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O;¦ x §£q�U_\oWYqpnaMa�l��U�M%gTq�WY��]FUV��Ua¦�¦%¦v¦%¦%¦m¦%¦v¦%¦v¦%¦%¦v¦%¦v¦%¦m¦%¦v¦%¦%¦v¦%¦v¦%¦v¦%¦%¦m¦%¦v¦%¦v¦%¦%¦v¦%¦v¦%¦m¦%¦v¦ x
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hp¦ t H�IpM �:e;q)\Vc`ej�®gTXK\VejL!WY\Vejq ¦v¦%¦%¦m¦%¦v¦%¦v¦%¦%¦v¦%¦v¦%¦m¦%¦v¦%¦%¦v¦%¦v¦%¦v¦%¦%¦m¦%¦v¦%¦v¦%¦%¦v¦%¦v¦%¦m¦%¦v¦ O*x
hp¦ 9 §£q�U_\oWYqpnaM+UlWYq�k �:e;q;\`cVe;� � e;c`kKU ¦m¦%¦v¦%¦v¦%¦%¦v¦%¦v¦%¦m¦%¦v¦%¦%¦v¦%¦v¦%¦v¦%¦%¦m¦%¦v¦%¦v¦%¦%¦v¦%¦v¦%¦m¦%¦v¦ O+h
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¬pcVe;L 5®M+LNLNW%h%WjqpkNH�IKMae;cVM+L x@&�\`IKMEUV����LNLN��qK~v��Xpqpn \`��e;q!��U4\`IKMEn+WYqKe;qK��n+WY�^iKc`eYf_M*n \`��e;q�ej��\`c`W;n�MliKc`M��KZ^M*U�\Ve�naejq)\Vc`ej�
�ejcokKU1( {^�MmL!WG][U�\`WY\VMm\VIpMv\_�:eNL!WY��q�ipcVe;i�M+c�\`��M*U�eY�An�ejq)\`cVe;���ejcokKU+¦

& �#| ^ | d j #.l ^6c f Z l q f c j `+n q+^6o q j `b^ f ^p^ `2n Zgv s-i ^ l ^ h d l q+^ ! cto l oJe f " l c j1n ^ h ^ ` Z lJm `-r>l q+^ ^('�] W f c j `+n q j `+h2l q+^ Z l q+^6c l q+^ ]�)�*�] Z ` ^ |
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)8: ±Fµ � ± 
 < � � ��¥�� $���¥m¥��)¥o¤ #^¡'�%$Y�[¡)�V¢j¤o¥�$65E¢O+ - /21 3 �"� $�� �`¢���V"¡ �`¢j¤o¥u� �V¥%3 �F¥  E¢ �V¥T��� ��� � ¥o¤a¡'�%$Y� �A��¡ 0y¤ $Y�p¡)� $��B� $ � �G  �
)8: ±Fµ � ± 
 A � $���¢,�Y� ��¥�� +.-0/2143��"� $�� �`¢���V���K  ¡£¢���¤o¥� �¢��V¥���� �a� � ¥o¤�¡0�%$��N�A��¡C0©¤ $��p¡)� $ � � $�� ��  �
H�IKM+ejc`MaL�}NM+qpU�XpcVM*U\VIKM	naejc`cVM*U�i�ejqpkKMaqpnaMB��M�\_�MaM+q�c`XKq)\V��LNM	n�ejq)\`cVe;��i�ej��q)\`UTWjqpk�n�ejq)\`cVe;���ejcokKU+¦AH�IKMae;cVM+L t���U�f_XpU�\BW
c`Ma�ejcok^��qK~�ej��H�IKM+ejc`MaL xK{^� \EU�\`WY\VM*U\VIKM%LNM+WjqK��qK~NeY�An�ejq)\`cVe;���ejcokKU�WjnacVe)UVUL�XK� \`��ip��M%MaZFM*n�X^\`��e;qpU�eY�4WNiKc`ej~jcoWYL�¦

§£q�\VIpMN��ej����e��l��qK~p{"�:M!�l�����cVMa��Macv\Ve���qpU�\`WYq�n�M+U	ejc	n�e;q)\Vc`ej�4�:e;c`kpUB��q)\VM+c`noIpWjqK~jM*WY�K��]j{"�l� \`IKejX^\	q�WYLN��qp~�W�i�WYcV\V��n�XK��WYc
\`c`W;n�MviKc`M��KZ[c`MaipcVM*U�M+q;\oW�\`��«;Mj¦
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H�IK��U"noI�WYi^\`Mac"Wjqpkm\VIKM��ej����e��l��qK~�ejqpM+U"WjiKiK��]E��qpU�\`WYq�n�Ma�l��UVMWYqpWj��]^UV��U�\`el\VIpMm¥��)¢;¤�¡®¤10K¢ �V¢j¤a¡ ¥ � ���*¢�¡0�%$���$p5 �!¥�� $ �g� � $*¤o¢�¡0�%$��K 
W;nan�M*UVUVM+k��F] W.+ - /21 37iKc`ej~;c`WjL�¦ ¬pejc�kKM+n���kKWj�K������\_] c`M+W;U�e;qpUa{�M¨�l�����Ee;qK��]�naejqpUV��kKMac[W c`M+U�\Vc`��n \VM*k n���WjU`UyeY�	kKWY\`W
U�\Vc`Xpn \`XKc`M+UlWYq�k�W;kKk^c`M+U`U���qK~NUVnoIKM+LNM+U4"

� kKW�\oWNU_\`cVXpn�\VXKc`M+UlkKe>qpeY\EUVXKiKi�ejcV\lkKM+U�\Vc`Xpn \`��«;MmXpi�kKWY\VM*UQ& k^M+��Ma\V��ejq�eY�4qKe^k^M+UlWjqpk�qKejqK�0��M+WY�"��q�U�M+c�\`��e;qpU�(bS;W
� WjkKkKcVM*UVUV��qp~	kKW�\oW��£U_\`cVXpn�\VXKc`M+Ud��U:k^ejqKMT\VIKc`ejXK~;IyU�e�naWY����M+kN��qpk^Xpn�\V��ejqy«�WYc`��WY�K��M+UA�lIpe;UVMTejqK��]NWYX^\`IKejc`��¯+M+kNe;i�M+c`WY\V��ejqpU

WYc`ME\`IKM%��qK� \`��Wj����¯+WY\V��ejq�\Ve!WNn�e;qpU�\`WYq)\TWYq�ky\`IKM	WjU`U�e^na��WY\V��«jMmeji�MacoW�\V��ejq�eY�AW>L>e;qKej��k�¦
§£q�\VIK��Uvn�e;q;\`M�ZF\+{��M>�l�����dU�Ipe���\VIpWY\m\`IKM>«GWj��XpM�ej�WYq���q�k^Xpn \`��e;q©«�WYc`��WY�K��M>WY\vUVejLNM�cVXKq)\`��LNM!n�e;q;\`cVe;��i�ej��q)\EP e;cB\`IKM
LNMaLNe;cV]-��e^naW�\`��e;q©Wjn+n�M*UVUVM+k¨WY\B\`IK��Uvi�e;��q)\BP e;qK��]¨k^Mai�MaqpkpUvejq¨\`IKM>��qpU�\`Wjqpn�M;¦8QAZKWjn�\vnoI�WYcoWjn \`Mac`��¯*W�\`��e;q-eY���qpk^Xpn�\V��ejq
«�WYc`��WY�K��M+U4�l�����p��Mli�e;U`U����K��MTW�\dn�e;LNiK����M��0\V��LNMl�F]�LNM+WjqpU4eY��U�ej� n+WY����M*k��a���"�Y��� � 5 #^��¤a¡'�%$Y�K ���c`ejL naejq)\Vc`ej�F�ejcokKU�\Ve%Wj�pU_\`c`W;n \
LNMaLNe;cV]y��e^naWY\V��ejqpUQ& L>e;qKej��k�Ma��MaLNMaq)\`U1( {p��qpkKMai�Maqpk^M+q)\V��][eY��\VIpMmMaZ^M+n�XK\V��ejq®¦

�<H4G � �%����� � ���l�

H�e>UV��L>ip������]N\VIKMB��ejc`L!WY����UVL WYqpk[M�Z^i�e;UV� \`��e;q®{ +.-0/F1 3 kKWY\`W�U_\`cVXpn�\VXKc`M+U:�l��\VI�U���k^M�� M�'@M+n�\`U:L�XpU�\���M � ��$ �o¢�� ¦:H�IK��U��UqpeY\
c`M+Wj����]�Wjq���U`U�XKM!UV��q�n�M[Wjq)]©��e^naWj�U�\Vc`Xpn \`XKcVMNL!WG]©��M�7�M�Z^ipWjqpk^M+k 9NWY��ejqp~�\`IKM[W;n \V��«�W�\`��e;q©\`cVM+MK&�Mj¦ ~p¦�{4U�M+«jMacoWY�A��e^naWj�A����U_\oU
L!WG]y��M	U�M+Maq�WjUlWN~;��e;�pWY��U�\`Wjno�!ej������U_\oU�(�¦

g 3d����¡ ¥ ���!T^�)¥��@¥��`¢�¡£¥ � � $Y�"$��%�
M = (G,≡)

��UAU�i�M+na� ��M+k	�F]	W 3d����¡ ¥�����U_\4eY�Y�;¥a��¥ �V¢�¡ $��o 
G

WYq�k�WN¤ $Y� � � #p¥��@¤o¥
≡

~j��«jM+q
�F]yWB3d�p��¡£¥m����U�\leY�"M	�;X�W�\V��ejq�U:e�«;Mac:�:e;c`kKU:��q

G∗
¦ Qd��MaLNMaq)\`Uej�

M
WjcVMBM �)XK��«GWj��M+qpn�Mvn���WjU`UVM+U:eY�"�ejcokKU:��q

G∗
L>e^k^Xp��e

≡
¦

� IKM+q¨\`IKM�naejqK~;cVXKM+qpn�M%��UBMaLNi^\_]j{
M

��UmW:5 �V¥o¥2� $�� $��%��¦vH�IKM�eji�MacoW�\V��ejq�ej�
M

��UT\`IKM �)XKej\V��Maq)\Bej�4\VIKM>n�ejq�naW�\`MaqpWY\V��ejq
e;q�\`IKMv��c`MaMvLNejqKe;��k

G∗
LNe^k^XK��e

≡
S^� \T��UlWYq-WjU`UVeFna��WY\V��«jMBeji�MacoW�\V��ejq�k^M+qKeY\`M+k��)]

·
�l� \`I�qpMaX^\`c`Wj��Ma��MaLNMaq)\

εm
¦

= ±�� � ����� µ � ; � �y�4�a�+���K�Y� �:µ �j�^��� µ � �N	 �;¢�¡£¢   ¡)� #p¤�¡)# �V¥ ��  ¢ �p¢�� � $p5/¢ kKW�\oW U�\Vc`Xpn \`XKcVM/qpWYLNM ¢Y�"� ¢K3�p��¡£¥����!T
�)¥��@¥��`¢�¡£¥ �,� $�� $��%�

M = (G,≡) � 	B��¢ �� o¡)�V¢;¤�¡0�!¥�� $��g� ��$+¤o¢�¡0�%$�������¡C0^�� ��j¢Y¡ ¢�  ¡ � #p¤a¡)# �V¥l�� B¢Y��¥ ��¥��N¥a�p¡+$65T¡C0p¥ � $�� $��%� ���¡m�� ��V¥#� �V¥� �¥a�p¡£¥ � ��� ¢�� Wjkpk^cVM*UVU	�:e;c`k ���
G∗ �	� � �j¥%3d����¡'�%$Y� V%¡ � $ ¤ $�� � � #p¥a�p¡%¢ �����V¥� o  � $ � �G  �`¥#� �V¥  a¥a�p¡v¡ 0K¥� a¢��!¥

�!¥�� $��g� � $+¤o¢Y¡'�%$Y� �
H:]FiK��n+WY�®MaZKWYLNiK��M+UTWjcVMm\VIpM

n
� WjcV]N\`cVM+MvP \`IKM%��c`MaM%LNejqKe;��k��l��\VI

n
~jM+qKMacoW�\`ejcoUB& �l� \`I¨WYq�MaLNi^\_]�n�e;qK~jc`XKM+qpn�M+(AP WYqpk

\`IKM
n
�£k^��L>M+qpUV��e;qpWY�®WjcVcoWG]NP \`IKM%��c`MaM�naejLNL�XK\`W�\`��«;M%LNejqKe;��k�
 n &��l��\VI-«;M+n�\VejcBn�ejLNL�X^\`WY\V��ejq-WYqpk���qF«jM+c`UV��e;q ( ¦ªMa��e��

WjcVMv����U�\VM*k�UVejLNMviKcoWjn�\V��naWY�@MaZ^WjLNiK��M*U�eY��L>e;qKej��kF� �pWjUVM+k�kKWY\`WNU_\`cVX�n \VXpcVM*Ua¦

�<H�� �@��� f�
d���a�	����%�4���������l�

H�c`W;k^��\V��ejqpWj����]j{���q�k^Xpn \`��e;q¨«�WYc`��Wj�K��M+UEWjcVM�UVn+WY��WYcT«�WYc`��WY�K��M+UE�l� \`IK��q���eFe;i¨qKM+U�\`UB�l��\VI©Wy\V��~jI)\Bc`Ma��W�\`��e;qpU�Ip��i-�l��\VI©\VIKM>U�XKcV�
c`ejXKq�k^��qp~%��eFeji!naejXKq)\VM+c`U>��Oj{pO4?+ ¦AH�IK��UdcVM+��WY\V��ejqpUVIK��i®{jk^M*k^Xpn�M*k>��cVe;Lr\`IKMTc`Ma~jXp��WjcV��\_]%eY��\VIKME��qpkKXpn \`��e;q!«GWjcV��WY�p��M�XKi@kKW�\`M+U+{
X�� ^ j #)m ` o%^6c l%m Z ` o j c%^8q j ctv i ^6oJo m # h!j�lJj " o l c%e n6l e+ct^6o j c%^ m v s+i;m;n6m l%i w ^�� s+j `+h ^ h \[q+^ `,j1n6n ^6oJoJ^ hN|
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M � ±F± 
 µ � µ �'¶ �
G = {

�_v����>y
,
D��"�Ky

}
{
≡

��U:\VIKMB��k^M+q)\V��\_]!cVM+��WY\V��ejq®{
·
��U>\VIKM-naejqpn+W�\VM+qpW�\`��e;q "[LNe;qKej��k M+��M+L>M+q)\`U!Wjk^�

k^c`M+U`UlW>�K��qpWYc`]!\Vc`MaM;¦

)�]���^ \ X�� '�^
)�]���^ \ X�� '�^

M � ±F± L � µ �KS �
G = {

�_v����>y
,
D��"�Ky

,
�Qv����>y

−1,
D"���Ky

−1}
{
≡

��U�\VIKM
��qF«jMacoUV��e;q�eY� D"�"��y�WYqpk;�Qv����>y &��l��\VIpejX^\:naejLNL�XK�
\oW�\V��ejq (g"��WG]F��M+]y~jcoWYipIpUB��O+}K{�xY|! 0¦

\ X�� '�^ −1 )�]���^ −1

)�]���^ \ X�� '�^\ X�� '�^ −1

)�]���^ \ X�� '�^
M � ±F± � µ 
 
 ���+�^��� ] ± L � µ �KS �
G = {(0, 1), (1, 0), (0,−1), (−1, 0)}

{
≡

��U!\`IKM
«;M+n \`ejcT��qF«jM+c`UV��e;q-WYqpk-naejLNL�X^\oW�\`��e;q®{

·
��UE«jM+n�\Ve;c

W;kKk^��\V��ejq "dW�\_�eY�£k^��LNM+qpU���ejq�WY��WYc`c`WG];¦

(0, 1) (0, 1) (0, 1)(1, 0)

(1, 0)

(0,−1) (0,−1) (0,−1)

(−1, 0)

(−1, 0)

M � ±F± � µ 
 
 ���+�^��� ] ± 
 µ � µ �'¶ �
G = {(0, 1), (1, 0)}

{
≡

��UE«jM*n \Ve;cEn�e;LNL�X^\oW�\V��ejq["
W>\_�eY�£k^��L>M+qpUV��e;qpWY��~jc`��k®¦

(0, 1) (0, 1) (0, 1)(1, 0)

(1, 0)

 µ 
 
 ���+�K�(� ] ± 
 µ � µ � ¶ �
G = {(0, 1), (1, 0)}

{
≡

��U%«jM*n \Ve;c%n�ejLNL�X^\`WY\V��ejq
Wjqpk

(0, 1) ·(0, 1) ≡ εm
"�Wm\_�:ej� k^��LNMaqpUV��ejqpWj�)~;cV��k

��e;��k^M*k�ejq�\VIKMv\`ejc`XpU 

×
�
2
� ¦

(0, 1) (0, 1) (0, 1)
(1, 0) (1, 0)

M � ±F± S4�^�G�(�'� -%- ²@³ � µ 
 
 ���+�^��� ] ± 
 µ � µ �'¶ �
G = {

t��	�Ky
, 1,−1}

{
≡

��U-\`IKM/��qF«jMacoUV��e;q�Wjqpk
naejLNL�X^\oW�\`��e;q�ej�

1
"mqKM*U_\`M+k�\Vc`MaM*Ua{�����U�\`U%Wjqpk�WYcV�

coWG]^Ua¦

1 1 1W ]�
�^
W ]�
�^ W ]�
�^

−1 −1 −1

,rµ � µ �'¶ ´ � � : ��� L : � ³ � � ] ± ��� ± �
G = {

�_v����>y
,
D��"�Ky

, � � ���t>y
}
{��Qv�� �>y

· � � ���t>y
≡

εm
{�D"�"��y

· ��� ���t>y
≡ εm

"�Wm\Vc`MaMl�l��\VI!�pW;no�F�Wjc`k
M*k^~jM*Ua¦

)�]���^ \ X�� '�^
� � \�] W ^ � � \�] W ^

��U�W�nacV��\V��naWj����q^��ejc`L!W�\`��e;q!��ejcL!WYqF]yWYqpWj��]^UVM+U2& k^M+i�M+qpk^Maq�n�Mj{KWjcVcoWG]�c`Ma~;��e;q®{FWYc`c`WG]>��e;XKqpk�noIKM+no�F��qK~N(WYqpk[eji^\`��LN��¯+W�\`��e;qpU&'U_\`cVM+qK~Y\`I^�0c`M+kKXpn \`��e;q®{^��eFe;i[\`c`WjqpU_��e;cVL!WY\V��ejqpU+{FIKej��U_\`��qp~N( ¦
g �o¢� o� ¤ � ���@¥o¢��	��� ��#p¤a¡'�%$Y� ��¢�� � ¢�����¥����UEWjU`U���~jqKM*k & ejqpnaM%ejcTLNe;cVM+(��q¨WN��eFeji®{KM*WjnoI�WjU`U���~jqpL>M+q)\T��M+��qK~!��q�\VIpM%��ejc`L

���
c
ejc��������

c
{)�lIKM+cVM

c
��UdW	naejqpU�\`Wjq;\d�FqKe��lq!WY\n�ejLNiK����M��0\V��L>M;¦ E-ejc`M�~jMaqpMacoWY����];{;Wv«�WYc`��Wj�K��M�����UnaWj����M+kNW � ���@¥o¢��

��� ��#p¤a¡'�%$Y� �G¢ � � ¢ � ��¥!���:e;q¨Ma«;Mac`]���\VM+c`WY\V��ejq¨ej�d\VIKMNUVXKcVc`ejXpqpk^��qK~y��e)e;i®{��-��UmWjkpk^M+k�W[n�e;qpU�\`WYq)\m«GWj��XpMj¦%H�IK��UE��UB\VIKMNnaW;U�M
�lIKM+q¨WjU`U���~jqpL>M+q)\`U�\`e�����q�\VIKM�n�]^n���M�WYc`Mv��q�\`IKM���WjUV��nm��e;cVL ejcT��q�\VIKM	��ejc`L���� ��

c
{_[��Ma��qK~[WYqpeY\VIpMacT��qpk^Xpn�\V��ejq

«�WYc`��WY�K��Mj¦AH�IKM%«�WY��XKMveY���yL!WG]!\`IKMaq���M	n�e;L>ipX^\VM*k�W;UlWYq�W!�!qKMm��XKqpn�\V��ejq-ej�"\VIpM	U�XKc`c`ejXKqpkK��qK~>��e)e;i�naejXKq)\`MacoUa¦
+.-0/2143/MaZF\VMaq�U���ejqpU�WjcVMm\_�eY��ej��k_"
� ��q�k^Xpn \`��e;q�«GWjcV��WY�p��M*UWjcVMvqKej\lcVM*U_\`cV��n \`M+k[\Ve!WYc`c`WG]^U:�KX^\EI�WYqpk^��M%WY����LNejqKe;��kF� �pW;U�M*k[kKWY\`WNU_\`cVX�n \VXpcVM*U�S
� ��ej\VI���e)e;ipUlWYq�k[c`M+naXKc`UV��«jMB��XKqpn \`��e;q-naWY����UlWYc`MmnaejqpUV��kKMac`M+k�¦

gBUEWynaejqpUVM �)XKM+qpn�M;{K��q�k^Xpn \`��e;q-«�WYc`��Wj�K��M*U�cVM+iKc`M+UVMaq)\EWY�pU�\VcoWjn�\EWjkKkKcVM*UVUVM+U���q¨kKW�\oW!U_\`cVX�n \VXpcVM*Ua{pWjqpk�\VIpM	�pWjUV��nveji�MacoW�\V��ejq
e�«;Mac���q�k^Xpn \`��e;q�«GWjcV��WY�p��M*U:��M+naejLNM+U\`IKM%LNejqKe;��k�eji�MacoW�\`��e;q®¦
= ±�� � ����� µ ������� ��� ¶����j�(� µ �@? �^��� �^��- ±��W	 ��¢�� � ¢�����¥�� �� �¢������"� #p¤�¡0�%$�� �G¢ � � ¢ � ��¥N� 5�¢Y�"� $�� ���y� 5%¡ 0K¥�¡ 0 �V¥o¥ 5�$�� ��$��A��� �
¤ $�� ����¡0�%$��p �¢��V¥	 a¢�¡0�� C3¥ � �
� � ����  �j¥%3d��¥ ��¢�¡l¢�CEDK��FCz ¥���¡ �g�+V:¢ �>��� � $	$�� ���p��¡0� ¢�� ���+¢Y¡'�%$Y� V $������� �¢ 5�$��g�!¢��)�K¢ �V¢��!¥�¡£¥ � �
� � � �� �¤ $��p o¡£¢���¡���¨¡ 0K¥;CEDK��F)z V4¡ 0K¥��>�4� � $	$�� $��%¡ 0K¥ 5 #^��¤a¡'�%$Y� � 0K¥ �V¥���¡ 0p¢G  �o¥o¥�� �j¥%3d��¥ � �
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g + - /21 3 ��q�k^Xpn \`��e;q «�WjcV��WY�K��M�n+WYq ��M�XpUVM+k ��q k^�('@Mac`Maq)\!WjkKkKcVM*UVU�M�Z^iKc`M+U`U���ejq�U��lIK��noI/c`M���M+cVM+qpn�M ����  ¡0����¤a¡>kKWY\`W
U�\Vc`Xpn \`XKc`M+U+{jiKc`e�«F��k^M*k�\VIKM*U�MEU�\Vc`Xpn�\VXKc`M+UdWjcVMTkKM��pqKM*kNe�«jM+c4\VIKMEU`WYLNMlLNejqpej��k�¦AH�IK��UU�M+ipWYcoW�\`��e;q>��M�\_�MaM+q!kKW�\oW	U_\`cVX�n \VXpcVM
Wjqpk U�I�WYi�MN��ej����e��TUm\`IKM[WYipiKcVe)WjnoI�eY�\VIKM[kKM+n���WYcoW�\`��«;MN��WjqK~jXpWj~jM
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� xj|+ ¦[§ \���U	W-n�e;qF«jMaqp��M+q;\%��WG]-\Ve-MaZ^i�e)U�M!LNejc`M

UVMaL!WYq)\`��n+U\VeN\VIpMvU�\`WY\V��n%WYqpWj��]F¯+Mac*{FnaejLNipWjcVM*ky�l��\VI � i�ej��q)\VM+c`U�e;c«�WjcV��WY�K��M+U�ej��iKc`e^k^Xpn�\l\_])i�M+U���q E 5d¦
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��¢�� � ¢�����¥a{�eY\`IKMac>«�WYc`��Wj�K��M*U���Ma��qK~���~;qKejc`M+k®¦ H�IKM�e;qK��] «GWj����k/kKM��pqK��\V��ejq�U>Wjqpk e;i�M+c`WY\V��ejqpU�ejq%+ - /21 3r«GWjcV��WY�p��M*U�WjcVM
\`IKe;UVM	UVWY\V��U_��]F��qK~ CBM��pqK��\V��ejq O*|K¦¬KejcBWYqF]yLNejqKe;��k�UVIpWYi�Mj{�kKW�\oW!U_\`cVX�n \VXpcVM	W;nan�M*UVUVM+U��e;����e�� \`IKM

