
IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
51

01
--

F
R

+
E

N
G

ap por t  
de  r ech er ch e 

THÈME 1

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Decomposition of the Google PageRank
and Optimal Linking Strategy

Konstantin AVRACHENKOV — Nelly LITVAK

N° 5101

27 Janvier 2004





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

���������
	����������������������������� ���"!$#���%&#��('
# �()+*,	(���-�.#��0/1�2�('��-���435��6�#7�����78

9�:<;>=-?A@B;C?EDF;$GIHKJ(G(LNM�OPQ90RSHKTVUWP�XZYFY\[^]�_�`NHaGQ9cb

dfehg-iNjNkal�m�n2opj2qsrut(j�vIopwuoxvyg-iNj2o
z|{y}�~xj-v��c�I���ud�m��

mIq����B}s{pv��uj7{pjE��e�j-{���e�j��B�W�uk2�hk�l��Z�5�Zq�������j2{��s�s�s�7l�k�����q��sjEo

���� 2¡-¢A£�¤s¡s¥§¦ jS��{y}A�¨�©�uj5vpehj(q��hqsª�wuop�«o¬}s®vye�j�¯a}�}s�Zª�jSz>qs�sj2mIq���°±\{y}si"vpe�j(��j2{yop��jE��vy���Zj�}�fvpe�j
�cq�{y°s}A�S²®ehq��«�Qdfehj-}s{yws³>´���{�oµvf¶�j¬oxvyrh�uw�vye�j¯a}¨}Z�sª«jaz>qs�sj2mIq���°5\}s{�q ¦ j-·�vpehq�v��2q���·�j�ujE��}Zi ¸
�B}Zopj2�V�«�¨vp}copj-�sj2{yqsª|��}s�h��j2��vpj2�§�-}siN��}Z��j-�¨v�o7¶�e��©��e§��}±��}�vehq��Zj�q���w0ª«���h°�o7vp}±j2qZ��e�}svpe�j2{2³ ¦ j
ope�}A¶¹vyehqAv�����}s{��uj-{®vp}5�uj�vyj-{yi5�«��jºvpe�j7¯a}�}s�Zª�jaz�qs�sjEm�q���° \}s{fq��-}siN��ª«j�vyj-ª«wS�uj2�-}siN��}¨opqs·�ª«j ¦ j2·¼»
��v��«ofopru½S���«j-�¨vfvp}N��}Zi5�hruvpj7q5oµr�·�z�qs�sjEm�q���°5\}Z{�jEqs��e�}�¼vye�j7��}s�h��j2��vpj2�Q��}ZiN��}Z��j-�¨vyo�opj-�hqs{yq�vpj-ª«ws³
dfehj-�¼»�¶�joµvprh�uwQ�«�h��j2�Zvy���Zj2o�\}Z{�vpe�j ¦ j2·±rhoµj2{yo�vy}N\}s{yi¾�-}s����jE��vyj2�K��}Zi5�B}s�hj-�¨vyo2³�¿À�K�hqs{µvy�«�-r�ª«qs{2»
¶�jope�}A¶$vyehqAvIvpe�j2{pj7j-t��©oµvyoIqs�K}s�uvy��i�q�ª�ª��«��°��«���Soxvy{yq�vpj2�sw�vyehqAvI·Bj-�hj�Á�v�oºqNrhopj-{I¶��Âvye±ª��«��°uo��«�hop�«�uj
��vyo ¦ j2·Ã��}ZiNi�r�����vxw�qs�h�§�«�Ã��}Z�Zvy{yqZoxv7�«�hq��h��{p}Z��{y�«q�vpj�ª«����°uo���j2�hq�ª«��Ä2j�vpehj ¦ j2·Århopj-{�oq����Vvpe�j2��{
¦ j-·±�-}siNi�r��h�Âvy��jEo-³
Æ±Ç¨È<ÉyÊ�Ë ¢AÌ� s¥ ¯a}�}s�Zª�jZ»�z�qs�sjEm�q���°<»fÍIjE��}Zi5�B}Zop��vp�«}s�¼»I�º�uvy��i�q�ªaÎ¼�«��°����h�h»�z�j-{pvpr�{y·�jE�^�±q�{y°s}A�
²®e�q��«�ho

ÏÑÐ\Ò�ÓÔÐÖÕ ×2Ø�Ù�Ú�ÛÝÜ
Õ�Þ�ßFÛàÙsØ�áàÛàâµãåä�æ�æ�ç�ãåÓÔØ�è2ßêé�ë�éxâíì�è�îxÛàØ�áàéxâpãåï�ð ñ�ð ò�óEãíæ�ô�ò�æ�äEãöõA÷FÜ�Þ�îxé�ãöéÀøÖù�Ü�Ûàá©ú
û ð ÜxüE÷FÜ�îýÚ�éxÞ û ØµüAþ�âFØ�Ù�Ú�ÛÝÜEð ÛàÞ�÷ÿÛÝÜEð �«÷

��� ÞEÛ ü�éµ÷ÿâêÛ ß��aØ����
	CéxÞ�ßêé�ã���éxÙ¨ð|Õ�Ù�Ù�á©ð�7ÜyßêÚ¨ðàãsõ�Ü�îxè�á ß��7Ø���������Ô×�ãsñ�ð �®ðsï<Ø��ä����2ã�����æ�æIÕ�����Þ�âFîýÚ�éxë�é�ã��ÔÚEé
Ò�éÀßêÚEéµ÷ÿáÝÜ�Þ�ë�âµã�éÀøÖù�Ü�Ûàá©úuÞ¨ð áàÛ ßÿü�Ü û þ�ù�ÜyßêÚZð èEß�	CéxÞ-ßFé�ð Þ�á



