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��?BS�QZ? Q/PRJ�yqDE�:PcLlLND�J`D�^²[ePcJB^ TVJ`D���?BSUQZ?�Q/PcJBJBTRL���>@?BSU]H��SU��� PRObSU]bDc[±�¨TVO�SUJB]lLNPRJBQ�DR[
S�J PRJM��]lSULb�_PcLbS�TVJ���?BD�OlD�PRJ�S�JBS�LNS�PR�U�U� �:PgL.TVy"fhD�Q�L.?_PR]HpqTVOhLNSUTVJB]���?BSUQZ?�^BD��RD��UTVpqD�^²[
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α = 1, no convergence

��SU\V�BObD�v > njD�]b�B��Lo��?`D�J 0�� +

T¸�RD�O LNSUCEDR[1�§PROlpBSUJB\.TVO yB�`yByB�US�JB\`�eI¥L SU]7Lb?BD�J(TR�²SUJMLND�ObD�]hL LbTHCET"^BSU� �{Lb?BD�pBObTRyB��D�C ]bT
LN?_PcL�[qJ`T¸��[�LN?BDH�:PcLbLbD�JBD�^,^_PcLNP&SU]kObD�pB��PRQ�D�^�y1��JBD�PROb�����_PcLbLbD�JBD�^²[²PRJ`^,TVJBDH^BD��"SU]bD�]
P�^B�_Pc�7� P/��LbTW]lLbTVObD&PRJB^ �"SUD�� LN?`D&Q��`Ol�VD�^�p_PROhL/[��B]lS�J`\B[�]NP/�R[ePW\VObPRpB?BSUQ/PR� �B]lD�O � ]
S�JMLND�Ol�;PRQ�DR�

ioJBTRLb?BD�OjpB�BOlpqTV]lD��¨TROj�`]bSUJB\�Q��`Ol�cPcLN�`ObD�S�J`�¨TRObC�PcLNSUTVJ�S�]�LNT�y�D.PRy`��D�LNT�\VD�J`D�ONPgLND
^_PcLZP�]h�8JMLb?BD�LbS�Q�PR�����ESUJ��"SUD�� Tc�qLbD�]lLbS�J`\�Lb?BS�]eTROeTRLN?BD�OeCED�LN?`T8^B]��"Lb?BD�C�PcLN?BD�C�PcLNSUQ�] TR�
LN?BSU]�pBObTRyB��D�C PROlD{JBT~�¦TR� ^BS��2D�ObD�J1LbSmPc��X¥\VD�TVCED$LNObSUQEJ_PcLb�BObDc�.© D{?BP~�RD(]hLZPROhLND�^ � TVO ;
LNT{LN?BSU]�D�JB^2�

� � ��� # �H
E����
 !��(!�� � �±�QP������

IKJ ]lD�Q�LbS�TRJ z8[j� D�]b?BT~� D�^�LN?_PcL��BJ`S�´1�BD�JBD�]l]WTR�HLN?BD ]bTR���`LbS�TRJ TR��LN?`D�Q�TVJMLNSUJ1�BTV�B]
pBObTVy`��D�C PRCETV�BJMLb]kLNT��BJ`S�´1�BD�JBD�]l]HTR�"�	[²SU]bTVCED�LbObSUQ{]bD��U� X¥C(Pcp�Tc�7P�pB�mPcJBD{ObD�\VS�TRJ ��[
�BJB^BD�O�LN?BD�PR]l]b�BCEp`LbS�TRJ�Lb?_PcL �(�UD/P/�RD�] p_PROhLeTR�:LN?BD@y�TV�BJ`^_PROl���`£8D�^W¡;SUJ{TRLN?`D�O�� TVOb^B]�[
]b�BQZ? P(� Q�PRJWTVJ`�U��y�D�Lb?BD.SU^BD�JMLbSULK�`¤$�oI¥LkSU] ;1JBT~��J,Lb?_PcLjLN?BSU]kSU]oSUJB^BD�D�^,Lb?BD.Q�PR]bDHSU�
TVJBD��B]lD�]@LN?BD��;PcQ�L@LN?BPcL@SU]bTVCED�LbOl��p`ObD�]lD�Oh�VD�]o��T"Q/Pc�e¡  e�BQ���SU^BD�PRJ:¤§^BSU]lLZPcJBQ�Dc� IK]@S�LjPR�U]bT
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α = 0, converges

