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.0/21-3547698):
∗ ;+< /=.�3�1->@?BA�>@C † ;+D / < ?BE ‡ ;2F /2G(A�HI: §
JLKNM,OQPQRTSVU�WYXZPY[]\_^`P�a(XZb_XcadM,OQPYX

egfZh]icP�akjkfdOQh]fkl�monpXqaZfr[ts
Uk[tuNuvhwfqakx_PfdPYyrKzPYfdyrKNP|{�}w~zRY�]��S��w[]{@��npP,fk�t�w�t��S��t�	uN[]�]PYX

�`���Y�,���z�]�]� � PTXcad\Nx_b	n�{QadKzn�XguN[]uvPYf2ac��h�y�hwO	u)P�adn�{N��J(��e�y�hw{z{zPYy�aZnph]{NX+aZKN[ta�XZKN[tfdPk[�y�hwOQO	hw{
� htaZaZspP,{zP�yr��s�np{z�B� � KzPY{�y,h]{z�wPYXqaZnph]{�h_y,y�\NfdXY�7h]{zPT� h]f � h]aZKv¡�y�hw{z{zP�y¢aZnph]{vX£��nps�s�Xq\z¤)PYf�[�sphwXdX¥adKN[�a=��nps�s
yY[t\NXZPn�adX�adKzfdh]\z�wKzuz\_akadh`x_P�y�fdPY[]XZP � b [0O�\zs�aZnpuzs�n�y,[taZnp�]P¦§[wy¢adh]f���JLKzP�npx_PY{@aZn�acb-h]¦�adKzP�y,h]{z{NPYy¢adn�hw{
adKN[�a���n�spsvXZ\_¤BP,f�[�sphwXdX2npX�x_P,aZP,fdOQn�{NPYx � b	[�fd[]{Nx_h]OQnp¨,P�x�©csphwXdX+XqaZfr[�aZPY�]bwªLaZKN[ta�O0[7b�x_PYuvPY{Nx0hw{0aZKzP
adKzfdh]\z�wKzuz\_arX2ht¦)aZKzP«y�h]{N{zPYy�aZnph]{NX2[ta2aZKzP(y,h]{z�wPYXqaZnph]{	n�{vXcar[t{@aY� � P«[t{N[]s�b�¨,P�XZP,�wP,fr[ts_sphwXdX2Xcadfd[taZP,�wn�P�X,¬
adKzP�hw{zPnp{o��Kzn�yrKaZKzP�npx_PY{@aZn�acb h]¦2s�h@XZX�n�X«n�{NxzP,u)P,{Nx_PY{@a«ht¦=adKzP�y,\zfZfdP,{@a�adKzfZhw\z�]KNuz\_a«[]{NxaZKNP�h]{zP
np{®��KNnpyrK¯adKzPQy�h]{N{zPYy�aZnph]{o��n�aZK®aZKzP	sp[]fZ�wPYXqa(adKzfZhw\z�]KNuz\_a«n�X(aZhXq\_¤BP,f«aZKNP�sphwXdX,°BadKzn�X«n�XTy�h]OQuN[]fZP�x
��n�aZK�aZKNP	XqaZfr[�adP,�]badKN[�a[]XdXZn��w{NX(sphwXdXTuzfdh � [ � n�spn�aZnpPYX«uzfZhwuvhwfqadn�hw{N[tspspb-adh`adKzP	aZKzfdh]\N�]Kzuz\zadXQ�±adK@\vXT[
y,h]{z{NPYy¢adn�hw{9��n�aZK²[³s�[tfd�]PYf�adKzfZhw\z�]KNuz\_a´KN[wX0[�s�[tfd�]PYfQs�h@XZXQuzfdh � [ � nps�n�acbz¡¢�µjk¦±aZP,f-x_P,fdn���np{z�¶XqhwOQP
fdPYXZ\zs�adX«¦ h]fTadKzPQ�]P,{NP,fr[ts=[]XZb@OQOQP�adfZn�y�yY[]XZP]�¥��P�¦ h_y,\NXTn�{�uN[tfZaZn�y�\Nsp[]f«hw{®adKzP	XZb�OQO	P,aZfdnpyQyY[]XZP�[t{vx
XqaZ\vx_b³aZKzPnp{_·N\zPY{Ny�Ph]¦kaZKzP¯XqaZfr[�adP,�]b³hw{�aZKNP [7�wP,fr[t�]P´aZKzfdh]\z�wKzuz\_a0[t{vxI[7�]PYfd[]�]P´\zaZnps�np¨Y[taZnph]{Ih]¦
adKzP�spn�{N�)�Lj(X�aZKzP�np{@aZ\zn�aZnph]{oXd[7b_X,�v[0Xcadfd[taZP,�wb0aZKv[�a«[wXZXZn��w{NX�[QsphwXdXLaZh´[0y,h]{z{zP�y¢adn�hw{ ��n�aZK�[QKzn��wKzP,f
adKzfdh]\z�wKzuz\_aLnpX�P,^�u)PYy�aZP�x0aZh	�]np�]P«��hwfdXZPku)P,fZ¦ h]fdO0[t{Ny,P«XZn�{Ny,P(adKzPTaZh]ad[ts)np{NXcar[t{@ad[]{zP,hw\NXgaZKzfdh]\z�wKzuz\_a
[t¦±aZPYf�[s�h@XZX�npXP,^_uvP�y¢aZP�x�aZh � P´sph���PYf��n¸adK�Xq\NyrK�[¯XqaZfr[�adP,�wb]�-¹�\NfZuzfdn�Xqnp{z�]spb]����P´XZKzh��ºaZKN[ta�aZKNnpX
n�XQ{zh]a	adKzPoy,[wXqPw� � P¯XqKNh���aZKv[�aQaZKzPo[7�wP,fr[t�wP0aZKzfdh]\N�]Kzuz\za0[]{Nx»[7�]P,fr[t�wP`spn�{N��\_aZnpspn�¨�[�aZnph]{vX0[tfdP
¼±½v¾7¿tÀ¢¼§¿�½vÁ ¬�adKzP,b¯[]fZP�aZKzP	XZ[]O	P�\z{Nx_PYfT[]{�b-u)hwXdXqn � spP�XqaZfr[�adP,�]bB°vaZKzP	spn�{z�\_adn�spnp¨Y[�adn�hw{on�XTÂ�Ã]Ä�h]¦+aZKzP
spnp{z��yY[tuN[wy�n�acb]� � P(XZKzh���tnp{´y�hw{wadfd[wXca��7aZKN[ta+aZKNPkXqP�y�h]{vx�OQhwO	PY{@a+ht¦)aZKzP�adKzfdh]\z�wKzuz\_agx_h�P�X2x_P,u)P,{Nx
hw{`adKzP�XqaZfr[�aZPY�]bw�
Å¯Æ@ÇBÈdÉ�Ê ��Ë��]� J(��e=�)[]xzx_n�aZnp�]P�np{Ny�fdPY[wXqPTO�\Ns¸adn�uzspn�y,[�adn��wPx_PYy,fZP�[]XZPT[]s��wh]fdn¸adKzO��¦§[tnpfZ{zP�XZXY��uzfdnpy,n�{z�
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�� ���� � � � hw\NXoW,aZ\Nxzn�hw{NX�xN[t{NX�y�P�a³[tfZaZn�y�spPIx_PY\_^ y�h]{N{zPYy�aZnph]{NX�J(��e P,{ºy�h]OQu)W�adn¸adn�hw{
uv[tfZad[t�wPY[]{wa�\z{³spn�PY{�fdP,uNfZW�XqPY{war[t{@a�\z{³�]h]\Ns�h]ax�� W,aZfr[t{z�ws�PYO	PY{@aY���«\N[]{Nx®s�[¯y�hw{z�]P�Xcadn�hw{�[]uzuN[tfr[���aY�
\N{zP«�§h]\�spPYX�x_P,\z^z¡�y�hw{z{zP�y¢aZnph]{��§Xr¡¥P�^_u)W,fdn�OQPY{wadP,{@a�\N{zPgu)P,fZaZPLx_P�XZh]fZaZP��w\NPgspP,\zf=x_W � n¸a2x_npO	np{�\zP�x�� \z{
¦§[wy¢adP,\zf�O�\zs�aZnpuzspnpyY[�aZn�¦c����[(y,h]{z{NPYy¢adn�hw{��@\znw��[(fZP�XZXZP,{@aZnpf�s�[�u)P,fZaZP�PYXqa�x_W,aZP,fdOQn�{NW,Pguv[tf�\N{zP=©ZXqaZfr[�aZWY�]npP
xzPkuvPYfqadP¢ªk[tspWY[taZh]npfdP��@\znvuvPY\_a�x_WYuvPY{Nx_fdP(x_P�Xgx_W � n¸arXg[]\_^�np{NXqad[t{@arX+x_P(y,h]{z�wPYXqaZnph]{£� � h]\vXg[t{v[tspb�XZh]{vX
uNs�\NXZnpP,\zfrX�XqaZfr[�adW,�wn�P�X�x_PTu)P,fZaZP]¬2\N{zP«u)h]\Nf�s�[��@\zPYs�spPTs�P�X�uNfZh � [ � npspn¸adWYX�x_P«u)P,fZaZP�XZh]{@a�np{Nx_WYuvPY{Nxz[]{wadPYX
xzPYX�x_W � n�adX�[]\_^0n�{vXcar[t{@adXLx_PTy�h]{N�]PYXqaZnph]{`P�aL\z{zPTuvhw\zfLsp[��w\NP,sps�P«sp[	y�hw{z{zPYy�aZnph]{`[7b@[t{@agspP«uNs�\NX��wfd[]{Nx
xzW � n�a+P�^_u)W,fdn�OQP,{@adP�adh]\�ichw\zfrX=sp[�u)P,fZaZPw°]P,spspPYX+XZh]{@a+y�hwO	uv[tfdW,PYX=[7�wPYy�sp[XqaZfr[�adW,�]npP�h��	s�P�X2uzfdh � [ � n�spn�aZWYX
xzP	u)P,fZaZP0XZh]{@a�uzfZhwuvhwfqadn�hw{z{zPYs�spPYX�[t\z^®x_W � n�adX`�§[tnp{NXZn=\z{zP´y�hw{z{zP�y¢aZnph]{�[7�]P�y�\z{³x_W � n¸auzsp\NXnpOQuvhwf �
ar[t{@aT[`\z{zP	uzfdh � [ � n�spn�aZW�uzsp\NXTnpO	u)h]fZad[]{@aZP�x�� P,^�u)W,fdnpO	PY{@aZP,f«\z{zP	uvPYfqadP�¡���j(uzfdMYXT[7�]h]npfkh � aZPY{@\�x_PYX
fdWYXZ\zs�ad[tadX(xN[t{NX«s�PQy,[wX([wXZXZb�O	W,aZfdn!�@\zP��]W,{NW,fr[ts×�v{zhw\NX«{zh]\NXTy�hw{Ny�PY{@aZfdh]{NX«Xq\zfTspP�y,[wX«XZb�OQW�aZfdn"�w\NP�P�a
W,aZ\Nxzn�hw{NX+s#� np{_·N\NP,{Ny,P«x_P«sp[�Xcadfd[taZW,�wn�PkXZ\zf�s�PTx_W � n�a�OQh�bwP,{0P�a�s$� \_adn�spnpXd[�adn�hw{0OQh�b]P,{N{zP(x_\´spnpP,{£�+¹�PYs�hw{
s#� n�{@aZ\Nn¸adn�hw{£�2\z{zPXcadfd[taZWY�]npP%�@\zn�[wXZXZh_y�npP´\z{zP uzfdh � [ � nps�n�aZW`xzP-u)P,fZaZP-uzs�\vX�¦ hwfqadP�&o\N{zP y,h]{z{NPYy¢adn�hw{
[7�wPYy0\N{Iuzsp\NX�KN[t\_a0x_W � n¸a0x_PY�@fr[tn�a	xzh]{z{zPYf	xzP`uzsp\NX	O0[t\z��[tn�XZPYX�u)P,fZ¦ h]fdO0[t{Ny,PYX�uz\zn�X'�@\zP s�P x_W � n¸a
adhtar[ts)n�{NXqad[]{@ad[t{NW«[tuNfZM�Xg\z{NP(u)P,fZaZP�x_h]n�a�(,aZfdP(uzsp\NX�u)P�aZn�ak[7�]P�y�\z{zP«aZPYs�spPTXqaZfr[�adW,�wn�Pw��)2adh]{z{v[tOQOQP,{@aY�
{Nh]\NX�OQh]{@adfZhw{NX*�w\NP´y�PQ{�� PYXqa�uN[]X�spP0y,[]XY� � hw\NX�OQh]{@aZfdh]{NX+�@\zPQspP´x_W � n¸a�OQh�b]PY{®P,a�s$� \_aZnpspnpXd[�adn�hw{
OQh�bwP,{z{zP�x_\spn�PY{ XZh]{@a ¼±½N¾�¿�À¢¼§¿t½NÁ-,/. ¬+PYs�spPYX�XZh]{@a�npxzP,{@aZn"�@\zPYX0�@\zPYs�spP+�w\NP�XZh]n�a�sp[QXqaZfr[�adW,�]npP�x_PuvPYfqadP]°
spPar[t\_^¯x1� \_aZnps�n�Xd[�aZnph]{oxz\¯s�npP,{¯P�Xca«[]s�hwfdX�Â�Ã]Ä	x_P�sp[´yY[tuN[wy�n�aZW�x_\¯spnpP,{£� � hw\NXkOQhw{wadfZhw{NX�uN[]f(y�hw{@aZfdP
�@\zP�spP�XqP�y�hw{Nx`OQhwO	PY{@a�xz\xzW � n�a(x_W,u)P,{vx xzPsp[QXqaZfr[�aZWY�]npP]�
2�Ê ��� È ��3 � � J(��e��B[tsp�]hwfZn�aZKNO	Px_P�X([wy,y�fdh]n�XdXqPYO	PY{@adXL[]xzxzn¸adn¸¦§X(P�a«x_P�sp[´xzWYy�fdh]n�XdXZ[]{Ny�PTO�\zs�aZnpuzspnpyY[4�
adn��wP]�_W5�w\Nn¸adW]�_ar[tfdn76vyY[�adn�hw{
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JLKNP	O0[taZKzPYOQ[taZn�y,[]s+[t{N[]s�b_XZnpXTht¦�aZKzP0u)P,fZ¦ h]fdO0[t{Ny,P�h]¦�J(��e KN[wX � P,PY{¶[-O0[tich]f�fZP�XqP�[tfryrK®[tfdPY[-np{
{NP�ac��h]fd�@np{z�v���(n�¤BP,fdP,{@a«acb�u)PYX«ht¦g[]uzuzfdhw[]yrKNPYX�KN[7�wP � P,P,{�Xq\N�]�]P�XcadPYx¯[]{Nx¯��[tspnpxN[�aZP�x¥� �«{¯aZKzP�h]{zP
Kv[t{Nx¥�waZKNP,fdPkKN[7�]P � P,PY{´OQh_x_P,s�X+¦ h_y,\NXqnp{z��hw{´[�XZn�{z�ws�P«y�h]{N{zPYy�aZnph]{QaZKv[�agn�X�XZ\ � icP�y¢a+adh�XZh]OQPkP,^�hw�]P �
{Nh]\NXLsphwXdXLuzfdh�y,PYXdX� ��Kzn�yrK¯x_h�PYXL{zh]a(x_P,u)P,{vx-hw{ aZKN[ta(y�h]{N{zPYy�aZnph]{v¡��zXqPYPP]� �N�"!pR]R$#Ñ�+JLKzn�Xk[tuzuNfZh@[]yrK
n�X�[tuNuvP�[tspn�{z�	��KzPY{-adKzP,fdP�npX�[	s�[tfd�]P�[tOQh]\N{waLht¦�aZfr[&%´yt�zXZh	aZKN[ta���Py,[]{-{NP,�]spPYy�aLaZKzPP,¤)P�y¢a�ht¦�aZKzP
XZnp{z�]spP´y�hw{z{zPYy�aZnph]{³h]{³PY�]P,{@arX�aZKN[ta�y,[]\NXZP	sphwXdXZPYXY�-jk{�[]s¸adP,fd{N[�adn��wP0[tuzuzfdhw[wyrK�n�X{zP�y�P�XZXd[tfdbo��KzPY{
adKzPT��n�{Nxzh��²n�{Ny,fZP�[]XZP(h]¦�[�y,h]{z{zP�y¢adn�hw{´npX�n�adXZP,s�¦�[	y�P,{@adfd[]s)yY[t\NXZPk¦ hwf�sphwXdXqP�X,�=JLKzn�X�h�yYy�\zfrXgacb@uNnpyY[tsps�b
��KNP,{o[0XZOQ[]s�s�{�\zO � P,fkh]¦+y�h]{N{zPYy�aZnph]{NXky,h]OQu)P�aZP�h��]P,f � [t{Nxz��npx�adK£�vXd[7b]�)[�a([ � htaZaZspP,{zP�yr�-spnp{z�B�Lj
O0[]n�{oO0[taZKzPYOQ[taZn�y,[]s�[tuNuzfZh@[]yrK ¦ h]fTXcad\Nx_b�np{z�´adKznpXTXZn¸ad\N[�adn�hw{¯KN[]X � PYP,{¯adh-XqaZ\NxzbXZP,�wP,fr[ts�y,h]{z{NPYy/�
adn�hw{NX(XZKN[]fZnp{z�`[ � htaZaZspP,{zP�yr�B�B[]{Nx aZKNP,{®O0[]�]PadKzP�XZn�OQuzspn�¦ b@np{z� []XdXq\zOQu_adn�hw{aZKN[taT[]s�s=y�hw{z{zPYy�aZnph]{NX
fdPYxz\Ny�PTaZKNP,npf���n�{Nxzh��kX�XZnpO�\zs�ad[]{zP,hw\NXqspb´\zu)h]{y�hw{z�]P�Xcadn�hw{'!øÄ��¥R��_�£R$#Ñ� � n¸adKaZKzn�X�[tuNuzfZh@[]yrK£��n�akKN[]X
� P,PY{	XZKzh���{(!�R��&#_aZKv[�a=aZKzP�adKzfZhw\z�]KNuz\_a+[]yrKznpP,�wPYx � b�[«J(��e¶y�hw{z{zP�y¢aZnph]{�npX=np{��]PYfdXZP,spbuzfdh]u)h]fZaZnph]{N[]s
adh