�����®���.	0��������-���4)��í!^#���%&#���' )Q�������� ���
����35��6�#¬�������-� *,	(���-�.#���� )Q��� 6���#¬�>����� )Q�å/1�������

���  	��
 � ¥� }Zrho¬q��hqsª�wuop}s�hoIª�j5iNn2�-qs���©oµiNj�¯a}¨}Z�sª«j z>q��Zj2m�qs��°±�ur0�B}s�«�¨v¬��j5��r�jN�uj5ª«q(vpehn-}s{y�«j
��j2o5��ehq��Ö��j2o �uj±�±q�{y°s}A�<³ � }srho n�vyrh�u�«}s�ho5��� q�·B}s{��Å¯a}¨}Z�sª«j�z>q��Zj2m�qs��°V��}Zr�{ rh� ¦ j2·Ã�B}sr��Aqs�Zv
� vp{yj��unE��}siN�B}Zopn7j-�±��ª«rhop��j2r�{�oI��}ZiN��}¨opqs�Zvyj2o��-}s����j-tuj2o��¨r������ }s�¨vI�hqZo��ujª«��j2�ho�j2�¨vp{yjj-ª«ª�jEo-³ � }srho
iN}Z�Zvy{p}Z�ho��¨r�jc�B}srh{Q�un-vpj2{piN�«��j-{�ª�j0z>qs�sj2mIq���° ��q��ho(r�� ¦ j-·^j2�¨vp�«g-{yj-iNj-�¨v��unE��}Zi5�B}Zoyq�·hª�jZ»���ª
opru½Nv5��j(�-qsª«�-r�ª�j2{�opn-�hqs{pn2i5j2�¨v�r��Åop}srhoµ¸ýz>qs�sj2mIq���°c�B}srh{ ��ehqZ��r���j��uj2o ��}siN�B}Zoyq��¨vpjEo��}Z����j-t�jEo-³
zWr��«oa��}Zrhoan�vyrh�u�«}s�hoaª�� �«�¨vpn-{ � v¬�B}sr�{aª�jEoaruvp�«ª��©oyqAvpj2r�{�oa��j�\}Z{piNj-{¬�ujEoa�-}siN�B}Zoyq��¨vpjEoI��}Z����j-t�jEo-³7�|�
��q�{pvp�©��r�ª«��j2{2»���}sr�o7iN}s�¨vp{y}s�ho��Zr�� �«ªWj�tu�©oxvyjSr���j�oxvy{yq�vpn-�Z��jN}Z�uvp�«i�q�ª«jS��� n-vyqs·�ª��©oyoµj2i5j2�¨v �uj�ª«��j2�ho��¨r��
�h{p}sÁ�vpj¬q�rut�rhopqs�sj2{yo�q�wZqs�Zv��ujEofª��«j-�ho�qsrQopj-�«�K�uj¬ª�j2r�{���}Zi5i r��hqsruvpnZ»uj�v��¨r�� j-�Q{pj2��qs�h��e�j¬�uj2ofª«�«j-�ho
�«�hqs����{y}s��{y��nEo���n2�hq�ª«�«opj-�¨v�ª«j2ofruvy��ª«�«oyqAvyj-r�{�o��ur ¦ j-·Kj�v�ª«j-r�{�o���}ZiNi�r��hqsruvpnEo-³
� Ë ¡E  É ¤�� �  §¥ ¯a}�}s�sª«js»�z�qs�sjEm�q���°<»ÔÍºn2�-}siN�B}Zop�Âvy��}Z�¼»��¨vy{yq�vpn2�s�«jS�º��vp�«iNqsª�jS��� �>v�q�·�ª«�©opopj-iNj-�¨v��uj
ÎÔ��j2�ho2»�²®ehq��Ö��j2o���j��±q�{y°s}A��z�j-{pvpr�{y·Bn-j2o



