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Abstract: For the numerical simulation of the circulatory system, geometrical multiscale
models based on the coupling of systems of differential equations with different spatial
dimensions is becoming common practice. In this work we address the mathematical analysis
of a coupled multiscale system involving a zero-dimensional model, describing the global
characteristics of the circulatory system, and a one-dimensional model giving the pressure
propagation along a straight vessel. We provide a local-in-time existence and uniqueness
of classical solutions for this coupled problem. To this purpose we reformulate the original
problem in a general abstract framework by splitting it into subproblems (the 0D system of
ODE’s and the 1D hyperbolic system of PDE’s), then, we use fixed-point techniques. The
abstract result is then applied to the original blood flow case under very realistic hypotheses
on the data. This work represents the 1D-0D counterpart of the 3D-0D mathematical
analysis reported in [STAM J. on Multiscale Model. Simul., 1(2) (2003) 173].
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Analyse d’'un modéle multi-échelle pour les écoulements
sanguis basé dans le couplage d’EDOs et d’EDPs
hyperboliques

Résumé : L’utilisation de modéles multi-échelle, couplant des systémes d’équations dif-
féerentielles avec différentes dimensions d’espace, est devenue une approche usuelle dans la
simulation numérique du systéme cardiovasculaire. Dans ce travail on s’intéresse & ’analyse
mathématique d’un systéme couplé multi-échelle constitué d’un modéle 0D, décrivant les
caractéristiques globales du systéme cardiovasculaire, et d’'un modéle 1D, tenant compte de
la propagation des ondes de pression. Pour ce probléme on fournit un résultat local (en
temps) d’existence et d’unicité de solution réguliére. Avec cet objectif, on reformule le pro-
bléme original dans une cadre abstrait général en le décomposant dans deux subproblémes
(le systéme 0D d’équations différentielle ordianaires (ODE) et le systéme 1D d’équations
aux dérivées partielles (EDP) hyperboliques), ensuite on utilise des techniques de point fixe.
Le résultat abstrait obtenu est ainsi appliqué au cas des écoulements sanguins, avec des
hypothéses sur les données trés réalistes. En outre, ce travail représente I’homologue 1D-0D
de 'analyse mathématique 3D-0D introduit dans [SIAM J. on Multiscale Model. Simul.,
1(2) (2003) 173].

Mots-clés : modélisation multi-échelle, systémes hyperboliques, modéles 0D, écoulements
sanguins, techniques de point fixe
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1 Introduction

Problems arising in the numerical modelling of the human cardiovascular system often re-
quire an accurate description of the flow in a specific sensible sub-region (carotid bifurcation,
stented artery, etc.). The description of such local phenomena is better addressed by means
of three-dimensional (3D) simulations, based on the numerical approximation of the incom-
pressible Navier-Stokes equations, possibly accounting for compliant (moving) boundaries.
However, from the computational point of view, numerical simulations of the whole circula-
tory system completely based on these equations are, at the moment, unaffordable.

To overcome this limitation, several (geometrical) multiscale approaches have recently
been proposed in the literature, see e.g. [22, 21, 6, 3, 29, 19, 11, 4]. The main principle
consists in coupling different models with a decreasing level of accuracy, which is compen-
sated by their decreasing computational complexity. Starting from the 3D incompressible
Navier-Stokes equations, under certain assumptions, one can derive a one-dimensional (1D)
model, stated in terms of hyperbolic equations along the axial coordinate of the vessel. With
further simplifications, we can obtain a zero-dimensional (0D) model (or lumped parameters
model), represented by a system of ordinary differential equations. One-dimensional mod-
els have shown to provide useful information at low computational cost [6], in particular,
these models are very well adapted for the simulation of wave propagations in the arterial
tree [27, 28, 30, 4]. On the other hand, the global characteristics of the system, including
specific districts as the heart or the venous bed, may be described by 0D models, which are
essentially based on the analogy between the arterial tree and an electric network [31, 4].