��SU\V�BObD�t > njD�]b�B��Lo��?`D�J 0�� E

LN?BD�Q/PR]lDHS��eTVJ`DHOlD�´1�BSUObD�]oCED�ObD��U�Lb?_PcL���p`ObD�]lD�Oh�VD�]��UT"Q/PR�	PROlD/P�V >@?BDHPRJB]l� D�OjLN�BOlJB]
TV�`L§LbT�y�D�JBT`[_PR]§LN?`D��¨TV���UT~��S�J`\�DY£`PRCEpB��D�]l?BT~��]jSUJQ/PR]lD���?BD�OlD�� SU]@LN?BD��BJ`SUL�^BSU]bQ�>

� D$L�� � N � yqD Pj�¨�BJ`Q�LNSUTVJ�^`D&�_JBD�^{TVJ�� E 5 +�� 5 ��S�LN?HLb?BD p`ObTVp�D�OhLK��Lb?_PcL���]bD�JB^B] E PRJB^
+ LbT E 5 yB�`L���SU]±JBTcL±SU^BD�J1LbS�Q�PR�U�U�QH�D�ObTB��ikJHD$£`PRCEpB�UD Tc�B]b�`QZ?�P���S�]�� � N � � B N � + : N � [ B
PRJM��ObD/Pc�"J1�BCHyqD�O��exoD&�_JBD7LN?BD�J��	[cSUJ.p�TV��PRO	Q�T"TVOb^BSUJ_PcLbD�]�[RyM� > � � N 5
	 ��� � N 5
	 / � � N �C� �
��Q�PRJ D/Pc]bSU�U��yqD�]bD�D�J LbTWpBOlD�]bD�Ol�RD�LN?BD&PRObD�PWCED/PR]l�BObD N���N�� 	 � � PR�U]bTW��D�P~�RD�].Lb?BD
yqTV�`JB^_PROh��TR� Lb?BD��BJBS�LH^`S�]lQ��`£8D�^ ¡¢PRJ`^�S�LN]�Q�D�J1LbD�O�[�PR]�S�LH?BPRpBp�D�JB]N¤$[�PcJB^ � SU]HJ`TRL
LN?BD�SU^BD�JMLNS�LK�V� � JBD�Q/PRJLN?`S�J ;&TR�%�,Pc]oP{]l?BD/PRO@��S�LN?�ONPR^BS�PR�²]h�"C�CED$LNOl�R�

