
HAL Id: inria-00071514
https://inria.hal.science/inria-00071514

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Fluid Limit of Generalized Jackson Queueing Networks
with Stationary and Ergodic Arrivals and Service Times

Marc Lelarge

To cite this version:
Marc Lelarge. Fluid Limit of Generalized Jackson Queueing Networks with Stationary and Ergodic
Arrivals and Service Times. [Research Report] RR-5069, INRIA. 2004. �inria-00071514�

https://inria.hal.science/inria-00071514
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
50

69
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME 1

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Fluid Limit of Generalized Jackson Queueing
Networks with Stationary and Ergodic Arrivals and

Service Times

Marc Lelarge

N° 5069

January 2004





Unité de recherche INRIA Rocquencourt
Domaine de Voluceau, Rocquencourt, BP 105, 78153 Le Chesnay Cedex (France)

Téléphone : +33 1 39 63 55 11 — Télécopie : +33 1 39 63 53 30

���������
	����
�����������������������������
 !�#"%$'&%���)(*�+���������+,.-/�0�213�4�5$'&
1*���%687!�5�9�%�����+�4�5:;�����=<>�5,#�'����"/?@�%���BAC����&��#���D7E���5A'��"��GFH���
��&

I�JLKNMPO�QSRTJLKNUVQ
∗

W�XZY�[E\E]C^`_�acbd\cegfihj\�klbdmibnkoY�[E\cb
prqdsgtn\�kuW�_�v0w

_ueyxZx2szq{ku|i\9qo\c}�X~\cqo}�X~\3�L���y�z�g��^��Sey��fZegqdm��y�z�y�#^��y�!xZeg�g\cb

�j�5�c�����~�g�g��� \'fZbd\�e�bdeg[�xZ��\��TxZeykdXPkd\c}�XZ�~� �Sf~\Ekos¡|i\�qo��¢z\'egbdmS[Exikosyko� }cb£sg¤0�z\��~\cqoeg��� ¥�\N|P�Seg}�¦ibdsg�
�Sf~\cf~\�� �~�+�~\�kn§0sgqo¦ibl� ��koX~\�¨Zf~�©|�bo}�eg��\zª«�Zey[E\c��m¡§�X~\c�¬bdxZez}�\Eey�Z|�kd� [�\'egqd\Ebd}cey� \c|¡­�m¡koX~\'bdeg[E\
¤®ez}Bkosgq

n ¯ W�X~\�ey�2ey� m�bd�©b�sg�~� mjxZqd\Nb{f~xZx2sSb{\Nb0kdX~\�\�hi� b{kd\c�Z}�\�sg¤5� sg�Z�y�°qdf~�¡e±¢z\�q�ey�g\Nb�eg�Z|��©b�­Zegbd\c|+sz�bdsg[E\�[�sz�~sykosg�~�©}���knm²ey�Z|�}�sz�Z}�e±¢���knm¬egqd�zf~[E\��Skob#¤³sgq!kdX~\+¨ZfZ� |´x~qdsi}�\cbob{\Nb ¯ W�X~\+qd\Nb{fZ�µk�b#x~qos�¢�� |~\e�¤³f~�2}Bkd� sg�2ey�ub{kdqosg�~�¬� e±§¶sy¤C� egqd�z\���f~[!­2\cqob�¤³szq�bnkos�}�X2egb{kd�©}��Seg}�¦ibdsg���Sf~\cf~\�� �~���~\�kn§�szqd¦ib�b{� �Z}�\
koX~\�m�eyxZx~��m�kds�kdX~\c��qEbdeg[Ex~��\jxZe�koXZb�§���kdX·xZqdsz­Zey­~� � �µknm�sg�~\ ¯ W�XZ\�¨Zf~�©|²x~qosi}�\Nbdbd\cb4egqd\jbdX~s�§��¬kds­L\Ex~� \c}�\��T§��©bd\#� ���~\Neyq4ey�2|�eg�P\�hix~� �©}���k£¤³szqd[!f~� eykd� sg��sy¤rkoX~\'|i�µ¸V\�qo\��Sk�|iqo�µ¤¹k�b9� b9}�sg[Ex~fiko\c| ¯�º ¤³\c§egx~x~� � }ce�ko��sz�Zbusg¤5koX~�©bu¨ZfZ� |P��� [E�µk9eyqo\��g� ¢g\c� ¯�» ��xZegq{ko� }�f~� egqcªLe��~\c§H}�sz[�xZfikoeykd� sg�¡sy¤¼koX~\!}�sg�Zb{koeg�Sk
γ(0)

koXZe�klegx~x2\Neyq�b½� �¬¾ ��¿À����kdX~\4b{koeg­~��� ��knmj}�sz�Z|i��kd� sg��¤³sgq�b{f2}�Xj�~\�kn§�szqd¦ib0� b0�z��¢z\�� ¯�» ��kdX~\4}�sz�Skd\�h�ksg¤%q�eyqo\£\c¢g\c�zkuezb�|i\cbo}�qo��­L\c|+� ��¾ Á�¿°ªikoX~\9¨Zf~�©|+��� [E�µkusg¤%koX~\4�~\�kn§0sgqo¦'�©b�ey�©b{s'|i\cqd� ¢g\N|�\�hix~� �©}���kd� m ¯
Â¡ÃSÄVÅoÆ#Ç ��È5�g� �g\��Z\�q�ey� ��¥c\c|��zez}�¦ib{sz�+�Sf~\cf~\�� �~���~\�kn§�szqd¦ibcª~bdeg[Ex~��\��Tx2e�kdX+ko\c}�X~�~�©�Sf~\gª2É~hi\c|�xLsg� �Skcª
¨2f~� |+� ��[E��k ¯

∗ Ê³Ë5ÌÀÊ¹Í%Î³Ï2Ë�ÐgÑ±ÏLË�ÐyÑ±Ò�Ó�Ô®Õ±Ö¼×SØ Ù%ÚÜÛ9ÑNÝ�ÓBÞBÞBÓ�ß~à�Ô®áÜâdÑ±ã�Ôäà�å±ænÖBÑgç4à�ÔäæBè é�ÖnÚêà�Ô®ëBÖdì5Ö{åNâdè í�Ô
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	�&*�+� &%���%A'��"0� �0������&��4�%���BA�����&*&À�%�9�%�������+���B����&�����,��'�+���E����&�

��� ����� � ��� sgfZb0fiko��� � bdsg�2b�|i\cb�kd\N}�X~�~�©�Sf~\cb0koqoeytn\c}Bkosgqo��\c��� \cb�xLsgf~q�}�eg� }�f~� \�q�|i\cb�ezb{m�[Exikosykd�©�Sf~\cb�|i\
qoacbd\cegfih¡|i\'�zez}�¦�bdsg�¡�za��~acqoeg���©bdacb��jf~�~\Eac}�XZ\�� ��\#¨Zf~�©|i\gª }�� \Nbnk��j|~��qo\��SfZeg�Z|�� \!kd\�[ExZbC\�k9��� \cbdxZeg}�\
bdsg�Sk4qo\��~szqd['ey� �©b{aNb£x2eyq4� \'[��c[E\E¤®eg}Bko\�f~q

n ¯�� \'}�eg� }�f~�rx~qoacbdf~x~xLszbd\Ef~�~�©�Sf~\�[E\��Sk���� \�hi� b{kd\c�Z}�\�|i\[Es�mz\��~�~\Nb �P� sg�~�¬ko\�qo[�\�\�kE\Nbnk�­2egbda+bdf~q�|i\Nb'eyqo�gf~[E\��Sk�b�|~\+[Esz�~sykosg�~� \�\�kj|i\¡}�sz�Z}�e±¢���kda�|i\cb
xZqdsi}�\NbdbdfZb9¨2f~� |~\cb ¯!� \cb�qdaNb{f~��koeykob!|isg�~�Z\��Sk!|i\Nb�� sg�©b4¤³sgqdkd\Nb�|i\Nb��gq�ey�2|~b4�~sz[#­~qo\cb9¤³sz�Z}Bko��sz�~�~\c��� \cbxLsgfZq9|~\cb9qoacbd\ceyf~hP|i\'�zez}�¦�bdsg��bnkos�}�X2egb{kd�©�zfZ\cbCx~f~�©bd�Sf"� � � b4b�� egx~x~� � �Sf~\c�Sk#�+� \�f~q�b£kdq�e�tn\c}�kdsz��qo\cbCe±¢g\N}
xZqdsz­Zey­~� � �µkoa½f~� ¯$� \cb5x~qos�}�\cbob{f2bÀ¨ZfZ� |i\Nb�b{sz�zk�� ���~aNey� qd\Nb5xZeyq5[Esgq�}�\cegfih4\�k¼f~�~\�¤³sgqo[#fZ� eykd� sg�#\�hix~���©}���kd\|~\cbr|i��¸Va�qo\��Skd\NbrxL\��Skd\Nb¼\cb{k�}�eg� }�f~� a�\ ¯&% f~\c� �Sf~\Nbreyx~xZ���©}�eykd� sg�Zb¼|i\£}�\�kdkd\u� � [���kd\u¨Zf~�©|i\lbdsg�Sk½|isg�Z�~a�\Nb ¯v½�!xZegq{ko� }�f~� ��\cqcª±f~���~sgfZ¢g\cegf#}�eg� }�f~�i|i\0� eC}�sz�Zbnk�ey�Skd\

γ(0)
�zfZ�~eyx~xZegqoe(' k�|~ey�2b½¾Ü�±¿ixLsgf~q��©e£}�sg�Z|i��kd� sg�

|~\lbnk�ey­~� � �µkoa£|i\lkd\�� � \cbrqoacbd\cegfih!\Nbnk�|isg�Z�~a�\ ¯�) ey�Zb�� \l}�sz�zko\�h�kd\£|i\cb�a�¢za��~\c[�\c�Skobrq�eyqo\cb¼|~ac}�qo��kob½|Zey�Zb¾ Á±¿°ª~�©e!� � [���kd\�¨Zf~�©|i\4|if�qdaNbdegf�\Nbnkueyf2bdbd�À}�eg� }�f~��ac\9\�hix~� � }��µko\�[E\��Sk ¯*3Ç �N� Å ��+ � �¡� _�aNb{\Neyfih�|i\E�zez}�¦ib{sz�+�za��~acqoeg���©bdacbcª~kd\N}�X~�~�©�Sf~\cblkdq�e�tn\N}Bkdszqd� \�� � \cbcª2xLsg� �SklÉ~hi\gªV� ��[E��kd\
¨2f~� |~\ ¯
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» ��kdXZ� b9xZegx2\cqcª §�\'}�sz�Zbd� |i\cq4e21äb{� �~�z��\'}��©egbob!3u�z\��~\cqoeg��� ¥�\N|P�Seg}�¦ib{sz���~\�kn§�szqd¦¡ey�2|P��kob9¨2f~� |�� ��[E��k ¯4 fZ}�X��Z\�kn§0sgqo¦�bCXZe±¢z\!­L\�\c�¬}�sg�Zbd�©|i\�qo\c|�ey[Esg�~�+sykoX~\�q�b9­�mP�Seg}�¦ib{sz�·¾ ]c�±¿rszq65Csgq�|isg�¬ey�Z| � \c§�\c���
¾ 7±¿ ¯'» � ¾ �N¿°ª�w�XZ\��²ey�Z|28�eg�Z|i\�� ­Zegf~[ |i\cqd� ¢g\�kdXZ\E¨Zf~�©|¬egx~x~qos±hi��['e�ko��sz�¡¤³sgq4�z\��~\cqoeg��� ¥�\N|P�Seg}�¦ibdsg�
�Z\�kn§0sgqo¦�b ¯ W�XZ\l�Sf~\�f~\��T� \��Z�ykdX ªz­~f2b{mS�Tkd� [�\£ey�Z|E§0sgqo¦���sSeg|!x~qdsi}�\cbob{\Nbreyqo\�sg­ik�ey� �~\c|�¤³qosg[ kdXZ\l� �~x~fikxZqdsi}�\Nbdbd\cb5koX~qosgf~�zX!koX~\usz­~���©�Sf~\�qo\�¨Z\�h�� sg�E['eyxZx~���Z�#|if~\�kos 4 ¦gszqdsz¦�X~si|j¾ ]N�N¿L����e9sz�~\�� |i� [E\��Zbd��sz�Zey�
bd\�kdkd� �~�¡ey�Z|Pkds:9£eyqoqd�©bdsg�Peg�Z|�_u\�� [Eeg� ¾ �±¿����¬kdXZ\E}�sg�Skd\�h�k9sg¤0szx2\c���Z\�kn§0sgqo¦�b ¯<; bd���~�+koX~� bC¨2f~� |egx~x~qoszez}�X�eg�Z|�egbobdf~[E���~��kdXZeyk�b{\cqd¢��©}�\�ko��[E\Nb�eg�Z|E���Sko\�qd�°egqdqo��¢�eg�ikd� [E\cb½egqd\l���Z|~\�xL\��Z|i\c�Sk�eg�Z|E� |~\��i�
ko� }cey� ��mE|i�©bnkoqd� ­~fiko\c|:1®� ¯ � ¯ | ¯ 3Bª ) ey�Vb{XZs�§ubr� ��¾ ��¿2koXZe�k0�g\��Z\�q�ey� ��¥c\c|E�zez}�¦ib{sz���Z\�kn§0sgqo¦�b½eyqo\ubnk�ey­~� \+1®� ¯ \ ¯xLszbd��kd� ¢g\=9legqdqo� b�qo\c}�f~qoqd\c�zk>3r§�XZ\��+kdX~\#�~sg[E� �Zey�«� szez|j�©b�� \cbob�kdXZeg��sg�~\4e�ku\Neg}�X�bnk�e�ko��sz� ¯ W�X~\9ÉZq�bnkb{koeg­~� ����knmEqd\Nb{f~��k½¤³szq��z\��~\cqoeg��� ¥�\N|'�zez}�¦ib{sz���Z\�kn§0sgqo¦�b½f~�Z|i\cq�\cqd�zsi|i� }£egbob{fZ[�x~kd� sg�Zb�}�ey�j­2\£¤³sgf~�2|�� �
koX~\#x2eyxL\�qCsy¤�?~sSbdb#¾A@±¿ ¯£» �·¾ ]N�N¿°ªB8�e�tn\c§ub{¦��%|~\�qo��¢z\cbleg�¡f~�~��ÉZ\c|�¤³sgqo['ey� � bd[¶§�XZ� }�XPeg��� s�§ubu|i�©bo}�qo\�kd\
eg�Z|E¨ZfZ� |+}�fZb{kdsz[E\�q�b ¯ W�X~\C���~xZfik�¤³szq0kdX~\C[Es�|~\��«eyqo\ukoX~\C}�f~[#fZ� eykd� ¢g\£bd\�qo¢�� }�\uko��[E\cbcªSkdX~\4}�f~[#f~�©e��ko��¢z\�\�h�kd\cqd�2ey�Zegqdqo��¢�eg� b¼eg�Z|�kdX~\£}�f~[!f~� eykd� ¢g\�qosgfiko���Z��|i\c}�� bd��sz�Zb¼sg¤LkoX~\l�Sf~\cf~\cb ¯5º xZe�koX�b{xZez}�\�É~hi\N|xLsg� �Sk�\c�SfZe�ko��sz�+}�X2eyq�eg}Bko\�qo��¥c\cb½kdX~\�}�sgqoqd\Nb{xLsg�2|i���Z�!­L\�XZe±¢�� sgq�sy¤5kdXZ\4�~\�kn§0sgqo¦ ¯W�X~\�¤³q�ey[E\�§0sgqo¦lkoXZe�k�§0\½fZbd\�XZ\�qo\½�©bÀkoXZe�k�sy¤DC�ez}�}�\c��� ��ey�Z|E?Zszbob � �j¾Ü�±¿°ª�§�X~\cqd\�sg�~� m�bnk�e�ko��sz�Zeyqo�µknm
eg�Z|'\cqd�zs�|~� }��µknm�sg�'koX~\9|~e�k�e#eyqo\lezbdbdf~[E\c| ¯$) \��~sgkd\£­Sm Xn

0

koX~\£kd� [�\£kds!\�[ExiknmEkoX~\Cbdmibnko\�[ §�X~\c�
n
}�fZb{kdsz[E\�q�bCegqdqo� ¢g\!eyk9kdX~\'boey[E\�kd� [�\�¤³qosg[�koX~\'sgf~kobd� |i\�§0sgqo� |P���¬kdXZ\��Z\�kn§0sgqo¦ ¯ W�XZey�Z¦�b£kos�ebdf~­Zez|~|i��kd� ¢g\4eyqo�gfZ[�\c�SkcªSkdX~\9¤³sz��� s�§�� �~�E��� [E�µku�©bubdX~s�§���kos'X~sg�©|j� ��¾ ��¿

lim
n→∞

Xn
0

n
= γ(0)

e ¯ b ¯ 1{] 3
W�XZ\9}�sg�Zb{koeg�Sk

γ(0)
}�sgqoqd\Nb{xLsg�Z|Zbrkos!koX~\4['e�hi� [Eeg�LkdX~qosgf~�zX~sgf~k�}ceyxZez}���knm'sy¤%kdX~\9�~\�kn§�szqd¦ ¯�» �j¤®ez}BkkoX~\�boe�kdfZqoeykd� sg�+qdf~� \'¾ ]B¿%['ey¦z\cb0koX~� bu���SkdfZ�µko��sz�+qo� �gsgqosgf2b0eg�Z|+\��Zbdf~qo\cb0koXZe�ku��¤