���������	�
����������������������������� �!��"$#%�&�('	#��*) +

, - ����6���)/.(������� �

�ur�{µ\j2{yo�}s�vpe�j�¿À�¨vpj-{y��j-v�}�Övyj-� rhoµj�oµjEq�{���e7j-���Z���hj2oÔvp}ºÁh�h���q��sjEoÔoyqAvy�«oµ\w������Ivpe�j2��{ �¨r�j-{yws³10�}A¶�j-�Zj-{E»
vye�j-{yj qs{pj rhoprhq�ª«ª�wKe�r��h��{pjE��oI}s�{yj-ª«j-�Aq��¨vº��q��sjEoIq��Aq��«ª©q�·�ª«js»<oµ}�ª��©oµvp�«���(vye�j-i �«��q(��{y}s�Bj-{a}s{��uj-{º�«o
q���{yrh���©q�ªfq����1��}s��¸Fvy{p�«���«qsªWvyqZoµ°<³§dfe�jQ}s{y���Z���hqsª��©�uj2q0}�a¯a}�}Z�sª«jS��{yj2opj-�¨vpjE�1��� k�232 4K·�w65�{p�«�Åj�v
qsª87 �:9��©o�vy}Sª«�«oµvI�hqs�sj2oIqs�-�-}s{��u�«���5vp}�vye�j-�«{ºz>q��Zj2m�qs��°(¶�eh�«��e±{yj<;hjE��v�o���}Z��r�ª©q�{y�Âvxw�}�Wq��hqs�sjZ³�dfe�j
z>qs�sj2mIq���°7�©oW�uj-Áh��j2� �«� vye�jf\}sª«ª«}A¶������¬¶fq�ws³�ÍIj2��}�vyj�·¨w>=Svpehjfvp}�v�q�ª���r�i ·�j2{|}�<�hq��Zj2o�}s� vpehj�¶®j2·
qs�h�S�uj-Áh��jIvpe�j	=@?�=±e�w¨�Bj-{yª«����°Ni�qAvy{p��tBA�qso�\}sª«ª�}A¶�o2³>�ur����B}Zopj�vpe�qAv®��q��sjDC�e�qsoFE@GIH7}sr�vp�s}Z���h�
ª«�«��°uo-³Qdfe�j-�6A1JLK@MONQP:E0��8Rc�«o�}s��j�}s®vye�jS}Zruvp�Z}s�«���Kª��«��°uoq����SATJUK�MVHK}�vye�j-{y¶��©oµjZ³S¿ý�qK�hq��Zj
��}¨jEoa��}�v7ehq��Zj }Zruvp�Z}s�«����ª«�«��°uo-»Cvye�j-{yj�q�{yj5opj-�Zj-{�q�ª�ª�}Z�s�©�-qsª>op}sª«ruvy��}Z�ho%Waj-��vpehj-{¬vp}Ki�q�°Zj�vye��©o7oxv�qAvpj
qs·hop}s{y·����h�h»�}Z{Wvp} ���¨vy{p}u�urh�-j�vpehjºj%XBjE��v®}sZYx·�qs��°�·hruvµvy}s��[>7à�Q9<}s{�vp}�op��{yj2qs�5vye�jI�h{p}Z·hq�·��«ª«�ÂvxwNq�iN}s�h�
op}siNj7opr�·hopj�v�}��vpe�j ¦ j-·±�-}siNi�r��h�ÂvxwZ³ ¦ jopehq�ª«ª¼�u�©op�-rhopo�vye�j2opj7}s��vp�«}s�hofª©qAvyj-{��«��vye�j7�hqs��j2{2³
¿À��}Z{y�uj2{|vp}7i�qs°sjfvpehj�e�w¨�Bj-{yª«����°5�s{�q��he5�-}s����jE��vyj2�C»¨�Âv®�«o®qsoyoµr�iNjE��vyehqAv�q¬{yqs�h�u}si oµrh{µ\j2{W�s}�j2o

¶���vpe1op}siNjN��{y}s·hqs·���ª«��vxwKvp}cq��§q�{y·���vp{�q�{yw±¶®j2·���q��sjN¶���vpeVvpehj�r�����\}s{yi"�u�©oxvy{p�«·�ruvy��}Z�¼³Sdfe�rho-»Ôvpe�j
z>qs�sj2mIq���°5�«of�uj-Áh��jE�(qso�q�oµvyq�vp�«}s�hqs{pwN�u�©oxvy{p�«·�ruvy��}Z�(}sÔq �±qs{p°Z}A�5��ehqs���(¶�e�}Zopjºoµvyq�vpjºop�hqZ��jI�©o®vpe�j
opj�v�}s>qsª�ªC¶�j-·Q�hq��Zj2o2»�q��h�(vpehj¬vp{�q��hop�Âvy��}Z��i�q�vp{y�Ât(�©o

\A]M_^%AI`_abN$c�^Qd(a(NQP�=ed�fBg hxkji

¶�ehj-{yj�f �©o�q¬i�q�vp{y�Ât5¶�e�}Zopj�q�ª«ª�j-�¨vy{p�«j2o|j	�¨rhq�ª�}Z��js»3=��©o|vye�j���r�i�·Bj-{®}�<¶®j2·N�hq��Zj2o2»Zq�����^lkma�H*g%N:d
�©o�vye�j5��{p}Z·hq�·h��ª«�Âvxw�}�W��}sv�~xr�iN���«���(vp}�qS{yqs�h�u}si&�hqs�sjs»Bq��h�c�«oº��e�}Zopj-�Kvy}(·BjnHpo q3r�³�dfe�j5¯a}�}Z�sª«j
i�q�vp{y�Ât \A �©o�oµvp}u��ehqZoxvy�«�s»Zqs��j2{p�«}u�u�«�s»Zqs�h�5��{y{pjE�urh�-��·�ª«js»¨oµ}vpe�j2{pj�j-t��©oµvyo�qr���� �Zrhj�{p}A¶��sjE��vp}Z{8s±oµr���e
vyehqAv