>@?`S�]���PRQ ;WTc� �`JBS�´1�BD�JBD�]l]HQ�PRJ�LN?BD�J�yqD{DY£"LND�J`^BD�^ LNT�PcJ1�WpqTR�U�"\VTVJBPR��OlD�\VSUTVJ� >
y1��Lb?BDHnjSUD�C�PRJBJWC(PcpBpBSUJB\(Lb?BD�TVOlD�C ¡¨]bD�Dc[qDc�Ç\`��[ $Çt'& ¤Y[� S�]jQ�TVJ8�¨TVObC�PR�U�U�D�´1�BSU�cPR�UD�JML
LNT Lb?BD,�BJBS�L�^BSU]bQc� I¥��X SU]�P Q�TRJ`�¨TVObC�PR�oC�PRp �¨ObTVC � LNT��[§Lb?BD�J X � X �� 5 Lb?BD
Q�TVJcfh�`\MPcLND.TR� ��[²SU]�P�]bD��U� X¥C(Pcp�TR�� ��?BSUQZ?�SU]�JBTRLkLN?BD�SU^BD�J1LbSULK�R[���?BS�QZ?��UD/P/�VD�]�Lb?BD
yqTV�`JB^_PROh��TR�� �`£8D�^²[�PRJB^���?BSUQZ?WpBOlD�]bD�Ol�RD�]�PROlD/P`[_]lS�J`Q�D�SULb]��VPRQ�TVyBS�PRJ²[_pBOlT8^`�BQ�LjTR�
LN?BD��VPRQ�TVyBS�PRJTR��D�PRQZ?�;PRQ�LbTVO�[BSU]�TVJBDc� ³oTRLbD�Lb?_PcL�?BD�ObD�� DHPcObD�JBTRL�DY£`p`��SUQ�S�LN����B]bSUJB\
LN?BD.�;PcQ�LkLb?_PcL X SU]�Q�TVJ8�¨TVObC�PR�;[2TVJ`�U��LN?_PgL�S�L�S�]�P&^BS��2D�TVCETVObpB?`S�]lC�� ��SU\V�BOlD�] L&PRJB^
}�?BD���p �"SU]b�_Pc��S�H�D&Lb?BSU]H]lD���� XKC�PRp²�IKJ�Lb?BD�]lD(�_\V�`ObD�]�[�LN?`D(Q�TVJ`�¨TVOlC(Pc�7C�PRp��¨ObTVC Lb?BD
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>@?BD]bTV�U�`LNSUTVJ�TR�oLb?BD��:PcLlLND�J`S�JB\�pBOlTVyB�UD�C5SU]�Q�PR]lL(PR]��_J`^BS�J`\�Lb?BDC�SUJBSUC.�BC TR�kP
Q�D�OhLZPRSUJ,Q�ObS�LND�OlS�TRJ  �[�S;�ÇDc��[2PR]�P(�cPROlSmPgLNSUTVJ_PR�	pBOlTVyB�UD�C�k>@?BSU]�^BSU]bQ�ObD$LNS�H/PcLbS�TVJ��"SUD��U^B]�P
�¨�BJBQ�LbS�TRJ�Tc� �_J`SULbD����C(PcJ1�&�RPcObS�PRyB�UD�]H¡;J_PcC�D��U�R[BLN?BD�p�TV]bS�LNSUTVJB]�TR��LN?`D+@K�¨ObD�D�B�JBT8^`D�]Z¤Y�
S¢� DR�U[8Lb?BDk]hLZPcLbD�]bp_PcQ�D�SU]"�_J`SULbD$XK^`S�CED�J`]bSUTVJ_PR�;� � �²Lb?BSU] �cPRObS�PcLNSUTVJ_Pc��p`ObTVyB�UD�C[`� D�JBD�D�^
LNT�PRJB]h� D�OjLb?BD��¨TV���UT~��S�J`\(´1�BD�]lLNSUTVJB]K>

X xoT8D�]�Lb?BD�]bTV�U�`LbS�TVJ�D$£8SU]lL V
X7IK]@Lb?BD�]bTV�U�`LNSUTVJ��BJBSU´1�BDWV
XAFjT~� ]bD�JB]bS�LNS��VDHS�]@Lb?BD�]bTV�U�`LNSUTVJLNT�pqD�OlLb�BOby_PgLNSUTVJB]�S�J�Lb?BD�^_PcLZPGV
X D8SUJBQ�DHLN?`DH�cPRObS�PcLbS�TVJBPR��pBObTRyB��D�C S�]oS�J`?BD�OlD�JMLN���,PE^BSU]bQ�ObD�LbSIH�PcLNSUTVJ²[�� DH^BTVJ � LoD$£1X

