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@BA�CEDGF+HJILKJMON�FQPSR8TUFEVWN�X0N�V�CEDGFON
Y
Z�[S\�FEVJ@]KW^�_

K"PS`a`b[cZ�V�daFeZ�FOf�A�FEZ�f�A�F�g5h�i8HQj<ikImlnFEoaZ�RnPSZ�Xpjrq0s�j<t<tSuvIwj8Hx`nPSyrFON

z|{~}O�Q�?�a�r�<��� FG`aZ�FON�FEg�V�Pkg�FE��PS��yr[cZ���V�AaD���[cZ�V�FON�V���gay�V�A�Fv��FQPcN���oa������V�X�[S�WP�N�FEV�[S�]g�[cg8�
Z�FOfERaZ�Z�FEg�V�V�PcN��8Ne��[cZ�\�[co�N.���]��V�AkZ�FQPS����V���DGFefO[cg�N�V�Z�PS��g-V�NJN�f�A�FOd8Ra��FOd�Rag�daFEZ�V�A�F����xl�`b[c����fEX
����PSZ�����FON�VW�xFQPcd8����g�F�l~��Z�N�V$�.��@BA�Fe`aZ�[c`b[<N�FOdk��FQPcN���oa������V X�V�FON�V�AnPcNWPv��[¡��FEZ"fO[cD¢`a��F.T0��V XkV�AnPSg
V�A�Fe`aZ�FE£���[cR�N���X��0g�[Q�]g�V�FON�VQ�¤@BA�Fx¥�Z�N�VWN�V�FE`p[S��V�A�F5PS��yr[cZ���V�AaD¦��N]V�[GfO[cg�N�V�Z�R�fEVJV�A�Fe§"PcN�N�F
d8�¨PSy<Z�PSD�[S��V�A�F]N�FEV�[S�bV�PcN��0N��]A�FEZ�F�V�A�FB`nPSZ�V��¨PS�n[cZ�daFEZ
��N�daF.¥�g�FOd¢o�X5V�A�FB��g�fE��R�N���[cg+Z�FE�¨PSV���[cg
[cg©V�A�F�V�PcN��8NQ�ª@BA�FEg3sBV�A�F�PS��yr[cZ���V�AaD«fO[cg�N�V�Z�R�fEV�N+V�A�FpN�A�[cZ�V�FON�V+`nPSV�A¬��g¬P�yrFO[cDGFEV�Z���fQPS�
Z�FE`aZ�FON�FEg-V�PSV���[cg)PSV�FQPcf�A���FE£rFE�3[S��V�A�F�§"PcN�N�F"d8�¨PSy<Z�PSD��¤�"FE`&FEg�d8��gay+[cgkV�A�FxD+P?T8��D+PS�­N���[c`&F
[S�
FQPcf�Ap`nPSV�A3saV�A�FeN�FEV�[S��V�PcN��8N]��N]FE��V�A�FEZ���FQPcN���oa��F�[S��g�[cVQ�

@BA�Fv��[cZ�N�V���fQPcN�F+fO[cD¢`a��F.T0��V X®[S�¯V�Aa��Nx��FQPcN���oa������V�X)V�FON�VedaFE`&FEg�daN�[cg�N�V�Z�R�fEV�RaZ�PS�¤f�AnPSZ�Pcf.�
V�FEZ���N�V���fONG[S�"V�A�FkN�FEVG[S��\�[co�N¢N���g�fOFk��V¢��NvV�A�F�N�RaD°[S�"V�A�F���FE£rFE��N¢��g©V�A�Fk§"PcN�N�FUd8�¨PSy<Z�PSD��
� AnPSV�FE£rFEZWV�A�F�N�FEVW[S�&\�[co�NQs�V�Aa��NJ��N�o&FEV�V�FEZWV�AnPSg)V�A�Fe�¯[cZ�N�V���fQPcN�F5fO[cD¢`a��F.T0��V���FONx[S��F.T0��N�V���gay
PS`a`aZ�[rPcf�A�FONQ�
laRaZ�V�A�FEZ�DG[cZ�F<s���FB`aZ�[¡£���daFWPJ`aZ�[conPSoa������N�V���fJPSgnPS��X0N���N
[S�bV�A�F]fO[cD¢`a��F.T0��V Xv�]A�FEg
V�A�F�V�PcN��8N�PSZ�F�Z�PSg�da[cD��5l�[cZ�Y±[c��N�N�[cg�PSZ�Z���£cPS��NePSg�d®F.T8`b[cg�FEg�V��¨PS����X)d8��N�V�Z���oaRaV�FOd®�¨PSV�FEg�fE��FON¡s
�¯FeN�A�[¡�²V�AnPSV�V�A�FePcN�X0D¢`aV�[cV���fefO[cD¢`a��F.T8��V�X���[cZWPcN�N�FON�N���gayv��FQPcN���oa������V XU��N

O(N log(N))
�

³ N¢PSg���g-V�FEZ�FON�V���gay�o�X-��`aZ�[0d8R�fEVQs�V�A�FkPS��yr[cZ���V�AaD´`aZ�[¡£���daFONGP�g�FE�µ�¯PQX¶V�[®daFEZ���£rFUV�A�F
o&FON�V�N�`&FOFOdaN�[S��V�A�Fv`aZ�[0fOFON�N�[cZeN�[kPcN�V�[UD¢��ga��D¢��·QF¢V�A�FvV�[cV�PS��FEg�FEZ�y<X)fO[cg�N�RaD¢`aV���[cg¶�]Aa����F
DGFOFEV���gay�V�A�F]daFQPcd8����g�F�[S�bFQPcf�AGV�PcN��&�±@BA�F]F.T�PcfEV�fO[cD¢`a��F.T0��V X¢[S��V�Aa��N�PS��yr[cZ���V�AaD¸��N�Rao8��fERaoa��f
��g+V�A�F]g-RaD5obFEZB[S�bV�PcN��0N$����N
��[Q�¯FEZ�V�AnPSg|V�A�F�fO[cD¢`a��F.T0��V XG[S�­PS����V�A�FWPS��yr[cZ���V�AaDGN¯N�[c��£���gay�V�A�F
N$PSDGFx`aZ�[coa��FED�s��0g�[Q�]g�o�XUV�A�FePSRaV�A�[cZ�N¡�
¹�ºr»&¼�½5¾ �?¿~}<� KJFQPS����@B��DGF¯À�X8N�V�FEDGNQsrÀ0f�A�FOd8Ra����gay�s<l�FQPcN���oa������V�Xrsr�"X0gnPSD¢��f�Á�[c��V�PSyrF¯À0fQPS����gay�s
��PSZ�����FON�VW�xFQPcd8����g�Fel~��Z�N�VQ�

∗ ÂnÃ�ÄJÅrÆOÇ.ÈWÉbÅ-Ê�Ë8Ì¡ÍEÎ]Ï­ÐÑÐÓÒ�Ô�ÕrÖ Ê7×�Ø$ÐÓÙÓÔ.ÌSÎ.Ú$Û.ÛEÜ]ÅrÆOÇ.È-ÌSÝ¡Þ�Ø$ÈSßàÔ.á�Ânâ�Ø�ÙÑÐ�ã�ä�Þ�å?ÈSÇ?á æ�Ø�å$ç�Ø�Ðéè~Ô�ÈSê�É¨ÐëÆOÇ.È-á ìíÞ
† Å8î~ï­Ê�Ï�Ì0Â�ÈSê�ÔàâxÌ�ð"Ø�ñEÔ�ÈQå?Ô]Õ?Ô]ÐÑØ�ÝSÇ�Þ�òà×�Õ?Ô]ÐÑØ"ó�Ø�ÆOÔ$Ì�ô�ÍEôQõ�Îeö�Ø$ÈSÕ?ÇOÔ�å?ñOÞ�Ô.ÌaÝ?Þ�Ø�ÈSß�Ô$á"Â�â�Ø$ÙÓÐ�ã�Ã~ÙÓß�Ç$É
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��� }���� � ��� [cR�N�`aZ�MON�FEg�V�[cg�N¯Rag+g�[cRa£rFE�bPS��yr[cZ���V�AaDGF"`&[cRaZ�V�FON�V�FEZ��¨Px��PS��N�PSoa������V�MWd�� RagUFEg8�
N�FED�oa��FpdaFpV��cf�A�FONUg�[cg8��Z�MOfERaZ�Z�FEg-V�FONk[cZ�da[cgagnPSg�fOMOFON�N�[cR�N|���xlB���3FpV�FON�V+`aZ�[c`&[<N�M ��Rag�F
fO[cD¢`a��F.T8��V�M�`a��R�Nk��PS��oa��F"!�R�F���F�V�FON�V�fO[cgag-R \�R�N#!�R$�%� `aZ�MON�FEg�VQ���­P `aZ�FED¢��CEZ�F¶MEV�PS`&F�daF
�&�ÓPS��yr[cZ���V�AaDGFpFON�V�daF�fO[cg�N�V�Z�Ra��Z�F���F�d8�¨PSy<Z�PSD¢DGFkdaFk§xPcN�N�FUdaFU�&�ëFEg�N�FED�oa��FkdaFONvV��cf�A�FON¢[('
�&�ë[cZ�d8Z�F�`nPSZ�V���FE�±FON�VJdaM.¥�ga�­`nPSZ��¨PGZ�FE�¨PSV���[cg�d�� ��g�fE��R�N���[cg)N�RaZ���FON�V��cf�A�FONQ�)�*�ÓPS��yr[cZ���V�AaDGF�fO[cg8�
N�V�Z�Ra��V+PS��[cZ�N¢��F�`a��R�NGfO[cRaZ�V+f�A�FED¢��g¬d�� Rag�F���P(+O[cg yrMO[cDGMEV�Z��,!-R�F�`b[cRaZGf�AnP(!-R�Fkga��£rFQPSR¬d8R
d8�¨PSy<Z�PSD¢DGF¢daFv§xPcN�N�F<�x�
g®��[cg�fEV���[cg�daF5�¨P+`&FEg-V�FvD+P?T8��D+PS��F�daFvf�AnPcfERag�daFONx`a��R�N"fO[cRaZ�V�N
f�A�FED¢��g�NQsa�&�ëFEg�N�FED5oa��F�daF�V��cf�A�FONWFON�VB��PS��N�PSoa��Fe[cRkg�[cg3�
�­P]fO[cD¢`a��F.T8��V�M�d�PSg�N3��F�`a��Z�F�fQPcN­daME`bFEg�dedaF
fQPSZ�PcfEV�MEZ���N�V��,!-R�FON~N�V�Z�R�fEV�RaZ�FE����FON­daF��&�ëFEg�N�FED�oa��F

daFONeV��cf�A�FON�fQPSZ5FE����FGFON�Vx��[cg�fEV���[cg¶d8R�g�[cD�oaZ�F|daF¢V��cf�A�FON��kf�AnPcfERag¶daFON�ga��£rFQPSR8T�d8R�d8�¨P?�
y<Z�PSD¢DGFkdaF�§xPcN�N�F<�"-JR�FE��!�R�F|N�[c��Vv�&�ëFEg�N�FED5oa��FkdaFUV��cf�A�FONQs¤�¨P�fO[cD¢`a��F.T8��V�Mkd�PSg�N���FU`a��Z�F
fQPcN"FON�V�`a��R�NJ��PS��oa��F	!�R�F�fOFE����F5daFON"PS`a`aZ�[0f�A�FONxF.T8��N�V�PSg-V�FONQ�W�"F�`a��R�NQs�g�[cR�NW`aZ�MON�FEg�V�[cg�N"Rag�F
PSgnPS��X8N�F�`aZ�[conPSoa������N�V�F.!�RnPSg�d)��FON"fQPSZ�PcfEV�MEZ���N�V��,!-R�FONedaFONxV��cf�A�FONeN�[cg�V�PS��MQPSV�[c��Z�FON¡��Y~[cRaZedaFON
PSZ�Z���£rMOFON~Y~[c��N�N�[cga��FEgag�FON�FEV±daFON~MOf�A�MQPSg�fOFON�F.T8`b[cg�FEg�V���FE����FEDGFEg-V�d8��N�V�Z���oaR�MOFONQsSg�[cR�N±DG[cg-V�Z�[cg�N
!�R�FJ�¨P�fO[cD¢`a��F.T8��V�M�PcN�X�D¢`aV�[cV��,!�R�F"`b[cRaZBdaMOfE��daFEZ�daFJ�¨P���PS��N�PSoa������V�MxFON�V

O(N log(N))
[('

NFON�V]��Fxg�[cD�oaZ�F�daFeV��cf�A�FONQ�
/Wg�F���D¢`a����fQPSV���[cg¢��g-V�MEZ�FON�N$PSg-V�F]daF¯fOFEV�PS��yr[cZ���V�AaDGF]FON�V0!�R$� ���-��[cRaZ�ga��V�Rag�F¤g�[cRa£rFE����F���P(+O[cg

daFJfQPS��fERa��FEZ���FON�DGFE������FERaZ�FONB£0��V�FON�N�FON¤d8R|`aZ�[�fOFON�N�FERaZ�`&[cRaZ¤D¢��ga��D¢��N�FEZ��¨P�fO[cg�N�[cD¢D+PSV���[cg�V�[S�
V�PS��FBd��ëMEg�FEZ�y<��F]V�[cRaV�FEgvZ�FON�`&FOfEV�PSg-V¤��FON
MOf�A�MQPSg�fOFONQ�0�­PxfO[cD¢`a��F.T8��V�M�F.T�PcfEV�F¯daFB�&�ÓPS��yr[cZ���V�AaDGF<s
��g8��MEZ���FERaZ�F1�

O(N3)
s�FON�V]`a��R�N]��PS��oa��F	!�R�Fx�¨P¢fO[cD¢`a��F.T8��V�M5daFONWPS��yr[cZ���V�AaDGFONxfO[cgag�R�NW`nPSZ���FON

PSRaV�FERaZ�NW`b[cRaZ]Z�MON�[cR�d8Z�F���F�D32EDGF�`aZ�[coa��CEDGF<�
4 ¾ �Q} ¼ �65 � � À�X0N�V�CEDGFON�@­FED¢`�N�KWMOFE��s
_JZ�da[cgagnPSg�fOFEDGFEg-VQs ³ d�PS`aV�PSV���[cg �"X0gnPSD¢�,!-R�F+d8R
Á�[c��V�PSyrF<sn�¤PSZ�����FON�VJ�xFQPcd8����g�Fel~��Z�N�VQ�
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	®¾�� ��� º�� � ¾ { 5 º ��� @3��[e��D¢`b[cZ�V�PSg�V�`aZ�[coa��FEDGN�Z�FE�¨PSV�FOd¢V�[xV�A�F]N�f�A�FOd8Ra����gay�[S�
PvN�FEVW[S�~��g�daFE`&FEg�daFEg-V�\�[co�N]Rag�daFEZW���xl PSZ�F�Pcdad8Z�FON�N�FOdk��g�V�Aa��NWN�V�R�d8X���H¡�BV�A�Fx��FQPcN���oa������V�X
PSgnPS��X8N���NWPSg�d�jr��V�A�F�D¢��ga��D¢��·¡PSV���[cg�[S��V�A�FeFEg�FEZ�y<XkfO[cg�N�RaD¢`aV���[cg3�

��T0��N�V���gay N�[c��RaV���[cg�NUAnPO£rF)N�A�[¡�]g¬V�AnPSV|V�A�FON�Fp`aZ�[coa��FEDGN�PSZ�F)fE��[<N�FE��X fO[cZ�Z�FE�¨PSV�FOd��"V�A�F
[c`aV���D+PS�"FEg�FEZ�y<X D¢��ga��D¢��·¡PSV���[cg PS��yr[cZ���V�AaD ��Z�[cD���Pc[¶FEV|PS������� �JFED�o&FOdaN|V�A�F���FQPcN���oa������V�X
PSgnPS��X8N���N���Z�[cD À�`aRaZ��!�Ói"�JPS��V�A�[cRay<A o&[cV�A Z�FON�Ra��V�N¢AnPQ£rFkobFOFEg daFE£rFE��[c`&FOd ��g�daFE`&FEg�daFEg-V���Xr�
@BAa��N]f�AnPSZ�PcfEV�FEZ���N�V���f�V�AnPSV]V�A�FxN�[c��RaV���[cg�N][S�~V�A�FJV ��[¢`aZ�[coa��FEDGNJPSZ�FJV���y<A�V���X|����ga�rFOd�Z�FED+PS��g�N
V�Z�R�Fe�]��V�A�V�A�Fxg�FE� PS��yr[cZ���V�AaDGN"daFE£rFE��[c`bFOdk��gkV�Aa��NJN�V�R�d8Xr�

#%$&� }O� �'	&(
½5¾ � )
� ^�g*�Ói"��sJPSg²PS��yr[cZ���V�AaD«��[cZ�V�FON�V���gay V�A�Fp��FQPcN���oa������V X¬[S��P�N�FEV�[S��\�[co�N
N�f�A�FOd8Ra��FOd¬Rag�daFEZU���xl ��N+`aZ�FON�FEg�V�FOd��"��V|�]�����JobF�fQPS����FOd©V�A�F�À�`aRaZ��&�ëNUPS��yr[cZ���V�AaD«��g¬V�A�F
��[c����[Q�]��gay)N���g�fOF¢��V5Z�FE����FON�[cg Pk@BA�FO[cZ�FED N�V�PSV�FOd�o�X À�`aRaZ��J��@BA�FO[cZ�FED�+8�Ói�`a`,+-+���g.�Ói"�9�.�
@BA�FWfO[cD¢`a��F.T0��V XG[S�&V�Aa��N¯PS��yr[cZ���V�AaD���N

O(N2)
�]A�FEZ�F

N
��N�V�A�F�fQPSZ�d8��gnPS�&[S�bV�A�FJN�FEV�[S�8\�[co�N¡�

@BA�F|N�V�R�d8X�`aRaoa����N�A�FOd¶��g/���"�¯`aZ�[¡£���daFON¡s~��[cZ5��g�daFE`bFEg�daFEg�V�V�PcN��0N5�]��V�A�daFQPcd8����g�FON¡s�V�A�F
�¤�"l N�f�A�FOd8Ra��FkV�AnPSVGD¢��ga��D¢��·QFON|FEg�FEZ�y<X�R�N$PSyrF��]Aa����F�FEg�N�RaZ���gay�V�AnPSV+daFQPcd8����g�FONUPSZ�F�g�[cV
D¢��N�N�FOd ��@BAa��N5PS��yr[cZ���V�AaD�s�V�FEZ�DGFOd�V�A�F���Pc[ �ëN�PS��yr[cZ���V�AaD�s~Z�Rag�N5��g

O(N3)
��g¶V�A�F+��[cZ�N�V��

fQPcN�FJ�7��[cZ±DG[cZ�F¯daFEV�PS����N
[cg5V�A�F¯fO[cD¢`a��F.T8��V�X5PSgnPS��X8N���NQsS`a��FQPcN�F¯Z�F.��FEZ­V�[JV�A�F�FEg�d�[S�&À0FOfEV���[cg¢jr�.�
@BA�F���Pc[ �ëNePS��yr[cZ���V�AaD�PS��N�[U`aZ�[¡£���daFON�PG��FQPcN���oa������V�X)V�FON�VxRag�daFEZ����xl¬N���g�fOF<s&��g�V�Ra��V���£rFE��Xrs3���
��[cZ"DGFOFEV���gay�daFQPcd8����g�FONxV�A�F10¯Y�/ N�`&FOFOdpg�FOFOdaNxV�[Uo&F�y<Z�FQPSV�FEZ�V�AnPSg®��V�N"D+P?T8��D�RaD N�`&FOFOd
V�A�FEgpV�A�F�N�FEVW[S�n\�[co�N]��N]g�[cV���FQPcN���oa��F<�

KWFOfOFEg-V���Xrs�P�g�FE� PS`a`aZ�[rPcf�A���[cZ¯N�[c��£0��gay�ob[cV�AU`aZ�[coa��FEDGNBRag�daFEZBV�A�FW����y<A�V�[S�±P�N�A�[cZ�V�FON�V
`nPSV�A)`aZ�[coa��FED AnPcNWo&FOFEg)`aZ�[c`b[<N�FOd���g2��+"�~oaRaV"��VJ��NJZ�FON�V�Z���fEV�FOd�V�[+V�PcN��0NJ�]��V�A)l�^àl±_
Z�FQPS���
V���DGF�fO[cg�N�V�Z�PS��g�V�Nv�

ai ≤ aj → di ≤ dj
�.��l�[cZ"N�R�f�A)V�PcN��8NQsa��FQPcN���oa������V X�V�FON�V���gaykPSg�dpFEg�FEZ�y<X

D¢��ga��D¢��·¡PSV���[cg)fQPSg�o&F�N�[c��£rFOdk��g
O(N log(N))

�

3 ¾4	 �Q� � {0�3� �9¾4	�¾�� ��� º5� � ��º �6� @BAa��N­�¯[cZ��e��N±V�A�F�fO[cg�V���g-RnPSV���[cg+[S�&��+"�8�]A�FEZ�F¤V�A�F¯N�`&FOfE�¨PS�
fQPcN�FG[S��l~^àl±_µfO[cg�N�V�Z�PS��g-V�N�AnPcNeo&FOFEg¶V�Z�FQPSV�FOd ��§"FEZ�F<s~PkN�[c��RaV���[cg¶V�[�V�A�FGyrFEg�FEZ�PS�¯fQPcN�FG��N
`aZ�[¡£���daFOd s87+� �$��V�A�FUl~^àl±_¦PcN�N�RaD¢`aV���[cg���N�Z�FEDG[¡£rFOd � � [cV�F|V�AnPSV�V�A�F|fO[cD¢`a��F.T8��V�X�[S��V�A�F
PS��yr[cZ���V�AaDGN�daFE`&FEg�daN±[cg�N�V�Z�R�fEV�RaZ�PS�8`aZ�[c`bFEZ�V���FON~[S��V�A�F¤N�FEV±[S�<\�[co�NQ�­@BA�F�F.TaPcfEV�fO[cD¢`a��F.T0��V���FON
[S�JV�A�F�PS��yr[cZ���V�AaDGNG[cg Pp`nPSZ�V���fERa�¨PSZGN�FEVv[S�¤\�[co�Nv��N�`aZ�[Q£0��daFOd PSg�d s��]AnPSV�FE£rFEZ¢V�A�F�N�FEV¢[S�
\�[co�NQsn��VW��NJobFEV�V�FEZJV�AnPSg�V�A�F�fO[cD¢`a��F.T0��V���FONx[S��F.T8��N�V���gay�PS`a`aZ�[rPcf�A�FONG��N�Rao8� !�RnPcd8Z�PSV���f���g�V�A�F
g�RaD�o&FEZ�[S�&V�PcN��8N���[cZ���FQPcN���oa������V XGPSg�dGN�Rao8��fERaoa��f]��[cZ�FEg�FEZ�y<XvD¢��ga��D¢��·¡PSV���[cg��.��laRaZ�V�A�FEZ�DG[cZ�F<s
�¯Fv`aZ�[Q£0��daFGP|`aZ�[conPSoa������N�V���f+PSgnPS��X8N���N�[S��V�A�F¢fO[cD¢`a��F.T8��V���FON��]A�FEg�V�A�F�V�PcN��8NePSZ�F5Z�PSg�da[cD��
� FkN�A�[Q� V�AnPSV¢V�A�F�PO£rFEZ�PSyrFpfO[cD¢`a��F.T0��V X���N|PS���¯POX8NGN�D+PS����FEZ¢V�AnPSV

O(N
√

N)
� §J[¡��FE£rFEZ

V�Aa��NBo&[cRag�d���NBg�[cV]V���y<A-VWobFOfQPSR�N�F"��V�da[0FONBg�[cV]V�PS�rFx��g-V�[GPcfOfO[cRag�V�V�A�F"��PcfEV]V�AnPSV�daFQPcd8����g�FON
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AnPQ£rF]V�[xo&F��¨PSZ�yrFEZ¤V�AnPSg+PSZ�Z���£cPS�aV���DGFONQ��^ g¢V�A�F]fQPcN�FB[S�&Y~[c��N�N�[cg+PSZ�Z���£<PS��N¤PSg�dGF.T8`&[cg�FEg-V��¨PS����X
d8��N�V�Z���oaRaV�FOd��¨PSV�FEg�fE��FONQsc�¯FBN�A�[Q��V�AnPSV±V�A�F¯PcN�X0D¢`aV�[cV���f¯fO[cD¢`a��F.T8��V�Xe��[cZ�PcN�N�FON�N���gayW��FQPcN���oa������V�X
��N

O(N log(N))
�

4 ¾ ¿ º 5 ¾�� ��� º } » }O� º � �´� F�fO[cg�N���daFEZpP N���gay<��F 0¯Y*/ daFOd8��fQPSV�FOd V�[�V�A�F®F.TaFOfERaV���[cg
[S�]PkP|¥�ga��V�F¢N�FEVe[S�¯N�[cDGFvg�[cg8��Z�FOfERaZ�Z�FEg-V���g�daFE`bFEg�daFEg�VeV�PcN��8NG��[cZ���\�[co�N��à�J�]��V�A�Z�FQPS����V���DGF
fO[cg�N�V�Z�PS��g-V�NQ��@BA�F10¯Y*/
`aZ�[0fOFON�N���gay�N�`&FOFOd

u
fQPSg)£cPSZ�X�[Q£rFEZeP+fO[cg�V���g-R�[cR�N�Z�PSgayrF5��Z�[cD

0V�[
1
�9V�A�F+D+P?T8��D+PS�]N�`bFOFOd�[S�WV�A�F|`aZ�[�fOFON�N�[cZ5V�[�¥aTaFOd¶V�[�HU�]��V�A g�[)��[<N�N�[S�WyrFEg�FEZ�PS����V X4�

V�Aa��N|fQPSg©o&F�Pcf�Aa��FE£rFOd¬o-X©P®Z�F.��N�fQPS����gay [S��V�A�FpN���·QFp[S�xV�A�F¢\�[co�N$�.�ª@BA�FpN�FEV+[S��V�PcN��0NG��N
T = {τ1, . . . , τN} PSg�dªFQPcf�A V�PcN��

τi
��NUf�AnPSZ�PcfEV�FEZ���·QFOd o�XªP�V�Z���`a��FEV

(ai, si, di)
�]A�FEZ�F

V�A�F !�RnPSg-V���V���FON
ai, si, di

Z�FON�`bFOfEV���£rFE��XkdaFEg�[cV�F�V�A�FePSZ�Z���£<PS�3V���DGF<s8V�A�FeN���·QFG�9V���DGFxg�FOFOdaFOdpV�[
F.TaFOfERaV�F�V�A�FxV�PcN��kPSV�V�A�FxD+P?T8��D�RaD¸N�`bFOFOdn��PSg�d�V�A�FedaFQPcd8����g�F�[S��V�PcN��

τi
�

�¢� ( � 	���� �8� �7¾4	¸¾�� ��� º*� � ��º �6� @BA�F���Pc[ �ëNpPS��yr[cZ���V�AaD ��[cZ�FEg�FEZ�y<X¬D¢��ga��D¢��·¡PSV���[cg ��N
Z�FED¢��g�daFOdp��g)À0FOfEV���[cg)j8�BÀ0FOfEV���[cg�+v��NWdaFE£r[cV�FOd�V�[G[cRaZ�`aZ�[c`&[<N�PS�­[S����FQPcN���oa������V�X�V�FON�VWRag�daFEZ
V�A�FU���xl²`&[c����fEXr�)@BA�F|fO[cZ�Z�FOfEV�g�FON�N¢[S��V�A�F�PS��yr[cZ���V�AaD´��N5`aZ�[Q£rFOd PSg�d���V�N5fO[cD¢`a��F.T8��V�X ��N
PcN�N�FON�N�FOd5ob[cV�AvdaFEV�FEZ�D¢��ga��N�V���fQPS����XGPSg�d�`aZ�[conPSoa������N�V���fQPS����Xr�
l~��gnPS����Xrs<��g¢N�FOfEV���[cgvu�srPSg¢[cZ���y<��gnPS�
PS��yr[cZ���V�AaD«V�[ V�A�Fp`aZ�[coa��FED«[S��D¢��ga��D¢��·O��gay V�A�F)FEg�FEZ�y<X©fO[cg�N�RaD¢`aV���[cg Rag�daFEZ|Z�FQPS����V���DGF
fO[cg�N�V�Z�PS��g-V�N���N�`aZ�[c`b[<N�FOd �

� ���e���a�b� ��� �b�
� � ���b�

^ gvV�Aa��N�À0FOfEV���[cg3s���F�F.T8`a�¨PS��g¢V�A�F ��Pc[ �ëN¤PS��yr[cZ���V�AaD ��[cZ�FEg�FEZ�y<XvD¢��ga��D¢��·¡PSV���[cg3� � F�f�A�[<N�F]V�[
`aZ�FON�FEg-V"V�Aa��NJfO[cg�N�V�Z�R�fEV���[cg)�]��V�A��9Ra���~daFEV�PS����NJN�[+V�AnPSVWV�A�F5d8� �&FEZ�FEg�fOFON"�]��V�A�[cRaZ�PS`a`aZ�[rPcf�A
fQPSg�o&F�FQPcN�����X�Aa��y<Aa����y<A-V�FOdGPSg�d¢PS��N�["N���g�fOF�N�FE£rFEZ�PS�8fO[cg�fOFE`aV�N�PSg�d5g�[cV�PSV���[cg�N
`aZ�FON�FEg�V�FOd�A�FEZ�F
�]������o&F�R�N�FOd)��g®N�Rao�N�F !-R�FEg�V�À0FOfEV���[cg�NQ� � [cV�F�V�AnPSV"V�A�F+À�`aRaZ��&�ëNePS��yr[cZ���V�AaD ��[cZ"��FQPcN���oa������V�X
��N�V�A�F"¥�Z�N�V���V�FEZ�PSV���[cgp[S��V�A�F���[0[c`�[S�~V�A�F�PS��yr[cZ���V�AaD¦��gk`nPSZ�PSy<Z�PS`aA)j8�Ój8�

@BA�F¢N�`bFOFOd�[S�¯V�A�F 0¯Y*/µPSV�V���DGF
t
��N�daFEg�[cV�FOd

v(t)
� � FvZ�FOfQPS����V�A�F¢fO[cg�N�V�Z�R�fEV���[cg [S�

V�A�F�[c`aV���D+PS�­��Rag�fEV���[cg
v !#"
$ (t)

y<��£rFEgpo-X ��Pc[|FEVJPS���¯��g ���"���¯@BAa��NJfO[cg�N�V�Z�R�fEV���[cg)D¢��ga��D¢��·QFON
FEg�FEZ�y<X®fO[cg�N�RaD¢`aV���[cg �]Aa����F¢FEg�N�RaZ���gay�V�AnPSVeg�[kdaFQPcd8����g�F¢�]�����
o&FvD¢��N�N�FOd �&%]PcN���fQPS����Xrs­V�A�F
PS��yr[cZ���V�AaD ��[cZ��8N5o-X���daFEg-V�����X0��gaypV�A�FGV���DGF|��g-V�FEZ�£<PS��s~V�FEZ�DGFOd¶V�A�F|fEZ���V���fQPS�¤��g�V�FEZ�£cPS��s
[¡£rFEZ
�]Aa��f�A�V�A�FvAa��y<A�FON�V�`aZ�[0fOFON�N���gaykN�`&FOFOd���NxZ�F !�Ra��Z�FOd ��@BA�F5��[¡��FON�V�Pcd8D¢��N�N���oa��F���Z�F !-R�FEg�fEX���N
fO[cD¢`aRaV�FOdk��[cZ]V�Aa��N]��g�V�FEZ�£cPS��s�V�A�FxV�PcN��0N�obFE��[cgay<��gay¢V�[¢V�Aa��NB��g�V�FEZ�£cPS�B�9���ëF<��PSZ�Z���£cPS�±d�PSV�FePSg�d
daFQPcd8����g�F¯��g�N���daF�V�A�F���g-V�FEZ�£<PS�7�±PSZ�F�V�A�FEg�Z�FEDG[Q£rFOd��9V�Aa��N�N�V�FE`���N­V�FEZ�DGFOd'��V���DGF¯fO[cD¢`aZ�FON�N���[cg(�
��gkV�A�F���[c����[¡�]��gay���PSg�dpPvN�Rao8��`aZ�[coa��FED¦��N�fO[cg�N�V�Z�R�fEV�FOdk�]��V�ApV�A�F�Z�FED+PS��ga��gay+V�PcN��8NQ�
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§"FEZ�FG�¯F|F.T8`a�¨PS��g�A�[Q��V�[pN�Ra`a`aZ�FON�N5V�A�F|��g-V�FEZ�£<PS�
[a, d]

��Z�[cD V�A�F+V���DGF.������g�FkPSg�d�A�[Q�µV�[
DG[0d8����X|V�A�FeN�FEV�[S�~V�PcN��8NWPcfOfO[cZ�d8��gay<��Xr�¯^�V]AnPcNWobFOFEg�f�A�[<N�FEg�V�[+daFEg�[cV�F�V�A�F�o&[cRag�daNW[S��V�A�F
��g�V�FEZ�£cPS��o�X

a
PSg�d

d
N���g�fOF<s���g)V�A�F5��[c����[¡�]��gay�s

a
PSg�d

d
�]�����~g�FOfOFON�N�PSZ�����XpobFvPSZ�Z���£cPS��d�PSV�FON

PSg�dpdaFQPcd8����g�F�d�PSV�FON�Z�FON�`bFOfEV���£rFE��Xr��@BA�F�g�[cV�PSV���[cg
τi ⊆ [a, d]

DGFQPSg�NWV�AnPSV�V�PcN��
τi
o&FE��[cgayrN

V�[
[a, d]

�
ai ≥ a, di ≤ d

�.� � A�FEg�N�Ra`a`aZ�FON�N���gay
[a, d]

s�V�A�F+V�PcN���N�FEV5��N�DG[0d8��¥nFOd¶��g V�A�F
��[c����[Q�]��gay+D+PSgag�FEZ��

• ���
τi ⊆ [a, d]

V�A�FEg
τi
��N]Z�FEDG[¡£rFOd s

• ��[cZWPS���3Z�FED+PS��ga��gay|V�PcN��8NQs
si
��N]Rag�f�AnPSgayrFOd)PSg�d

� ���
ai ∈ [a, d]

V�A�FEg
ai := a

s
� FE��N�Fx���

ai ≥ d
V�A�FEg

ai := ai − (d − a)
s

� ���
di ∈ [a, d]

V�A�FEg
di := a

s
� FE��N�Fx���

di ≥ d
V�A�FEg

di := di − (d − a)
�

@BA�FeV���DGF.��fO[cD¢`aZ�FON�N���[cgp`aZ�[0fOFOd8RaZ�F���N]������R�N�V�Z�PSV�FOdk��gpl~��y<RaZ�FGH<�

di

ai di di+1ai+1
ai+3

di+3ai ai+4 di+4

a d
ai+3

di+3

ai+2

t

t

di+2di+1ai+1

ai+4 di+4

l~��y<RaZ�F�H-���
TaPSD¢`a��F�[S�]V���DGF|fO[cD¢`aZ�FON�N���[cg3� � A�FEg�N�Ra`a`aZ�FON�N���gaypV�A�F+��g-V�FEZ�£<PS�
[a, b]

s~V�A�F
V�PcN��

τi+2
��N]Z�FEDG[Q£rFOd��9Z�[cD V�A�F�N�FEV�[S�~V�PcN��0NQ�

�

����� ��� ��!"�#�%$�&'���(�*)�+�	

@BA�F8��Pc[ �ëN]PS��yr[cZ���V�AaD�fQPSgUobFJdaFON�fEZ���o&FOdG��gkPefO[cg-£rFEga��FEg�VB�¯POX|R�N���gay�V�A�F���[c����[¡�]��gay-,EfO[cDv�
`&[<N���V���[cg�,�[S�~��Rag�fEV���[cg�NQ���3FEV

f
PSg�d

g
o&FxZ�FQPS�3��Rag�fEV���[cg�N��]��V�A�PS`a`aZ�[c`aZ��¨PSV�F�da[cD+PS��g�NJPSg�d

��FEV
[a, d]

o&FeP�V���DGF���g-V�FEZ�£<PS��s�V�A�FEg��9Rag�fEV���[cg
g ∧[a,d] f

��NWdaF.¥�g�FOd�PcNB��[c����[Q��N��
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• ���
t < a

s8V�A�FEg
g ∧[a,d] f(t) = g(t)

s

• ���
t ∈ [a, d]

s�V�A�FEg
g ∧[a,d] f(t) = f(t)

s

• ���
t > d

saV�A�FEg
g ∧[a,d] f(t) = g(t − (d − a))

�
� [cV�F�V�AnPSVJV�Aa��Nx[c`&FEZ�PSV���[cg���NJg�[cVxPcN�N�[�fE�¨PSV���£rF�PSg�dp��FQPQ£rFONx��D¢`a����fE��VJV�A�F�da[cD+PS��g®[S��PS���

��Rag�fEV���[cg�N���g�£r[c��£rFOd �¤^��~�¯FedaF.¥�g�F
h := g ∧[a,d] f

V�Aa��N�DGFQPSg�N]V�AnPSV
f
��N�daF.¥�g�FOdp[cg

[a, d]
s

g
��N¯daF.¥�g�FOdU[¡£rFEZ�PSg|��g�V�FEZ�£cPS�&��g�fE��R�d8��gay

a
s0N�PQX

[b, c]
saPSg�d

h
��N¯daF.¥�g�FOd�[Q£rFEZ

[b, c+ d− a]
�

��Pc[kFEV�PS���5daF.¥�g�F¢V�A�F-,.��g�V�FEg�N���V�X%,¢[S�]PSg���g-V�FEZ�£<PS��PcNxV�A�Fv��[cZ��0��[rPcd�oaZ�[cRay<A-V�o-X)V�A�F
V�PcN��0N�obFE��[cgay<��gayvV�[5V�A�F"��g-V�FEZ�£<PS�&d8��£0��daFOdUo-XGV�A�F"��FEgay<V�Ak[S�3V�A�F"��g-V�FEZ�£<PS����^ g-V�Ra��V���£rFE��Xrs8��V¯��N
V�A�FxN�D+PS����FON�VBPSDG[cRag�V�[S�­��[cZ��|V�AnPSV¯AnPcN¯V�[�o&FJda[cg�Fxd8RaZ���gayvV�A�F"��g-V�FEZ�£<PS�&��[cZ¯DGFOFEV���gayvV�A�F
V���D¢��gay|fO[cg�N�V�Z�PS��g-V�NQ��@BA�F���g-V�FEg�N���V�Xk[Q£rFEZ

[a, d]
��N�daFEg�[cV�FOd

W[a,d]
PSg�dk��V]��N�F !�RnPS�3V�[ �

W[a,d] =

∑
{τk⊆[a,d]} sk

d − a

@BA�FBPS��yr[cZ���V�AaD `aZ�[c`&[<N�FOd���g ��� �afO[cg�N�V�Z�R�fEV�N
V�A�F��9Rag�fEV���[cg
v !#"
$ (t)