C
WYc`coWG]yU�]Fq)\`WYZ/"���� ���k^M+qKeY\`M+U�M+��M+L>M+q)\T�l� \`I�W;kKk^c`M+U`U

a
eY�4U_\`cVXpn�\VXKc`M��@{^�lIKMac`M

a
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· c
{���WYq���q�k^Xpn \`��e;q�«�WjcV��WY�K��M%WYqpk

cW!naejqpU�\`Wjq;\*¦
§ � ����UvWYq�WYc`c`WG] &��0¦ M;¦�{&����UvWjkKk^c`M+U`UVM+k-��q�Wy��cVM+M>naejLNL�X^\oW�\`��«;M�~jc`ejXpi ( {�\VIpM>WM�NqpM�UVXK�pU`n�c`��i^\ ����v��	��
��� � ��UmqKej\vW

«�WY����kW+.-0/2143 UV]Fq;\oW�Z�¦NH�IK��Um��UvqKeY\	W�c`M+WY�4����LN��\`WY\V��ejq®{®Ipe��:M+«jMac*{�U���qpnaMNWM�!qKM!U�XK��UVnacV��i^\`UmL!WG]-��M>c`Maip��W;n�M+k©�F]¨qKMa�
��qpk^Xpn�\V��ejq¨«�WjcV��WY�K��M+UEk^M��pqpM+k-�lIKM+q¨qKM*n�M+U`U`WYc`][�lIK����M v�e;c�
�WYc`M	k^M���qKM+k�¦BgEUmWYq-������XpU�\VcoW�\V��ejq"{���M�\ z���M	\`IKM���qpk^Xpn�\V��ejq
«�WYc`��WY�K��M%M �)XpWj�@\Ve9v �	��
����;{)\VIKM	UVXK�pU`n�c`��i^\T��q�\`IKM	c`M���M+cVM+qpn�M%WY��e�«jM;¦ � M%IpWG«jMm\Ve[�KXK����k�{p\VIKc`ejXp~jI�WN�pWjno�F��WYcokyLNeY\`��e;q®{
U�\`WY\V��n%noIpWY��qpUlej����qpk^Xpn�\V��ejq-«�WYc`��WY�K��M+U��c`ejL \VIKM%iKc`ej~;c`WjL�U_\oWYcV\Ti�e;��q)\T\`eN\VIKM	naejqpUV��k^Mac`M+k�c`M���Mac`Maq�n�Mj¦&�FXKiKi�e;UVMv\VIKM���W;U_\
LNe^k^����naWY\V��ejq©ej�A\VIKMNUVXK�pU`n�c`��i^\v��M���ejc`M	\`IKMNn�ejq�U���k^Mac`M+k¨iKcVe;~jcoWYL i�e;��q)\v��Um~j��«jM+q¨�F]�\VIKMNU_\oW�\`MaLNMaq)\�
	� �©k^MaqKej\VM*k-�F]
s
{^�lIKM+cVM �y��U�WjqKeY\`IKMac���qpk^Xpn�\V��ejq�«GWjcV��WY�p��M;¦ � MvIpWG«jME\VeNk^M��pqpMvW�qKM+� ��qpk^Xpn�\V��ejq[«�WjcV��WY�K��M ���`v �	� ���	�;{;����«F��qK~N��M���e;cVM

\`IK��U�U�\`WY\VMaLNM+q;\*{^WYqpkN\`e�naejqpUV��kKMacd\`IpW�\
s
��qp� \`��Wj����¯aM*U z>\VIpcVe;XK~jI[Wjq[Wjkpk^� \`��e;qpWY�@WjU`UV��~;qKLNMaq)\ z�� �@¦AH�IK��U�ejc`��I�WjU\Ve���M

k^e;qKM%c`M+n�Xpc`UV��«;Ma��]>��ejcTWY���®ipWY\VIpU���q�\VIKM	naejq)\Vc`ej� $pe�� ~jcoWYiKI�XKq)\V���®c`M+WjnoIp��qK~�\VIpM	U_\oWYcV\�i�ej��q)\+¦
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§£q�+ - /21 3T{4\VIKM¨naejLNiKX^\oW�\`��e;qpUNejq�\_�e���qpk^X�n \V��ejq «�WYc`��WY�K��M+U>��q \_�e k^��U_\`��qpn�\yLNejqKe;��kKU!WjcVM-naejLNiK��M�\VM+��]�U�M+ipWYcoW�\`Mj¦
H�IFXpU+{��l��\VIpejX^\m��e)UVUEeY�d~jM+qKMacoWY����\_]j{p�M�UVXKiKi�e;UVM%\VI�W�\mWj������qpk^Xpn�\V��ejq¨«�WYc`��WY�K��M+Ul��Ma��ejqp~!\Ve�WyU���qK~;��M	LNe;qKej��k

M � ��� {@�l��\VI
e;i�M+c`WY\V��ejq

·
WYqpk�qKM+X^\VcoWY��M+��M+L>M+q)\

εm
{pnaWj����M+k[\VIpM �j¢�¡£¢y o¡)� #p¤a¡ # �V¥ � $Y�"$��%�Y¦

�@H4G G[����� �@���®���	��
:�l� ��� � �T� �%��� p �!
:�v�����	���

§£q W�iKXKc`Ma��]���XKqpn \`��e;qpWY���WjqK~jXpWj~jM;{���Xpqpn \`��e;q�WjiKiK����n+W�\V��ejq���UE\`IKM!ejqp��]-��WG]�\Ve-k^Ma�pqKM!W[«�WjcV��WY�K��Mj¦�§£qT+.-0/F1 3l{@Ma«;Mac`]
U�\`WY\VMaLNM+q;\T��UlIpWjqpk^��M+k�\VI�W�\T��WG] SF\`IKM	U`n�eji�M%eY�AW>«�WYc`��Wj�K��Mv��Ulc`M+U�\Vc`��n�\VM+k[\VeN\`IKM�U�\`WY\VMaLNM+q;\TWY\l\VIKM	��Ma~;��qpqK��qp~>ej���lIp��noI
��\TIpWjU���MaM+q-k^M+na��WjcVM*k�{KWYqpk�WYq���qpk^Xpn�\V��ejq�«�WYc`��Wj�K��MB��UTn�e;qpU�\`WYq)\���q���\`UTU`n�e;i�M;¦

�F��qpnaM!e�«jMac`��e;WjkK��qK~�eY��«�WYc`��Wj�K��M>q�WYLNM+U%e^n+n�XKcoU	W�\%\`IKMy��Ma~;��qKqp��qK~-ej�M*WjnoI U�\`W�\`MaLNMaq)\*{"\`IKM!«�WY��XKM!eY�TWYq ��qpk^Xpn�\V��ejq
«�WYc`��WY�K��MBk^M+i�M+qpkKU�e;q!\VIKMvc`XKq)\V��LNMmnaejq)\Vc`ej��i�e;��q)\�eY�"��q)\VMac`M+U�\+¦ 5"M�\ �!��M%WYq[��qpkKXpn \`��e;q�«�WYc`��WY�K��Mj{)�:Mmk^M���qKMm\VIKM ����� ����� �5�$ � �[W;U\VIKM%i�WY��c:&

p
{
vp
(�{K�lIKMac`M

p
��UlW�\`c`W;n�MviKc`M��KZ�Wjqpk

vp
\VIpM%«GWj��XpMmej���[W���\`MacTMaZFM*n�X^\`��qp~

p
¦

�:e;qpU���k^M+c%\_�:e¨\VcoWjn�M!ipcVMa�KZ^M+U
p1

WYq�k
p2

c`MaipcVM*U�M+q;\oW�\`��«;M>ej��\VIKM�UVWjL>M[��qpU�\`Wjqpn�M;¦¨H�IKMyiKc`Ma«F��ejXpU	cVXK��M+U�~jXpWjc`Wjq)\VMaM
\`IpW�\lWY���@��qpkKXpn \`��e;q[«�WYc`��Wj�K��M+U:����«F��qK~�cV��~jI)\�W���\VM+c

p1
& cVM*U�i"¦

p2
(IpWG«jMB��M+Maq�k^M��pqpM+ky��q�U�\`WY\VM+L>M+q)\`UqKeY\ln���e;UVM+ky]jM�\*¦ � e��%{

\`IKM�c`M+UVi�M+n \`��«;M	U�M	�)XKMaqpnaM+UEeY�dqKe;q^� na��e)U�M*k-U_\oW�\`MaLNMaq)\`UT��ejc
p1

Wjqpk
p2

WYc`M	��k^Maq)\`��n+WY��Wjqpk-M	�;X�WY�®\`ey\`IKM�naejq)\Vc`ej���:e;c`k�eY�
p1

WYq�k
p2

¦BH�I)X�Ul\VIpM��K��qpk^��qK~;UBeY� �[��e;c
p1

WYqpk
p2

WjcVM%M	�;X�WY�0¦l§£q¨eY\`IKMacoUT�ejcokKU+{K\VIpM%��XKqpn�\V��ejq¨\`IpW�\B�K��q�kKUT\`IKM	\`c`W;n�M
iKc`M��pZy\VeN\`IKM%«�WY��XKMveY���y��UTn�e;L>i�W�\V���K��Mv�l� \`I�\`IKM	UV����LNL>��qK~ynaejqK~;cVXKM+qpn�M;¦
)8: ±Fµ � ± 
 R � � ��¥��¨¢������ ��#p¤a¡'�%$Y� �G¢ � � ¢ � ��¥ �-���¨¢P+.-0/F1 3 � � $�� �V¢c�DV4¡ 0K¥u5 #^��¤a¡0�%$��H�N¢1���@��� �y¢�¡)�V¢j¤o¥F�"�`¥t3 �

p
¡ $�¡C0p¥

��¢�� #p¥ $p5�� $�� ��� �j¥a�K¥a�"��  $���¡C0p¥	���p o¡£¢��@¤o¥�¢G o  $*¤�� ¢Y¡ ¥ �[¡ $
p
Vd� � ¥ � V$��©¡C0p¥�¤ $���¡ � $�� � $ � � �

§£q ej\VIKM+c	�:e;c`kpUa{�~j��«jMaq WYq MaZFM*n�X^\`��e;q \VcoWjnaMj{®\`IKMy�K��qpk^��qK~)U	W�\�Wjq)]©\VcoWjnaM!iKcVMa�KZ�WjcVMN��k^Maq)\`� �pM*k �F]¨\VIpM[n�e;q;\`cVe;�A�:e;c`k& �'¦ Mj¦�{^\VIpM%��qpU�\`Wjqpn�M+( ¦
= ±�� � ����� µ ��� � � I � � ¶K� �KLWM � � �Y��� µ � �W	r�K��q�k^��qp~y��ejc � �� >¢�¤ $�#-� ��¥

(w, v)
V � 0p¥��`¥

w
�� >¢�¤ $���¡ � $ �K� $ � ��¢�� �

v
¡ 0K¥

��¢�� #p¥ $p5�� ¢�¡¡C0p¥	���p  ¡ ¢Y��¤o¥
w �

Λ � �j¥a�"$�¡£¥� v¡ 0K¥��K��qpk^��qK~N��XKq�n \V��ejq���e;c � V �N¢1���@��� ��¤ $��p¡)� $ � � $�� �� %¡ $y¡C0p¥�¤ $�� �`¥  J� $��"�Y��� ����¢�� #p¥ $65 � �
�@H�� 	 ���������l���

� M%qKe�� kKM+U`n�c`����Mm\VIKM%L!W�\`IKMaL!WY\V��naWY�@��coWYLNM+�:e;cV�N\`eNnaejLNiKX^\`M%�K��qpk^��qK~N��XKqpn�\V��ejqpU+¦
= ±�� � ����� µ ���B� � I �%-'�^� ± - �U	 �p����WY��Ma�4�� m¢ �p¢�� �m����¡ 0K¥B a¥a¡

L∗��� ×M ��
� � �/0p¥ 3+�o  ¡ �K¢ � ¡+$65B¡C0p¥F�K¢Y� �E�� m¤o¢�� ��¥ �>¡ 0K¥%��qKipX^\
��WY��Ma�%Vd¡C0p¥% a¥o¤ $�� � $��@¥	�� �¤o¢�� ��¥ �[¡ 0K¥>ejXK\ViKX^\T��WY��Ma� �
B = L∗��� ×M � ��� k^MaqpeY\VM*Ul\`IKM�UVM�\meY�d�K����Wj��M+��U+¦E¬pcVe;L \`IKM �Y� �V¥o¤�¡ � � $	��#p¤a¡leY�A\VIpM�n�e;q)\Vc`ej�"�ejcok���cVM+M�LNejqpej��k

L∗���
WYqpk

\`IKMmkpW�\`W�LNejqKe;��k
M � ��� { B ��U:iKcVe�«F��k^M+kN�l��\VI�W	LNejqpej��kyU_\`cVX�n \VXpcVMO"���\`Ueji�MacoW�\`��e;q

•
��U:k^Ma�pqKM*k[n�e;LNi�e;qKMaq)\_�l��U�MBejq

L∗���Wjqpk
M � ��� {

(α|a) • (β|b)
def
= (αβ|a · b).