pqD�Q�L�S�L�LNT�y�D�LN?`D�]NPRCEDEPR]oLN?BD{]lTV���8LNSUTVJ�TR� LN?BD��_PcLbLbD�JBSUJB\�pBOlTVyB�UD�C� � �`L�^BT"D�]�S�L
PRpBpBOlT~£8SUC�PcLND�S�LCVWIKJ��?BS�QZ?�]bD�JB]bD V
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©�D{Q/PcJ PRJB]l� D�O�Lb?BD �_Ol]lL�´1�BD�]hLNSUTVJ�y1��LN?BD�P�U�ObC�PcLNS��VD�>kLN?`D{\VObT~�@LN?�p`ObTVp�D�OhLK�
TR�  SUJ,LN?BD{��PROl\VD�\V�_PcONPRJMLND�D�]�Lb?_PcL�Lb?BD�OlD�D$£8SU]lL�yqTR�BJB^BD�^ ¡¨?BD�J`Q�D{Q�TRC�pBPRQ�LZ¤k��T~� D�O
��D$�VD��:]lD�LN]�[8]lT�Lb?_PcL P�\V��TRy_PR�BCESUJBS�CH�BC D$£8SU]lLN]��e>@?BDoPRJB]l� D�O LNT�LN?`Dj]lD�Q�TVJB^&´1�BD�]lLbS�TVJ
� TV�`��^�yqD��VD�]�[�SU�  � D�ObDH]lLNOlS�Q$LN���Q�TVJM�RD$£q�2yB�8L# SU]jJBTRLjD��RD�JWQ�TVJM�VDY£�¡¨]bD�D�y�D��UT¸�o¤Y�
FoT~� D$�VD�O�[@TV�BOEDY£`p�D�OlS�CED�J1Lb]�]bD�D�C5LNT�SUJB^BSUQ/PcLbD�Lb?_PcL� ¦SU](]hLNObSUQ�Lb�U� Q�TVJM�VD$£�SUJ Lb?BD
JBD�SU\V?1yqTR�BOb?BT"T"^ TR� LN?BD(C�SUJBSUC�P`[±��?BSUQZ? � TV�B�U^ S�CEpB��� LN?_PgLHCESUJBSUC(PWPRObD�S�]lTV��PcLND�^²[
?BD�JBQ�D��T"Q/PR�U�����BJBSU´1�BDR��©�D�^`T�J`TRLE?_P/�VD��VD$L�P�pBOlT8Tc�oTc�oLb?BD��BJBSU´1�BD�JBD�]b]�Tc�jLb?BD
\V��TRy_PR��CESUJBS�CH�BC�&³jTRLND{Lb?_PcL�]bSUJBQ�DELN?`D�^BPcLZP�SU]�[	S�J�P]bD�J`]bDR[±PRpBp`ObT/£8S�C�PcLbDR[�]bSUJBQ�D
LN?BD7^BSU]lLZPcJBQ�D�]�PRJB^.PRObD�PR]±PRObSU]bD �¨ObTVC PopBSUD�Q�D���SU]bD �:PgL�PcpBpBObT/£8SUC(PgLNSUTVJ�TR�8LN?BD7]b�BOh�;PRQ�Dc[
� D�^BT�JBTRL�DY£`p�D�Q$LoLb?BD��cPR���`DHPgL@LN?BD�Q�TRC�p`�`LND�^WCES�J`S�CH�BC LNTEy�D�DY£`PRQ�Lb�U�"H�D�ObT`�

©�D�]lD�D�yM� J`T¸� Lb?_PcL/[��mPRQ ;1SUJB\�Q�TRJ1�RD$£8S�LK�V[§P�pBObT"Q�D�^B�BObD(LNT,]lTV�U�RD�J1�BCED�ObSUQ/Pc�����
LN?BD �cPROlSmPgLNSUTVJ_PR�8pBObTVy`��D�C ��SU���BJ`D�D�^{LbT�?_P/�VD�ObD�PR]bTRJ_PRyB����OlTVyB�B]hL \V��TRy_PR�"Q�TVJM�VD�Ob\VD�JBQ�D
pBObTVp�D�OhLNSUD�]���>@?BD{PRJB]h� D�Ob]�LbT&LN?BDHLN?BSUOb^ PRJ`^,�¨TV�BOlLb?,´1�BD�]hLNSUTVJ�PRObDHyqTcLN?,OlD���PcLND�^,LNT
LN?BD,^`D�\VOlD�D�TR��Q�TRJ1�RD$£8S�LK��TR�� SUJ LN?BD,J`D�SU\V?1yqTV�`Ob?BT"T8^ Tc��Lb?BD,\V�UTVy_Pc�kCES�J`S�CH�BC
¡¨��?BSUQZ?WSU]jPR��]lT�P��UT8Q�PR�²CESUJBS�CH�BC(¤jPcJB^WP/� PRS�Lj�¨�`OlLN?`D�OjPRJ_PR���"]bSU]��
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>�T��"S�]l�_PR�USIH�D{LN?BD�Q�TVJM�VDY£`S�LK� pBOlTVpqD�OlLbS�D�]�TR�  @[q� D{Q�TVJB]lS�^`D�O�PRJ�DY£BPcC�p`��D{��?BD�ObD
LN?BD�^_PcLNP�S�]7PR�UObD�PR^`���:PgLo¡;?BD�ObD@� Dj?_P/�VD+L��cPRObS�PRyB�UD@JBT"^BD�]�[8TR����?BSUQZ?�z�PROlD@S�JMLND�ObSUTVOZ¤Y[
PRJB^{��?BD�OlD§� DjPR�U�UT¸��TVJB���{TVJ`D§JBT"^BD§LNT��cPROl�R[VLN?BD@TcLN?BD�Ob]ey�D�SUJB\�?BD��U^��8£`D�^²[1D�´1�_PR�8LNT
LN?BDoQ�TVOlObD�]lpqTRJB^BSUJB\�'1]�[8��?`S�QZ?�PROlDk]b?`T¸��J�SUJ �_\V�`ObD�w8� ��S�\R�BObD�] ��PRJ`^�|~uH]l?BT~��Lb?BD
pB��TcLN]�TR� , Q�TVOlObD�]bp�TVJB^BSUJB\�LNT��cPR�U�BD�]�Tc� 0 ObD�]bp�D�Q�LbSU�RD�����u�PRJB^�|~u`��>@?`S�]�SUJB^BSUQ/PcLbD�]
LN?_PcL�[o��?BSU�UD�J`D�S�LN?BD�O - JBTVO 2 S�]�D$�VD�Ol�1��?BD�OlD Q�TRJ1�RD$£¦¡¨D��VD�J Lb?BTV�B\V?�LN?`D���PROlD
Q�TVJM�VDY£(S�J�LN?BD�JBD�S�\V?1y�TV�BOl?BT8T"^&Tc�qLb?BDoCESUJBSUC.�BC(¤$["LN?BD�JBTRJBQ�TVJM�RD$£8SULK�&TR� - SU] CESU��^
Q�TVCEp_PROlD�^LNT{LN?BPcLjTR� 2K�

n�D��¨D�ObOlS�JB\�LbT Lb?BD�]NPcC�D '�^_PcLNP`[e� D]b?`T¸� LN?BDOlD�]b�`�UL�TR��LN?`D�J"�`C�D�ObSUQ/PR��CESUJ8X
S�CESU]NPcLbS�TVJ2[2]lLNPROlLbS�J`\&�¨ObTVC Lb?BD.SUJBS�LNS�PR�±]hLZPcLbD�]b?`T¸��J�SUJ �_\W|V|V��© D �BJB^WLN?BPcL/[���?BS��UD
LN?BD{pB�`ObDECED�LNOlS�Q{Q�ObS�LND�ObSUTVJ��"SUD��U^B]�Q�TVJM�RD�Ob\RD�JBQ�D(LNT�Lb?BDE^BD�]lS�OlD�^�]bTV�U�`LbS�TVJ2[	Lb?BDEPROlD/P
Q�ObS�LND�ObSUTVJ ¡ 0 � + E ¤kQ�TVJM�VD�Ob\VD�]�LbT�P]lpB�BOlS�TV�`]H]lTV���8LNSUTVJ�¡;Q�TRObObD�]bp�TVJB^BSUJB\LNT�P���T"Q/Pc�
C�SUJBSUC.�BC Tc� , ¤$�e>@?BD�OlD�]b�`�ULb]kPROlD�]b?BT~��JWSUJ ��SU\V]�|¸z¸XZ|/F`�
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