�]Aa��f�A¢��N~V�A�F][c`aV���D+PS�
N�`bFOFOd|��[cZ¯D¢��ga��D¢��·O��gay+V�A�FJV�[cV�PS�3FEg�FEZ�y<X�fO[cg�N�RaD¢`aV���[cg��]Aa����FxZ�FON�`bFOfEV���gayGdaFQPcd8����g�FONQ�¤@BAa��N
PS��yr[cZ���V�AaD¸fQPSgkobF�daFOfO[cD¢`&[<N�FOdp��gkV�A�Fx��[c����[¡�]��gay+N�V�FE`�N �

H<�
n := 1

j8�%0¯[cD¢`aRaV�FeV�A�F�fEZ���V���fQPS�±��g-V�FEZ�£<PS�
In := [ai, dj ]

�]A�FEZ�F
ai
PSg�d

dj
PSZ�FeN�R�f�A�V�AnPSV

W[ai,dj ] = max
0≤a≤d

W[a,d].
��H¡�

^�g ��H¡�Esb[cga��X�£cPS��R�FON"[S�
a
PSg�d

d
V�AnPSVePSZ�F5Z�FON�`&FOfEV���£rFE��X�PSZ�Z���£cPS��d�PSV�FONxPSg�d�daFQPcd8����g�F

d�PSV�FON�AnPQ£rF�V�[�o&F]fO[cg�N���daFEZ�FOd+N���g�fOF
W[a,d]

`&[<N�N�FON�N�FON���[�fQPS�nD+P?T0��D+P�[cg|N�R�f�AG`&[c��g-V�N¡�
+8�J_J£rFEZ�V�A�FefEZ���V���fQPS�3��g�V�FEZ�£cPS��PSV�N�V�FE`

n
s
In = [ai, dj ]

saV�A�F"�9Rag�fEV���[cg
fn
��N�fO[cg�N�V�PSg-V

fn(t) := W[ai,dj ].

u���/JN���gaykV���DGF.��fO[cD¢`aZ�FON�N���[cg3s
In
��N�Z�FEDG[Q£rFOd s±��FEV

n := n + 1
s Z�FEV�RaZ�g�V�[kN�V�FE`¶jU���]PSV

��FQPcN�VW[cg�FxV�PcN��UZ�FED+PS��g�NW[cZWyr[vV�[GN�V�FE`kuG[cV�A�FEZ��]��N�F<�
i8��laRag�fEV���[cg

v !#"
$
��N�fO[cD¢`a��FEV�FE��XkdaF.¥�g�FOd �

v !#"
$ := fn ∧In−1
(· · · ∧I1 f1)

�
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@BA�F+PSob[¡£rF+PS��yr[cZ���V�AaD���N�fERaoa��f¢��g�V�A�F¢g�RaD�o&FEZ5[S�BV�PcN��0N
N

��V�A�FEZ�F+PSZ�F|PSV�DG[<N�V
NF.TaFOfERaV���[cg|[S�­N�V�FE`|j��]Aa��f�A|Z�Rag�N���g

O(N2)
N���g�fOF���[cZ�FQPcf�AkPSZ�Z���£cPS�bd�PSV�F�V�A�FEZ�FxPSZ�FJPSV¤DG[<N�V

N
daFQPcd8����g�FON]V�[vfO[cg�N���daFEZQ��^ g ���"��s0V�A�FePSRaV�A�[cZ�N�fE�¨PS��D�s8�]��V�A�[cRaV]DG[cZ�F�daFEV�PS����NQs8V�AnPSVBR�N���gay

�àPxN�Ra��V�PSoa��F]d�PSV�PxN�V�Z�R�fEV�RaZ�F�N�R�f�A+PcN�V�A�F]N�FEy<DGFEg-V�V�Z�FOF���s-V�A�FBZ�Ragaga��gayeV���DGF]fQPSg¢o&FBZ�FOd8R�fOFOd
V�[

O(N log2(N))
��§J[¡��FE£rFEZQs&V�Aa��Nx�¯PcN"g�FE£rFEZxZ�FQPS����X�Pcf�Aa��FE£rFOd�PcNJDGFEg�V���[cg�FOd®��g,�Ñq ��� � F

PcfEV�RnPS����X�da[+g�[cV��0g�[Q� A�[¡� V�[+[coaV�PS��g®PSg���D¢`a��FEDGFEg�V�PSV���[cg��]��V�ApV�A�FE��ZxPS��yr[cZ���V�AaD¦��g���FON�N
V�AnPSg

O(N3)
PSg�d��¯F5PSZ�Fxg�[cVJPQ�¯PSZ�F5[S�
PSg�XU`nPS`&FEZ]��g�V�A�Fx����V�FEZ�PSV�RaZ�F�V�AnPSV�AnPcNWPcdad8Z�FON�N�FOd

V�A�Fx`aZ�[coa��FED¦�]��V�A�PvfO[cD¢`a��F.T8��V�Xk��[Q�¯FEZWV�AnPSg
O(N3)

�
@BA�F�Z�FON�VG[S�JV�A�F�`nPS`&FEZ¢��NGPS��DG[<N�VGFEg-V���Z�FE��X daFE£r[cV�FOd V�[®V�A�F�`aZ�FON�FEg-V�PSV���[cg©[S�eP�g�FE�

PS��yr[cZ���V�AaD �]��V�A¬P�N�Rao8� !�RnPcd8Z�PSV���f�fO[cD¢`a��F.T8��V�X V�[�fO[cD¢`aRaV�F)P��9Rag�fEV���[cg¬�]Aa��f�A©fO[c��g�fE��daF
�]��V�A

v !#"
$
[cg©V�A�F�fEZ���V���fQPS�J��g�V�FEZ�£cPS��� @BAa��N+�]�����J`aZ�[Q£0��daF)P���FQPcN���oa������V X V�FON�V+Rag�daFEZU���xl

��g)N�Rao8� !�RnPcd8Z�PSV���f5V���DGF��]Aa��f�A®��NxPSgp��D¢`aZ�[Q£rFEDGFEg�Ve[Q£rFEZxF.T0��N�V���gay�PS��yr[cZ���V�AaDGN"Z�Ragaga��gay���g
!�RnPcd8Z�PSV���f�V���DGF+� ���8s�i"�9�.�

� ����� ��� � � �b������� � � � �O�
�����������������

@BA�F|PS��yr[cZ���V�AaD `aZ�FON�FEg-V�FOd¶A�FEZ�F¢Z�FE����FON�[cg�V�A�F+fO[cg�N�V�Z�R�fEV���[cg [S�BV�A�FG§xPcN�N�Fvd8�¨PSy<Z�PSD [S��P
`nPSZ�V��¨PS����X|[cZ�daFEZ�FOd|N�FEVx�9`b[<N�FEV$�¤PSg�d|[cg|V�A�FJN�[c��RaV���[cgU[S�±P�N�A�[cZ�V�FON�V¯`nPSV�A|`aZ�[coa��FED�V�AnPSV¯AnPcN
o&FOFEg�`aZ�[c`&[<N�FOd���g ��+ ����@BA�FON�FeV��¯[+`&[c��g-V�NW�]�����­o&Fx¥�Z�N�V�Z�FED¢��g�daFOd � � F�V�A�FEgp`aZ�[¡£���daF�V�A�F
fO[cZ�F�[S�0V�A�F¯PS��yr[cZ���V�AaD�sc`aZ�[Q£rF¤��V�N­fO[cZ�Z�FOfEV�g�FON�N�PSg�de�¯F¤FE£<PS��RnPSV�F���V�N­PS��yr[cZ���V�AaD¢��f¯fO[cD¢`a��F.T0��V X
o&[cV�Ak��g�PvdaFEV�FEZ�D¢��ga��N�V���f�PSg�dk��gpPv`aZ�[conPSoa������N�V���fe�¯POXr�

����� ��+ 
�� �%� � 
������ &'���%	

�­FEVWR�N�fO[cg�N���daFEZJV�A�Fe`&[<N�FEV
P
[cg�V�A�FeN�FEVW[S�
V�PcN��8N]�]��V�ApV�A�Fe`nPSZ�V��¨PS�±[cZ�daFEZWo&FE��gay|daF.¥�g�FOd

o�X�V�A�F�N�V�Z���fEV���g�fE��R�N���[cg [S�WV�A�FU��g-V�FEZ�£<PS��N �
P = {[ai, di], (} s
�]A�FEZ�F [a, d] ( [a′, d′]

���
a′ < a

PSg�d
d′ > d

� ³ ¥�ga��V�FG`&[<N�FEV�fQPSg obFGZ�FE`aZ�FON�FEg-V�FOd o-X¶Pk§xPcN�N�F+d8�¨PSy<Z�PSD ��N�FOF � � �
��[cZWDG[cZ�F�daFEV�PS����N$�JPSg�dpV�A�F���FE£rFE��N"��g�V�A�F5d8�¨PSy<Z�PSD PSZ�F�daFEg�[cV�FOd

L1, · · · , LK
�]A�FEZ�F

K
��N

V�A�FvAa��y<A�FON�V���FE£rFE���¢_Jg�F¢daFEg�[cV�FONeo-X
L(i)

V�A�Fv��FE£rFE��[S��V�A�Fv��g�V�FEZ�£cPS�
[ai, di]

��g
P
s&��V��]�����

o&F"fQPS����FOd�V�A�FJ��FE£rFE� [S�­V�PcN��
τi
�
@BA�FxN�FEVB[S�±V�PcN��0N¯V�AnPSVB�]�����&obF"fO[cg�N���daFEZ�FOdU��[cZ�������R�N�V�Z�PSV���[cg

`aRaZ�`&[<N�Fx��g�V�A�F"��[c����[Q�]��gay|��N �
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a d s

τ1
t j<j +

τ2
j HQt H

τ3
u � H

τ4
i H + u

τ5
� H�� H

τ6
H<H HQi j

τ7
HQi jSu H

@BA�FU§xPcN�N�F+d8�¨PSy<Z�PSD�PcN�N�[�fE�¨PSV�FOd �]��V�A�V�Aa��N�N�FEV�[S�WV�PcN��0N5��N�y<��£rFEg ��g l~��y<RaZ�F�jpo��e�]Aa����F
l~��y<RaZ�F�j¢Pr�]N�A�[Q��N]A�[¡� V�A�Fx��g�V�FEZ�£cPS��N

[ai, di]
[Q£rFEZ��¨PS`3�

Level 1

Level 2

Level 3

a)

b)

τ6

τ5τ2

τ1 τ7

τ4

τ3

τ3

τ5

τ1

τ7

τ2

τ5

τ4

l~��y<RaZ�F�j �BÀ�Rao8��¥�y<RaZ�F�Pr�BZ�FE`aZ�FON�FEg-V�NJV�A�Fe[Q£rFEZ��¨PS`a`a��gay�[S�
V�A�F���g-V�FEZ�£<PS��N
[ai, di]

�]Aa����F�N�Rao8�
¥�y<RaZ�Feo��¯N�A�[Q��NWV�A�FefO[cZ�Z�FON�`&[cg�d8��gay+§"PcN�N�F�d8�¨PSy<Z�PSD��

� Fxg�[Q� F.T8`a�¨PS��g�A�[Q� V�[¢fO[cD¢`aRaV�F�V�A�Fx��FE£rFE��NW[S�
PS��� V�A�F�V�PcN��8NB��gkV�A�F�§"PcN�N�F"d8�¨PSy<Z�PSD
��g

O(N log(N))
FE��FEDGFEg-V�PSZ�X�[c`&FEZ�PSV���[cg�NQ�

³ g�PSZ�Z�POX
L
�]�����
o&F�R�N�FOd®V�[�N�V�[cZ�FvV�A�Fv��FE£rFE��Ne[S��V�A�FvV�PcN��0N1�

L[i]
��N�V�A�F���FE£rFE�¤[S�

τi
�

³ gUPSZ�Z�PQX
T
N�V�[cZ�FON�V�A�FW£<PS��R�Fx[S�3�¨PSZ�yrFON�V]daFQPcd8����g�F"[cgkP�y<��£rFEg|��FE£rFE����@BA�FxPSZ�Z�POX8N

L
PSg�d

TPSZ�Fx��V�FEZ�PSV���£rFE��X�fO[cg�N�V�Z�R�fEV�FOdpd8RaZ���gayGV�A�FeF.TaFOfERaV���[cgp[S��V�A�FePS��yr[cZ���V�AaD y<��£rFEg�o&FE��[Q� �

H<��KWFO[cZ�daFEZ�V�A�FJN�FEV�[S�3V�PcN��0N�N�[eV�AnPSVBPS���nV�A�FW��g�daF.T8FON¯[S�3V�A�F�V�PcN��8N�PSZ�FJy<��£rFEgUPcfOfO[cZ�d8��gay
V�[¢V�A�FePSZ�Z���£<PS�3V���DGFON

ai
�]A�FEZ�FeV���FONWPSZ�F�oaZ�[c�rFEg�R�N���gay+V�A�FedaFQPcd8����g�FONQ�
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j8�
T [0] := ∞ s