ρ = λγ(0) < 1
kdX~\c�

koX~\0�~\�kn§0sgqo¦9� b�b{koey­Z��\ ¯ » �!kdX~�©b5xZeyxL\�qNª�§�\0x~qos�¢�� |i\0el�Z\�§·x~qos�sy¤~sg¤F1n]G3 f2b{� �~�£¨Zf~�©|#eyxZx~qds±hi� ['e�kd� sg�2b§�XZ� }�X��z��¢z\cbueg��\�hix~� �©}���kl¤³sgqo[#fZ� eE¤³szqlkoX~\!}�sg�Zb{koeg�Sk
γ(0) ¯=H �~\#}�sg�Skdqo��­Zfikd� sg��sg¤¼kdX~�©b£xZeyxL\�q£� blkdsxZqds�¢��©|i\ue#}�sg�~�~\N}Bko��sz�'­2\�kn§�\c\��'koX~\l¨2f~� |jeyx~x~qos±hi��['eykd� sg�Esy¤ e4�z\��~\cqoeg��� ¥�\N|'�zez}�¦ib{sz���Z\�kn§0sgqo¦!ey�2|

koX~\�b{koeg­~� ����knm²}�sg�2|i�µko��sz�²¤³sgq#kdX~�©b!�~\�kn§0sgqo¦�fZ�Z|i\�qEb{koe�ko��sz�Zeyqom�eg�Z|²\cqd�zs�|~� }�ezbdbdf~[Exiko��sz�Zb�sz�²kdX~\
|Ze�koe ¯%» �ExZegq{ko� }�f~�©eyqNªy�~s4� ¯ � ¯ | ¯ ezbdbdf~[Exiko��sz�Zb¼eyqo\��~\�\N|i\c|I1®sg�E���Sko\�qd�°egqdqo��¢�eg�zko��[E\Nb¼sgqrbd\�qo¢�� }�\�ko��[E\Nb�3
eg�Z|�§�\4}�eg�¡}�sg�2b{�©|i\�q�[Esgqo\9�g\c�~\�q�ey�Vqosgfiko���~�E[E\c}�X2ey�~�©b{[*kdXZeg�*C0\�qo�~szf~��� � �«qdszfikd� �~� ¯W�X~\�sgkdX~\cqreyx~xZ���©}�eykd� sg��sy¤ZkoX~�©b¼xZeyxL\�q¼§�� � �~­2\�� � �~¦g\N|#kosCkdX~\u}cey�©}�f~�©e�ko��sz�!sg¤Zkoeg���©b¼� �!�z\��~\cqoeg��� ¥�\N|
�Seg}�¦ibdsg�¡�~\�kn§�szqd¦ib£§��µkoX¬bdf~­L\�hixLsg�~\c�zko� eg�¼b{\cqd¢��©}�\!|~� b{kdqo��­Zfikd� sg�ZbC� �¬e�}�sz[�x2ey�~� sg��xZeyxL\�qE¾ Á±¿ ¯ � \egqd\�eg­~� \9kds��z��¢z\4X~\�qo\4kdXZ\�­2\cXZe±¢���szq61³� �¡koX~\4¨Zf~�©|¡bo}�ey� \ 3�sy¤�kdX~\#�~\�kn§0sgqo¦jsz��eEJnq�eyqo\>K9\�¢g\c�Sk ¯ � \qo\�¤³\cq�kds�¾ Á�¿«¤³sgqueg��\�h~eg}�k��Zsykd� sg�+sy¤5§�XZe�ku§0\9[E\cey�+­�mjq�eyqo\£\c¢g\c�zk ¯_�\Nb{fZ�µk�b�sg¤r¾ �±¿Vszql¾ ]N�N¿«§�� ���L­L\£sg¤À[�� �~szq�X~\c��xj¤³sgq0fZb0b{� �Z}�\Ce�� syk0sy¤À§0sgqo¦!§0sgf~�©|'­L\£qo\c�Sf~� qo\c|�kds
sz­ikoeg����szf~qu\�hix~� �©}���klqd\Nb{fZ�µku¤³szqd[�kdX~\c��q�b ¯ ?Zsgq�koX~\cbd\�qo\cegbdsg�2b�ªi§0\4kds�sz¦�e'|i��¸L\cqd\c�Sk£eyx~xZqdsSeg}�X ¯ ?~sgq\Neg}�X�kd� [E\

t
ªZ§0\�eyqo\4ey­~� \9kds'�z��¢z\9eg��\�hix~� � }��µku¤³szqd[!f~�©e�kd� sg�+sy¤5kdXZ\4¨Zf~�©|���� [E�µk ¯ W�X~\!b{� [Ex~���©}���knmjsg¤koX~\�qd\Nb{fZ�µk¼�©b¼|if~\�kdsCkoX~\�}�sg�2}�e±¢��µknm4sg¤ZkoX~\�x~qos�}�\cbob{\Nb � ��kdX~\0¨ZfZ� |Ebo}�ey� \MLze£xZqdszx2\cq{knm4§�X~�©}�X�XZeg|!�~syk

­L\�\c�!xZqds�¢z\c|�mz\�k�kdsCkoX~\�­2\Nbnkrsg¤2szf~q�¦S�Zs�§���\N|i�g\ ¯ » �EsykoX~\�q�§0sgq�|~b�ª��z��¢z\��Eb{sz[E\0|iqo��¤¹kob�¤³szq�kdX~\�� �~x~fikxZqdsi}�\Nbdbd\cbcª�§�X~\��¡eE�Sf~\�fZ\C­L\c}�sg[E\cb�\c[Exiknmgª~��kuqo\�['ey� �Zb�\�[Exiknmj¤³sgqo\�¢z\�q ¯%» klbd\�\c[Eb0koXZe�k�koX~�©b�­Zegbd�©}¤®ez}Bk9XZegb£�~sgkC­L\�\c�P\�hix~� sg��kd\N|�mz\�k ¯9» k4ey� ��s�§ub£fZblkds+qd\N|ifZ}�\#koX~\�}�sg[Ex~fik�e�ko��sz��sy¤rkoX~\!¨Zf~�©|P� ��[E��kob1®§�X~�©}�XPeyqo\#bdsg� fikd� sg�¡sg¤½e'É~hi\c|i�TxLsg� �Skl�~\�kn§0sgqo¦+\c�SfZe�ko��sz�¡����e'¤³f~�Z}�kd� sg�Zeg�5bdxZez}�\#ezbl|i\Nbd}�qd� ­2\N|¡� �

Ì%Ì@å�NZÓBÞ>O>P



� ��� 	F�(������� �

¾ ]N�±¿
3Ckos¡kdXZ\�}�sz[Ex~fikoeykd� sg��sy¤ubdsg[E\'koqoe��'}E� �Skd\c�Zb{��knm�¤³sgq!e¡bd� [�xZ����ÉZ\c|·�~\�kn§0sgqo¦¡kdX2e�k#\c¢gsg� ¢g\Nb4� �
ko��[E\ ¯ 9u\��2}�\£¤³sgq�e�ÉZh�\N|�ko��[E\zªi§�\Csg�~� m'XZe±¢z\ukdsE}�sz[Ex~fikd\4e#É~hi\c|jx2sz���Skub{sz��f~kd� sg��sg¤5bdsg[E\lkoqoe���}\N�SfZe�ko��sz�Zb61äb{\c\ 4 \c}�kd� sg�PÁ 3 ¯ p½qdszx2\cq{knm+���g� ¢g\Nb�koX~\�¨ZfZ� |�egx~x~qos±hi��['e�ko��sz��sy¤r�g\c�~\�q�ey� � ¥�\c|��Seg}�¦ibdsg��Z\�kn§0sgqo¦ ¯ W%sPsg­~koey� �²koX~\jko��[E\+kds�\�[Exiknm�koX~\+bdmibnko\�[�ª¼§0\#tnfZb{kE�~syko� }�\jkoXZe�kE�µ¤lkdX~\+�~\�kn§0sgqo¦¬� bxZqdsi}�\Nbdbd� �~�4¨Zf~�©|«ªSkdXZ\��jsz�~\lsg¤«kdX~\9�Sf~\�fZ\cb�XZegb�§�szqd¦�b{� �Z}�\lkoX~\l� �~��kd�©ey�Lkd� [E\ ¯ W�X~�©b��z��¢z\cb½fZb�e#¢g\cqdm}�sg[ExZez}Bk�§�e±m�sy¤�sg­~koey� �~� �~��kdXZ\j}�sz�Zbnk�ey�Sk

γ(0)
1äW�X~\�szqd\c[ ]'sg¤ 4 \c}Bko��sz�²� ¯ ] 3 ¯ prqosgxL\�qdknm¬���©b�ebd� ���zXzku\�h�kd\��2b{� sg��sy¤�koX~\#['ey� �¡W�X~\�szqd\c[ ]#eg�Z|+§���� � ­L\#�Z\�\c|~\c|�� ��kdX~\#}�sg[Ex~fik�e�ko��sz�+sg¤�kdX~\4¨2f~� |

xZ� }�kdf~qo\9sy¤¼e!�z\��~\cqoeg��� ¥�\N|j�Seg}�¦ibdsg�j�Z\�kn§0sgqo¦'���+kdXZ\�b{xL\c}��µÉ2}9}cegbd\Csg¤%sz�~\4­~� �£tnfZ[�x¡bd\�\E¾ Á�¿ ¯W�X~\4x2eyxL\�qu�©bub{kdqofZ}Bkof~qd\N|�ezb0¤³sg� ��s�§ub ¯¼» � 4 \c}�kd� sg���iªZ§�\9� �zkoqdsi|if2}�\4�~sgkoe�ko��sz�j¤³szqub{� �~�z��\�bd\�qo¢g\cq
�Sf~\cf~\cb5ey�2|��g\c�~\�q�ey� � ¥�\c|#�zez}�¦�bdsg�9�~\�kn§�szqd¦ib ¯ W�X~\�¨Zf~�©|#� � [���kob�egqd\�\cb{koey­Z���©b{XZ\c|�� � 4 \c}Bko��sz�!Á ¯ W�X~\c�koX~\E}�sg[Ex~f~koe�ko��sz�Psg¤�}�sz�Zbnk�ey�Sk

γ(0)
�©bC�g� ¢g\��P��� 4 \c}�kd� sg�P�+§���kdX�}�sg�~�Z\c}Bko��sz�Zb£§��µkoXPkoX~\�b{koeg­~� ����knm

}�sg�Z|~�µko��sz��sy¤%bdfZ}�X��Z\�kn§0sgqo¦�b ¯5» � 4 \c}�kd� sg���iª�§�\£�g� ¢g\lkdX~\£¨Zf~�©|�x~�©}Bkof~qo\£sg¤«kdX~\C�~\�kn§0sgqo¦����jkdX~\Csg�~\
­Z���Ctnf~[Ex�¤³q�ey[E\�§0sgqo¦ ¯
� � ���+������� 7E�0� �%���+, ���+� - �4�%�9�%���#�
� \4§�� ���«k�ey¦z\lkoX~\9¤³sg� ��s�§�� �~�E�~sgkoe�ko��sz�
] ¯ A1

1³qo\cbdx ¯ A∗1

3¼� brkdX~\lbd\�krsg¤«�~sg�i�°�~\c�ze�ko��¢z\0bd\c�Sf~\c�Z}�\Nb	�
u = {ui}1≤i≤n

ª�b{f2}�X!koXZe�k
n ≤ +∞

ª
ey�Z|

ui ≥ 0
ª 1³qo\cbdx ¯ ui > 0

3�¤³szquey� �
i ≤ n

L
� ¯ A2

1®qd\Nb{x ¯ A
∗
2

3j� b�kdX~\¬b{\�k�sg¤��~sg�i� |i\N}�qo\cegbd� �~�²b{\N�zfZ\��Z}�\cb
�
U = {Ui}1≤i≤n

ªlbdfZ}�X>koXZe�k
n ≤ +∞

ª~eg�Z|
0 ≤ Ui ≤ Ui+1

1³qo\cbdx ¯ 0 < Ui < Ui+1
3�¤³sgqueg���

i ≤ n − 1
L

� \'§�� ���½|~\��~sgkd\'­�m
A

1³qo\cbdx ¯ A∗
3CkdXZ\�b{\�k�sy¤�|i� bo}�qo\�ko\'[E\cegbdf~qo\Esg�

R+
bdfZ}�X�kdXZeyk�kdXZ\�qo\�\�hi� b{kob

U ∈ A2
1³qo\cbdx ¯ U ∈ A∗2

34§���kdX
dU =

∑

1≤i≤n δUi
¯ W%s�b{f2}�X·e¡[E\cegbdf~qo\'§�\�}�ey�·ezbdbdsi}��©e�ko\Eebd\c�Sf~\c�Z}�\

u ∈ A1
1³qo\cbdx ¯ u ∈ A∗1

30���+kdXZ\9¤³sg� ��s�§�� �~��[Eeg�~�~\cq
ui = Ui − Ui−1

ªi¤³sgq
i ≥ 1

ey�2|j§���kdX
koX~\£}�sg��¢g\c�Skd� sg�

U0 = 0 ¯ A3
1³qo\cbdx ¯ A∗3

3¼§�� ���V|i\��Zsykd\ukdX~\Cb{\�k½sy¤ }�sgf~�Skd� �~�4¤³fZ�Z}Bko��sz�Zb	�
U : R+ → NbdfZ}�X¬kdX2e�k

U(t) =
∑

1≤i≤n 11{Ui≤t} =
∫ t

0
dU

§��µkoX
dU ∈ A

1³qo\cbdx ¯ dU ∈ A∗
3 ¯ w���\Neyqo��mPkdX~\bdxZez}�\cb

A, A1, A2
eg�Z|

A3
eyqo\C�©bdsg[Esgqox~X~�©}£eg�Z|�kdX~\�boey[E\9X~sz� |~b�§���kdX

A∗, A∗1, A
∗
2

eg�Z|
A∗3 ¯

�
��� �
���������������������! #"��$"%�

º bd���~�z��\�bd\�qo¢g\�q��Sf~\�f~\+§�� ����­L\�|~\�ÉZ�~\N|·­�m
Q =

(

τA, σ
) ªr§�X~\cqd\

τA = {τA
i }1≤i≤n

eg�Z|
σ =

{σi}1≤i≤n
­L\�� sg�Z�lkos

A2
eg�Z|

A1
qo\cbdx2\N}Bkd� ¢g\c��m ¯ W�X~\�� �Skd\�qox~qo\�k�e�kd� sg�2b%egqd\�kdX~\0¤³sz��� s�§����Z�&� }�fZbnkosg[E\�q

i
eyqoqd� ¢g\Nb½� �+kdX~\��Sf~\cf~\�e�k�kd� [E\

τA
i

eg�Z|��µk�bub{\cqd¢��©}�\£kd� [E\4� b
σi ¯

º bdbdsi}��©e�ko\c|jkds'eE�zfZ\�f~\ Q
ªi§�\4|i\�ÉZ�~\9kdXZ\4sgfikox~fikux~qosi}�\cbob

{τD
i }1≤i≤n ∈ A2

­�m
{

τD
1 = τA

1 + σ1,
τD
i = max[τA

i , τD
i−1] + σi, 2 ≤ i ≤ n.

1ä�M3

τD
i

�©b�kdX~\�|~\�xZegq{kof~qd\£kd� [E\4sy¤¼}�fZb{kdsz[E\�q
i ¯ v¼hixZey�Z|~���~�EkoX~�©b�qd\N}�f~q�bd��sz�jm���\c� |Zb

τD
i = max

j=1...i
(τA

j + σ(j, i)),
¤³sgq

1 ≤ i ≤ n,
1®Á 3
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§���kdX+koX~\4�~syk�e�ko��sz�
σ(j, i) = σj + · · · + σi ¯ 9l\��Z}�\4§�\�|~\�ÉZ�~\N|�eE[Eegx~x~� �~� Φ : A × A 7→ A

bdfZ}�X
koXZe�k �

τD = {τD
i }1≤i≤n = Φ(Q).

1®� 3
� \4§�� ���Àf2b{\CkdXZ\9¤³sg� ��s�§�� �~���~syk�e�kd� sg��¤³sgq�koX~\�|i��¸L\cqd\c�Skl}�sgfZ�zko���Z�!¤³fZ�Z}Bko��sz�Zb	�

� A(t) =
∑∞

i=1 11{τA
i ≤t}

L

� Σ(t) =
∑∞

n=1 11{σ(1,n)≤t}
L

� D(t) =
∑∞

i=1 11{τD
i ≤t} ¯

?Zsgq�eg�Sm��~sg�~�°|i\N}�qo\cezb{� �~��¤³f~�Z}Bko��sz�
F
ª §0\�|i\��Zsykd\'­�m

F←(x) = inf{t, F (t) ≥ x}
kdXZ\�xZbd\�fZ|isg�

� ��¢g\cqobd\�sy¤
F

1®§�X~�©}�X�� b�� \�¤¹k{� }�sz�Skd� �SfZsgfZb!3 ¯ � \CXZe±¢z\ F←(x) ≤ u ⇔ x ≤ F (u) ¯ 8¡szqd\cs�¢g\�qNª�§0\lfZbd\koX~\4�~sgkoe�ko��sz�
∧
¤³sgq

min
ey�Z|

∨
¤³sgq

max ¯ W�X~\9¤³sg� � s�§����~��� \�[E['eE�g� ¢g\cb�e��~\c§ |~\cbo}�qo��xiko��sz��sg¤%koX~\szfikdxZfikux~qos�}�\cbob0���+kd\cqd[¶sy¤�}�sgfZ�zko���Z�!¤³fZ�Z}Bko��sz�Zb ¯
��Ã � �·����� �����G�(� �
	�� �(� �

Q ∈ A∗ × A � ���(�
D = Φ(Q)

,
� �(�.�
Φ

� '+��� �
�<����� �
� �:�M��� ���!�����
��	�� � � ��� � '������#�����
��� � �"!>�:� �(�>� ���E$�� ��� �-�
� � �!��� $(� ��� � ' � ,��#� � ���%$

D(t) = A(t) ∧ inf
0≤s≤t

Σ[t − s + Σ←(A(s))].
1T�M3

p½qds�sy¤5� bux2sSbnkox2sz�~\c|jkds�egx~x2\c�Z|i��h ¯
& �������.&j] � v��zf2e�kd� sg�2b�1®Á 3Àeg�Z| 1ä�%3V�g� ¢g\rkn§�su\N�Sf~��¢�eg��\c�zk5|i\�ÉZ�Z�µko��sz�ZbÀsg¤ikdX~\�[Eegx~x~� �~�

Φ : A
∗×A →

A ¯ C0fikC¤³sgq
τA ∈ A

ª«sz�~��m¡v��zf2e�kd� sg� 1®Á 3u�z��¢z\cb�koX~\Eqd� �gXSk9|i\�ÉZ�Z�µko��sz�Psy¤
Φ ¯4» �PxZegq{ko� }�f~� egql�~sgkd�©}�\koXZe�ku§0\4ey� §0e±mib�XZe±¢g\

τD
i ≥ σ(1, i) ∨ τA

i

ªi¤³qosg[�§�X~� }�X�§0\4|i\�qo��¢z\
D(t) ≤ Σ(t) ∧ A(t) ¯

�
��� ' �$�����)( ���+* �-,/.0(21)35476��98!�;:=<>6 �)354
� \�qo\c}�eg����X~\cqd\0koX~\��~syk�e�kd� sg��� �zkoqdsi|if2}�\c|!� �+¾Ü�±¿°ª�kos9|~\cbo}�qo��­L\�e£�z\��~\cqoeg��� ¥�\N|#�Seg}�¦ibdsg�#�Z\�kn§0sgqo¦C§���kdX
K
�~si|i\Nb ¯W�XZ\��~\�kn§�szqd¦ib�§�\�}�sz�Zbd� |i\cq+egqd\�}�XZegqoez}Bkd\cqd� ¥�\N| ­�m kdX~\¬¤®eg}�k�koXZe�k�bd\�qo¢�� }�\�kd� [E\cb¡eg�Z| qosgfiko���Z�

|~\c}��©bd��sz�Zb�eyqo\�egbobds�}�� eykd\N|�§���kdX·b{koeykd� sg�Zb!ey�Z|��Zsyk#§���kdX·}�fZbnkosg[E\�q�b ¯ W�X~�©b![�\Ney�Zb4kdXZeyk�kdX~\ j
�äkoX

bd\�qo¢�� }�\�sg�¬bnk�e�ko��sz�
k
koeg¦g\Nb

σ
(k)
j

f~�~��kobCsg¤¼kd� [�\zª«§�X~\�qo\
{σ

(k)
j }j≥1

� b9ejx~qd\N|i\�É2�~\c|�bd\c�Sf~\c�Z}�\ ¯9» �koX~\'bdeg[E\!§�e±mgª«§�X~\c�PkoX~�©b4b{\cqd¢��©}�\#�©b4}�sz[Ex~��\�kd\N|«ª«kdXZ\�� \ce±¢�� �~��}�fZb{kdsz[�\cq9� b9bd\��Sk9kds�bnk�e�kd� sg�
ν

