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∑
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¯Kj�s��xj"ik© yryrj\�-�u² R & ¬@jz�\s��x�"�uik��twy}j4yrf�j�²ã�u°±°±��¬4©³������©$�dj"�}j"��y@�"�Rq�y}q-� �u�Aq�©ª�wj"�}©±���
Pi

�

% �Vik© yryr©±���x�"�Rq�y��u²
Pi = τeπr

2
i

% n4j\�"j"�wy}©³�R�À� �Rq�y4©³�A�wth� j^��¯�{
Pi = τrπr

2
i

% � �uik��°±j y}j�� �Rq�y4��²
Pi = τπr2i

�9©±�hs�°±°±{u«�²ã�u��y}f�j*j"��y}©³�}j*� ��ºuj\� R «�¬-jZ¹�v�yrf�j*�R�r©±�u©±�hs�yrjZ��² y}f�j*��°ªs���j
O

s��h���wj"¹h��j��

�Ã����� ¢ �ÐÇ�(')� � ks�¯hqr�u°±twyrj*�"�Rq�y � � � ����# �� R � � �

∑

i∈I

� �uik��°±j y}j�� ��q|y4��²9j"ik©³y�yrj\�
Pi

� �)Q�}j"°ªs�y}©³ºRj*� �Rq�y ��� � ����#?2� R � � �

lim sup
t−→+∞

∑

i∈I,Pi∈D(O,t)

� �uik��°±j y}j�� ��q|y4��²9j"ik©³y�yrj\�
Pi

Area(A ∩D(O, t))
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��Ã �®¤w£��½¦ e�f�j�°±©³ik©³y��w��j\q����uy��hj\� j^qrq}s��}©±°³{kj vw©ªq|y'&ã©³y�©ªq�j\suqr{kyr�k� �}j\s�yrj�� ��ºRj"��q-qrth��f�y}fhs�y�y}f�j"�}j�©±q
�h�x°±©³ik©³y�(Ö¸*e�f�©ªq�©±qZ¬4f�{$¬-j�fhsÁºuj*y}���"�u�hqr©±��j"��y}f�jQ°³©±ik© y*q�th�¿¸ § ��yrf�©ªq��rj\�A�R��y^«dsu�h�$²ã�R�����}�u¯h°³j\ikq
sR���w�}j\q}q�j^�0«�� ��ºRj"��q¬@j*¬4©±°³° �"�u�hqr©ª�wj"�4fhsÁºRj*s��}j"°ªs�y}©³ºRj��rj\�ut�°ªs��}© y|{ &Hq�j\j�yrf�j*j"v�s�ik��°±j\q�©±�Eq�j^�Öyr©±�u�À��(
su�h�xyrf�j\{x¬4©±°³° sR�wik© y�sk°±©³ik©³y\¸

e�f�jEsu¯hqr�u°±twyrjÀ� ��q|y��\s�� ¯AjÀ©±�w¹h��©³yrjÀ©³²Zyrf�jÀ�}j"�R©³�R�
A

yr�®�"��ºuj\��©ªq3���uyk¯K�uth�h�wj\� su�h� © ²Zyrf�j
j\ik© yryrj"��q½��su�w©±thq½�w�����uy�wj\�"�rj^suqrj@²Ðsuq�yVj"���Rt��uf¿¸(e�f�j4�}j"°ªs�y}©³ºRj@�"�Rq�y�"s��Q¯Kj�©³��¹h��©³yrj4©³²|«u²ã�R�½j v�s�ik��°±ju«
y}f�jxj\ik© yryrj"��q���su��©³thq &ã�u�.yrf�j���t�i.¯Kj"����²4j"ik©³y�yrj\�}q�(*©±�h�"�rj^suqrj3©³�Ns�� t�¯�©ª�3i3s��h��j"�Qsuq

t
y}j"�h��q.yr�

©±�w¹h�h© y|{R¸
��Ã �®¤w£��½¦§ ��yrfh©±q�su��y}©±�"°³jR«w¬-j�qrt����K�RqrjZyrfhs�y4yrf�j*�}j"�As��ryr©³yr©±�u�x�u²9©±�h�w©±º�©±��ths�°ªq4©ªq�f��uik�u�Rj"��j\�uthq\¸ § ²
©³y�©±q@���uy-y}f�jZ�\suqrju«�¬-jZfhsÁºRj�yr���rj\��°ªsu� jzyrf�j�� �R�hq�y}s���y

ρ
¯�{�su�x©±�Ry}j"�R�}su¯�°³j4²ãth�h�Öy}©³�R�

ρ : A −→ R
+ ¸

e�fhj��}j\�"j"�wy}©³�R�´�"�Rq�yk�u²Zsu�Nj"ik©³y�y}j"�
Pi

¯Aj^� �RiQj^q ∫

D(Pi,ri)
λρ(x, y)dxdy

¸ �9©³�As�°±°³{R«y}f�j$�rj\°±s�yr©±ºuj
�}j\�"j"�wy}©³�R���"�Rq�y4©±q��}j"��°ªsu�"j\��¯�{xsQ�rj\°±s�yr©±ºuj��rj^� j\�wyr©±�u�$� ��q|y ���	����! �=�?�

τr = λρ
¸

� ��	�� ���9�4�5��;�/9�

e�fhj�su©³i���²5yrf�©ªq4i3s�y}f�j"i3s�y}©±�\s�°¿q�yrth��{x©ªq@yrf�j�²ã�R°³°±��¬4©³�h� �
�����	�
���������������������������

A
��� �!���#"$����%���%&�#')(*����+��',�-�����+��.�����/��� ',�10

§ �xyrf�jZ²ã�u°±°±��¬4©³���A«R�R��°±{�y}f�j�� �uik��°±j y}j��}j"°ªs�y}©³ºRj��"�Rq�y@� �R�hq�y}s���y
τ