Within this multiscale framework, different kind of coupled models have been proposed
in the literature, in particular, the coupling between 3D and 1D models reported in [3]
and that of 3D and 0D analysed in [6, 11]. The mathematical theory for the coupling
between 0D models and 3D models (without wall compliance) was carried out in [24]. Yet,
a heterogeneous coupling involving a 1D description of the arterial tree and 0D description
of the peripheral circulation and the heart has been addressed in [7, 4, 29|, in blood flow
engineering.

The aim of the present paper is to provide a rigorous mathematical analysis of the
heterogeneous 1D-0D coupling, reported in [4], involving non-linear systems of hyperbolic
PDE’s and ODE’s. We provide a local-in-time existence and uniqueness result of classical
solutions. To this purpose we give our original problem a general and abstract framework
by splitting it into subproblems (the 0D system of ODE’s and the 1D hyperbolic system
of PDE’s). Thus, using standard fixed-point techniques [32, 24], we are able to prove our
main theorem. Then, under very realistic hypotheses on the data, we apply it to the original
blood flow case. In this sense, our analysis requires a partial extension of the work in [2]
to the case of non-monotone boundary conditions on the 1D model. On the other hand,
this work represents the 1D-0D counterpart of the 3D-0D mathematical analysis reported
in [24].

The outline of this paper is as follows. In section 2 we introduce the 1D model, some
basic features of lumped parameter models leading to 0D systems of ODE’s, and then we
formulate the coupled 1D-0D problem. In section 3, we introduce the main result of this
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4 Miguel Angel Ferndndez , Vuk Milisié, Alfio Quarteroni

paper, namely, the existence and uniqueness of solutions for an abstract coupled problem
involving a general system of ODE’s and a hyperbolic 2 x 2 system. As the main motivation
of this work is the blood flow, this result is then rigorously applied to the specific case of
the blood flow. Section 4 provides a detailed proof of our main result. In order to illustrate
the coupled problem, we show a numerical evidence in section 5. Finally, in section 6 we
present some conclusions and perspectives related to this work.

2 Problem setting

In this section we recall briefly the basic 1D non-linear hyperbolic model for the description of
a single cylindrical straight arterial element, and the general lumped parameter description
of the cardiovascular system. Then, we address the way to couple together the two systems.
The mathematical analysis of the resulting coupled model is the main purpose of this work.

2.1 The 1D-model

One-dimensional hyperbolic models have been used by many authors to study various issues
related to the vascular system, see for instance [30, 19, 29, 5, 27, 28, 2]. They are derived from
the assumption that single tracts of an artery can be approximated by a straight compliant
channel. Their simplicity yields a clear advantage over more complex models especially for
real-time computations when quick answers are needed.

These models can be derived from the incompressible Navier-Stokes equations assuming
that the flow is axi-symmetric. Indeed, supposing that the ratio between the radius and
length of the vessel is small, one can average the equations over the cross-section. Then,
assuming a specific velocity profile given as a function of the cross-sectional average velocity
and the radius [29, 2], one obtains the following system of two partial differential equations

04,99 _ o se01), t>o0,

ot or (1)
0Q 0 [aQ? Adp Q

a*a(T)ﬁ%— o =€, >0

The unknowns are the cross-section area A, the flow rate @, the cross-section averaged pres-
sure p. Moreover, a stands for the kinetic energy coefficient, z denotes the axial direction,
p the blood density and K, is related to the velocity profile assumed in the vessel. If a
Poiseuille profile is assumed (which is of course a simplification), K, = 8wpv, where v is the
kinematic blood viscosity (see [8] for other possible values).

In spite of its simple form, this system is nonetheless capable of predicting very accu-
rately the wave propagation phenomena inside the arterial system. To close system (1), we
introduce the following constitutive law for the pressure:

p= Y WAV, §= " )

Ta-o
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where Ag is the constant cross-section at rest, F, h and o the Young modulus, the thick-
ness and Poisson coefficients of the vessel wall respectively. Expression (2) entails that the
pressure is a linear function for the vessel radius [20, 22].