(k)
j1®sgq£��\Ne±¢g\cb�kdX~\!�~\�kn§0sgqo¦���¤

ν
(k)
j = K + 1

3ueg�Z|�� b£x~fik9e�k£kdX~\!\��Z|¡sg¤¼kdX~\��Sf~\�f~\!sg��koX~� bCb{koe�ko��sz�Àª
§�XZ\�qo\

{ν
(k)
j }j≥1

� bCey�©b{s+e�x~qo\c|~\�ÉZ�~\N|Pbd\c�Sf~\c�Z}�\zªV}cey� ��\N|�kdXZ\!qosgfiko���Z��bd\c�Sf~\��2}�\ ¯ W�X~\Ebd\c�Sf~\��2}�\cb
{σ

(k)
j }j≥1

eg�Z|
{ν

(k)
j }j≥1

ª�§�X~\cqd\
k
q�ey�~�z\cb�s�¢g\cqEkdX~\Pbd\�k�sg¤9b{koeykd� sg�Zbcª�eyqo\¡}�ey� � \c|�kdX~\�|iqd� ¢����~�

bd\c�Sf~\c�Z}�\Nb�sy¤%kdX~\4�~\�k ¯rº �z\��~\cqoeg��� ¥�\N|j�Seg}�¦ib{sz�j�~\�kn§�szqd¦'§�� � �À­2\�|~\�ÉZ�~\N|+­Sm

JN =
{

{σ
(k)
j }j≥1, {ν

(k)
j }j≥1, n(k), 0 ≤ k ≤ K

}

.
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§�XZ\�qo\
(n(0), n(1), . . . , n(K))

|i\cbo}�qo��­L\cbukdX~\!���Z�µko� eg�5}�sg�Z|i��kd� sg� ¯ W�X~\#� �Skd\�qox~qo\�k�e�kd� sg�¡�©blezb�¤³sz��� s�§ub	�¤³szq
k 6= 0

ªgeyk�kd� [�\
t = 0

ªy�����~si|i\
k
ªykoX~\�qo\�eyqo\

n(k) }�fZb{kdsz[E\�q�b%§���kdX'bd\�qo¢�� }�\½ko��[E\cb σ
(k)
1 , . . . , σ

(k)

n(k)1®�µ¤¼eyxZx~qdszx~qo� eykd\gª
σ

(k)
1

['e±m�­L\4� �zko\�qox~qo\�kd\N|�ezb�eEqd\Nb{�©|ifZeg�Vbd\�qo¢�� }�\Ckd� [�\G3 ¯� si|i\
0
[�si|i\c� b0koX~\4\�h�ko\�qo�Zey�Àegqdqo��¢�eg�Lsg¤5}�fZbnkosg[E\�q�b�� ��koX~\4�~\�kn§�szqd¦ ¯ 9u\��2}�\gª

� �µ¤ n(0) = 0
ª�koX~\�qo\4� b��Zs�\�h�kd\�qo�Zeg�Àeyqoqd� ¢�ey� ¯

� �µ¤ ∞ > n(0) ≥ 1
ª�kdX~\c�+¤³sgq�ey� �

1 ≤ j ≤ n(0) ª�koX~\�eyqoqd� ¢�ey�2kd� [E\4sy¤ koX~\ j
�äkoX+}�fZb{kdsg[E\cq0� �+kdX~\

�~\�kn§0sgqo¦4k�ey¦g\Nb¼x~�©eg}�\ue�k
σ

(0)
1 + · · ·+σ

(0)
j

ey�Z|E��kÀtnsz���Zb¼kdX~\u\c�Z|�sy¤VkdXZ\l�Sf~\�f~\�sg¤Vb{koeykd� sg�
ν

(0)
j ¯

9u\c�Z}�\
σ

(0)
j

� bukdX~\
j
�TkdX�� �zko\�qd�°egqdqo� ¢±eg�Lkd� [�\ ¯ � sykd\�kdXZeyku����koX~� bl}�egbd\gª~kdX~\cqd\4['e±m�­L\#e!ÉZ�~��kd\��f~[#­L\�qCsy¤½}�fZbnkosg[E\�q�bux2egbob{� �~�'koX~qdszf~�gX�e'�g� ¢g\c�Pbnk�e�ko��sz�Pb{s�kdXZeyklkdXZ\!�~\�kn§�szqd¦+�©b£ez}Bkdf2ey� ��m

§�\c���%|i\�ÉZ�Z\c|+sg�Z}�\4e#É2�~�µko\#bd\c�Sf~\��2}�\9sy¤�qdszfikd� �~�'|i\N}��©b{� sg�Zb�eg�Z|�b{\cqd¢��©}�\Ckd� [E\cbuegqd\C�g� ¢g\c��sz�
kdX~�©bub{koeykd� sg� ¯

� �µ¤ n(0) = ∞
ªÀkoX~\���§�X~\c�¬koey¦�� �~�+¤³sgq�� �Zb{koeg�Z}�\�kdXZ\�b{\N�zfZ\��Z}�\

{σ
(0)
j }j≥1

� ¯ � ¯ | ¯ ªÀkoX~\jegqdqo��¢�eg�x~qos�}�\cbob�� b�e�qo\��~\c§0eg�«x~qos�}�\cbob0\�ko} ¯
W%s�\cez}�X´�~si|i\�sy¤9e¬�g\��Z\�q�ey� ��¥c\c|´�Seg}�¦ibdsg�·�Z\�kn§0sgqo¦Lª½§�\¡}�eg��ezbdbdsi}��©e�kd\�kdXZ\�¤³sg� ��s�§�� �~��}�sgfZ�zko���Z�
¤³fZ�Z}Bko��sz�Zb�� �

A
�

] ¯ K + 1
¤³f~�Z}�kd� sg�Zblegbob{si}��©e�ko\c|�kdsEkdXZ\�b{\cqd¢��©}�\£kd� [�\Nb

σ(k) 1äegb�� �+kdX~\�bd���Z�g� \9bd\�qo¢g\cq��zfZ\�f~\G3>L
� ¯ K(K+1)

¤³f~�Z}�kd� sg�Zb kdX2e�k%}�sgf~�SkobÀkdX~\���f~[#­L\�q%sy¤~}�fZb{kdsz[E\�q�bÀqosgfiko\c|C¤³qosg[ e��~si|i\
{0, . . . , K}kds�e��~si|i\

{1, . . . , K}
L

Á ¯ K + 1
¤³f~�Z}�kd� sg�Zblegbob{si}��©e�ko\c|�kds

n(k) ¯
9l\��Z}�\4eE�g\��Z\�q�ey� ��¥c\c|j�Seg}�¦ibdsg���Z\�kn§0sgqo¦'§��µkoX�� �~si|i\Nb�� b�eg�+sz­itn\c}�k����

A(K+1)(K+2) = AJN ¯� \4§�� ���Àf2b{\CkdXZ\9¤³sg� ��s�§�� �~���~syk�e�kd� sg��¤³sgq�\Neg}�X+sy¤5kdX~\Nb{\4}�sgf~�Skd� �~��¤³f~�Z}�kd� sg�Zb
�
� N = (n(0), . . . , n(K))

ª~§���kdX
n(i) ≥ 0

L

� σ(k) = {σ
(k)
j }j≥1

eg�Z|
σ(k)(1, n) =

∑n
j=1 σ

(k)
j

ª�¤³sgq
0 ≤ k ≤ K

L

� Σ(i)(t) =
∑

n 11{σ(i)(1,n)≤t}

ªi¤³sgq
0 ≤ i ≤ K

L

� Pi,j(n) =
∑

l≤n 11
{ν

(i)
l

=j}

ªi¤³sgq
0 ≤ i ≤ K, 1 ≤ j ≤ K + 1 ¯

� \l|i\c�~syko\�kdXZ\u���Zx~fik0eg�Z|Esgf~kdx~fik�x~qdsi}�\cbob{\Nb�sy¤«\cez}�XE�Sf~\cf~\
k
sg¤LkoX~\u�~\�kn§�szqd¦ib¼­�m

A(k) eg�Z| D(k)qo\cbdxL\c}Bko��¢z\�� mgªÀ§���kdX¬koX~\E¤³sg� ��s�§�� �~�+�~syk�e�ko��sz�
A = (A(1), . . . , A(K))

eg�Z|
D = (D(1), . . . , D(K)) ¯

º xZqdsi}�\N|if~qo\lkoXZe�kl}�sg�Zb{kdqofZ}�kob0kdXZ\4x~qdsi}�\cbob{\Nb A
eg�Z|

D
� b��z��¢z\��+��� º x~x2\c�Z|i��h+� ¯ � ¯� \Ckoeg¦g\CkdX~\C¤³sz��� s�§����Z�!�~sgkoeykd� sg�����g� ¢g\c�+e�|i\cxZeyqdkdf~qo\9x~qos�}�\cbob�¤³sgq��Sf~\�f~\

0
�
Σ(0) ª~eg�Z|+|i\�xZegq{kof~qo\xZqdsi}�\Nbdbd\cb�¤³sgq£kdX~\��zfZ\�f~\Nb

i ∈ [1, K]
�
X = {X(i)}1≤i≤K

ªLeg�Z|�eg�����Z�µko� eg�%��f~[!­2\cq£sg¤½}�fZb{kdsz[�\cqob
� ��\cez}�X��Sf~\�fZ\

n(i) ªZ§�\4}�sz�Zb{kdqofZ}Bk�kdXZ\9¤³sg� ��s�§�� �~�����~xZfiklx~qosi}�\cbobd\cb Y = {Y (i)}1≤i≤K
�

Y (i)(t) = n(i) + P0,i(Σ
(0)(t) ∧ n(0)) +

K
∑

j=1

Pj,i(X
(j)(t)).

1ä�%3
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� \�|i\c�~syko\£koX~�©b�­�m
Y = Γ(X,JN) ¯5C� ¢g\c�¡ey��eyqoqo��¢�ey�«xZqdsi}�\Nbdb�¤³sgqu\Neg}�X��Sf~\�fZ\ �

Y
ªL§�\�|~\�ÉZ�~\�kdX~\�}�sgqoqo\cbdx2sz�Z|i� �~�Esgfikox~fiklx~qosi}�\Nbdb

Xeg�Z|j|~\��~sgkd\C�µk�­�m
X = Φ(Y,JN) ¯ 9u\c�Z}�\zªi§�\£XZe±¢g\ X(i) = Φ(Y (i), Σ(i))

ªi§�X~\�qo\
Φ
§�egb�|i\�ÉZ�~\c|

¤³szq�kdX~\�bd� �~�g� \4b{\cqd¢z\�q��zfZ\�f~\4� � 1®Á%3 ¯
� � Ç��½Ã �±� Ä � �

A
�����

D � � � �+�
� ������� � � ����� � ���-� �.� $!�>'!'(�>'+���=� � � �%�(� �(�.��� ��� �!�*"��M$!&G'(� � �����-,����.&
� �.�6��� �E���D� 	�� �='�� �����-�����2��� ��� � ��� ���#� � �
� � ��	�� � � ��� �

{

A = Γ(D,JN),
D = Φ(A,JN).

1-@ 3

�<��, �
�
� �M�(� � � � � �
Ψ

��� ���<�������
� � �!�����
AJN

� �
A2 ��� ��� � �=�����=" �%$�&�'(���������-,����.&

JN
�G'!'(� $���� � ��'

� � �
$!���>�.��' � � � � �
� � $!���%� � �
(A,D)

�
p½qds�sy¤5� bux2sSbnkox2sz�~\c|jkds�egx~x2\c�Z|i��h ¯
& �������.&��&�0W�X~�©brxZqdszx2\cq{knm��g� ¢g\Nb�kdX~\C}�sz�~�~\c}�kd� sg�E­L\�kn§0\�\���kn§�s4xLszbob{� ­~� \l|i\Nbd}�qd� xikd� sg�2brsy¤Àe4�z\��~\cq{�
eg��� ¥�\N|��Seg}�¦ib{sz���~\�kn§�szqd¦ ¯�H �Z\£sg¤ÀkdX~\Nb{\9|i\Nbd}�qd� xikd� sg�2b½XZezb0­2\c\��j�z��¢z\�������§�szqo|~b0e�k0kdXZ\£­L\��z���~�Z���~�sg¤�koX~�©b�b{\N}Bko��sz�¬eg�Z|¬� b�|~\�x~�©}Bko\c|¬§��µkoX�[�szqd\Eqo���zsgq9� � º x~xL\��Z|i��h²� ¯ � ¯ W�X~\'sgkdX~\cq�|i\cbo}�qo��x~kd� sg�¬� b� ��ko\�qo[*sy¤ É~hi\c|�xLsg� �Sk�v½�SfZe�ko��sz� 1-@M3�§�X~� }�X�XZegb�eg��qo\cez|imE­2\c\��j� �Skdqosi|ifZ}�\N|j­�m 8�eytn\�§ubd¦��2� ��¾ ]N�±¿ ¯W�XZ\cbd\Ekn§�s¡|i\Nbd}�qd� xikd� sg�2b4eyqo\�\N�Sf~��¢�eg��\c�zk�� �¬kdX~\�b{xL\c}�� eg�½}�ezb{\Esy¤�|i�©bd}�qd\�kd\'� �~x~fik�b�ey�2|¬eg��\�[Exiknm
�Z\�kn§0sgqo¦�e�k�kd� [E\

t = 0− ¯ ?~sgque�[Esgqo\9�g\c�~\�q�ey�Vqo\cbdf~�µk�sz��koX~�©b�b{f~­~tn\c}BkNª~§0\Cqo\�¤³\cq�kds¡¾ ]g]B¿ ¯
� ���������
	����
�������+��� �9�À�5��������"5$;? ���#�B:'& ��&

	
��� 
 � "�� ,�� ��
 ��:���6 �!� � �%����� ���$�������  "%�$"��
?Zsgq�eg�Sm�b{\N�zfZ\��Z}�\�sg¤�¤³fZ�Z}Bko��sz�Zb

{fn}
ª §0\�|i\�ÉZ�Z\EkdX~\�}�sgqoqd\Nb{xLsg�Z|~���~��bo}�ey� \c|¬bd\c�Sf~\��2}�\

{f̂n}
egb

¤³sz��� s�§ub
�
f̂n(t) = fn(nt)

n
¯ � \�bde±m�kdXZeyk fn → f

f~�~��¤³sgqo[E��m�sg��}�sg[ExZez}Bkubd\�kobcª~szqub{� [Ex~��m
fn → ff ¯ s ¯ } ¯ ��¤5¤³sgq�\cez}�X t > 0

ª

sup
0≤u≤t

|fn(u) − f(u)| → 0
egb

n → ∞ ¯
� \9ÉZq�bnk�qo\c}cey� �VkdX~\9¤³sz��� s�§����Z�!� \�[E['e�¦S�Zs�§��+ezb ) � �~��� buW�XZ\�sgqo\�[ �
��Ã � �·���;� 	F�(�

{fn}
�!� �*'(��	�� �(� $!��� �
����� �%�!$��.�!��'!�
� �=�!��� $(�-����� '����

R+
�����*�����

f
�!� �I$!�����

�-�
� � � � '��!����$��-�����2���
R
��� '�'>�����=� � � �

fn(t) → f(t)
��� �+���
�

t
� ,��!� &*$!�����G�(��� ����$!�E� '6�M�(� � � �!� � �

fn → f
� ��� � ���

fn → f
�&�
� �
$
�

W�XZ\£¤³sz��� s�§�� �~� � \�[E['eE}�eg��­L\9¤³sgf~�2|�� �IC0��� ��� �~�Sb{� \�m�¾ ��¿ x2ey�g\��M7 @ �
��Ã � �·���-� !��

fn
���.�6� � � �%��$(�.�!�G'>�
� � �!����$��-����� 'E� � �

fn → f � � � �(� f←n → f←
�

� � Ç��½Ã �±� Ä � ��� � � '>���M�(� �*'(� 	(� �(� $!��� �+'>�
� �M���
'(�(���G�(� 	(� �(� �>'
{Qn} = {τA,n, σn} ∈ (A × A)N

, �
� � �G'!'(� $���� � �!�����>�>�������7���.� $���'!'
τA,n '>� $ �#� � ���

Ân(t) → Â(t)
��� � � �
�

t > 0 � , �
� � Â
$!� � $!� ���E���

R+ � ��� � ��'�'(� $���� � �!�#'(����� ��$!�+� �
����� �.� $!�>'!'
σn '>� $�� � � � �

Σ̂n(t) → µt
�����<���
�

t ≥ 0 � , �
��� µ ≥ 0 �� � �(�
D̂n → D̂

�&�
� �
$ � , �
���
D̂(t) = µt ∧ Â(t)

�

Ì%Ì@å�NZÓBÞ>O>P



7 ��� 	F�(������� �

� � ÇÀÇ�� �
?5� qob{klsz­Zb{\cqd¢z\9kdXZeyklkoXZey�~¦ibukdsj_�\c['eyqo¦�]zª2§0\�XZe±¢z\

Dn(t) ≤ Σn(t) ∧ An(t)
ªVX~\c�Z}�\![Eeg¦����~��kdX~\

¨2f~� |�bo}�eg��� �~�'ey�Z|�k�ey¦����Z�!koX~\4� ��[E��kl���
n
ª~§0\9XZe±¢g\

D̂(t) ≤ µt ∧ Â(t) ¯ prqdszx2\cq{knm+�!¤³sg� ��s�§ub0� ��kdX~\}cegbd\
µ = 0

­�m � \�[E['e9� ¯ � \�}�sz�Zbd� |i\cq%�Zs�§²kdX~\�}cegbd\ µ > 0
ey�Z|�ÉZqob{kregbob{fZ[�\½kdXZeyk
�

Qn ∈ A∗×A¤³szquey� �
n
eg�Z|

Â(0) = 0 ¯4 ���Z}�\
Â(0) = 0

ª
Â
�©b0}�sg�Skd� ��f~sgf2brsg�

R+
ey�2| � \c[E[Ee����z��¢z\cb Ân → Â

f ¯ s ¯ } ¯ 8¡sgqo\�s�¢z\�q¼koXZey�~¦ibkos � \c[�['eEÁ~ª~kdX~\�bd\c�Sf~\c�Z}�\Nb Σ̂n eg�Z| Σ̂n← }�sg��¢z\�qo�g\lf ¯ s ¯ } ¯ kdsEkoX~\4qd\Nb{xL\c}�kd� ¢g\C¤³f~�Z}�kd� sg�Zb t 7→ µteg�Z|
t 7→ t