¬4©±°³°d¯Kj�thqrj\�¿¸9»¼j�¹�vxs��"°³��q�j^�
qrt�¯hqrj y

A
�u²

R
2 ¸

243 Ã�Ç £ Ã � �
� <�� �)�� �� �?! � #  ��� �"! � � �.� �

A
����# ��'� �3��� � ��"�=�?���.�  ��� ��� ! �

τ
<

� < � �.� ��� �
ε > 0 � ! � 2�  � � � ���?������

A
����# �� ��� � �� ���� �.!�� #? ��� �"! � � ���! � ���

τ
�?� �

τ + ε
<

5 <�� �)�� �� � � ���?� �  �/����#?2� � �3! �) � � �.�� ���)�?�2�� �� �.!�� #?����?��!�� �  �2� ��� ! �
τ
<

»¼j.¬4©±°³°(���}��ºuj�y}f�©ªq�y}f�j"�R�rj\i�©±��qrj\�Öy}©³�R� ,�¸ § �Àyrf�j.²ã�u°±°³��¬4©±����qrj\� yr©±�u�¿«K¬-j.¹h��q|yz�h�rj^q�j\�Ry�q��Rikj
j"v�s�ik��°±j\q���²(� j\�Ry}�}su°³©±·"j^�0«�� �R����j"vx�u��¯hsRq�©ª�Z��°±su��j�� ��ºRj"��q"¸

6 7 ��8������:9�	.! ��;"�4�

�z°³° ���rj^q�j\��yrj\��j v�suiQ�h°³j^q4s��}j��Kj"�}©³�w�w©ª�"su°0�u��qrj"ik©³µI�Kj"�}©³�w�w©ª�"su°0� ��ºuj\�}q�qrth��f$suq4�wj"¹h��j\��¯Kj"°±��¬ �

;�
� <>=&? @ ���A@ � ��" � ��BC=&? �

�Ã����� ¢ �ÐÇ��D " ����#?�� R �������� �� �2�

I
� � ���?�=�/! � �� �)��"�=���.�=�����+� ��! � 2�  � � � �5����!  ��2!

J ⊂ I�.��� ! � � # ���! �.���
u, v

� �
R

2 �"� � �/! �)�.!��

R = ∪(m,n)∈Z2{D(Pj +mu+ nv, rj), j ∈ J}
� 3���?� ! � �?! R � �'! �) ����#?2����� �)��"�=�0� {D(Pj , rj), j ∈ J} ������� �?! �� ���

u
�.���

v
<

è5è
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8 ���)�� ��� �����	� 2�	�"�
� ��� �.� �?�

�z��yrj�yrfhs�y�¬@j��w�´����y�sRqrqrt�ikjÀy}fhs�y�y|¬-�N��©±qr¶wq
Di, Dj

©±�h�wj"vwj\�¨¯�{ �w©$�dj"�}j"��y�©³�h��j vwj\q�s��}j
��©±q�yr©±�h�Öy^¸ § ²5y}f�©ªq4©±q4yrf�j��\suqrju«�yrf�j��"�Rq�y4��²9yrf�j�y|¬@�kj"ik© yryrj\�}q�©ªq4� �Rt���yrj\��y|¬4©ª� jR¸

e5���"�uik��twy}j�y}f�jk�rj\°±s�yr©±ºuj.�"�Rq�y���²@s��Kj"�}©³�w�w©ª�"su°(�"��ºuj\�\«A¬-jk�"su��� �R�hq�©ª�wj\�Zs�� �uik�hsR�Öy
B ⊂ R

2qrth��fxyrfhs�y
R

2 = ∪(m,n)∈Z2(B +mu+ nv)
su�h��q�th��fxyrfhs�y�yrf�j�©±�Ry}j"�}©³�R�}q@�u²

B
s��h�

B +mu+ nvsu�rj���©±qÐ�|�u©±��yz²ã�u��s�°±°
(m,n) ∈ Z2 ¸�& ���R�zj"vwsuik��°³jR«h¬@j.�"su�E��f����Rqrj

B
y}��¯Aj.yrf�j��hs���s�°±°±j"°±�u�u��s�i �u²

ºRj"�ryr©ª� j^q {0, u, v, u+ v} (Ö¸Ve�f�j\�¿«w¬-j*fAsÁºuj��
� £ Ç��Ç ¡ � ¢ �ÐÇ� � � �  ���� �.!�� #? ���?�"! ��� R � � �

∑

j∈J πr
2
j

Area(B)
τ

&|l0(

�������
	��� j y
b

¯Aj$y}f�jEs��}j\s���²
B

¸&�zq
t
yrj\�h��qky}��©³�w¹A��© y|{R«@yrf�jÀ��t�i�¯Aj\�3��²

B
y}�}su�hqr°±s�yr©±�u�hq

�"�u��y}su©³�hj\��©³� {D(O, t)} ©ªq�j �RtAs�°0y}� πt2

b
+ O(t)

&Ð¯Aj^�"suthq�j
B

j v�su� yr°±{�yr©±°±j\q
D(O, t)

j v�� j\�wy�²ã�R�zs
q�yr�}©±�AjR«�s�y(yrf�j4�w©ªqr¶*j\�w�Rju«�¬4f�©ª��f�su�rj^s�©ªq

O(t)
(Ö¸�w©³�h�"j²ã�R�½s�°±°Ry}�}su�hqr°±s�yrj\�.��²

B
«�yrfhj"�}j-©ªq(j v�su� yr°±{Z�R��j

�"�u��{x�u²(yrf�jQ� ��ºuj\�4�Aj\�r©±�w�0«�y}f�j.��t�i�¯Aj\����²�"j"��yrj\����²½j^su��f$�Aj\�r©±�w�À�w©ªq�¶wqz�"�u��y}su©³�hj\��©³� {D(O, t)}©ªq4s�°ªqr�Qj ��ths�°dy}� � πt2

b
+O(t)

¸-�zq�sk� �R�hq�j ��t�j"�h�"ju«�y}f�j*�rj\°±s�yr©±ºuj�� ��q|y4©ªq��

n4j\°±s�yr©±ºuj*� ��q|y
= lim

t−→+∞

(πt2

b
+O(t)).(

∑

j∈J πr
2
j )