s \AtM_sugvsuN MtN3g hF� i
¶�ehj-{yj>N �©o�q���}Zª�rhi5���sjE��vp}Z{�}s¼}s��jEo-³|dfe�jº�sj2��vp}Z{ws0oyqAvy�«oµ\w������xhF�3iW�©o®�2q�ª«ª�jE�Sq�z>qs�sj2mIq���°5�sjE��vp}Z{2»
}Z{(op��iN��ª«w�z>q��Zj2m�qs��°<³$¿ýq1opr�{µ\j2{�\}sª«ª«}A¶�oSq§e�w¨�Bj-{yª«����°�¶��Âvye ��{y}s·hqs·���ª«��vxwy^Kq��h�V~xrhi5��o�vp}Åq
{�q����u}si �hq��Zj�¶���vpeS��{y}s·�q�·��«ª���vxwxabNuc/^Qdp»Zvpe�j2�zsZJ��-qs�S·BjI�«�Zvyj-{y��{yj�vpjE��qso®q�oµvyqAvy��}Z�hq�{yw��h{p}Z·hq�·��«ª«�Âvxw
vyehqAvIoprh��eKqNoµr�{p\j-{��©o�qAv���q��sjlC�³
dfe�j±z>q��Zj2m�qs��°§�-q���·�jK{yj-�¨q�{��uj2�V\{y}siåvx¶�}��u�©oµvp�«�h��v��B}s�«�Zv�o5}�I���«j-¶7³Ã´h{p}Ziåq�rhopj-{N�B}s�«�Zv

}s7�¨�«j-¶7»ºq�� j2oyopj-�¨vp�©q�ª �Zrhj2oµvp�«}s� �©oS���ÂvQ�«o���}¨opop�«·�ª�jcvp}Å�«iN��{p}A�ZjKvpe�j�rhopj-{	� o�z�qs�sjEm�q���°�·�w qs�
qs����{y}s��{y�©qAvpj�ª«����°��«���¬vp}¬vye�j�}svpe�j2{W�hq��Zj2o2³ ¦ j�oµeh}A¶ÃvyehqAv�qs�5}Z�uvp�«i�q�ª�ª«�«��°������oµvp{�qAvyj-�Zw��u}�j2o|j-tu�«oµv2³
´h{p}Zi vpe�j(¯a}�}Z�sª«j �B}s�«�¨v¬}s®���«j-¶7»�qs�0jEopopj-�¨vp�©q�ª �¨r�jEoxvy��}Z�0�©o7e�}A¶�vy}K}s{y�Zq��h��Ä2j�j�½S�-��j2�Zvyª�w0vpe�j

�-}siN��ruv�qAvy��}Z�1}�fvpe�jQ¯a}¨}Z�sª«jSz>q��sjEm�q��h°B³c���«�h�-j�vpe�j���r�i�·Bj-{}s�¶®j2·§�hq��Zj2o7�©oe�r��Zjs»>r��<��qAvy�����
vye�jSz>q��Zj2m�qs��°c�«�¨�Z}sª«�sjEoI�Zj-{ywce��«�se1��}Zi5�hruvyq�vp�«}s�hqsªW��}Zoµvyo2³�¿À�§}s{��uj-{avy}±°sj-j2��rh�V¶���vpeÅ�-}s�hoµvyqs�¨v
iN}u�u��Á��-q�vp�«}s�ho�}s¼vpe�j¬¶�j-·Koxvy{pr���vprh{pjZ»u¯a}�}Z�sª«jºr��<��q�vpj2o���vyo�z>q��Zj2m�qs��°�}s����j¬q�iN}s�¨vye¼³|dfe¨r�o-»u��v��«o
�Zj-{yw7��iN�B}s{pvyqs�Zv�vp}¬·Bj�q�·�ª«j�vp}7��}Zi5�hruvpj�vpehj��Zj2��vp}s{esQqAv|iN�����«i�q�ªu�B}Zoyoµ�«·�ª«j���}Zoµv2³W�º��j�}��vpe�jf¶fq�w�o
vy} �u}5��v��©o®vp}�j-tu��ª�}Z{pjaoµ�Bj2�-�ÂÁB�I��{y}s�Bj-{pvp�«j2o�}�¼vye�jae¨w��Bj-{yª��«��°�i�qAvy{p��tzAN³|´�}s{�j�t�qsi5�hª�jZ»¨·�wN��vyo��sj2{pw
��qAvprh{pjZ»¼vpehj�iNq�vp{y�Ât�A �©o7{yj2�ur����«·�ª�j{7«ksk<9ê³�¯a}�}Z�sª«j5}A�Zj-{���}Zi5jEoºvpe��©o7��{y}s·�ª«j-i rhop�����Kvye�j�r�����\}s{yi
�Bj-{pvprh{p·hq�vp�«}s�|hµkji�³ ¦ jN�uj-iN}Z�hoxvy{yq�vpj�vpehq�va}Z��j5�2q��±v�q�°Zj5q(�s{yj2qAv¬qs�u�Aqs�Zv�q��Zj}�Wvye�j5{pjE�urh���«·��«ª���vxw
}s>vpe�j¶�j-·Ô³�¿À�Kvpe��©oI��q��Bj-{�¶�j�oµvprh�uw�vpehj �-qZoµj7¶�ehj-�±vye�j¶�j-·c�-qs�±·�j �uj2�-}siN��}¨oµjE�K���¨vy}(oµj2�sj2{yqsª
�-}s���hj2��vyj2�Å�-}siN�B}s��j2�Zv�ovyehqAvN�u}0�h}�v���}siNi r����©�-qAvyjS¶���vpeÃjEqs��eÅ}svpe�j2{2³§dfe��©o opj�vpvp�«�����-{pjEqAvyj2o�q
��qAvprh{yqsªC}s���B}s{pvpr��h�Âvxw�\}Z{fvpe�jqs����ª«�«�2qAvy��}Z�(}��vpehj7�hq�{�q�ª«ª�j2ª<��{p}u�-j2oyoµ�«���h³
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dfehj-�¼»�·Bj2�2q�rhopj¬}��vpe�j��±qs{p°Z}A�N��{p}Z��j2{µvxwZ»