µ ¯?Zsgq�É~hi\N|
t ≥ 0

ªi§�\9XZe±¢z\£koXZey�Z¦�b0kosEf~�~��¤³sgqo[���knmjsz�+}�sg[ExZez}Bkub{\�kobcª

lim
n→∞

Dn(nt)

n
= lim

n→∞
inf

0≤u≤t

1

n
Σn[n(t − u) + (Σn)←(An(nu))] ∧

An(nt)

n

= inf
0≤u≤t

lim
n→∞

1

n
Σn[n(t − u) + (Σn)←(An(nu))] ∧ lim

n→∞

An(nt)

n

= inf
0≤u≤t

[µ(t − u) + Â(u)] ∧ Â(t)

= µt ∧ Â(t),

§�XZ\�qo\lkoX~\£�©egb{k�\c�SfZey� ��knmE¤³sg� ��s�§ub½¤³qdsz[*}�sz�Z}�e±¢���knm�sg¤
Â ¯ � s�§ fZbd���Z� � \�[E['e��~ªzkoX~\9qd\Nb{fZ�µk0¤³sg� ��s�§ub� �+kdX~�©b�}�ezb{\ ¯W%s'\�h�ko\��Z|�kdXZ\�qd\Nb{fZ�µk�kosEkdX~\#}cegbd\ �

Qn ∈ A × A
ªZ§0\�}�sz�Zb{�©|i\cq�kdX~\#bd\c�Sf~\c�Z}�\

τB,n
i = τA,n

i + 1/i§�XZ� }�X+­2\c��sz�~�zb0kos
A∗ ¯ ?Zsgquey��m ε > 0

ªi§0\9XZe±¢g\£¤³sgq
n ≥ 1/ε

ª
An(n(t − ε)) ≤ Bn(nt) ≤ An(nt) ¯9l\��Z}�\

Â(t − ε) ≤ B̂(t) ≤ Â(t)
eg�Z|¡b{� �Z}�\

Â
�©bC}�sg�Sko����f~szfZb�ª2§�\#XZe±¢g\

B̂ = Â ¯ 8¡sgqo\�s�¢z\�qNª~b{� �Z}�\
τB,n
i ≥ τA,n

i

ªi§0\CXZe±¢g\
Dn

B = Φ(Bn, Σn) ≤ Φ(An, Σn)
ª~ey�Z|�§�\9}�eg��egx~x~� m'kdX~\CÉZq�b{k0xZegq{k�sy¤%kdX~\

xZqds�sy¤%kds
B̂
ªZX~\��Z}�\

Dn
B(t) → Â(t) ∧ µt

ey�Z|jkdX~\4qo\cbdf~��k�¤³sg� ��s�§ub0� �+kdX~�©bu}�ezb{\ ¯W�XZ\+}cegbd\
Â(0) 6= 0

}cey�·­L\�|i\ceg�µkE§��µkoX·koX~\¡bdeg[�\�[Esg�~sgkdsg�Z� }��µknm²eyqo�gfZ[�\c�Sk ¯ ?~sgqEey��m
ε > 0

ª
}�sg�Zbd�©|i\�q9koX~\jbd\c�Sf~\��2}�\

τC,n
i = τB,n

i ∨ iε ¯ � \�XZe±¢z\ Ĉ(t) = t
ε ∧ Â(t)

eg�Z|
τC,n
i ≥ τA,n

i ¯ � \}cey�Pegx~x~� m+kdX~\!ÉZq�bnkCxZeyqdk£sg¤¼kdX~\�x~qosSsg¤¼kds
Ĉ
ªVX~\��Z}�\

Dn
C(t) → Ĉ(t) ∧ µt ¯ ?~sgq

ε ≤ µ−1 ªV§�\!�g\�k
D̂(t) ≥ µt ∧ Â(t). �

	
��� �>6 :7: ���$�%�-1 3�� ��( ����4 �+4
� \9ÉZq�bnku|i\�ÉZ�~\9koX~\���sg�
	!eyxikof~qd\4}�sg�Z|i��kd� sg��egb0¤³sz��� s�§ub
�
	!Ç�� È
�³��� Ç�������	�� � §�\9bde±mEkoXZe�k�koX~\

K ×K
['e�koqd��h

P = (pi,j)1≤i,j≤K
bdeykd�©bnÉZ\Nb�����	��±ªi��¤

P
� b

eEbdf~­Zb{kdsi}�XZezbnko� }C['e�koqd��h�bdfZ}�XjkoXZe�k�koX~\9¤³sg� � s�§����~�Eb{kdsi}�XZegb{kd�©}C['e�kdqo��h

R =











p1,1 . . . p1,K 1 −
∑

i p1,i

pi,j

¯¯¯
pK,1 . . . pK,K 1 −

∑

i pK,i

0 . . . 0 1










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����������������������� �!�#"��%$�&�'(���*)+���-,����.&�' �

X2egbusz�~� m
K + 1

ezbuey­Zbdsgqo­~� �~��b{koe�ko\gªL� ¯ \���¤ (Xn)
� b£e 8�eyqo¦gs�¢�}�XZey� �¡§��µkoX¡kdq�ey�2b{��kd� sg��['e�koqd��h

R
ª

eg��[EsSbnkubdf~qd\c��m
(Xn)

� b�\N�SfZey�Vkos
K + 1

\�¢z\��SkdfZeg��� m ¯W�XZ\£¤³sz��� s�§�� �~�E��\c[�['e��©b�x~qos�¢g\c|j���¡egx~x2\c�Z|i��h �
��Ã � �·���
� 	 �(�

P
��� �

K×K
'>� ��'>� � $ � �G'>�-��$ �����-�>� � � � � �F��� �
����, �
� � ���.� � ���>�-����' ���.� ��	(�����G� �����D� $

� �
P

'(���-� '�� �>' ����	����
� �E��� �������>�.� � � �.���!�(� �
� '6�(� �%�(� ������� �<���

P
� '

r < 1
�

� �
(I − P ′)

� '=�
� ���(�>� � �(��� �
?Zsgq

x
ey�Z|

y
kn§0s!¢z\c}Bkosgq�b0sy¤

RK ªZ§�\9§�� ���À§�qo��kd\ x ≥ y
��¤

xi ≥ yi
ªi¤³szquey� �

i ¯?Zsgq#eg��m�['e�koqd��h
P
ª�eg��mP¢g\N}Bkosgq

α ∈ RK
+

eg�Z|²ey��m
y ∈ RK

+

ª5§0\j|i\�ÉZ�~\
Fα : RK

+ → RK
+

ey�2|
Gy : RK

+ → RK
+

§���kdX

(Fα)i(x1, . . . , xK) = αi +

K
∑

j=1

pj,ixj ,

(Gy)i(x1, . . . , xK) = xi ∧ yi.

� � Ç��½Ã �±� Ä �-� ! � � � �+�<� � �>� �
P

'(���-� ' � ��' ����	�� � � � � ��� �!�#� � �
� � � 	(� ���-�����
Fα ◦ Gy(x) = x

� ��'
� � ��� � 	(� �*'(��� ��� ��� �

x(α,y)
� � �������=�G�(� � (α,y) 7→ x(α,y)

� ' � $!���D� �
�D� ��� ' � � � � ���%��$(�.�!�G'>�
� �
�!����$��-����� �
& �������.&�Á ��W�X~\Nb{\�qd\c� eykd� sg�Zb�ey� qd\Neg|im�eyxZx2\Neyqo\c|²� � 8Pegbob{\cm�¾ ]cÁ±¿leg�Z|�w�X~\c��eg�Z| 8�eg�Z|i\c��­Zegf~[
¾Ü�N¿�b{\c\jb{\N}Bko��sz��Á ¯ ] ¯�» �·¤®eg}Bk�egb4xLsg� �Skd\c|�szfik#� �>¾ ��¿Tª5§0\j}�eg�¬f2b{\jW5eyq�bd¦S��� b9É~hi\c|¬xLsg� �zk!kdX~\csgqo\�[1äW%egqobd¦��r¾ ]c�±¿ 30kdsj�g\�klkdX~\�\�hi� b{kd\c�Z}�\4sg¤5koX~�©b�É~hi\c|�xLsg� �Sk+1®}cey� ��\N|����~¨Zs�§ ���²¾Ü�N¿ 3 ¯ C0fikl§0\��g� ¢g\9X~\cqd\eEbd\���¤¹�°}�sg�Skoeg���Z\c|�xZqds�sy¤%kdXZeyklb{XZs�§ub�}�sg�Sko����f~��knmjey�2|j[Esg�Zsykdsz�~�©}���knm�x~qosgxL\�qdkd� \cb0sy¤5kdX~\�bdsg� fiko��sz� ¯
� � ÇÀÇ�� �
vrh��©b{kd\��2}�\�sg¤¼ejb{sz��fiko��sz�+kds'koX~\4É~hi\c|�x2sz���Skl\N�zf2e�kd� sg���©bleg�¡\cegbdm�}�sg�Zbd\c�Sf~\c�Z}�\4sg¤¼[�sz�~sykosg�~�©}���knm ¯4 ���Z}�\

Fα
ey�Z|

Gy

egqd\��~sz�i� |i\c}�qd\Negbd���~�P¤³f~�Z}�kd� sg�Zb�eg�Z|
Fα ◦ Gy(0) ≥ 0

ª0§0\�bd\�\+koXZe�k
(Fα ◦

Gy)n(0) ↗ b ¯ � \4XZe±¢g\ b ≤ Fα(y)
eg�Z|

Fα ◦Gy(b) = b ¯?Zsgque��g� ¢g\c�+bdf~­Zbd\�k
∆
sy¤

[1, K]
ey�2|

y ∈ RK
+

§0\�|i\�ÉZ�~\
F∆

α,y : RK
+ → RK

+

­�m

(F∆
α,y)i(x1, . . . , xK) = αi +

∑

j∈∆

pj,iyj +
∑

j∈∆c

pj,ixj .

F∆
• (•)

|i\�xL\��Z|+sz�~��mjsg�
{xi, i ∈ ∆c}

ey�Z|
Fα = F∅α,y ¯� \9É~h

y ∈ RK
+

eg�Z|�ÉZq�bnkub{kdfZ|imjkdX~\4}cegbd\
F∆

α,y(x) = x ¯W�XZ� b�\N�zf2e�kd� sg�+�©b










x1 = α1 +
∑

j∈∆ pj,1yj +
∑

j∈∆c pj,1xj ,¯¯¯
xK = αK +

∑

j∈∆ pj,Kyj +
∑

j∈∆c pj,Kxj .
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» �#¤®eg}�kcª�§0\½sg�Z��m9XZe±¢z\rkdsC}�eg� }�f~� eykd\ {xi, i ∈ ∆c}
eg�Z|9koX~\��Àªg§�\�sg­ik�ey� �

{xi, i ∈ ∆} ¯ _�\c�SfZ[#­L\�qo���~�koX~\4� �Z|i\�hi\Nb�sy¤
x
ªZey�Z|jkoeg¦����~�E� �Skds'eg}c}�sgfZ�zk�sz�~��m�kdX~sSb{\9� �

∆c ª~§0\9XZe±¢g\










x1 = λ1(α,y) +
∑n

j=1 p∆
j,1xj ,¯¯¯

xn = λn(α,y) +
∑n

j=1 p∆
j,nxj .

1�7%3

P∆ = (p∆
i,j ; i, j = 1, . . . , n)

� b'e�bdf~­Zb{kdsi}�XZegb{kd�©}�[Eeykdqo�µh ey�Z|
I − P∆ � bE� ��¢g\cq{ko��­~� \ 1³\c¢g\��´¤³sgq

∆ = ∅
bd\�\ � \�[E['e�� 3 ¯ 9u\c�Z}�\zª ��¤

λ(α,y) = (λ1(α,y), . . . , λn(α,y))
ª�v½�SfZe�ko��sz� 1 7%3£XZezb9sg�~� m

sz�~\4b{sz��f~kd� sg�+�g� ¢g\��+­�m �

x̃∆ = λ(α,y) + x̃∆P∆ ⇔ x̃∆ = λ(α,y)(I − P∆)−1.

� \��~s�§·qo\�kof~qd�#kdsCsgf~q5É~h!x2sz���Sk�x~qdsz­~� \�[
x = Fα◦Gy(x) ¯ W%sCbdX~s�§·f~�Z� �Sf~\c�~\cbob5sy¤ZkoX~\�b{sz��fiko��sz�Àªk�ey¦z\£ey��mEb{sz��f~kd� sg�

z = Fα ◦Gy(z) ¯ � \CXZe±¢g\ z ≥ 0
XZ\��Z}�\

Fα ◦Gy(z) ≥ Fα ◦Gy(0)
eg�Z|EkoX~\��

z ≥ b ¯ � \�k A = {i, zi > yi}
ey�Z|

B = {i, bi > yi} ¯ H ¤r}�szf~qobd\gªZ§�\�X2e±¢g\ B ⊂ A
eg�Z|

b = x̃Bbd� �Z}�\
FB

α,y(b) = Fα ◦Gy(b) = b ¯ 8�sgqo\�s�¢g\cqcªS§0\CX2e±¢g\

zi = αi +
∑

j∈B

pj,iyj +
∑

j∈A\B

pj,iyj +
∑

j /∈A

pj,izj ,

(FB
α,y)i(z) = αi +

∑

j∈B

rj,iyj +
∑

j∈A\B

pj,izj +
∑

j /∈A

pj,izj ,

XZ\��Z}�\gªg§0\�XZe±¢g\
FB

α,y(z) ≥ z ¯ C0fik½bd���Z}�\ (FB
α,y)n(z) ↗ x̃B = b

ªg§0\�XZe±¢z\
b ≥ z ¯ ?5���2ey� ��m z = b ¯?Zsgq0ey��m

∆
ª
(α,y) 7→ x̃∆(α,y) = λ(α,y)(I −P ∆)−1 �©b½e�}�sg�Skd� ��f~sgfZbr�~sg�i� |i\N}�qo\cegbd� �~�C¤³f~�Z}Bko��sz� ¯?5��h´ey��m

(α,y)
ª�eg�Z|´|~\�ÉZ�~\

A = {i, xi(α,y) ≥ yi}
ª
B = {i, xi(α,y) > yi} ¯ � \+X2e±¢g\jsg¤}�sgf~q�bd\

x(α,y) = x̃A(α,y) = x̃B(α,y)
ey�Z|P¤³sgq

(β, z)
� �²e+�~\�� �gX�­LsgqoX~s�s�|Psy¤

(α,y)
ª5§0\�X2e±¢g\

x(β, z) ∈ {x̃A(β, z), x̃B(β, z)}
ªÀeg�Z|�kdXZ\!}�sz�Skd� �SfZ�µknm�sy¤

(α,y) 7→ x(α,y)
¤³sz��� s�§ubl¤³qdsz[�koXZe�k9sy¤

(α,y) 7→ x̃∆(α,y) ¯� s�§ kosEbd\�\CkoXZe�k�koX~� b�¤³f~�Z}Bko��sz��� b��Zsg��|i\c}�qd\Negbd���~�2ªSkoey¦z\
(β, z) ≥ (α,y)

ª2§�\9XZe±¢z\

Fβ ◦Gz(x(α,y)) ≥ Fα ◦Gy(x(α,y)) = x(α,y)

eg�Z|jkdX~\�bd\c�Sf~\c�Z}�\
{(Fβ ◦Gz)

n(x(α,y))}n≥0
���Z}�qd\Negbd\cb�kds

x(β, z) ¯ �

	
� 	 
 � "�� ,�� ��
 ��:���6 � ' � �%���)( � � * �-, .0(21 3"476��98!�;:=<>6 �)354
� \�}�sz�Zbd� |i\cq0kdX~\9¤³sz��� s�§����Z�Ebd\c�Sf~\c�Z}�\9sg¤5�Seg}�¦ib{sz�j�~\�kn§�szqd¦ib
�

JNn = {σn, νn, Nn},
§���kdX

,

lim
n→∞

Nn

n
= (n(0), n(1), . . . , n(K)), n(0) ≤ +∞, n(i) < ∞, i 6= 0.
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W�X2ey�~¦ib�kos
Procedure 1

�z��¢z\�������eyx~xL\��Z|~�µh«ªZ§0\�}�eg��}�sz�Zbnkoqdf2}Bk�kdXZ\!}�szqdqo\cbdxLsg�Z|i� �~�����Zx~fikCeg�Z|
szfikdxZfikux~qos�}�\cbob{\Nb

An ey�Z| Dn ¯ � \�ezbdbdf~[E\lkoXZe�k�koX~\�|iqo��¢�� �~�'b{\N�Sf~\��Z}�\cb�boe�ko� b{¤³m
Σ̂(0),n(t) → Σ(0)(t),

§�X~\cqd\
t 7→ Σ(0)(t) ∧ n(0) � b�eE}�sg�Z}ce±¢g\£¤³f~�Z}Bko��sz�Àª

∀k ≥ 1, Σ̂(k),n(t) → µ(k)t, ∀t ≥ 0 (µ(k) ≥ 0),

P̂ n
i,j(t) → pi,jt ∀t ≥ 0.

