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Abstract: The concept of yield management for IT infrastructures, and in particular for
On Demand IT utilities was recently introduced in [13]. IT On Demand is a business model
touted recently by IBM and other large IT companies as the future of computing. In [13],
it was demonstrated that this paradigm is appropriate for, and can benefit greatly from,
use of a convenient yield management approach, and an optimization model and theoretical
justification of it were presented. The present paper provides a detailed analysis of that
model, both in simplified cases where an analytical analysis is possible, and numerically
on larger problem instances, and confirms the significant revenue benefit that can accrue
through use of yield management in the IT On Demand context.
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Etude d’un modéle de centre de calcul a la demande

Résumé : L’utilisation du réseau Internet et des nouvelles technologies de I'information
peuvent servir au développement d’un nouveau type de service : le centre de calcul & distance.
Ces nouveaux modéles de business d la demande sont pergus par les grandes compagnies de
Pinformation telle IBM, comme le futur moyen de calcul a distance. Dans [13], il a été montré
que les modéles de tarification basés sur 'optimisation du rendement sont appropriés. Ce
papier présente une étude analytique détaillée de ce modéle dans des cas particuliers simples
et numérique dans les cas plus généraux. Ces analyses confirment le bénéfice significatif
en terme de revenu avec 'utilisation de techniques d’optimisation du rendement dans un
contexte de services d’infrastructures a la demande.

Mots-clé : Optimisation, modéles de choix discrets, tarification
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1 Introduction

The traditional context of IT provisioning for firms involves making periodic plans for acqui-
sition, based on historic demand patterns combined with growth forecasts. This means that
changes in IT needs are responded to with some delay, namely weeks or possibly months
down the road. In addition, traditional IT provisioning, and re-sizing, requires peripheral
changes in a company’s profile that may cost well more than the acquisition itself, as space
and human resources must be allocated to the acquisition. Analogously, a decrease in IT
requirements, due to downsizing or loss of potential in some service area, is more difficult
to address; due to hardware depreciation and ongoing labor contracts, downsizing IT infras-
tructure to reduce costs in areas or times of slow growth is not often a possibility available
to firms.

In response to these business issues and based upon advances in data communication
and transfer, IBM and other IT firms have begun advocating a fundamental shift in the
business model underlying computing resources. The new business model, referred to as IT
On Demand, is not actually new in the most fundamental sense; pay-for-what-you-use is a
paradigm found in many sectors. However, its application to the IT and utility provisioning
sector is new, and brings with it a number of challenges for the provider of an On Demand
utility service, including how to jointly price and manage such a system. In particular,
IT On Demand means that firms can out-source much of the IT work that is required by
the firm: from servers and software, to maintenance and upgrades. The users of the firm’s
system do not perceive the difference; jobs and software are run remotely; web sites are
stored remotely, etc. but the change is seamless from the point of view of the users. The
firm then pays for IT as a service, where the price paid depends upon the usage level. In
this respect, when the usage needs are high, no new acquisition need be made; it is a matter
of paying per use for the extra usage consumed.

The difficulty in pricing the resource comes from the fact that jobs may arrive at will,
and need not be reserved in advance. When a job arrives, the customer sending the job
expects service equal to, or better than, that which they received from their proprietary,
in-house systems. However, contrary to the in-house system, in an On Demand utility, many
customers may expect this service on the same, shared infrastructure, at the same time. In
their own, in-house infrastructure, they were assured that their needs would be met. In an
On Demand utility, where the system is shared across a wide range of customers, it is no
longer a trivial exercise to guarantee a given level of service to everyone without possibly an
a priori reservation of resources. Consider the case where several large customers expecting
a high quality of service arrive at overlapping intervals. Managing the system thus becomes
a complex task. In addition, and equally important, devising service offerings and pricing
strategies, before customers join the system, that take into account the management of the
system, is complex but essential.

In this paper, we analyze the model introduced in [13], both analytically and numerically.
The analytical study is carried out on simplified versions of the model and when the number
of variables is small; as such it provides a bound on what can be said about the full-scale
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4 Dube & Hayel € Wynter

model. The numerical study then illustrates the benefits that the approach and our model
can provide and confirms the tractability of the yield management paradigm to the IT On
Demand context.

The structure of the paper is as follows. In Section 2, we present a review of related
literature. Then, in Section 3, we recall the model of [13] and necessary notation. In Section
4, we present the analytical study of the model in several simplified settings. Section 5
contains the numerical study of the model. Finally, we conclude in Section 6 with a number
of valuable directions for further research in the area.

2 Literature review

Models for determining yield management-type pricing and seat booking limits for airlines
have evolved from the original single-leg capacity rationing problem to more complex models
which, for example, consider networks of flights and connections, as well as other sectors
characterized by variable-duration activities, such as hotels. In the former setting, the
number of seats to offer at each pre-determined price class, on a single, isolated, flight is
determined. (see, e.g., Belobaba [1] or Littlewood [8]) The latter setting is more complex
due to the size of the problem under study and simplified versions of it, such as the so-called
nesting approach which decomposes the problem into single-leg subproblems, are generally
presented as more practicable than solving the complete problem. (See the survey of McGill
and van Ryzin [11], and references therein).

These models often make simplifying assumptions that the demand model underlying
airline passenger choices is exogenously given and fixed, or other times assume a news-
vendor-type formulation in which demands are treated like continuous fluids that can be
partially accepted ([11], for example, uses the latter formulation). A control-theoretic for-
mulation of Kleywegt [7] falls into this latter category as well.

In many other fields of management science, however, the assumption that demand for
a good or service depends upon the characteristics of that good or service which are under
study, is taken for granted. Indeed, demand is modelled as an endogenous variable, or
process. In the yield management literature, this connection has been taken into account
heuristically at times through the so-called buy-up probabilities, which give, for each pair
of fares, the probability that a user "buys-up" to the higher-cost fare when the lower fare
is sold out. However, as pointed out by [12], this pair-wise approach is not realistic when
considering more than two or three fare classes. The authors in [12] formulate a simplified
(single-leg) model for the airline yield management problem when the choice probabilities
of customers are described by the multinomial logit model. The authors also discuss model
estimation in that reference.

