_YNf�a�n�bdZjYGafxbdnQ�YN]_a!a]G](f�a�n]_Y�^���Q8¡ ^N¡ ª KNQPY¾a�KNQ�y�n]_i�bdi�Zj\jZja�h¾]d��nQ o�Q6`Pa�Z[]_Y Z[f
O(1/n)

¡¬w�Y¤]_e�n�fQPa�a�ZjY�^N¨gZ �
s
Z[f�fO«bd\j\[QPn�a�K�bdY

p
� ª K�Z[`KZ[f�]d�»aQPY¤a�KNQ(`cb_fQ¬ZjY¤y�n�b_`Pa�Z[`6Q,�*¨

a�KNQ�nQ o�Q6`Pa�Z[]_Y y�n]_i�bdi�Zj\jZja�h�aQPYNq�f�a]�]_YNQ ª Zja�K�bdY Q*¹�y4]_YNQPYla�Z�bd\�f�y4Q6Q6q b_f n
^8n] ª fc¨}a�KleNf

\[Qcb_q.ZjY�^«a]«bdY¾Q*¹�y4Q6`PaQ6q¾Q*¹.yF]_YNQPYGa�Z�bd\ga�ZjORQ�`6]_O(y�\[Q*¹.Zja�hr¡
JLKNQ�`6]_e�Yla�ZjY�^�bdy�y�n]rb_`�K Z[f�i�b_f�Q6qD]_Y¾a�KNQx�»]_\j\[] ª ZjY�^«^rQPYNQPn�bd\gf�`KNQPORQ8¡>t<QPa L iFQ�b¬f�QPa]d�<fQ6kGeNQPYN`6Q6f¢]��rQPnLbdY�bd\jy�K�bdiFQPa

Σ = {a1, . . . , am}
bdYNq

Ln

iFQ�a�KNQ!fQ6kGeNQPYN`6Q6f¢]d�
L
]d�¸fZ 1cQ

n
¡%t<QPa

wp

i4Q�bRy�nQ���¹�]d�¢f]_ORQ�fQ6kleNQPYN`6Q�]d�
Ln

¡ � Q�`cbd\j\
Pa(wp)

a�KNQ�y�n]_i�bdi�Zj\jZja�h a�K�bda
wp

`cbdYDi4Qx�¶]_\j\[] ª Q6q�ilh a ∈ Σ
a]¬�»]_n�O b¬f�Q6kleNQPYN`6Q�]d�

Ln

%

Pa(wp) =
|{w′|wpaw′ ∈ Ln}|

|{w′′|wpw′′ ∈ Ln}|
.

���,�

�¢½ � ���� 
��<�
�d²*³ � ��� ´�² µ
Pa(wp)

�6¯�� ���
�
a ∈ A

�_³ � ���
� ' �² & 
l² µ
wp

!¢¯_³F²��	�_³D±l²*³F²��&����²
µc²
	P´N²*³ ��²*µ¬¯G�

Ln

´�³ � �P¯�� °��� )
�<��¯c¯'�*)XÄGa�bdn�a�ZjY�^��»n]_O

ε
¨�Z[ff�eNQ�`6]_YNfQ6`Pe�a�Zj�rQP\jh�\[QPa�aQPnf

α1, . . . , αn
ª Zja�K�y�n]_i�bdi�Zj\jZja�Z[Q6f Pα1

(ε)
¨

Pα2
(α1)
¨
Pα3

(α1α2), . . . , Pαn
(α1α2 · · ·αn−1)

¡�JLKNQ(y�n]_i�bdi�Zj\jZja�h�]d�LZ[ff�e�ZjY�^�b�fQ6kleNQPYN`6Q
w = α1α2α3 · · ·αn

Z[f

P (α1 . . . αn) = Pα1
(ε) · Pα2

(α1) · Pα3
(α1α2) · . . . · Pαn

(α1α2 · · ·αn−1) =

|{w′|α1w
′ ∈ Ln}|

|Ln|
·
|{w′|α1α2w

′ ∈ Ln}|

|{w′|α1w′ ∈ Ln}|
· . . . ·

|{w′|α1 . . . αnw′ ∈ Ln}|

|{w′|α1 · · ·αn−1w′ ∈ Ln}|
=

1

|Ln|
,

�¶S��
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b_f
{w′|c1 . . . cnw′ ∈ Ln} = {ε}

¡�JLKNQPnQ*�¶]_nQ8¨ a�K�Z[f�h�Z[QP\[q�f�b�e�Y�Z �¶]_n�O ^rQPYNQPn�bda�Z[]_Y�y�n]�`6Q*�
q.e�nQ8¡

0
0

y

h

n

A

B

#�Zj^8e�nQ¤S)% ÄGe)4(¹�Q6f�� b_f�f]G`PZ�bdaQ6q a] by�nQ���¹��:]d�
Cn

q�QPyFQPYNq#]_Y�\jh�]d�Ba�KNQ�O«b,¹.ZjO«bd\
]_nq.ZjY�bdaQ

h
bdYNq¾`Pe�n�nQPYGa%]_nq.ZjY�bdaQ

y

w�Y¬^rQPYNQPn�bd\�¨l]_YNQ K�b_f�a]xy�nQ6`6]_O(y�e�aQ!e�y�a]
|Σ|n
�_bd\jeNQ6f

Pα(wp)
¡}Å%] ª QP�rQPnc¨rZjY(a�KNQ�`cb_f�Q

]d�<KN]_OR]_^rQPYNQ6]_eNf!fQ6kleNQPYN`6Q6f�¨lZja Z[f YN]_aIYNQ6`6Q6ff bdn�hRa]By�n]�`6Q6ffLQcb_`K�y�nQ���¹
wp