&'tK¦ xK¦�O+(
g �K��qpk^��qK~	��e;cWjqy��q�k^Xpn \`��e;qy«�WYc`��Wj�K��ME��U:W��K����WY��Ma�0¦0Qd«jM+cV]!U�\`WY\VMaLNM+q;\XKi@kKW�\`M+U\VIKMm�K��qpk^��qK~�ej�®��q�k^Xpn \`��e;q[«�WYc`��WY�K��M+U

W;nan�e;c`kK��qK~�\VeN\`IKMa��cTk^Ma�pqK��\V��ejqpUTWjqpk�UVnaeji�Mmc`XK��M+U+{F\VIKM	naejc`cVM*U�i�ejq�k^��qp~�M	�;X�W�\V��ejq�U:�l�����®��M	U�\VX�k^��M*k���q �:IpWji^\VM+cEt^¦ hK¦
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= ±�� � ����� µ ��� * �/0K¥m a¥a¡�$p5-coW�\V��ejq�WY�pUVXK�pUVM�\oU $p5m¢,� $�� $��%�
M

�� B¡C0p¥ ��¥o¢G  ¡4 a¥�¡A¡ 0K¢Y¡¤ $Y�p¡£¢����p E¡C0p¥u3d����¡ ¥E  # �  a¥a¡  �$p5
M
V

¤ � $G a¥ � ��� #^���%$�� V/� � $	��#p¤a¡�¢Y�"�!¡ 0K¥	  ¡ ¢ � $��p¥��`¢�¡0�%$���� ��� �	 coW�\`��e;qpWY�@c`Ma��W�\`��e;q $���¥��	¡ � $F� $�� $��%�G 
M

¢Y�"�
M ′

�� �¢ �`¢�¡0�%$���¢ ��  # �  a¥a¡&$p5%¡C0p¥8� $�� $��%�
M ×M ′ �

� Mv��e^n�XpUle;q[\`IKMv� WYLN����]
B � ��� eY�4c`WY\V��ejqpWj�@UVXK�pUVM�\oU�eY�

B
¦

= ±�� � ����� µ ��� < 	r �¥��>� � ��� �!�� %¢2� $Y�"$Y�%�*5�$��m¡ � $ �a����¢ �g� $1�K¥ �V¢Y¡'�%$Y�K 1Vd¡C0p¥��'¢ ������¡0�%$��
	
+
VV� 0^� ¤�0��� v¤ $��2� #^¡£¢�¡0� ��¥gV¢�� �

¡ 0K¥�� �"� $	��#p¤a¡�	
×
V�����  ¡)� �%��#^¡0� �G¥ $ �G¥ �

+
�d¡C0p¥	�@¥�#^¡)�V¢��"¥ ��¥��N¥a�p¡ 5�$��

+
�� %¡ 0K¥ �+¥ � $ 5�$��

× �
H�IKMBi�e��MacoUVM�\:ej�"W	LNejqpej��k

M
��U:W�U�M+L>��c`��qK~���ejcXKqK��ejq[Wjqpk!\`IKMmeji�MacoW�\V��ejq!ej�

M
� }M 0¦dH�IKMmU�Ma\ej�®c`WY\V��ejqpWj��UVXK�pUVM�\oU

ej�
M

��UlWNU�Xp�^� UVMaLN��cV��qK~>eY��\VIKM%��W�\V\VMac,� }M #SK��\ln+WYq���MvMaZFipcVM*UVUVM+ky\VIKc`ejXK~;I[\`IKM%U�Ma\leY�4c`WY\V��ejqpWj��MaZFipcVM*UVUV��e;qpU��q
M

¦AH�I)X�U
B � �� ��UTWNU�M+LN��c`��qp~p¦

� MTe�«jM+cV��e;W;k
•
\`e�k^M+qKeY\`Ml\VIKMBiKc`eFkKXpn \e;i�M+c`WY\V��ejqN��q

B � �� S ∅ ��Ud\VIKMB¯aM+cVe%M+��M+L>M+q)\2&�\`IKMEM+L>iK\_]>UVM�\ej���K����WY��Ma��U1(gSFWYqpk
\`IKM�qKM+X^\VcoWY��Ma��MaLNM+q;\E��ejc

•
��U
E = {(ε, εm)}

¦E¬Kc`ejL qKe���ejq®{��M	��kKMaq)\V����]
B � ��� �l��\VI-\`IKM�UVM�\meY�dcoW�\`��e;qpWY�®MaZ^iKcVM*UVUV��ejqpU

��q
M

{KWYqpk��MvWj��UVeN��kKMaq)\V����]�WNUV��qK~;��Ma\Ve;q��l��\VI�\VIpM%�K����WY��Ma����qpUV��kKM%� \-"��N&
s|c
(��%L!WG]y��M%�lcV��\�\`Maq &

s|c
( ¦

�@H�� 	 f��a�����a����� �l
 f[���4�l��
�����Rf��v�����	���

H�emnaejLNiKX^\`MlWT�pqp� \`Mc`MaipcVM*U�M+q;\oW�\`��e;q	eY�K\`IKM��K��qpk^��qK~m��XKqpn \`��e;q���e;c4M+WjnoI���qpkKXpn \`��e;q�«�WYc`��WY�K��Mj{��MUVIKe�� \`IpW�\�\VIpM�p��qpkK��qK~)U
n+WYq���M%MaZFipcVM*UVUVM+k�WjU�W��pqK��\VM%qFXKL���Maclej��coW�\`��e;qpWY��UVM�\`U+¦A¬���coU_\lej�4Wj���0{^�K��qpk^��qK~;Uln+WYq[��M%~jc`ejXpi�M*k[Wjn+n�e;c`k^��qK~�\Ve>\VIpM%��W;U_\
MaZFM*n�X^\`M+k U_\oW�\VM+LNMaq)\+{d�0¦ Mj¦�{d\VIpM���WjU�\>��WY��Ma��ej�l\VIKM-n�e;q)\Vc`ej��ejcok�¦ � MaZF\+{�M[�pXK����k�W©UV]FU�\VM+L�eY�EM	�)XpW�\`��e;qpU���q/�lIp��noI
XKqp�)qpe��lqpUNWYc`M�UVM�\`U>ej�B�K��qpk^��qK~;U���e;c>��qpk^X�n \V��ejq «�WYc`��Wj�K��M � W�\!U�\`W�\`M

n
eY�E\`IKM�n�ejq)\`cVe;�WjX^\Ve;LNWY\Ve;q®¦.6m��«jMaq

An
\`IKM

naejq)\Vc`ej�"WjX^\Ve;L!W�\Ve;q�LNe^k^���pM+k©U�eN\`IpW�\
n

��Ul\VIpM	XKqK� �)XKM%�pqpWj�"U�\`W�\`Mj{���Ma\
Ln

��M%\VIpM	��WjqK~jX�WY~jMvc`M+naej~jqp��¯+M+k��)]
An

¦�H�IKM
�a���"�Y��� �Q5 #^�@¤�¡0�%$�� 5�$�� �/¢�¡�  ¡£¢�¡£¥

n
{
Λn� {@��UE\VIKM��K��qpk^��qK~y��XKq�n \V��ejq¨��ejc ��c`M+U�\Vc`��n�\VM*k�\Ve

Ln
¦ � M�Wj��UVey��q)\Vc`eFkKXpn�M>W!qKMa�

��qpk^Xpn�\V��ejq�«�WYc`��Wj�K��M���{"¤ $��p  ¡ ¢Y�p¡¢Y�"��¥  #p¢��"¡ $
εm

¦
H�IKM�U�]^U�\VMaL eY�dM	�)XpW�\`��e;qpUl��UEWyk^��c`M+n \E\VcoWYqpUV��WY\V��ejq�eY�A\`IKM�UVMaL!WYq)\`��n+UTeY�A��qpk^Xpn�\V��ejq¨«�WjcV��WY�K��M	k^Ma�pqK��\V��ejqpU4S���\E��e;����e��TU

\`IKM	U�]Fq)\`WYZ[eY�4WP+ - /21 3/iKc`ej~jcoWYL
P
S^�M%������XpU�\VcoW�\VMvM*WjnoI[c`XK��M%ejq�\VIKM%c`XKqKqp��qK~NMaZ^WjLNiK��M;¦

Oj¦lg\l\VIKM%��qK��\V��WY�"U�\`WY\VM
0

WYqpk[��ejcTWjqF]y��q�k^Xpn \`��e;q�«GWjcV��WY�p��M �@{

Λ0� = E
&0t^¦ hK¦�O-(

� 	 � 	��pc�"q , ("- s�rct ��r1x�� ��o��+t�y��+q���pc�4rcq�q���o"v�w�u�pc�~t)o���x�rc��x ��y�q�����pc��qgy�t.t�s u�t)w"o.pcq�r � x�o�v�pc�"q � t�rc��x�y s"x�r1x���q�pcq�rc� 4 x�o"v � 	! q ���~y~yo"t�p u�t)o��{� v4q�r � �{�~o"u�q ��p v�t.q�� o�t�p �{w �"�{u�rc�~s4p x�o#"�v�x�p1xg��p{rcw"u�pcw4rcq 	 � �"q t)w4pcs"w4p ��t)o�t)��v��~�%$ ����pc� o"q�w4p{r1x�y�q�y~q���q�o	p
εm

�~�
0
	

Λ0& = Λ0' = (ε|0).

x^¦
Λn( k^MaqpeY\VM*U�\VIpM	U�Ma\lkKM��pqKM*k��)]

Λn( =
⋃

w∈Ln

(w|εm).
&0t^¦ hK¦ x�(

Λn( ��UE\VIKM>�K��qpk^��qK~[��Xpqpn \`��e;q¨��ejcE\VIKM>qKM+�r��q�k^Xpn \`��e;q¨«�WYc`��Wj�K��M)��cVM*U_\`cV��n \`M+k�\`e
Ln

S�� \m��Uvn�e;qpU�\`WYq)\BWjqpk-M	�;X�WY��\Ve
εm

¦
¬Ke;cM*WjnoI�U_\oW�\`MaLNMaq)\

s
k^Ma�pqK��qK~!WYq[��qpk^X�n \V��ejq�«�WYc`��WY�K��M �y\Ve

cs � & naW;U�M �
.1

eY� CEMa�pqK��\V��ejq�O+|N( {KWYq�k�n+WY������qK~
d

Wjqpk
a

\VIpM%cVM*U�i�M+n�\V��«jM%k^Mai�WYc�\`XKc`MvWjqpk�WYc`cV��«�WY��U_\oW�\`M+U�eY�
s
��q�\VIKM	naejq)\Vc`ej��WYXK\VejL!WY\Vejq"{

Λa� ⊇ Λd( • (s|cs � ). &0t^¦ hK¦ hO(
�F��qpn�M

Λd
z • (s|cs � ) =

⋃

w∈Ld
(ws|cs � ) { &'t^¦ hK¦ hO(:LNM+WjqpU4"A� �

w ∈ Ld
��UTW!naejq)\Vc`ej���ejcok�{

ws
��UTWj��UVe!W!n�e;q;\`cVe;�@�:e;c`k

WYqpk���\`Ul�K��qpk^��qK~N��e;c��y��U
(ws|cs � ) ¦� ��q u�t)o.p{rct)yEx�w4pct)��x�pct)o�x�w�pct���x�pct)o;t*� , ("- �"x��,+R��p1x�pcq��(	 |"t�r�pc�"q u�x��{q.- .1 t��0/ q���o���pc��t�o21�34�

��p1x�pcq���q�o.p
I :