While the literature on airline yield management is clearly of great relevance to our
problem of yield management in On Demand solution centers, there are notable differences
which lead to significant higher complexity in our setting. First and foremost, the good
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Analysis of a Yield Management Model 5

or service under consideration in IT on demand does not have a fixed duration nor does
it occupy a pre-determined percentage of the resource capacity. That is, an airline seat is
occupied precisely for the duration of the flight, and the number of seats to sell on any flight
is known in advance. On the other hand, in On Demand IT utilities, the duration of a job
depends upon the type of server upon which it is run, and the number of servers, if it is
parallelizable; further, the number of servers it requires depends upon the type of servers
that are used. In other words both the capacity needed and the time taken by a job are
not simple, exogenous parameters in the compute On Demand yield management problem.
Some features of this time variability can be observed in other sectors, such as hotellerie,
restaurant yield management, and even golf course yield management (see, for example, [5]
and [6] and other references by those authors). Nonetheless, the capacity and percentage of
capacity occupied in these latter examples are still fixed and exogenous, as opposed to the
setting with which we are faced.

Work on the pricing of information services, such as the pricing strategies of internet
service providers (ISPs) has traditionally considered some of these issues of job duration
and capacity occupation through queueing formulae. The literature on that and related
areas is quite vast and a thorough survey of it is not the focus of our work here, but a few
relevant references are [10],[4],[9]. The difference between the decisions optimized in those
and related work is the degree of segmentation. In the internet pricing world, a single price
per type of service is proposed. It is sometimes the case that multiple qualities of service
(QoS) are discussed, but in that case, each QoS level has associated with it a single, fixed
price. The number of such price levels is generally limited to three, for example, gold, silver,
and bronze-level service. The yield management strategy takes customer segmentation to a
much finer level, and does so through the incorporation of demand models.

3 The model

The optimal yield management reservation system parameters for an On-Demand IT com-
puting center can be obtained through the following model.

We assume that the On Demand utility is composed of a pool of nodes (processing units)
and a pool of storage space to allocate to different fee classes. Let there be @ groups of
nodes with A,, ¢ = 1,...,Q being the number of nodes in the gth group. The nodes in a
class are then assumed to be homogeneous, have the same speed, etc. The storage pool is
also of finite size, given by some constant, S.

The optimization problem that we will need to solve is then the following: At each time
epoch 4,7 = 1...N we would like to reserve the available resources (nodes and external
storage) for the different fee classes. The resources should be allocated so as to maximize
expected provider profits, that is, expected revenue less expected costs, where expected
provider revenue is related to the distributions of different customer arrival types, their
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6 Dube & Hayel € Wynter

preferences (in terms of service/price tradeoffs) as well as their service requirements, and to
the number of nodes assigned to each fee class, on each server type.

Fee classes are defined much as in the usual yield management literature. For an identical
resource several different prices may co-exist. Each fee class then has a maximal number
of users, and once that number is reached within the time period for that fee class, new
requests are offered only the next higher level fee for that resource.

Resources are also defined in a broad way. While a server and storage are clearly aspects
of the resource, the service-level (SLA) parameters are as well, such as availability, advance
notice, penalties in case of non-satisfaction of service level by the provider, etc. The broad
scope of the resource in this manner allows the price differentiation to become still finer-
grained; that is, for an identical server/storage combination, different SL offerings create
new sets of fee classes.

We next define the basic notation and assumptions.

3.1 Notation and Assumptions

Let us define

1 = time epoch index (i = 1,...,N)
k = fee class index (k=1,... ,K)
g = machine (or, node) type index (¢ =1,...,Q)
¢ = customer class, indicates type of workload, c=1,...,C
nikq = decision variable: # of nodes of type g allocated to fee class k at time ¢
s;r = decision variable: amount of storage assigned to fee class k at time ¢
Qir. = set of ¢’s at time ¢ for the kth class for which n;gq > 0
rikq = per unit profit=revenue-cost of a node of type q for fee class k
at time ¢
pir, = per unit profit of storage for fee class k at time i
N, = total number of nodes of type g available
S = total amount of storage available
S; = total amount of storage available at time 4,
a random variable with a discrete distribution
vq = processor speed of machine of type ¢
B, = fraction of work that is not parallelizable for a job of type ¢
Pii,(t) = probability that a customer with workload ¢ arriving at time 4 offered

fee class k on machine type q accepts the offer (discrete choice)

INRIA



Analysis of a Yield Management Model 7

I'. = probability that an arriving job is of type ¢
W, = random workload of a job of type ¢ (a discrete RV)
S; = random storage requirement of a job entering at time

Assumption 1 [Heterogeneous resources] We shall assume in this work that the pool of
servers, or nodes, is heterogeneous, but that the distinguishing feature of the different server
types is their processing speeds. We shall neglect other differences that may be present when
dealing with heterogeneous resource pools.

Assumption 2 [Distributed computing] We shall assume that jobs can be processed in par-
allel, up to a degree specified by a serial-part parameter, ., given once the type of the job
c is given. For example, for ¢ = 1 we have some (1, such as 1 = 1, where 1 means that
the serial part of jobs of type 1 is 100% of their workload. Similarly, we may set B2 = 0.75
so that 25% of type 2 jobs are parallelizable. This definition allows for computation of the
processing time T as a function of the configuration given to the user for that job. A precise
formula is provided in Section 3.3.