� ��� � � � �������	 � C��	�C2/ � �0B^<A 9 �
`_N

e�qso�q5�sj2}siNj�vy{p�©�º���«oµvp{y��·hruvp�«}s�K¶���vpeK�hq�{�q�iNj-vpj-{�3�J!Jp³W´�}Z{fvpe�joyq�iNj¬{pjEqsop}s�¼»
� ��� � � � �������	 � C��	�C2/ � �0B^ �A 9 �
`_N
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k�� ���������(# �<���%�p):�	��
�����e�����#Q)
e�qso�q��sj2}siNj�vy{p�©���u�©oxvy{p�«·�ruvy��}Z�S¶���vpe�op}siNj�}svpe�j2{®��q�{�q�iNj�vyj-{ �3�J!Jp³W��������j ��J J��«o�vpe�jaq��sj2{yqs�sjf��r�i�·Bj-{
}s����©oµ��vyofvy} C�oxv�q�{pvp�«���5\{p}Zi CW¶���vpeKvye�javp{�q��hop�Âvy��}Z��i�q�vp{y�Ât@^%A$9Z»u¶®j7e�q��sj

3%J JTM � � �J J o hê�:+3i
�º��vpehj7}�vpehj-{�ehqs�h�C»

N$c 3%J JTM ^ -wa � ����� 0 �	��� C2����	 � C�/ � �0B^<A$9 3 �0 �	� ���� �� � � � �  � 	 � � 	 ����	 /.�u^<A$9:d(o hê�A�&i
Íºj-�h}�vp�«���5vpehj7ª«qZoxv���}Z�h�u��vp�«}s�hqsªC��{y}s·hqs·���ª«��vxwS·�w�
&J Jp»�¶®j¬�Zj�v


&J JTM abN$c � � �J J d P:^�o

´hr�{pvpe�j2{piN}s{yjs»��«�±q5op�«i5�«ª©q�{fÿqsope��«}s�¼»

N$c �3�J!J M ^ � N$c E �
E 
 -wa � ����� 0 �	��� C ����	 � C�/ � �0 ^ �A 9 3 �0 � N �� �� � � ��o / � �0B^ �A$9:d

M ^ � N$c E �
E 
 
 J!J M E 9

E abNDc � � �J J d�g hê�s� i

¶�ehj-{yjIvye�joµjE��}Z�h�Sj	�Zr�q�ª«�ÂvxwN\}Zª�ª«}A¶�ofoµ�«�h��j �A 97�u�!XBj2{yo�\{y}siVA 9a}s��ª«wS·�wS��vyo CêvpeQ{y}A¶7³ � }A¶7»�oµr�·�oxvy�Â¸
vyruvp�«��� hê�:+3i�qs�h� hê�s�3i�����hF�Z� i�»h¶®j¬�sj-v

^	� � #>cm^<A 9 � � � �QJ M � a�� ��	���.� � � � �������	 � C��	�C�d1M N
3%J J c

N�3%J J M �jJ J � N$c E
E � �jJ!J `|E 9 
 o hê��
3i

�ur�·hoµvp��vpruvy��}Z�Q}s hê��
&i��«�¨vp}{hxkA�:i®}s{ hê���&i��Z���Zj2o�vye�j�uj2op�«{pjE�({yj2opr�ª�v2³ �ºoµ�«���§vpehj±��{p}Z·hq�·h��ª«�«oµvp�©�Qq�����{y}ZqZ��e¼»W¶�jc��}Zr�ª«� q�ª©op}0v�qs��°�ª�jQvye�j±��{y}s·�ª«j-i }sa}Z��jK�hq��Zj�¶���vpe
�«�hqs����{y}s��{y�«q�vpjª«�«��°uoº�«��q��u�!XBj2{pj2�Zv¬i�q����hj-{E³¬�ºopopr�iNjNq��Zqs���KvyehqAv7op}siNj ��q��sj>C	k � N3g�
g�o%o�o gb=�9�

¶�eh�«��e§ehqZ��E 9 ª«����°uo¬vy}�²®}siNi�rh���Âvxw§�Kqs����j2�SE � ª«�«��°uo¬vp}�²®}Zi5i r�����vxwÃkZ³(´�}Z{7�hq��Zj>Rh»��uj-�h}�vpj
·�w � K q���� �� K vpehj iNj2qs�±Áh{�oxva�hqsoyoyq��sjvp�«i5j \{y}si R(vp}BR(�«�cvye�j5}sª©�cq��h�c���0vpe�j5��j-¶ op��vprhq�vp�«}s�¼»
{yj2op�Bj2��vy���Zj-ª«ws³|dfe�j2��¶�j7ehq��sj