T [1] := d1
s
L[1] := 1

PSg�d���[cZWPS���
k = 1..N

N�FEV
T [k] := 0

�
+8��l�[cZ

i
��Z�[cD¦j�V�[

N
da[

��Pr���"��f�A�[cV�[cD�X��àÀ0FQPSZ�f�A [S�
di
��gªV�A�F)fERaZ�Z�FEg-V

T
y<��£rFON

k
s]V�A�F)��g�daF.T¬N�R�f�AªV�AnPSV

T [k] > di ≥ T [k + 1]
�

�9o��
T [k + 1] := di

�
L[i] = k + 1

�
� [cV�FxV�AnPSV�V�A�F�d8��f�A�[cV�[cD¢��f�N�FQPSZ�f�A���N�£cPS����dko&FOfQPSR�N�F

T
��N�N�[cZ�V�FOdk��gk��g�fEZ�FQPcN���gay|[cZ�daFEZQ�

@BA�F�fO[cZ�Z�FOfEV�g�FON�NJ[S�
V�Aa��NJfO[cg�N�V�Z�R�fEV���[cg)fO[cDGFONW��Z�[cD V�A�F���PcfEV�V�AnPSVJPS���±��g-V�FEZ�£<PS�±[cZ�daFEZ�Nv��PcN
A�FEZ�F¡��PSZ�FxV���[|d8��DGFEg�N���[cgnPS�¯��N�FOF"��[cZ�F.T�PSD¢`a��F��Ój �9�.�

@BA�FpV�[cV�PS�xfO[cD¢`a��F.T0��V X¬[S�eV�A�F®PS��yr[cZ���V�AaD«��N
O(N log(N))

�)V�A�Fp��ga��V��¨PS��N�[cZ�V|��NU��g
O(N log(N))

PSg�d¶FQPcf�A d8��f�A�[cV�[cD5X�R�N�FON
O(log(N))

[c`&FEZ�PSV���[cg�N5PSg�d¶��Ve��N�Z�FE`&FQPSV�FOd
NV���DGFON¡�

����� ��+ 
 ��+ ��� ) 
�� ) ��� )�+ ������� ) ��� � ) �����

^ g ��+"��s��]A�FEZ�F�V�A�FJfQPcN�F
K = 1

��N¤V�Z�FQPSV�FOd)��l�^àl±_ V�PcN��8N$�.s-V�A�FJPS��yr[cZ���V�AaD���g-£r[c��£rFON¯V�A�FWfO[cg8�
N�V�Z�R�fEV���[cg+[S�bV�A�FWN�A�[cZ�V�FON�V�`nPSV�A|PSDG[cgay�PS����V�A�F]`nPSV�A�N
o&FEV��¯FOFEg

0
PSg�d

T
�]��V�A+y<��£rFEgGRa`a`bFEZ

PSg�d¶��[Q�¯FEZ5o&[cRag�daNQ�k@BA�F+fO[cg�N�V�Z�R�fEV���[cg ��g V�A�FGyrFEg�FEZ�PS�BfQPcN�F|PS��N�[pR�N�FONeV�Aa��Ne�9Z�PSDGFE�¯[cZ��bs
oaRaVQs�V�Aa��N¯V���DGF<s0��FJg�FOFOd+V�[�fO[cg�N�V�Z�R�fEV]N�R�f�AkP�`nPSV�AU��[cZ�FQPcf�AU��FE£rFE�b��gUV�A�FW§xPcN�N�FWd8�¨PSy<Z�PSD��

l�[cZ�fO[cg-£rFEga��FEg�fOF<s�[cg�FGPcN�N�RaDGFON�V�AnPSV
a1 = 0

��PS���¤d�PSV�FONefQPSg�o&F¢N�Aa����V�FOd®V�[�V�A�F¢��F.��V$�
PSg�d ��FEV

T
def
= maxi{di}

� ln[cZ|PS���BV�PcN��0Nv�]��V�A ��FE£rFE�Wg�[cVGN�D+PS����FEZ¢V�AnPSg
k
��g V�A�Fk§"PcN�N�F

d8�¨PSy<Z�PSD�s­��F¢fO[cg�N�V�Z�R�fEV�V���[k�9Rag�fEV���[cg�N
Ak(t)

PSg�d
Dk(t)

[Q£rFEZ�V�A�Fv��g-V�FEZ�£<PS�
[0, T ]

R�N���gay
V�A�F"��[c����[Q�]��gayUdaF.¥�ga��V���[cg �

Ak(t) =
∑

L(i)≥k

si · 1[ai<t],

Dk(t) =
∑

L(i)≥k

si · 1[di≤t].

@BA�F��9Rag�fEV���[cg�N
Ak(t)

PSg�d
Dk(t)

PSZ�FWN�V�PS��Z�fQPcN�F���Rag�fEV���[cg�N"� 7"� �$�~`a��FOfOF.���]��N�F"fO[cg�N�V�PSg-VQs0�]��V�A
P�¥�ga��V�F�g�RaD�o&FEZU[S�e`a��FOfOFON$�.� ³ ��N�[�g�[cV�F�V�AnPSV

A
��N+��F.�9V���fO[cg�V���g-R�[cR�N��]Aa����F

D
��N+Z���y<A-V��

fO[cg�V���g-R�[cR�NQ�
�3FEV

g
obF¯PSgvPSZ�oa��V�Z�PSZ�X�g�[cg8��daFOfEZ�FQPcN���gayePSg�d5N�V�Z���fEV���XefO[cg�£rF.Te��Rag�fEV���[cg3�~^ ge`&[Q�¯FEZ
PQ�¯PSZ�F

N�f�A�FOd8Ra����gay�scV�Aa��N­�9Rag�fEV���[cg���N­yrFEg�FEZ�PS����X5fO[cg�N���daFEZ�FOde��[cZ­DG[0daFE����gay"V�A�F�FEg�FEZ�y<XefO[cg�N�RaD¢`aV���[cg
[S�]V�A�F¢`aZ�[0fOFON�N�[cZQ��@BA�FGfO[cg�N�RaD¢`aV���[cg PSV5V���DGF

t
daFE`&FEg�daN�[cg�V�A�FG`aZ�[0fOFON�N�[cZ�N�`bFOFOd

u(t)PSg�d���[cZe��g�N�V�PSg�fOFG�]��V�A¶V�A�F 0��®_�À®V�FOf�Aag�[c��[cy<Xrs�V�X0`a��fQPS����Xrs
g(u(t)) ≈ αCu(t)1+2/(γ−1) s

�]A�FEZ�F
1 ≤ γ ≤ 3, α ≥ 0, C ≥ 0

s�N�FOF1� u � ��[cZ�DG[cZ�FedaFEV�PS����N¡�
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� 7 � 7 ����� ��
�� H<H

4 �8��� º ���8� � �r� 5��e� ¾
( �S� ���������	��
�� ��

Pk �

� 7���� ��� 7�� � � 
�� � �
�(��� �������'7 � �
u∗

k : [0, T ] →
R


 ����� ��� �
� ∫ T

0
g(u∗

k(s))ds
7 
�
57�� 7�
57�� �	��� ��jr�

����� � � ��� ��� � � 
�� � �-7�� � 


u∗
k(t) ≥ 0 ∀t ∈ [0, T ],

� +r�
∫ t

0
u∗

k(s)ds ≤ Ak(t) ∀t ∈ [0, T ],
�9u��

∫ t

0
u∗

k(s)ds ≥ Dk(t) ∀t ∈ [0, T ].
��ir�

� � º�¾ � º � �
� �!� ��� � � � � � 7�� 
"� ��

� ��� 
�� � ���
� � 
#� � ����7��%$'&�(��

7 � ��� ��� �
k
� ��� � �#) �'7�
 �
� 
 � � � �'7 � � � � )��	��
�� ��


Pk
7�
 ��� 7+*�� �-,"� ) � � � 
���� � �.
 � � 
 � � �

/#0 �

7 7�1��
u∗

k

7 
 ��� � ��) �'7�
 ����
 � � � �'7 � � � � )��	��
�� ��

Pk

�2� � � �
g

7 
 

� � 73�$� � �4� � � ���	5 �����
� � �768� �	� � � ��
 7�� 
 ����� ���

u∗
k

7�
 ��� 
 � �9� ��) �'7�
 ��� 
 � � � �'7 � � � �
Pk
� ��� �9� � � ��� � � � � �76

� �	� � � ��
 7�� 
 � � � ���	5:� �������'7 � � �

7 7 7 �!� � �#) �'7�
 �
� 
 � � � �'7 � �
u∗

k


��
�'7�
�; ��
 ��� �<� � � � � � 7�� 
 7�� ��*�� �
� 7 ���>=
�

sup0≤t≤T u∗
k(t) ≤ sup0≤t≤T uk(t),

� ��� �
� �#� �������'7 � � 

uk


��
�'7�
���� 7�� 
 � � � 
�� � � 7�� � 
5� +r� �
�9u�� �9���¶��ir�$�

7 � �!� � 7�� � � 
�� ���
U∗

k
def
=

∫ t
0 u∗

k(s)ds

 7 ����
 ��� ��
?� ��� � ��

� ) � ���@� �	� 


0
� �

T
�2��7 �(��

�"� � 7�� 


� �����&� �A�
Ak

�9���
Dk
, 
�� � � 7 
 � � �B&:� ��� ����7 � � � 
�� � �
�'7 � � 0 �

� � º�¾ � º � C�� ,�$'&8( 0 1�� ��� �D� �������'7 � � 

Ak

�����
Dk

� � � 
 7 ����� ����� � � ��� ��� ��� 
 � � ��� �
�9� � � � �	� � 7�

� 
 � � )E� 7�� � 
 � ��� ��� � � 
�� � �����'7 � � � �

u∗
k(t)
� ��� � ��� � � �!7�� � 7�� � � � �'7�
 �@$F&8($�

@BA�F+PS��yr[cZ���V�AaD�V�[�fO[cg�N�V�Z�R�fEV
u∗

k

`aZ�FON�FEg�V�FOd¶��g ��+"����N���g�N�`a��Z�FOd®��Z�[cD V�A�FG����g�FQPSZ�V���DGF
PS��yr[cZ���V�AaD¸fO[cD¢`aRaV���gay+V�A�F�fO[cg�£rF.T�A-Ra���­[S�

n
[cZ�daFEZ�FOdk`b[c��g�V�N���gkV�A�F�`a�¨PSg�F<�

GIH Ô Þ�Ô.Ìa× H Ô�ê�å>J¢Ç#J<ÔàÞ�Ø�×�Ç�Þ]ê�×�Ø$ÈSÕ?ê�ì�Ç�Þ¯× H Ô�ß�ÔàÈQ×�Þ�Ø�Ð&ê�å>J¡Þ�Ô�â¯å?âxÌ8ê�ÙÓÈSßàÔ"Ø�ÐÑÐ�ì�åSÈ?ßà×�ÙÓÇ.È?êBØ�Þ�ÔWÇ.È?ÐëÆ¢Õ?Ô'KcÈSÔ�Õ
Ø$ÐÓâ]Ç.ê�×­Ô�ñEÔ Þ�ÆML H ÔàÞ�Ô.á
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_Jg�FxZ�FOfQPS����NBV�AnPSV
K
��NBV�A�FxAa��y<A�FON�V]��FE£rFE� ��g�V�A�F�§"PcN�N�Fxd8�¨PSy<Z�PSD�� � F�fQPS��� Tk, 1 ≤ k ≤ KV�A�F¤N�FEV3[S�aPS���-V�A�F
V�PcN��8N3PSV3��FE£rFE��N

k
PSg�d�Aa��y<A�FEZQ�~@BA�F¤PS��yr[cZ���V�AaD²��[cZ­daFOfE��d8��gay�V�A�F
��FQPcN���oa������V X

��N�V�A�F"��[c����[¡�]��gay �

H<��l�[cZJPS���
k ∈ {1 · · · ,K}

��Pr� 0¯[cg�N�V�Z�R�fEV
u∗

k(t)
V�A�F�[c`aV���D+PS�±N�[c��RaV���[cgp[S�

Pk
�

�9o����xF.¥�g�F
rk := sup0≤t≤T u∗

k(t)
�

j8��@BA�FeN�FEV�[S��V�PcN��8NB��NB��FQPcN���oa��F����
PSg�dp[cga��X|���
supK

k=1 rk ≤ 1
�

³ gUF.TaPSD¢`a��FJ[S�3V�Aa��N�fO[cg�N�V�Z�R�fEV���[cgU��N�y<��£rFEg+��g�l±��y<RaZ�F +�PSg�d|l±��y<RaZ�FJu�R�N���gay�V�A�F"N�PSDGF
N�FEVJ[S��V�PcN��8NJPcNJ��g�l~��y<RaZ�Fvj8��@BA�Fe��Rag�fEV���[cg�N

U∗
i =

∫ t
0 u∗

i (x)dx
PSZ�F�d8��N�`a�¨POXrFOd���g�N�V�FQPcd)[S�

u∗
i (t)