3.2 Optimization formulation

The goal of the optimization model is to determine the optimal reservation of resources
across server types, time epochs, and fee classes, so as to maximize expected revenue. This
can be formalized by the following optimization problem:

¢ N K Q
max F ZZZTi(Wi,nikq,c) (Z TikqMikq +pik$ik) Pk(Wi,n,s)FC] ,

NikqgSik
LT c=1 i=1 k=1 =1

where T; is the (possibly random) sojourn time of a job in the system at time 4, and depends
upon the workload, or size, of the job, W;, the number of slots allocated n;14, and the type
of job, ¢ . The choice probability of a user accepting a slot of segment-type k is given by
Py(W;,n,s), and the probability of an arrival of job class ¢ is given by T'.. The decision
variables are n;i,, the number of processing slots to reserve at time i, in price segment k,
on machine type ¢, and the amount of storage to reserve at time i, at fee class s;;. The
parameters r;;, and p;; are the possible prices at which those resources can be reserved. By
enumerating a wide range of such prices, the optimization model works by identifying those
price segments which are most profitable to offer, given the characteristics of the available
demand and resource levels.

Observe that once a customer joins class k at time ¢ then it takes n;z, nodes and these
nodes are only released when the customer finishes it job and leaves the system. Thus these
nodes will be released at time i + T;(W;, kg, ¢) and from time ¢ to i + T53(W;, nikg, ¢) these
resources cannot be allocated to other classes.
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8 Dube & Hayel € Wynter

We assume that the total amount of storage space S is finite, as is the total number of
nodes. Furthermore, the storage allocated must be at least as large as the expected amount
requested by a time 7 job. The constraints on those resources are provided below.

Nq - Z Nzkq = 0,Vi,q (1)
k,2<i,z+T; (Wi, nipq,c)>i
S - > Sk > 0,Vi (2)
k,z2<i,24T; (Wi Nikg,c)>i
K
> sik — E[Si] > 0,Vi (3)
k=1
Nikq 2 07V7"a k) q (4)

Alternatively, one can assume that the resource limits are soft constraints and include
the possibility to surpass those limits, at a cost associated with having to make use of remote
resources or to pay a penalty to the customers. Note that since the total allocated CPU
and memory at any epoch cannot exceed the authorized amount, we are not allowing for
overbooking in this formulation.

3.3 Expression for the sojourn time, T;(W;, n,, c)

There are numerous ways to compute the sojourn time of a job on one or more servers,
depending on the data that the user provides about the job. We consider three ways in
which this computation can be done.

1. In the simplest case, the user may provide an estimated duration of the job for different
server speeds.

2. Often, however, the user may not have such information available. Instead he may
specify his job in terms of its type, (CPU intensive, memory intensive, storage intensive
etc.) and workload size, or time on a single processor of given speed, and a set of
formulae can be used to determine the sojourn time on the configuration presented by
the provider, which may involve a processor of a different speed than the one given by
the user as a reference, and/or multiple processors, in which case an Amdahl-type law
can be used to provide an estimate of the combined serial-parallel computation time.

3. Finally, a more complex, fine-grained analysis could be performed in which sojourn
times are predicted using queuing models and simulation.

We make use of methods 1 and 2. Indeed, the advantage of linking sojourn time directly
to the decision variables, as in method 2, is countered by the fact that the resulting overall
problem becomes highly non-convex, even when simplifying assumptions are made on the
other distributions/

INRIA



Analysis of a Yield Management Model 9

3.3.1 Independent, fixed or externally-provided sojourn times

In this case, we make use of an externally-provided (e.g., from the user making the request)
estimation of the average sojourn time of the job in question; i.e., the sojourn time is a
constant for each three-tuple of job entry time—fee class—server type(s), (i, k, q). Notably,
this case is useful as it simplifies the mathematical properties of the optimization model and
provides some average-case value for the results.

3.3.2 Configuration-dependent sojourn times

We also consider a more detailed, configuration-dependent expression for the sojourn times,
where the sojourn time is a function of the decision variables, that is the number of nodes
allocated to the job. The formula is provided below. An analysis of the resulting properties
of the optimization model is presented in a later section.

Let us consider a job of size W;. Let 3. be the fraction of job that can only be executed
serially for a job of type ¢, and 1 — f3. is then the fraction of job that can be parallelized. We
thus have the following bound on the actual sojourn time of a job on one or more nodes:

BW; n (1—B.)W;

T;(Wiy Nikg, €) = — 5 —.
mingeQ; Yq ¢€Q; VaMikq

()

Proposition 1 The sojourn time, Ti(Wi,nikg, €) is bounded from above by T;(W;,njk,,c),
that is T;(Wi, Nikg, ) < Ti(Wi, nikg, ¢) for every i, k, g, c.

Proof. The expression on the right-hand-side of (5) is given by an application of
Amdahl’s Law to our context, where the serial processing time of the job is given by W; /v,
for a job of workload size W; processed on a single server of type ¢. Inequality (5) is indeed
a bound as, for the serial job (the first term of the right-hand-side), we are assuming that
it is executed on the slowest node among the assigned nodes, where @); is the set of ¢’s for
which n;;, > 0. 1

3.3.3 Deterministic equivalent—expected satisfaction of constraints

Observe that the node allocation constraints are stochastic, as the sojourn times, T;(.), are
random. We propose to replace them by deterministic constraints, through an expected-
value approach.

E|N, - > kg | 2 0,Vi,q, (6)
k,2<i, 24 T; (Wi njq,c) >i

E|S- > s.k| >0,Vi. (7)

k2 <i 24 Ts (Wi ning,c) >i
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10 Dube & Hayel € Wynter

Conditioning on W; assuming a discrete distribution on that random variable, we can
write from (6) and (7):

C oo
Z Z Nq — Z Nzkq P(Wz = U])Fc > 0,Vi,q, (8)

c=1 w=0 k,z2<i,z4+T; (Wi, nikg,c)>i

C o o©

OIS > su | P(W; = )T, > 0,Vi, ©)

c=1 w=0 s=0 k,2<i,2+T; (Wi nirg,c) >

3.4 Choice function of user preferences

The probability that a user chooses one of a finite, discrete set of options is elegantly de-
scribed by the logit function. Indeed, the logit function has a number of desirable properties;
notably, the choice probability function is simple to express in closed form and to evaluate.
Also, it subsumes the case of pure randomness and purely deterministic choice through a
single parameter, referred to here as §. Finally, it handles different types of variables; when
variable values are binary, for example, it has been shown to be more robust than linear re-
gression, and can also handle ratings and rankings, in addition to usual continuous variables.
(See, for example, [2])

Let (; be the user sensitivity to quality of service (here, given by sojourn time) and (o
to the total price he will pay. We assume that the disutility is linear in its parameters.
The number and nature of these parameters is quite flexible; in particular, we may consider
parameters describing the availability level of the service, the minimum advance-notification
time, as well as characteristics about the user, such as whether it is a frequent client or not.

