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Interaction fluide-structure dans les écoulements
sanguins sur des géométries provenant de I'imagerie
médicale

Résumé : Nous traitons deux difficultés de la simulation de I’écoulement du sang dans des
vaisseaux souples : la génération des maillages pour le fluide et la structure, et la résolution
du probléme d’interaction fluide-structure en grands déplacements. La stratégie proposée
permet d’effectuer des simulations réalistes sur des géométries provenant de I’imagerie mé-
dicale.

Mots-clés : interaction fluide-structure; génération de maillages; algorithmes de Newton-
Krylov; masse ajoutée; écoulements sanguins.
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1 Introduction

The main objective of this article is to present a feasible strategy to simulate blood flows
in compliant large vessels. Such simulations raise many difficulties. We specifically address
two of them: first, the mesh generation for the fluid and the wall and second, the efficient
and robust resolution of the nonlinear fluid-structure problem.

A structural model for large arteries has to be three-dimensional and handle large dis-
placements. Given that the wall of the blood vessels is thin, it is convenient to use shell
elements. For “realistic” simulations, a procedure that starts with medical images and au-
tomatically generates a finite element mesh has to be designed. The most efficient and
reliable procedures able to achieve this goal produce tetrahedral meshes and thus triangular
meshes of the arteries surfaces. In this context, it could be appropriate to use triangular
shell elements. Nevertheless, it is usually admitted that quadrilateral shell elements are
more reliable in general situations. We therefore have to couple quadrilateral meshes for the
structure and tetrahedral meshes for the fluid. A possible strategy could be to use a method
— for example interpolation or mortar element [3] — to manage non-matching grids. But the
practical implementation of such techniques on general 3D geometries is rather involved. In
the present work, we propose an alternative which consists in converting pairs of triangles
of the tetrahedral mesh skin in order to produce a quadrilateral mesh. Of course, this pro-
cedure have to be carried out very carefully to ensure the quality of the resulting mesh. By
the way, the method proposed in this paper is a general way to generate a non structured
quadrilateral mesh of a surface. As a result of this approach, the vertices of the quadrilateral
and the tetrahedral meshes can be matched, which makes very simple the message passing
between the fluid and structure solvers.

Once suitable meshes have been generated, the fluid-structure problem has to be tackled.
To this purpose, partitioned schemes are very convenient: they allow to use the available soft-
wares with minor changes, the most adapted schemes for both fluid and structure solvers,
and they ensure that the fluid-structure solver will automatically inherit future improve-
ments in fluid or structure algorithms. In the family of partitioned schemes, loosely-coupled
algorithms (see [13] and the references therein) are very attractive since they typically require
one (or a few) resolution(s) of fluid and structure at each time step. Such algorithms are very
efficient in aeroelasticity ([13, 24, 32]), but it has been observed in many works ([10, 21, 31])
that strongly-coupled algorithms seem to be mandatory in blood flows. Partitioned strongly-
coupled methods yield the resolution of a nonlinear problem on the fluid-structure interface
([23]), which may be very time-consuming. In particular, classical fixed-point methods are
too expensive, and sometimes not robust enough (even if acceleration techniques improve
their efficiency [27, 28, 29]). This fact, which is now well-understood ([8, 23]), is mainly
due to the added-mass effect (see for example [30] for a presentation of this effect in vari-
ous applications). We present in this article a Jacobian-free Newton-Krylov method based
on the following basic idea: a simplified problem which takes into account the added-mass
effect can be used to efficiently evaluate an approximate product “jacobian times vector” in
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4 J.-F. Gerbeau, M. Vidrascu, P. Frey

a Krylov method. The resulting algorithm appears to be efficient and robust in the context
of blood flows.

The article is organized as follows. We present in Section 2 the basic equations of the
problem. Section 3 is devoted to the description of the mesh generation algorithms. In
Section 4, the shell model, the load computation and the time marching algorithms are
detailed. The inexact Newton method is described in Section 5 and some numerical results
are presented in Section 6.

2 General formulation of the fluid-structure problem

Let Q(t) be a time-dependent domain of R® occupied by a continuum medium. It is assumed
that, for all time ¢, Q(t) = Qp(t) U Qg(t) and Qp(t) N Qs(t) = 0, where Qg (t) is occupied
by a fluid and Q5(#) is occupied by an elastic solid. We denote by X(t) = Qr(t) N Qs(t) the
fluid-structure interface. The domain (%) is the current configuration of the system. Let (2
be a reference configuration.We define the deformation ¢ of the continuum medium:

@:0x[0,T] — Q)
(:i'at) - 'Z':Qb(i'at)a

the deformation gradient:

A

and its determinant J(&,t) = det F'(&,t). The curve t — @(,t) corresponds to the trajec-
tory of the material particle £. We define the displacement
d(z,t) = p(z,t) — 3.