At this point, we make the following assumptions: the constant K, is set to zero, the
convective effects are dominant, and the source term is one order of magnitude lower than
the inertial term see [2], for instance. Finally, the kinetic energy coefficient « is set equal
to 1; this means assuming a flat profile inside the vessel, which is reasonable for straight
vessels in blood flow [2, 8]. Thus, system (1) reduces to the following quasi-linear hyperbolic
system

A
6—+6—Q:0, z €(0,1), t>0,
ot Oz 3)
0Q 0 [(Q? Aop
In non-conservative form, system (3) reads
ou ou
L HU) L =
A HU) S =0, @
with the notations
0 1
A Q
{Q]’ (U) ’B\/Z—vf wl” YT A
2pA0

Assuming that the cross-section area A remains positive, the matrix H can be diagonalised,
namely, H = RAL, where

_|A 0 _ | 1 _7-1
A

The eigenvalues A and p are given by [§]

[ B 1
= —_ = = A4
A=u—c¢, p=u+c¢ c Ay (5)

where u is the axial velocity and ¢ the sound speed. The system can be rewritten in diagonal
form as

0z 0z
Z g
8t + (w’ Z) ax 07
(6)

dw + p(w Z)O_w =0
ot T gy T
where we have denoted by z and w the following Riemann invariants (or characteristic
variables)

z=4c—u, w=4c+u. (7
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6 Miguel Angel Ferndndez , Vuk Milisié, Alfio Quarteroni

Owing to (5), we can express the eigenvalues in terms of Riemann invariants as follows

uzgw—gz, Azgw—gz. (8)
The physical unknowns p and @) can be expressed themselves as functions of the characteristic

variables:

= 2% — B _2p(w+z>2_ 3
VAo 8 VA
92422 4
0P (w —2) wtz\

p? 8
The diagonal formulation (6) suggests the correct boundary treatment.

If, for instance, one has at disposal the time history ¢(¢) of a physical variable ¢ =
#(4,Q), as for instance A or @ or even @)/A, the boundary condition

P(A1),Q(1) = q(t), Viel, atz=0,

Q=

is admissible under certain restrictions [23, 26, 14|, which in our case reduce to exclude the
case where ¢ may be expressed solely as function of z. In particular, the imposition of either
average pressure (cross-section area) or mass flux are both admissible. So imposing a given
pressure p; on the boundary, implies that the two characteristic variables are related to each
other. Indeed, from (9), at = 0, we impose

w(0,1) +2(0,)\* _ B
2p — = pg.
8 VAq
If A remains strictly positive, w+ z keeps a constant sign. Thus, we can explicitly obtain

the incoming characteristic variable w as a function of p, and the outgoing characteristic
variable z, i.e.,

w(0,t) =8 [% (pg + Aﬁo)] : — 2(0,t) = 8¢ — 2(0,1). (10)

Since z is constant along the outgoing characteristic curve, z(0,t) only depends on the
initial condition zo. Therefore, we only prescribe the value of w on the boundary. The
boundary condition at one end of the domain depends on the outgoing characteristic variable.
If the domain is bounded, say 0 < z < [, there exists a critical time, say t., sufficiently large
beyond which this variable depends on the values of the other end point as well. ¢. is larger
than the time at which the incoming characteristic curve at 2 = 0 hits the boundary = =
(see figure 1). Using a symmetric argument, we can deduce that . is also greater than the
time at which the characteristic curve starting from (x,t) = (I,0) reaches (z,t) = (0,0). We
confine our analysis to a time interval [0, Tiax] small enough so that the above mentioned
characteristic curves do not cross (see figure 1 and refer to [13] for a similiar approach). In
this case it is obvious that Tyax < te

INRIA
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t t t
tC 77777777777777777777777777777777777 tC 77777777777777777777777777777777777
) N o *
o o 2T
+ + + | K- Tmax
0 0 o o +
+ o+, 4+ o] 0
o + + 0\ 4
Yo+ o+ o+ o+ o o o 4+
o + + o+ + + 0+ 0 + 0
(0,0) 1, (0,0) I, 00 I,

w(0,) = f(2°, pg.1eft) 4] 2L, t) = F(wO, Py right)