RTT α ��n¸adK 1 < α < 2
�v��KzP,fdP

RTT
n�X�adKzPac��h �Ñ��[7b0uzfdh]uv[t�w[taZnph]{ x_P,s�[7b`h]¦�adKzP�y�hw{z{zP�y¢aZnph]{��

)(h���PY�]PYfY�Bn�aTad\zfd{NX�h]\_a�adKN[�anp{�uzfr[]y�aZn�y�P�aZKzn�X[]XdXZ\zOQu_aZnph]{�x_h�PYX�{zh]a�KNh]s�x¥�£P�^zy,P,u_aT¦ h]f�x_fdh]u®ad[]n�s
� \_¤)PYfdX[]{Nx®y,h]{z{NPYy¢adn�hw{NXT��n¸adK¶XqnpOQn�s�[tfU�hw\z{Nx�J�fdn�u³JLnpO	P�XQ�§U=J�J�Xr¡*!pR,�&#Ñ�,+ý{vx_P,P�x¥�¥aZfr[]y,PYXTnp{-!pR.#
�§P]� �N�0/�np�N�2~]¡�XqKNh��³aZKN[ta�adKzP�XZb�{NyrKzfdh]{znp¨Y[taZnph]{�[wXZXZ\zOQu_aZnph]{�npX�n�{���[tspn�x¦ h]f=[]XZb�OQO	P,aZfdnpy�y�hw{z{zPYy�aZnph]{NX
¦ hwfk[Qx_fZhwu`ar[tnps � \_¤BP,f��
+ý{NXqaZP�[]x³h]¦Ly,h]{NXZnpxzP,fdn�{z�¯XZb�{NyrKzfdh]{znp¨Y[taZnph]{£��ac��hOQh_x_P,spn�{N�®[tuzuNfZh@[]yrKzP�X«Kv[7�]P � PYP,{�x_PY�]PYs�hwuvP�x

¦ hwf2x_P�adP,fdO	np{znp{z����Kzn�yrK�y�hw{z{zP�y¢aZnph]{���n�spszXZ\_¤)PYf+[(uv[]yr�]P,a�sphwXdXY��+ý{�aZKzPLOQh_x_P,s_h]¦21L[]yYy�P,spspn�[]{Nx3)(h]{z�
!ñ~4#Ñ��aZKzPTuzfdh � [ � nps�n�acb	aZKN[ta�[�y�hw{z{zPYy�aZnph]{-��n�spsBs�h@XqP�[�uN[wyr�]P,a�n�X�[	y�hw{NXqad[t{@a�¬�n�akx_h�PYX�{zhtakx_PYuvPY{Nx´hw{
n�adX(y�\zfdfZPY{@a�aZKzfdh]\z�wKzuz\_a���j«Xk[tfd�]\zP�x n�{�!pRY�5#Ñ�vXZ\NyrK¯[t{¯[]XdXZ\zOQu_aZnph]{n�Xk��[tspnpx np{ox_PYXdy�fdn � n�{N�Qj�+cm6�
uNfZh]aZh_y�hwspXLnp{¯��Kzn�yrK uv[]yr�]P,aLaZfr[t{NXZOQnpXdXqnph]{fr[�adPYX�[tfdP�y�hw{NXqad[t{@a��N[t{Nx-adKzPaZKNfZhw\z�]KzuN\_aknpXk�7[]fZnpPYx � b
yrKv[t{z�wn�{z�®aZKzP¯uv[]yr�]P,aQXZnp¨,P]� JLKzP\NXZPht¦ 6N^�P�xIsphwXdXQuzfdh � [ � nps�n�aZnpPYXY�+��n�aZK²x_n�¤)PYfZPY{wa0uzfdh � [ � nps�n�aZnpPYX
¦ hwf�x_n�¤BP,fdP,{@a�·Nh��kXY�=y,[t{ � P�ic\NXcadn76vPYx � b¶[¯uzfdnpy,n�{N� � � []XZPYx³XZP,fd�@n�y�P-x_n¸¤BP,fdP,{@adnp[taZnph]{¶u)h]spnpy,b���KNP,fdP
XZO0[tsps�PYfgsphwXdX+uzfdh � [ � nps�n�aZnpPYXg��hw\zs�x � PT[]XdXqh_y,np[taZPYxQ��n�aZK-XqP�XZXZn�hw{NX+��n�aZK-[�Kznp�]KzPYfg��nps�spnp{z�]{zP�XZXgaZh�uN[7b]�
j({¯[ts�aZP,fd{N[taZnp�]P�OQh�xzP,s�Kv[]X � P,P,{oy,h]{NXZn�x_P,fdPYx-n�{�! ��#�np{¯��Kzn�yrK aZKzPuzfdh � [ � nps�n�acb0adKN[�a«[0y,h]{z{NPYy¢adn�hw{
sphwXZPYX[ouN[]yr�wP�anpX�uzfdh]u)h]fZaZnph]{N[]s�adh¯aZKNP0aZKzfdh]\N�]Kzuz\za�[�aaZKNP`y�hw{z�]P�Xcadn�hw{�np{NXqad[]{wa��-JLKzn�X�n�X�yY[tsps�P�x
adKzP�©quzfZhwuvhwfqadn�hw{N[ts=XqaZfr[�aZPY�]bwª¢��j(X��7[]s�n�xz[taZPYx � b®XZn�O�\zsp[taZnph]{NX*! �&#Ñ�£adKznpX�OQh_x_PYs+npX[]uzuzfdh]uzfdn�[�aZP�¦ h]f
Xqad[]{Nxz[]fdx-J(��e»��KNP,fdPTuv[]yr�]P,akXqnp¨,P�n�Xky�hw{NXcar[t{@aY�
m¯h]aZnp��[�aZP�x � b�adKzPYXZP�ac��h�[tuzuNfZh@[]yrKzP�X,����PLfr[tn�XqPgaZKzP0�@\zP�Xcadn�hw{�ht¦)��KN[�a2n�X�aZKzP�aZKNfZhw\z�]KzuN\_a2ht¦v[]{

j�+cm6� uzfdhtadh�y,h]s_[]X=[(¦ \z{Ny�aZnph]{	ht¦NadKzP�Xcadfd[taZPY�]b�aZKv[�a+x_P�adP,fdOQn�{zP�X���KznpyrKQy�hw{z{zP�y¢aZnph]{�s�h@XqP�X=[(uN[wyr�]P,a
[tak[	y,h]{z�wPYXqaZnph]{ n�{vXcar[t{@aY� � P�¦ h�y,\NX�hw{`adKzP�XqnpOQuzspP�XZy,P,{N[]fZnph�h]¦�ac��h0y�h]OQu)P�adn�{z�0y,h]{z{zP�y¢adn�hw{NX,�
�«\zf 6N{Nxzn�{z�@XQ[tfdP`[]X�¦ h]sps�h��kXY� � P�6NfrXcaQXcad\Nx_b³aZKNP y,h]{NXqad[]{wa	uzfdh � [ � n�spn�acb�OQh_x_P,sLnp{7!ñ~5#Ñ��+ý{

adKN[�a«uN[tu)P,f��v[Qspn�{NPY[tf«XqP,a(ht¦+XqaZh_yrKN[]XqaZn�y�fdPYy�\NfdXZn��wP�P��@\N[�adn�hw{NX�KN[wX � P,P,{®n�{@aZfdh_x_\Ny,PYx-¦ h]f«h � ar[tnp{zn�{N�
adKzP-aZKzfdh]\z�wKzuz\_a��+np{9��Kzn�yrK�adKzPXcar[�aZP ��[tfdnp[ � spPYX	y�h]fdfdPYXZuvhw{Nx³aZh�aZKNP y,h]{z{zP�y¢adn�hw{NX ��aZKNfZhw\z�]KzuN\_adX
[t¦±aZPYf([Qs�h@XZXY��+ý{adKzn�X�uN[tu)P,f(��P�uNfZP�XqPY{wak[]{o[ts�aZP,fd{N[taZnp�]PXqP,akht¦+XqaZh_yrKN[]XqaZn�yTfZP�y�\zfrXZn��wPTP5�@\N[�adn�hw{NX�np{
��KNnpyrKQadKzP(Xqad[�adPYX�y�h]fdfdPYXZuvhw{Nx�adhaZKNP�aZKzfdh]\N�]Kzuz\za�8$9 .¢Á�: ,;� � À', aZKNPks�h@XZX+h�yYy�\zfrXY� � P(XZKzh��IadKN[�a�h]\zf
[]uzuzfdhw[wyrK-[tspsph��kXL\NXLaZh0fdPYxz\Ny�P�adKzP�x_npOQP,{NXZn�hw{N[tspn�acb´ht¦=aZKNP�Xqb_XqaZP,O � b`h]{NP]�NXZh0n�{uN[]fqadnpy,\zs�[tf��_aZKzP
yY[]XZPht¦=ac��h´y�h]{N{zPYy�aZnph]{NX«y,[t{ � P�x_P�XZy,fZn � PYx � b-[0hw{zP �ýx_npOQP,{NXZn�hw{N[ts�Xcar[�aZP�P��@\N[�adn�hw{£�LJLKznpX«[tsps�h��kX
\vX=aZh�h � ad[]n�{´[]{ ,=< 2> ¼?��¼±Á P�^_uzfdPYXdXqnph]{�¦ h]f+aZKzP(aZKzfdh]\z�wKzuz\_a+np{QaZKNPk�]PY{zP,fr[tsN[wXqb�OQOQP�adfZn�yLy,[]XZPL¦ h]fgaZKzP

á�á�ú�@%,��qé¢é
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y,h]{NXqad[]{@aTuzfdh � [ � nps�n�acboOQh_x_P,s×�0j(X�[y,h]fdh]spsp[]fZbht¦�aZKzn�XfdPYXZ\zs�aY�£n�a�npXXZP,PY{�np{�aZKzP´XZb�OQO	P,aZfdnpyQyY[]XZP
adKN[�a�adKzPspn�{z�`\_aZnps�np¨Y[taZnph]{n�X�Â@Ã]Ä�ht¦=n�adXkyY[tuN[wy�n�acb]�
� P`adKzP,{»Xcad\Nx_b�[®{zP,� XqaZfr[�adP,�wb�np{I��Kzn�yrK�adKzP-y,h]{z{NPYy¢adn�hw{I��n�aZKIaZKzP sp[]fZ�wP,f�np{NXqad[]{war[t{zPYh]\NX

adKzfdh]\z�wKzuz\_a�npXTadKzPQh]{zP	adh-sphwXZP	[ uN[wyr�]P,a�[ta�y,h]{z�wPYXqaZnph]{®np{NXqad[]{warX,�Q¹�\zfduzfdnpXZn�{N�]spb]�¥��P�h � ad[]n�{�aZKzP
Xd[tOQPo[7�wP,fr[t�]P`aZKzfdh]\N�]Kzuz\za-[t{Nx»spn�{N�9\_adn�spnp¨Y[�adn�hw{ n�{ adKzP®XZb@OQOQP�adfZn�y¯y,[wXqPo[wXQ¦ h]f´aZKzP®y,h]{NXqad[]{@a
uNfZh � [ � npspn¸acb0OQh_x_P,s×�+m¯hwfZPYh��]P,f��tadKzn�X�npX�adKzPXZ[]OQPT\zaZnps�np¨Y[taZnph]{[ts�Xqh	h � ar[tnp{zPYx`¦ h]f�adKzPuzfdh]u)h]fZaZnph]{N[]s
XqaZfr[�adP,�wb]��JLKzn�X�OQhtaZnp��[�adPYx\NX�adh(P�^z[]O	np{zP�aZKzP � P,KN[7��nph]f�h]¦N[t{	[tf � n¸adfd[]fZbTXcadfd[taZPY�]b]� �«\zf�O0[]n�{ 6N{Nx �
np{z��npX�aZKv[�a�[ts�aZKzhw\z�]K`aZKzPTP�^_u)PYy¢ar[�adn�hw{´ht¦£adKzfdh]\z�wKzuz\_arX�[ta�sphwXdXgnp{NXqad[]{warXLx_P,u)P,{Nx`h]{`aZKzP�Xcadfd[taZPY�]b]�
adKzP�[7�]PYfd[]�]P�adKzfdh]\z�wKzuz\_akn�X�[t{ n�{���[tfdn�[t{@a �w\v[t{@aZn�acb0¦ h]fLadKzP�y,[wXqPTht¦2XZb@OQOQP�adfZn�y�y�hw{z{zPYy�aZnph]{NXY�
� P 6N{N[]s�spb�x_P,fdnp�]P[®�wP,{zPYfd[]s�P,^_uzfZP�XZXZnph]{¶¦ hwf�adKzPoXZPYy�hw{Nx�OQhwO	PY{@aQh]¦kaZKNPaZKzfdh]\z�wKzuz\_a0[t{vx

y,h]OQuN[]fZP(aZKzP�u)P,fZ¦ h]fdOQ[]{Ny�P«ht¦�aZKzP«aZKzfdP,PXqaZfr[�adP,�]npPYX�OQP,{@aZnph]{NPYx`[ � h��wP(np{`adKzPXqb�OQOQP�adfZn�y«yY[]XZP]��np{
hwfdxzP,f�aZh 6N{Nx hw\_ak��Kzn�yrK-hw{zPKN[]X�adKzP�XZOQ[]s�spPYXqaLaZKzfdh]\N�]Kzuz\zaL��[]fZn�[ � npspn¸acbw�
JLKzP´XqaZfd\Ny�aZ\zfdPQht¦gadKzP0uN[]uvPYfnpX�[wXT¦ h]sps�h��kXY� +ý{³¹_PYy¢adn�hw{��`��P0Xcad\Nx_b®aZKzPQadKzfZhw\z�]KNuz\_aht¦�aZKzP