Here we define, for ease of presentation, a simple disutility function composed of only
price and time parameters, respectively. In this case, we obtain the disutility that a user
arriving at time 4, assigned to class k experiences is:

Q
Uk) = T:(Wi, nikg, ©) (Z TikqMikq +pik3ik> + QTi(Wi, Nigg, €)-

q=1

The constants of the disutility function may be calibrated from empirical data. The choice
of a user to accept fee class k may be modelled as deterministic (and rational) or stochastic,
(i.e., with some degree of irrationality). In other words, a deterministic and rational choice
would be for a user to choose the k that solves ming—;. x U(k). However, due to mis-
information, unmeasurable parameters that play a role in user choices, and/or measurement
error, user choices may be best represented by stochastic models.

INRIA



Analysis of a Yield Management Model 11

The choice probability P is therefore given by the multinomial logit function as follows:
e—0U(K)

Pk = ﬁ.
Zj:l e—GU(])

The desired value of 8 € [0, 0] is problem-dependent, and involves the degree of randomness
that one supposes is present in the data, as well as the size of the parameters in the linear
disutility function.

Py .
! 0 :IrlflEIty

6=0

05)

Figure 1: The logit choice probability as a function of the difference of two dis-utilities, for
three values of theta.

Using the logit scaling parameter, 8, we can isolate three distinct cases, illustrated in
Figure 1.

1. # = 0. In this case, the choices are purely random, as P, = 1/K for each choice
k=1...K. In the Figure, since K=2, the probability is 1/2 for each choice irrespective
of the utilities. Note that if this is the behavior that we wish to model, we may
substitute P, = 1/K explicitly. This will be of use in determining special, linear, cases
of our optimization model.

2. 8 = oo. In this case, we also obtain a special case of the optimization model. By
setting 8 = oo, we are in effect setting P, = min;—;..x Uj;, which is a step function,
and represents a purely deterministic choice of selecting the minimal disutility option.
Note that this function is therefore non-differentiable, as opposed to the other two
cases.

3. When 6 €]0, oo, the logit function is differentiable, but nonlinear over ®. It implies
that there is some randomness, or error in the perception of the true costs (or dis-
utilities) of each choice, hence the spread of choices about the true minimum cost
choice.

RR n~ 5092



12 Dube & Hayel € Wynter

3.5 Objective function with logit choice probabilities and sojourn
time expression

Substituting the expression for Py, the choice probabilities, from the definition of the multi-
nomial logit model, we can write the complete objective function as follows:

C N K Q e—0U(K)

n,IEﬁgEk E Z Z Z Ti(Ws, Nikq, c) Z TikqMikq + PikSik Wrc .
c=1 i=1 k=1 q=1 j=1

Conditioning on the workload and storage requirement of the customer we get with (5):

. o ¢ N K Bw N (1- 8w i N
max E E E E TikqMi _y
Nikq,Sik mingeQ, Vq quQi VgNikg ikqThikq T PikSik

w=1 c=1 i=1 k=1 q=1

6—9U(k)

Further, we have that mingcg, v, < £ = mingeg vg. Thus we can simply the formulation
with this bound:

o C N K Q
max 353 % (52“’ . M) (Z PikqMikg +piksik>

NikqySi .
ROTR =1 e=1 i=1 k=1 2q4eQ; Valike =1
o= OUK)

X —g———T
YK emtut)

P(W; = w) (11)

subject to constraints (1)-(4), with the deterministic equivalents, (8)-(9) in place for
(1)-(2), when the latter are random.

4 Analytical study of the model

In this section, we consider a simplified model in which two different prices per node are
offered, i.e. 71 # ro. Furthermore, we shall consider two different user, or job, classes, c.
We assume here that 7" is exogenously given, but depends on the customer class ¢. We shall
also consider one single time epoch 7 = 1, one type of processing node ¢ = 1 and we focus
on a model without the storage component. Under these simplifications, we shall be able
to examine analytically the Hessian of the Lagrange function and solve to obtain bounds on
the decision variables. The simplified problem can be expressed as:

c 2
max F(ni,n2) = E E Terpng P,
n1,m220 e=1 k=1
ny +ng = N.

INRIA



Analysis of a Yield Management Model 13

While these results cannot be extended in general for any number of parameters, they,
along with the larger-scale numerical results, provide valuable insight into the nature of the
problem under study.

Two discrete choice models are considered below. In the first, the proportion of individ-
uals choosing option 4 is deterministic, and given by the normalized ratio of the utility of
choice i to the sum of all choice utilities, that is, Ve = 1,... ,C,

1 Ug
Pe=1—7 <1 - K7k6> '
2 =1 Uj
The first term normalizes the quantities P{ so that they sum to 1 for each customer class,
c. The second term is expressed as 1— ratio, since the Uy are actually dis-utilities and hence
decreasing in price and delay. With only two price segments, as we have stated would be
the case throughout this section, we have, for every ¢,
Ug

Pf:m and P2c:

_Ur
Uf +Us’

where the (dis-)utility functions are:
Ui = GTkerene + GTke-

The parameters (; and (; are taken as constants here. Recall also that T}, is a constant in
this section. The utility function is thus linear in the decision variable, ny.