4<A
0, 5 + 	 6 	 798

x�o�v 5 + 	 6 	 698%"4��q�y v4�
Λ1& ⊇ Λ0: • (I|0).
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	B��¢ ���G  ��  x^O

hK¦l¬Ke;cM+W;noI[U�\`W�\`MaLNMaq)\
s
kKM��pqK��qK~>WYqy��qpk^Xpn�\V��ejqy«�WjcV��WY�K��M �>\Ve 

· c
& naW;U�M �

.2
ej�4CEMa�pqK��\V��ejq¨O*|O( {FWYq�k

d
Wjqpk

a
\VIpM

cVM*U�i�M+n�\V��«jM%k^M+ipWYcV\VXKc`MvWYqpk�WYc`c`��«�WY��U�\`WY\VM+U�ej�
s
{

Λa� ⊇ Λd� • (s|cs � ). &0t^¦ hK¦ t�(
H"e�n�ejLNiK��M�\`M	\`IKM�UV]^U_\`MaL�{��M�W;kKk���ejcBMa«;Mac`][��qpk^Xpn�\V��ejq¨«�WYc`��WY�K��M ��XKqpnoIpWjqK~jM*k��)]

s
W[UVM�\Eej�dM �)XpWY\V��ejqpUE��q-\`IKM

��ejc`L�&'tK¦ hp¦ tO( {^�lIKM+cVM
cs � = εm

¦
� 	 � 	�� � t�r�u�x��{q.-

.2
t�� / q��"o"��pc�~t)o21�34�

��p1x�pcq���q�o.p
G :

4EA�4
· 1 5 + 	 6 	 � 8��p1x�pcq���q�o.p

d :
�9AF�

· 2 5 + 	 6 	 �*8��p1x�pcq���q�o.p
D :

�9A�4 5 + 	 6 	 � 8
x�o�v 5 + 	 6 	 + 8%"4��q�y v4�
Λ1' ⊇ Λ3' • (G|0)

Λ1& ⊇ Λ3& • (G|1)

Λ2' ⊇ Λ1' • (B|0)

Λ2& ⊇ Λ1& • (B|0)

Λ3' ⊇ Λ2& • (D|0)

Λ3' ⊇ Λ3' • (d|2)

Λ3& ⊇ Λ2& • (D|0)

Λ3& ⊇ Λ2& • (d|0)

Λ4' ⊇ Λ3' • (F |0)

Λ4& ⊇ Λ3& • (F |0)

Λ1: ⊇ Λ0: • (I|0)

Λ1: ⊇ Λ3: • (G|0)

Λ2: ⊇ Λ1: • (B|0)

Λ3: ⊇ Λ2: • (D|0)

Λ3: ⊇ Λ2: • (d|0)

Λ4: ⊇ Λ3: • (F |0)

6vWY\VIKM+cV��qK~NWY����M �)XpW�\`��e;qpU�~jM+qKMacoW�\`M+ky��cVe;L�&'tK¦ hp¦�O+( { &'tK¦ hp¦ hN(Wjqpk &'t^¦ hK¦ t�(:]F��Ma��kKUlWNU�]^U�\VMaL
(S)

eY�
nv × ns

M �)XpW�\`��e;qpU
�l��\VI

nv × ns
XKqp�)qpe��lqpUa{A�lIpMac`M

nv
��U�\`IKM�q)XpL���Mac>eY�E��qpk^Xpn�\V��ejq «GWjcV��WY�p��M*Ua{4��qpn���Xpk^��qK~ ��{dWYqpk

ns
\VIKM�qFXKL���Mac>eY�

U�\`WY\VMaLNM+q;\oUl��q[\`IKM%iKc`ej~jcoWYL�¦kW, ("- "4�~q�y�v�� pc�"q � "���pcq��
Λ0' = E

Λ0& = E

Λ0: = E

Λ1' = Λ3' • (G|0) + (I|0)

Λ1& = Λ3& • (G|1) + (I|0)

Λ2' = Λ1' • (B|0)

Λ2& = Λ1& • (B|0)

Λ3' = Λ3' • (d|2) + Λ2& • (D|0)

Λ3& = Λ3& • (d|0) + Λ2& • (D|0)

Λ4' = Λ3' • (F |0)

Λ4& = Λ3& • (F |0)

Λ1: = Λ3: • (G|0) + (I|0)

Λ2: = Λ1: • (B|0)

Λ3: = Λ2: • (D|0) + Λ2: • (d|0)

Λ4: = Λ3: • (F |0)5"M�\
Λ

��M:\VIKMlUVM�\4eY�pXKqp�)qpe��lqpU®��e;c
(S)

{j�'¦ Mj¦�{�\VIpMUVM�\4eY�
Λn� ��e;cAWY���;��qpk^Xpn�\V��ejq>«�WYc`��Wj�K��M*U �	Wjqpk	qKe^k^M*U

n
��q�\VIKMlnaejq)\Vc`ej�

WjX^\Ve;LNWY\Ve;q®¦ 5®M�\
C

��MB\VIKM%UVM�\�eY��naejqpU�\`Wjq;\�n�eFMb�yna��M+q;\oU��q�\VIKMvUV]FU�\VM+L�¦
(S)

��U�W ��¥t5o¡�� ����¥o¢ �B g�G  ¡£¥�� $p5	¥��#p¢Y¡'�%$Y�K  $ �G¥ �
(Λ, C)

� hj|+ ¦ 5®M�\
Xi

��MT\`IKMEXKqp�)qpe��lq!��q
Λ

WYipi�M*WYc`��qK~%��q!\`IKME��M���\V�0IpWjqpkyUV��kKMEeY��\`IKM
i
��� M	�)XpW�\`��e;q!eY�

(S)
¦A§ �

+
k^MaqpeY\VM*U

\`IKM%XKqK��ejq���q
B � �� {^�:M%L!WG]yc`Ma�lc`��\VMB\VIKM	UV]^U_\`MaL ��q�\VIKMv��e;cVL

∀i ∈ {1, . . . , m}, Xi =
m

∑

j=1

Xj • Ci,j + Ri,
&0t^¦ hK¦ zO(

�lIKM+cVM
Ri

c`M+UVXK��\`Uv��c`ejL�\`IKM!\`Mac`LNU
Λ0� = E

��q cV��~jI)\�� IpWjqpk�UV��k^Mj¦ � eY\`MN\VIpWY\
Ci,j

��U%Ma��\VIpMac
∅

e;c�W��K����WY��Ma�U���qK~;��Ma\Vejq
ej�

B � �� ¦TH�IFXpU
(S)

��UEW- o¡)� � ¤a¡TU�]^U�\VMaL�{@WYqpk-W;UEUVXpnoI®{�� \mIpWjUBW!XKqK� �)XKM�UVej��X^\V��ejq � hj|M JS�LNejc`Mae�«jM+c+{F\`IK��UBUVej��X^\V��ejq¨n+WYq-��M
noIpWjc`W;n \`Mac`��¯+M+ky�F][W �V¢Y¡'�%$Y��¢ ��¥��g� �V¥� `  �%$Y�-��ejclM*WjnoI�XKqK�FqKe��lq�U�Ma\T��q

Λ
¦

= ±�� � ����� µ ���BA � � �^�(� µ � � - M � � �j�(� µ � � �t5
M

¢�� �
M ′

¢��`¥!¡ � $ � $Y�"$��%�� 1VB¢-coW�\V��ejq�WY����XKqpn \`��e;q �� N¢Q5 #^�@¤�¡0�%$�� 5 � $c�
M

¡ $
M ′

� 0 $G a¥�� �V¢��)0-�� �¢ �`¢�¡0�%$���¢ � �V¥ ��¢�¡0�%$�� �
� M�L!WG]-n�e;qpn���Xpk^M�\VIpWY\B\`IKMNU�e;��X^\`��e;q©ej�

(S)
��UvW�noIpWYcoWjn�\VMac`��¯+W�\`��e;q�eY�M*WjnoI¨XKqp�)qpe��lq©U�Ma\

Xi
��q

Λ
WjUmW[coW�\`��e;qpWY�

��XKq�n \V��ejq"¦
�:± 
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)8: ±Fµ � ± 
 X � $���¢Y�e�!���"� #p¤�¡0�%$�� �G¢ � � ¢ � ��¥�� Vd¡ 0K¥ ����� ����� �25 #^��¤a¡0�%$���5�$ ���
Λ � �� �¢ �V¢Y¡'�%$Y��¢��N5 #^��¤a¡'�%$Y� �

H�IKMmH�IKMae;cVM+L ��UW�n�e;cVe;����WYc`]	ej�45®MaLNL!W	}�{)UV��qpn�Ml\`IKMB��XKqpn \`��e;qpU
Λn� WjcVMEkKM��pqKM*k!ejq�k^��U f_ej��q)\:UVXK�pUVM�\`U:eY�"naejq)\Vc`ej���:e;c`kpUa{

ipWjc�\`� \`��e;qKM+k�Wjn+n�e;c`k^��qK~�\VeN\`IKM	U�X �>Z
n
¦

bdc`eji�MacV\V��M+U�eY�TcoW�\`��e;qpWY�dc`Ma��W�\`��e;qpU�Wjqpk���XKqpn�\V��ejqpU>WYc`M[UV��LN����Wjc	\`e¨\VIpe;UVMyeY�TcoW�\`��e;qpWY�d��WYqp~jXpWj~jM+U � }� J"NLNMaL���M+c`UVIK��i®{
��qpn���XpUV��e;q®{M	�)XpWY��� \_];{dMaLNi^\`��qpM+U`U!WYqpk/�pqK��\VM+qKM+U`UNWYc`M�k^M*n���kKWY�p��M;{iKc`eYf_M*n \V��ejq/ejq \VIKM���qKiKX^\!ejcNe;X^\ViKXK\NLNe;qKej��k ]F��Ma��kKU
W coW�\`��e;qpWY�TUVXK�^� LNejqKe;��k�{�WYq�k c`WY\V��ejqpWj�lcVM+��WY\V��ejqpU!WjcVM-n���e;UVM+k ��e;c!XKqK��ejq®{lU�\`WYc*{�iKc`eFkKXpn \[Wjqpk���qF«jM+c`UVM�LNejc`iKIK��U�L�{:\Ve
na� \`MyejqK��]-\`IKMyLNe;U�\	n�ejLNLNejq iKc`eji�MacV\V��M+U+¦yH�IKM!L!WY��q k^� '�M+cVM+qpn�M!��Uv\VI�W�\%\VIpMa]�WjcVMNqKej\�n���e;UVM+k©��ejc�naejLNiK��MaLNMaq)\oW�\V��ejq
Wjqpk���q)\VM+c`noI�WYi^\`Mac*{"WY��\VIKe;XK~jI W�XpUVM���XK�:U�XK�K� na��W;UVUvej�coW�\`��e;qpWY�4c`Ma��W�\V��ejq�UvIpWjUv\`IK��U	n���e;UVXKc`M>ipcVe;i�M+c�\_]�P ��qpkKMai�Maqpk^M+q)\V��]
k^��U`n�e�«jM+cVM*k-��q � x;u- WYqpk � 9M 0¦ �F��qpn�MNLNe;U�\%eY�:\VIKM*U�MNiKc`eji�MacV\V��M+UvWYc`M!WjU`U�e^na��WY\VM+k¨�l� \`I�i�ej��]FqKejLN��WY�AWY��~je;cV��\VIpLNU+{��K��qpk^��qK~
��XKq�n \V��ejq�U[naWjq ��M¨X�U�M*k ��q L!WYqF] WjqpWY��]^U�M*Ua{�UVMaM � u){EO�9^{ 9^{�x- E��e;cyejXpcyiKc`Ma«F��e;XpU!WYq�k e;qK~je;��qp~ WjiKiK����n+W�\`��e;qpU>\Ve \`IKM
WjX^\Ve;LNWY\V��nmipWYcoWY����M+����¯+WY\V��ejq�eY�4cVM*n�XKcoU���«jMBiKc`ej~jcoWYL!U+¦
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H�IK��U%noIpWji^\VM+c%��qF«jM*U_\`��~)W�\`M+UE\VIKMNc`M+UVej��X^\V��ejq�eY�
(S)

¦ �)\oWYcV\V��qK~���cVe;L &'tK¦ hp¦ zN( {®e;qKMNLNWG]¨naejLNiKX^\`M>\VIKM!��WjU�\mXpqK�FqKe��lq���q
\`Mac`LNUTeY��ej\VIKM+c`U4"

Xm = C∗
m,m

(

m−1
∑

i=1

Xj • Ci,j + Rm

)