y,h]{NXqad[]{@a´s�h@XZX-Xcadfd[taZP,�wb]�L��KzPYfZP�[]XQadKzP ��[tfd�]P,f´JLKNfZhw\z�]KzuN\_a��£h@XZX�� �_J0��¡´XqaZfr[�aZPY�]b9npX-[t{N[]s�b�¨,P�x
np{»¹_PYy¢adn�hw{I�z��¹�P�y¢adn�hw{I�oadKzP,{9uzfdPYXZP,{@adX	XqhwOQP`{�\zOQP,fdnpyY[ts�P�^_u)P,fdn�OQP,{@ar[�aZnph]{vX�[]{Nx�y�hwOQuN[tfdnpXZh]{vX
� P�ac��P,PY{ aZKzP�XqaZfr[�adP,�]npPYXY�+¹�PYy�aZnph]{o~	Xcad\Nx_npPYXLadKzP�[7�]PYfd[]�]P(aZKzfdh]\z�wKzuz\_arXLn�{ adKzP�XZb@OQOQP�adfZn�y�XqP,aqadn�{z�
\N{Nx_P,f�[t{¶[tf � n�aZfr[tfdboXcadfd[taZP,�wb®[t{vx�h � ad[]n�{vX�aZKzP`n�{���[tfdnp[]{Ny�PQuzfdh]u)P,fZacb]�`¹_PYy¢adn�hw{�Â aZKzPY{³uzfZh���n�x_PYX
[]{¯P�^_uzfdPYXdXqnph]{ ¦ hwfkaZKNP�XZPYy�hw{NxOQh]OQP,{@aTht¦2aZKNP�aZKNfZhw\z�]KzuN\_a(\z{NxzP,f�[t{o[tf � n�aZfr[tfdb-XqaZfr[�adP,�]b [t{Nx¯[
y,h]OQuN[]fZn�Xqhw{´¦ hwfLaZKzP�adKzfZPYP[�¦ h]fdP,OQPY{wadn�hw{zPYx-Xcadfd[taZPY�]npPYXY� � PP,{Nx ��n�aZK¯[Qy�hw{Ny�sp\Nx_np{z�0XqP�y¢adn�hw{£�
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&
JLKNnpX�OQh_x_P,s_n�X � []XZPYx�h]{ !ñ~4#z��KzPYfZPL[t{	[]xzxzn¸adn��wP�np{Ny�fdPY[wXqPw�7O�\zs�aZnpuzspnpyY[�aZnp�]PLx_P�y�fdPY[]XZP«�5j�+cm6��¡�OQh_x_P,s
n�X=\NXZPYx�aZhx_P�XZy,fZn � P�adKzP�ich]np{wa2adKzfdh]\z�wKzuz\_a2P,�wh]sp\_aZnph]{�ht¦B[TXZP�a2h]¦)J(��e¶XqP�XZXZnph]{NX=XZKN[tfdn�{N�T[�y�hwOQO	hw{
fdh]\zaZP,f � htaZaZspP,{zP�yr�)�
+ý{®¦ \zs�s2�wP,{zPYfd[]s�n�acb]�)spP�a

N
� P�aZKNP	{�\zO � PYf«h]¦�J(��e XZPYXdXZn�hw{NX(y,h]OQuvP,aZnp{z�-¦ h]f � [t{Nxz��npx�adK£�£[t{vx

C
aZKzP	y,[tuv[]y�n�acbht¦2adKzP � htaZaZspP,{zP�yr�fZhw\_aZPYfY� �£P�a

Tn
� P�aZKNP

n
�×aZK®y,h]{z�wPYXqaZnph]{¯PYuvh_yrK�[]{Nx

τn+1 =
Tn+1−Tn

� �£P�a+[]spXZh
ηi
� PLadKzPk[]xNx_n¸adn��wPLn�{Ny,fZP�[]XZP�fr[�adP�¦ h]f+XZPYXdXqnph]{

i
[t{vx

β(i) � P�n�adX+O�\zs�aZnpuzspnpyY[�aZnp�]PxzPYy�fdPY[wXqPTfr[�aZPw�?>(XZ\N[tspspb]�
β(i) = 1/2 ∀i

[t{vx
ηi
n�XLad[]�]P,{[]X�adKzP�X �w\v[tfdPTnp{��]PYfdXZP«h]¦�adKzPfdh]\z{Nx`aZfdnpu

adn�OQP+h]¦zXqP�XZXZn�hw{
i
� � P�y�h]{vXqn�x_P,f�KzP,fdP

Y
(i)
n
��aZKNP2aZKzfdh]\N�]Kzuz\za�ht¦zXZPYXdXqnph]{

i
: ,;� � À , adKzP

n
�×aZK�y�hw{z�]P�Xcadn�hw{

PYuvh_yrK£�_np{NXqaZP�[]x ht¦
X

(i)
n
�_aZKzP�adKzfdh]\z�wKzuz\_ak[�¦±adP,fLadKzP

n
�5adK¯y�h]{N�]PYXqaZnph]{-P,u)h_yrK-spn��wPn�{ !ñ~5#Ñ�

�«P,{zh]aZP � b
Ȳ (i) XZPYXdXqnph]{ i

� X�OQPY[]{®adKzfZhw\z�]KNuz\_aY�´j«X�n�{ !ñ~5#Ñ��spP�a
a
(i)
n
� P´[ 1�PYfZ{Nh]\zsps�n2fr[t{vx_h]O

��[]fZn�[ � spP ��n¸adK9��[tsp\zP³Rn¸¦�XqP�XZXZnph]{
i
P�^_uvPYfZnpP,{vy�PYXQ[�sphwXdX	[taQaZKzP

n
�×aZK y�h]{N�]PYXqaZnph]{9P,u)h_yrK£��[]{Nx9�

h]aZKzPYfZ��n�XZP]��XqhadKN[�a
IE[a

(i)
n ] = p(i) � � htadPkadKN[�a�aZKzP a

(i)
n
�
1 ≤ i ≤ N

¡g[tfdP«y�hwfZfdP,s�[�adPYx�aZh�O0[t�]PTXq\NfZP
adKN[�a([ta�s�P�[]XqaLhw{zP�uN[]yr�wP�a�n�XLs�h@Xca([taLP�[]yrKy�hw{z�]P�Xcadn�hw{´aZnpOQP]�
� PKN[7�]P

Y
(i)
n+1 = γ(i)

n Y (i)
n + τn+1ηi

�cR�¡
��KNP,fdP

γ
(i)
n = (1 − a

(i)
n ) + β(i)a

(i)
n
�

ß à�á£ß±Ù
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j«X(np{ !ñ~4#×�B��P�[]XdXZ\zOQP�KzP,fdPadKN[�a«aZKzPYfZP�n�X([`s�h@XZX([]X(XZh�h]{o[wX�aZKNP�fdh]\_adP,f(yY[tuN[wy�n�acb-n�XkfdPY[wyrKzPYx¥�
n×� P]�p�N[]XLXZh@hw{ [wX

N
∑

i=1

γ(i)
n Y (i)

n + τn+1

N
∑

i=1

ηi = C.
�×�]¡

JLKNnpX�[wXZXZ\zOQu_aZnph]{ ��nps�s�[]s�sph��µ\NX�aZh0x_P,fdnp�]PTaZKzP�adKzfdh]\z�wKzuz\_ak[�a�adKzP�x_n�¤)PYfZPY{@a�y,h]{z�wPYXqaZnph]{ P,u)h_yrKNX,�
�� � ��� $'*�3 ("* $����):
&�3 ( /2* $�35("671	� < � ("*0( 1�
� 6 � & - ��� ( * - +8(���- � - 173 ("$ 3 ("671
j({³n�OQu)h]fZad[t{@a+�@\zPYXqaZnph]{�npXaZKzPTic\NXqaZn 6vy,[taZnph]{¶[t{vx�yrKzhwnpy,P�h]¦�adKzP0x_n�¤)PYfZPY{wa�sphwXdXTuzfdh � [ � n�spn�aZnpPYX«¦ h]f
xzn¸¤BP,fdP,{@aQ·Nh��kXY� /�n�^�np{z�¶x_n�¤)PYfZPY{@aQuNfZh � [ � npspn¸adn�P�X���h]\Nspx»[]y�aZ\N[]s�spb�[tsps�h�� XqPYfZ��n�y�Px_n¸¤BP,fdP,{@adnp[taZnph]{£�
��KNnpyrK � PYy�hwOQPYX2y�hwOQuz\zs�XqhwfZbnp{0[y�h]{N�]PYXqaZP�x�{NP�ac��h]fd���n¸adK0�7[]fZnph]\vX �«h�¹�fdP��@\znpfdP,OQP,{@adXY��J�hO0[t�wP
XZ\zfdP+adKN[�a�\NXqPYfdX�x_h«{zhta=[tsp��[7b_X�yrKNh@h@XqP+aZKzP � P�Xca �«h@¹B�7[kuNfZn�y�np{z�«XdyrKzPYO	P�KN[]X£aZh � P�[]XdXqh_y,np[taZPYx���n�aZK
adKzPsphwXdXLuzfZh � [ � n�spn¸acb´yrKNh]n�y�P]� /Nh]fkXZ\zfd�]P,b_X�h]{uzfdn�y�np{z�0XZyrKzPYOQPYXLnp{-adP,spPYy,h]OQO�\z{NnpyY[�aZnph]{ {zP,ac��hwfZ�_XY�
adKzPfdPY[]xzP,f�y,[]{ XZP,P�P]� �N�"! �_���z�£R��4#Ñ�
/Nh]f�np{NXcar[t{Ny,P���P�yY[t{[]XdXq\zOQPTaZKv[�akPY[wyrK-XZPYXdXqnph]{-aZfdnpPYX�aZhQhwu_aZnpOQn�¨YPn¸arX�\_aZnpspn¸acb

U (i)(u) = Ȳ (i) − qu

��KNP,fdP
• u

n�X�XqP�XZXZn�hw{
i
� X«��n�spspn�{z�w{zPYXdX(aZh`uv[7b³� aZKN[taT��npsps=[wy¢ad\N[tsps�b � P	yrKN[]fZ�wPYxN¡��v��n�aZK�h]u_adn�O0[]s���[tsp\zP

u(i) �NXZh	aZKN[ta(XqP�XZXZnph]{ i
s�h@XZX�uzfdh � [ � nps�n�acb´n�XL�]np�]PY{ � b

p(i) = f (i)(u(1), · · · , u(N))

Xq\vyrKoaZKv[�a ∑N
i=1 f (i)(u(1), · · · , u(N)) ≥ 1.

� P«ic\NXqaTKN[7�wP�adh`O0[t�wP�XZ\zfZP�aZKN[ta�[ta«spPY[wXcaTh]{zP
s�h@XZXTn�X�P�^_u)P,fdn�PY{Ny�P�xI� OQP�[t{znp{z�-aZKN[taTadKzPQfd[]{Nx_hwO �7[]fZn�[ � s�P�X«x_P�XZy,fZn � np{z�`��KNP�aZKNP,f�[ XqP�XZXZn�hw{
P�^_u)P,fdn�PY{Ny�P�X�[�sphwXdX�[tfdPy�hwfZfdP,s�[�adPYxN¡��0/Nh]f�np{NXcar[t{Ny,P]�_��Py,[t{yrKzh�hwXZP

p(i) =

(

u(i)
)−1

∑N
j=1

(

u(j)
)−1 ,

OQPY[t{Nn�{z�kaZKN[ta�aZKNPgsphwXdX£uzfdh � [ � nps�n�acb(¦ hwf�XZPYXdXqnph]{
i
n�X£np{@�wP,frXqPYs�b«uzfdh]u)h]fZaZnph]{N[]s�aZh«n¸arX���nps�spnp{z�]{zP�XZX

aZh0uN[7b-[t{Nx`aZKN[takP�^z[]y�aZspb´h]{NP�XZPYXdXZn�hw{`��nps�s�XZ\_¤BP,fL¦ fdh]O�[�sphwXdXL[�akP�[]yrKy�h]{N�]PYXqaZnph]{-P,u)h_yrK£�
• q

n�X+[�y�hw{NXcar[t{@a=fZPYuzfZP�XqPY{@aZnp{z�(adKzP�fdP,s�[�aZnp�]PL��P,np�]K@a � P,ac��PYP,{�aZKzPkyrKv[tfd�]PL[t{Nx�aZKzPLadKzfdh]\z�wKzuz\_a
�±adKN[�akn�X�6z^_PYx � b´adKzP{zP�ac��h]fd�0O0[t{N[]�]PYfY��np{ hwfdxzP,f�aZhQO0[�^_npO	np¨,PTadKzP{zP�ac��h]fd�0fdP,�]PY{�\zP�¡��

�� �� � 67;=<8:�35$�3 (4671 6�� 3��
-,$ � - � $�
?- 3�� � 6�:�
��
<8:�3
JLKNP��]h@[ts¥ht¦=adKznpX«Xq\ � XqP�y¢adn�hw{ n�XLadh`x_P,fdnp�]P�aZKNP�[7�]PYfd[]�]P«aZKzfdh]\z�wKzuz\_akh]¦+[0XqP�XZXZn�hw{n�{adP,fdOQXkht¦=aZKzP
sphwXdX�uzfdh � [ � n�spn�aZnpPYXL��KzPY{-adKzP{�\zO � P,f�h]¦=XZPYXdXZn�hw{NX�npX

N = 2
�

á�á�ú�@%,��qé¢é
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/�npfdXqaY�¥\NXZnp{z�����w\v[�aZnph]{»�5�w¡¢�£��P��wP�aTaZKzP	aZnpOQP � P,ac��PYP,{oadKzP
n
�5adK�[]{Nx

(n + 1)
�×aZK�y�h]{N�]PYXqaZnph]{

PYuvh_yrKNX
τn+1 =

C −∑N
i=1 γ

(i)
n Y

(i)
n

∑N
i=1 ηi

.
�§�w¡

>«Xqnp{z�adKznpX�fZPYsp[taZnph]{³��P´[tfdP´[ � spPQaZh®xzP,fdn��wPQ[®y�sphwXZPYx �×¦ h]fdO�ht¦�aZKNP`[7�]PYfd[]�]P�aZKzfdh]\z�wKzuz\_a
Ȳ (1) h]¦XZPYXdXZn�hw{¯R]�=JLKzPT[7�wP,fr[t�wP�adKzfdh]\z�wKzuz\_a

Ȳ (2) ht¦�XZPYXdXqnph]{`��y,[]{ � P«h � ar[tnp{zPYx´n�{`aZKzPTXZ[]O	P«��[7b� hwf � bXZ��n�adyrKznp{z�	aZKzPnp{Nx_P,^_PYX�R[t{Nx¯��np{-adKzP�¦ h]spsph���n�{z��¦ h]fdO�\Nsp[@¡¢�

� � Ê��gÊ ���§��� Ê��
	 � . . 9 � ,Á��z¿tÁ
N = 2

� �?�� ,���,�½ � Á-,
p(12) = IE(a(1)a(2))

�� , � :,Áý¿�¼±½

Ȳ (1) = 1
2

((C2η1
2

(

1−β(2)

)2

p(2)

(

η1+η2

)2 + 2 C2η1
2
p
(2)

(

1 − β(2)

)

×

((

1 − β(2)

)

p
(2) −

η1

(

1−β(2)

)2

p(2)

η1 +η2
−

η2

(

1−β(1)

)(

1−β(2)

)

p(12)

η1 +η2

)

((

1 − β(2)

)

η1 p
(2) +

(

1 − β(1)

)

η2 p
(1)

)

−1(

η1 + η2

)

−1)

( η1

(

1−β(2)

)2

p(2)

η1 +η2
−

(

1 +
η2

η1 +η2

)(

1 − β(1)

)2

p
(1) + 2

η2

(

1−β(1)

)(

1−β(2)

)

p(12)

η1 +η2
− 2

(

1 − β(2)

)

p
(2)

+2

(

1 − β(1)

)

p
(1)

)(

2

(

1−β(1)

)

η2 p(1)

η1 +η2
+ 2

(

1−β(2)

)

η1 p(2)

η1 +η2
−

η1
2

(

1−β(1)

)2

p(1)

(

η1 +η2

)2 −

η2
2

(

1−β(2)

)2

p(2)

(

η1+η2

)2

−2

η1

(

1−β(1)

)

p(1) η2

(

1−β(2)

)

p(12)

(

η1+η2

)2

)

−1

+ C2η1 p
(2)

(

1 − β(2)

)(

2

(

1 − β(2)

)

p
(2) − 2

η1

(

1−β(2)

)2

p(2)

η1+η2

−2

η2

(

1−β(1)

)(

1−β(2)

)

p(12)

η1+η2

)((

1 − β(2)

)

η1 p
(2) +

(

1 − β(1)

)

η2 p
(1)

)

−1

+

C2η1

(

1−β(2)

)2

p(2)

η1 +η2

)

(

η1 p
(2) + η2 p

(1) − β(2) η1 p
(2) − β(1) η2 p

(1)

)(

η1 + η2

)

−1

C−1

(

1 − β(1)

)

−1(

1 − β(2)

)

−1

p
(1)−1

p
(2)−1

JLKzPuNfZh�ht¦�ht¦�aZKzn�XL¦ h]fdO�\Nsp[	n�XLuzfZh���n�x_PYx-np{j(uzu)P,{Nx_n�^ j��

� Ê � Ê 3$3§�_� Ç�	 �)Á5¼ > > ¿4. . 9 � ¼±½��
N = 2

�+Á�� ,+.�� �,� ,�Á×À¢¼?�*�d¿4. ,���¼ , > �4.