Figure 1: Subdomains where the Riemann invariants depend only on the initial data and a
single boundary condition

2.2 Lumped parameters model

The most important vessels and branches of the cardiovascular system can be described by
patching together several components based on the one-dimensional model introduced in
the previous paragraph, [27, 28, 30, 19]. In particular, in [27] several numerical simulations
of a network composed by 55 arteries are reported. This approach has, however, two main
drawbacks:

1. it cannot reflect a salient feature of the cardiovascular system, i.e. its inter-dependency
nature which derives from being a “closed system”. Indeed, dealing with one-dimensional
(or even three-dimensional) models requires the prescription of specific (and accurate)
data on the artificial boundaries delimitating the computational domain [30, 27, 19].

2. a realistic description of complex terminal districts of the circulatory system (heart,
capillary bed, venous circulation,. ..) can not be achieved by hyperbolic one-dimensional
models [8, Chapter 2]).

These difficulties can be overcome, through the introduction of lumped parameters models.
The latter are expressed in terms of systems of ordinary differential equations, describing the
averaged (in time) mass and flow rate in a specific terminal compartment of the circulatory
system, see for instance [8, 31, 10, 17]. Since they do not account for variations in space,
they are often called zero-dimensional models. They can be derived starting from the one-
dimensional system (1) by integrating the equations in space. Indeed, after linearization, we
obtain [8, 31]):

I
C—p+Q2—Q1=0, t>0,

at

0 (11)
Ld—?+RQ+Pz—P1:0, t>0.

RR n° 5127



8 Miguel Angel Ferndndez , Vuk Milisié, Alfio Quarteroni

Here, p and Q stand for the mean pressure and flow-rate over the whole compartment,
respectively, with

The parameters R, L and C denote resistance, inductance and capacitance, and they depend
on the physical and geometrical properties of the pipe [8, 31]. Precisely, for a Poiseuille flow
one can set

R 8pvl _ ol _ 3argl
g o’ ~ 2Eh’

where 7 stands for the vessel’s radius. In order to close mathematically (11) we need some
further assumptions. Let us suppose that some upstream and downstream data are available,
for instance ()1 and P,. It is also reasonable to approximate the unknowns on the upstream
and downstream sections with the state variables, i.e. p ~ P; and Q = (2. If the length of
the vessel is small enough this assumption makes sense and acts like a discretization error.
Moreover in blood flow the wave speed is about (1 to 10 m - s~1), so that the information
propagates almost instantaneously from two neighbor points in a single vessel (whose length
might be of few centimeters).
Under these additional assumptions, (11) can be written as

d
Ay +b, t>0, (12)
dt
where

o L @
Py C C
o=la) Lo_R| P
L L L

System (12) can be equivalently regarded as the mathematical description of an electric
circuit which is known as L-network. In fact, in this hydraulic/electric analogy, pressure
and flow rate correspond to the electric voltage and current, the resistance R is related to
the blood viscosity, the inductance L to the blood inertia and the capacitance C' to the wall
compliance. More details can be found in [8].

Equation (12) represents, in abstract form, a lumped parameters description of the blood
flow in a compliant cylindrical vessel, involving the mean values of the flow rate and the
pressure in this domain, as well as the upstream and downstream flow rate and pressure.
However, as mentioned above, a specific description is required for more complex systems
such as the heart, which provides the energy necessary to blood circulation in the whole
system. Heart can be considered as a couple of pumps. In particular, in [8], each ventricle
is represented as a compliant vessel whose compliance C(¢) changes in time. On the other
hand, in order to describe the heart functionality, in the electric/hydraulic analogy every
valve is modelled by a diode for the current according to the value of the applied voltage
drop [8, 4].