The second discrete choice model considered is the multinomial logit choice function,
where the probability of a user of class ¢ choosing price k is defined by:

. e—HU,‘;
Pk = K —oU°c ,VC,
23:1 € J

and 6 is the control parameter that determines the degree of randomness of the user choice
model, where § = 0 means that the choice is purely random and does not depend upon
the utilities (but rather is constant at 1/K) and 8 = oo means that the choice is purely
deterministic in that when k is the minimum disutility choice, its probability of being chosen
is equal to 1, and the probability of choosing any other option, k£ # j is 0. Here, as we have
set the number of price segments K = 2, we obtain the pair of logit preference functions:

1 1
Cc __ C —
P= 1w a4 B = amron
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14 Dube & Hayel € Wynter

4.1 Analysis using the deterministic discrete choice model

Explicitly expressing the deterministic discrete choice model into the objective function for
this two-segment example, we obtain:

c
 max F(ni,np) = ;FCTC (f(n1,m2) + g(n1,n2)) (12)
ny+ng <N
with
Flni,ns) =11 Ciraning + Gny ’
Giring + Girang + 2(2
and

. Girining + (ana
2 .
Giring + Girang + 2¢

g(n1,m2) =

As the sojourn time is decreasing with the number of nodes, the inequality constraint
expressed in (12) is active in real situations. In this simplified setting, we have the following
result.

Proposition 2 The nonlinear yield management reservation problem of 12 has a unique
mazimum.

Proof: The Lagrangian function is :

C
L(n17n27 /l’) = ZFCTC'(f(TLlJnQ) + g(n17n2)) - :uG(n17n2)7
c=1

with Lagrange multiplier p, and constraint function: G(ni,ns) =nq + ng — N.
At optimality, the constraint will be active. Hence, after some manipulation of the
Lagrangian, we obtain the following system:

1 30 T Te(2¢7ran3 +4¢18arana+243) _

(¢1r1n1+Cirana+242)? B= 0,

T2 25:1 FcTc(QCfr%"§+4<1C2T1"1+2C§) —u=0

(¢1rin1+Cirana+2¢2)? =1,
ny+ng =N,
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from which we obtain:

2

(Cirana + G2)* — (, /oo oz (Grim + Grane + QCZ)) =0,
2

(Girina + G2)? — (, /m&mm + Girang + 242)) =0,

n1+n2:N.

Noting that each of the first two equations is a quadratic, we obtain four sets of equations.
However, of those, only one has a feasible solution, which we shall show is the unique
maximum, where the solution is given by:

(N—YT2

(ni,n5) = (N

—v 2 4, NL —H),
T+ /T2 T+ /T2
with H = C1 P \F\C \F(l —4/72)- The optimal Lagrangian multiplier, p*, is

d ‘22” Wt vl

Additionally, coming from nj and n} non-negative, we obtain two necessary conditions on
the feasible range of prices, r1 and ro, for a solution:

T2

T1 Z m, (13)
n <+ N2, (14)

Thus, depending on the values of the problem constants, we can determine the range of
prices for which a solution exists. Figure 2 illustrates this range for a capacity level N = 10,
and for a range of value-of-time parameters, ¢ = (1 /(a.

To prove that the solution we have found is indeed a maximum, we use the Hessian of
the Lagrange function defined by:

B 0 Gn Gn,
D = Gn1 Ln1n1 L’n1’n2
an Lnan Lﬂz"z

If the determinant of the Hessian of the Lagrangian function D, evaluated at the possible
optimum, is positive thus the optimum point is a maximum. The second derivatives of the
Lagrangian function are:

C

Luims = 25 — 3 T2 rdng + 4G Gorarans + 2r13) 2an
= ni,n T 7' n 172N T
nini n 2 1, 2 = cle 1T1ToNy 1627172M2 162 (ClTlnl T C1r2n2 T 242)3,
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s Gl

Figure 2: Existence area of the solution when N = 10.

C

8%L 2¢172
L = ——(ni,n) = — ToTo(2¢272ran? + 4 riToNn 2r1¢2
nana an%( 1,M2) ; cTe(2¢irirany + 4¢1(arirons + 142)(C1T1n1+C1T2n2+2C2)3’
2L ¢ T.T.
Lining = o, mg) = el Tyt gnn,

(¢Cirin1 + Cireng + 2¢2)3
+4¢{rir3ning + 16(FCoririniny + 8¢ Car1rin3+
+4§3§2Tfr2n% + SClggrlrg + 12(%(22Tf'r2n1 + 12(12('221'1@112} .
The determinant of the Hessian is:

|E| = _Gil Lnlnl + 2Gn1 an Ln1n2 - GE,,Q Lngnza

Oninsg

and G,, = G,, = 1. Thus we obtain that the determinant of D is positive for all n; > 0
and ny > 0, and we conclude that (nj,n3) is a maximum over the frontier. Moreover the
objective function is continuous, this point is a global maximum.

4.2 Analysis using the logit choice model

When the customer choice function is given by the probabilistic logit model, we obtain the
following nonlinear maximization problem

C
1 1
max F(n1,n2) = ZPCTG <T1n1 1 + ef¢1Te(rin1—r2n2) +rame 1+ egéch(mnz—rlnl)) (15)

n1,n22>0 pa—

ng +n2=N
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As before, the revenue is maximum when all resources are occupied, which implies that
the inequality constraint will be active at the solution. In this case, to simplify the added
complexity posed by the logit model, we shall make use of the equality constraint in elimi-
nating one of the two decision variables from the formulae, since they sum to a constant. To
further simplify the logit model for the sake of analytical analysis, we assume here that the
total workload is the same for the different customer classes, ie. Ty =To =... =T, =T.
In this case, the probability term of each workload type, I';, vanishes, and we thus obtain
the following objective function, where the first and second terms of (15) are labelled f(n;)
and g(n1), resp:

F(ni) =T(f(n1) +g(n1)).

Setting y(n,) = e?CTn1(ri+r2)=0GTr2N “after some manipulation, the derivative of the ob-

jective function with respect to the single variable, nq, is

1 T2 -
F' =T({—=(1 — N—y?2—= (1 L_(N-— 1y?) ) .
(n1) ((1+y)2( +y—my') -y (1+y)2( +y (N —n1)y'/y ))
We thus must solve the following equation:
vry +y(re —r) + 9 (ring — r2(N —ny)) =71 (16)

In addition, we have that:
y'(n1) = 0GT (ry +r2)y(ma),
and thus Equation (16) becomes
y°ra + yH(ni) =71,

with H(ny) = ((rz —r1) + 04T (r1 + r2)(ring — r2(N —ny))).