� \�bdf~x~xLszbd\£koXZe�k�koX~\4qosgfiko���~��['e�koqd��h
P = (pi,j)1≤i,j≤K

bdeykd�©bnÉZ\Nb�����	�� ¯
� � Ç��½Ã �±� Ä �
� � � �0���.� $���'!'(�>'

An � � �
Dn $!�����G�(��� � ��� � �����>�
� �����:$!��� � �%$���'(�(��'�� �<��� �����+���
�
�
�

�%� ��� �!� ���

Â(i)(t) = n(i) + p0,i(Σ
(0)(t) ∧ n(0)) +

K
∑

j=1

pj,iD̂
(j)(t),

1ä�%3

D̂(i)(t) = Â(i)(t) ∧ µ(i)t.
1{]c�%3

& �������.&�� � ] ¯ v¼hi� b{kd\c�Z}�\�ey�Z| f~�~�©�Sf~\��Z\cbob'sy¤4b{sz��f~kd� sg�Zb�kos²v½�SfZe�ko��sz�Zb:1®� 3Eey�Z| 1{]c�%3!¤³sz��� s�§
|i� qd\N}Bkd� m�¤³qosg[�prqosgxL\�qdknm¡Ájegb9bdX~s�§���� ��koX~\Ex~qds�sg¤ ¯ 8�sgqo\�s�¢g\cqcª2�µk4\Negbd��� m+¤³sg� ��s�§ubl¤³qdsz[ kdX~\
x~qosSsg¤«kdXZeyk0\Neg}�Xj}�sg[ExLsg�~\c�zk0sy¤

A
ey�Z|

D
�©b�}�sz�Z}�e±¢z\uey�Z|j�µ¤

Σ(0) �©b�x~��\N}�\��T§��©b{\£��� �~\NeyqrkoX~\��b{s'egqd\CkdXZ\4x~qdsi}�\cbob{\Nb
A
eg�Z|

D ¯
� ¯ W�X~\�szqd\c[ @ ¯ ]#sy¤�¾ ��¿%�z��¢z\cb�koX~\4¨ZfZ� |�egx~x~qos±hi��['e�ko��sz��sy¤re'�g\c�~\�q�ey� � ¥�\c|��Seg}�¦ibdsg���~\�kn§0sgqo¦Vª~��¤§�\�k�ey¦g\'e+� ���~\NeyqC¤³f~�Z}�kd� sg�¬¤³sgq

Σ(0) ª«koX~\��¬¤³qosg[ (Â, D̂)
ª §0\E}cey��}�eg� }�f~� eykd\�\�hix~� � }��µko��mPkdX~\

b{sz��f~kd� sg�+sy¤5kdX~\4\N�zf2e�kd� sg�2b�sg¤%koX~�©buW�X~\�szqd\c[ ¯� � ÇÀÇ�� �
?ZsgqÀeg�SmlÉ~hi\c|

n ≥ 1
ªN§0\r|i\�ÉZ�Z\�kdX~\½bd\c�Sf~\c�Z}�\Nb«sy¤�x~qosi}�\cbobd\cb

{An
t (k),Dn

t (k)}k≥0
eg�Z|

{An
b (k),Dn

b (k)}k≥0§���kdX+koX~\�bdeg[E\Cqo\c}�f~qoqd\c�Z}�\C\c�SfZeykd� sg���
{

An(k + 1) = Γ(Dn(k),JNn),
Dn(k + 1) = Φ(An(k + 1),JNn),

­Zfiku§��µkoX¡|i�µ¸V\�qo\��Sku� �~��kd�©ey�À}�sz�Z|i��kd� sg�Zb
Dn

t (0) = (Σ(1),n, . . . , Σ(K),n)
eg�Z|

Dn
b (0) = (0, . . . , 0) ¯� \4qo\c}�eg���LkoX~\4�~syk�e�ko��sz���

Γi(X,JNn)(t) = n(i),n + P n
0,i(Σ

(0),n(t) ∧ n(0),n) +

K
∑

j=1

P n
j,i(Xj(t)),

Φi(X,JNn)(t) = Φ(Xi, σ
(i),n)(t),

eg�Z|�§0\E§���� �¼fZbd\�kdX~\'bo}�ey� \c|�b{\N�Sf~\��Z}�\cb
Ân(k)(t) = An(k)(nt)

n

eg�Z|
D̂n(k)(t) = Dn(k)(nt)

n ¯ � \� �Skdqosi|ifZ}�\£kdXZ\C['egx~x~� �~�zb
Γ : CK → CK ey�2|

Φ : CK → CK kdXZeyk�egx~xL\ceyq�� ��v��zf2e�kd� sg�2b 1ä�%30ey�2|
1{]c� 3 1®§�X~\�qo\

C
�©b0kdXZ\�b{\�kusy¤5}�sg�Skd� ��f~sgf2b0¤³f~�Z}Bko��sz�Zb�sz�

R+
3 �

Γs
i (x1, . . . , xK)(t) = n(i) + p0,i(Σ

(0)(t) ∧ n(0)) +

K
∑

j=1

pj,ixj(t),

Φs
i (x1, . . . , xK)(t) = xi(t) ∧ µ(i)t.
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W�XZ\£¤³sz��� s�§�� �~�E��\c[�['e�X~sz� |~b0¤³szqu­LsykdX�kdszx¡ey�Z|�­2sgk{kosg[¶bd\c�Sf~\c�Z}�\Nb�ªiXZ\��Z}�\4§�\9sg[E��k�kdX~\
.t
szq

.b ¯
��Ã � �·���;� � '!'!�����<� � � � ����� �#� � �!�

k � D̂n(k) → D̂(k)
�&�
� �
$
� ����� � � ��� ���%$ � $�� ��� �������D� � �

D̂(k)
� '6�#$!����$��=�G� �!����$��-����� � � � �(�2,�� � � ���

Ân(k + 1)
n→∞
−−−−→ Γs(D̂(k)) = Â(k + 1)

�&�
� �
$
�

� � �

D̂n(k + 1)
n→∞
−−−−→ Φs(Â(k + 1)) = D̂(k + 1)

�&�
� �
$
�

� � � $�� ��� �������D��'6���
Â(k + 1)

� � �
D̂(k + 1)

���.�
$!����$��=�G� �!��� $(�-����� '	�
� � ÇÀÇ���Ç�� ��� Ã + Ã � �´�«�
?Zsgqueg�SmEÉZh�\N|

t
ª~§�\9XZe±¢z\

A(i),n(k + 1)(nt)

n
=

n(i),n

n
+

P n
0,i(Σ

(0),n(nt) ∧ n(0),n)

n
+

K
∑

j=1

P n
i,j(D

(j),n(k)(nt))

n
.

9l\��Z}�\9kdXZeg�~¦ib0kds � \�[E['e��iªi§0\4XZe±¢g\ Ân(k + 1)
n→∞
−−−−→ Γs(D̂(k))

f ¯ s ¯ } ¯ ey�Z|�\cez}�X+}�sg[Ex2sz�~\��Sksg¤
Â(k + 1) = Γs(D̂(k))

�©bu}�� \cegqd� mjeE}�sz�Z}�e±¢z\l¤³fZ�Z}Bko��sz� ¯ � s�§�kdX2ey�~¦ib0kds'p½qdszx2\cq{knm��#koX~\4qd\Nb{fZ�µk¤³sz��� s�§ub ¯ �� \4�~s�§�qd\�kdf~qo�jkos�kdX~\4x~qos�sy¤5sy¤�prqdszx2\cq{knm'� ¯� \�XZe±¢z\
Â(k+1) = Γs ◦Φs(Â(k)) ¯ W�X~�©b¼\c�SfZeykd� sg���g� ¢g\cb%koX~\�qd\c� eykd� sg��­2\�kn§�\c\����l¤³f~�Z}�kd� sg�Zb¼sg¤Leqo\ceg��xZeyq�ey[E\�kd\�q

t ¯ C0fik §0\r}�ey�CÉ~hCkdXZ� b xZeyq�ey[E\�ko\�qÀeg�Z|£kdX~\c�4§�\¼sz­ikoeg���C¤³sgq%ey��muÉ~hi\N| t
eg�4\c�SfZe�ko��sz�

­L\�kn§0\�\c�4qd\Ney�z�SfZ[#­L\�q�b«kdX2e�k §0\r§�qo�µko\
Â(k+1)(t) = Γs◦Φs(Â(k)(t))

1®\�¢g\c�4�µ¤
Γs◦Φs � b%b{f~xZx2sSb{\N|kos�eg}�krsg��¤³f~�Z}�kd� sg�Zb!3 ¯ 8¡szqd\cs�¢g\�q¼ezbre4}�sz�Zb{\N�Sf~\��Z}�\�sy¤«prqosgxL\�qdknm#Á~ªz§�\�¦��~s�§�kdXZeykrkdXZ\�É~hi\c|ExLsg� �zk\N�SfZe�ko��sz�

Γs ◦ Φs(ζ(t)) = ζ(t)
XZezb£eg��f~�~�©�Sf~\Eb{sz��fiko��sz�ÀªV�Zey[E\c��m

ζ(t) = x(α, µ(1)t, . . . , µ(K)t)
ª

§���kdX
α = (n(1) + p0,1(Σ

(0)(t) ∧ n(0)), . . . , n(i) + p0,i(Σ
(0)(t)∧ n(0)), . . . , n(K) + p0,K(Σ(0)(t) ∧

n(0))) ¯ ?~szq½ey��m t
ªzkdX~\lbd\c�Sf~\c�Z}�\

{Âb(k)(t)}k≥1
1®qd\Nb{x ¯ {Ât(k)(t)}k≥1

3��©b¼�~sz�E|~\c}�qo\cezb{� �~��1³qo\cbdx ¯�Zsg�+���Z}�qd\Negbd���Z� 3 ¯ � \4XZe±¢g\ Âb(k)(t)
k→∞
−−−−→ ζ(t)

ey�Z|
Ât(k)(t)

k→∞
−−−−→ ζ(t)

ey�Z|
D̂b(k)(t)

k→∞
−−−−→

Φs(ζ(t))
ey�2|

D̂t(k)(t)
k→∞
−−−−→ Φs(ζ(t)) ¯8�sgqo\�s�¢g\cqcªyÉ~hjey��m

n ≥ 1
ªSkdX~\C['eyx~xZ���~�Sb

. 7→ Γ(.,JNn)
eg�Z|

. 7→ Φ(.,JNn)
eyqo\l�~sz��|i\N}�qo\cegbd� �~�

eg�Z| �
{

An = Γ(Dn,JNn),
Dn = Φ(An,JNn).

9l\��Z}�\gªi¤³szquey� �
k ≥ 0

ª~§0\9XZe±¢g\ �

An
b (k) ≤ An ≤ An

t (k),

Dn
b (k) ≤ Dn ≤ Dn

t (k).
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� \4XZe±¢z\ �
An

b (k)(nt)
n ≤ An(nt)

n ≤ An
t (k)(nt)

n ,

Âb(k)(t) ≤ lim infn
An(nt)

n ≤ lim supn
An(nt)

n ≤ Ât(k)(t),

XZ\��Z}�\gªi§0\4XZe±¢g\

∀t, lim
n

An(nt)

n
= ζ(t).

W�XZ\Cqo\cbdf~��k�¤³sg� ��s�§ub�¤³qosg[ � \�[E['e�� ¯ �

� � �#�����
����� �4�%���¶? &À:��
	��%�9�%��"
����� � 62: � � (
: �+6��
� \�É2qob{k#qo\c}�eg���rkdX~\+|i\�ÉZ�Z�µko��sz�·sy¤ubd��[Ex~� \jvrfZ��\cq#�~\�kn§�szqd¦P¤³qdsz[ 4 \N}Bko��sz�·� ¯ ]'sy¤�¾Ü�N¿ ¯ w�sg�Zbd�©|i\�q#eqosgf~kd\

p = (p1, . . . , pL)
§���kdX

1 ≤ pi ≤ K
¤³szq

i = 2, . . . , L − 1 ¯ 4 fZ}�X�ejqosgf~kd\�� b4bdfZ}�}�\cbobn¤³fZ�5��¤
p1 = 0

eg�Z|
pL = K + 1 ¯ � \9}�eg�jegbob{si}�� eykd\�kos!bdfZ}�Xje�qosgf~kd\le#qdszfikd� �~�!bd\c�Sf~\c�Z}�\ ν

ey�Z|je�¢g\N}Bkosgq
φ
egb0¤³sz��� s�§ub 1

⊕
[E\Ney�Zb�}�sg�Z}ce�kd\c�Ze�ko��sz�D3 �

Procedure 2(p) :

−1− for k = 0 . . .K do

ν(k) := ∅;

φ(k) := 0;

od

−2− for i = 1 . . . L − 1 do

ν(pi) := ν(pi) ⊕ pi+1;

φ(pi) := φ(pi) + 1;

od

� syko\£koXZe�k
φ(j) �©b�kdXZ\4�SfZ[#­L\�q�sy¤5¢�� bd�µk�b�kdsE�~si|i\ j

���¡bdfZ}�X+eEqosgf~kd\ ¯
º bd� [�xZ��\rv½f~��\cqÀ�~\�kn§�szqd¦u�©b e0�z\��~\cqoeg��� ¥�\N|£�Seg}�¦ibdsg�C�~\�kn§0sgqo¦ E = {σ, ν, N}

ªN§��µkoX
N = (1, 0, . . . , 0) ¯W�XZ\!qosgfiko���Z�jb{\N�Sf~\��Z}�\

ν = {ν
(k)
i }φ(k)

i=1

�©bC�g\c�~\�q�e�ko\c|�­�m�ejbdfZ}�}�\cbobn¤³fZ�%qosgfiko\!eg�Z|
σ = {σ

(k)
i }φ(k)

i=1�©b�eEb{\N�Sf~\��Z}�\9sy¤�qd\Ney���T¢�ey� f~\N|��~sz�i�T�Z\��zeykd� ¢g\C��f~[#­L\�q�b�ªiqo\�xZqd\Nb{\c�zko���Z��bd\�qo¢�� }�\lko��[E\cb ¯w�sz�Zbd� |i\cq«�~s�§�e�b{\N�zfZ\��Z}�\¼sy¤ib{� [Ex~��\¼v½f~��\cq �~\�kn§�szqd¦ibcª�boe±m
{E(l)}+∞

l=1

§�X~\�qo\
E(l) = {σ(l), ν(l), 1} ¯� \�|i\�ÉZ�~\

σ
ey�2|

ν
kos'­2\4koX~\�� �iÉZ�~��kd\�}�sg�Z}ce�ko\��Ze�ko��sz��sg¤�kdX~\

{σ(l)}+∞
l=1

eg�Z|
{ν(l)}+∞

l=1 ¯ ) \��Zsykd\­�m
σc
koX~\�b{\N�Sf~\��Z}�\9sg­ik�ey� �~\c|j¤³qdsz[

σ
���+kdXZ\9¤³sg� ��s�§�� �~�E['ey�~�~\cq

σc = (cσ(0), σ(1), . . . , σ(K)).

� \²}�sz�Zb{�©|i\cqjkoX~\²}�sgqoqo\cbdx2sz�Z|i� �~�´bd\c�Sf~\��2}�\¬sy¤!�Seg}�¦ibdsg�>�~\�kn§�szqd¦ib
JNn

c = {σc, ν, Nn}
ªl§���kdX

Nn = (n, 0, . . . , 0) ¯ W�XZ\��Seg}�¦ib{sz���~\�kn§0sgqo¦ JNn
c

}�sgqoqo\cbdx2sz�Z|~b9kos�ey�´\�[Exiknm��~\�kn§0sgqo¦¬§��µkoX
n
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}�fZb{kdsg[E\cqobC� �¬�Zs�|~\
0
eyk9kd� [�\

t = 0 ¯ � \'§�� � �½|i\��Zsykd\E­�m Xn
c

koX~\Ekd� [E\Ekds¡\�[Exiknm�kdX~\�bdmibnko\�[
JNn

c

ªL}�ey� � \c|�[Eeyhi��['ey�%|~e�ko\�qusg¤%koX~\��~\�kn§�szqd¦ ¯ W�XZeg�~¦ib0kds'koX~\4vrf~� \�q£x~qdszx2\cq{knmjsy¤ {E(i)}i≥1
ª~§�\

¦��~s�§ kdXZeyk�¤³sgquey� �
n
ª
Xn

c < +∞
1äb{\c\E¾ ��¿
3 ¯ � \�bdf~x~xLszbd\CkdXZeyk

lim
n→∞

σ
(0)
c (1, n)

n
=

c

λ
,

1{]g] 3

lim
n→∞

σ(k)(1, n)

n
=

1

µ(k)
, 1 ≤ k ≤ K, (µ(k) > 0)

1n]±�M3

lim
n→∞

Pi,j(n)

n
= pi,j , 0 ≤ i ≤ K, 1 ≤ j ≤ K + 1.

1{]cÁ 3

� \�egbobdf~[E\�koXZe�k
P = (pi,j)1≤i,j≤K

bdeykd�©bnÉZ\Nb
����	�� ¯ � \�|i\c�~syko\¡­�m πi
koX~\�bdsg� fikd� sg� sy¤CkdX~\

¤³sz��� s�§�� �~��bdmibnko\�[

∀i ∈ [1, K], πi = p0,i +

K
∑

j=1

pj,iπj .
1{]�� 3

W�XZ\�}�sz�Zb{koey�Sk
πi
�©b kdX~\0\�hixL\c}Bko\c|4��f~[!­2\cq%sg¤~¢�� bd�µk�bÀkos£bd�µko\

i
¤³sgq kdX~\�8�egqd¦zs�¢£}�XZeg���4§���kdX#kdq�ey�Zbd�µko��sz�

['eykdqo�µh
P
ey�Z|>§���kdX ���~��kd�©ey�9|i�©bnkoqd� ­~fiko��sz�

p0,i
1äb{\c\Px~qos�sy¤4sy¤ � \�[E['e²� 3 ¯ � \�§���� �Cx~qds�¢z\�kdX~\¤³sz��� s�§�� �~�#koX~\�szqd\c[ �

� � Ã�Ç � Ã � � ��� � �%���=� � �"� �.��� ����� '+$!�������
�-����� ' � ,��#� �=�G� ��� �+���
�
c ≥ 0

lim
n→∞

Xn
c

n
= max

1≤i≤K

πi

µ(i)
∨

c

λ
.

����� � �)6"6 � 6 ������� 6 � � 
 �
5C� ¢g\c��e¬qosgfiko���~�¬['e�koqd��h

P = (pi,j ; i, j = 0, . . . , K + 1)
koXZe�k�boe�kd�©b{ÉZ\cb ����	���ey�2|�e�¢g\N}Bkdszq

α = (α1, . . . , αK) ∈ RK
+

ª2§�\�|~\��~sgkd\�­�m
πα

i

kdX~\�b{sz��f~kd� sg��sy¤�kdXZ\4¤³sg� ��s�§�� �~��bdmibnko\�[ 1äb{\c\ � \c[E[Ee� 3

∀i ∈ [1, K], πα
i = αi +

K
∑

j=1

pj,iπ
α
j .

� � Ç��½Ã �±� Ä � � � ��� '!���%���6�<'���	(� ����$!�6� �="��%$�&�'(���:�����-,����.&�'=��' �
� � �.� � �(�>��� � '>� $��*� � ���
µ(k) > 0��� �:���
�

k � Σ(0)(t) = λt/c
, �
� �

λ > 0
�����

c ≥ 0
� , �
� � � � � $!� � �����D� ��� � $

1/0 = +∞
� �����

Xn < +∞
�����+� �
�

n � ,��
�M�(� � � �
α = (n(1) + n(0)p0,1, . . . , n

(K) + n(0)p0,K) � ,�� � � ���

lim
n→∞

Xn
c

n
= max

1≤i≤K

πα
i

µ(i)
∨

cn(0)

λ
.
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� � ÇÀÇ�� �
��Ç�Æ#Ã ��� Ç � � È��
w�sz�Zbd� |i\cq koX~\ueyf~h�� � � egqdm4�Seg}�¦ib{sz�4�~\�kn§0sgqo¦

J̃N
n

= {0, νn, Nn}
ªyeg�Z|�koX~\�egbob{si}�� eykd\c|�¢g\c}�kdszq

Y(n)
ª

§�XZ\�qo\
Y (i)(n)

�©b0kdXZ\£kosyk�ey�V��f~[#­L\�q�sy¤�}�fZb{kdsz[E\�q�brkoXZe�k��gs!kdXZqdszf~�gX��~si|i\
i
����kdX~�©b��~\�kn§�szqd¦ ¯ � \X2e±¢g\

Y (i)(n) = n(i),n + P n
0,i(n

(0),n) +

K
∑

j=1

P n
j,i(Y

(j)(n)).