��g�[cZ�daFEZ�V�[GN�A�[Q�²�]A�X�N�R�f�Ak��Rag�fEV���[cg�NWPSZ�FefQPS����FOd�N�A�[cZ�V�FON�V�`nPSV�A�NQ�
l±��y<RaZ�F +)Z�FE`aZ�FON�FEg-V�N

U∗
3 (t)

PSg�d
U∗

2 (t)
�]Aa����Fkl~��y<RaZ�F�u�N�A�[Q��N¢V�A�FkfO[cg�N�V�Z�R�fEV���[cg©[S�

U∗
1 (t)

� � F�yrFEV
r3 = 1/2

s
r2 = 7/11

PSg�d
r1 = 12/22

� � [cV�FpV�AnPSV|V�A�FpD+P?T0��D5RaD
r2 = 7/11

s���NBZ�FQPcf�A�FOdko-X
u∗

2

[Q£rFEZ]V�A�Fx��g-V�FEZ�£<PS�
[4, 15]

V�AnPSV]��g�fE��R�daFON]V�PcN��8N
τ3, τ4

PSg�d
τ6
�

³ fEV�RnPS����Xrs0V�Aa��N���N¤V�A�FJfEZ���V���fQPS����g�V�FEZ�£cPS���¤^�gU[cRaZ�F.T�PSD¢`a��F<s�V�A�FJN�FEV�[S�3V�PcN��0N���N
��FQPcN���oa��F"N���g�fOF
r2 = 7/11 < 1

�

���	� 
��'����
�� )���
����#��� )�+�
 �%$�&��'�(�*)�+ 	

@BAa��N�N�FOfEV���[cgª��N�daFE£r[cV�FOdªV�[¶V�A�F)`aZ�[0[S�5[S�eV�A�F®fO[cZ�Z�FOfEV�g�FON�N�[S��V�A�F�PS��yr[cZ���V�AaD�� ^�g¬V�A�F
��[c����[Q�]��gay�s

Ic
daFEg�[cV�FON�V�A�F)fEZ���V���fQPS�x��g-V�FEZ�£<PS��PSg�d

WIc

sBV�A�F���g�V�FEg�N���V�Xª[Q£rFEZUV�A�F®fEZ���V���fQPS�
��g�V�FEZ�£cPS�
��NxdaFEg�[cV�FOd

Wc
� � FvPS��N�[UdaF.¥�g�FvV�A�F5��Rag�fEV���[cg

vk!#"
$
s&PcNxV�A�F���Pc[ �ëN�fO[cg�N�V�Z�R�fEV���[cg

[¡£rFEZ�V�A�FeN�FEV�[S��V�PcN��8N Tk, 1 ≤ k ≤ K
�
@BA�FEZ�F.��[cZ�F<s

v1!#"
$ = v !#"
$
�
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$� � �'7 � � 
�� � ��� � � �
�7�6

supt v 
���� (t) = Wc
�

7 7�6
v 
���� (t) ≤ 1

7 ����� � � � � ��7 ����� � 
���� � ���"��
��#
 7�
2�$� ��
 7
���(�$�
7 7 7�6 � ��� ��� �

k
�
vk
����

7�
�� 
 � � � �'7 � � � � ���	��
�� ��

Pk
,I� � ��� ��� ��
 
�� � 7 � � ��) �'7�
 ��� 0 �

7 � 6�� �9� ��� �
1 < k ≤ K

�
supt vk
���� (t) ≤ supt vk−1
���� (t)

�

� �8� � ���J@BA�F5`aZ�[�[S�¤[S�
`&[c��g-V�N 7 ��N"P+d8��Z�FOfEV"fO[cg�N�F !-R�FEg�fOF�[S��V�A�F5fO[cg�N�V�Z�R�fEV���[cg®[S�
v !#"
$

��N�FOF
���"�9�.�xY~[c��g-V�7 7 AnPcN"obFOFEg®N�A�[¡�]g)��g��Ói"���xY~[c��g-V17 7 7&��[c����[Q��N"��Z�[cD V�A�Fe��PcfEVJV�AnPSVePS���~��FQPcN���oa��F
N�f�A�FOd8Ra����gayU`b[c����fE��FONW�]��V�A)P¢`aZ�[0fOFON�N�[cZW�]��V�A�N�`&FOFOd

u
N�A�[cRa��d�N�PSV���N���XkfO[cg�N�V�Z�PS��g-V�N +8s uUPSg�d

i8� ³ N
��[cZ�7 �¡srV�Aa��N���N¤N���D¢`a��X¢obFOfQPSR�N�F Tk ⊆ Tk−1
PSg�d|V�A�F�D+P?T8��D+PS�n��g�V�FEg�N���V�XGy<Z�[¡��N¯�]A�FEg

g�FE� V�PcN��0N�PSZ�F5PcdadaFOd �
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a)

b)

A3(t)

D3(t)
1

3

U
∗
2 (t)

A2(t)

1

2

7

9

6

D2(t)

U
∗
3 (t)

l~��y<RaZ�F1+ �%0¯[cg�N�V�Z�R�fEV���[cg�[S�
u∗

3(t)
PSg�d

u∗
2(t)

�eÀ�Rao8��¥�y<RaZ�FGPr�JN�A�[¡��N
U∗

3 (t) =
∫ t
0 u∗

3(x)dxPSg�dpN�Rao8��¥�y<RaZ�F�o��
U∗

2 (t) =
∫ t
0 v2(x)dx

�

A1(t)

D1(t)

U
∗
1 (t)

u∗

2
(t) > u∗

1
(t)

l~��y<RaZ�F�u � 0¯[cg�N�V�Z�R�fEV���[cg�[S�
U∗

1 (t) =
∫ t
0 u∗

1(x)dx
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�¤º � ��� C � � ��� ��� �
t ∈ [0, T ], supt u∗

k(t) ≤ supt vk
���� (t)
�

� �8� � ���J@BAa��N]��NWPvd8��Z�FOfEV"fO[cg�N�F !�R�FEg�fOFe[S�0�­FED¢D+PkHr� 7 7 73�BPSg�d�@BA�FO[cZ�FED Hr� 7 7 7��.�
�¤º � �������

supk rk ≥ Wc
�

� �8� � ��� � F�fO[cg�N���daFEZxPS���±V�A�F�V�PcN��8N���g�fE��R�daFOd���gpV�A�F�fEZ���V���fQPS�~��g-V�FEZ�£<PS�
Ic = [ac, dc]

PcNW[cg�F
N�Ra`bFEZ���V�PcN��

τc
�]Aa��f�A N���·QF

sc
��N�V�A�F¢N�RaD�[S�BV�A�FGN���·QFONe[S��PS����V�PcN��8N���g�fE��R�daFOd���g

Ic
�]Aa����F

��V�N"PSZ�Z���£cPS�­��N
ac
PSg�d���V�NJdaFQPcd8����g�Fe��N

dc
� � [cV�F�V�AnPSVJV�A�Fe��FE£rFE�

Lc
[S�
V�Aa��N�g�FE� V�PcN��|��NWV�A�F

��[¡��FON�VW��FE£rFE�­[S�
PS���­V�PcN��0N���g
Ic
�

%�XGdaF.¥�ga��V���[cgk[S�
τc
s8PS����g�[cg�fEZ���V���fQPS�&V�PcN��¢��g TLc

PSZ�FWg�[cV¯��g�fE��R�daFOd|��g
τc
�~g�[cg�fEZ���V���fQPS�

V�PcN��0N�N�V�PSZ�V���gayeobF.��[cZ�F
τc
FEg�d¢o&F.��[cZ�F

τc
PSg�dGg�[cg+fEZ���V���fQPS�nV�PcN��8N
N�V�PSZ�V���gay5obF.��[cZ�FBV�A�F�FEg�dG[S�

τc
AnPQ£rFePSZ�Z���£rFOdpP?�9V�FEZ

τc
�
@BAa��NBDGFQPSg�N]V�AnPSV

DLc(dc) −ALc(ac) ≥ sc
�
@BA�F�fO[cg�N�V�Z�R�fEV���[cg

[S�
u∗

Lc

��D¢`a����FONWV�AnPSV
supt∈Ic

u∗
Lc

(t) ≥ DLc(dc) − ALc(ac)/dc − ac ≥ Wc
�

l±��gnPS����Xrs
supk rk ≥ rLc ≥ supt∈Ic

u∗
Lc

(t) ≥ Wc
�

� � º�¾ � º ��� � �!� � 
���� � ���"��
��#
 7 
��$� ��
 7
�
� ��7 � �9��� � � � � 7 �
sup0≤k≤K rk ≤ 1

�

� �8� � ���J@BAa��N]��NWPvd8��Z�FOfEV"fO[cg�N�F !�R�FEg�fOFe[S�0�­FED¢D+PcN�Hr� 7��.s3Hr� 7 7��.s�j¢PSg�d +8�
� [cV�FUV�AnPSV

u∗
k 6= vk!#"
$

��g yrFEg�FEZ�PS���¶§"[Q�¯FE£rFEZQs¯PcNvN�A�[¡�]g©PSob[¡£rF<s�V�A�F�F !�RnPS����V�X¶A�[c��daN
��g�N���daFxV�A�FefEZ���V���fQPS�­��g�V�FEZ�£cPS� ��[cZ�N�[cDGF

k
�

����� � 
 ) 
 �(	 ��� ��� )���� � ���%$ � �����-��� )�+ 
 ����	�� $�
�� �*) �

³ N�N�RaDGF"V�AnPSV]V�PcN��8NBAnPO£rF5PS��Z�FQPcd8XUo&FOFEgkN�[cZ�V�FOdko�X|V�A�FE��ZWPSZ�Z���£<PS�3d�PSV�FePcN]��FE���~PcNBo-XUV�A�FE��Z
daFQPcd8����g�FON¡� ³ N�N�RaDGFGV�AnPSV�V�A�F|��FE£rFE��N���g�V�A�F|§xPcN�N�F+d8�¨PSy<Z�PSD´PSZ�F�PS��N�[py<��£rFEg3�p@BA�F|V���DGF
fO[cD¢`a��F.T8��V�X�[S�
fO[cg�N�V�Z�R�fEV���gay

u∗
k

��NW����g�FQPSZW��g�V�A�Feg-RaD5obFEZx[S�
V�PcN��8NJPSVW��FE£rFE�
k
PSg�d�Aa��y<A�FEZ

PcN"N�A�[¡�]g)��g2��+"��� 0¯[cD¢`aRaV���gay
rk
��N�PS��N�[+����g�FQPSZ"��g)V�A�F5g�RaD�o&FEZ�[S�¤V�PcN��8N"PSV"��FE£rFE��N"�¨PSZ�yrFEZ

V�AnPSg
k
��@BA�FEZ�F.��[cZ�F<s"V�A�F�fO[cD¢`a��F.T8��V�X [S�5V�A�F�PS��yr[cZ���V�AaD V�[ fO[cg�N�V�Z�R�fEV

v1
��N��9Ra` V�[ P

D5Ra��V���`a����fQPSV���£rF5fO[cg�N�V�PSg-V$�
N∑

i=1

L(τi) =
K∑

k=1

Ni · k

�]A�FEZ�F
Ni

��N"V�A�Fvg�RaD�o&FEZ�[S�¤V�PcN��8NePSVx��FE£rFE�
i
��@BA�F�Aa��y<A�FON�VefO[cD¢`a��F.T8��V�X®fO[cZ�Z�FON�`b[cg�daNeV�[

V�A�F�fQPcN�Fx�]A�FEZ�F�V�A�FEZ�F���N][cg�F�V�PcN���PSVWFQPcf�Ap��FE£rFE� ��[Q��FEZJV�AnPSg
K
PSg�d

NK = N − (K − 1)V�PcN��0N�PSV���FE£rFE�
K
�
@BA�FefO[cD¢`a��F.T8��V�X���N]V�A�R�N

O(KN − K2/2)
�

� [cV�FxV�AnPSV]V�Aa��N]V���DGF�fO[cD¢`a��F.T0��V XU��NB����g�FQPSZW����PS��� V�PcN��8N�PSZ�Fe[cgk��FE£rFE��HG�
K = 1

���]Aa��f�A
��N"V�A�F�o&FON�VJ`&[<N�N���oa��F�fQPcN�F<�x@BA�F���[cZ�N�FvfQPcN�F¢PSZ���N�FON"�]A�FEg

K = N
�]��V�A

1
V�PcN��0Nx[cg�FQPcf�A
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��FE£rFE��sb�]A�FEZ�F5V�A�FvfO[cD¢`a��F.T0��V Xpo&FOfO[cDGFON
N2/2

�J§"[Q�¯FE£rFEZQs ��VJ��N"FQPcN�XkV�[|`nPSV�f�A®V�Aa��N"��[cZ�N�F
fQPcN�FUPSg�d�N�[c��£rF|V�A�F+`aZ�[coa��FED ��g�����g�FQPSZ�V���DGF|��g�V�AnPSV�fQPcN�F|o-X¶DGFEZ�FE��X¶V�FON�V���gay

r1 ≤ 1
�

�®POX0o&F�N�R�f�A�P�`nPSV�f�A�F.T8��N�V�NB��g�PS��� !�RnPcd8Z�PSV���fefQPcN�FON¡�
À���g�fOF