INRIA



Analysis of a multiscale blood flow model 9

From these considerations, the whole circulation can be therefore described by means of
a system of differential equations whose abstract form reads

% = Ay +ru(y,t) + b(y,t), t>0. (13)
Here, y € R™ stands for the vector of state variables, A € R™*™ ig a matrix, rg(y,t) € R™
is a vector whose dependence on y and t should be ascribed to the presence of valves and
heart’s ventricles compliances [25, 8, 21]. The vector b(y,t) € R™ represents a generalized
source term which provides external data to the system. Specific instances of (13) can be
found, for example, in [24, 6, 4].

2.3 Coupling 1D and lumped parameters model

The simulation of blood flow in the circulatory system can be made by resorting to multi-
scale models which couple three-dimensional, one-dimensional and zero-dimensional systems.
These three paradigms feature a (decreasing) level of accuracy, which is however compen-
sated by a decreasing level of computational complexity. In previous papers different kind of
coupled models have been considered. We recall the coupling between 3D and 1D models in
[6], that of 1D and 0D models in [7, 4]. The mathematical theory for the coupling between
0D models and 3D models (without wall compliance) is carried out in [24]. In this paper we
investigate existence and uniqueness of the solution of the problem that arises from coupling
of 1D and 0D models.

Indeed, we couple a system of ordinary differential equations presented in detail in the
previous section with a 2 x 2 system of conservation laws describing section-averaged flow
rate and pressure presented in section 2.1.

As already mentioned in section 2.1 we look for the solution of the 1D model for a
time small enough so that the characteristic curves coming from both boundaries do not
intersect. This means that the closed loop coupling can be functionally replaced by the
connection of two infinite 1D domains interacting through a 0D model.From the mathe-
matical point of view, the analysis of this 1D-0D-1D coupling can be reduced to a simple
0D-1D coupling.More precisely, once provided the time T of existence of the solution of the
0D-1D coupling, the time of existence for the corresponding 1D-0D-1D coupling is given by
min(Tipax, T)-

The coupling between the 0D and 1D models is achieved by imposing the continuity of
pressure and flow-rate at the interface(refer to [6, 4], for instance). More precisely, the given
pressure p, in paragraph 2.1 for the 1D model is provided by the 0D part, i.e., p, represents
here a specific entry of the state vector y in (13). Consequently, using (10), we impose

N

w(0,) = 8 [Zip@g(t) n Aﬁ)] —2(0,6) = gy (1), 2(0,1)). (14)

RR n° 5127



10 Miguel Angel Ferndndez , Vuk Milisié, Alfio Quarteroni

On the other hand, the 1D model supplies the flow-rate to the 0D model. Using (14) in (9),
the flow-rate on the boundary can also be expressed, as a function of y(t) and 2(0,t)., i.e.,

A 11 ENE 51
Q0,:0,0) = 52 (4|3 00+ D] —200) o+ L] )
We point out that this value appears in (13) as part of the source term b.

REMARK 2.1. The choice of imposing the pressure as a boundary condition for the 1D
model and the flow-rate as a source term for the 0D part is an arbitrary choice. Indeed,
changing the structure of the 0D network connected to the 1D vessel, one could obtain the
symmetric exchange of data.

In summary, the coupled 1D-0D problem can be set in the following abstract framework:
find y : [0,7] - R™ and z,w : Rt x [0,7] — R such that

¢ Ow ow . +
o w(w, )6 =0, in R" x[0,7],
62’ 8 . -+
n + )\(w,z)a =0, in RT x[0,T],
2(x,0) = 29(x), =x€RH,
$ w(z,0) = wo(z), ze€RF, (16)

w(0,t) = g(y(t),2(0,1)), te€R

Y = G(y,20,0),1), n R,

\ Y(O) =Yo-
Here, g is given by (14) and G by
G(v,2,t) = Ay +ru(y,t) +b(Q(¥(1),2)),

with @ defined by (15).
In the following sections we provide a rigorous mathematical analysis for problem (16).