0 L. .
The velocity of a particule &, defined as —‘p(:f:, t), will be denoted u, in the structure and 4

in the fluid. On a point z in the fluid, u(x,t) denotes the quantity @(%,t), where z = @(Z,t).
Following the Arbitrary Lagrangian Eulerian (ALE) approach, we introduce another
mapping which does not coincide in general with the material trajectories. We define the
fluid domain deformation:
A:Qp x[0,T] — Qr(t)

~

(z,t) — =z = A(&,1).

We define the fluid domain velocity by

o OA,
w(z,t) = W(a:,t).
Let 2 = A(,t), we define the ALE derivative:
dg I VPN | OAi o 391 () - 01
o] (@0 = 5a(A@.0,0) = GLa0) + 60 5 (06) = 5L 6) + w- V().
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Fluid-Structure Interaction in Blood Flows 5

The displacement of the fluid domain is denoted by dp, namely dr(2,t) = A(,t) — 2.

The mapping Ais typically such that it coincides with @ on the fluid-structure interface, it

satisfies w - n = 0 on the artificial boundaries and it is “arbitrary” anywhere else in Qp.
We denote by o the Cauchy stress tensor in the fluid, by o g the Cauchy stress tensor

A~ A ~ =T
in the structure, and by II = J&gF  the first Piola-Kirchhoff tensor.
The load induced by the fluid on the structure is given by

~ A —

P S N
fs=JorF ns. (1)

The fluid-structure problem reads:

ou . .
(F) pfai-i-pf(u—w)-Vu—dlvap =0 in Qp(t),
u(z,t) = d,(p, (x),t) onT(t).
.. Ol . R
A —S _ . . H — . Q
(S) JPs En divw OA . in AS’
II-n, = Jé6pF n; onX.

The domain velocity in 0 F satisfies:
(D) =T —1(5 |.
w =Tr~"(is)s)-

where Tr~! denotes an arbitrary extension in the fluid domain. Notice that &g = &p|g =
d|s, where dy denotes the displacement of the fluid-structure interface.

This problem can also be written in a variational form:

Find wu(t) defined on Qr(t) such that wu|s) = |y and:

(F) 4 pfu-'u+/ div[pfu®(u—w)]-v+/ or:Vv=0,
dt Jop 1) Qr (1) e (1)

for all admissible test functions v.

Find 4i,(t) defined on Qg such that :

for all admissible test functions .

(D) { Find w(t) defined on Qp(t) such that:
W) = Ulx()-

RR n° 5052



6 J.-F. Gerbeau, M. Vidrascu, P. Frey

Of course, the above equations have to be completed by other boundary conditions
depending on the problem at hand.

The fluid is assumed to be incompressible and Newtonian which is generally considered
as a reasonable approximation in large arteries. Thus:

or = -—-pld+2pe(u),
divu = 0.

The structure is assumed to be hyperelastic. Denoting the nonlinear Green-Lagrange strain

tensor by & = %(ﬁ‘TIA’ — Id) and the second Piola-Kirchhoff tensor by:

S—F'f=JF '6F ",
the constitutive law for the solid reads:

oW, . oW
aé (6)7 (l‘e' El] - 8é”)7

where W is an elastic energy density (see section 4.1). We are aware that these constitutive
laws are rather rough for arteries which are known to be viscoelastic. We choose them as a
first step toward more realistic simulations.

3 Unstructured mesh generation

It will be explained in the next Section that it is convenient to use quadrilateral elements
for the structure, whereas the fluid domain is generally made of tetrahedra. We address in
this Section the construction of both meshes.

In the context of numerical simulations, mesh adaptation is often used in order to improve
the accuracy of the numerical solution as well as to reduce the number of degrees of freedom
(i.e., the mesh size) required to capture the behavior of the solution. Schematically, two
approaches can be used to address the problem of constructing an adapted mesh of a given
bounded domain:

e mesh optimization using local refinement/derefinement [2, 33, 7] and
e mesh (re)construction of the domain.