We Obtain:
‘li (1L1) ‘11 (1L1)
y\/ ro = l T1 2 —

Thus, to find the optimal nj we have to solve the following equation:

61 Tni(ri+ra) -0 TraN - 1 M +r M; (17)

\/—7‘—2 47‘2 ! 2’!‘2
11’1(\/ H(nl)z +4riry — H(nl)) — 11’1(27‘2) + 0C1T7‘2N

ny = )

0T (ry +12)

= M(nl)
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The left-hand side is strictly increasing as its derivative is:

(6041Tn1(r1+r2)—9C1Tr2N)/ — 0C1TT160<1TH1(T1+T2)_0<1TT2N >0,

and M (n;) is strictly decreasing as its derivative is:

1 [Hmy _H(nl),:0<1T<n+rz)2< H(n) 1><0.

+r -
! \/H(nl)Q +47"1’I‘2

\/—T‘_z 47‘2 2T2 27‘2

Hence, we have a necessary and sufficient condition to the existence of a valid solution of
the fixed point equation.

(

Condition 1 The first part of the condition is given by M(0) < N(0), i.e.
ry > e TN () —pp — G T (r1 + 12)Nry + roe™ 9T
The second part, given by M(N) > N(N), is:
el TN (ra —ry + 64T (r1 +r2)Nry + rgeGCIT”N) —r; > 0.

In Figure 3, we present an example of this fixed point problem with (unique) job time,
T = 2, logit scaling parameter, § = 0.05, value of time constant, (; = 1, prices at the two
price levels, r; = 3, ro = 6 and total available capacity, N = 10. In this particular case, the
optimal solution is n] = 6.2892 and nj = 3.7108 slots at each of the two price levels.

45

40 Revenue B

35 b

30 b

251 b

20

151

10

.
0 1 2 3 4 5 6 7 8 9 10

Figure 3: Solution with 2 classes and logit discrete choice model.

It is furthermore possible to express analytically the optimal solution (nj,n3) as a
function of the problem parameters, T,6,(;,r1, r2, and N. However, to do so, we make
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use of a Taylor expansion of the exponential, which is only valid for small values of the
expression 8¢ Tny(r1 +r2) — G TraN.
Given that 0 < n; < N, for small € > 0 we shall require, for the expansion to hold, that:

—e < 0C1TTL1(T1 + 7‘2) — 0C1TT2N <e.
Condition 2 To apply the Taylor expansion with a given precision €, we shall require that

the logit scaling parameter 6 satisfies:

€
0 < .
~ (TN max(ry,rs)

Remark 1 Condition 1 becomes:
e (ra—r1—€(ri+r2) +r2e7¢) <1y <€ (ra— 11+ €(r1 +12) +72€°)

Thus, as € tends towards 0, we have that the two price levels must converge to a single price,
i.e. |r1 —ra| < D(e) with lim._,o D(e) =0 and D'(e) < 0. It is not necessary, however, for
€ — 0, as it is sufficient that € be small for the expansion to be valid.

The Taylor expansion of the exponential gives:

efaTmntr)=0GTroN — 1 4 ¢, Ty (ry +12) — 0GTraN + o(nd).

The Equation (17) thus becomes:

1 [H(np)? H(ny)
1+66T —0GTroN = —— —
+0GTni(ry +12) (1Trs N iry + 7 2y

as o(n?) is very small. We obtain:

H(nl) 1 H(n1)2 +r

1 + 9C1Tn1 (7‘1 + ’r‘z) - 0C1TT‘2N + 27‘2 = \/—T_z 47‘2

H(n1)>2 _ H(m)? !

(1 + 0C1TTL1(T‘1 + TQ) - 0C1TT2N + o
2

Hence we have:

(Any + B)? + (An; + B)H("l) -0

) T2 ’

with A =00, T (r1 +7r2) and B =1—-60(TraN. By developing the expressions we obtain the
following polynomial:

n? <A2 " AOGT (ry + 7“2)2)

r2
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A B
+’I’L1 <2AB =+ r—(’f‘z ' o 0C1TT‘2N(T1 + 7'2)) 4+ T—GQT(rl —+ 7'2)2))
2 2

+B?% + g(rz —ry —0GT(ry + r2)raN) — :—:
where the first term is equal to:
O2CET?(ry + 1r9)% (212 + 11).
The second term is:
20, T(ry +12)(2—20GTroN — G Tr N).
and the constant term is:

r
2— zr—l +0GTraN(=4+ 04 TroN + 06T (11 +79))
2
After some manipulation, we obtain an explicit expression for nj:

(260¢1 TroN + 6¢1 Try N — 2)
6¢1T(r1 + 72)(2r2 +71)

*
ny =

\/((z — 2001 TraN — 61 TriN)2 = (2r5 +71)(2 = 251 + 00 TraN(=4 + 001 TraN + 6(1T(r1 + 72)))

6¢1T(r1 + r2)(2r2 + r1)

We may now compare this analytic solution to the Taylor expansion approximation with
the exact solution which we obtained numerically. Consider an example with § = 0.05,
G =1,0(=2,rn=2,r=3, N=1and T = 2. We obtain nj = 0.1973 with a revenue
of 2.6007 and using the Taylor expansion approximation, we obtain nj = 0.2131 with a
maximum revenue 2.6004.

Thus, the optimal number of slots for class 1 obtained through the approximation has an
error of An} = 8%, and the revenue difference, taking into account class 2 as well, is
essentially, zero.

Figure 4 shows yet a different example, here with three price levels, i.e. K = 3. The
parameters for this numerical example are § = 0.05, (1 =1, (o =2, 11 =2, ro =4, r3 = 6,
N =10 and the workload is expressed by the following matrix:

2 4
T=1| 3 4
3 5

The solution is n} = 5.2281, nj = 2.9909 and nj = 1.8110.