Ȳ (1) = C/4

(

2 p
(1) − p

(12) + p
(12) β(1)

)(

p
(12) β(1)

p
(1) + 2 p

(1) + 2 p
(1) β(1) − p

(1)
p
(12) + p

(12) − p
(12) β(1)

)

p(1)2

(

3 + β(1) − p(12) + p(12) β(1)

)
.

�����
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�LÀ � � ��� ic\vXcakfdP,uzs�[]y,P
η2
� b

η1
�
β(2) � b β(1) [t{vx p(2) � b p(1) n�{e+fdh]u)hwXZn�aZnph]{�R]�

�� �� � $'; < �"( 1�
 3��
- �"67&)&%< � 6��
$��8( �"( 3 ("- &
JLKNP«uzfdP,��nph]\NX�P,^�uNfZP�XZXZn�hw{NX+h]¦�adKzP[7�]P,fr[t�wPLaZKzfdh]\N�]Kzuz\zaL[]fZPT�]PY{zP,fr[ts)n�{-aZKNPTXZP,{NXZP«aZKN[taL{Nh	XZuvP�y�n�[ts
Xd[tOQuzspnp{z��XqaZfd\Ny¢ad\zfZP(KN[]X � PYP,{`\vXqP�xQ¦ h]fgaZKzP«s�h@XZXZPYXY��+ý{´aZKzn�X�XZPYy�aZnph]{£�@��P([tnpO [�a�XqaZ\vx_b�n�{z��Kzh�� aZKzP
sphwXdXZPYXLy,[]{ � P�XZ[]OQuzs�P�x-[]{Nx Kzh�� n�aknpO	uv[]y¢arXLh]{ aZKNP�[7�wP,fr[t�wPkaZKNfZhw\z�]KzuN\_aL¦ h]fdO�\zs�[z�
�
	��	 	 � � Ë Æ �gÆ � Ë Æ � �0�Y� � � 3 � ���

j«X�n�{(! ~&#×����P�yY[t{�[wXZXZ\zOQP�aZKN[ta�adKzP
a
(i)
n
[]fZP�[�a�6NfrXca��]P,{NP,fr[�aZP�xnp{Nx_P,u)P,{vx_P,{@aZspb]�wXq\NyrK�aZKN[ta

IP[a
(i)
n =

1] = π(i) �)��n¸adK π(i) �]np�]P,{�� � \_akadKN[�a«aZKzP�XZ[]O	uNs�P�Xk[tfdPfZP�XcadfZn�y¢adPYx-aZh´aZKzP�xzh]O0[tnp{��KzP,fdP�[�akspPY[wXcahw{zP�s�h@XZXLn�XLP�^_u)P,fdn�PY{Ny�P�x¥�+JLKzn�XLfZP5�@\zn�fdPYXL[Qx_PYfZnp��[�aZnph]{ ht¦
π(i) np{ aZPYfZO0XLht¦�aZKNP p(j) �j«XZXZ\zOQn�{N�

N = 2
�_��PKN[7�]P�[]XLnp{�! ~4#

{

p(1) = π(1)

1−(1−π(1))(1−π(2))

p(2) = π(2)

1−(1−π(1))(1−π(2))

��KNP,fdP
π(i) npX(¦ h]f(aZKzP	sphwXdXkuzfdh � [ � nps�n�acb`¦ hwf(\NXZP,f i

�BXd[tOQuzspPYxnp{Nx_PYuvPY{Nx_PY{wads�bw� � \_aTfZP�x_\Ny�P�xaZh`aZKzP
xzh]O0[tnp{ XZ\NyrK-aZKN[ta([	s�h@XZXLn�X�[]y�aZ\N[]s�spb´P�^_u)P,fdn�PY{Ny�P�x¥�+JLKzn�XL�]np�]P�X

{

π(1) = p(1)(π(1) + π(2) − π(1)π(2))

π(2) = p(2)(π(1) + π(2) − π(1)π(2))

� Ph � ad[tnp{-aZKzPfdP,s�[�adn�hw{
π(1) =

p(1)

p(2)
π(2).

��KNnpyrK �]np�]P�X�§[]XdXZ\zOQn�{z�
π(2) > 0

¡

π(2) =
p(1) + p(2) − 1

p(1)

[]{Nx`aZKzPY{
π(1) =

p(1) + p(2) − 1

p(2)
.

JLKzPY{´[t{´[wXZXZ\zOQu_aZnph]{
p(1) +p(2) = 1

y,[]{	{Nhta � Pk\NXZPYx¥�=jks�XZhN�]n�a�XZP,PYOQX�x_n %0y,\zs�a+aZh�O0[]�]PkXZ\zfZP
adKN[�a

π(1) ≤ 1
[t{vx

π(2) ≤ 1
¦ hwf�PY�]P,fdb	uN[tnpf

(p(1), p(2))
�+JLK�\NXgaZKzn�X�Xd[tOQuzspnp{z��uzfdh_y�P�x_\zfdP(x_h�PYX�{zhta

��h]fd�0np{-¦ \Ns�s£�wP,{zPYfd[]s�n�acb]�

á�á�ú�@%,��qé¢é
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JLKNP�XZnpO	uNs�P�Xcak�L[7bQaZh´Xd[tOQuzspP�npX � b`\vXqnp{z�	aZKzPfdP,s�[�adn�hw{

a(2)
n = 1 − a(1)

n��n�aZK
a
(1)
n
1�P,fd{zh]\Ns�spn�fr[t{Nxzh]O ��[]fZn�[ � spP�XZ\NyrKaZKv[�a

IP[a
(1)
n = 1] = p(1).

JLKNnpX«OQPY[t{vX�aZKv[�a«[ta«PY[wyrK
y,h]{z�wPYXqaZnph]{P,u)h_yrK£�)h]{zP�[]{Nx¯hw{zs�b h]{NP�XqP�XZXZnph]{��n�sps=XqPYP�[´x_P�y�fdPY[]XZPht¦+n�adX(aZKNfZhw\z�]KzuN\_aY� �«{zP���[7b
adhI[]yrKNn�PY�]P¯n�a-��h]\zs�x � P®¦ h]f-n�{NXqad[]{Ny�PoaZhIy,h]{NXZnpxzP,f ∀i ∈ {1, 2} � p(i) = (u(i))−1

(u(1))−1+(u(2))−1

�§XZP,P
¹_PYy¢adn�hw{�z� �w¡¢�
� P�aZKzPY{KN[7�]P

p(2) = 1 − p(1)

p(12) = 0.
� P�aZKzPY{�]P�a
Ȳ (1) = 1/2

((

C2η1
2
(

1−β(2)
)2(

1−p(1)
)

(η1+η2 )2
+ 2 C2η1

2
(

1 − p
(1)
)2 (

1 − β(2)
)2

(

1 −
η1

(

1−β(2)
)

η1 +η2

)

((

1 − β(2)
)

η1

(

1 − p
(1)
)

+
(

1 − β(1)
)

η2 p
(1)
)

−1
(η1 + η2 )−1

)

(

η1

(

1−β(2)
)2(

1−p(1)
)

η1 +η2
−
(

1 +
η2

η1+η2

)(

1 − β(1)
)2

p
(1) − 2

(

1 − β(2)
)(

1 − p
(1)
)

+ 2
(

1 − β(1)
)

p
(1)

)

(

2

(

1−β(1)
)

η2 p(1)

η1+η2
+ 2

(

1−β(2)
)

η1

(

1−p(1)
)

η1+η2
−

η1
2
(

1−β(1)
)2

p(1)

(η1 +η2 )2
−

η2
2
(

1−β(2)
)2(

1−p(1)
)

(η1+η2 )2

)

−1

+2C2η1

(

1 − p
(1)
)2 (

1 − β(2)
)2

(

1 −
η1

(

1−β(2)
)

η1 +η2

)

((

1 − β(2)
)

η1

(

1 − p
(1)
)

+
(

1 − β(1)
)

η2p
(1)
)

−1

+
C2η1

(

1−β(2)
)2(

1−p(1)
)

η1+η2

)

(

(1 − β(2))η1

(

1 − p
(1)
)

+ (1 − β(1))η2p
(1)
)

(η1 + η2 )−1 C−1
(

1 − β(1)
)

−1 (

1 − β(2)
)

−1
p
(1)−1

(

1 − p
(1)
)

−1
.JLKzP�XZb�OQO	P,aZfdnpy�yY[]XZPQ�§��n¸adK

p(1) = p(2) = 1/2
[]{Nx

β(2) = β(1) ¡�b�npP,s�xzX

Ȳ (1) =

(

1 + β(1 )
)

C

3 + β(1 )
.

+Ñ¦
β(1) = 1/2

����P�h � ad[]n�{
Ȳ (1) = 3

7C
�zspnp�]P�n�{�! ��#¥¦ hwfLaZKzPuzfdh]u)h]fZaZnph]{v[tsBs�h@XZX�XqaZfr[�adP,�wb]�

� !�� � �,�
������¥� ���-
�� �-���-� �´� �������	�w�Q!|��
��¥��
����������
��P�ag\vX+sph@hw�	[ta+aZKNP(y,[wXqPk��KNP,fdPLaZKzPTXqP�XZXZn�hw{	aZKN[tagnpXguvPY{N[tspnp¨,PYxQn�X�Xqb_XqaZP,O0[taZn�y,[tspspb�aZKNPkh]{zP(��n¸adK0aZKzP
s�[tfd�]P�Xca(aZKzfdh]\z�wKzuz\_a�� � PQy,[tsps�aZKzn�XkadKzP© ��[tfd�]PYXqa(JLKzfdh]\z�wKzuz\_a*�£h@XZXcª`� �_J0��¡«XqaZfr[�aZPY�]bw����h]{vXqn�x_P,f
adKzP

n
�5adK»y,h]{z�wPYXqaZnph]{�PYuvh_yrK£����n¸adKIadKzfdh]\z�wKzuz\_arX

Y
(1)
n
[t{vx

Y
(2)
n

Xq\NyrK9aZKv[�a
Y

(1)
n + Y

(2)
n = C

�
� n�aZKNh]\_aksphwXdXLht¦��]P,{NP,fr[tspn¸acbw��[wXZXZ\zOQP

Y
(1)
n > Y

(2)
n
[t{Nx-adKN[�aLaZKNP�[]xzx_n�aZnp�]Pnp{Ny,fZP�[]XZP«n�X�R]�

ß à�á£ß±Ù



��� . .��vÁ×ÀZ¿tÁ ,��]¼ ,/.�� � À
	 ���� ,�Á×¼±½�����	���������	 � ½v½ ,��,Á5¼ � ½ . �

�� "! � �.- &��.; ; -�3 � ("* * $'&�-�� 3��.- <�- � ("6 +8("* & 6�� :�3 (46�1
� P	npx_PY{@aZn�¦ b[`uvPYfZnph_x_n�y�XZh]sp\_aZnph]{¯¦ hwf(adKzP	P,�]hws�\zaZnph]{¯ht¦gaZKzP	Xqb_XqaZP,O� +ý{oadKznpX«fdP,�]npOQP]�B��P�[]XdXZ\zOQP
�§��n¸adKzh]\za sphwXdX`h]¦��]PY{zP,fr[tspn¸acbz¡0aZKN[ta[ta`aZnpOQP

n
�Ty�hw{z{zPYy�aZnph]{ R�KN[]X[Isp[]fZ�wP,f0adKzfZhw\z�]KNuz\_a aZKN[]{

y,h]{z{NPYy¢adn�hw{�z� � P�XZP,PY�´¦ hwfk[�fdP,�wn�OQP�np{¯��KznpyrK[�a�adn�OQP
n + 1

adKzP�XZn¸ad\N[�adn�hw{-n�X�fdP,�]PYfdXZPYx£��[]{NxXqh
hw{£�2JLKzn�X��]np�]P�XgadKzP�¦ h]spsph���n�{z�0x_b�{N[]OQnpyYX,¬











Y
(1)
n /2 + τn+1 = Y

(2)
n

Y
(2)
n + τn+1 = Y

(1)
n

Y
(1)
n + Y

(2)
n = C,

spPY[wx_np{z�	aZh
τn+1 =

1

7
C, Y (1)

n =
4

7
C
[]{Nx

Y (2)
n =

3

7
C.

j«X0np{ aZKzP¯uzfdh�ht¦�ht¦�e+fdh]u)hwXZn¸adn�hw{ Rw� � \_a-x_\zPoaZh³aZKNPouvPYfZnph_x_n�y�n�acbIht¦TaZKNPoXqb_XqaZP,O��aZKNP®[7�]PYfd[]�]P
adKzfdh]\z�wKzuz\_aLnpXL�wn��wP,{ � b

S/IE[2τ ]
��KzPYfZP

S
n�X�aZKzPy,\zO�\zs�[�adn��wP(adKzfdh]\z�wKzuz\_a�ht¦�[	XZPYXdXZn�hw{ � P,ac��PYP,{

y,h]{z�wPYXqaZnph]{PYuvh_yrKNX
n
[t{vx

n+2
� np{�h]{NPgu)P,fdn�h_x¥�7adKzPgadKzfdh]\z�wKzuz\_a=npX��]hwn�{N��¦ fZhwO

2C/7
aZh

3C/7
[t{vx

np{-aZKzP�htadKzP,fLhw{zP(¦ fdh]O
3C/7

aZh
4C/7

¡¢�2JLKzn�X��wn��wPYX
S = 12

98C2 �_s�P�[]x_np{z�Q[t�w[]n�{´aZh Ȳ (1) = Ȳ (2) =
3
7C
[]{Nx�[t{	[7�]PYfd[]�]P=\_aZnpspn�¨�[�aZnph]{�ht¦ 6

7

[]X���Pgh � ad[tnp{zP�x�np{aZKzP�uzfdP,��nph]\NX�XqP�y¢adn�hw{�[t{Nx�[]X�npX�aZKNP�yY[]XZPgnp{
adKzPTO	h_x_PYsBn�{ ! �&#Ñ� � � ��n�hw\NXqspb]�

IE[Y
(i)
n ]

[tfdP«[]spXZhadKzPTXd[tOQPTn�{ [tspsNadKzfdP,P«yY[]XZPYXT�§[]{Nx´P5�w\v[tsvaZh
C/2

¡¢�
�«{NPLy,h]\zs�x	��hw{Nx_PYf���KNP�aZKNP,f+np{	¦§[]y¢a2adKzPkx_n�XcadfZn � \_adn�hw{�h]¦vadKzP�fr[�aZP�X=npX+n�{NxzP,u)P,{Nx_PY{@a+ht¦)aZKzP��L[7bh]{zP
yrKNh@h@XqP�X�aZKzPky,h]{z{zP�y¢adn�hw{�adh�x_PYy,fZP�[]XZPgadKzP�fd[taZP�[�a

Tn
� � htadP�Kzh���P,�]PYfY��adKN[�a

IE[(Y
(i)
n )2] = 25C2/98np{�hw\zf�P,^z[tOQuzspP]����Kzn�yrK�n�X�xzn¸¤BP,fdP,{@a�aZKN[]{aZKzP���[tsp\zP�ht¦

7C2/26
h � ar[tnp{zPYx�n�{adKzP�fZPY�]npO	P�y�hw{NXqn�x_PYfZP�x

np{�! ��#×�
�� � � �.- +���1
$';=( * -�� :.$�3 (46�1
& ��6 � 3��.- $'&���; ;=-03 � ( * * $�& -
/Nh]f�P�[]yrK-y,h]{z{NPYy¢adn�hw{

i = 1, 2
��PKN[7�wP

Y
(i)
n+1 =

{

Y
(i)
n /2 + τn+1ηi

n¸¦
Y

(i)
n > C/2

Y
(i)
n + τn+1ηi

n�¦
Y

(i)
n < C/2.