s K9�s K9 M �� K 9
� K M]NF` �� K c�� K

� K M]NF`_a �� K c�� K d�s K9 g
qs�h�(vpe�rho �s K9 M s K9

NF`_a �� K c � K d�s K9 o hê�Z�:i

� }�vyj�vyehqAv �� K±�u�!XBj2{yo5\{y}si � K±}s�hª�w1�«� ��}s�¨vy{p�«·�ruvy��}Z��}sIvpehj±�hqAvyeho5vpehq�vSq�{yjQ��qsoyoµ�«����vpe�{y}sr��Ze
C�³S´h}s{oprh��e���qAvpe�o-»����Vvpehj���j-¶ oµ��vprhq�vp�«}s�¼»Ôvpe�j2{pjN�©oqQ��{y}s·hqs·���ª«��vxw ^%E �%P:Ecvp}±i�qs°sjNqQvp{�q��hop�Âvy��}Z�
vy}0²®}siNi�r��h�ÂvxwÅkN�«�hoµvpj2qZ�0}s�²®}Zi5i r�����vxw��u³N��Övyj-{�oprh��e§q�vp{�q��hop�Âvy��}Z�¼»Cvye�jN}s��ª«wc�B}Zoyoµ�«·��«ª���vxw±vp}
{yj�vyr�{y��·hqZ��°§vp} R§�©o5vp}1i�qs°sjKq�{�q����u}siövy{yqs�hop�Âvy��}Z�Ãvy}�vye�j�²®}siNi r�����vxw��u³ ��vSj2qZ��e�oµvpj2�¼»�q
�h{p}Z·hq�·��«ª«�Âvxw5}�Ôoprh��e�{�q��h�u}Zi vy{yqs�hop�Âvy��}Z���«o	abNuc/^Qd�= 9 PQ=|»�q��h��vpe�jºvp{�q��hop��vp�«}s�Nvp} j2qZ��e�}�CvpehjI�hqs�sj2o
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�«��²®}siNi r�����vxw5�¬�©o|j �¨rhqsª�ª«w�ª«�«°sj-ª«ws³e0�j2�h��jZ»svye�jIq��Zj-{�q��sj���r�i�·Bj-{®}�Bvp{�q��hop��vp�«}s�ho|�hj-j2��j2�5vp}7{yj�vyr�{y�
vy}5vpe�joµvyq�vpjDR5\{y}si&²®}ZiNi�r�����vxw0k¬j	�Zr�q�ª©o

=
a(N$cm^Qd�= 9 ` N

= 9 A
���B K
�$ � K3g

¶�ehj-{yj �$ � Kc�©o�vye�jciNj2qs��Á�{yoµv(�hqZopoyq��Zj(vy��iNjc\{y}si �ºvp} RÅ���¹vye�jc��j2¶ oµ��vprhq�vp�«}s�¼³ Î¼j-v �$�� KSM
a(NQP�=�9Qd�� ���B K �$ � K7·Bj7vye�j�q��sj2{yqs�sjºvp�«iNj���j2j2�ujE�Qvp}�{yj2qs��eQvye�j�hqs�sjDR�oxv�q�{pvp�«���5\{p}Zi vye�jr�����\}s{yi
���«oµvp{y��·hruvp�«}s�Q}A�sj2{®vye�j ²®}siNi r�����vxw��u³ � }A¶$��v�\}sª«ª�}A¶�o®\{y}si hê�Z� iWvyehqAv

s K9 c �s K9 M
�� �� K(J	�TNF` 

' � �	
 + I> `_a �$�� K$c�$/JLK:d��	s K9
NF` �� K(J � NF` 

' � �	
 +  > `_a �$�� K$c $/JLK3d � s K9
�! s K9 g

¶�ehj-{yj $xJUKº�©oWvye�jIiNjEq���Áh{�oµv��hqsoyoyq��sjfvy��iNjº\{p}Zi C�vy}lR ���Svpe�ja}sª©��oµ��vpr�qAvp�«}s�Ô»�qs�h� �� K(J��©o®q��{p}Z·hqA¸
·h��ª«�Âvxw vpe�qAv�vye�jI��qAvpeS\{p}ZitRvp} R�Z}¨jEoW���©q�C�qs�h�Ni�q�°Zj2o�q7vp{�q��hop�Âvy��}Z�N·¨wNrhop�«���7vpehjI�«�hq����h{p}Z��{p�©qAvyj
ª«�«��°<³Wdfe�javpj-{yi �� K(J � NF` =