While we observe from Figure 5 that the solution map is neither concave nor quasi-
concave (i.e, its level sets are not convex), it is a "nice" non-convex function in that a
standard gradient ascent algorithm will generally converge to the global maximum, as we
can observe as well from the two figures and from the numerical experience.
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Figure 4: Solution with 3 classes and logit discrete choice model.
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Figure 5: Level sets of the solution with 3 classes and the logit discrete choice model.
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4.3 Induced demand curve

In this section, we examine the induced demand function. The demand function is a (de-
creasing) curve of total demand as a function of price. We illustrate first the induced
demand-price curve, in 2-dimensions. The curve is generated by determining the expected
quantity that would subscribe at a given price, all other data being fixed. Then, this is
repeated at a number of different prices to permit tracing a curve. In Figure 6, the de-
mand curve (solid line) is generated by running the optimization model with the logit choice
function. The induced demand curve generated with the deterministic choice function has
similar properties. The dotted line above illustrates the revenue curve with price, that is
R(p) = pd(p), where d(p) is the induced demand curve shown below it.

18 T

T
— demand
revenue

16 b
14F b

1.2 b

D)

0.8 i

0.4r T

0.2 \\ B
0 . . . . I

2 3 4 5 6 7 8 9 10

Figure 6: Demand function for the class k¥ with the logit discrete choice model and § = 0.5.

In Figure 7, we plot the "analytic" optimal yield management solution, which illustrates
the increase in revenue as the number of price segments increases, taking into account
the induced demand curve. That is, each point on the optimal revenue curve is obtained
by plotting the optimal revenue when the given number of price segments is determined
optimally (in terms of the actual prices to offer and quantities to offer at each price). These
curves, obtained through the use of the induced demand curve, are quite useful in pointing
out where the tradeoff in increasing complexity due to a high number of price segments is
balanced by a revenue that increases very little.
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Revenue
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Number of class
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0

Figure 7: Total revenue as a function of the number of price segments used, where the
location and quantities offered at each price segment are optimized.

It is possible to induce such a demand curve in 3-dimensions as well, by taking in-
to account both price and service quality on separate axes. Figure 8 illustrates such a
3-dimensional demand curve which depends on the unit price and on the sojourn time sep-
arately.

5 Yield management for web transaction data

We apply our optimization module to web transaction data over an eight-day horizon. Since
we are interested here in High Performance Computing (HPC) jobs, rather than short-lived
web transactions, we shall suppose that each transaction represents an HPC request. The
data we have does not include job durations; therefore we consider all jobs to have unit
duration (here, the time unit is one hour). The Yield Management Reservation (YMR)
system functions similarly when jobs have heterogeneous durations.

The subscription works as follows: some users, not willing to pay high prices for service,
subscribe only if they can obtain the service at an acceptable price level to them. If no such
acceptable price is available (not offered, or the maximal quantity is attained) then those
customers "go elsewhere". Other users with higher willingness-to-pay can still subscribe,
until their threshold is reached, and so on. Therefore, depending upon the prices offered,
and the available quantities of each, a different share of the market can be captured, and
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Figure 8: 3-dimensional demand function, in price and sojourn time, for some class k using
the logit discrete choice model with 8 = 0.5.

revenue will thus vary as well.

The objective of the YMR system is to therefore determine which offerings to propose to
customers, and the optimal quantity to propose of each offering, so as to maximize potential
revenue. To make an analogy with another existing form of yield management, passenger
airline reservation systems make use of similar techniques, whereby they offer limited num-
bers of seats for each price class on each flight, so as to maximize the airline’s expected
revenue.

In the next section, we illustrate the output of the YMR system in terms of the optimal
number of slots to propose at each of the price levels, and then compare the resulting revenue
stream with the base-case, in which a single price per QoS is charged.

The transaction data represents the demand at each point of the time. The YMR model
allows for the possibility that a user does not accept any of the offerings proposed. In this
series of examples, we have considered a single QoS level and multiple prices for that QoS,
with the quantities of slots available at each price limited, by a number to be determined
by the YMR. The input data, in addition to the time-varying demands, are as follows.
Possible price levels are determined in advance, with not necessarily all price levels open in
the optimal solution. On the left column of the table, we consider a variable number of price
segments, from 1 single price to 6 price classes; the unit prices themselves are listed to the
right in the table 5.
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K Prices
low 2
medium .6
high 1
2 4 .8
3 3 6 .9
4 2 4 6 .8
5 2 4 6 8 1
6 2 35 b5 65 8 .95

Table 1: Input data on the possible prices for each simulation, in which 1 to 6 price segments
are offered to customers, in limited quantities

The first figure illustrates the optimal revenue over time when 2 to 6 price segments are
made available to customers, in limited quantities. Possible prices are listed in table 1 above.
Note that the topmost curve is the total demand, not the revenue. The revenue accrued
under each simulation (2 through 6 price segments on offer) is indicated in the lower series
of curves. The larger numbers of price segments (5-6) clearly gives higher revenue during
peak periods, whereas during periods of lower use, 2-3 price segments on offer is optimal.
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Figure 9: Revenue stream for different numbers of price segments on offer.
The highest curve gives the total demand over time, and serves only to illustrate the

peaks and valleys. Higher numbers of segments on offer maximizes revenue when demand is
high; for low demand (valleys) a more modest number of price segments is optimal.
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Figure 10 summarizes the data of the first two figures for certain time periods, for in-
creased clarity. In particular, we have chosen 5 time periods, with alternating peak flows
and off-peak flows, to illustrate how the optimal number of price segments to offer varies.

(t=40) (t=80) (t=120) (=160) (t=200)

time point

Figure 10: Optimal revenue for 5 different time periods (periods off-peak(40), medium (80),
peak (120), peak (160) and off-peak (200)) over the 5 different YMR strategies (offering 2-6
price segments).

Note that higher numbers of segments on offer are optimal for higher-load periods.