�5~]¡

/Nh]fLadKzPy,[]XZPTaZKN[ta
Y

(i)
n = C/2

[]{�b0aZnpP � fZP�[t��np{z��fd\zspPy,[t{ � P�y�h]{vXqn�x_P,fdPYx£�+��hwO � np{znp{z�	aZKzn�XL��n�aZK
adKzPfdP,s�[�aZnph]{

Y
(2)
n = C − Y

(1)
n
[wXL��PYs�s£[wX

Y
(2)
n+1 = C − Y

(1)
n+1

�]np�]PYX

τn+1 =







Y (i)
n

2(η1+η2)

n¸¦
Y

(i)
n > C/2

C−Y (i)
n

2(η1+η2)

n�¦
Y

(i)
n < C/2.

¹_\ � XqaZn�aZ\_adn�{z�0np{¶�5~w¡��]np�]PYX

Y
(i)
n+1 =







1
2

(

1 + ηi

η1+η2

)

Y
(i)
n

n�¦
Y

(i)
n > C/2

(

1 − ηi

2(η1+η2)

)

Y
(i)
n + Cηi

2(η1+η2)

n¸¦
Y

(i)
n < C/2.
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JLKzP�XqP�P��@\N[�adn�hw{NXkyY[t{ � P�\NXqP�x aZh0h � ad[]n�{adKzP�P�^z[wy¢a�aZfr[t{vXqnpP,{@a � P,KN[7��nph]f�ht¦=adKzP�XZb�XqaZPYO��JLKzP
[7�wP,fr[t�wP�aZKzfdh]\N�]Kzuz\za(y,[t{-aZKNP,{ � P�y,h]OQuz\_adPYx � b

Ȳ (i) = lim
n→∞

∑n
k=1 τk+1(Y

(i)
k+1 + γ

(i)
k Y

(i)
k )/2

∑n
k=1 τk+1

�� �� � �.- * $'& -
η2/η1 → 0

� P�y,h]{NXZn�x_P,f-KzP,fdPoadKzP�yY[]XZPoht¦
x → 0

��KNP,fdP
x := η2/η1

[]{Nxµ[wXZXZ\zOQPo¦ hwf-XZn�OQuzspnpy,n¸acb adKN[�a
β(i) = 1/2

� � PuzfdPYXZP,{@ak[�KNP,\zfdnpXqaZn�y�[tfd�]\zOQPY{waLadhQy,h]OQuz\_adP�aZKzP � [t{Nx_��n�x�adKXZKN[]fZnp{z�N�
� Ê�� ��Æ �t��� Ê�� � ��n�spsznp{Ny�fdPY[wXqPLn�adX+fr[�adPL\z{@aZnpsNn�agfZP�[]yrKzP�X

C/2
�wXZh�n¸arX2aZfr[�icP�y¢adh]fdb�[�agXqaZPY[wx_b�Xqad[taZP

��npsps � P�uvPYfZnph_x_n�y´� ��n�aZKo[0u)P,fdnph�xh]¦=xz\zfd[taZnph]{¯h]¦
C/(4η2)

¡¢�)spn�{zP�[tfds�b-n�{vy�fdPY[]XZnp{z� � P,ac��PYP,{
C/4

aZh
C/2

�0+ÑarX�[7�]PYfd[]�]PkadKzfdh]\z�wKzuz\_a�n�Xk�@��Ã �z�
� Ê�� ��Æ �t��� Ê�� 	(/�n�^

∆ =
√

x/η2
� � P�y,[]{-��npP,� aZKzPuNfZh � s�PYO [wXLh]{zP��n�aZK ac��h�adn�OQP�Xdy,[]s�P�X,¬

y,h]{z{NPYy¢adn�hw{
1
n�XO�\vyrK®¦§[wXcadP,f�aZKv[t{¶y�hw{z{zPYy�aZnph]{

2
��XZh¯x_\zfdn�{N�-adKzP´np{@aZP,fd��[ts

[n∆, (n + 1)∆)
��adKzP

adKzfdh]\z�wKzuz\_a+h]¦¥y,h]{z{NPYy¢adn�hw{´��y,[t{ � P([tuNuzfZh7^_npO0[�aZP�x � b	[y�h]{vXcar[t{@a+��Kzn�yrK0��Pkx_PY{zhtadP � b
Y (2)(n)

°
[wXZXZ\zOQP-aZKN[ta	adKzn�X0y�h]{vXcar[t{@a0npXQXZOQ[]s�spP,f	adKN[t{

C/2
�-�«\zfdn�{N��adKN[�a0np{@aZP,fd��[ts×�+adKzP aZKzfdh]\z�wKzuz\_a0h]¦

y,h]{z{NPYy¢adn�hw{¯Rk��nps�s)hwXdy�nps�s�[�adP��]PYfZb �@\znpyr��spb � � P,ac��PYP,{0KN[]s¸¦£h]¦¥aZKzP«fZPYO0[tnp{zn�{N��[t{Nx´[]s�sNaZKzP«fZPYO0[tnp{zn�{N�
� [t{Nx_��n�x�adKv¡+XZhaZKv[�a�n�a���npspsv\NXZPknp{`[7�]PYfd[]�]PLh��]PYf=aZKN[ta�np{@aZP,fd��[ts)�@Ã7�h]¦¥aZKzP«fZPYO0[tnp{zn�{N� � [t{Nxz��npx�adK£�
JLK�\NX�n�adX�[7�]P,fr[t�wP � [t{Nxz��npx�adK-x_\NfZnp{z��adKzP(np{@aZPYfZ��[ts)n�X

(3/4)(C −Y (2)(n))
�z[t{vx´x_\zfdn�{N��aZKNP(��Kzhws�P

u)P,fdnph�x-ht¦
C/(4η2)

n�ak��n�sps � P
(3/4)(C − 3C/8) = 15C/32

�
JLK�\NX�[]X

x → 0
��P«XZP,PkadKN[�a�aZKzP(¦§[]Xqa�y,h]{z{zP�y¢adn�hw{0��n�spsB�]P�aL~wÃ7��ht¦¥aZKNPkaZKNfZhw\z�]KzuN\_a�h]¦¥aZKzPTXqsph��

y,h]{z{NPYy¢adn�hw{-\N{Nx_P,fLadKzP��_J0�¶XqaZfr[�aZPY�]bw�
�� �� � �.;=;=-03 � ( *,* $'& - � ( 3�� ;=6 � - 3��
$'1 3 � 6 * 67181.- *�3 (46�1
&��

N > 2 � � 3��.-<�- � (46�+
( * & 6��":.3 (4671

j«XZXZ\zOQPT{zh��²aZKv[�aL��PTKN[7�]P
N > 2

Xqb�OQOQP�aZfdn�y«y,h]{z{zP�y¢adn�hw{NX,�=j(XdXZ\zOQP«adKN[�a
Y

(1)
n > Y

(2)
n > · · · >

Y
(N)
n

[ta�adn�OQP
n
�+JLKzn�X��wn��wPYX�aZKzP�¦ hws�sph���np{z�0Xqb_XqaZP,O ht¦

N + 1
P��@\N[�adn�hw{NXY¬



































Y
(1)
n /2 + τn+1 = Y

(N)
n

Y
(2)
n + τn+1 = Y

(1)
n

: : :

Y
(N−1)
n + τn+1 = Y

(N−2)
n

Y
(N)
n + τn+1 = Y

(N−1)
n

Y
(1)
n + Y

(2)
n + .. + Y

(N)
n = C.

1�b`[wxzx_np{z�Q\zu aZKzP
N

6NfrXcakP5�@\N[�adn�hw{NX���P�wP�a

Nτn+1 +

N
∑

i=2

Y (i)
n + Y (1)

n /2 = C.

ß à�á£ß±Ù



��� . .��vÁ×ÀZ¿tÁ ,��]¼ ,/.�� � À
	 ���� ,�Á×¼±½�����	���������	 � ½v½ ,��,Á5¼ � ½ . RwR

¹_n�{Ny,P ∑N
i=2 Y

(i)
n = C − Y

(1)
n
�_adKzPs�[]XqaLP5�@\N[�adn�hw{ � PYy,h]OQPYX

Nτn+1 + C − Y (1)
n + Y (1)

n /2 = C,

spPY[wx_np{z�	aZh
τn+1 =

Y
(1)
n

2N
.

� P�aZKNP,{h � ar[tnp{
Y (i) = Y (1)

(

1 − i − 1

2N

)

.
�§Âw¡

/NfZhwO ∑N
i=1 Y (i) = C

�z��PTKv[7�]P

Y (1)

(

N
∑

i=1

(

1 − i − 1

2N

)

)

= C

Y (1)

(

N − N − 1

4

)

= C

Y (1)

(

3N + 1

4

)

= C,

xzfZnp��n�{z�	adh
Y (1) =

4

3N + 1
C.

/NfZhwO �§Â@¡���PTadKzP,{KN[7�wP

Y (i)
n =

2(2N + 1 − i)

N(3N + 1)
C, i = 2, ..N

[]{Nx
τn+1 =

2

N(3N + 1)
C.

j«X«np{oadKzP	uzfZh�h]¦+ht¦ge+fdh]u)hwXZn�aZnph]{�Rw� � \_a�x_\zP�aZh´adKzP	uvPYfZnph_x_npy,n¸acb¯h]¦2aZKzPQXZb�XqaZPYO�BaZKzPQ[7�]PYfd[]�]P
adKzfdh]\z�wKzuz\_agn�X+�wn��wP,{ � b

S/IE[Nτ ]
��KzP,fdP

S
npX+aZKzPTy�\zO�\zs�[�aZnp�]PLadKzfdh]\z�wKzuz\_agh]¦£[�XqP�XZXZnph]{ � P,ac��PYP,{

y,h]{z�wPYXqaZnph]{-P,u)h�yrKvX
n
[]{Nx

n + N
� � PKN[7�wP

S =
1

2

(

(Y
(1)
n+1 − Y (1)

n /2)τn+1 +

N
∑

i=2

(Y
(1)
n+i + Y

(1)
n+i−1)τn+i

) �×Ät¡

=
τ

2
(2

N−1
∑

i=1

Y
(1)
n+i +

1

2
Y (1)

n + Y
(1)
n+N ) =

τ

2
(2

N
∑

i=1

Y
(1)
n+i −

1

2
Y (1)

n )
� �w¡

=
1

N(3N + 1)
C(2C − 2

3N + 1
C) =

6

(3N + 1)2
C2.

� �w¡
JLK�\NXY��aZKNP�[7�]P,fr[t�wPkadKzfZhw\z�]KNuz\_a�npXL�wn��wP,{ � b

Ȳ (i) =
3N

N(3N + 1)
C, i = 1, 2, · · · , N.
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� � ��"�L
=��*�� ��
=��� � �r��� ���
»��� � �����¢
=� ����� ��� ���������� �`��� � � �
=��� �
� P`XqaZ\Nxzb®np{³aZKzn�X�XZPYy�aZnph]{�aZKzP0¦§[]n�fd{zP�XZXnp{�aZKzfdh]\N�]Kzuz\za�[]X[ ¦ \z{vy¢aZnph]{¶h]¦LaZKzP0fdh]\z{vx®adfZnpu³aZnpOQPYX
�§��KzP,{

N = 2
¡�� � P0fdPYyY[tsps=aZKN[taaZKzP´X �@\N[tfdPQfZh�h]aT¦ hwfZO�\zs�[`h]¦LJ(��e [wX���PYs�s+[wX�n¸arXfZP 6N{zPYO	PY{@adX

�5XqPYP ! �4#Ñ� !�RwR$#±¡TuNfZP�x_npy�a«adKN[�a�adKzPQaZKzfdh]\N�]Kzuz\zaTh]¦�[ y�h]{N{zPYy�aZnph]{³XqKzhw\zs�x � P0n�{��]PYfdXZP,spbuzfdh]u)h]fZaZnph]{N[]s
adh�n�adXgU=J�J�� � PTXqKN[]s�svy�h]OQuN[]fZPLadKzn�Xg��n�aZKQadKzPk¦§[]n�fd{zPYXdX2h � ad[]n�{zP�x	\z{Nx_PYfgh]\NfgOQh_x_P,svht¦¥n�{@adP,fr[]y¢adn�{N�
y,h]{z{NPYy¢adn�hw{NXY�
�
 "! � 671
&�35$'173 �467&)& &�3 � $�35- 
 �
� P´{zh��#sph�h]��[ta�aZKNP´fd[taZnph

Ȳ1/Ȳ2
h]¦�[7�wP,fr[t�wP�adKzfZhw\z�]KNuz\_adXY�¯J�h�XqnpOQuzs�n�¦ b�aZKzP-P�^_uzfdPYXdXqnph]{NXY��spP�a

\vX�[]XdXq\NO	PQadKN[�a
β(1) = β(2) = 1/2

[]{Nx�aZKN[ta
p(1) = p(2) = p ≥ 1/2

� � P`[ts�Xqh¯[wXZXZ\zOQPQaZKN[ta
adKzPTs�np{zPY[]f��wfZh��LadK0fd[taZP�X�[]fZP«n�{��]PYfdXZP,spb	uzfZhwuvhwfqadn�hw{N[tsNaZh�aZKzP�X �w\v[tfdPkht¦£adKzPTfZhw\z{NxQadfZnpu´adn�OQPYXY�_n×� Pw���
ηi = 1/(R(i))2

¦ hwf
i = 1, 2

� � +ý{NxzP,PYx£�+aZKNP ��np{Nx_h�� n�{vy�fdPY[]XZPYX � b¶h]{zPP�[]yrK9U=J�J��+[]{NxIXZn�{vy�P
adKzP0adKzfZhw\z�]KNuz\_a�n�X�]np�]PY{ � b®aZKzP´��np{Nx_h��#XZn�¨YP´x_n���n�x_PYx � b®aZKzP`U=J�J��¥adKzP´np{Ny�fdPY[wXqPQfr[�adP0ht¦LaZKzP
adKzfdh]\z�wKzuz\_a�n�X

1/RTT 2 � ¡� P�aZKzPY{h � ar[tnp{-¦ fdh]O � �@¡gadKN[�a

Ȳ1

Ȳ2
=

(

R(2)

R(1)

)2
3pR(2)

R(1) + 5p − 2p(12)

5p
(

R(2)

R(1)

)2

+ 3p − 2p(12)
(

R(2)

R(1)

)2 .