9l\��Z}�\
limn

Y (i)(n)
n = πα

i

koXZey�~¦ib0kos�egbob{f~[Exiko��sz� ����	��usz�
P ¯� s�§ }�sg�Zbd�©|i\�q�koX~\�sgqo� �g� �Zey�«�~\�kn§�szqd¦

JNn
c ¯ W�X~\#�SfZ[#­L\�qusg¤¼}�fZb{kdsg[E\cqob0koXZe�kl�zsEkdX~qosgfZ�gX��~si|i\ i�©b�bnko��� �

Y (i)(n) ¯ 9u\��2}�\C§�\CXZe±¢g\lkdX~\£¤³sg� � s�§����~�!���Z\c�SfZey� ��knm!¤³szq0kdX~\C['e�hi��['eg�V|Ze�kd\cq�sg¤ �~si|i\ i ≥ 1
ª

X(i),n ≥ σ(i),n(1, Y (i)(n)) ¯rº �Z|�¤³sgq��~si|i\ 0
ª
X

(0),n
c ≥ σ

(0),n
c (1, n(0),n) ¯ 9u\��2}�\gªZ§�\9XZe±¢z\

lim inf
n→∞

X(i),n

n
≥ lim

n→∞

σ(i),n(1, Y (i)(n))

n
=

πα
i

µ(i)
,

lim inf
n→∞

X
(0),n
c

n
≥ lim

n→∞

σ
(0),n
c (1, n(0),n)

n
=

cn(0)

λ
.

4 ���Z}�\
Xn

c = max1≤i≤K X(i),n ∨ X
(0),n
c

ªikoX~\4��s�§0\�q�­Lsgf~�2|j¤³sz��� s�§ub ¯
� ���½Ã ��� Ç � � È½�
� \#}�sg�Zbd� |~\�qukoX~\�szqd� �g� �Zey�%�zez}�¦�bdsg�+�~\�kn§�szqd¦ ¯ W�XZey�Z¦�b�kds�prqosgxL\�qdknm+�ZªZ§0\�¦��~s�§ kdX2e�kukoX~\!}�sgqoqd\��bdxLsg�Z|i� �~�����Zx~fikley�2|jszfikdx~f~k�xZqdsi}�\Nbdbd\cb

An ey�Z| Dn }�sz��¢g\�qo�g\lkds'e#¨Zf~�©|j� ��[E��k Â
ey�Z|

D̂
qo\cbdxL\c}B�

ko��¢z\�� m ¯�� \�k T (i) = inf{t > 0, Â(i)(t) = D̂(i)(t)}
ª
T = maxi∈[1,K] T

(i) ey�Z| M = T ∨ cn(0)/λ ¯� \4XZe±¢z\

∀t ≥ M, Â(i)(t) = n(i) + p0,in
(0) +

K
∑

j=1

pj,iÂ
(j)(t),

XZ\��Z}�\gªi§0\4XZe±¢g\

∀t ≥ M, Â(i)(t) = D̂(i)(t) = πα
i .

1{]N�M3
� \'|i\��Zsykd\

i0 = argmax{T (i)}
eg�Z|P§0\�XZe±¢g\

Â(i0)(T ) = D̂(i0)(T ) = µ(i0)T
­�mP}�sz�Z}�e±¢���knm+sg¤

Â(i0) ª~XZ\��Z}�\ T =
πα

i0

µ(i0) ¯ 8�sgqo\�s�¢g\cqcªSv½�SfZeykd� sg� 1n]N�%3���[Ex~� ��\Nb	�

∀t ≥ M,
Y (i)(n) − D(i),n(nt)

n

n→∞
−−−−→ 0,

§�XZ\�qo\
Y (i)(n)

�©bukoX~\#kosyk�ey�5�SfZ[#­L\�q9sy¤½}�fZbnkosg[E\�q�blkdXZeyk£�gsjkdX~qosgfZ�gX��~si|i\
i ¯ 4 ���Z}�\

Xn
c < +∞

ª
§0\9¦��~s�§ koXZe�k�¤³szquey��m

t
ª

Xn
c ≤ nt +

K
∑

i=1

σ(i),n(D(i),n(nt), Y (i)(n)) + σ(0),n
c (Σ(0),n(nt), n(0),n),
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]N� ��� 	F�(������� �

k�ey¦�� �~�
t = M

ª5§0\jX2e±¢g\
lim supn→∞

Xn
c

n ≤ M = T ∨ cn(0)

λ =
πα

i0

µ(i0) ∨ cn(0)

λ

ªreg�Z|¬kdXZ\jqo\cbdf~�µk
¤³sz��� s�§ub ¯ �� � ÇÀÇ���Ç � � � Ã�Ç � Ã � �L�
» k��©b�\Negbdm²kds·bd\�\�koXZe�k+egbob{f~[Exiko��sz�ZbEsy¤4prqosgxL\�qdknm·�²X~sz� |�¤³szq'kdX~\��zez}�¦�bdsg���~\�kn§0sgqo¦ib JNn

c =
{σc, ν, Nn}

ªi§��µkoX
n(i) = 0

ª~\�h~}�\cxik�kdX~\
n(0) = 1 ¯�

��� 	 � : (�� ��� ��: � 6 � ' �$�����)( ���+* �-,/.0(21)35476��98!�;:=<>6 �)354
� \��~s�§ �z��¢z\9kdX~\#}�sg�~�Z\c}Bko��sz��­2\�kn§�\c\���kdXZ� bl¨Zf~�©|���� [E�µk9ey�Z|+koX~\#b{koeg­~��� ��knm�qo\��z��sz��sg¤��z\��~\cqoeg��� ¥�\N|
�Seg}�¦ibdsg���Z\�kn§0sgqo¦�b0f~�2|i\�qlb{koeykd� sg�Zegqdm'\cqd�zsi|i� }Cegbobdf~[Exikd� sg�Zb0¤³sz��� s�§�� �~��¾Ü�±¿ ¯
º bdbdf~[E\�kdXZeyk�§0\¬XZe±¢g\¬e´x~qosg­2ey­~� ����knm bdxZeg}�\ (Ω,F , P)

ªC\��Z|~s�§�\N| §���kdX ey� \cqd�zsi|i� }P[E\cegbdf~qo\��
xZqd\Nb{\cqd¢�� �~�jbdX~�µ¤¹k

θ ¯ w�sg�Zbd� |~\�q9ejbd\c�Sf~\��2}�\�sy¤�bd��[Ex~� \�vrf~� \�q9�~\�kn§0sgqo¦ib�ª«boe±m {E(n)}∞n=−∞

§�XZ\�qo\
E(n) = {σ(n), ν(n), 1} ¯�� \�k ξ(n) = {{σ(n)}, {ν(n)}} ¯ W�X~\�b{kdsi}�XZezbnko� }�egbob{f~[Exiko��sz�Zb%sy¤ 4 \N}Bko��sz�� ¯ ]Csy¤�¾Ü�±¿ eyqo\4egb0¤³sz��� s�§ub	�

� kdX~\4¢�egqd�©ey­~� \cb {σ(n)}
ª
{ν(n)}

eyqo\Cq�ey�2|isg[*¢�egqd�©ey­~� \cb�|i\�ÉZ�~\N|�sz�
(Ω,F , P)

L
� kdX~\#qoeg�Z|isg[�¢±egqd�©ey­Z��\

ξ(n)
bdeykd�©bn¤³mjkdX~\4qo\��©e�ko��sz�

ξ(n) = ξ(0) ◦ θn ¤³szqley� � n ªZ§�XZ� }�X�� [�xZ��� \cbkdXZeyk
{ξ(n)}n

�©b�bnk�e�kd� sg�2eyqom�ey�Z|�\�qo�gsi|i�©} L
� ey� �5kdX~\�\�hixL\c}Bk�e�ko��sz�Zb

Eφ(k)(0)
eg�Z|

E
∑φ(k)(0)

i=1 σ
(k)
i (0)

egqd\#ÉZ�~��kd\I1
φ(j)(n)

� bCsz­ikoeg���~\N|¡­�m
� � Ç � Ã È�� � Ã � sg�

E(n)
3 ¯

» ��b{fZ}�X�e#bd\�k{ko���Z�Zª�§�\C}�eg�'ÉZ�Z| Ω0
ª�b{fZ}�X�kdXZeyk0sz�

Ω0
}�sg�Z|i��kd� sg�2b 1{]N�M3�ªB1n]cÁ 3reg�Z|�����	���X~sg�©|�ey�2|

P(Ω0) = 1 ¯ W�XZeg�~¦ib0kdsEkdXZ\�bnkoqdsz�~�!�©e±§ sg¤%�©eyqo�g\9��f~[#­L\�q�bcªi§�\9XZe±¢z\Ceg��[Eszb{kub{fZqd\c��m �

φ(j)(1) + · · · + φ(j)(n)

n
→ Eφ(j)(0) < +∞,

∑φ(j)(1)
i=1 σ

(j)
i (1) + · · · +

∑φ(j)(n)
i=1 σ

(j)
i (n)

n
→ E

φ(j)(0)
∑

i=1

σ
(j)
i (0) < +∞.

?Zqdsz[ kdXZ\cbd\C\N�SfZe�ko��sz�Zb�ªi§0\4|i\�qo� ¢g\4}�sz�Z|i��kd� sg� 1n]N�%3 �

lim
n→∞

σ(j)(1, n)

n
=

E
∑φ(j)(0)

i=1 σ
(j)
i (0)

Eφ(j)(0)

def
=

1

µ(j)

e ¯ b ¯
� ��kdX�koX~\�bdeg[�\�¦�� �Z|#sg¤Vegqd�zf~[E\��Skobcª±§�\�bdX~s�§·koXZe�k¼� ��[E��k 1n]NÁ%3%X~sg�©|~b¼eg��[Eszb{k¼b{f~qo\�� m ¯ W%sCbdX~s�§·koXZe�k
P
bdeykd�©bnÉZ\Nb ����	��±ª±§0\0|i\c�~syko\

V (j) = Eφ(j)(0)
ey�2|

V (j)(n) = φ(j)(1)+· · ·+φ(j)(n)
ey�2|4kdX2ey�~¦ib

kos9kdX~\lvrf~� \�q � b½x~qdszx2\cq{knm#sy¤VkdX~\l�gq�eyx~XZbcªy§0\�XZe±¢g\
V (i)(n) = P0,i(n)+

∑K
j=1 Pj,i(V

(j)(n))
ªSX~\c�Z}�\

V (i) = p0,i +
∑K

j=1 pj,iV
(j) ¯ v½�SfZe�ko��sz� 1n]c� 3¼X2egb0e4ÉZ�~��kd\9bdsg� fikd� sg�ÀªSX~\c�Z}�\

P
bdeykd�©bnÉZ\Nb ����	���ey�2|

V (i) = πi
1äb{\c\ � \�[E['e�� 3 ¯ � s�§ §0\4}�eg�+|i\�ÉZ�~\ Ω0

ezb0¤³sg� ��s�§ub
�

Ω0 =

{

σ(k)(1, n)

n
→

1

µ(k)
,

Pi,j(n)

n
→ pi,j ,

V (j)(n)

n
→ πj

}

.

Ê³Ë5ÌÀÊ¹Í



���������
	��
�
�
����������������������� �!�#"��%$�&�'(���*)+���-,����.&�' ]�@

� \4§�� ���«k�ey¦z\lkoX~\�}�sz�S¢z\��Skd� sg�2ey�V�~syk�e�ko��sz���
µ(0) = λ

¤³sgq�kdXZ\4���Skd\c�Zbd�µknm�sg¤%koX~\4\�h�ko\�qo�Zey�Àegqdqo��¢�eg� ¯W�XZ\���� [E�µk4}�eg� }�f~�©e�kd\N|�����W�X~\�szqd\c[ ]#�©bu\�h~eg}Bko��m�kdXZ\!}�sz�Zb{koey�Sk
δ(c)

|i\�ÉZ�~\N|¡���Pv½�SfZe�ko��sz� 1�7S�M3�sg¤
¾Ü�N¿ ¯ H �+koX~\�\�¢z\��Sk Ω0

ªLW�X~\�szqd\c[ ]�eyxZx~��� \cbley�Z|��z��¢z\cb�eE�~\c§�x~qos�sy¤�sy¤¼W�X~\�szqd\c[ ]±��sy¤�¾ �N¿5§�X~�©}�X
boe±mibCkdXZeyk

δ(0) = γ(0) = maxi πi/µ(i) ¯ 8¡sgqo\�s�¢z\�qNª«kdXZ\���s�§0\�q#­2szf~�Z|�sy¤ � \�[E['e¡� 1³� �>¾ ��¿
34� b
bdX~s�§��¬kds¡­L\j� ��¤®eg}�k4kdX~\�\�h~eg}�k�¢�ey� f~\'sy¤

δ(c) ¯ W�X~\�szqd\c[Eb�]cÁ¡ey�2|�]c�¡sy¤4¾Ü�N¿��z��¢z\EkdX~\jb{koeg­~� ����knm}�sg�Z|~�µko��sz��sg¤0e+�zez}�¦�bdsg�~�äknm�xL\!�Sf~\�fZ\�� �~���~\�kn§0sgqo¦ibl� �²ey�¬\�qo�gsi|i�©}!bd\�kdkd� �~� ¯ W s�­L\E[�szqd\Ex~qo\c}�� bd\ �¤³szq
m ≤ n ≤ 0

ª�§0\C|i\�ÉZ�~\
σ[m,n]

eg�Z|
ν[m,n]

kds�­L\lkoX~\C}�sg�Z}ce�ko\��Zeykd� sg��sg¤ÀkdX~\
{σ(k)}m≤k≤n

ey�2|
{ν(k)}m≤k≤n

ey�Z|jkdXZ\��¡|i\�É2�~\9kdX~\�}�sgqoqd\Nb{xLsg�2|i���Z�#�g\c�~\�q�ey� � ¥�\c|+�Seg}�¦ib{sz���~\�kn§�szqd¦ib
�

JN[m,n] = {σ[m,n], ν[m,n], N[m,n]},
§���kdX

N[m,n] = (m − n + 1, 0, . . . , 0).

� \�|i\�ÉZ�Z\
X[m,n]

kds¬­2\�kdX~\+ko��[E\+kds�\�[Exiknm²koX~\��z\��~\cqoeg��� ¥�\N|·�Seg}�¦ib{sz�²�~\�kn§0sgqo¦
JN[m,n]

ey�2|
Z[m,n] = X[m,n] −

∑n
i=1 σ

(0)
[m,n],i

kdX~\�ezbdbdsi}��©e�ko\c|�['eyh�� ['ey�r|~eykd\cq ¯ � sykd\�koXZe�k��~sgkoeykd� sg�¬� b�}�sg�i�bd�©bnko\��Sk�§���kdX ¾Ü�±¿ ¯ W�X~\¡bd\c�Sf~\��2}�\ Z[−n,0]
� bEeg��� �Z}�qo\cezb{� �~�¬b{\N�zfZ\��Z}�\ ¯ 4 s�kdXZ\�qo\+\�hi� b{kobEe���� [E�µk

Z = limn→∞ Z[−n,0]
1³§�XZ� }�X+['e±mj­L\4\���kdX~\cq�ÉZ�~��kd\�szq0� �iÉZ�Z�µko\ 3 ¯ � \�}cey� �VkdX~�©bu� � [���k Z

koX~\4['e�hi�µ�
['eg�L|~eykd\cq½sy¤«koX~\l�z\��~\cqoeg��� ¥�\N|'�zez}�¦ib{sz���Z\�kn§0sgqo¦

JN = {σ, ν, N}
§�X~\�qo\

σ
eg�Z|

ν
egqd\�koX~\l� �iÉZ�Z�µko\

}�sg�Z}ce�ko\��Zeykd� sg�'sy¤ kdX~\
{σ(k)}k≤0

ey�Z|
{ν(k)}k≤0

ey�Z|
N = (+∞, 0, . . . , 0) ¯$� \�k A

­2\£kdX~\£\�¢z\��Sk

A = {Z = lim
n→∞

Z[−n,0] = ∞}.
1n]N�%3

W�XZ� bE\c¢g\��Sk'�©b'sy¤9}�qofZ}��©ey��� �Skd\�qo\cb{k�b{� �Z}�\�e�ÉZ�Z�µko\�bnk�e�kd� sg�2eyqom·}�sg�2bnkoqdfZ}�kd� sg� sy¤£kdX~\�b{koeykd\�sy¤CkdX~\
�Z\�kn§0sgqo¦�}�eg�¡sg�~� m+­2\�['ez|i\�sg��koX~\!}�sg[Ex~� \�[E\��Sk�eyqomjxZegq{klsg¤

A ¯u» �¡sgkdX~\cql§0sgq�|«ª Z < ∞
��¸�koX~\

�Z\�kn§0sgqo¦'� b�b{koeg­~��\ ¯ W�X~\C¤³sg� ��s�§�� �~�'W�X~\csgqo\�[ ¤³sz��� s�§ub�¤³qdsz[�W�X~\�szqd\c[ ]cÁEeg�Z|P]c�Esy¤�¾Ü�±¿
� � Ã�Ç � Ã � � � 	 �(�

ρ = λ max1≤i≤K
πi

µ(i)

�"! �
ρ < 1 � � � �(� P(A) = 0

�0!��
ρ > 1 � ��� ��� P(A) = 1

�

� � ���5�/<>A����!�%&����D���������������������
 !�#"%$'&%���=-/�0�213���%$'&
W�XZ\ley� [3sg¤LkoX~�©b½bd\c}Bko��sz�'� b¼kds��z��¢z\ue4x~�©}BkdfZqd\�sg¤Vsz�~\u¦�� �Z|Esy¤Vqoegqd\�\c¢g\c�zkr§�XZ\��EkdXZ\u['e�hi��['eg�2|~eykd\�q
sg¤le¡�g\c�~\�q�ey� � ¥�\c|��Seg}�¦ibdsg���~\�kn§0sgqo¦P­L\c}�sg[E\cb!¢g\cqdm�­~� � ¯ ; �Z|i\cq�bdsg[E\jb{kdsi}�XZezbnko� }�ezbdbdf~[Exiko��sz�Zb�ªsz�~\E}�ey��x~qos�¢g\�koXZe�k9�©eyqo�g\#['eyh�� ['ey�¼|~eykd\�q�b£s�}c}�f~q9§�X~\c�¬e+bd���~�z��\��©eyqo�g\!bd\�qo¢�� }�\�ko��[E\EXZegb£k�ey¦g\c�
xZ� ez}�\�� �¡sg�~\#sy¤�kdX~\�bnk�e�ko��sz�Zb�ªLey�Z|¡eg���%sykoX~\�qlbd\�qo¢�� }�\4kd� [E\cb£eyqo\�}�� szbd\4kds'koX~\�� ql[E\Ney��bd\�\�¾ Á�¿ ¯ � \�Zs�§ �g� ¢g\£kdXZ\�}�sgqoqo\cbdx2sz�Z|i� �~�#¨2f~� |+x~�©}Bkof~qo\ ¯
�
��� � �%��� �%� � ��� . " 
�� 

�)( 
 �;< 6��)3
� \r}�sz�Zbd� |i\cq e�bd\c�Sf~\��2}�\�sy¤~bd��[Ex~� \¼vrf~� \�q%�~\�kn§0sgqo¦ib�ª�boe±m

{E(n)}+∞
n=−∞

§�X~\�qo\
E(n) = {σ(n), ν(n), 1} ¯w�sz�Zbd� |i\cqd� �~�!kdX~\�}�sgqoqd\Nb{xLsg�2|i���Z�

JN[−n,+∞]

�~\�kn§0sgqo¦Vª�§�\4egbobdf~[E\£koXZe�k

Σ̂(0),n(t) → t/a, ∀t,
1n]�@ 3

∀k ≥ 1, Σ̂(k),n(t) → µ(k)t, ∀t,
1{] 7%3

∀i, j, P̂ n
i,j(t) → pi,jt, ∀t.