.
& 9K¦ |K¦�O-(

H�IKMvUVej��X^\V��ejqyej�
(S)

naWjqy��MmnaejLNiKX^\`M+k!�F]N� \`MacoW�\`��qK~�\VIK��UiKc`eFnaM+U`UWjqpWY��ej~;ejXpU4\`eF6vWjXpU`U���WYq!M+����LN��qpWY\V��ejq®¦AH�IK��U:�W;Ud\`IKM
�pcoU�\diKcVe;i�e)U�M*kNWY��~jejc`��\VIKL'� 9+ #S;�pX^\ 6vWYX�UVUV��Wjq�M+����LN��q�W�\V��ejqNe;q>qpejq^�£n�e;L>L�X^\`WY\V��«jMlUVMaLN��c`��qK~;U4��M+W;kKU4\Ve%MaZ^i�e;qKMaq)\V��WY��U�ipW;n�M
c`M �)XK��cVM+LNMaq)\`U+¦ � MTiKc`eji�e;UVM�\_�e�WY��\VM+cVqpWY\V��«jMlLNM�\`IKe^kKUA\`e�n�e;LNiKX^\VMmWYqpkNc`MaipcVM*U�M+q;\d�p��qpkK��qK~	��XKqpn \`��e;qpU:M�'@M+n \`��«;Ma��]j¦4H�IKM
�pcoU�\	ejqKMN��L>ipcVe�«;M+UmejqT6vWYXpU`UV��Wjq©Ma����L>��qpWY\V��ejq �KX^\	�;MaMai�U%WYq�M�Z^i�e;qKMaq)\`��Wj�dn�ejLNiK��M�Z^��\_]/S"��\`Uv\`IKMae;cVMa\V��naWY�A��q)\VM+cVM*U_\%��Um\Ve
n+WYi^\`XKcVM	\VIKM �`¥���¢Y¡'�%$Y�K  �o¥a¡ �¥o¥a� ¢ � ����� ��#p¤a¡'�%$Y� �G¢ � � ¢ � ��¥  NWY��ejqK~yW[U���qK~j��M%ipWY\VI-ejq�\`IKM�naejq)\Vc`ej��WYX^\`ejL!W�\`ejq®¦§ �d�:M�ejqK��]
qKM+M+k \Ve�cVM+iKcVM*U�M+q)\�\VIpM�naejLNiKX^\oW�\`��e;q eY�E��qpk^X�n \V��ejq�«�WYc`��Wj�K��M+U! a¥a�K¢ �V¢�¡£¥ ��� ��cVe;L�M+W;noI eY\`IKMac*{ �FM+n�\V��ejq 9K¦ x-iKc`M+UVMaq)\`UNW
i�ej��]FqKejLN��WY�®WY��~je;cV��\VIpL�¦

� H4G 	 ��� ������� � �v�������

M � ��� k^M+qKeY\`M+U\VIKMmU�Ma\
Bm×m� �� ej�"U �)XpWjcVMlL!WY\Vc`��naM+Udej�"k^��L>M+qpUV��e;q

m
�l��\VI[Ma��MaLNMaq)\`U:��q

B � ��� S M � �� ��U:W	UVMaLN��cV��qK~%��e;c\`IKM
��qpk^XpnaM+k�L!W�\`cV��Z�Wjkpk^� \`��e;q�Wjqpk�iKcVe^k^X�n \TWYqpk

M � ��� ��Ulna��e)U�M*k[�F][U�\`Wjce;i�M+c`WY\V��ejq � h;|+ 0¦dH�IpM%qKMaX^\`c`Wj�@Ma��MaLNMaq)\TeY�
M � �� ��U

�
=

[

E ∅¦ ¦ ¦
∅ E

]

.
& 9K¦�Oj¦�O-(

bdcoWjn�\V��naWj��n�e;LNiKX^\`WY\V��ejqyej��\VIKME\VcoWYqpUV��\V��«jMEna��e)U�XKc`MleY�"W�U �)XpWjcVMTL!WY\Vc`� Z
C

��UWYq[��qpkKXpn \`��«;MTiKc`eFnaM+U`Ua{)XpUV��qp~%\VIKME��ej����e��l��qK~
�K��e^no�[k^M*n�ejLNi�e;UV� \`��e;q��lIpMac`M

a
WYqpk

d
WYc`M%U �)XpWjcVMmL!W�\`cV��n�M*U�"

C =

[

a c

b d

]

.

H�IKM¨��ejc`L�XK��W���U!������XpU�\VcoW�\`M+k �F] \VIpM-�pqK��\VMa� U�\`WY\VM¨WYXK\VejL!WY\Vejq���q ¬���~jXKc`M 9K¦�O�Sl��\`U�WY��iKIpWj��Ma\y��UynaejqpU�\V��\VXK\VM+k�ej�m��WY��Ma��U
{a, b, c, d}

ej�\`IKM��p��e^no�-L!W�\`cV��n�M*U�S
i
Wjqpk

j
WYc`M	\VIpM�\_�e�U_\oW�\VM*Ua{@\`IKMa]¨WjcVM>��eY\VI���qp� \`��Wj�dWYqpk¨�pqpWY�0¦�§ �

i
WYqpk

j
k^MaqpeY\VM

\`IKM©��WYqK~;XpWY~;M+UynaejLNiKX^\`M+k ��\VM+c`WY\V��«jM+��]/��ejcy\`IKM¨\_�e/U�\`WY\VM+U+{TWYq�k LNWY\Vc`� Z
C

c`MaiKc`M+UVMaq)\`U[W ����qKM*WYc!\`c`WjqpU���ejc`LNWY\V��ejq eY�
\`IKM¨«jM*n \`ejc

(i, j)
"

(i1, j1) = (i0a + j0b, i0c + j0d)
¦ � M�n�ejLNiKXK\VM�\VIpM-\VcoWYqpUV��\V��«jM-n���e;UVXKc`M�ej�

C
W;UN\VIKM©XKqK��ejq eY�

Wj���A�ejcokKUm��Wj��M+����qK~-W�ipW�\`I�\`Mac`LN��qpWY\VM*k©��q�U�\`WY\VM*U
i
ejc

j
{®c`M+UVi�M*n \V��«jM+��];{®W���\`Mac%¯aM+cVe�{�ejqKM;{®ejcvLNejc`M!WYiKip����naWY\V��ejqpUmeY�

C
"

(i∗, j∗) =
(

(i0 + j0d
∗b)(a + cd∗b)∗, (j0 + i0a

∗c)(d + ba∗c)∗
) ¦ � c`��\V��qK~

P = (a + cd∗b)∗
WYqpk

Q = (d + ba∗c)∗
{

C∗ =

[

a c

b d

]∗

=

[

P d∗bP

a∗cQ Q

]

.
& 9K¦�Oj¦ x�(

¬pcVe;L &0t^¦ hK¦ zO(�{TU�]^U�\VMaL
(S)

n+WYq ��M©�lc`��\�\VM+q
X = XC + R

{T�lIpMac`M©L!W�\`cV��Z
C = (Ci,j)1≤i,j≤m

WYqpk «jM+n�\Ve;c`U
R = (R1, . . . , Rm)

{
X = (X1, . . . , Xm)

¦'GAM*n \Ve;c
RC∗

��UE\VIpM>UVej��X^\V��ejq-ej�
(S)

{��KX^\%k^��c`M+n�\mWjiKiK����n+W�\V��ejq©eY� &^9p¦�O;¦ xO(���U
U�\V�����"��Wj��e;cV��ejXpU+{F~j��«jM+q[\`IKM	U���¯aMvej�

C
¦

_K_a`cbed�fgfih
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i ja
b

c
d

¬���~;XKc`M�9p¦�OO" �:ejLNiKX^\oW�\V��ejq�eY�AW>L!W�\Vc`��Z�U_\oWYc

, �K�a��� &�� ��� µ 
 �^� µ �EBXKcBUVej��X^\`��e;q¨cVM+����M+UEejq�\`IKM�UVipWYcoUV� \_]�eY�
C
"l�M	cVM+iKc`M+UVMaq)\T\VIpM�UV]FU�\VM+L�eY�AM �)XpWY\V��ejqpUE��q-\`IKM	��e;cVL�ej�WYq¨WYXK\VejL!WY\Vejq

A
{�naWY����M+k�\VIKMvL!W�\`cV��Z�WjX^\Ve;LNWY\Ve;q®¦
H�IKMB~jcoWYiKI[eY��\VIpMBL!W�\`cV��ZyWYX^\`ejL!W�\`ejq!��Ud\`IKMvUVWjL>MmWjU\VIKMm~jcoWYipI!eY��\VIpMmnaejq)\Vc`ej��WYX^\`ejL!W�\`ejq®¦VQWjnoI�U_\oW�\VM+LNMaq)\
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c`MaiKc`M+UVMaq)\`M+ky�F][W>XKqp���)XKMm\VcoWYq�U���\V��ejq®{^~)W�\`IKMac`��qp~�WY������q^��ejc`L!W�\V��ejq�WY��ejX^\l��qpk^Xpn�\V��ejq�«�WYc`��Wj�K��MBXKi@kKWY\VM+U��lIp����M%M�Z^M+naX^\V��qK~
s
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s
{
Λs � {®L!WYipUvn�e;q)\Vc`ej���:e;c`kKUBMaq�k^M+k©�)]

s
\Ve�\VIKMN«�WY��XKM>eY� ��¦�§ \m��U

\`IKM	U�Ma\TeY�AWY����i�e)UVUV���K��Mv�K��qpk^��qK~)U���ejc��[WY��\VM+c
s
¦ −→
Λn k^MaqKej\VM*U\VIKM �a���"�Y��� ���G¥o¤a¡ $ ��¢�¡:  ¡ ¢Y¡ ¥

n
{^�'¦ Mj¦�{^\VIpMv\VXKiK��M%eY�4�K��qpk^��qK~

��XKq�n \V��ejq�Uv��ejc	Wj���A��qpk^Xpn�\V��ejq�«�WYc`��Wj�K��M*UvW�\	U_\oW�\`M
n
&���qpn���Xpk^��qK~ � (�¦ �:e;qF«jMacoUVMa��]j{ −→

Λs
k^M+qKeY\`M+Um\VIpM �a���"�Y��� � �G¥o¤a¡ $ �y¢65o¡£¥��

  ¡£¢�¡£¥��!¥���¡
s
{K�0¦ Mj¦�{F\VIKMv\`XKiK��M%eY�4�K��q�k^��qp~N��XKqpn \`��e;qpU��ejcTWj���"��qpkKXpn \`��e;q�«�WjcV��WY�K��M+U�WY��\VMaclMaZ^M+n�XK\V��qK~!U_\oW�\VM+LNMaq)\

s
¦

� ��\VI
d
\VIpM:k^M+ipWYcV\VXKc`MdU�\`W�\`Mej�)\`IKMd\`c`WjqpUV� \`��e;q	WjU`U�e^n���W�\`M+kB\VeEU�\`WY\VM+L>M+q)\

s
{G�:Md~)W�\`IKMac�\`IKMipcVM+«)��ejX�U�����qKM*WYc"M	�)XpW�\`��e;qpU

c`M���M+cVc`��qp~�\`e
s
WYqpk�iKc`M+UVMaq)\�\VIpMaL ��q�\VIKMv��e;cVL "

∀ � ∈M � ��� ,−→Λs =
−→
Λd × � .

& 9K¦�Oj¦ hO(
����x�o�q���x���s�y�q*�4�nq �)���+q pc��q rcq��{w"y�p � t�r ��p1x�pcq���q�o.p

G
t*� , ("-��

ΛG

'
= Λ3' • (G|0), ΛG

&
= Λ3& • (G|1), ΛG

:
= Λ3: • (G|0)

−→
ΛG =

−→
Λ3 ×

��
(G|0) ∅ ∅
∅ (G|1) ∅
∅ ∅ (G|0)

��
.