For both cases, numerous algorithms have been proposed and successfully implemented, in
particular when isotropic specifications are prescribed.

Nowadays, the generation of unstructured simplicial meshes for domains of arbitrary
shape is often considered as a solved problem. Indeed, fast, reliable and fully automatic
mesh generation algorithms have been designed over the last two decades and are now
routinely used in industrial applications (see [18] for a survey of the main classes of such
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Fluid-Structure Interaction in Blood Flows 7

algorithms). On the other hand, the generation of quadrilateral or hexahedral unstructured
meshes has not yet reached the same level of maturity (especially regarding the robustness
and the general nature of the algorithms) and therefore, there is still a bit of room for
improvement.

Usually, the generation of unstructured quadrilateral meshes receives much attention as
it is considered as a pre-requisite for complete hexahedral mesh generation. However, in this
study, the coupling between the surface and the volume meshes does not require strictu sensu
the conformity of both meshes, only the vertices must be matched. Hence, the proposed
approach relies on the creation of a quadrilateral surface mesh, each of the quadrilaterals
been then subdivided into two triangles that will be preserved during the generation of the
tetrahedral volume mesh. The main objective of this section is to briefly present a new
indirect approach to produce a quadrilateral mesh for arbitrary curved bounded surfaces.

3.1 Quadrilateral surface meshing

Here, we specifically address the topic of (anisotropic) quadrilateral surface mesh generation
using an indirect approach. As such, this approach can be considered as an extension of the
method described in [4].

Given a triangular mesh of the domain, the method relies on the principle that a fully
quadrilateral mesh can be formed by carefully converting adequate pairs of triangles to form
quadrilaterals. By repeating this basic operation over the mesh elements, the whole domain
could be covered with quadrilaterals, provided an even number of triangles. Obviously, such
a simple pairing strategy cannot always produce a pure quadrilateral mesh and may lead to a
mixed mesh, composed of both triangles and quads. Such a mesh can be further subdivided
to result in a quadrilateral mesh.

In order to explain the method employed to convert triangles into quadrilaterals, we need
to briefly introduce various notions.

Notion of metric. A metric M, defined by a symmetric positive definite 3 x 3 matrix
associated with the mesh vertices, is introduced to prescribe the desired elements sizes and
the aspect ratio of the desired mesh elements. For instance, such a metric can be constructed
by an a posteriori error estimate [17] or based on the intrinsic properties of the surface to
account for the local curvature [16].

This metric is used to practically compute the edge lengths, the aim being to create
a so-called unit mesh, i.e. a mesh such that every edge a (considered as a parametrized
segment) has a unit length:
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8 J.-F. Gerbeau, M. Vidrascu, P. Frey

The scalar product of two vectors @ and b with respect to the metric M and the norma of
a vector are respectively defined as:

L3 a g ~ RSt
(@ bjpm="aM7, |dlm=1[a,a)]:.
This allows us to define the angle measure ABC with respect to a metric:

. (BC, BA) m )
O = ABC pq = ar — ]
M= ABCa “COS(||W||M||EIHM

Quality measure. We can define the quality of a quadrilateral Q = ABCD defined
counterclockwise. A quality function ¢ can be related to the measure of the angle and
normalized as follows:

2
2m if0 < fp < T,
60w =4 =000 oy
™
0 ifﬂ'SGM,

and the quality of an element is then defined as the minimum value of the angle quality
function ¢.

This quality function is able to capture all degenerated quadrilaterals (skewed, stretched
and concave elements). But obviously, for curved surface, an additional criterion must be
added to account for the local curvature. More precisely, coplanar triangles must be paired
together preferably so as to preserve the geometric approximation of the surface.

Triangle merging procedure. At first, a unit triangle mesh is created using a classical
surface remeshing scheme [16] with respect to the geometric metric based on the local cur-
vatures. Then, starting from the domain boundaries, each pair of triangles is likely to form
a new quadrilateral element. Therefore, all such pairs are sorted in decreasing order accord-
ing to the quality function and are analyzed. Once a pair of triangles has been succesfully
checked against the quality criteria, the resulting quadrilateral is formed and the pair is
removed from the list. Obviously, isolated triangles may remain at the end of this process.
To minimize the number of such triangles, the combination of triangles can be driven by
adjacency, from a given quadrilateral.