1{]c�%3
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� \�egbobdf~[E\£koXZe�k
P = (pi,j)1≤i,j≤K

bdeykd�©bnÉ2\cb�����	��£ey�2|�§0\Ckoeg¦g\CkdX~\9¤³sz��� s�§�� �~�!�Zsykoeykd� sg���

∀i ∈ [1, K], πi = p0,i +

K
∑

k=1

pk,iπk ,
1T�y�%3

∀i ∈ [1, K], xi = p0,i +
∑

k 6=j

pk,ixk ⇒ xj = pj ,
1T�i] 3

∀i ∈ [1, K], πj,i = δj,i +

K
∑

k=1

pk,iπj,k.
1T�g�M3

v��zf2e�kd� sg� 1ä�g�%3£�©b9kdX~\Ekoqoez|i��kd� sg�Zeg�%koqoe���}!\N�SfZe�ko��sz��sg¤½kdXZ\'�~\�kn§0sgqo¦¡���¬ko\�qo[ sy¤���f~[#­L\�q4sg¤0}�f2bn�
kosg[E\�q�b ¯5» ��v½�SfZeykd� sg� 1ä�~] 3�ª

pj
}�sgqoqo\cbdx2sz�Z|~b�kdsEkoX~\�ey[EsgfZ�zk�sg¤%koqoe��'}9}�sg[E���Z��� �¡�Sf~\�f~\

j
�µ¤�kdXZ� b

sz�~\9� bu­~��si}�¦z\c| 1®�µk�bl|i\cxZeyqdkdfZqd\Cx~qos�}�\cbob�� b���f~� �
3 ¯ � sykd\9koXZe�ku� �+kdX~�©b�}�ezb{\ xi ≤ πi ¯ v½�SfZe�ko��sz�21T�g�M3
}�sgqoqd\Nb{xLsg�2|~b0kds'koX~\�koqoe���}4\c�SfZeykd� sg������kdX~\��Z\�kn§0sgqo¦j§�X~\c��kdX~\cqd\!� bl�~s�� �~x~fik£¤³qdsz[�koX~\�sgf~kobd� |i\
§0sgqo�©|jey�2|�sz�~� mj�Sf~\�f~\

j
� b�ez}Bkd� ¢g\ ¯ � \4� �Skdqos�|~fZ}�\CkdXZ\�}�sgqoqo\cbdx2sz�Z|i� �~�!� szez|~b
�

bj =
πj

µ(j)
, b = max

j
bj

ey�2|«ª
bj,i =

πj,i

µ(i)
, Bj = max

i
bj,i.

� \lezbdbdf~[E\�kdXZeyk¼kdX~\£bnk�ey­~� ����knmE}�sg�2|i�µko��sz�
b < a

X~sz� |Zb ¯ � \£b{f~xZx2sSb{\�koXZe�krkoX~\u­~� ��tnf~[Ex'si}�}�f~q�b¼���koX~\9b{� [Ex~��\9vrfZ��\cq0�Z\�kn§0sgqo¦
−n
ª�X~\c�Z}�\9§0\£qo\�x~�©eg}�\

E(−n)
­�m�ey�+\�h�koqoe

E
§�X~�©}�X��©b0�~syk JnknmSxZ� }cey� K

� ��kdX~\�¤³sg� � s�§����~��bd\��Zbd\ �9e+­~���¡bd\�qo¢�� }�\#ko��[E\
σ
k�ey¦g\NbCx~� ez}�\Esg��b{koe�ko��sz�

j
eg�Z|�§��µkoX~���¬koX~\'b{\�k9sg¤

bd\�qo¢�� }�\'kd� [E\cb�sy¤lkdX~\�b{� [Ex~� \�vrfZ��\cq��Z\�kn§0sgqo¦
E ¯ � \�kEfZb#� s�sg¦²e�k�kdXZ\+}�sgqoqd\Nb{xLsg�Z|~���~�P[Eeyhi��['ey�|Ze�kd\cq

Z[−n,0](E)
� ��koX~\9¨Zf~�©|�bd}cey� \4b{f~�z�g\Nbnko\c|�­�m'koX~\4� ��[E��klsy¤5prqdszx2\cq{knm+���

� �µ¤ σ > na
ª�kdX~\c�jkoX~\9�SfZ[#­L\�q�sy¤%}�fZb{kdsg[E\cqob0­~� si}�¦g\c|�����bnk�e�ko��sz�

j
eyk�ko��[E\

σ
�©b0sy¤ koX~\Csgq�|i\�q

sy¤
npj

ªi§�X~\cqd\Negb0koX~\4��f~[#­L\�q�sg¤�}�fZbnkosg[E\�q�b0���+koX~\4sykoX~\�qub{koeykd� sg�Zb��©bubd[Eeg��� ¯ 4 sZª2eg}�}�sgq�|i� �~�kds�p½qdszx2\cq{knm¡�iªZkdX~\#kd� [�\�kds�\c[�x~knm�koX~\��~\�kn§�szqd¦j¤³qdsz[�ko��[E\
σ
sz��b{XZsgf~�©|�­2\!sy¤�kdXZ\�sgq�|i\�q

npjBj
L�X~\��Z}�\gª5���¬koX~� b#}�egbd\gª kdX~\j[Eeyhi��['ey�r|Ze�kd\cq�� ���Sf~\Nbnko��sz�²b{X~szf~�©|�­L\�sg¤�koX~\'sgq�|i\�q4sg¤

σ − na + npjBj
L

� �µ¤ σ < na
ª¼kdX~\c� eykEkd� [�\

σ
ª�kdX~\+��f~[#­L\�q'sg¤£}�fZb{kdsz[E\�q�b#­~� si}�¦g\N|·� ��b{koe�ko��sz�

j
�©b�sy¤£kdX~\

sgq�|i\�qCsy¤
pj

σ
a

ª«ey�Z|�kdX~\�sykoX~\�q9b{koe�ko��sz�Zb£XZe±¢g\4¤³\c§3}�f2bnkosg[E\�q�b(LL¤³qosg[ ko��[E\
σ
kds�kdX~\!kd� [E\!sg¤

kdX~\4�©egb{k�eyqoqd� ¢�ey��1³§�X~�©}�X��©b�sy¤%kdX~\9szqo|i\cq�sy¤
na

3Bª~b{koeykd� sg�
k
XZezb�kds'b{\cqd¢z\Cegx~x~qos±hi��['e�ko\�� m�kdX~\

��sSeg|
pj

σ
a bj,k

�g\��Z\�q�e�kd\N|E­�m!koX~\cbd\l­Z��si}�¦g\N|'}�fZb{kdsz[E\�q�brx~� fZb�kdX~\£��sSeg|
(na−σ) bk

a

�g\��Z\�q�e�kd\N|
­�m�koX~\�\�h�kd\cqd�Zeg�%egqdqo��¢�eg� blsg�¡koX~\#ko��[E\!���Skd\cqd¢�eg� ¤³qosg[

σ
kos�kdXZ\#�©egb{kCeyqoqo��¢�ey� ¯ H ��kdX~�©buko��[E\���Sko\�qo¢±eg�äª5koX~\�bd\�qo¢�� }�\�}�eyx2eg}���knm¬� b#sy¤�kdX~\�sgq�|i\�q!sy¤

(na − σ) ¯ 9u\��2}�\�koX~\j['eyh�� ['ey�0|~e�ko\�q
b{XZsgf~�©|+­2\4sg¤ kdXZ\4sgq�|i\�q�sy¤

maxk

{

pjbj,k
σ
a + (na − σ) bk

a − (na − σ)
}+ ¯

» ku�©b��~s�§��Ze�kof~qoeg�VkdsE� �zkoqdsi|if2}�\CkdX~\9¤³sz��� s�§�� �~��¤³f~�Z}Bko��sz���

f j(σ, n) = 11{σ>na} {σ − na + npjBj} + 11{σ≤na}max
k

{

pjbj,k
σ

a
+

(

bk

a
− 1

)

(na − σ)

}+

.
1ä�gÁ%3
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	��
�
�
����������������������� �!�#"��%$�&�'(���*)+���-,����.&�' ]N�

� \��~s�§Hqo\�kdfZqd�Pkds+qd� �gszq£ey�2|P}�sz�Zbd� |i\cqlkoX~\E�~\�kn§0sgqo¦
JNn(E)

§��µkoX�� �~x~fik
{Ẽ(k)}∞k=−n

ªÀ§�XZ\�qo\
Ẽ(k) = E(k)

¤³sgqueg���
k > −n

ey�Z|
Ẽ(−n) = E ¯ W�XZeyk�� bcª~��¤5§0\4|i\��~sgkd\4­�m σ(k),n ey�2| ν(k),n kdX~\}�sg�Z}ce�ko\��Zeykd� sg�Zb

({σ(k)(E)}, {σ(k)(−n + 1)}, . . . , {σ(k)(0)}, . . . )
eg�Z|

({ν(k)(E)}, {ν(k)(−n +
1)}, . . . , {ν(k)(0)}, . . . )

qo\cbdx2\N}Bkd� ¢g\c��mzª�kdX~\c�

JNn(E) = {σn(E), νn(E), 0, Nn},
§��µkoX

Nn = (n, 0, . . . , 0).

W�XZ\�['eyh�� ['ey�r|~eykd\cq4sy¤�sgq�|i\�q
[−n, 0]

� �¬kdX~�©b4�~\�kn§�szqd¦¡§�� ���½­2\�|i\c�~syko\c|¬­�m
Z̃n(E) ¯*H ¤0}�sgf~q�b{\

Z̃n(E(n)) = Z[−n,0] ¯ ?~szquey� � b{� [Ex~� \Cv½f~��\cqu�~\�kn§�szqd¦ib E = (σ, ν, 1)
ª~� \�k

Y (j)(E) =
∑φ(j)

u=1 σ
(j)
u ¯

� \�k zn
­L\�bdsg[E\4b{\N�zfZ\��Z}�\Csg¤%xLszbd�µko��¢z\4qd\Ney�V��f~[#­L\�q�bcªi§�\4|i\�ÉZ�~\ �

Uj(n) = {E
� b�eEbd��[Ex~� \4vrf~� \�qu�Z\�kn§0sgqo¦�b{fZ}�X�kdX2e�k

Y (k)(E) ≤ zn ∀k 6= j},

Vj(n) = {E ∈ Uj(n), Y (j)(E) ≥ n(a − b), φ(j) ≤ L},

� � Ç��½Ã �±� Ä�� � � ���M�(� � � � � �.��� ����� ' �G'!'>������� ��� � ' � � � �(�.� � �%� '!� '�� '(� 	(� �(� $!�
zn → ∞

, �
� � zn

n → 0 �'>� $�� � � � ��,��#� � ���

sup
{E∈Vj(n)}

∣

∣

∣

∣

∣

Z̃n(E) − f j(Y (j)(E), n)

n

∣

∣

∣

∣

∣

n→∞
−−−−→ 0.

1ä��� 3

�
��� � 6 
�� "5: ( : � 6�� 6 � : ��� 
 � "�� ,�� ��
 ��:
� \9koeg¦g\4eEb{\N�Sf~\��Z}�\9sy¤5bd� [�xZ��\4vrfZ��\cqu�~\�kn§0sgqo¦ib

Fn ∈ Vj(n)
eg�Z|�|i\��Zsykd\9­�m

JNn = JNn(Fn) ¯4 ���Z}�\
zn/n

kd\c�Z|~b�kos
0
ªi§0\9XZe±¢g\

Σ̂(0),n(t) → t/a, ∀t,
e ¯ b ¯

∀k 6= j ≥ 1, Σ̂(k),n(t) → µ(k)t, ∀t,
e ¯ b ¯

∀i, j, P̂ n
i,j(t) → pi,jt, ∀t,

e ¯ b ¯
� \4|i\��Zsykd\C­�m

ζn = Y (j)(Fn) ∈ [n(a− b), +∞)
ey�2|�­�m

Tn
kdX~\Ckd� [E\C¤³sgq�bnk�e�ko��sz�

j
kos�}�sg[Ex~� \�kd\

��kob
φ(j)(Fn)

ÉZq�bnk�bd\�qo¢�� }�\cbj���>koX~\P�Z\�kn§0sgqo¦
JNn ¯ ?Zqdsz[ [Esg�Zsykdsz�~�©}���knmgª�§0\��g\�k

ζn ≤ Tn ≤
ζn +

∑

k 6=j Y (k)(Fn) ¯ 9u\��2}�\gªL§0\4XZe±¢g\ limn→∞
Tn

ζn
= 1

ª2bd� �Z}�\
zn/ζn ≤ zn/n(a − b) → 0 ¯ � \É2qob{kEbdf~x~xLszbd\�kdXZeyk

ζn/n → ζ < +∞ ¯ W�X~\�� JNn � bEbdfZ}�X·koXZe�k Σ(j),n(t) ≤ L
¤³sgq

t ≤ Tn ¯9l\��Z}�\ Σ(j),n(nt)
n ≤ L

n

¤³szq
nt ≤ Tn

ª2bds'kdXZeyk
Σ̂(j),n(t) → 0

ªZ¤³sgqleg���
t ≤ ζ ¯ � \�b{\c\9kdXZeykukdX~�©bu�©egb{k¨2f~� |�� � [���kC|~sS\Nb��~sgklX~sg�©|�sg��koX~\�§�X~sz��\#x2sSb{��kd� ¢g\4qo\ceg�À��� �~\ ¯ � \�¢z\�qdkdX~\c��\Nbdbu}�sg�Zbd�©|i\�q�koX~\#�Seg}�¦ibdsg��Z\�kn§0sgqo¦�b£§���kdX¬kdX~\�boey[E\E|iqo��¢�� �~�¡b{\N�zfZ\��Z}�\cb9egb

JNn \�h~}�\�x~k4¤³sgq4bnk�e�ko��sz� j
§�XZ\�qo\�§0\�koeg¦g\�kdX~\

}�sg�Z}ce�ko\��Zeykd� sg�²sy¤
({σ(j)(Fn)},∞, . . . ) ¯ ?Zsgq!kdX~�©b#�Z\�§*�~\�kn§�szqd¦Vª5kdXZ\j¨ZfZ� |´��� [E�µk�¤³sgqEbnk�e�ko��sz�

jXZsg�©|~bCsg�
R+

ey�2|P§0\�}cey��|i� qd\N}Bkd� m�eyxZx~��mPprqdszx2\cq{knm¡� ¯ C0fik4��k�� bC\cezb{m�kos¡b{\c\!koXZe�k9¤³szq
t ≤ Tn

ª
koX~�©b½�~\�kn§�szqd¦�ey�Z|�koX~\Csgqo���z���Zeg�Z�Seg}�¦ib{sz�!�Z\�kn§0sgqo¦

JNn XZe±¢z\�\�h~eg}�kd� m#koX~\£boey[E\l|im��Zeg[E� } ¯ 9l\��Z}�\gªp½qdszx2\cq{knm'��egx~x~� ��\Nb0¤³sgq
t ≤ ζ

ªZbds�kdXZeyk�¤³sgq�\Neg}�X
k
ª�kdX~\�bd\c�Sf~\c�Z}�\

{Â(k),n}
}�sz�S¢z\�qo�g\Nbrf ¯ s ¯ } ¯ kosEe
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�g� ��� 	F�(������� �

� � [���k
Â(k) §�X~\c� n

kd\��2|~b0kds
∞
ª�§���kdX�e�b{� [E���©eyq�qo\cbdf~�µkueg�Z|��~sgkoeykd� sg��¤³szq0kdX~\4|i\cxZeyqdkdf~qo\Cx~qdsi}�\cbob ¯� \4XZe±¢z\£§���kdX

λ = a−1 ª

Â(i)(t) = p0,iλ(t ∧ a) +

K
∑

k=1

pk,iD̂
(k)(t),

D̂(i)(t) = Â(i)(t) ∧ µ̃(i)t
§���kdX

µ̃(i) = µ(i) ¤³sgq i 6= j
eg�Z|

µ̃(j) = 0.

� \�}�eg��qo\�§�qo��kd\CkdX~\9É2qob{k�\�hix~qo\cbob{� sg���

Â(i)(t) = λp0,i(t ∧ a) +
∑

k 6=j

pk,iD̂
(k)(t).

9l\��Z}�\9§��µkoX�kdX~\9�~sgkoe�ko��sz��� �Skdqosi|ifZ}�\N|+����x~qo\�¢�� sgfZb�bd\c}Bko��sz�Àªi§0\CX2e±¢g\

Â(i)(t) = D̂(i)(t) = λxi(t ∧ a) ≤ λπi(t ∧ a)
¤³szq

t ≤ ζ
ey�2|

i 6= j,

Â(j)(t) = λpj(t ∧ a)
¤³sgq

t ≤ ζ.

» � §�XZeyk!¤³sz��� s�§ub�ª�§�\+§�� ���u}�sg�Zbd� |~\�q�kdX~\��~\c§¶�Seg}�¦ibdsg�²�~\�kn§�szqd¦²sz­ikoeg���~\N|·­�m²k�ey¦����Z�¬ezb!� �~��kd�©ey�
}�sg�Z|~�µko��sz��kdXZ\Eb{koeykd\�sy¤rkoX~\E���Z�µko� eg�5�Z\�kn§0sgqo¦�eyk£ko��[E\

Tn
ey�2|PegbCqosgfiko���Z��ey�2|�bd\�qo¢�� }�\!bd\c�Sf~\��2}�\cb

koX~\�qdszfikd� �~�j|i\N}��©b{� sg�2b£eg�Z| 1³qo\cbd�©|ifZey�
3ubd\�qo¢�� }�\!b{kd� ����f~��fZbd\c|Pe�klkoX~�©blko��[E\ ¯ W�XZ� bC�~\�kn§�szqd¦+§���� ��­2\|~\��~sgkd\c|�­�m
J̄N

n
= {σ̄n, ν̄n, 0, N̄n}

ª~§���kdX

σ̄(0),n =
{

Σ(0),n←(Σ(0),n(Tn) + 1) − Tn, σ
(0),n

Σ(0),n(Tn)+2
, . . .