� e��%{�\VIKMN\`c`WjqpUV� \`��e;q�ej��U�\`WY\VMaLNM+q;\
s

��q
A

��U%��WY��Ma��M+k��F]¨\`IKM�  ¡ ¢Y¡ ¥��N¥a�p¡ �N¢Y¡ � ��� � ¦%H�IFXpUa{
A

cVM*n�ej~;qK��¯aM+Um�ejcokKU
�l��\VI�WY��iKIpWY��M�\v��q

M � �� "En�e;qpnaWY\VM+qpW�\`��e;q-��UB\VIpM�L!W�\`cV��Z-iKc`eFkKXpn \vWYqpk©�:e;c`kKUBWYc`M	coW�\V��ejq�WY�"MaZ^iKcVM*UVUV��ejq-��q
M � �� {@IKMaq�n�MM+��M+L>M+q)\`Ulej�

M � �� ¦ 6mc`ejXKiK��qK~NM �)XpWY\V��ejqpU�W;nan�e;c`kK��qK~�\Ve>\`IKMv\VcoWYqpUV��\V��ejqpU �KWYc`cV��«�WY��U�\`W�\`Mj{^�M%~jMa\+{F��ejclM*WjnoI�U_\oW�\`M
a
{

−→
Λa =

∑

d∈ 	 � ��
 (a)

−→
Λd × � da, � da ∈M � �� , & 9K¦�Oj¦ }N(

�lIKM+cVM%ipcVM*k
(a)

��U�\`IKM	UVM�\TeY�4iKc`M+k^M*n�M*UVUVejc�U_\oW�\`M+Ulej�
a

Wjqpk � da
��U�\`IKM	U�\`W�\`MaLNMaq)\TL!W�\`cV��Z�W;UVUVe^n���W�\VM*k!\`eN\VIKMv\`c`WjqpU���\V��ejq

��c`ejL
d

\Ve
a
¦

� 	 � 	 �"��p1x�pcq o	w"� ��q�r�1 �~o%pc�"q ��x�p{rc���%x�w�pct)��x�pct)o;t*� , ("- "4�~q�y�v��
−→
Λ1 =

−→
ΛI +

−→
ΛG =

−→
Λ0 ×  +

−→
Λ3 × � .

)8: ±Fµ � ± 
 Z � ¥�¡ −→
Λ0 = (E , . . . , E)
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f

¤o¢Y� �o¥�¤ $�� �"#^¡£¥ �[¢� 

−→
Λf =

−→
Λ0 × � ,

& 9K¦�Oj¦ t�(
� 0p¥��V¥ � �� >¢ �!¢�¡)� ��� $p5 �V¥ � # ��¢��!¥��g� �V¥� `  �%$Y�K  $p5 �a� ��¢ �o¥ �   � � �� !¤ $�� �"#^¡£¥ �B5 � $c� ¡ 0K¥ �V¥ � # ��¢��!¥]�b� �V¥  o  �%$�� ¢� `  $*¤�� ¢Y¡ ¥ ��¡ $
¡ 0K¥ �N¢Y¡ � ����¢ #^¡ $c�N¢Y¡ $Y�

A
V � 0K¥a�©��¡'  #^�p�� #p¥83��¢��® o¡£¢�¡£¥%�� 

f �
H�IK��Ulc`M+UVXK��\���UTWNn�e;cVe;����WYc`]NeY�4H�IKMae;cVM+L uF¦

ªM+n+WYXpUVM�\VIK��U!LNM�\`IKe^k�eji�MacoW�\VM*UNejq c`Ma~jXp��Wjc>MaZ^iKcVM*UVUV��ejqpU+{d��\[IpWjU!W �ejcoU�\��£naWjUVM[MaZ^i�e;qKMaq)\V��WY�TnaejLNiK��M�Z^��\_]/��q \`IKM
qFXKL���M+cTeY�4U_\oW�\VM*UlWYqpk���qpk^Xpn�\V��ejq�«�WYc`��Wj�K��M+U+¦ �Ee��:M+«jMac*{)\VIK��U��ejcoU_\V� n+WjUVME��MaIpWG«F��ejcl��U�qKeY\T�����;Ma��]yejq�\_]FiK��naWY��MaZKWYLNiK��M+U+¦

�PSKS�-^�'�j�^��� µ � � µ � : ± � � �V� � �VL $ &®� 
TS�- ± � � MyqKe��7~j��«jMN\`IKM[U�\`W�\`MaLNMaq)\�L!WY\Vc`��naM+U	W;UVUVe^n���W�\VM*k��l� \`I M �)XpW�\`��e;qpU&0t^¦ hK¦ }N(E\Ve &'tK¦ hp¦ ?N( ¦ � � \`I�\`IKMN\VIpcVM+M>��qpk^X�n \V��ejq�«�WYc`��Wj�K��M+U vF{2z©WYq�k ��{@\VIpM!�K��q�k^��qp~�«;M+n�\Vejc%WY��\VMac	U�\`WY\VM+L>M+q)\
I
{ −→
ΛI =

(ΛIi, ΛIk, ΛIz)
WYqpk��l\VIpM	U_\oW�\VM+LNMaq)\TL!W�\Vc`��Zy��ejc

I
{^�:M%IpWG«;M�"

−→
ΛI =

−→
Λ0 ×

�
,
−→
ΛB =

−→
Λ1 × � ,

−→
ΛD =

−→
Λ2 × �

−→
Λd =

−→
Λ3 × � , −→ΛG =

−→
Λ3 × � ,

−→
ΛF =

−→
Λ3 × �
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��p1x�pcq���q�o.p

I :  =

��
I|0 ∅ ∅
∅ ∅ ∅
∅ I|0 I|0

��

��p1x�pcq���q�o	p
G : � =

��
G|0 ∅ ∅
∅ G|1 ∅
∅ ∅ G|0

��

��p1x�pcq���q�o	p
d : � =

��
d|2 ∅ ∅
∅ d|0 ∅
∅ ∅ d|0

��

��p1x�pcq���q�o	p
D : � =

��
∅ ∅ ∅

D|0 D|0 ∅
∅ ∅ D|0

��
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��p1x�pcq���q�o	p
B : � =

��
B|0 ∅ ∅
∅ B|0 ∅
∅ ∅ B|0
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��p1x�pcq���q�o.p
F : � =

��
F |0 ∅ ∅
∅ F |0 ∅
∅ ∅ F |0
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x
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� � � =
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� � +

� ��� ( � + � � � )∗( �
+ � + � + � � )
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M � �� ¦ (

¬���~;XKc`M�9p¦ x "0QAZKWYLNiK��Mmej��L!WY\Vc`� Z�WjX^\Ve;L!W�\Ve;q

� H�� 	 ��� ������� � �4�	���!� f�
���

� M%cVM*naWj���®W���Ma��k^Ma�pqK��\V��ejqpUTWjqpk�cVM*U�XK��\`UlWj��e;X^\�\VcoWYqpU`k^XpnaMacoUB� }� 0¦
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X�� j1m c Z # \_Zgc h o i ^ j1h o l Z j ` ^ ��e m ` j1i ^ `bl h ^ !�`-m lJm Z `N|
� � l c j ` o h e n ^6c m o ` Z l ct^ h e n6m;f+i ^ l Z j ` j e l Zgv j�l Z ` \ m l q f-m;ikj1f ^ i o j o8^ i ^pv*^ `bl#j c w o w v f Z i o # Zgc m l o j1i;s q j1f ^ l � j o j `�m;i;i e+o l c j�lJm Z ` d l \_Zs!j�l q+o ikj1f ^ i ^ h

(x|ε)(y|z)
j `+h

(x|z)(y|ε)
ct^ n Z rg`+m�� ^ l q+^8o j v*^ s!j1m c Z # \/Zgc h o

(xy|z)
|
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P a ¡C0p¥
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s
VT¡C0p¥

$ #^¡k� #^¡+��¢��`¥ �"�� %¡ 0K¥����p��¡0� ¢�� ���*¢Y¡'�%$Y� ¤ $Y�K  ¡ ¢Y�p¡
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P d ¡ $�  ¡ ¢Y¡ ¥
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H�IKMm�K��qpk^��qK~>\VcoWYqpU`k^XpnaMac:��ejc 	���>��UlUVIKe��lq[��q�¬���~jXKc`M 9p¦ hp¦ � eY\`��naME\`IpW�\lqKe^k^M*U�WY����e^naWY\VM*k!\Ve�\VIpMm«F��c�\`XpWY�@��qpk^Xpn�\V��ejq
«�WYc`��WY�K��M �[WYc`MBqKej\Tn�eY�£Wjn+n�M*UVUV���p��MTMaZKn�MaiK\\`IKM%��qK� \`��Wj�®U_\oW�\`M &�\VIKM+cVMv��U�qKeNipW�\`I[��c`ejL \`IKMaL \Ve!W	��qpWY�®U�\`WY\VM-(�{KWYqpk���qK� \`��Wj�
U�\`WY\VM+U%kKM+k^��naWY\VM+k¨\Ve�v[Wjqpk9z©WjcVM>qKej\vnaeY�£WjnanaM+U`U����K��M�M+� \`IKMac*¦>H�IpM+UVM>U�\`WY\VM+UvWjcVM>XpUVMa��M+U`Ua{@\`IKMa]©WjcVM�\Vc`��L>LNM*k¨��c`ejL�\`IKM
�K��qpk^��qK~N\`c`WjqpUVkKXpn�M+c+¦

�
v z
v z
v z
v z

I � 0 I � 0

B � 0 B � 0
D � 0

D � 0

F � 0 F � 0

d � 2
d � 0

G � 0 G � 1

¬���~;XKcVM 9p¦ h)"4ª��qpk^��qK~!H"coWYq�UVk^X�n�Mac���e;c 	���
H�IKM:�K��qpk^��qK~E\`c`WjqpU`k^Xpn�M+c�kKe)M*U"qpeY\�kK��c`M+n�\V��]	k^M+U`n�c`����Md\`IKM�K��q�k^��qp~T��XKqpn�\V��ejqpU+¦4g/�K��qpk^��qK~B\VcoWYqpU`k^XpnaMac���U �j¥ �Y� ¤`¢Y¡ ¥ �%\Ve

Wjq���qpk^Xpn�\V��ejq>«�WYc`��Wj�K��M �	�lIKM+q���\`U���qpWY�KU�\`WY\VM+U4WjcVMcVM*U_\`cV��n \`M+k�\VeB\VIKMTU�\`WY\VM*U�kKM+k^��naWY\VM+k�\Ve �	��q�\VIKM�pqpWj�^iKc`eFkKXpn \V� U�\`WY\VM+U+¦

)8: ±Fµ � ± 
 ��� �/0K¥ �a���"�Y��� ��¡)�V¢��p  ��#p¤o¥�� �j¥ ��� ¤o¢�¡£¥ ��¡ $�¢Y� ���"��#p¤a¡0�%$�� ��¢�� � ¢ � ��¥ � �V¥o¤ $i�j�p���*¥� �¡ 0K¥ �a���"����� �Q5 #^��¤a¡0�%$�� 5�$��
� �
H�IK��Ulc`M+UVXK��\���UTWNn�e;cVe;����WYc`]NeY�4H�IKMae;cVM+L uF¦
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	B��¢ ���G  ��  x;u
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 �
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H�IKM%naejqpU�\Vc`Xpn \`��e;q[ej�®\VIKMv�K��qpk^��qK~>\VcoWYq�UVk^X�n�Mac��U��Xp����]y��L>ip��M+L>M+q)\VM+k���q E �WjL>�0¦+�)\`Wjc�\`��qp~���c`ejL�WO+ - /21 3/iKc`ej~jcoWYL�{
\`IKM�WjqpWY��]F¯aMac%c`M�\`XKc`qpUv\VIpMy�K��qpk^��qK~-\VcoWYq�UVk^X�n�Mac�Wjnanaejcok^��qK~�\Ve-\`IKM[noIKe;��naM!eY�lLNejqKe;��k�¦-H�IK��U�WjqpWY��]F¯aM+c%��U�W�ipWYcV\�eY�TW
LNejc`M-WYL��K� \`��e;XpU>��coWYLNMa�ejc`� ��qpna��X�k^��qp~ k^Mai�MaqpkKMaqpnaM�\VM+U�\[WY��~je;cV��\VIpLNU>�pW;U�M*k/e;q/\`IKM-�K��qpk^��qK~ \VcoWYq�UVk^X�n�Mac � x+ ¦�EBXKc
��LNiK��M+LNMaq)\`WY\V��ejq!��UWjU~jM+qKMac`��n�W;UA\VIpMl��c`WjLNMa�ejc`�%��ejckKW�\oW%U_\`cVXpn�\VXKc`MTWYq�kN�K��q�k^��qp~%��XKqpn�\V��ejq[naejLNiKX^\oW�\V��ejq["�e;i�M+c`WY\V��ejqpU
e;q©WYX^\`ejL!W�\oW[Wjqpk�\VcoWYq�UVk^X�n�MacoUTWjcVM�ipWYcoWYLNM�\`Mac`��¯+M+k��F]�\VIKM�\_]Fi�M*UEej�:U_\oW�\`M�qpWjL>M*UEWjqpk�\VcoWYq�U���\V��ejq¨��WY��Ma��U+¦�6mcoWYiKI�UTeY�
WjX^\Ve;LNWY\`WNWYq�ky\`c`WjqpUVkKXpn�M+c`U�WYc`M%k^coWG�lq[�F]y\`IKMv��cVM+M{w7��yyUVeY��\_��WYc`M�� x�}M 0¦