abN�c�^Qd�=�9 `_a �$ � K c $ JUK d 
 s K9 hê�:43i

��j�vpj2{piN�«��j2o�vpehjº��{y}s�B}s{pvp�«}s��}s¼{yqs��°Nª�}¨oxv�·�w vye�ja�hq��Zj R�³|dfe��«o�vpj2{pi,��e�q�{�qs��vyj-{y��Ä2j2o>vye�jº��e�q����ZjI�«�
vye�j¬�u�«oµvyqs�h��jº\{y}si �hqs�sjDC>vy} ��q��sj R�³ � qAvyr�{�q�ª«ª�wZ»svye��«o�vyj-{yi �«o�ª©q�{y�sj2{W\}s{f�hqs�sjEo1R vyehqAv�q�{yj �à��ª«}Zopj��
vy}/Cy³5¿ý�vye�jN{yqs��°±}� C��©o¬e����Ze¼»Cvye�j-�¼»����V�hqs{µvy�«�-r�ª«qs{2»C��v7iNj2q���oavpehq�v CI�«o��à��ª«}Zopj��<vp}K}svpe�j2{a��q��sjEo-»
qs�h�±vye�rhoBhF� 43iºoµe�}Zr�ª©�c�«�h��{yj2qZoµj5¶��Âvye s J9 ³N´�}Z{ºvye�j�opqsiNj {yj2qZoµ}Z�¼»Bvpe�j5vpj2{pi hê�:4&i��«�h��{yj2qZoµjEoI¶���vpe
s K9 ³ 0�}A¶�j-�Zj-{E»�vpe�j�-ª�}¨oµj2��j2oyo�vp}zC®��ª©q�w�ofiN}Z{pj¬�«i5�B}s{pvyqs�¨v�{p}Zª�j7�«�ShF�:4&i®vpehqs�Qvpe�j�B}s�hr�ª«qs{p��vxw(}s R�³
´h}s{a����oxv�q��h�-js»<¶�e�j-� C�{pj-\j-{�o�vy}(j2�sj-{yw�·�}u�uwK�«�§²®}Zi5i r�����vxwc��vye�j-�0vpe�jN��ehq��h�sj��«�cvye�jN�u�«oµvyqs�h��j
hê�:4&i|�©o®qsª«op}7vpehjaoyq�iNj�\}Z{�j2�sj-{yw�·�}u�uw�qs�h�Nvpehj-{yj�\}s{yj�s K9 c �s K9 �©o®op��iN��ª«wN��{y}s�B}s{pvp�«}s�hqsª�vp}ns K9 qso�¶®j
oyq�¶^�«�Shxk�2&i�³
´��«�hq�ª«ª�wZ»7��}s��oµ�©�uj-{Q¶�ehq�vKe�q����Bj-�hoQ��S²®}ZiNi�r�����vxw$�Ã�«o±opi�q�ª«ª¬qs�h� e����Ze�ª«w ���¨vpj2{µ¸À��}Z����jE��vpjE�

¶�ehj-{yj2qso�²®}ZiNi�r�����vxw k��«o�ª«qs{p�Zj/h\vpehq�v �-qs�1ehq��h��j2�¼»Ô\}Z{�j-tuqsiN��ª�jZ»�¶�ehj-�1q±��j2¶�ª�w§��}Z�hoxvy{pr���vpjE�
¦ j-·±op�Âvyj¬�s�«�sj2ofª«�«��°uo�vp}Nvpehj7}sruv�oµ�©�uj¬¶®}Z{pª©�*i�³>dfehj-�¼»

NF` =
abN$c�^Qd�= 9 G�G a �$� K$c $/JUK:d(g

qs�h��¶®j¬}s·�vyq��«�Qvpe�j¬\}Zª�ª«}A¶��«��� jEoxvy��i�q�vpj

s K9 c �s K9�� �� K(J � NF` 
' � ��
 + I> � a�s K9 d 9

NF` �� K(J �1NF` 
' � �	
 +  > �Ds K9

1 ^ N ����� � a�E �jP:E d�� K(J � abN$c�^Qd�=�9F`S=�
8a�s K9 d 9
a(N$cm^�d�=�9F`|^ N ��� � � a E �jP:E d�� K(J � a(N$cm^�d�=�9F`6=�
 s K9 g

¶�ehj-{yj J K(J��«ovpe�j�ª«j-���svpe1}s®vye�j(ope�}s{pvpjEoxv7�hq�vpe§\{y}si R±vp}{C�»>q��h��� K(J��©o¬vpe�j(��{p}Z·hq�·h��ª«�Âvxw0}�fvpe�j
iN}¨oxv�ª«��°Zj-ª«wS�hqAvyeQ\{p}Zi RNvy}�C�¶�e�j-�Qvpehj7�hqAvyeQ�©of�«�h�urh�-j2�Q·�w�vpe�j¬vy{yqs�hop�Âvy��}Z��i�qAvy{p��t@A 9s³
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7�k%9��������	��
	��	������������������������� "!��#���$��%&���Ôz�qs�sjEm�q���°Kqsoºq��¨v�qAvy��}Z�hq�{ywQÍº�©oxvy{p�«·�ruvy��}Z�0}��q
�u�����Zr�ª©q�{yª�w(z�j2{µvyr�{p·Bj2�K�±qs{p°Z}A��²®ehq��«�¼³u¿À�K��{yj-�hqs{yq�vp�«}s�¼³

7 ��9(') "����*
� +	 ,�.-����0/1���2 ,�.-3�4��5��*���	67��898: ,�.;<�4� hê���Z�Z� i®z>q��Zj2m�qs��° W�� ���«{���r���vyqsª¼q��hqsª�wuop�«o2³�¿À�
vye�jz|{y}u��j-jE�u�«���Zof}s�vye�jNksk�¸êvpe ¦ ¦ ¦ ²®}s�u\j2{pj2�h��jZ³

7 +:9(') "����*
� +	 ,�=-����>/1���2 ,�1-3�4�15��*���	67��898: ,�=;)���nhF���Z�Z�3i�¿À��oµ�©�uj0z>q��Zj2m�qs��°<³��I²f��d�{yqs�ho-³
¿À�¨vyj-{y��j�vId�j2��e��h}sª«}s�swZ»�¿À����{yj2oyo2³

7 � 9(')�2 +���5.���@?��	A������B���C-D�	!�EF��GH ,�*I>�9��	�&JK +��.A��������CL>��hµk�2 2343iBdfe�j�z>qs�sj2mIq���°I�-�Âv�qAvy��}Z�
{�q��h°¨�«���ZW�·h{p�«���s�«���N}s{��uj2{®vy}5vpe�j7¶�j-·¼³B�¨vyqs�u\}s{���I���«�sj-{�op�ÂvxwSd�j2��e��h�«�2q�ª¼m�j2��}Z{µvE³