+Ñ¦=��P«¦ \zfZaZKzPYfk[]XdXq\NO	P«aZKv[�a�P�^z[]y�aZspb0h]{zP«·Nh��µ��npsps£P�^_u)P,fdn�PY{Ny�P�[�sphwXdXY�wadKzP,{��P«Kv[7�]P
p(12) = 0[]{Nx

p = 1/2
�wn���np{z�

Ȳ1

Ȳ2
=

(

R(2)

R(1)

)2 3
(

R(2)

R(1)

)2

+ 5

5
(

R(2)

R(1)

)2

+ 3
.

� P`x_PYuzn�y¢a�adKzP´¦§[]n�fd{zPYXdX�np{³aZKzfdh]\z�wKzuz\_arX¦ hwfaZKzP 6z^_PYx³sphwXdX�Xcadfd[taZPY�]b®np{ /�n��w\zfdP¯R]� +Ña�y,[]{ � P
yrKNPYyr�]P�x¦ fdh]O adKzP 6N�]\zfdP�aZKN[taaZKzPQfr[�aZnph ht¦�[7�wP,fr[t�wPaZKzfdh]\N�]Kzuz\zadXTnpX��wP,fdb¯y�sphwXZP�adh � P0spn�{zP�[tf�np{
adKzP�X �w\v[tfdP«h]¦�aZKNPfd[taZnph	h]¦�fdh]\z{vx´adfZnpu aZnpO	P�X,�
�
 � � �.-�� ��� &�3 � $�35- 
 �
+ý{6/�np�]\zfdP��Q��P�x_PYuzn�y¢a(adKzP�adKzfdh]\z�wKzuz\_a(fr[�adn�h@Xk[]X«[Q¦ \z{Ny�aZnph]{oh]¦2aZKzP�fd[taZnph0ht¦=aZKNP�np{@�wP,frXqPh]¦2aZKzP
X �@\N[tfdPLht¦¥U=J�J�X+¦ h]f2adKzP �_J0�¯XqaZfr[�aZPY�]bw��JLKzPk��[]s�\zP�X+[tfdP�h � ad[tnp{zP�x � b	y�h]OQuz\zaZnp{z��aZKzPkaZKzfdh]\z�wKzuz\_a
[wX(np{¶¹�\ � XZPYy�aZnph]{®�N� �z� � P	h � XZP,fd�]P�aZKN[ta�[]s¸adKzh]\N�]Konp{��wP,{zPYfd[]s£adKzP	aZKzfdh]\z�wKzuz\_a�KN[wX«[`aZPY{Nx_P,{vy�b
adh´np{Ny�fdPY[wXqP�[wXLaZKzP	y�hwfZfdPYXZuvhw{Nx_np{z�0U=J�J xzPYy�fdPY[wXqP�X,�N��P�XZP,P�aZKN[takaZKzP�aZKzfdh]\N�]Kzuz\za(y�\zfd�]P�n�X �@\zn�aZP
npfdfZPY�]\zs�[tf`[]{Nx ¦ fr[]y�ad[ts×�k[t{vx²s�h_yY[tsps�b9aZKzPYfZP�[tfdPoO0[t{�b uvhwn�{@arX`��KzPYfZPoaZKzP�h]uzu)hwXZn�aZP � P,KN[7��nph]f-npX
h � XZP,fd�]PYx£¬�np{Ny�fdPY[wXqnp{z�®U=J�J#h]¦«[®y,h]{z{zP�y¢adn�hw{¶fZP�Xq\zs�adX�np{�n�{vy�fdPY[]XZnp{z�on�adX�aZKzfdh]\N�]Kzuz\zaY��JLKNnpX	y,[]{
u)P,fdKN[]uNX � PTP�^_uzs�[tnp{zPYx`n�{ uN[]fqa � b´yrKN[t{z�wPYX�n�{`aZKzP�u)P,fdn�h_x_n�y�n�acb0ht¦�aZKzPXqaZPY[wx_b´Xqad[�adP � P,Kv[7�@nph]fL[t{vx
np{¯htadKzP,fTx_n�XZy,fZP,aZP{N[taZ\zfdP � P,KN[7��nph]f���JLKzP�[t{N[]s�b_XZnpX�h]¦=aZKzn�XkuzKNP,{zhwO	PY{zh]{¯n�X � P,bwh]{Nx adKzP�Xdy�hwuvP�h]¦
adKzn�X=uN[tu)P,f�� � P�{zhtadPgadKN[�a+h]aZKzPYf�¦ fd[wy¢ad[]s_[]XZuvP�y¢adX�h]¦)j�+cm'�µy�hw{z{zPYy�aZnph]{NX�np{�{NP�ac��h]fd��X���n�aZK0XqPY�]PYfd[]s
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{Nh�xzPYX+Kv[7�]Pk[tspfdPY[]xzb � PYP,{´fdP,u)h]fZaZP�x	n�{ ! Â&#Ñ� � P06v{N[tsps�b	h � XqPYfZ�wP�adKN[�aL[]X=adKzP«U=J�J»ht¦£[�y,h]{z{NPYy¢adn�hw{
� PYy,h]OQPYX«{zPY�]spn��wn � spP���n�aZK�fZP�Xqu)PYy�a(adh`adKzP�h]aZKzPYfY�Bn�adX�XZKN[tfdP�ht¦gaZKzP�aZKzfdh]\N�]Kzuz\zaTy�hw{��]P,fd�]P�XLaZh~wÃ��
h]¦�adKzP�aZKzfdh]\N�]Kzuz\zakht¦�adKzPhtadKzP,fky,h]{z{NPYy¢adn�hw{£�z[]XLuNfZP�x_npy�aZP�x`np{o¹�PYy�aZnph]{¯�z� �z�
�
 �� � 67;=<
$ � ("& 6718&
� P 6NfrXcah � XqPYfZ�wP�adKN[�aadKzP	aZKzfdh]\z�wKzuz\_a�XZKN[tfdnp{z�-np{�aZKzP �_J0� XqaZfr[�aZPY�]b¯n�XO�\vyrK�OQh]fdP�¦§[tnpf�aZKN[]{
np{¶adKzP`uzfdh � [ � nps�n�XqaZn�y´XqKv[tfdn�{z�v¬�n�a�n�X�O�\NyrK¶spPYXdX�XZP,{vXqn � spP0aZh®aZKzP x_n¸¤BP,fdP,{vy�PYX�n�{9U�J�J�� +ý{NxzP,PYx£�=[
y,h]{z{NPYy¢adn�hw{I��n�aZK²�®aZnpO	P�X0XqO0[]s�spP,f0U=J�J��wP�adXQhw{zspb²R]�ñ�_R-aZnpO	P�XQOQh]fdP`adKzfZhw\z�]KNuz\_a0n�{9aZKNP �_J0�
XqaZfr[�adP,�wb]�N��KNP,fdPY[]Xkn¸aT�]P�arX(ÂQadn�OQP�X(OQh]fdPadKzfZhw\z�]KNuz\_a(np{¯aZKNP�y,[wXqP�ht¦=aZKzP	y�hw{NXcar[t{@a(uzfdh � [ � nps�n�aZnpPYX
XqaZfr[�adP,�wb]�
JLKzPg¦§[tnpfZ{NPYXdX � P,KN[7��nph]f£h]¦@adKzPguNfZhwuvhwfqadn�hw{N[ts]xzfZhwu�Xcadfd[taZP,�wb(KN[wX�[]s�fdPY[wx_b«[]uzuvP�[tfdPYx�np{
! �5#×����KNP,fdP

adKzP�y,h]{z{NPYy¢adn�hw{¯��n¸adK®�Qadn�OQPYXTXZOQ[]s�spP,fTU=J�J �]P�arX«�z�ñÄ]~�aZnpO	P�X(OQhwfZPadKzfdh]\z�wKzuz\_a��T��h]OQuN[]fZnp{z�QaZh
adKzPYXZP�fZP�Xq\zs�adX���P�XZP,P�aZKv[�aY�]n�{�aZPYfZO0X�ht¦z¦§[]n�fd{zP�XZXY�7aZKzP��_J0�Xcadfd[taZPY�]b��]np�]P�X£adKzP � P�Xca=fZP�Xq\Ns¸arX���KNP,fdPY[]X
adKzP��h]frXqPTuvPYfq¦ hwfZO0[]{Ny�PTnpXkuzfZh���n�x_PYx � b0aZKzP*6N^�P�x s�h@XZXLuzfdh � [ � nps�n�aZnpPYXLXqaZfr[�adP,�]bw�
JLKzP � PYKN[7��n�hwfkht¦=adKzP�adKzfZhw\z�]KNuz\_a«[wXLaZKzP�fd[taZnph0ht¦

RTT
�]h�PYXLadh`¨YP,fdh0npX(n�{ouv[tfZaZn�y�\zs�[tfknp{@aZPYf �

P�Xcadn�{N�N�2JLKzP«aZKzfdh]\z�wKzuz\_a�h]¦£aZKzP�sph]{z�Qy�hw{z{zP�y¢aZnph]{ [t{Nx`n¸arX�XqKv[tfdP(ht¦�aZKzP«aZKNfZhw\z�]KzuN\_aLaZP,{vx´adh�¨YP,fdh
np{0adKzPTy,h]{NXqad[]{@ags�h@XZX�XqaZfr[�aZPY�]bw�w[]X���P,sps)[wX+��n�aZK´adKzPTuzfZhwuvhwfqadn�hw{N[tsvXcadfd[taZP,�wb(! �N�z¹�P�yt�gÄ5���&#Ñ�]��KNP,fdPY[]X
n�a�aZPY{NxzXLadh0[�u)hwXZn�aZnp�]Py�hw{NXcar[t{@a�\z{Nx_PYfLaZKzP��_J0�¶XqaZfr[�adP,�wb]�

� htaZP	adKN[�aTaZKzP	¦§[wy¢aTaZKN[ta���P	h � ar[tnp{�x_n�¤)PYfZPY{@a�[7�wP,fr[t�]P�aZKzfdh]\z�wKzuz\_aXZKN[tfdn�{N�`\z{NxzP,fx_n�¤)PYfZPY{wa
u)h]spn�y�npPYX´fdP�·vPYy¢arX0adKzPo¦§[wy¢a´adKN[�a��kn�{ y�h]{@adfd[wXca0adh¶aZKzP�Xqb�OQOQP�adfZn�yoy,[wXqPw�LaZKzPoaZKzfdh]\z�wKzuz\_a npX`{zhta
np{���[tfdnp[]{waL��n�aZKfZP�Xqu)PYy�aLaZhQaZKNP�Xcadfd[taZP,�wb0n�{ adKzP�]PY{zP,fr[ts¥[]XZb�OQO	P,aZfdnpy�yY[]XZP]�

� !�� � ���´� �"����
=��* *�������� �����T�
��,���-*�� ���»���-� � �`
=��� ���`� �`�����

� ����� �L
����³�£��
���������

��hw{NXZnpx_PYf«{Nh�� [´�]PY{zP,fr[ts=XqaZfr[�aZPY�]b ¦ h]f�x_P�y�n�x_n�{N�-��Kzn�yrK�y,h]{z{NPYy¢adn�hw{o��nps�s2x_P�y�fdPY[]XZP�n�adX�fr[�adP���KzPY{
yY[tuN[wy�n�acbon�X�fdPY[]yrKNPYx¥�`JLKNP`x_PYy,fZP�[]XZPQnpX � b�[¯y�hw{NXcar[t{@a

β
[t{vx�aZKzP´np{Ny,fZP�[]XZP	fr[�adP0npX

η
� � P`Xcadn�sps

fdPYXqaZfdn�y¢a£h]\NfdXZP,sp�]P�X)aZh�adKzP�XZb�O	OQP,aZfdnpy2yY[]XZP2ht¦�ac��h«y�h]{N{zPYy�aZnph]{NXY��[]{Nx[]XdXZ\zOQP=aZKN[ta�h]{zP�[t{Nx�hw{zs�b«h]{zP
y,h]{z{NPYy¢adn�hw{ox_PYy,fZP�[]XZPYX�n�adX«fr[�aZP���KzP,{¯adKzP�yY[tuN[wy�n�acb`n�X(fdPY[wyrKzPYx£�kj�aTXZ\NyrKo[0OQh]OQP,{@a��By,h]{z{NPYy¢adn�hw{
R�aZKv[�aTaZfr[t{NXZOQn¸arXT[ta�[`fr[�adP�ht¦

y
��n�sps+x_P�y�fdPY[]XZP�n�adX�fr[�adP���n�aZK�uzfdh � [ � n�spn�acb

f(y)
[t{Nx�y�hw{z{zP�y¢aZnph]{

�	��npsps�x_P�y�fdPY[]XZP�n¸arX�fr[�aZP��n�aZK¯uNfZh � [ � npspn¸acb
1 − f(y)

� � P�[]XdXq\NO	P�adKN[�a�adKzP�fr[�adPuzfZh_y,PYXdXLht¦ � h]aZK
y,h]{z{NPYy¢adn�hw{NX2n�X+np{`[Xqad[�adn�hw{N[tfdb�PYfZ�wh_x_npyLfdP,�wn�OQPw��+ý{0uN[]fqadnpy,\zs�[tf+��P(XZKN[tspsz¦ h_y�\vXg[t�@[tnp{Qh]{

Y
(1)
n
�waZKzP

fr[�adP�ht¦�y,h]{z{NPYy¢adn�hw{
1
ic\NXqa � P�¦ h]fdP�[	fd[taZPx_P�y�fdPY[]XZPTh�yYy�\zfrXY�

� � Æ 2 �_��� Ê�� ����� � � � P�¦ h_y,\NX(hw{®y�hw{z{zP�y¢aZnph]{IR]°
Yn := Y

(1)
n
n�X«[-XqPYOQn7�ýmo[tfd�]h��-uzfdh�y,PYXdX,� +Ñ¦

adKzP�Xqad[�adP[�a�aZnpOQP
Tn
n�X

Yn = y
��adKzP,{

• +Ñ¦=y,h]{z{NPYy¢adn�hw{�RTn�X�aZKzPhw{zPTaZh0x_PYy,fZP�[]XZP«n�adXLfr[�adP	� aZKzn�X�h_y,y,\zfrX���n�aZKuzfdh � [ � nps�n�acb f(y)
¡gaZKNP,{

��P�XZKN[]s�s¥KN[7�wPT[ta
Tn+1

Y
(1)
n+1 = βy + ητn+1, Y

(2)
n+1 = C − y + ητn+1.

ß à�á£ß±Ù
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¹�np{Ny�P-aZKzP Xq\NO h]¦�aZKzP fr[�aZP�X�h]¦�aZKzP y�h]{N{zPYy�aZnph]{NX	[�a�adKN[�a	aZnpOQP`n�X
C
�g��P´h � ad[]n�{

τn+1 =
y(1 − β)/(2η)

�N[t{vx`adK�\NX
Yn+1 = y

(

1 + β

2

)

.

/�n�{N[]s�spb]�zaZKzP�XZ\zfZ¦§[]y�P
S := S(1) n�X��wn��wP,{ � b

S =
1

2
(βYn + Yn+1)τn+1 = y2 (1 + 3β)(1 − β)

8η
.

• +Ñ¦�y�hw{z{zP�y¢aZnph]{��QnpX(aZKNP�hw{zP�adh-x_P�y�fdPY[]XZP�n�adX«fd[taZP`� aZKzn�XTh_y,y�\NfdX(��n¸adK®uzfdh � [ � nps�n�acb 1 − f(y)
¡

aZKzPY{
Y

(1)
n+1 = y + ητn+1, Y

(2)
n+1 = β(C − y) + ητn+1.¹�np{Ny�P-aZKzP Xq\NO h]¦�aZKzP fr[�aZP�X�h]¦�aZKzP y�h]{N{zPYy�aZnph]{NX	[�a�adKN[�a	aZnpOQP`n�X

C
�g��P´h � ad[]n�{

τn+1 =
(C − y)(1 − β)/(2η)

�N[]{Nx´adK�\NX

Yn+1 = y
1 + β

2
+ C

1 − β

2
.