� M©iKc`M+UVMaq)\y\_�e/MaZKWYLNiK��M+UyipcVe^n�M*UVUVM+k �F]�ejXKc���q�U_\oWYqpnaMa�l��U�M�WYqpWj��]F¯aM+cyeY� + - /21 3 iKc`ej~;c`WjL!Ua¦rH�IKM©�pcoU_\�ejqKM
e;i�M+c`WY\VM+U�e;q�Wjq�WjcVcoWG]j{)\`IKM	U�M*n�e;qpkye;qKM%ejq�W�\Vc`MaMj¦

)8: ±�� � ��F � Duv$t�� [v� µ L ��� 
 ¬���~;XKc`MBuF¦�OTU�IKe��TUW%iKc`ej~jcoWYL�\`e	Ma«�Wj��XpWY\VMl\`IKMT�K��qKe;L>��WY��n�eFMb�yn���Maq)\oU & Wv����qKMEej��bAWjU`naWj� � U
\`cV��WYqK~;��M+( ¦�§ \yM�Z^IK���K��\`UN��eY\VI W���e)e;i U�\`WY\VMaLNM+q;\[Wjqpk�W©c`M+naXKc`UV��«jM�naWY���0{d\_�e���qpk^Xpn�\V��ejq «�WYc`��Wj�K��M+U��©WYq�k � iK��XpUN\`IKM
naejqpU�\`Wjq;\!��qpk^Xpn�\V��ejq «�WYc`��Wj�K��M t_S��/Wjqpk< WYc`M�qKej\y��q�k^Xpn \`��e;q «GWjcV��WY�p��M*Ua¦ �)\`WY\VMaLNM+q;\

D
{ ��� �;{:��U!WYq�Ma��MaLNM+q;\oWYc`]

U�\`WY\VMaLNM+q;\��l� \`IKejXK\���qpk^Xpn�\V��ejq «�WYc`��Wj�K��M+U4"T+.-0/2143 U���LNiK��] ��~jqKe;cVM*U!��\+¦ H�IKM/��D��4� �Kc`WjqpnoI eY�%\`IKM�naejqpk^��\V��ejq�WY�T��U
M+L>iK\_] "A��\TMaq�U�XKc`M+U\`IKMv\VM+cVLN��qpW�\`��e;q�ej��c`M+naXKc`UV��«jMvnaWY����Ua¦

¬���~jXKc`M�uF¦ x U�Ipe��TUN\VIKM©�K��q�k^��qp~ \VcoWYqpU`k^XpnaMacN��e;c�� � �"F � Duv$t��{dW;Uy~jM+qKMacoW�\`M+k �F]/\`IKM©UVeY��\_��WYc`Mj¦ H�IpM�\VcoWYqpU`k^XpnaMac
��U�kKc`WG�lq �F] IpWYqpk�\`e©M+qKIpWYq�n�Myc`M+W;kKWY�K����� \_];{�Wjqpk ��q n�ejLNiK��MaLNM+q;\>�l� \`I \VIpM[��qpk^��naW�\`��e;q eY��\VIpM�k^M*k^��n+W�\`M+k ��qpk^Xpn�\V��ejq
«�WYc`��WY�K��Mj{��M��p����M+k M*WjnoI qKe^k^M-ej�m\`IKM¨~;c`WjiKI �l��\VI W/U_\oW�\VM+LNMaq)\y��e;cVc`e��M+k/��cVe;L \VIpM¨iKc`ej~jcoWYL "�\`IKM©U�\`W�\`MaLNMaq)\y��U
�lc`� \V\VM+q¨��q¨\VIKM>WYc`cV��«�WY�®qKe^k^M*UTej��\`IKM�W;UVUVe^n���W�\`M+k�\VcoWYqpUV��\V��ejqpU+¦ � e^k^M*UEk^M*k^��n+W�\`M+k�\`e!\VIKM���q�k^Xpn \`��e;q¨«�WYc`��Wj�K��M t-WjcVM%qpeY\
XpUVM+k S^\VIKM+][IpWG«;MB��MaM+q�\Vc`��LNLNM+k�¦ � eY\`��naMv\VIKM%XpUVMveY�4��q�k^Xpn \`��e;q�«�WjcV��WY�K��M �N\Ve!��qK��\V��WY����¯+Mv��eFeji�n�e;XKq)\VM+c��)¦

)8: ± s ��� ��>x������7yux�y����� [v� µ L ��� 
 ¬���~jXpcVM[uF¦ h�U�Ipe��TU%WYq ��LNiK��MaLNM+q;\oW�\`��e;q�ej�:\`IKMyLNMac`~jM!UVejcV\	WY��~jejc`��\VIKL�{®��LNiK��Ma�
LNMaq)\`M+k�e�«jM+cNW��K��qpWjcV] \`cVM+M�ej�m����U_\oUa{naWY����M+k�	"�����¦�H�IpM�\VIKc`MaM���XKqpn�\V��ejqpU��

�
DuvCy�{ s ��� �� WYqpk��7���Ky WjcVM�c`M+n�Xpc`UV��«;Mj¦

§£qpkKXpn \`��e;q©«�WYc`��Wj�K��M+U
��{
	©WYq�k��-WYc`M���e^naW�\`��e;qpUT��q¨\`IKM>\Vc`MaMOS@\VIKM+]¨WYc`M	e�«jM+cV��e;W;k^M+k-Wjqpk-M�ZKnoIpWjqK~jM*k¨WjUE��ejc`L!WY��ipWYcoWYL>�
Ma\VMacoUBeY�A\VIpM	\VIpcVM+M	��XKqpn�\V��ejqpU+¦mb4Wjc`WjLNM�\VM+c t-eY��

�
DuvCy���UEWjq¨��q�k^Mai�MaqpkKMaq)\m��qpk^X�n \V��ejq©«GWjcV��WY�p��M	qpeY\BX�U�M*k-��ejcBLNMaLNejc`]

W;nan�M*UVUVM+U+{^WYqpk
�
{��yWjqpkV�[WYc`MBqpeY\T��qpk^Xpn�\V��ejq�«�WYc`��Wj�K��M*Ua¦��ykKMaqKej\VM+U\`IKM%MaLNi^\_][�:e;c`k�{^�0¦ Mj¦�{^\VIKM%c`eFeY\�eY��\VIKMv\`cVM+Mj¦

H�IKM��K��q�WYc`]!\Vc`MaM	ej������U_\oUT��UlcVM+iKc`M+UVMaq)\VM*k�W;UTW>\VM+cVq�WYc`]!\Vc`MaMO" t��	�Ky[��U�\`IKM%�pM+��k���e;cl\VIpM%�pcoU_\E�pc`WjqpnoI®{K��\T\VcoWG«jM+c`UVM+U�W
����U�\%eY���q)\VM+~jM+c`U+{@\VIKM�D"�"�Ky�WjqpkA�_v����>y��pMa��kKUm\VcoWG«jM+c`UVM%\`IKMN�pWjno�F��ejqKM>�K��qpWYc`]�\Vc`MaM;¦�g\%\VIpM>��Ma~;��qpqK��qp~p{�\`IKMNXKqpUVejcV\VM+k
����U�\T��UU�\Ve;cVM*k[��q�\VIKM t��	�Ky!�pc`WjqpnoI[ej�"\VIpMB\`cVM+MvqpWYLNM+k

Tree
¦4§ \T��UlU�iK����\���q�\_�:e>IpWY��«jM*U�U_\`ejc`M+ky��q�\VIKM%D"�"�KyNWjqpk �_v����>y

�KcoWYq�noIKM+U+¦¨ªeY\VI \VIKM*U�My����U_\oU�WjcVM!c`M+naXKc`UV��«jMa��]�UVejcV\VM*k�{�\VIKM+q LNMac`~jM*k �pWjno����q \`IKM�cVeFeY\	qpeFkKMj¦©¬���~jXKc`M�u^¦ }¨UVIKe��TU%\`IKM
�K��qpk^��qK~[\VcoWYqpU`k^XpnaMacl��e;c s ��� ��>x����4�7yux�y�������WjUBk^c`WG�lq��F]9w>��yL� x�}! ���cVe;L \`IKMF+.-0/F1 3 UVeY��\_��WYc`M%ejX^\`iKX^\+¦,Emn \Ve;~je;qpWY�
U�\`WY\VM+U�n�e;cVc`M+UVi�e;qpkE\Vel\`IKMA\Vc`MaMAc`M���M+cVM+qpn�M*U®W�\"\VIKMdM+��M+LNMaq)\`WjcV]mU_\oW�\VM+LNMaq)\`U+¦"H�IKM*U�MU�\`WY\VM*U®WYc`MAXpUVM���XK�j��ejc�\`IKM:naejLNiKX^\oW�\V��ejq
ej�EkKW�\oW-k^Mai�MaqpkKMaqpnaM+U+¦-§£qpk^MaM*k�{���cVe;L \`IK��U��K��qpk^��qK~-\`c`WjqpU`k^Xpn�M+c+{��M[k^Ma«;Ma��eji�M+k WY��~je;cV��\VIpLNU%\Ve©k^Ma\VM*n \�\`IpW�\�\VIKM[\_�:e
n+WY����U\`eN\VIKM��7���7yN��XKqpn \`��e;q &

j
Wjqpk

k
(�naWYq���M%cVXKq���q�i�WYcoWY����M+� ��O(9p{B9! ¦

�!� : ± ���+� 
>S�- ± S�� µ L ��� 
 � ¬���~;XKc`M	u^¦ t>UVXKLNL!WYc`��¯+M+U�U�e;LNMmc`M+UVXK��\`UlWj��e;X^\lcVM*n�XKcoU���«jMmiKc`ej~;c`WjLNU:�Mm��LNiK��MaLNMaq)\VM*k���q
+.-0/2143l¦KH�IKM%��WjU�\Tn�ej��XKLNq�eY��\VIKMv\oWY�K��M%~j��«jM*U\`IKM%qFXKL���Maclej�4U�\`WY\VM*U���q�\VIpM%�K��q�k^��qp~�\`c`WjqpU`k^Xpn�M+c+¦

�F��qpnaM©\`IKM��pc`U�\-U�XKc`«jM+] ej����qpU�\`WYq�n�Ma�l��UVM�WYq�WY��]FUVM+U[\VM*noIKqK� �)XKM+U � 9M 0{m�M�k^��U`n�e�«jM+cVM*k L!WYqF] cVM*n�XKcoU���«jM�WY��~je;cV��\VIKL!U
UVXK��\`WY�p��M[��ejc���LNiK��MaLNMaq)\`WY\V��ejq ��q +.-0/2143 WYqpk ��qpU�\`Wjqpn�M+�l��UVM[k^M+i�M+qpk^Maq�n�M�WjqpWY��]^U���U+¦¨H�IKMac`M���e;cVM;{���\NUVMaM+L!U%\VI�W�\�\`IKM
iKc`ej~;c`WjL LNeFkKMa�®M+qpn�e;L>i�WjU`U�M*UL!WYqF]y��LNiK��MaLNMaq)\`WY\V��ejqpUTeY��ipc`W;n \V��naWj�®WY��~je;cV��\VIKL!U�k^M*U�iK��\VM%��\`UlUVMa«;Mac`MmnaejqpU�\VcoWY��q)\`U+¦

bdc`ej~;c`WjL t����	�����t �d��U®\VIKMn���WjU`U���naWj�YiKc`ej�K��MaL \VeBiK��W;n�M
n � XKM+MaqpU"ejq	W

n×n
noIKM+U`UV��e)WYcok�¦&	��7x��ux��"�>���U�\`IKMc`M+naXKcoU���«jM

LNMac`~jMa� UVejcV\�Wj��~;ejc`� \`IKLrWY��\VM+cVq�W�\V��qK~Be�«jMac�\_�emWjcVcoWG]^Ua¦�§ \A��U4eji^\`��LN��¯aM*k���q 	��>x��ux4�"��� �K	����	�bv$t � D7xuv+t �	�4�Kyux��)���Kyl�)]�XpU���qK~
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L | 0
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y = A[I] A[I] = x + y x = A[I]
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3 | A
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31 | C.@ 31 | A.@

1 | C

8 | C

S | @

19 | C

R | @

14 | C

L | @

1 | B

8 | B

S | @

19 | B

R | @

9 | B

F | @

1 | A

8 | A

S | @
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R | @
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9 | A
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2 | C
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24 | C
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2 | B

23 | B
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W | @
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