K ≤ N
snV�Aa��NWDGFQPSg�NJV�AnPSVJV�A�F5fO[cD¢`a��F.T0��V Xp[S�
V�A�F5PS��yr[cZ���V�AaD `aZ�FON�FEg�V�FOd)PSo&[Q£rF

��NJPSV�DG[<N�V !�RnPcd8Z�PSV���f<� ³ gk��g-V�FEZ�FON�V���gayU`aZ�[coa��FED�s���g�£rFON�V���y-PSV�FOd�o&FE��[Q�esn��N]V�[GFON�V���D+PSV�FeV�A�F
£<PS��R�F�[S�

K
��[cZ]V�X0`a��fQPS�±N�FEV�[S��V�PcN��8NQ�

����� ������� � � ��$ ��� )���� �%� �%$ � �����#��� )�+ 
 ����	�� $�
�� �*) �

^ gkV�Aa��N"N�FOfEV���[cg3sa��F�`aZ�[Q£0��daF5PSg)FON�V���D+PSV���[cg�[S�
K
�]A�FEgpV�A�Fef�AnPSZ�PcfEV�FEZ���N�V���fONx[S��V�A�FeV�PcN��0N

PSZ�F+f�A�[<N�FEg�Z�PSg�da[cD¢��Xr�kKWFOfQPS����V�AnPSV
K
��NeV�A�F¢g�RaD�o&FEZ�[S�]��FE£rFE��N5��g�V�A�F+§xPcN�N�F¢d8�¨PSy<Z�PSD

[S�5V�A�F
N
V�PcN��0NQ� ³ g�[cV�A�FEZ��¯PQX¬V�[ daF.¥�g�F)��VQs���NUV�[ N�FOF)��V�PcNUV�A�F)��[cgayrFON�Vk��g�fEZ�FQPcN���gay

N�Rao�N�F !-R�FEg�fOFe��gkV�A�F�`nPSZ�V��¨PS�­[cZ�daFEZW[S��V�A�FeN�FEV
P
�

^�V���N¤P"fE�¨PcN�N���fQPS�n`aZ�[coa��FED
V�[�FON�V���D+PSV�FBV�A�F�PO£rFEZ�PSyrFW��FEgay<V�AG[S�bV�A�FB��[cgayrFON�V�N�Rao�N�F !�R�FEg�fOF
��g PSg¶[cZ�daFEZ�FOd�N�FEVQ��^��]V�A�F|PSZ�Z���£<PS��N

ai
PSZ�F|f�A�[<N�FEg Z�PSg�da[cD¢��X PSg�d�V�A�F|daFQPcd8����g�FON

di
PSZ�F

PS��N�[ef�A�[<N�FEgUZ�PSg�da[cD¢��X+PSg�d|PSZ�FW��g�daFE`bFEg�daFEg�V¯[S� V�A�F"PSZ�Z���£cPS��NQs-V�A�FEg|[cg�FWAnPcN�V�A�F]��[c����[Q�]��gay
Z�FON�Ra��VQ�
�¤º � �����������
	�� �

E(K) = 2
√

N + O(
√

N).

§J[¡��FE£rFEZQs3�¯F¢fQPSg�yrFEVePUD�R�f�A���[¡��FEZ�FON�V���D+PSV���[cg¶[cg®V�A�FGPO£rFEZ�PSyrF
K
o-XpV�PS�0��gayk��g-V�[

PcfOfO[cRag�VWV�A�Fx��PcfEV]V�AnPSV�V�A�FedaFQPcd8����g�FON"PSZ�F�g�[cV���g�daFE`&FEg�daFEg-V"[S�~V�A�F�PSZ�Z���£<PS��N5�
di ≥ ai

�.��^ g
V�AnPSVJfQPcN�F<s8V�A�F�PO£rFEZ�PSyrF

K
��N�D�R�f�A)N�D+PS����FEZ]V�AnPSg √

N
�

l�[cZJF.T�PSD¢`a��F<snA�FEZ�F���NWV�A�F�`aZ�[�[S�
��g�V�A�F�fQPcN�F�V�A�F5PSZ�Z���£<PS�­`aZ�[0fOFON�N���N"Y±[c��N�N�[cg)PSg�dpV�A�F
Z�FE�¨PSV���£rF�daFQPcd8����g�FON5�

di − ai
�]PSZ�F�F.T0`&[cg�FEg-V��¨PS����X�d8��N�V�Z���oaRaV�FOd �
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E(K) = O(log(N))
�

� �8� � ���Jl~��Z�N�VQs±g�[cV�F+V�AnPSV5V�A�F+`aZ�[coa��FED fQPSg¶o&F+N�FOFEg PcN�P�V��¯[�d8��DGFEg�N���[cgnPS�¯`aZ�[coa��FED o-X
`a��Ray<y<��gay

ai
[cg�V�A�F

x
� P?T0��NePSg�d −di

[cg�V�A�F
y
P?T8��NQ��^ g�V�Aa��Nxg�FE� �9Z�PSDGFE�¯[cZ��bs

K
��NxV�A�F

��[cgayrFON�V­N�F !�R�FEg�fOF�[S��fO[cD¢`b[cg�FEg�V����]��N�F¤��g�fEZ�FQPcN���gay�`b[c��g�V�N
(ai1 ,−di1) < · · · < (aiK ,−diK )

�
� [¡�esr���&��F�fO[cg�N���daFEZ¯PSg-Xvy<��£rFEgG`&[c��g-V

(ah,−dh)
s-V�A�FB��[cgayrFON�V���g�fEZ�FQPcN���gay�N�F !-R�FEg�fOF

ShN�V�PSZ�V���gay¢��gUV�Aa��NB`&[c��g-V]��N]fE��FQPSZ���XUN�D+PS����FEZ]V�AnPSV]V�A�F"V�[cV�PS� g-RaD5obFEZ
Th

[S�­`&[c��g-V�N]�]Aa��f�ApPSZ�F
�¨PSZ�yrFEZ�V�AnPSg

(ah,−dh)
�¢@BA�F¢Z�FON�V5[S�¯V�A�F¢`aZ�[0[S�B��N�P�d8��Z�FOfEV�daFEZ���£<PSV���[cg¶y<��£0��gay�PSg�Ra`a`bFEZ
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o&[cRag�dk[cg
Th
�

P(
N

max
h=1

Sh ≥ C) ≤ NP(SH ≥ C)
�]A�FEZ�F

H
��NJP�Z�PSg�da[cD `b[c��g�V

≤ N

∫ ∞

x=0
e−x

∞∑
k=C−1

P(k
PSZ�Z���£cPS��N���g�PSg

��g-V�FEZ�£<PS�±[S�~��FEgay<V�A
x))e−kxdx

≤ N

∫ ∞

x=0
e−xP(

DG[cZ�F�V�AnPSg
C − 1

PSZ�Z���£cPS��N

��g�PSgk��g-V�FEZ�£<PS�±[S����FEgay<V�A
x)e−(C−1)xdx

≤ N

∫ ∞

x=0
e−Cx xC

C!
dx =

N

(C)C+1

� [¡�es&���
C ≥ log(N)

s&V�Aa��Nx`aZ�[conPSoa������V X)yr[0FON"V�[U·QFEZ�[�PcN
N
yr[�FON"V�[U��g8¥�ga��V�Xr�¢À0[UV�A�F

V�PS���¯[S�
K
da[�FON5g�[cV�yr[�o&FEXr[cg�d

log(N)
��[cZ��¨PSZ�yrF

N
��^ g¶`nPSZ�V���fERa�¨PSZQs�V�Aa��N5��D¢`a����FON�V�AnPSV

E(K) = O(log(N))
�

@BAa��N¢DGFQPSg�N¢V�AnPSV¢V�A�F�PO£rFEZ�PSyrF�fO[cD¢`a��F.T0��V X ��N
O(N log(N))

� ³ fEV�RnPS����Xrs¤V�Aa��N¢`aZ�[0[S�
N�A�[Q��N�PeN�V�Z�[cgayrFEZ¤Z�FON�Ra��V �~�]A�FEg|V�A�F]g-RaD5obFEZB[S�bV�PcN��0N

N
yr[0FON
V�[���g8¥�ga��V Xrs�V�A�FWfO[cD¢`a��F.T0��V X

[S��V�A�FePS��yr[cZ���V�AaD ��N�obFE��[¡�
N log(N)

�]��V�A�`aZ�[conPSoa������V X�[cg�F<�
� [cV�FBV�AnPSV�V�A�FJPO£rFEZ�PSyrFWfO[cD¢`a��F.T8��V�X¢[S�&V�A�F]fE�¨PcN�N���fQPS��PS��yr[cZ���V�AaD�[S�3À�`aRaZ��n��N�g�FOfOFON�N�PSZ�����X

y<Z�FQPSV�FEZ�V�AnPSg
C((N2 + N)/2)

��[cZ�N�[cDGF¢fO[cg�N�V�PSg-V
C
�]AnPSV�FE£rFEZeV�A�F¢d8��N�V�Z���oaRaV���[cg�N5N���g�fOF

V�Aa��N±��N~V�A�F¤o&FON�V±`b[<N�N���oa��F¤fO[cD¢`a��F.T8��V�XU��fO[cZ�Z�FON�`b[cg�d8��gayxV�[JV�A�F�fQPcN�F¤�]A�FEZ�F¯V�PcN��0N±AnPO£rF¯l�^ l~_
fO[cg�N�V�Z�PS��g-V�N$�.�

� � � �
� � � � � � � � ���~�B��� � �

^ gpV�Aa��N"N�FOfEV���[cg)��F�fO[cg�N���daFEZ"V�A�Fe��[c����[Q�]��gay�`aZ�[coa��FED �]f�A�[0[<N�F5PSVxFQPcf�A)V���DGF
t
V�A�F�N�`&FOFOd

u(t)
��g N�R�f�A©P)�¯POX PcNvV�[�F.TaFOfERaV�FpPS���]V�PcN��8Nv�]��V�Aa��g V�A�FE��Z+daFQPcd8����g�F�fO[cg�N�V�Z�PS��g�V�NG�]Aa����F

D¢��ga��D¢��·O��gay|V�A�F�V�[cV�PS�3FEg�FEZ�y<XkfO[cg�N�RaD¢`aV���[cg3�
@BA�F���Rag�fEV���[cg

v !#"
$
PcfEV�RnPS����Xk`aZ�[¡£���daFONxPGN�[c��RaV���[cg�V�[GV�A�F�`aZ�[coa��FED¸[S�
D¢��ga��D¢��·O��gayUV�A�F

V�[cV�PS��FEg�FEZ�y<X R�N�FOd o�X V�A�F�`aZ�[�fOFON�N�[cZ��]A�FEg©V�A�F���D¢DGFOd8�¨PSV�FpFEg�FEZ�y<X fO[cg�N�RaD¢`aV���[cg©[S�eP
`aZ�[0fOFON�N�[cZ�yr[c��gay®PSV�N�`bFOFOd

u
s­��N5[S��V�A�F¢��[cZ�D

g(u)
s��]A�FEZ�F

g
��N5fO[cg-£rF.T PSg�d¶��g�fEZ�FQPcN���gay��

@BAa��N���N�V�A�FBZ�FON�Ra��V¤fE�¨PS��DGFOd+��g ���"����^�g¢V�A�F]��[c����[¡�]��gay�s-�¯F]`aZ�FON�FEg-V�V��¯[�d8� � FEZ�FEg-V¯PS��yr[cZ���V�AaDGN
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V�AnPSV]FEgnPSoa��F"V�[vfO[cD¢`aRaV�FxV�A�FxN�F !-R�FEg�fOFx[S�±[c`aV���D+PS�&��Z�F !�R�FEg�fE��FON��]��V�ApP���[Q�¯FEZ�fO[cD¢`a��F.T0��V X
V�AnPSg ��Pc[¢FEVJPS��� �ëNWPS��yr[cZ���V�AaD��

����� � $�&'�'�(��)�+�	 �

³ N�V�Z�PS��y<A�V���[cZ��BPSZ�d��¯POX¶V�[pdaFEV�FEZ�D¢��g�F|V�A�F+[c`aV���D+PS�¯`aZ�[�fOFON�N�[cZ5N�`&FOFOdaNe��N5V�[���V�FEZ�PSV�F+V�A�F
PS��yr[cZ���V�AaD ��[cZ�PcN�N�FON�N���gayW��FQPcN���oa������V�X �­[cg�fOFBV�A�FBfEZ���V���fQPS�a��g-V�FEZ�£<PS�a��N~��daFEg-V���¥nFOd¢��V���N~Z�FEDG[Q£rFOd
PSg�dpV�A�Fe��FQPcN���oa������V X�PS��yr[cZ���V�AaD ��NJPS`a`a����FOd®[cgpV�A�F5Z�FON�Ra��V���gay�N�Rao8��`aZ�[coa��FED��J@BAa��NJ��FQPcdaN"V�[
V�A�F"��[c����[Q�]��gay�PS��yr[cZ���V�AaD �

H<��l�[cZ
k = 1..K

fO[cg�N�V�Z�R�fEV
u∗

k(t)
�"�­FEV

ri = sup0≤t≤T u∗
k(t)

�¤V�A�F�fEZ���V���fQPS�]��g�V�FEZ�£cPS�
[ai, bj]