πt2
τ

=

∑

j∈J πr
2
j�z�rj^s

(B)
τ

�

;�
�� � =�� @���� =&?
@ ��� @� ��" � � B =&? �

�Ã����� ¢ �ÐÇ��� �5�.�)�"�=���� � � 2�"�=�0�?�=����� ����# �� R ��� � 2�"�=�0� {D1, . . . , Dk}

������� �.! �� �2�
u

�.���
v
<

�5�.�)�"�=������ � �?�"! ��! �=�?� � �
Z

2 ���
r

�?� �����?����!���� �2��2!�� �
Z

2 = Z1 ∪ · · · ∪ Zr

<
�  ���?� ���2! �?��� � � �������#?�� ��� � � � ��! ��� � ���� � �.� � %

Di + mu + nv
��� � �  ���!� �?�/� �?� � 2�

�������.� �?��� � ! � ! �)7� �� ������ � � � � �
(m,n)

! � �?��3��� ! �)
Zi

<�� � ��2� ���� � � � � �  �)��#? kr #?���! �?��� wj,l �� 3��� #  � ∀j ∈ J, (m,n) ∈ Z
2 � � � j ∈ Jl

! � 2�
D′

j,m,n = Dj +mu+ nv + wj,l

< �  ��� ���/�� � ��
R′ = {D′

j,m,n, j,m, n ∈ J × Z
2} <�� � R′ � � � � � �?� �����#?�� � � '���?� ! �)�.! ��! � �7������ ��� 2�"�=�0�?�=����� ���

� ��"�=���
J � ������� �?! �� �2� u �?���

v � �.���/� ���.� � �� �������?� �.��� � ! � ! �) � �?�"! ��!��=�.�
Z1, . . . , Zr

�.���/! �)
� �	� ��!���� � #?��2! �?���

wj,l

<

� £ Ç��Ç ¡ � ¢ �ÐÇ�(�`e�fhj��rj\°±s�yr©±ºuj*� ��q|y��u²Vs3q�j\iQ©³µ �Aj\�r©±�w�w©±�\s�° �"��ºuj\�4©±q4©ª�wj\�Ry}©±�\s�°0y}�3yrfhj��rj\°±s�yr©±ºuj*� ��q|y
�u²9su��{x�Aj\�r©±�w�w©±�\s�°¿�"��ºuj"�@y}f�j�q�j\ik© µ �Aj\�r©±�w�w©ª�"s�°0�"��ºuj"��©ªq4�wj"�}©±ºuj\�x²ã�}�ui$¸
�������
	 ��e5�}su�hq�°ªs�y}©³�R�hq��w�k����y���fhsu���uj*su��{�y}f�©³�h�Q¬4fh©³°±j��hsuq}q�©±���Qyr�Qy}f�j*°³©±ik© y

�
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;�
 	 ��� # � ?!= � ��BC=&? �
e�fhj��"��ºuj"��q.yrfhs�yk¬@j$�"s�°±°�f�j"�}j���q ��ths��}j��"��ºuj"��q���su�rj�q�j\ik© µ �Aj\�r©±�w�w©ª�"s�°4�"��ºuj"��q��Rj"��j\�}s�yrj^� ¯�{ yrf�j
�\s����R��©ª�"s�°9ºuj^�Öy}�u��q

e1 = (1, 0)
su�h�

e2 = (0, 1)
¸�»�jk�R©³ºRj.²ã�Rt���j v�s�ik��°±j\qZ©±���R�}�wj\�Zyr��©³°±°³tAq|y}�}s�yrj

�h�rj\º�©±�utAq@��j ¹h��©³yr©±�u�Aq"¸

��� '�� � 	 � � �  Ã ¡�
 �9¤w£ Ã ¥ Ç�KÃ £
§ y�©±q�y}f�j��Kj"�}©³�w�w©ª�"su°-�"��ºuj"� {D(O,

√
2)} «9�uj\��j"��s�y}j\�¼¯�{Ey}f�jx�"su���u�h©±�\s�°VºRj\�Öy}�u��q

e1 = (1, 0)
s��h�

e2 = (0, 1)
«�su�h�`��j"��©ª�Öy}j\�&©±�&¹A�ut��}jNlR¸ § y$©ªq��h��yÀ� j"��y}�}su°³©±·"j^�0¸ e5�´�"�uik��twy}j�©³y}q$�"�Rq�y�¬4©³yrf

²ã�R�ri�t�°ªs &�l0(Ö«h¬-j*� �R�hqr©±�wj\��yrf�j�q ��ths��}j
B

��²5ºRj"�ryr©ª� j^q {(±1,±1)} s��h��� �RiQ�htwyrj �

�"�Rq�y0& R1
(

=
π(
√

2)2

22
τ =

π

2
τ ' 1, 571τ.

�9©±�ut��}jkl����©±ik��°±j�q ��thsu�rj�� ��ºRj"�3&Ð� ��q|y ' 1, 571τ
( ¸

��� '�� � �.Ç��5Ã�� ¡�
 �9¤w£ Ã ¥ Ç�KÃ £
»¼j@©³�h�"�rj^suqrjVy}f�j-��su��©³thq5��²hyrf�j@���}j\� j^�wj"��y(� ��ºuj\�5qrth��f�y}fhs�y½s�°±°��w©±qr¶wq(� �u��y�s�©±�*yrf�j@��j^s��}j\q�y5j"ik©³y�y}j"��q"¸
»¼jk�uj"y*�"��ºuj\� R2

«¿��²@�Aj\�r©±�w� {D(O, 2)} «¿�Rj"��j\�}s�yrj^�E¯�{$yrf�j3�\s����R��©±�\s�°(ºuj^�Öy}�u��q
e1 = (1, 0)

s��h�
e2 = (0, 1)

«ws��A���wj"�h©±� yrj\�x©³��¹h�ut��}jZ��¸½e �Q� �uik��t�yrjz©³y}q��"�Rq�y\«�¬-jZ� �u�Aq�©ª�wj"�yrf�j�q}s�ikj�q ��ths��}j
B

suq
²ã�R� R1

�

�"�Rq�y0& R2
(

=
4π4

4
τ = πτ ' 3, 142τ.