� P,^@ak��Py�hwO	uN\_aZP
S
¬

S =
1

2
(Yn + Yn+1)τn+1 =

1 − β

8η
(−(3 + β)y2 + 2C(1 + β)y + C2(1 − β)).

1�PYs�h�� ��P�XZKN[tsps«\vXqP
Y
adh9x_PY{zhtadP�[Ifd[]{Nx_h]O���[tfdnp[ � spP�x_n�XcadfZn � \_adPYx s�np�]P

Yn
[ta XqaZP�[]x_b²Xqad[�adP]�

¹_n�OQnpsp[]fZspb´��P�XZKN[]s�s¥\NXZPTaZKzP{Nhtad[taZnph]{
τ
aZh0x_P,{NhtaZP

τn+1
[�akXqaZP�[]x_b`Xqad[taZPw�

��� �gÆ �t���_��� Ê�� � 1�b�XZb�O	OQP,aZfdb���P�KN[7�]P
IE[Y ] = C/2

�][]{Nx0[ts�XZh�y,s�P�[tfds�b
IE[f(Y )] = 1/2

� >«Xqnp{z�
adKzPuzfdP,��nph]\NX�P�^_uzfdPYXdXZn�hw{NX�¦ h]f

τ
[t{Nx-aZKNP,{ ad[]�@np{z�QP�^_u)PYy�ad[�adn�hw{-��P�h � ar[tnp{ [ta(XcadPY[wx_b`Xqad[�adP

IE[τ ] = IE

[

Y
1 − β

2η
f(Y ) +

(C − Y )(1 − β)

2η
(1 − f(Y ))

]

= (1 − β)IE[Y f(Y )]/η.
�qRY�@¡

JLKNnpXkyY[t{¯[ts�XZh � P�h � ad[]n�{NPYx[ts�aZPYfZ{N[taZnp�]PYs�b � b [t{¯\zu �ýx_h���{y�fdhwXdXqnp{z�0[tfd�]\NO	PY{@aY¬ +Ñ¦2��P�x_P,{zh]aZP � b
Zn
adKzPfd[taZP�ht¦2y�hw{z{zP�y¢aZnph]{�R�ic\NXqa([�¦±aZPYf

Tn
�_aZKzPY{ aZKzPP,^�u)PYy�aZP�x-x_P�y�fdPY[wXqP�np{-fr[�adP�[ta

Tn
n�X

IE[Yn − Zn] = (1 − β)IE[Y f(Y )].

JLKNP	[7�wP,fr[t�]P�n�{Ny,fZP�[]XZP�np{®adKzPQfd[taZP
ηIE[τ ]

XqKzhw\zs�x�y,h]OQuvPY{NXd[�aZP�¦ h]fTadKzP0[7�]P,fr[t�wP�x_P�y�fdPY[]XZP�np{�aZKzP
fr[�adP]��¦ fdh]O���KNnpyrK ��Ph � ad[]n�{³�cR��w¡�� � P�^�ak��PTP,^_uzfZP�XZX�adKzPP�^_u)PYy�ad[�adn�hw{-h]¦�adKzP�Xq\Nfq¦§[wy�P]¬

IE[S] =
1 − β

8η
IE
[

(1 + 3β)Y 2f(Y ) + (−(3 + β)Y 2

á�á�ú�@%,��qé¢é
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+2C(1 + β)Y + C2(1 − β))(1 − f(Y ))
]

=
1 − β

8η

(

− (3 + β)IE[Y 2] + 4(1 + β)IE[Y 2f(Y )]

−2C(1 + β)IE[Y f(Y )] + C2 3 + β

2

)

.

� � Ê��gÊ ���§��� Ê�� � � � ,¶¿�¾4,�ÀZ¿ ��,�Á���À �&9 � � 29 Á � ��¿ � � ½N½ ,���Á×¼ � ½ ¼±½ ¿ .�� �,� ,,Á5À¢¼?��½ ,�Á  � À�� � �®Á  �
� � ½N½ ,��,Á5¼ � ½ .�¼".��t¼±¾4,�½ : �

Ȳ =
1 + β

3 + β
C,

¼±½ ��,  ,,½���,�½vÁ � �Á�� ,�.�¿ �� > ¼±½�� � 9 ½2�,Á×¼ � ½
f
�

��À � � ��� � P`{zP,P�x®adh®y�hwOQuz\_aZP
IE[S]/IE[τ ]

� � \_a�¦ hwf�adKN[�a���P 6NfrXca�{NP,PYx�adhoy�hwO	uN\_aZP`XZP,�wP,fr[ts
\N{z��{zh���{NXY¬

IE[Y f(Y )]
�
IE[Y 2]

[]{Nx
IE[Y 2f(Y )]

��+ý{oh]frx_P,fkaZh´h � ad[]n�{adKzP,O�B��P�XqKN[]s�s�[ts�Xqh0{NP,PYx
adhQh � ar[tnp{`adKzP\z{z��{zh���{

IE[Y 3]
�

�«\zf�6NfdXqa£fdP,s�[�aZnph]{ � P�ac��P,P,{�adKzP2\z{z��{zh���{vX¥npX£h � ar[tnp{zPYx � b(��fdn¸adn�{N�LaZKN[ta
IE[(Yn)2] = IE[(Yn+1)

2][]{Nx-\NXqnp{z�Qh]\Nf�uzfZPY��n�hw\NXLP�^_uzfdPYXdXqnph]{vX+adh0��fZn�aZP
Yn+1

np{-adP,fdO0XLht¦
Yn
¬

IE[Y 2] = IE
[(1 + β

2

)2

Y 2f(Y ) +
1

4

(

(1 + β)Y + (1 − β)C
)2

(1 − f(Y ))
]

� htadP�adKN[�a�aZKNP�adP,fdO
IE[Y 2f(Y )]

y,[t{vy�P,s�XTh]\_a�KzPYfZPw�£[t{Nx®��P	h � ar[tnp{�[ XqnpOQuzspP	fdP,s�[�adn�hw{ � P�ac��P,P,{
adKzP\z{z��{zh���{vX

IE[Y 2]
[t{Nx

IE[Y f(Y )]
�

IE[Y 2]

(

1 −
(

1 + β

2

)2
)

=
C2

8
(1 − β)(3 + β) − C

2
(1 − β2)IE[Y f(Y )].

�cRwR�¡

J�h0h � ar[tnp{¯[t{P�^_uzfdPYXdXqnph]{`¦ h]f
IE[Y 2f(Y )]

��P�\NXZP�aZKzP�¦§[]y¢a�adKN[�aT[�a(XqaZPY[wx_b`Xqad[taZP
IE[(Yn)3] =

IE[(Yn+1)
3]
[]{NxXq\ � Xcadn¸ad\_aZPhw\zf�uzfdP,��nph]\NX�P�^_uzfdPYXdXZn�hw{NX�aZh0��fdn¸adP

Yn+1
np{ aZPYfZO0XLht¦

Yn
¬

IE[Y 3] = IE
[(1 + β

2

)3

Y 3f(Y ) +
1

8

(

(1 + β)Y + (1 − β)C
)3

(1 − f(Y ))
]

.

� htadP�adKN[�aTaZKzP	adP,fdO
IE[Y 3f(Y )]

yY[t{Ny,P,s�X(hw\_a�KzP,fdP]�£[]{Nxo��P�h � ad[]n�{�[´fdP,s�[�adn�hw{ � P�ac��P,P,{�[tsps�aZKzP
\N{z��{zh���{NX

IE[Y 3]
�
IE[Y 2]

�
IE[Y 2f(Y )]

[]{Nx
IE[Y f(Y )]

¬

IE[Y 3]

(

1 − 1

8
(1 + β)3

)

=
3C

8
(1 + β)2(1 − β)IE[Y 2] − 3C

8
(1 + β)2(1 − β)IE[Y 2f(Y )]

−3C2

8
(1 + β)(1 − β)2IE[Y f(Y )] +

C3

8
(1 − β)2(2 + β).

j({zhtadKzP,f«fZPYsp[taZnph]{npXkh � ar[tnp{zPYx � b`\vXqnp{z�QaZKNP�¦§[]y�a�aZKN[ta � b XZb�OQO	P,aZfdb
IE[Y 3] = IE[(C − Y )3]�5Xqnp{Ny,P

C − Y
n�XLadKzPfd[taZP�ht¦�aZKzP�XZPYy,h]{Nx y�hw{z{zP�y¢aZnph]{)¡¢�+JLKzn�XL�]np�]P�X

IE[Y 3] =
1

2

(

3CIE[Y 2] − 3
C3

2
+ C3

)

=
1

2

(

3CIE[Y 2] − C3

2

)

.
�qR��]¡
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� P�aZK�\NX+KN[7�]P�aZKNfZPYP�P��@\N[�adn�hw{NX=��n�aZKQ¦ h]\Nf2\z{z��{zh���{NXY��+Ñ¦¥��PLKN[]x�¦ h]\Nf+n�{vx_P,u)P,{NxzP,{@agP��@\N[taZnph]{NX
adKzn�X+��h]\zs�x	KN[7�]P��wn��wP,{Q\NX+[�XZnp{z�]spPkXqhws�\zaZnph]{	¦ h]fgaZKzPk\N{z��{zh���{NXY�01�\_ag{NhtaZnp{z��adKN[�a+adKzP(y,h@P %´y�npP,{@adX
h]¦BaZKzP�XqP«\z{z��{zh���{NX�x_h�{zh]a�x_PYuvPY{Nx0h]{´aZKzP(¦ \z{Ny¢adn�hw{

f
�waZKzn�Xg��h]\NspxQOQPY[]{QaZKN[tagadKzP(\z{N�@{Nh���{NXgx_h

{Nhtax_P,u)P,{Nx®h]{
f
��JLKznpXTn�XTKzh���PY�]PYf({zh]a«adKzP	yY[]XZP]�¥XZn�{Ny,P���PQ[tspfZP�[]x_bXZ[7� [ � h��wP�adKN[�a

IE[Y 2]
npX

xzn¸¤BP,fdP,{@a�¦ h]fLx_n¸¤BP,fdP,{@aL¦ \z{Ny�aZnph]{NX
f
� � PTXZKN[tsps¥y,[]fZfdbQKzh���PY�]PYf2aZKzPyY[ts�y�\zs�[�adn�hw{NXgnp{`hwfdxzP,f�aZhQyrKzPYyr�

��KNP�aZKNP,fLaZKNP�[7�]P,fr[t�wP(fr[�adPYX���n�sps¥ad\zfZ{hw\_a�{zhta�adhQxzP,u)P,{Nxhw{
f
�

>«Xqnp{z�QaZKNPuzfZPY��n�hw\NX�fZPYsp[taZnph]{NXY����P�yY[t{ P�^_uzfdPYXdX
IE[S]

n�{ aZPYfZO0XLh]¦
IE[Y f(Y )]

� b

IE[S] =
(1 − β)(1 + β)IE[Y (f(Y )]C

η(3 + β)
.

>«Xqnp{z�	aZKNPP�^_uzfdPYXdXqnph]{��cRY�@¡�ht¦
IE[τ ]

�N��P�h � ar[tnp{`adKzPfdPYXZ\zs¸a��

� !�� � ���´� �"����
=��* *�������� ����*���� � �"���"����� ��� ��� �"���-
�� �-�����
� �`�

�g�]P,{ n¸¦�[]s�sTu)hwXdXqn � spPos�h@XZX XqaZfr[�aZPY�]npPYX0uNfZh���n�x_P¯aZKNP�Xd[tOQP�[7�wP,fr[t�wP-adKzfdh]\z�wKzuz\_a n�{ XqaZP�[]x_b �ýXcar[�adP
np{ aZKNP®Xqb�OQOQP�adfZn�y¯y,[wXqP��P®y,[]{»��h]{vx_P,f´[ � hw\_a´aZKNPo��[tfdnp[ � n�spn�acb�ht¦�aZKNP¯aZKzfdh]\N�]Kzuz\zaY�7+ý{²fdPY[]s7�
adn�OQP´[]uzuzspnpyY[�aZnph]{vXTaZKN[ta�O0[7bo\NXZP´j�+cm6� uzfZh]aZh_y�hwspX�np{³h]frx_P,f�adh � P´J(��e �5¦ fdn�PY{Nx_spb]��n¸a�n�X�y,s�P�[tfds�b
[wx_��[t{@ad[]�]PYh]\NXgaZh0KN[7�wP(adKzPsph���P�XcaLuvh@XZXZn � s�PTadKzfZhw\z�]KNuz\_ak��[tfdnp[ � nps�n�acb]�
JLKzP�¦ h]sps�h���np{z� e+fdh]u)hwXZn¸adn�hw{ �wn��wPYX¯[ �]PY{zP,fr[tsP,^_uzfZP�XZXZnph]{µ¦ hwf¯aZKNPIXqP�y�hw{Nx OQhwO	PY{@aoht¦QaZKzP

adKzfdh]\z�wKzuz\_a��#j«X ��n�sps � P¶XZP,P,{��kaZKNnpX P�^_uzfdPYXdXZn�hw{²npX {zh]a np{��7[]fZn�[t{@a[t{�b O	hwfZPw�knp{ y,h]{@aZfr[]Xqa´aZh
adKzP*6NfrXca�OQh]OQPY{wa��
� � Ê��gÊ ���§��� Ê���� � ,,Á

IE[S2]
��,�½ � Á-,kÁ�� , � ,d¿t½ � 9 �,9 > ¿�Á×¼±¾�, � ��Á�� , .�� 9 ¿tÀ',(Á �_À �&9 � �  9 Á0: ,�Á  , ,�½-Á  �

> � . . ,  � ��� . � � � ,��c¿�¾4,�Àd¿ � ,
	 . ,�� � ½�� � ��� ,,½NÁ � ��Á���À �&9 � � 29 Á�¼".
IE[S2]

IE[τ ]
=

1

8
(3 + 2β + 3β2)

IE[Y 3f(Y )]

IE[Y f(Y )]
.

��À � � � ¬gJLKzP�X �w\v[tfdP«h]¦�adKzP�y�\zO�\zs�[�aZnp�]PTadKzfZhw\z�]KNuz\_a � P,ac��PYP,{-ac��hQsphwXdXLP,u)h_yrKNXLnpXk�]np�]P,{ � b

S2 =
1

2
(β2Y 2

n + Y 2
n+1)τn+1

n�¦�aZKzPsphwXdXLnpXLP,^_uvPYfZnpP,{Ny,PYx [�a�adn�OQP
n
� b`XZPYXdXZn�hw{�Rw�z[t{Nx

S2 =
1

2
(Y 2

n + Y 2
n+1)τn+1

h]aZKzPYfZ��n�XZP]�'>(XZn�{N��adKzPuzfdP,��nph]\NX�fdPYXZ\zs¸arXL��P�KN[7�wP
IE[S2] =

1 − β

4η
IE

[(

β2Y 2 + Y 2
(

1 + β

2

)2
)

Y f(Y ) +

(

Y 2 +
1

4
(Y (1 + β) + C(1 − β))2

)

(C − Y )(1 − f(Y ))

]

=
1 − β

16η

(

2(3 + 2β + 3β2)IE[Y 3f(Y )] − (5 + 2β + β2)IE[Y 3] + C(3 + 2β + 3β2)IE[Y 2]

−C(3 + 2β + 3β2)IE[Y 2f(Y )] − C2(1 + 2β − 3β2)IE[Y f(Y )] + C3(1 − β2)
)

.