At completion, a mixed mesh is obtained, containing a few isolated triangles. The latter
are then splitted into three quadrilaterals (adding three vertices along the edges and a
central vertex on the surface). To preserve the overall mesh conformity, quadrilaterals mesh
elements are then splitted accordingly. This operation is not as simple as for planar meshes
as additional vertices must be located on the true geometry and not on the straight sided
facets.

Notice that this operation leads to a mesh in which all elements have a size two times
smaller than expected. To overcome this problem, the initial metric is simply emphasized
by a factor of two.

INRIA



Fluid-Structure Interaction in Blood Flows 9

Finally, to improve slightly the overall mesh quality, a node smoothing procedure is
carried out over all mesh vertices. It basically consists in moving all vertices in order to
optimize the edge lengths with respect to the metric as well as the element shape function
quality.

3.2 Tetrahedral volume meshing

Once the quadrilateral surface mesh has been created, each surface quadrilateral is then
splitted into two triangles (hence simply changing the mesh topology while preserving the
geometry). A tetrahedral mesh is constructed using a Delaunay-based approach [19]. This
"classical" procedure is based on three successive stages: vertex insertion, boundary recovery
and internal node generation, eventually followed by a mesh quality improvement step. As
such, this robust approach preserves the given surface triangulation which, in the context
of this study, is a fundamental requirement and prevent the use of other mesh generation
methods.

4 Discretization

In our computations, the fluid equations are discretized in space with P1/P1 stabilized finite
elements on tetrahedra (or Q1/Q1 on hexahedra). Below, we give some details regarding
the structure discretization. We next present how is computed the load induced by the fluid
on the structure and we close this section with the time-advancing schemes.

4.1 Structure: a shell model in large displacements

As explained in the previous Section, automatic mesh generation on arbitrary geometries
generally produces tetrahedra, and therefore triangles on the surface. Triangular shell el-
ements are thus the most convenient. Our first choice was to use a geometrically exact
shell model proposed by J.C. Simo, D. Fox and S. Rifai [36] with DKT shell elements [6].
This model gave excellent results in other fluid-structure interactions problems (see [23]).
In addition, it has been validated on several structural dynamics problems. Nevertheless,
the element seems inappropriate for blood flow problems, since in various benchmarks, the
results obtained are not in agreement with the expected values. In our attempts to identify
the origin of this problem it appears that the actual implementation of the DKT element is
very accurate for bending dominated problems but gives poor results for membrane domi-
nated problems. Moreover, its accuracy is extremely sensitive to the shell thickness. This
particular behaviour of the shell elements is actually well-known (see chapter 7 in [9]).

To overcome this problem we use MITC4 general shell element: it is known to be reliable
and effective in the two asymptotic states (membrane and bending). The main characteris-
tics of this element are described hereafter. The drawback is the need to use a quadrilateral
mesh, that is why a procedure to generate such a mesh from a triangular one has been
described in the previous Section.

RR n° 5052



10 J.-F. Gerbeau, M. Vidrascu, P. Frey

The MITC4 “General Shell Elements” (see [1, 9]) can handle large displacements and is
interesting as it is based on a general 3D variational formulation. In particular, standard 3D
constitutive laws are used. The transversal stress is null and a kinematical constraint makes
this model compatible with a Reissner-Mindlin shell model. In our applications, we use a
generalized Hook law for which the internal stored energy on the non-deformed configuration
is given by :

1

W@) = 5 [ (0P eap@ernld) + De(d)er-(@)] dV, ©)

where e = (eqp) denotes the nonlinear Green-Lagrange strain tensor. In equation (2) the
Greek symbols varying from 1 to 2 are used for the tangential components to the surface, z
is the third direction, and

E 2v
afAu — aX  Bu ap B af  Ap
c 72(1+V)(g 9+ 9™+ 9™, (3)
8E
Da)\ — ad 4

where E is the Young modulus, v the Poisson ratio and g®* the contravariant components
of the metric tensor.

For the MITC4 finite element the geometry is fully defined by the position of the nodes
(z()) on the mid-surface, the unit outward normal (al”) at the surface in each node and
the corresponding thickness (¢(9)):

= @ L 1D G
T = Z Ai(r, 8) (2 + 25ay )s (5)
=1

where \;(r, s) are the standard Q1 Lagrange shape functions in 2D. The displacement is
then given by:

- N NO) () )
d= Z)\i(r, s)(d +25n )s (6)
i1

where (¥ corresponds to the variation of the unit vector agi) and verifies the constraint:

n(i) -a(3i) =0.