��� '�� ' �.Ã  ¢\£Á¤  ���RÃ È¨¡�
 �9¤w£ Ã ¥ Ç�AÃ £��

e�fhj$¹h�}q�y�� ��ºRj"�k��²Zyrf�©ªqky|{��KjÀ©±qky}f�jEqrj"ik© µ �Kj"�}©³�w�w©ª�"su°�� ��ºuj\�k���rj^q�j\��yrj\�´©±�´¹A�ut��}j�#�¸ § y�©ªq�q�yr©±°³°
�Rj"��j\�}s�yrj^�®¯�{®ºuj^�Öy}�u��q

e1
s��A�

e2
«�s��A�®y}f�jÀ�Aj\�r©±�w�N¬@jÀ� �R�hq�©ª�wj\�Q©ªq � {D1 = D(O,

√
2), D2 =

è5è
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� ��� �.� �?�

�9©±�ut��}j��!� � �R����j v�q ��thsu�rj�� ��ºRj"�3&Ð� ��q|y ' 3, 142τ
( ¸

D(O, 2 −
√

2)}. e�f�j��hsu��y}© y}©³�R���u²
Z

2 ©ªq
Z1 ∪ Z2 ∪ Z3 ∪ Z4

¬4©³yrf

(m,n) ∈ Z1
© ²
n > 0

∈ Z2
© ²
n < 0

∈ Z3
© ²
n = 0

s��h�
m ≥ 0

∈ Z4
© ²
n = 0

s��h�
m < 0

§ ��j\su��fx��²¿y}f�j\qrj�·\�u��j^q"«RyrfhjZ¯h©³�Q�w©±qr¶
D1

����j^q�h��y�iQ��ºRju«�¬4f�©±°³j�yrf�j*qri3s�°±°K�w©ªqr¶
D2

©ªq-qrf�©³²àyrj\�
�R�Àyrfhj�¯K��yryr�ui$«0�R�Àyrf�jQy}�u�¿«d�u�Eyrf�jk°±j ²ày��u�Z�u�Ày}f�j��}©±�uf�y�©±���R�}�wj\�zy}��su°³°±��¬8yrf�jQj"ik©³y�y}j"��©³��yrf�j
ik©ª���w°±j*��²Vskq ��thsu�rjZy}�kyr��s��hqrik© y4y}�3yrf�j*j\ik© yryrj"��©³��y}f�j�ik©±�h�w°³j*�u²5y}f�j*²ã�R°³°±��¬4©³�h�kq ��ths��}ju¸»�j��w�
�h��y4���}j\qrj"��y4f�j"�}jZyrf�j�qrf�©³²àyr©±���3ºuj^�Öyr�R�}q@¬4f�©ª��fÀ�"su��¯Kj*j\sRq�©±°³{��"�uik��twy}j\�0¸

e�f�j-�rj^q�th° y9©±q9sz�"j"��yr��s�°±©³·\j\�����R�wµ � �u�h��j v*� ��ºRj"� R3
¬4f�©±��f�� �Rq�y5©ªq9� �uik��t�yrj\��thq�©±���z²ã�u�}i.t�°ªs &|l ( �

� ��q|y & R3
(

=
π
√

2
2

+ π(2 −
√

2)2

4
τ = (2 −

√
2)πτ

' 1, 84τ.
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§ �$y}f�j����}j"º�©±�uthqz� ��ºuj\�\«�yr��s��hqrik©±q}q�©±�u��¯Kj y|¬@j"j"�$y}f�j.q ��ths��}j�� j\�Ry}j"��q4©ªq����}��º�©±�wj^��¯�{xyrf�j����}j\qrj"�h�"j
�u² q�i3su°³°K� ©±�}�"°³j^qV��²¿��su��©³thq

2−
√

2
¸+4@{QtAq�©±���*y|¬4©ª� j�iQ�R�rj�qri3s�°±°K�"©³��� °±j\q-s��h�3��©³º�©ª�w©³�h��yrfhj"©±�-��su�w©±thq

¯�{���«w¬-j*�\s��$j"�hqrt��}jZyr��s��hqrik©±q}q�©±�u��s�y�sQ°³��¬@j"�4�"�Rq�y\¸½»¼j*�uj y��"��ºuj"� R4
�R©³ºRj"��©³��¹h�uth�rj��h¸

§ y*©ªqZs�qrj"ik© µ �Kj"�}©³�w�w©ª�"su°(�"��ºuj\��yrfAs�y*©±q��wj\�r©±ºuj^�$²ã�}�ui�yrfhjQ�Kj"�}©±����©±�\s�°½� ��ºRj"�z�Rj"��j\�}s�yrj^�E¯�{$yrf�j
�\s����R��©ª�"s�°�ºuj^�Öyr�R�}qxs��h� y}f�j�²ã�u°±°³��¬4©±���®�Kj"�}©³�w� � {D1 = D(O,

√
2), D2 = D(O, 2−

√
2

2 ), D3 =

D(O, 2−
√

2
2 )}. § y}q4�"�Rq�y�©ªq �

� ��q|y & R4
(

=
π.
√

2
2

+ 2π( 2−
√

2
2 )2

4
τ =

7 − 2
√

2

8
πτ

' 1, 638τ.
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�9©±�ut��}j'# � � j"��y}�}su°³©±·"j^�xq �RtAs��}j��"��ºuj\� § &Ð�"�Rq�y ' 1, 84τ
(

;�
�� � =������ ������" � � B =&? �

�zj v�s��R�u�hsu°z� ��ºRj"��q3s��}jEq�j\ik© µ �Aj\�r©±�w�w©ª�"s�°Z� ��ºRj"��qk�uj"�hj"��s�yrj^� ¯�{´ºRj\�Öy}�u��q
u = ( 3

2 ,
√

3
2 )

s��A�
v =

(0,
√

3)
¸

 j yVthq½�\s�°±°
B

yrf�j4f�j"v�s��u�R�.�u²K� j\��yrj"�
(0, 0)