The last set of figures compares the revenue when only one price segment is offered (for
three cases: a low, medium or high price) with a strategy of offering five classes of price
(irrespective of the demand level), shown in the blue-green curve.

Observe that the 5-segment offering is always superior to offering a single price, irrespec-
tive of whether a low, medium, or high single price is offered. Furthermore, from the above
figures, we know that the YMR system would not suggest always proposing 5 price segments
irrespective of the load level, but would allow further revenue increase by modulating the
number of segments to offer with the demand level (less segments when demand is low, more
when it is high).

Figures 12 illustrates the optimal numbers of slots to offer at each of those 5 price levels
and demonstrates that the optimal number of price segments varies with the total demand,
or load, in that the higher the demand, the higher the number of segments should be to
maximize revenue. This implies furthermore that the YMR should be re-run as new and
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better demand data become available. Figure 5 shows the entire breakdown over the 8-day

time horizon.

Revenue
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Figure 11: Comparison of YMR strategy of offering 5 price segments with a single-price

offering, where the single price is either low, medium, or high.

Figure 12: Number of slots to offer at each of the 5 prices segments over time.
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6 Future extensions: time incorporated into the model

To incorporate the problem with the time and the redefined constraint. We illustrate the
model time by considering only two time periods, i.e. I = 2. Hence the objective function
is defined by the following:

2 2 2

F(ni1,mi2,n01,n2) = > > Y TickTiknixPicl .

i=1 c=1 k=1

Let N; be the number of free nodes at time ¢ and with Ny = N. Then, we have one constraint
for each period, i:

K
N; — ank > 0.
k=1

Furthermore, the number of available nodes at time ¢ is the total number of available nodes
N less the nodes allocated for jobs which begun at time z for z < ¢ and whose workload
duration is greater than i — z. That is, we have the constraint:

i—1

K
Ni=N=3> nalige 1,5z
k=

12=1

There are four different cases to consider in our two-period, two-service-class, and two-price-
segment example.

If both (T111 + T122) and (T112 + T122) are lower than 1, we can apply our previous single-
period results, and we obtain the optimal values of the four decision variables n;, for
iL,k=1,2:

V712 V11  rea V721
(n11,n12,n21, n22) = (N \/H"‘\/m-'- 1, \/W"‘\/m-'- 1, N \/_+\/E Ha, \/_+\/E+H2),
_ Vri2 /12 _ r2 /T22
with #; = C1 Vit (1 o \/7‘11) and Hp = C1 \/7‘21+\/7‘22 (1 VT21 )

The most interesting case is when either 711 or 735 is greater than 1. Without loss of
generality, consider the case where 777 > 1 and 712 < 1. We obtain the following system
with 6 equations and 6 variables:

(v (Girianie + ()2 — (\/ i (Cir11nar + Girianaz +2¢2))? =0
(Vriz(Grina + 6))? = ( éR“ (Giriinar + Girianas +2¢2))2 =0
¢ (v/T21 (Ciraaman + (2))? — ( 2‘}?2 (Giraimar + Ciraonas +2(2))? =0
(VT22(Cirainar + G2))? — (\/ = (Gira1nan + Girazmas + 2(:))> =0
Ny +nig =N
Nz + Ny +nge = N
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Note that the first four equations are quadratics; hence each gives two different equations,
and we must solve 16 different systems of equations. Generalizing this to a larger system
does not, therefore, appear practical.

How often to update segment sizes? The first question to pose when implementing
a time-varying version of the yield management optimization model is the granularity at
which the decisions are re-optimized. In our setting, this means concretely how long each
time period will be in which the number of each type of price segment is held fixed. It may
mean that some jobs will wait in a queue if the maximum number of jobs in their highest-
cost segment are already present. Figure 13 illustrates the effect of increasing the duration
of each time period (homogeneously) on the maximum expected revenue.

0.98 4

Revenue
o
©
S
T
I

0.96 q

I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50
Number of aggregated traffic

Figure 13: Revenue depending on the aggregation of the traffic

In Figure 14, we look at the dynamic optimization over the time. We compare the case
where each epoch has a fixed duration and the case where each epoch has the duration of
the maximum workload time. We assume that the duration for each job follows a uniform
distribution over the interval [0, 2].

An interesting observation to draw from Figure 14 is that the optimal expected revenue
is higher when the duration of each time period is fixed and strictly less than that of the
longest job (here set to 2 time units). This is the case due to the distribution of the sojourn
times, T', because if the epoch duration is fixed, we can reallocate only the most expensive
class. If the duration is equal to the longest job length (2 in this case), all jobs will be
treated but it will take too much time. There is a compromise between the duration 7' and
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Figure 14: Allowing the duration of a time period to vary, we see the evolution of the optimal
expected revenue. The flat, dotted line gives the revenue that one can obtain if the duration
of a time period is equal to the longest job length.

the proportion of jobs finishing before next optimization. The revenue is optimized when
the proportion of jobs finishing is high and duration time is relatively short.
In Figure 15, we examine the total revenue when we compare a single yield management
optimization at the start of the time horizon to more than one, where we let the number of
optimizations performed increase to 50 in this figure. Here we assume that the durations
of each epoch are not fixed a priori, but depend upon the number of optimizations to be
performed over the time horizon.

We remark as the number of optimization increases, the revenue does the same. This
property is natural and intuitive, because more and more people are accepted at their optimal
price levels, as the demand evolves over time.

7 Conclusion

In this paper, we have applied a yield management model for On Demand IT utilities. We
have focused our work on an optimal reservation of resources in order to maximize expected
revenue. Our behavior model of the user demand was based on one of two discrete choice
functions: a deterministic discret choice model and the logit choice model. We have provided
a detailed analytical analysis of the optimization problem in both cases when the number
of class of prices is small and done so numerically on larger problems. Finally, we provide a
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Figure 15: Revenue depending on the number of optimizations. The flat curve at the bottom
of the figure is the revenue obtained when the time-zero yield management configuration is
used throughout the time horizon.

result on the impact of the number of price segments on the revenue. The model was tested
on real web transaction data.
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