The MITC4 finite element has thus 5 degrees of freedom per node (the three components
of the displacement and the two parameters which define the variation of the unit vector).
This element is robust and almost free locking. This desirable feature is obtained by using a
particular interpolation strategy for the different components of the strain tensor (see [1]).

INRIA
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4.2 Load computation

To compute the load induced by the fluid on the structure, we use the conservative method
proposed in [12]. For the sake of completeness, we briefly recall the main ideas of this
approach and show how simple is its application in our case.

To start with, we consider the more general case where the meshes are incompatible, in
the sense that the nodes for the fluid and the structure do not match on the interface. We
nevertheless assume that the fluid nodes are located on the faces of the structure elements
(if this is not the case, one can consider the projection of the fluid nodes onto the surface
defined by the structure mesh). The algebraic form of the kinematic condition (F)4 reads:

@

where Ur,, (resp. Usy) denotes the vector of the NE (resp. Ng) degrees of freedom of
the k — th component of u on the fluid (resp. structure) mesh of ¥, and K is a N& x N&
matrix. The matrix K can be obtained for example by the mortar element method [3] or by
interpolation. In this latter case,

K =[65@h)]

i=1..NE ,j=1..N§

where z¥" denotes i — th fluid node and fo the j — th basis function of the structure. We
now aim at computing

Fsp = [ . fEk‘lg;g]
S

)
;— S
i=1,..,N§

for k =1,2,3, where fsx, = (fx k)k=1,2,3 is defined in (1). Suppose for the moment that the
following vector is given:

Fpr = [ fz,Mﬁf] , o
e j=1,..,Ngs,

Then the discrete energy balance is satisfied as soon as the power of the force computed on
the fluid side equals the power computed on the structure side. In other words, if

w

3
T T

E :Us,kFS,k = E UF,kFF,k-

k=1 k=1

This equality must be true for all vectors satisfying (7). Therefore

Fsp=K"Fry (8)
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12 J.-F. Gerbeau, M. Vidrascu, P. Frey

We now explain how to compute Fr . Notice that, at the continuous level, if (u,or) is a
solution to (F'), if v is a function defined on ¥ and Tr~!(v) an extension in Qp(t) then

[Fso == [ pruTrio)-
$ dt Jar(1)

[div [oru® (u—w)] - Tr~ (v) + op: VT~ (v)
Qr(t)

The vector Fgj can be computed by taking v = qﬁf and a discrete counterpart of this
relation, consistent with the time scheme (see (9)).

In fact, in view of the special mesh generation techniques adopted in the present work,
the nodes of the structure and the fluid do match. Consequently, the matrix K is simply
the identity in our case. The message passing between the two solvers, and more specially
the load computation, is therefore straightforward, even if triangles are used on the one side
and quadrilaterals on the other one.

4.3 Time discretization

We now describe the time advancing algorithms. We denote by 6t the time step and " = nét.
The following quantities are assumed to be known at time t": Q% (approximation to Qg (t™)),

A A . . ~nt1 R
u™, p", dp,w", d ,@. We aim at computing Q% 4t prtl d ' and @t

. . . ~Antl o,
Fluid domain deformation. We assume for the moment that d; is known and we

~An+1 . . ~n+l s g
compute d; as an arbitrary extension of d; (for example an harmonic lifting). Then
we define the fluid domain velocity by:
~n+1 An
,ﬁ;n-f-l — dF — dF
ot

and the new domain:
Qgﬁ'l =%+ Stw™t

We formally denote this step by:

~n+1 ~n+1
dp =D(dy )

(where all the known quantities are omitted for the sake of clarity).

INRIA
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Fluid resolution. We use an implicit Euler scheme for the fluid: we look for (u™+1,p"t1)
such that, for all admissible test functions (v, q),

' 1/ u™t o 1/ u™ - v
ot Q;+1pf ot npf
+/ diV(pr"+l®(U"+l—'w”“))'”_/ p"tdive
Q;‘-Fl Q;,+1
¢ +2/ +1ue(u"+1):e('v) = 0,
o
gdive™t!t = 0,
Qptt
~n+1 )
dy —d
’U,"+1 N — ) E_
{ [5mar ot

We formally denote this step by:

~nt1

(u"*, ") = Fldr )

Load computation. According to the discussion of section 4.2, the force term is straigh-
forwardly obtained by computing the residual of the fluid problem:

~ 1 1
ntl 25 _ - n+l o no_ ..
/ﬁfg é; [ 5t/m+lpfu v; &/"pfu v;
F F

*/ div (pru™! @ (wt — w™h) v, 9)
Qrtt

—/ p"Hdive; + 2/ pe(u™t) e(vi)].
Q;‘Fl Q;ﬁ-l

We formally sum up this step by:

121:—1—1 — R(un+1,pn+1)

Structure resolution. We use a mid-point scheme for the structure:

1 sl s om
5t ‘] T Jpsu
1 An+l 1 aAm n b
< +zas(d” v)+§as(d",'v) = /f -
&n+1 _&n 3 An+l+,&n
N 5t N 2 ’

RR n° 5052



14 J.-F. Gerbeau, M. Vidrascu, P. Frey

with

as(d,9) = / .V, = / W By ¥ = / W 14+ V,d): Vs,
9} Gs OF as OF

We formally sum up this step by:

~n+1 n
dy, = 3( 2+1)

Conclusion. The solution to the fluid-structure problem at time step t"*! is achieved by
an+1
finding a fixed-point dg+ of the application 7 =SoR o F o D.

5 A Jacobian-free Newton-Krylov algorithm

Classical fixed-point method are very expensive to solve the above problem. A theoretical
explanation of this fact is given in [8] in a simplified framework. Thus, we advocate to look
for a zero of A =7 — T using an inexact Newton algorithm ([20, 21]):

(i) Initialization: do = d + Btgn Syt
(ii) Approximate jacobian resolution: A'(dy)édy = —A(dy).
(iii) Update the solution: &k+1 =dj, + \,6dy.

In step (i), A’ denotes a suitable approximation of A’ and in step (iii) Ay is determined
with a linesearch procedure. We choose to solve the linear problem using the Krylov method
GMRES [34]. The computation of the Jacobian is therefore not required: it is sufficient to
define an approximation of the product of the Jacobian with an arbitrary vector. There exist
many techniques to approximate such a product. For example, a finite difference approxi-
mation is used in [5]. We refer to the survey paper [22] for a comprehensive presentation
of these methods and to [14, 25, 26] for other attempts at applying Newton algorithms in
fluid-structure problems. We follow another route here and we propose to approximate the
tangent operator by simplifying the physics. On the one hand, the inexact Newton method
may fail to converge if the simplification is too drastic. But on the other hand, if the tangent
problem is too rich, the computational time may be as large as with fixed-point methods
(even if such inexact Newton algorithms converge in only 2 or 3 iterations).

The main idea of our method is to devise an approximate problem as simple as possible
but which takes into account a phenomenon responsible for numerical difficulies: the so-
called added-mass effect ([8, 23]). To define this problem we propose to

e neglect the geometrical variation about the current configuration Qr = Qg (t?),
e linearize the structure about its current state,

e neglect the nonlinear and viscous terms in the fluid.

INRIA
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More precisely, we introduce the simplified fluid problem:

—Apttl = 0 on Qr,
S
6pn+1 = —pf 7‘1 4t - un n on z_]
on &t )

As before, this problem defines a formal operator

~ ~n+l
PnH =F(ds )

Thus, our algorithm reads:
(i) Initialization: do = d + 3ta? — 2qa"~",
(i) Resolution of A'(dy)8dy, = —A(dy,):
e Evaluate —A(dy) (with A =7 —SoRoFoD).

e Solve the linear system with GMRES. The matrix/vector products being evaluated
by:

Al(dy) 2z = 2 —S'"(F(dy)) - F'(dy,) 2,

which only requires one resolution of a scalar Poisson problem and one resolution of the
linearized structure (already computed and factorized during the structure solution,
since we use a Newton-Raphson with a direct linear solver for the nonlinear elasticity
equations).

(iii) &k+1 = (Aik + )\kéfik

The present method allows a significant reduction of CPU time compared to accelerated
fixed point algorithms ([21]). Moreover, according to our experience, it is robust for the
physical situation encountered in blood flows: for example, in all our test cases, the linesearch
procedure has never been activated (i.e. A = 1). For the sake of completeness, let us
indicate that we use nested preconditionners for the GMRES iterations: the first tangent
problem at each time step is not preconditionned (it typically requires 12 GMRES iterations),
but the next tangent problems are preconditionned using the Krylov spaces built at the
previous inexact Newton steps (consequently, they only required 3 or 4 GMRES iterations).
We refer the interested reader to [11] for the details of this technique.