¬4fh©±��fkq�©³v�ºRj"�ryr©ª� j^q9su�rj
(1, 0), (−1, 0), (± 1

2 ,±
√

3
2 ).e�fhj�su�rj^s.�u²

B
©ªq 3

√
3

2

s��h�xyrfhj�yr��s��hqr°±s�yr©±�u�hq@�u²
B

¯�{
Zu+ Zv

yr©±°³j�y}f�j*��°ªs���jR¸

��� D � � 	 � � �  Ã 3 Ã�� ¤	� Ç  ¤  @¥ Ç�KÃ £
§ yV©ªq½� ��ºRj"� R5

��²K�Aj\�r©±�w� {D(O, 1)} �Rj"��j\�}s�yrj\�.¯�{*yrf�j4�R�r�Rt��
Zu+Zv

¬4f�j\�rj
u

su�h�
v
s��}j���j ¹h��j^�

sRq4s�¯K��ºujR¸ § y�©ªq��wj\��©±� yrj^��©±��¹h�ut��}j��w¸
4�suqrj\���u��²ã�u�}i.th°±s &|l (Ö«�©³y}q4�"�Rq�y4©±q �

�"�Rq�y0& R5
(

=
π12

3
√

3
2

τ =
2π

3
√

3
τ ' 1, 210τ.
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�9©³�Rt��rj���� � j"��yr��s�°±©³·\j\��q ��thsu�rj*� ��ºRj"� §�§ &Ð�"�Rq�y ' 1, 638τ
(

�9©³�Rt��}j�� ���©³ik��°±j*f�j"vwsu�u�R�hs�°0� ��ºRj"�3&Ð�"�Rq�y ' 1, 210τ
(
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��� D � � �.Ç��5Ã�� 3 Ã�� ¤	� Ç  ¤  �¥ Ç�KÃ £
e5�x�"�u�hq�yr�}th�Öy�s�� �R����j"vÀ�"��ºuj\�\«A¬-j.�"�ut�°ª�0«0suq�²ã�u��yrf�jQ� �R����j vÀq �RtAs��}j.� ��ºRj"�^«h©±�h� �}j\sRq�j�y}f�j���su��©³thq
�u²5y}f�j����}j"º�©±�uthq4�"��ºuj\�\¸V»¼j�¬@�ut�°ª��fhsÁºujZy}��� �u�Aq�©ª�wj"��sk�}sR�w©³tAq4��² √

3
©³�hq�yrj^su����²

1
«As��h��y}f�j�� ��q|y

�u² y}f�j�� ��ºRj"��¬-�Rt�°ª�x¯Kj 2√
3
πτ ' 3, 628τ

¸
§ �hq�yrj^su�0« ¬-jk�"su�¼��f�����q�j.yr�$¶uj\j"�Ey}f�j3qrsuikj���su�w©±thqZ¯�twy�y}��ik��ºRj�yrfhj�� ©±�}�"°³j�yr��yrf�jkf�j"v�s��u�R�

ºRj"�ryr©ª� j^q"¸
»¼jV�uj"y0yrf�j�Aj\�r©±�w�w©±�\s�°u�"��ºuj\� R6

�wj"��©ª�Öy}j\��©±�Z¹h�ut��}j5,�¸ § y}q¿�Kj"�}©±���Z©ªq {D((1, 0), 1), D(( 1
2 ,

√
3

2 ), 1)} «©³y�©ªq��uj"�hj"��s�yrj^�x¯�{
u

su�h�
v
«hsu�h��© y�q�� ��q|y4©ªq@y|¬4©±�"j�y}f�j*�u�hj*��²9�"��ºuj\� R5

« �=<�0<��

� ��q|y
(R6) =

4π

3
√

3
τ ' 2, 418τ.

�9©³�Rt��}j , � � �u����j"vxf�j"vwsu�u�R�hs�°0� ��ºRj"�3&Ð�"�Rq�y ' 2, 418τ
(

��� D � ' �.Ã  ¢\£Á¤  ���RÃ È 3 Ã�� ¤	� Ç  ¤  �¥ Ç�KÃ £
§ y�©±qZ� ��ºRj"� R7

�R©³ºRj"�$©±�À¹h�uth�rj��w¸ § y�©ªqzqrj"ik© µ �Kj"�}©³�w�w©ª�"su° s��h�À��j"�}©³ºRj\��²ã�}�ui�yrf�j��Kj"�}©±����©±�\s�°5�"��ºuj\�
�Rj"��j\�}s�yrj^��¯�{kºuj^�Öy}�u��q

u, v
s��A�Qyrf�jz²ã�u°±°³��¬4©±�����Kj"�}©³�w� � {D1 = D(O, 1), D2 = D(O,

√
3−1
2 ), D3 =

D(O,
√

3−1
2 }.§ y�q�� ��q|y4©ªq��

� �Rq�y0& R7
(

=
π12 + 2π(

√
3−1
2 )2

3
√

3
2

=
6 − 2

√
3

3
√

3
πτ

' 1, 533τ.
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�9©³�Rt��rj.�!� � j\��yr��s�°±©³·\j\��f�j v�s��R�u�hsu°K�"��ºuj\�3&H� ��q|y ' 1, 533τ
(Ö¸

� � ���4�*�9��!���� ���(�3���

�Vvwsuik��°³j^q �h�rj^q�j\�Ry}j\�*su¯A��ºRjVq�f���¬¼y}fhs�y^«�q|y�s��ryr©±���4²ã�}�ui8s����R�wµ �"j"��yr��s�°±©±·"j\���"��ºuj"�^«^¬-j�\s��.�"�u�hq�yr�}th� y
s3�"j"��yr��s�°±©±·"j\���R��j�¯�{�sR���w©±��� ��qri3s�°±°5�"©³��� °±j\q���y}�x� �R����j\� yzj"ik©³y�y}j"��q4¯Aj"y|¬-j\j"�Àj^su��f$��y}f�j"�^¸@e�fh©±qz©±q
y}f�jZ���r�w�"j\q}qVy}fhs�y�¬@sRqVthqrj\��yr�k�wj"�}©±ºuj��"��ºuj\�}q R3

su�h� R4
²ã�r�Ri � ��ºuj\� R1

«��u�-yr�k� �R�hq|y}�rtA�Öy@�"��ºuj\�
R7

²ã�}�ui��"��ºuj"� R5
¸V¾E�u�}j"��ºuj\�\«R�rj^�wth�"©³���.yrf�j*qri3s�°±°d�"©³��� °±j\q@��su�w©±thq�s��A��©±�h� �}j\sRq�©±����y}f�j"©±����t�i.¯Kj"�

�}j\��th� jzyrf�j�� ��ºRj"�-�"�Rq�y@sRq-qrf���¬4��©±��y}f�jzy}�}su�hqr© y}©³�R�3²ã�r�Ri � ��ºuj\� R3
yr�Q� ��ºuj\� R4

¸½e�f�©±q@i3s�©±��©ª�wj\s
°±j\sR��q@yrfhj�yrf�j\�u�}j"i 	 q@���}����²|¸

�Ã����� ¢ �ÐÇ����� �! R �� � ����# �� � ���?� ���� ! � ��� �	�0�� � ��� � �  ���=�?�

A
< �  ����� �½°±©±��¶ �2�.� � ����#?�� R�.� � ���!�� ���?� � % � L ��� � � ! �)�.! R ∪ L � ��� ���� ! � ��� �	���� ����# �� � �

A
<


-Ã � �®¤ '�� �! R �� � ����#?�� ���
A � �+��! �6� � �� �?! � #  ���?�"!

γ � �?� �
ε

� � �?��� � �!� ���)�?����! � #? � ���� <
� � 2�  � � � � ���&% L �2�?� R �"� � � ! �)�.!��3��� �"!

(R ∪ L) < γ + ε.

�������
	 � �9©³��q|y��"�u�hqr©±��j"�-y|¬-�kj"ik©³y�y}j"��q
P

s��h�
Q

s�y��w©±q�y}su�h� j
d
��²9j\sR��fx��y}f�j"�^¸(»�j��\s���q�t��h�A��q�j

y}fhs�y
P = (0, 0)

su�h�
Q = (d, 0)

¸� j y
n ≥ 2

¯Aj�s��$©³��y}j"�uj\�\¸-»�j��\s��E�"�u����j^�Öy
P

s��h�
Q

thqr©³�h�
n�"©³��� °±j\q@�u²9��su�w©±thq d

n−1

� j\�Ry}j"�}j\��©³�

(0, 0), (
d

n− 1
, 0), . . . , (

kd

n− 1
, 0), . . . , (d, 0).

e�f�jksu�h�w© y}©³�R�hs�°(� ��q|y &Ðsu¯hq��R°³t�yrj0(���²Vy}f�j\qrjk� ©±�}�"°³j^q�©ªq
nπ( d

n−1 )2τ
¸*»¨f�j\�

n
yrj\�h��q�yr��©³��¹h��©³y|{u«

y}f�j�su�h�w© y}©³�R�hs�°¿�"�Rq�y4¯Aj^� �uikj^q4suq4qriksu°³°¿sRq4�wj\qr©±�rj^�0¸
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�z��¬N� �R�hq�©ª�wj\� y}f�j@��©±qr¶
Dn

��²h��su��©³thq
n

�"j"��yrj\�rj^��s�y9yrf�j@�u�}©±�u©±�¿¸5e�f�j@��t�i.¯Kj"�(�u²hj"ik©³y�yrj\�}q9�u² R�"�u��y}su©³�hj\��©±�
D1

©ªq@¹h��©³yrjR¸ § ���"�u�hqrj���t�j\�h� jR«�yrf�j�ikj y}f��w��j vw��°ªs�©±��j\��s�¯K��ºujZs�°±°³��¬�q@thq@y}�k�"�u���hj\�Öy
su°³°hyrf�j^q�jzj"ik© yryrj\�}qthq�©±���.s.q�j"y��²¿�w©ªq�¶wq L1

¬4f�©ª��f�s�y}��y}su°AsR���wj\�3�"�Rq�y©±�w²ãj"�}©³�R�½yr� ε
2Area(D1 ∩A)

¸
��©±ik©³°ªs��}°±{u«9¬-j��\s�� � �R����j\� y.s�°±°Vj"ik©³y�y}j"��q*��² R ∪ L1

�"�u��y}su©³�hj\�¼©³�
D2

¯�{�sÀqrj y��u²���©±qr¶wq L2¬4©³yrfÀs�yr�uy}su°¿� �Rq�y4©³��²ãj"�}©³�R��yr� ε
22 Area(D2 ∩ A)

¸
e�f�©ªq(¬�sÁ{u«Á¬-j@¯�t�©±°ª��sZq�tA�"� j^qrqr©±�u�.�u²Aqrj y}q Ln

qrth��f.y}fhs�y^«�²ã�u�(s�°±°
n
«�j"ik©³y�y}j"��q(��² R∪L1∪· · ·∪Ln�"�u��y}su©³�hj\��©±�

Dn

s��}j�� �R����j^�Öyrj^�0«�s��A�xqrth��f�y}fhs�y�yrfhj��"�Rq�y@�u² Ln

©ªq-©±�w²ãj\�r©±�u�@yr� ε
2n Area(Dn ∩A)

¸
e�f�j\�¿«�¬@j*q�j"y L = L1 ∪ L2 ∪ · · · ∪ Ln

¸Ve�f�j��}j"°ªs�y}©³ºRj��"�Rq�y4��² L ©ªq4j �RtAs�°dyr���

cost(R ∪ L) ≤ cost(R) + cost(L)

= cost(R) + lim sup
n−→+∞

∑n
i=1 cost(Li)

Area(Dn ∩A)

≤ γ + lim sup
n−→+∞

∑n

i=1
ε
2i Area(Di ∩ A)

Area(Dn ∩ A)

≤ γ + lim sup
n−→+∞

ε(
n

∑

i=1

1

2i
) = γ + ε.