}

,

ν̄(0),n =
{

ν
(0),n

Σ(0),n(Tn)+1
, ν

(0),n

Σ(0),n(Tn)+2
, . . .

}

,

N̄ (0),n = N (0),n − Σ(0),n(Tn),

eg�Z|j¤³sgq
i 6= 0

ª

σ̄(i),n =
{

σ
(i),n

D(i),n(Tn)+1
− r(i),n, σ

(i),n

D(i),n(Tn)+2
, . . .

}

,

ν̄(i),n =
{

ν
(i),n

D(i),n(Tn)+1
, ν

(i),n

D(i),n(Tn)+2
, . . .

}

,

N̄ (i),n = A(i),n(Tn) − D(i),n(Tn),

r(i),n =

{

σ
(i),n

D(i),n(Tn)+1

�µ¤
A(i),n(Tn) = D(i),n(Tn)

ª
max(A(i),n←

(

D(i),n(Tn) + 1
)

, D(i),n←
(

D(i),n(Tn)
)

) − Tn
\��©b{\ ¯

� \4XZe±¢z\ �

lim
n→∞

1

n
A(i),n(Tn) = lim

n→∞

1

n
D(i),n(Tn) = Â(i)(ζ) = D̂(i)(ζ)

¤³sgq
i 6= j,

lim
n→∞

1

n
A(j),n(Tn) = λpj(ζ ∧ a)

ey�Z|
lim

n→∞

1

n
D(j),n(Tn) = 0.
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9l\��Z}�\gª~§0\9XZe±¢g\

N̄n

n
→ (λ(a − ζ)+, 0, . . . , λpj(ζ ∧ a), . . . , 0)

ˆ̄Σ(0),n(t) → λt, ∀t,

∀i ≥ 1, ˆ̄Σ(i),n(t) → µ(i)t, ∀t,

∀i, j, ˆ̄P n
i,j(t) → pi,jt, ∀t.

� \�}�eg�+egx~x~� m�prqosgxL\�qdknm��!§��µkoX¡e!x2eyq�ey[E\�ko\�q
α
kdX2e�kl|i\cx2\c�Z|~b�sz�jkoX~\��SfZey�Skd��knm

a − ζ
�

� �µ¤ ζ ≥ a
ª%kdXZ\��²§0\'XZe±¢g\

α = pjej
ª5§��µkoX

ej = (0, . . . , 1, . . . , 0)
§��µkoX�kdX~\�sz�~\'�©b4���

j
�TkdX

x2sSb{��kd� sg�¡eg�Z|

πα
i = pjπj,i.

prqosgxL\�qdknm��!�g� ¢g\cb

Z̃n(Fn) + na − Tn

n
→ pj max

i

πj,i

µ(i)
.

1T�g�M3

9u\c�Z}�\zª~§�\9XZe±¢z\

Z̃n(Fn) = (Tn − na + npjBj)(1 + o(n)) = f j(Tn, n)(1 + o(n)).
1ä�y� 3

� �µ¤ ζ < a
ªi§0\9XZe±¢g\

α = λ(a − ζ)P0 + λpjζej/
ªi§�XZ\�qo\

P0 = (p0,1, . . . , p0,K)
eg�Z|

πα
i = λ [(a − ζ)πi + pjπj,iζ] .

prqosgxL\�qdknm��!�g� ¢g\cb

Z̃n(Fn) + na − Tn

n
→ (a − ζ) ∨ λ max

i

[

(a − ζ)πi + pjπj,iζ

µ(i)

]

.
1T�%@ 3

9u\c�Z}�\zª~§�\9XZe±¢z\

Z̃n(Fn) = (1 + o(n)) max
i

[

pjbj,i
Tn

a
+ (na − Tn)(

bi

a
− 1)

]+

= f j(Tn, n)(1 + o(n)).
1ä� 7 3

W�XZ\�}cegbd\
ζn/n → ∞

}�szqdqo\cbdx2sz�Z|~bukds
ζ = ∞ ¯ _u\cbdf~�µk�b9f~�Skd� ��v½�SfZe�ko��sz� 1T�g�M3lX~sz� |�kdqof~\!� ��kdX~�©b

}�sg�Skd\�h�kcªiX~\c�Z}�\4v½�SfZeykd� sg� 1ä�g�%3�X~sg�©|~b0koqdf~\ ¯?5� �Zey� � m�§0\�x~qos�¢g\N|jkoXZe�k£¤³sgqCey��m+bd\c�Sf~\c�Z}�\
Fn ∈ Vj(n)

§���kdX
Y (j)(Fn) = ζn ∈ [n(a − b), +∞)bdfZ}�X�kdXZeyk

ζn/n → ζ ≤ +∞
ª
∣

∣

∣

∣

∣

Z̃n(Fn) − f j(ζn, n)

n

∣

∣

∣

∣

∣

n→∞
−−−−→ 0.

1ä�y� 3
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C0fik�koX~\4qo\cbdf~�µkuXZsg�©|~b�¤³sgqueg��mjb{\N�Sf~\��Z}�\
Fn ∈ Vj(n) ¯ w�sg�Zbd� |~\�quey��mjbd\c�Sf~\c�Z}�\ Fn ∈ Vj(n)

ey�Z|
bdf~x~xLszbd\CkdXZeyk

lim sup
n→∞

∣

∣

∣

∣

∣

Z̃n(Fn) − f j(Y (j)(Fn), n)

n

∣

∣

∣

∣

∣

= l > 0.

C0m4\�hSkoqoez}Bko���~�Ce£bdf~­Zbd\c�Sf~\c�Z}�\0sy¤
{Fn}

ª�§0\0}cey�!qd\cx~� ez}�\0��� [3bdf~x#­�m�� � [ ¯ 8¡szqd\cs�¢g\�q ­Sm!|isg� �~�lsz�Z}�\[Eszqd\9ey��\�h�kdq�eg}�kd� sg�Àª�§0\C['e±m�bdf~x~xLszbd\lkoXZe�k
Y (j)(Fn)/n → ζ ≤ +∞

ey�Z|j¤³sgq0kdXZ� bubdf~­Zbd\c�Sf~\c�Z}�\zª
� � [���k61ä�g�%3��©b�¢���sz� eykd\c| ¯ 9l\��Z}�\9¤³sgqueg�Sm�bd\c�Sf~\c�Z}�\ Fn

ª~§0\9XZe±¢g\
∣

∣

∣

∣

∣

Z̃n(Fn) − f j(Y (j)(Fn), n)

n

∣

∣

∣

∣

∣

n→∞
−−−−→ 0.

1®Ág� 3

� \�}�sz�Zbd� |i\cq��~s�§�eEbd\c�Sf~\��2}�\
Fn ∈ Vj(n)

b{f2}�XjkoXZe�k
∣

∣

∣

∣

∣

Z̃n(Fn) − f j(Y (j)(Fn), n)

n

∣

∣

∣

∣

∣

≥ sup
{E∈Vj(n)}

∣

∣

∣

∣

∣

Z̃n(E) − f j(Y (j)(E), n)

n

∣

∣

∣

∣

∣

− εn,

§���kdX
εn → 0 ¯ W�XZey�Z¦�b0kos:1®Áz�%3Bªi§0\4b{\c\CkdXZeyk61ä��� 3�X~sg�©|~b ¯ �

& �������.&��&� » �EkdXZ\lbnkosi}�XZegb{kd�©}0¤³qoeg[E\�§0sgqo¦�sy¤Àbd\c}Bko��sz�E� ¯ Á~ªg§0\ubd\�\�koXZe�k�ezbdbdf~[Exiko��sz�Zb¼sg��koX~\l� ��[E��kob1{]G@M3Bª 1{] 7 3!eg�Z| 1n]c� 3�eyqo\j¤³f~��ÉZ� ��\N| ¯ » � xZeyqdkd�©}�f~�©eyqNªr��¤£koX~\¡b{\N�Sf~\��Z}�\�sy¤Cbd� [�xZ��\�vrf~� \�qj�~\�kn§0sgqo¦ib
{E(n)}+∞

n=−∞

�©b�� ¯ � ¯ |«ªikdXZ\���§�\4|i\N|ifZ}�\9¤³qdsz[*x~qo\�¢���szfZb0x~qosgxL\�qdknm'kdXZeyk
�

sup
{E∈Vj(n)}

∣

∣

∣

∣

∣

Z̃n(E) − f j(Y (j)(E), n)

n

∣

∣

∣

∣

∣

n→∞
−−−−→ 0

e ¯ b ¯

� ? 	�	¬�����+��"0��&
�
��� � �)6"6 � 6 ��� � 
 
 ( �
?Zsgq

1 ≤ j
ª~§0\4|i\�É2�~\9kdX~\4xLsg� �Sk�x~qdsi}�\cbob

Γj
egb0¤³sg� � s�§ub	�

τΓj
n = 0

¤³sgq
1 ≤ n ≤ j − 1,

τΓj
n = τA

j + σ(j, n)
¤³szq

n ≥ j.

W�XZ\9}�sg�Zb{kdqofZ}�kd� sg�+sy¤
Γj
�©bu|i\cx~�©}Bkd\N|+��� ?5���zf~qd\E]4ey�2|�§0\9XZe±¢g\

Γj(t) = j − 1
¤³szq

t < τA
j

ª
Γj(t) = Σ(t − τA

j + σ(1, j − 1))
¤³szq

t ≥ τA
j ¯
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A(t) Σ(t) Γj(t)

τA
jτA

j

j − 1 j − 1j − 1

σ(1, j − 1)

?5���zf~qd\E] �rw�sz�Zb{kdqofZ}Bko��sz��sg¤
Γj

W�X2ey�~¦ib0kdsI1äÁ%3BªZ§�\9XZe±¢z\
t ≥ τD

n ⇔ ∀j ≤ n, t ≥ τ
Γj
n
ªiX~\c�Z}�\4§0\9XZe±¢g\

D(t) ≥ n ⇔ inf
j≤n

Γj(t) ≥ n,

­Zfiku§�\9XZe±¢z\C¤³sgquey� �
j ≥ n + 1

ª
Γj(t) ≥ n

ªi¤³sgqueg���
t
ªZX~\��Z}�\

D(t) = infj≥1 Γj(t) ¯ � \4XZe±¢g\

inf
j≥1

Γj(t) = inf
{j≥1, τA

j ≤t}
Σ[t − τA

j + σ(1, j − 1)] ∧ A(t).

� \��~s�§Hb{XZs�§ kdXZeyk
infj≥1 Γj(t) = A(t) ∧ inf0≤s≤t Σ[t − s + Σ←(A(s))] ¯ 4 � �Z}�\

τA
j ∈ A

∗
2

ª«sz�
\Neg}�X·� �Skd\cqd¢�ey�

[τA
j−1, τ

A
j )

1®§�\+fZbd\jkoX~\¡}�sg��¢z\��Skd� sg�
τA
0 = 0

3�ª½§0\�X2e±¢g\
A(s) = j − 1

ey�Z|´kdXZ\
¤³fZ�Z}Bko��sz�

s 7→ Σ[t − s + Σ←(j − 1)]
�©b��~sg�~�T� �Z}�qo\cezb{� �~�2ªzX~\c�Z}�\4§0\9XZe±¢g\

inf
s∈[τA

j−1,τA
j )

Σ[t − s + Σ←(A(s))] = Σ[t − τA
j + σ(1, j − 1)].

8�sgqo\�s�¢g\cqcªS§0\CX2e±¢g\£¤³sgq
τA
k ≤ t < τA

k+1

ª

inf
s∈[τA

k
,t)

Σ[t − s + Σ←(A(s))] = Σ(Σ←(k)) ≥ k = A(t).

?5� �Zey� � m�§�\9XZe±¢z\

A(t) ∧ inf
0≤s≤t

Σ[t − s + Σ←(A(s))] = A(t) ∧ inf
{j≥1, τA

j ≤t}
Σ[t − τA

j + σ(1, j − 1)]

= inf
j≥1

Γj(t).

�
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� \4�g� ¢g\9eEx~qosi}�\c|~f~qd\£kdX2e�kl}�sz�Zb{kdqofZ}Bk�b0kdX~\4x~qosi}�\Nbdbd\cb

A
ey�Z|

D
�

Procedure 1(JN) :

−1− t := 0;

for i ≥ 0 do

R(i)(t) := σ
(i)
1 ; A(i)(t) := n(i); D(i)(t) := 0;

od

−2− V := min
{i, A(i)(t)−D(i)(t)≥1}

R(i)(t); γ := arg min
{i, A(i)(t)−D(i)(t)≥1}

R(i)(t);

−3− if V = ∞ then END;

fi

−4− D(γ)(t + V ) := D(γ)(t) + 1; A(γ)(t + V ) := A(γ)(t);

if A(γ)(t + V ) − D(γ)(t + V ) ≥ 1 then R(γ)(t + V ) := σ
(γ)

D(γ)(t+V )+1
; fi

j := ν
(γ)

D(γ)(t+V )
;

if j 6= K + 1 then A(j)(t + V ) := A(j)(t) + 1; D(j)(t + V ) := D(j)(t);

if A(j)(t) − D(j)(t) = 0 then R(j)(t + V ) := σ
(j)

A(j)(t+V )
; fi

fi

for i /∈ {γ, j} do

R(i)(t + V ) := R(i)(t) − V ; A(i)(t + V ) := A(i)(t); D(i)(t + V ) := D(i)(t);

od

t := t + V ;

−5− goto 2;

& �������.&¡� � 4 ���Z}�\4\cez}�X�bd\c�Sf~\��2}�\
{σ

(k)
j }j≥1

sgq
{ν

(k)
j }j≥1

� bu���iÉ2�~�µko\gªikoX~\4¢�eyqo� eg­~� \cb

ν
(γ)

D(γ)(t+V )
, σ

(γ)

D(γ)(t+V )
, σ

(j)

A(j)(t+V )

� �¡bnko\�x+�'eyqo\9eg��§�e±mib�e±¢±eg���©ey­Z��\ �
� �µ¤ ∑K

i=0 n(i) < +∞
kdX~\c��koX~\4x~qosi}�\c|~f~qd\C\��2|~b�� ��b{kd\cx+Á L

� �µ¤ ∑K
i=0 n(i) = +∞

ªrkdXZ\¡x~qdsi}�\c|if~qo\+�~\�¢z\�qE\��Z|Zb�ª�kdX~�©b'}�szqdqo\cbdxLsg�Z|~b!kos�e¬�~\�kn§�szqd¦�§���kdX
���~ÉZ�~��kd\u��f~[!­2\cqrsy¤À}�f2bnkosg[E\�q�b ¯%» �EkdX~�©br}cegbd\�kdX~\cqd\�\�h��©b{kob T ≤ ∞

bdfZ}�X�kdX2e�k
limt→T A(t) =

limt→T D(t) = ∞ ¯
� � ÇÀÇ���Ç�� � � Ç �½Ã �±� Ä �L�
» ¤¼§0\�|i\�É2�~\ J (k) = sup{j,

∑j
i=1 σ

(k)
i = 0}

ªikoX~\��z\��~\cqoeg��� ¥�\N|��Seg}�¦ibdsg�j�Z\�kn§0sgqo¦�� bl\c�Sf~� ¢�ey� \��Sk�kds
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koX~\9¤³sg� � s�§����~�
{

{σ
(k)
j }j≥J(k)+1, {ν

(k)
j }j≥J(k)+1, n

(k) +

K
∑

i=0

Pi,k(J (i))

}

.

9l\��Z}�\gª5§�\�}cey�²egbobdf~[E\!koXZe�k
J (k) = 0

ª%¤³sgq�ey� �
k
eg�Z|¬§�\'XZe±¢z\�¤³sgq4ko��[E\

t = 0
ª
A(i)(0) = ni

ª
D(i)(0) = 0 ¯ ?~szq t ≥ 0

� \�k

D̃(i)(t) = A(i)(0) ∧ inf
0≤s≤t

Σ(i)[t − s + Σ(i)←(A(i)(0))]

Ã(i)(t) = n(i) + P0,i(Σ
(0)(t) ∧ n(0)) +

K
∑

j=1

Pj,i(D̃
(j)(t)).

� s�§�}�sg�Zbd� |~\�q
t1 = inf{t ≥ 0, ∃i, D̃(i)(t−) 6= D̃(i)(t),

sgq
Σ(0)(t−) 6= Σ(0)(t)}

koX~\4ÉZq�bnk�ko��[E\�sg¤
tnfZ[�x+¤³szq�x~qdsi}�\cbob{\Nb

D̃
eg�Z|

Ã ¯ W�X�fZb

A(i)(t) = Ã(i)(t)
¤³szq

0 ≤ t ≤ t1
ª

D(i)(t) = D̃(i)(t)
¤³szq

0 ≤ t ≤ t1
ª

xZqds�¢��©|i\�e²b{sz��f~kd� sg� xZey� q�kos 1-@M3Es�¢g\cq
t ∈ [0, t1]

ª�[Esgqo\�s�¢z\�q�kdX~�©bjbdsg� fiko��sz�>� bj\�h~eg}�kd� m·kdXZ\�sg�~\
}�sg�Zb{kdqofZ}�kd\c|�­�m>kdXZ\¬xZqd\c¢S� sgf2b�xZqdsi}�\N|if~qo\ ¯ � s�§/b{f~xZx2sSb{\²e b{sz��f~kd� sg� xZey� q

(A,D)
X2egb�­L\�\��

}�sg�Zb{kdqofZ}�kd\c|�sg�
[0, tn]

ª0§�X~\�qo\
tn
�©b�e�tnf~[Ex>x2sz���Sk'¤³szq'sg�~\�sy¤CkdXZ\

A(i) ª D(i) ¯ º b'eg­2s�¢z\+� \�k
X(s) = A(s)

¤³sgq
s ≤ tn

ª
X(s) = A(tn)

¤³szq
s > tn

ªZey�Z|j¤³sgq
t ≥ tn

|i\�ÉZ�~\zª

D̃(i)(t) = X(i)(t) ∧ inf
0≤s≤t

Σ(i)[t − s + Σ(i)←(X(i)(s))],

Ã(i)(t) = n(i) + P0,i(Σ
(0)(t) ∧ n(0)) +

K
∑

j=1

Pj,i(D̃
(j)(t)).

� \�kdkd� �~� tn+1 = inf{t ≥ tn, ∃i, D̃(i)(t−) 6= D̃(i)(t),
szq

Σ(0)(t−) 6= Σ(0)(t)}
ªLsz�~\!}�sg�Z}���f2|i\cbCegb

eg­2s�¢z\ ¯ W�X~\�fZ�~� �Sf~\c�~\cbobusg¤ (A,D)
ey�Z|+koX~\�¤®ez}BkukoXZe�k

(A,D)
eyqo\#}�sg�Zb{kdqofZ}Bko\c|�­�m � � Ç � Ã È �%� Ã
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