6 Numerical results

The purpose of this section is to illustrate the capabilities of the methods introduced in this
article. We basically solve the same physical problem on three different geometries: the fluid
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is initially at rest and a pressure of 10* dynes/cm? has been imposed at the inlet for 0.005
seconds. The physical parameters are: p = 0.06 poise, pr = 1g/cm?, E = 3-10° dynes/cm?,
v =0.3, ps = 1.2 g/cm? and the thickness of the the shell is 0.1 ¢cm. The solution is a pressure
wave that propagates along the vessel.

The first geometry is an idealized carotid bifurcation for which a hexahedral mesh is
available. It will be used as a benchmark. The two other meshes, a cerebral aneuvrism and
another carotid bifurcation, come from medical imaging.

6.1 Comparison hexahedra/tetrahedra

Figure 1: Left: hexahedral mesh (by courtesy of K. Perktold and D. Liepsch), center:
tetrahedral mesh, right: quadrilateral mesh.

The first mesh of carotid was generated in hexahedra (by K. Perktold and D. Liepsch).
In such a case, the generation of the quadrilateral mesh for the structure is straightfor-
ward. We will use these hexahedral /quadrilateral meshes to validate the results obtained
after remeshing the volume in tetrahedra and transforming the triangles of the surface in
quadrilaterals as described in Section 3 (see Figure 1 and 2). We have reported on Figure 3
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Figure 2: Magnified view of Figure 1.
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the norm of the displacement of three arbitrary points located on the common, internal and
external carotid (versus time). The curves in solid lines were obtained with the tetrahedral
mesh whereas the curves in dots were obtained with the hexahedral one. Notice that the
results are in good agreement, which, in some sense, validates our approach.
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Figure 3: Norm of the displacement of three arbitrary points versus time. Comparison
of the results obtained with structured hexahedral/quadrilateral meshes and unstructured
tetrahedral /quadrilaterals meshes (see Figure 1 and 2).

6.2 Results on geometries coming from medical imaging

In the previous sub-section, we have shown that the results obtained on structured hexahe-
dral/quadrilateral meshes are very close to those obtained on a tetrahedral mesh coupled
with a unstructured quadrilateral mesh for the shell. This allows to have a reasonable trust
in our approach. In the present section, we show the results of computations performed
on geometries coming from medical imaging and for which an hexahedral mesh was not
avalaible.

The meshes and the results presented in Figures 4 and 5 correspond to a congenital
cerebral aneurism located at the apex of the bifurcation of a branch of the middle cerebral
artery. More details on this aneurism can be found in [35]. The result presented in Figures 6
and 7 show the propagation of a pressure wave in a carotid bifurcation.

It should be noticed that all the computations have been done by clamping the structure
at the inlet and the outlet. These boundary conditions have been chosen for the sake of
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Figure 4: Fluid and structure meshes of a cerebral aneurism.

simplicity but they are clearly not realistic. In particular, if the simulations were performed
for larger times, spurious reflexions of the pressure waves would appear. The question
of boundary conditions for the fluid-structure problem is a major issue that will not be
addressed here. We refer the interested reader to [15] for a discussion on this topic.

Notice that we also observe reflections due to the bifurcation. These reflections, contrarily
to the above mentioned ones, are meaningful. Simplified 1D fluid-structure models of arteries
do not very accurately describe this phenomenon. One possible application, among others,
of the present work could be to fit the coefficients of 1D models to correctly account for
physiological reflection in a network of arteries.

It is not the purpose of this paper to give biological interpretations of the results. We are
aware that there are still other problems to be addressed in order to provide simulations rel-
evant from a medical viewpoint (boundary conditions, constitutive laws, etc.). Nevertheless,
the algorithms presented here prove to be efficient and reliable to simulate fluid-structure
interaction in complex geometries and can be viewed as a first step to further developements.

Acknowledgements: The authors wish to thank M. Thiriet and S. Salmon for the mesh of
the aneurism, K. Perkold, D. Liepsch and A. Leuprecht for the hexahedral mesh of the carotid,
L. Formaggia, A. Veneziani and the biomedical group of the CRS4 for the geometry of the second
carotid.
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Figure 5: Propagation of a pressure wave in a cerebral aneurism.
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Figure 6: Fluid and structure meshes of a carotid bifurcation (geometry by courtesy of
A. Veneziani and L. Formaggia).
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Figure 7: Propagation of a pressure wave in a carotid bifurcation.
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