4@{x�"�u�hq�yr�}th� yr©±�u�¿«�y}f�j�� ��ºRj"� R ∪ L ©ªq4� �u�h��j v0¸
�

��
� ����= �	?!=�� ����= �
A

@ � � �� # � ?!=
e�fhj�¹A�}q�y4�A�R©³��y4��²5yrf�j�y}f�j"�R�rj\i�©±q��R¯�º�©±�utAq@qr©±�h� jZyrfhjZ¬4fh�u°±jZ�}j"�R©³�R�

A
©ªq4� ��ºuj\�rj^��¯�{x�w©ªqr¶�q@�u² R ¸

�h�u�Zyrfhjkqrj\�"�u�h���A�R©³��y^«¿¬-jQ¹h��q�y�qrt����K�RqrjQyrfhs�y
A

©ªqZyrf�j3q ��ths��}j
[−1, 1] × [−1, 1]

¸�»�jk�R©³ºRj.y|¬@�
°±j"iki3suq �

-Ã � �®¤ D � �)�� �� �/� �� ��� 2� ������/�.� � % �

Dn

���?� ! �?��� �� ���
A � ��� �=� � ��� ! ��"�=�?��� �.�  � �?��� �+� ��

�.� �����?��� ! �.��� �"� � � ! �)�.!
limn−→+∞ Area(Dn) = Area(A)

<

�������
	 �  j yzthq4¹�v
D1 = D(O, 1)

«hyrf�j�th��© ��t�j���©±qr¶�y�s����Rj"��y�yr�kyrfhj*²ã�ut���qr©ª�wj\q4�u²
A
¸ § �$j"ºRj"�}{

�"�u�}��j"�*�u²
A
« y}f�j"�}j3©ªq�s���t��h�"��ºuj\�rj^���}j"�R©³�R��¯K�ut��A�wj\�¼¯�{Ey}f��rj\j�s����"q ��y|¬-�Eqr©ª�wj\q��u²@y}f�j�q �RtAs��}j

&Ð¬4f�©ª��f�s��}j�� ©±�}�"°³j^q5�u²h©±�w¹h��©³yrj���su�w©±thq�(Ö«usu�h�*y}f�j�¯A�Rt��h��su�r{���²
D1

¸(e�f�j\qrjy}f��}j"j�� ©±�}�"°³j^q9su�rjy}su���uj\�Ry
y}��j\su��f���y}f�j"��q"«�su�h��¬-j-y}su¶uj

D2
y}�Z¯Kj@yrf�jz�w���h�w{.�w©ªq�¶�sRqrqr�w� ©ªs�y}j\�*y}�Zyrf�j^q�j@yrfh�rj\j@�"©³��� °±j\q &ã©I¸ ju¸9yrf�j

th��© ��t�jZ�w©ªq�¶�y}su���uj\�Ryyr��y}f�j\qrj�y}f��}j"jz�"©³��� °±j\q�(Ö¸½e�f�©ªqV�hsu��y}°³{�¹h°±°Kyrf�jZ� �u�}��j\�\«R¯�twy@�"�rj^s�y}j\q(y}f��rj\jz��j\¬
&Hq�i3su°³°±j"�"(-t��h� ��ºRj"�}j\�x�rj\�u©±�u�hq4q�yr©±°³° ©³��yrfhj.� �R�r��j\�\«�j^su��f���²9yrf�j\i�¯Kj"©±���3°±©³ik©³yrj\��¯�{�y}f��}j"jZy}su���uj\�Ry
�"©³��� °±j\q\¸�»�jQ�"su�À�rj\�Aj^s�yzy}f�j����}�w� j^qrq\«h�hsu��y}°³{�¹h°±°³©±����j\su��f$��j\¬ �rj\�u©±�u�$¯�{�s����w���w{À� ©±�}�"°³j &ã©±�Àyrf�j
²ã�Rt����"�u�}��j"��q�(Ö¸ § y�©ªqz¶�����¬4�$y}fhs�y�yrf�j�t���©±�u�À�u²s�°±°¿yrfhjQ���w���w{À�"©³��� °±j\q4fAsuqzyrf�jQqrsuiQj�s��}j\s3suq�yrf�j
q ��ths��}j�s��h����¯�{x�"�u�hq�yr�}th�Öy}©³�R���kyrf�j\©³��©±��yrj\�r©±�u��q�s��}j��hsu©³�}¬4©ªq�j*�w©ªqã�|�R©³��y^¸

�


-Ã � �®¤ ��� �!
B ⊂ R

2 �� � ���?� � ����! < � �?� ���� �
η > 0

! �)��  � � � ����#?2� R(η)
���
B

�"� � ��! � �?!

�+�?�"!
(R(η)) ≤ ατ

"7� ��
(B) + e(η)

��� 2��
α = 2π

3
√

3

� �'! �) ����)�"��!�� ���3! � '�"��� � �  �  � ��� �?� ��� ����# ����.���
limη→0 e(η) = 0
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	 �  j y R′(η) = {Dl, l ∈ L} ¯Kjzy}f�j�fhj v�s��R�u�hsu°h� ��ºRj"��u²
R

2 ¯�{���©±qr¶wq�u² �w©±suikj yrj\�
η
¸Ve�f�j

�}j"°ªs�y}©³ºRjZ�"�Rq�y4��² R′(η)
©ªq
ατ

¸V»�j�¹hv�����¬ �

R(η) = {Dl, l ∈ L,D(l) ∩B 6= ∅}.
e�fhj�qrj y R(η)

©±q4sk� ��ºRj"����²
B

� �R�Ry�s�©±��j\��©±��y}f�j�qrj y

B(η) = {x ∈ R
2,

�w©ªq|y�s��h�"j
(x,B) ≤ η},

su�h�0«uyrf�j\�¿«u©³y}q-� �Rq�y½©±q°³j^qrq9y}fhs��
ατ

���}j\s
(B(η))

¸��©±�h�"j����}j\s
(B(η))

yrj"�A��q(yr�����}j\s
(B)

suq
η
yrj\�h��q

y}�k·"j"�}�h«�y}f�©ªq�� �R�h� °±th�wj^q@yrf�j*���}����² �u²5y}f�j*°±j"iki3s�¸
�»¼j3� �uikjQ����¬ y}�xy}f�jk���r���u²��²Vy}f�jQyrf�j\�u�}j"i$«¿s��

ε
¯Kj"©±���x¹hv�j^�0¸ � �R�hqr©±�wj\�zy}f�j3q�j ��t�j"�h�"j��u²

��©±qr¶wq
Dn

sRq�©³�À°±j"iki3sk��s��h�����uyrj
an = 4 − �z�rj^s

(D1 ∪ · · · ∪Dn)
&ãyrf�j.su�rj^sQ��²9yrf�j�th�h� ��ºRj"�}j\�

�}j"�R©³�R�x�u²
A
(Ö¸Ve9s�¶uj

n ∈ N
q�tA��fxy}fhs�y

an ≤ 3ε
τα

¸
�9©³v

B = A− ∪n
i=1Di

su�h� ��f����Rqrj�s��"��ºuj"� R(η)
�u²
B

sRqk©³� °±j"iki3s®�¼s�¯K��ºuj$q�th��f y}fhs�y
� ��q|y

(R(η)) ≤ ατ
���}j\s

(B) + ε
¸

�9©³vxyrfhj�� ��ºuj\� P = R(η) ∪ (∪n
i=1Di)

¸½»¼j*fhsÁºRj��
� ��q|y

(P) =
� ��q|y

(R) +
� ��q|y

(∪n
i=1Di)

≤ ατ
���}j\s

(B) + ε+ τ
���}j\s

(∪n
i=1Di)

= ατan + ε+ τ(4 − an)

≤ 4ε+ 4τ.

§ y4²ã�R°³°±��¬�q-yrfhs�y4yrf�j*�}j"°ªs�y}©³ºRjZ�"�Rq�y4��² P ©ªq4°³j^qrq@y}fhs��
τ + ε

«w¬4f�©ª��f$� �u�A� °±th�wj\q@y}f�j*���}����²|¸
�

¸

��
�� ����= �	?!=���� � ���	= ��� � ��� � ?�� ����� �	?!� ��= ?!=�� ��@� @� � � � @� ���
��� ��� � ����¢ 3 Ã £ Ã � �HÇ 

A
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�9©³v�s &Hq�i3su°³°�(
η > 0

su�h���"�u�hqr©±��j"��sx��°ªs��hj.y}©³°±©³�h��¯�{Eq �RtAs��}j\q��u²@�w©ªs��R�u�hsu° °±j"���uyrf
η
¸  j y

S
¯Kj

y}f�j�qrj y4��²½q�tA��f�q ��ths��}j\q
B

q}s�yr©ªq�²ã{�©±���
B ∩ A 6= ∅ ¸n4j^� ��ºRj"�*j\sR��f®q ��thsu�rjk�u²

S
¯�{�sÀ� ��ºRj"�*��²��"�Rq�y.°³j^qrq�yrfhsu�

τ + ε/2
s��h��¬4f���q�j���©±qr¶wq.s��}j3��²

��©±suiQj"yrj\�4°³j^qrq@y}fhs��
η

&Ð¬-j��w©ª��yrf�©ªq4©±��yrf�j*���}j\�"j\�w©±���kq�j^�Öy}©³�R��(Ö¸
e�f�jQt���©±�u����²su°³°(q�tA��f�q �RtAs��}j.� ��ºRj"��q4��²

S
©±q�sx�"��ºuj\� P ��²

A
«0� �u��y�s�©±��j\�À©±�

A(2η) = {x ∈
R

2,
�w©ªq|y

(x,A) < 2η} ¸§ ²
A

©±q½s��"�uik�hsu� y\«
A(2η)

s�°ªqr��©ªq"«Rs��h�.yrf�j�y}��y�s�°�� ��q|y½�u² P ©ªq(°±j\q}q9yrfhsu�
(τ+ε/2)Area(A(2η))

¸
�w©³�h�"j

limη→0 Area(A(2η)) = Area(A)
»¼j��"s���y}su¶uj

η
qrth��f�yrfhs�y

Area(A(2η)) ≤ Area(A)

(

1 +
ε

2(τ + ε/2)

)

.

»¨©³yrf�y}f�©±qz��f��u©ª� jR«
Cost(P) ≤ Area(A)(τ + ε)

«�suq�¬4©ªq�fhj\�0¸
§ ²
A

©±q�����y�� �Rik�hsu� y\«�yrfhj�qrsuiQj�©ª�wj\skq�yr©±°³° ¬-�R�r¶wq\«�¬4fhj"�À� �R�hq�©ª�wj\�r©±����yrf�j*°±©³ik©³y\¸
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τ

e�fh©±q�©ªq�yrfhj*°±sRq|y4�K�u©±�Ry��u² y}f�j�e�f�j"�R�rj\i$¸
»¼j4¹h��q|y�"�u�hqr©ª�wj"�Vs*�"�u����j"v�� ��ºRj"� Pn

�u²Ay}f�j�� �}��¬4�
D(O, n)−D(O, n−1)

¬4© y}f�s*� �Rq�y½j���ths�°
y}�

(1 + ε/2n)τ
¸�e�f�j"� «h¬@j.� �R����j\� y��u��j��w©±qr¶x�u² Pn−1

y}���u��j���©±qr¶��u² Pn

¯�{�sk°±© yryr°±j.°±©³�h¶ Ln

�u²
�"�Rq�y�©³��²ãj"�}©³�R�4yr�

(1/(2n+ 1))τ
¸4e�f�j*��°ªs���j�� ��ºuj\�\«w�}j"th��©³�R�$��²½s�°±° Pn

s��A� Ln

©±qz� �u�h��j v$s��h�$©³y}q
�"�Rq�y4©±q�©±�w²ãj"�}©±�u��yr���

lim
n−→+∞

∑n

i=1(Area(Dn) − Area(Dn−1))(1 + 1
(2i+1) )

Area(Dn)
τ

= lim
n−→+∞

τ +

∑n
i=1 π(2i+ 1)/(2i+ 1)

πn2
τ

= τ + lim
n−→+∞

n

n2
τ

= τ.
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