á�á�ú�@%,��qé¢é
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/Nh]sps�h���np{z��aZKzP�uzfdh�ht¦�h]¦�e+fdh]u)hwXZn¸adn�hw{ �_�@adKzP�h]{zspb0\z{z��{zh���{NX�spP�¦±ak[tfdP
IE[Y f(Y )]

[t{Nx
IE[Y 3f(Y )][]{Nx-��P��]P,a

IE[S2] =
1

8η
(1 − β)(3 + 2β + 3β2)IE[Y 3f(Y )].

� P�aZKNP,{h � ar[tnp{`adKzPfdPYXZ\zs¸a��
¹�np{Ny,P«��P«XqaZnps�sBKN[7�wP�ac��h�\z{z��{zh���{vX,�@h]{zPTy�hw\zspx-[tfd�]\zPkaZKN[tagaZKNP,npf�fr[�adn�h�npXLy�hw{NXqad[t{@a���j�y�aZ\N[]s�spb]�

n�a+n�X2{zhta2adKzP(yY[]XZP�¦ fdh]O�aZKzPL¦ hws�sph���np{z��uzfZhwuvh@Xqn�aZnph]{	��KzPYfZP���Pky�hwO	uv[tfdPgadKzP(XZPYy�hw{Nx�h]frx_P,f2OQh]OQPY{wa
¦ hwfLaZKzP�adKzfdP,P�s�h@XZX�XqaZfr[�adP,�wn�P�XT�5y�hw{NXcar[t{@aY�_uNfZhwuvhwfqadn�hw{N[tsBh]fLs�[tfd�]P�XcaL·Nh��(¡��
� � Ê��gÊ ���§��� Ê�� � � ,,Á

β = 1/2
��� .¢¼±½��´Á � ,,� � ½ .¢ÁÑ¿t½NÁ > � . .  À � :r¿ :,¼ > ¼±Á �%. � � , � ,��  , � ,�Á

Qcst =
IE[S2]

IE[τ ]
=

95

448
C2 ≈ 0.21C2

 � ,�À ,d¿4.  � ,,½®Á�� , > � . .¼".�¿  2> ¼ ,��-Á � Á � , > ¿tÀ;� ,/.¢Á�� �  � � � � .¢Á5Àd¿�Á-, � � 	 �  , �N¿�¾4,

Qltl =
IE[S2]

IE[τ ]
=

4

21
C2 ≈ 0.19C2

¿t½��´Á � ,+. ��� , � ,�2¼±Á �  À �� � À¢Á×¼ � ½)¿ >�> � . . , . �]¼±¾�, .

Qpro =
IE[S2]

IE[τ ]
=

469373

1467072
C2 ≈ 0.32C2.

� P�XZP,Po¦ fZhwO adKzP®uNfZhwuvh@Xqn�aZnph]{ adKN[�a n�{²adKzP³Xqb�OQOQP�aZfdn�yoy,[wXqPw�LaZKzP �_J0� XqaZfr[�aZPY�]b»npX`aZh � P
uNfZP,¦ P,fdfZP�xo� np{`adP,fdO0X�h]¦�sph���PYf�XZPYy,h]{Nx`OQh]OQP,{@ar¡��_��KzP,fdPY[wX+adKzPXcadfd[taZPY�]bQht¦�sphwXdXZPYX�uzfZhwuvhwfqadn�hw{N[tsvaZh
adKzP�aZKNfZhw\z�]KzuN\_a�KN[]X�adKzP��hwfdXZPTuvPYfq¦ hwfZO0[t{vy�P]�
��À � � � � � ��À �� � .r¼±Á×¼ � ½�� � ��h]{vXqn�x_P,f�aZKNP�XdyrKzP,OQP���n¸adK�y�hw{NXqad[t{@a�sphwXdX�uzfZh � [ � n�spn¸acbw��¹�np{Ny,P

f(Y ) =
1/2
�]��P�KN[7�wP

IE[Y jf(Y )] = IE[Y j ]/2 ∀j
��/NfZhwO � �@\N[taZnph]{¯�cRwR�¡¢�w��P��wP�a

IE[Y 2] = 2C2/7
��JLKzPY{£�

¦ fdh]O �cR��w¡¢�
IE[Y 3] = 5C3/28

��s�P�[]x_np{z�	aZh	aZKNPfZP�Xq\zs�aY�
+Ñ¦2��PTsph�h]�`[ta�aZKzP�XdyrKzPYO	P���KzPYfZPTadKzP�sphwXdXLnpXLP,^�u)P,fdnpP,{Ny,PYx-aZh	aZKNP�sp[]fZ�wPYXqa�·vh�� np{ n�adXkuvPYfZnph_x_npy

� P,Kv[7�@nph]\NfY�¥��P	yY[t{³x_npfZP�y¢aZspb¯�]P,a
IE[S2]

¦ fdh]O adKzP0OQPY[]{�y�\NO�\zs�[�adn��wP	h]¦+aZKNP´X'�@\N[]fZP�aZKzfdh]\z�wKzuz\_a
� P�ac��P,PY{-sphwXdXLP,u)h_yrKNX

Tn
[]{Nx

Tn+2
� b

2IE[S2] =

∫ 2C/7

0

(x + 2C/7)2dx =
8

147
C3.

¹_n�{Ny,P
IE[τ ] = C/7

����P�wP�aLaZKzPfdPYXZ\zs�aY�
��P�a�\NX�{zh��µsph�h]�´[�a�aZKNP�XdyrKzPYO	PT��n�aZK`uNfZhwuvhwfqadn�hw{N[ts)s�h@XZXZPYXY� /zfdh]O ! ��#Ñ�@��P�KN[7�]P

IE[Y ] = C/2
�

IE[Y 2] = 7C2/26
�

IE[Y 3] = 2C3/13
�

IE[Y 4] = 679C4/7358
� /NfZhwOV�qR]R�¡��L��PadKzP,{²h � ad[]n�{

IE[Y F (Y )] = 63C/416
��+ý{¯XqaZPY[wx_b �ÑXqad[taZPw�

IE[Y 4
n+1] = IE[Y 4

n ] = IE[Y 4]
�zspPY[wx_n�{N��adh

IE[Y 4] = IE

[

(

1 + β

2

)4

Y 4f(Y ) +
1

16

(

(1 + β)Y + (1 − β)C
)4

(1 − f(Y ))

]

.
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)(P,fdP¯�§[t�@[tnp{v¡¢��aZKzPQadP,fdO
IE[Y 4f(Y )]

yY[t{Ny,P,s�X�h]\_a���XZh aZKN[ta���P0h � ad[]n�{¶[ {zP,�&fdP,s�[�aZnph]{ � P�ac��P,P,{
IE[Y f(Y )]

[t{Nx
IE[Y 3f(Y )]

� ad[]�@np{z�
β = 1/2

¡��

IE[Y 3f(Y )] =
C2(10241C + 7358IE[Y f(Y )])

132444spPY[wx_np{z�	aZh
IE[Y 3f(Y )] = 181685

2119104C3,
��KznpyrK�wn��wPYX�aZKzPfdPYXZ\zs�aY�

� � ����*�� ��������� ����� � �`���`
=� 
��������
=* �
� PgKv[7�]P+np{@aZfdh�xz\Ny�P�xn�{�aZKzn�X�uN[tu)P,f���[tfdn�hw\NX£sphwXdX�XqaZfr[�adP,�]npPYX£aZKN[ta=xzP�aZPYfZOQnp{zPg��KNnpyrK�y,h]{z{NPYy¢adn�hw{���nps�s
sphwXZPk[�uN[wyr�]P�a+��KNP,{´[y�hw{z�]P�Xcadn�hw{�h_yYy�\zfrX,� � PkKN[7�]PkXZKzh���{�aZKN[ta�XZ\NyrK0s�h@XZXgXcadfd[taZP,�wn�P�X=O0[7b�KN[7�wPL[
y,h]{NXZn�x_P,fr[ � spP�n�OQuN[wy¢a+h]{	adKzP�aZKNfZhw\z�]KzuN\_a+��[tfdnp[ � n�spn�acb`� ��Kzn�yrKQO0[7b � P«[t{	n�OQu)h]fZad[t{@a+u)P,fZ¦ h]fdO0[t{Ny,P
OQP�[]XZ\zfZPQnp{¶fZP�[ts �5adn�OQP´[]uzuzspnpyY[�aZnph]{vX�aZKN[ta�\NXZP`j�+cm'��uzfdhtadh�y,h]s�XTaZh � P`J(��e �×¦ fdn�PY{Nx_spb_¡ � \_a�adKN[�a
adKzP,b³[tspsgspPY[wx�aZh¯adKzP-Xd[tOQP´[7�wP,fr[t�]P�aZKNfZhw\z�]KzuN\_a�np{¶aZKzP-Xqu)PYy,np[]s�y,[wXqP`ht¦k[oXZb@OQOQP�adfZn�yQ{zP,ac��hwfZ�
��n�aZK®ac��h y�hw{z{zPYy�aZnph]{NXY��jkOQh]{z�`aZKzfdP,PQXZuvP�y�n 6vy�XqaZfr[�adP,�wn�P�X�aZKv[�a���P�n�{@aZfdh_x_\Ny,PYx¥�B��P�KN[7�wP�XZKzh���{
np{ aZKNP®[ � h��]PoXZP�aZaZnp{z�¶aZKv[�a´adKzP �_J0� XqaZfr[�adP,�]b � n×� Pw���LadKzP®XqaZfr[�adP,�]bIaZKN[ta-x_fdh]uNX`[³uN[]yr�wP�a0¦ fdh]O
adKzP�y,h]{z{NPYy¢adn�hw{¯��n¸adKoKznp�]KzP�Xca«aZKzfdh]\N�]Kzuz\zar¡LKN[wX�adKzP � PYXqa«u)P,fZ¦ h]fdO0[t{Ny,Pn�{oaZP,fdO0X(h]¦=aZKzfdh]\z�wKzuz\_a
��[]fZn�[ � npspn¸acbw��[t{Nx�OQh]fdP,h��wP,f��)n�a��]\v[tfr[t{@aZPYPYXT[uvh@Xqn�aZnp�]P0XZKN[tfdP�h]¦�adKzPQaZKNfZhw\z�]KzuN\_aP,�]PY{���KNP,{�aZKzP
U=J�J ht¦�h]{zP�ht¦�aZKNP�y�h]{N{zPYy�aZnph]{NX � PYy�hwOQPYXk[]f � n�aZfr[tfdnps�bQs�[tfd�]P]�
JLKzP�O0[�adKzP,O0[taZn�y,[ts¥XqaZ\Nxzb0ht¦�adKzPXqKv[tfdn�{z��ht¦ � [t{Nx_��n�x�adK-\z{vx_P,fL��[tfdn�hw\NX�s�h@XZX�XqaZfr[�aZPY�]npPYXgaZ\zfd{NX

hw\_a�aZh � P �@\zn¸adP0n�{��wh]sp�]PYx£�Q¹�h ¦§[]f���PQKN[7�wP�{Nhta � P,P,{¶[ � s�P	adh¯�]P�aP,^�uNs�n�y�n�a�P�^_uzfdPYXdXqnph]{vX(¦ hwf�aZKzP
[wXqb�OQOQP�adfZn�yk{zP,ac��hwfZ�Q��n�aZK-ac��h	y�hw{z{zPYy�aZnph]{NX���KzPY{´adKzP+�_J0�®hwf�adKzP�uzfdh]u)h]fZaZnph]{N[]sNsphwXdX�XqaZfr[�adP,�]npPYX
[]fZPQ\NXZPYx£� � P´Kv[7�]P	uzfZh���n�x_PYx�Kzh���P,�wP,f[t{ � np{��]h]sp�]P�xN¡«P�^_uzspnpy,n¸a�P,^_uzfZP�XZXZnph]{�¦ h]f�aZKNPQaZKzfdh]\z�wKzuz\_a
¦ hwfTaZKzP0y,[wXqP�ht¦Ly�h]{vXcar[t{@a«sphwXdX�Xcadfd[taZP,�wb]� /Nh]fTaZKzP0XZb�O	OQP,aZfdnpy	y,[wXqPw�¥Kzh���PY�]PYfY�)��P	KN[7�wP�h � ad[tnp{zP�x
[]{-P,^_uzs�n�y�n�akP�^_uzfdPYXdXZn�hw{´¦ h]fLadKzP�aZKNfZhw\z�]KzuN\_a�\z{Nx_PYf([t{[tf � n�aZfr[tfdb	sphwXdX�XqaZfr[�aZPY�]bw�
mo[]{�b®h]u)P,{³uzfdh � s�PYOQX�fdP,O0[]n�{£¬`R]�
+cX�adKzP,fdP´[t{�bouNfZh � [ � npspnpXqaZn�yQ[tfd�]\zOQP,{@a�aZKv[�a�yY[t{�P�^_uzs�[tnp{

adKzP n�{���[tfdnp[]{Ny�P`ht¦kadKzP [7�wP,fr[t�wPQaZKzfdh]\z�wKzuz\_a	n�{IaZKzP sphwXdX�XqaZfr[�adP,�]b�uzKzPY{zh]OQPY{zh]{�np{�adKzPy,[]XZP`h]¦
ac��h0y�hw{z{zPYy�aZnph]{NX��o�z� �(h�PYX�aZKzP�np{���[tfdnp[]{Ny�PTht¦�aZKzP�adKzfdh]\z�wKzuz\_akKzhwspxNX�¦ h]f�adKzP�y,[wXqP�ht¦=OQh]fdPTaZKN[]{
ac��h¯y�hwO	u)P�adn�{N�oXqb�OQOQP�aZfdn�y	y,h]{z{NPYy¢adn�hw{NX��|�z� � Kv[�a�n�XTaZKzP´fdPY[wXqhw{o¦ hwf�aZKzPQ¦ fr[]y�ad[ts � PYKN[7��n�hwfTh]¦
adKzPadKzfZhw\z�]KNuz\_a(XZKN[tfdn�{N�	\N{Nx_P,f �_J0�����N� )(h�� adh´npO	uNs�PYO	PY{@a �_J0��� � htadPaZKv[�a«[0x_P�Xqnpfr[ � spP���[7b
h]¦«npOQuzs�PYOQP,{@ad[taZnph]{ XqKzhw\zs�x � PoXcar[�adP,spPYXdX,��[t{Nx9n¸a`XZKzhw\zspx9O0[t�wP \vXqPh]{Ns�b�h]¦«sph_y,[ts�np{_¦ hwfZO0[�adn�hw{
[7��[]n�s�[ � spP�[�aLaZKzP � htaZaZspP,{zP�yr�`PYs�PYO	PY{@aY�

�������L
=���-*����
!�R #3����j(n¸a'��)(P,spsp[]s5� �k�tj(s¸adO0[t{£����� �+sph]\N[wx_�]Kznpfdn5��m¶� �+fdfd[]O0xz[t{zn×�t[t{vx � ��m¯np�]hw\£��e�PYfq¦ hwfZO0[]{Ny�P+h]¦
ary�u)Ã�n�u�¬£aZKNPLyY[]XZP�h]¦zac��hTy,h]{@aZfdh]sps�P�x�XZh]\zfry�P�X,��+ý{ �LÀ � � , ,���¼±½ . � �LÁ � , ��½NÁ-,�À¢½B¿�Á×¼ � ½)¿ > 	 � ½ � ,,À',,½2� ,
� � À 	 �&��29 Á-,�À*	 �&�*�,9 ½v¼?�d¿tÁ5¼ � ½ .�� �&	 	 	�� 	�
 �vuN[t�wPYX��wÂ ��@�_Ä]Ä�����[t{z{zP�X,� /Nfd[]{Ny�Pw� � h��]P,O � PYfY�
R �4�c�_R	R � �@Ä��

! �&#��(�+jks�aZO0[t{£���Q�=j���fd[tadyrKzPY{z�]h��B�=[t{Nx �«��1�[]fd[]��[�aY��j Xcadh�yrKv[]XqaZn�y0OQh�xzP,sLht¦«J(��eLÃ5+ýe���n�aZK
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