ZjYNq.Zj�GZ[q.e�bd\j\jhr¨
b_f«a�KNQ ]_Y�\jh nQP\[QP�8bdYla�ZjY.�»]_n�O«bda�Z[]_Y#]d�

wp

Z[f�a�KNQ¾O«b,¹.ZjO«bd\%]_nq.ZjY�bdaQ
h
nQcb_`�KNQ6q�iGh

wpbdYNqa�KNQ«`Pe�n�nQPYla�]_nq.ZjY�bdaQ
y
�»fQ6Q�#�Zj^8e�nQ«S��*¡�JLKNQPnQ*�»]_nQ8¨ ª Q«ZjYla�n]�q.eN`6Q«a�KNQ«`6]_YN`6QPy�a�]d�

(h, y)
��ZjY�Zja�Z�bd\jZ 1cQ6q ª bd\j¥F¡

�D½������ � � Â���� 
 #�]_n
h, y ≥ 0

¨
y ≤ h

¨FbdY
(h, y)
��ZjY�Zja�Z�bd\jZ 1cQ6q � m � Z[fxb � m � f�a�bdn�a�ZjY�^�bda

(0, y)
bdYNq¾`Pe�\jO(ZjY�bda�ZjY�^�bda!f�]_ORQXyF]_ZjYGa

(n, S)
¨Nf�eN`K a�KNbda

S > h
¡

t<QPa
Cy,h,n

iFQXa�KNQBfQPa�]d�
(h, y)
��ZjY�Zja�Z�bd\jZ 1cQ6q � m � f!]d�}\[QPY�^8a�K

n
¡

�¢½ � ���� 
	�Xµ�µ ´�°«² � ®2���
wp

��µ � '.¯dµ��
���
�d² � ��� ���+��¯_°
(0, 0)

��¯
(k, y)

�_³ �
h

��µ �
� µ
°���
�� °����g¯��&��� ³ ����²�)	
g®�²*³

{w′|wpw
′ ∈ Cn} = Cy,h,n−|wp|

)
p y�n]�]d��Z[f�ZjO(ORQ6q.Z�bdaQ�bdYNq�Z[f�Zj\j\jeNf�a�n�bdaQ6q�]_Y=#�Zj^8e�nQBS.¡
Jg]�`6]_e�YGa¢a�KNQ

(h, y)
��ZjY�Zja�Z�bd\jZ 1cQ6q � m � f¢]d�¸f�Z 1cQ

n
�¶]_n¢bd\j\�`6]_O(y�bda�Zji�\[Q!�8bd\jeNQ6f>]d�

h
¨
y
bdYNq

n
¨ ª Q�eNfQXa�KNQX�¶]_\j\[] ª ZjY�^RnQ6`Pe�nfZj�rQ�q�Q6`6]_O(yF]8fZja�Z[]_Y�]d� (h, y)

��ZjY�Zja�Z�bd\jZ 1cQ6q � m � fc¡
�¢½ � ���� 
�g¯��

y, h ≥ 0
!

Cy,h,1 =

{

(1, s)
� �

y + s > h
∅

¯�� ®.²��I�"��µc² �¶���

�8³ �@�6¯��
k > 1

!

Cy,h,k =

{

(1, s) · Cy+s,max(h,y+s),k−1

⋃

(1,−p) · Cy−p,h,k−1
� �

y > p,

(1, s) · Cy+s,max(h,y+s),k−1
¯�� ®�²��%�"� µ6²�) � � �

jk ANj#l
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¡
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�¶]_n�q.Z .¸QPnQPYla¢�_bd\jeNQ6f
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¡
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O(n3)
a�ZjORQLbdYNq
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ª bd\j¥�]d� Cn
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k = n − |wp|

¨
y
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wp

bdYNq
h
a�KNQ

O«b,¹.ZjO«bd\}]_nq.ZjY�bdaQ�nQcb_`�KNQ6q¤ilh
wp

¡xJLKNQPY<¨Fa�KNQBy�n]_i�bdi�Zj\jZja�h
P1(wp)

a�K�bda
wp

Z[f!�¶]_\j\[] ª Q6q
iGh b�f�aQPy

(1, s)
Z[f
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¡�pxf¬f]�]_Y b_f�a�KNQ��8bd\jeNQ6f
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`6]_O(y�e�aQ6q¸¨.bXfQ6kGeNQPYN`6Q�]d�
Cn
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O(n)
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S
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w�Y¬]_e�n}`cb_f�Q8¨_Zja Z[f}f�e)4«`PZ[QPYGa�a]%y�nQ6`6]_O(y�e�aQ�bdY
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bdYNq
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bdYNq

(k, S)
¡�t<QPa

DS
y,k

iGh(a�KNQ
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{
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∅
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⋃
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� �
p < y < S − s,

(1, s) · DS
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� �
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� �
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∅
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bd\j^r]_n�Zja�K�O ]d�
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