��N�N�R�f�A�V�AnPSV
W[ai,bj ] = supk rk

�
j8�JÀ0FEV|V�A�F�N�`&FOFOd¬[cg

[ai, bj ]
F !�RnPS�"V�[

W[ai,bj ]
� /JN���gay V���DGF�fO[cD¢`aZ�FON�N���[cg3s]Z�FEDG[Q£rF

��g-V�FEZ�£<PS�
[ai, bj ]

�
KJFEV�RaZ�g�V�[GN�V�FE`�Hx����PSV���FQPcN�V�[cg�FeV�PcN��|Z�FED+PS��g�N¡�
^ V±N�A�[cRa��d�o&F�g�[cV�FOd5V�AnPSV

K
s?V�A�F¤g�RaD�o&FEZ�[S����FE£rFE��N~��g5V�A�F�§xPcN�N�F�d8�¨PSy<Z�PSD�s-fQPSgag�[cV±��g�fEZ�FQPcN�F

P?��V�FEZ
V�A�F�fO[cD¢`aZ�FON�N���[cg|[S�&V�A�F�fEZ���V���fQPS����g-V�FEZ�£<PS���
^ g�daFOFOd¢���bV�PcN��
τ1
��N
g�[cV�N�V�Z���fEV���X5��g�fE��R�daFOd

��g®V�PcN��
τ2
o&F.��[cZ�F5V���DGF¢fO[cD¢`aZ�FON�N���[cg3s V�A�FEg

τ1
��NJg�[cVeN�V�Z���fEV���Xp��g�fE��R�daFOd®��g�V�PcN��

τ2
P?��V�FEZ

fO[cD¢`aZ�FON�N���[cg3�|_Jg�V�A�FG[cV�A�FEZ�AnPSg�d s3g�[cV�F¢V�AnPSV
K
D+POX�daFOfEZ�FQPcN�FGo-X®V���DGFGfO[cD¢`aZ�FON�N���[cg3�

^ g�daFOFOd s ���
τ1
��N�N�V�Z���fEV���X���g�fE��R�daFOd���g

τ2
obF.��[cZ�F�V���DGF¢fO[cD¢`aZ�FON�N���[cg¶PSg�d®����V�A�F¢daFQPcd8����g�FON

��[cZ¯V�A�FxPSZ�Z���£cPS�&V���DGFON$�¤[S�­o&[cV�A|V�PcN��8N¤��PS���b��g|V�A�F"fO[cD¢`aZ�FON�N�FOdU��g�V�FEZ�£cPS��s0V�A�FEg�V�A�FEX|PSZ�FJg�[cV
N�V�Z���fEV���X|��g�fE��R�daFOd)PSg-X0DG[cZ�F�P?�9V�FEZWV���DGFefO[cD¢`aZ�FON�N���[cg3�

À���g�fOF+V�A�FEZ�FU��NvPSV5DG[<N�V
N
fEZ���V���fQPS�B��g-V�FEZ�£<PS��NQs�V�A�F+��FQPcN���oa������V X�PS��yr[cZ���V�AaD ��N�V�FE` H¡����N

��g�£r[c�rFOd+PSV
DG[<N�V
N
V���DGFON¤PSg�d¢V�A�FB��[cZ�N�V���fQPcN�F�fO[cD¢`a��F.T8��V�X¢[S�bV�A�F�PS��yr[cZ���V�AaD���N

O(KN2)
�

^ g�V�A�F�PO£rFEZ�PSyrF�fQPcN�F<s8�]A�FEZ�F�V�PcN��8N�PSZ�F�f�A�[<N�FEgpZ�PSg�da[cD¢��XU�]��V�A�Y~[c��N�N�[cg�d8��N�V�Z���oaRaV���[cg�N]��[cZ
V�A�FvPSZ�Z���£<PS�±V���DGFONxPSg�d�F.T8`&[cg�FEg-V��¨PS���¨PSV�FEg�fE��FONQsbV�A�F�PQ£rFEZ�PSyrFvfO[cD¢`a��F.T0��V Xp��N

O(N2 log N)
�

@BA�F�fO[cZ�Z�FOfEV�g�FON�N�[S��V�Aa��N�PS��yr[cZ���V�AaD ��Nk��D¢`a����FOd o-XªV�A�F�fO[cZ�Z�FOfEV�g�FON�Np[S��V�A�F)��FQPcN���oa������V�X
PS��yr[cZ���V�AaD ��N�FOF�@BA�FO[cZ�FED +r�.�

����� � $�&'�'�(��)�+�	 �

³ g�[cV�A�FEZ~�¯POX5V�[JdaF.¥�g�F
v !#"
$

��N­o�XeR�N���gay�P�`aZ�[0fOFOd8RaZ�FBfE��[<N�F¤V�[JV�A�FB[cg�F¤R�N�FOde��[cZ­��FQPcN���oa������V Xr�
4 �8��� º ���8� � �r� 5 �e� ¾�( �S� � C�� � ��� ��� �

1 ≤ k ≤ K
�.� � � 
 73� � � ��� � 7�� � � 
�� � �
� �.� �������'7 � �

vk : [0, T ] → R


�E�A� ��� �
�

∫ T

0
g(vk(s))ds

7�
 
57�� 7�
 7�� ����� � � �
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vk(t) ≥ vk+1(t) ∀t ∈ [0, T ],
��q<�

∫ t

0
vk(s)ds ≤ Ak(t) ∀t ∈ [0, T ],

� �r�

∫ t

0
vk(s)ds ≥ Dk(t) ∀t ∈ [0, T ].

� �r�

³ N¤��[cZ��)PSV�A�FED+PSV���fQPS�3Y�Z�[cy<Z�PSD H<s0[cg�F"fQPSgUf�A�FOf��+V�AnPSV¯V�A�FW�9Rag�fEV���[cg
vk
��N¤Raga�,!�R�FJRa`

V�[GPGN�FEV�[S�~DGFQPcN�RaZ�F
0
�

� � º�¾ � º � �&� �!� ��� �������'7 � � 

v1

�9���
v 
����
� � 7�� � 73� �

� v1(t) = v 
���� (t), ∀0 ≤ t ≤ T
�

� �8� � ������N��rFEV�f�A�� 0¯[cg�N���daFEZ|V�A�F�fEZ���V���fQPS�W��g�V�FEZ�£cPS�
Ic
��g V�A�Fpda[cD+PS��gª[S�xdaF.¥�ga��V���[cg [S�ePS���

V�PcN��0NQs
D = [0, T ]

� ³ d8��Z�FOfEVe��g�d8R�fEV���[cg¶[cg
K
N�A�[Q��N�V�AnPSV

v1(t) = supk u∗
k(t)

[Q£rFEZ�V�A�F
fEZ���V���fQPS�­��g-V�FEZ�£<PS�

Ic
� %¯X+R�N���gay|@BA�FO[cZ�FED +8s8V�Aa��N�N�A�[¡��N�V�AnPSV

v1(t) = v !#"
$ (t)
���

t ∈ Ic
�

� [¡�es��¯FxfO[cD¢`aZ�FON�NBV���DGFWo�X
Ic
����FxfO[cg�N���daFEZBV�A�FJg�FE� N�FEV¯[S�±V�PcN��0N T \Ic

fO[cD¢`aZ�FON�N�FOd
o�X�V�A�F¯��g-V�FEZ�£<PS�

Ic
�~@BA�F�g�FE� da[cD+PS��gG[S�bdaF.¥�ga��V���[cgG��N�daFEg�[cV�FOd

D\Ic
�~^��

f
��N�PSg-X��9Rag�fEV���[cg

daF.¥�g�FOd+[cg
D
��[cZ
V�A�F�N�FEV�[S�&V�PcN��0N T s<�¯F�daFEg�[cV�F]o-X f\Ic

V�A�F]N�PSDGF¯��Rag�fEV���[cg+fO[cg�N�V�Z�R�fEV�FOd
[cg

D\Ic
��[cZ�V�A�F�fO[cD¢`aZ�FON�N�FOd�N�FEV�[S�~V�PcN��8N T \Ic

�
� F¢¥�Z�N�V�f�A�FOf�� o-X���g�d8R�fEV���[cg [cg

K
V�AnPSV5V�A�FG��Rag�fEV���[cg

v1 = (v1\Ic) ∧Ic v1
�k^��]g�[

fEZ���V���fQPS�WV�PcN��0NGPSZ�F�PSV¢��FE£rFE�eH<s�V�A�FEg
v2 = (v2\Ic) ∧Ic v2

o-X���g�d8R�fEV���[cg3� laRaZ�V�A�FEZ�DG[cZ�F<s
v1 = v2

[Q£rFEZ
Ic
o&FOfQPSR�N�F|g�[pV�PcN��8N�[cg ��FE£rFE�][cg�F�PSZ�F|fEZ���V���fQPS���®@BAa��N�DGFQPSg�N�V�AnPSV

v1 =
(v1\Ic)∧Ic v1

�~^��3N�[cDGFWfEZ���V���fQPS�bV�PcN��8N¤PSZ�F"[cg+��FE£rFE��[cg�F<s���FW`a�¨POXGV�A�FJN�PSDGF�V�Z���f��+PcN���g|V�A�F
`aZ�[0[S�][S�¯��FED¢D+P +kPSg�d�Z�FE`a�¨PcfOF+PS����fEZ���V���fQPS�¤V�PcN��8Nxo-X�[cg�F¢N�Ra`&FEZ���V�PcN��®[S�¯��FE£rFE�JH<�¢@BA�FEg3s
v1 = (v1\Ic)

[¡£rFEZ
D\Ic

PSg�d
v1 = Wic

s�V�A�F�Z�PSV�F5[S��V�A�F5fEZ���V���fQPS����g-V�FEZ�£<PS�
[Q£rFEZ
Ic
�"@BAa��N

��NWd8��Z�FOfEV�o-XUR�N���gayGV�A�FefO[cg�N�V�Z�PS��g-V�N�R�N�FOdkV�[¢daF.¥�g�F
v1
�

³ ��N�[vo�XUfO[cg�N�V�Z�R�fEV���[cg3s���V���N�fE��FQPSZWV�AnPSV
v !#"
$ = (v !#"
$ \Ic) ∧Ic v !#"
$

�
l±��gnPS����XrsSR�N���gayJV�A�F���PcfEV3V�AnPSV

v !#"
$ \Ic
PSg�d

v1\Ic
PS��N�[WfO[c��g�fE��daF¯[Q£rFEZ­V�A�F¯fEZ���V���fQPS�0��g-V�FEZ�£<PS�

��g
D\Ic

N�A�[Q��N�V�AnPSV
v !#"
$

PSg�d
v1
fO[c��g�fE��daFJ[¡£rFEZ¤o&[cV�A+fEZ���V���fQPS�n��g�V�FEZ�£cPS��N¡� %�X���V�FEZ�PSV���gay�V�Aa��N

fO[cg�N�V�Z�R�fEV���[cg3sn[cg�F�N�FOFON]V�AnPSV
v !#"
$

PSg�d
v1
PSZ�F�F !�RnPS�­[¡£rFEZJPS���

[0, T ]
�

@BAa��Nxy<��£rFONePSg¶PSgnPS��X�V���fQPS�
�BPOX)V�[UdaF.¥�g�FGV�A�F�fO[cg�N�V�Z�PS��g-V�Nx��[cZ"��FQPcN���oa������V Xr� � [Q�es3A�FEZ�F
��NJP�`b[<N�N���oa��F�fO[cg�N�V�Z�R�fEV���[cg�[S�

v1
�

H<��l�[cZ
k
��Z�[cD

K
da[Q�]g-V�[�H�da[

��Pr� 0¯[cg�N�V�Z�R�fEV
u∗

k(t)
�¯À0FEV

vk := u∗
k

�
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�9o�� ³ N~��[cgay�PcN�V�A�FEZ�FBF.T8��N�V�N�PSgv��g-V�FEZ�£<PS�
I
[Q£rFEZ
�]Aa��f�A

vk(t) < vk+1(t)
s<Z�FEDG[Q£rF�PS���

V�PcN��8N3��g�fE��R�daFOd5��g
I
[S�a��FE£rFE�0g�[cV±N�D+PS����FEZ±V�AnPSg

k+1
PSg�deR�N�F¤V���DGF.��fO[cD¢`aZ�FON�N���[cg

��[cZ
I
�+�x[�V�Aa��N���[cZ5PS���¤N�R�f�A���g�V�FEZ�£cPS��NQ��PSg�d�fO[cg�N�V�Z�R�fEV

u∗
k\I

PSy-PS��g [Q£rFEZ�V�A�F
fO[cD¢`aZ�FON�N�FOd�N�FEV�[S�~V�PcN��8NWPSg�d�N�FEV

vk := (u∗
k\I) ∧I vk+1

�
j8��KWFEV�RaZ�g

v1
�

³ g�F.TaPSD¢`a��F�[S�~fO[cg�N�V�Z�R�fEV���[cgk��N¯y<��£rFEgU��gkl~��y<RaZ�F�i5R�N���gay5V�A�FxN�PSDGFxN�FEVB[S�±V�PcN��0NBPcNB��g
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