7 ��9(;*�	A� +���I>���0�=���289 +����&�MI>�4�.�189�� +	N�����A��0O	�4�0IP�	A�
2�Q�#����0?�����IP��RS�	A���TU��8:�����I<V�N* +�W
X ��89���2I>�4��5�V	�������-3�4�Y��	�ZL���GH�. +�6:���[�4� hF���Z�s�&i�»�m�qs�h�u}si ¶�qsª�°uo>¶���vpe Yx·�qs��°·�r�vµvp}Z�ho�[�»
¿À�Qvye�jz|{y}��-j-jE�u���h�Zof}�e+Z���h���I²f�å��w�iN�B}Zop��r�i¾}s�Kdfe�j-}Z{pw�}sW²®}ZiN��ruvp�«����³

7 
:9=/>��89V	N.��/&��\&�C����^]���_���������`��Y;)�Zhxk�232 
&iÔ�±q�vp{y�Ât ²®}siN��r�vyqAvy��}Z�ho2»:+�{��j2�¼³Q5fqsªÂvy��iN}s{yjs»
�cÍ>W<��}Ze��ho 0�}Z��°����ho2³

7à�Q9�\��a���Y8: bEF��8:���.L>��\&�Ö» hF�s�s�Z�3iWd�}s���©��¸x��j2�hoµ��vp�«�sj¬z>q��Zj2m�qs��°<»¨¿À�Kz|{y}u��j-jE�u�«���Zo�}��vpe�j�Wª�j2�sj-�¨vye
¿À�¨vyj-{y�hqAvy��}Z�hq�ª ¦ }s{yª«� ¦ �©�uj ¦ j2·0²®}s�u\j2{pj2�h��jZ³

7 4:9(�=��GF�#���0�05.�Mc&�4�	\(�Q����89 bEd��8#����L>��\&���	-e��		 +�A���`��bc&�	��	�f/1��8:V	N.�./&�M\[� hF�s�s� +&iW�>t�¸
�hª�}Z�Âvy������vpe�j 5�ª�}u��°��¨vp{yrh��vpr�{yjI}sCvpe�j ¦ j2·S\}s{�²®}siN��ruvy���h� z>q��Zj2m�qs��°<³¨�¨v�q��u\}Z{y� I���«�sj-{�op�Âvxw
d�j2��eh���«�2q�ª¼m�j2��}Z{µvE³

7 2:9(�1�YGH���g$�1O��"/&�)����h5�	��898*�1O	�b�B�4��´����h�ÂvyjV�±qs{p°Z}A� ²®ehq��«�ho2»�dfe�j I�����Zj-{�oµ��vxw �uj-{y��jEoS�«�I�h�uj2{p�Z{yqZ�urhqAvyj¬�cqAvpehj-i�qAvy�«�2o-»�iWqs� � }Zoµvp{�q��h�¼»�z|{p�«�h�-j�vp}Z�¼» � �h»¼kj2 
s�h»
7«k2�:9��1V�GB���0�P]�����/=����GH���j�[�4�j/1V	TC!#���)�&���)����K�=���#g�T� k6:��/&��� hµk�232��&i�»|¿À�¨vp{y}���rh��vy��}Z�Åvp}

z>qs{yqsª�ª«j-ªa²®}ZiN��ruvp�«���ZWVÍºj2op���Z� q��h� �I�hq�ª«wuoµ�©oS}s¬�Iª��Z}s{y�Âvye�i�o-»�dfe�j 5®j2�A~µq�iN�«� �s²®rhi5iN�«���Zo
zWr�·�ª«�«ope��«����²®}siN�hqs�¨wZ»u¿À�h��³

7«ksk%9������A	�� +898:�	�&�&��%&���>����l-m�@g����0�_`��Mc&��hF�s�s�3+3iQÍIj2j-�Bj-{c¿À��oµ�©�ujÅz>q��Zj2m�qs��°<³fzW{pj2��{p�«�¨v2»
� }s{pvpe0²�q�{y}sª«�«�hq5��vyqAvyj ����«�sj2{yop�ÂvxwZ³

7«kE��9�-D��89���0�[`��bc[�4�=��	�n-D��89���0�o�����&���nhF�s�s�3+3i � r�iNj-{y�«�2q�ª²®}siN��ruvy����� ¶���vpe �c�|d�ÎÔ�D5a»
�u¿x�º�§³

7«k�+:9ae¨vpvp� W ���A¶�¶�¶7³ opj2qs{y��e�j2���s�«��j2¶�q�vy��e¼³ ��}Zi��
7«k-� 9�5�����A��@Eo k�����0I>�\» hxkj2 4 4&i�»u��ª«�s}Z{p��vpehiNo2»h��¸ý�h�Q�W�C³«»h�����u�©op}s�u¸ ¦ jEoµª«j-w�z|r�·�ª«�«ope��«����²®}siN�hqs��ws³
7«kE��9�52�*
2E>�Y "!2p#���0��?��MO���� hxkj2 
343iz�j2{µvyr�{p·�qAvp�«}s�Ãvpe�j2}s{ywÅq��h�ÃÁh����vpjc�±qs{p°Z}A�1��ehq��«�ho2³|�s}srh{p�hqsª®}s

�I����ª«��jE�±z|{y}s·hqs·���ª«��vxws»h�ph�+3i<W �¨��krq��Z�s�h³
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