3 An abstract existence and uniqueness result

In this section we state our main result that is an existence and uniqueness theorem for
the coupled problem (16). To analyse the strong solutions of this system, we introduce the
following hypotheses on the data:

(H1) (i) There exists an open subset & C R? such that )\, p and their derivatives are
Lipschitz continuous functions in £ and

AMw,z) < p(w,z), Y(w,z) €.

i.e., the system is strictly hyperbolic.

INRIA



Analysis of a multiscale blood flow model 11

(ii) The eigenvalues A and p satisfy

o\ ou
— <0, Em

5% >0, in ¢£.

(H2) The initial data zo and wo belongs to C*(R*) N L®(R*) and (wo(z), z0(z)) € & for
all z € RY, moreover zj < 0 and wy > 0 in R*.

(H3) There exists v > 0 such that g € C1(Bgrm=(0,7) x R*), Brm=(0,~) being a ball of radius
v in R™.

(H4) The boundary is non-characteristic; this is guaranteed, for instance, if the following
sufficient condition is fulfilled
sup {A(g(y(t)a'ZO(m))aZO('x))} < 07
(z,t)eERTX[0,T]
inf t), , > 0.
el o 7 (80 (1), 20(@), 20(2)) }

(H5) The following compatibility conditions between initial and boundary data at time ¢t = 0
hold:

wO(O) = g(y0> 20(0)),

—M%@JNM%@=§$%%@WW@

+ 22 (50, 200D A0 (0), 20(0)) (0

0
These identities ensure the continuity of w(z,t) and 8_1;:} at (z,t) = (0,0).
(H6) G € C°(R™ x R x R) is continuous and locally Lipschitz continuous with respect to
its two first arguments. In addition, we assume that |y,| < 7.

The following theorem represents the main result of this paper; its proof is given in
section 4.

THEOREM 3.1. Suppose that hypotheses (H1) — (H6) hold. Then there exists a positive
time 0 < T < T such that the coupled problem (16) admits a strong solution (y,w,z) €
C'[0,7] x C* (Rt x [0,T])2.

3.1 Analysis of the coupled 1D-0D problem (16)

In this paragraph we aim at applying the main theorem 3.1 to the specific case of the coupling
described in section 2.3 and summarized by the system (16). For that we need to verify the
hypotheses (H1)—(H6).

RR n° 5127



12 Miguel Angel Ferndndez , Vuk Milisié, Alfio Quarteroni

The local Lipschitz property of the right hand side of (13) is satisfied because the elements
used to construct the electric network (as explained in section 2.3) provide locally Lipschitz
terms with respect to the unknowns. The interface condition, being essentially a polynomial
relating the pressure p to the outgoing characteristic z(0,t) (see formula (15)) is also locally
Lipschitz.

PROPOSITION 3.2. Suppose that zg is a bounded function of © such that

20,min S ZO(:L') S 20,max> vz € R+7

Moreover, we make the following assumptions on the boundary data p(t),

20,max 2 B8 20,min ]2 B
g

then A(w(0,1), 2(0,t)) < 0 < u((0,t),2(0,t)) and A(0,t) > 0 and assumption (H4) holds.
Proof. To show that (17) implies A < 0 < p we use the expressions (7) and (8) to set:
3 5 3 5

)\:§w—gz:3c—§z—gz.

20,max ]2 Bo

Here we use the boundary condition (10), since p < 2p [22p=x]” — o we obtain A < 0.
Similarly,

= §w—§z—5c—§z—§z
gl T RET 8" 8Y
which is positive due to the first inequality of (17).

To see that the second expression of (17) implies A(0,%) > 0 it suffices to write

g p
Ay VA=p+ N >0,
that directly gives the condition that p has to satisfy. O
In order to satisfy (H1)q) we apply the following result already established in [2],
THEOREM 3.3. Suppose that the left boundary x = 0 is non-characteristic (i.e. A(0,t) <
0 < w(0,¢t)). If A(z,0) > 0 for all x , and if A(0,t) > 0 on the left boundary, then
A(z,t) >0,V (z,t) € RY x [0,T], and so the system is strictly hyperbolic in Rt x [0,T].
This theorem proves the strict hyperbolicity of the system under our hypotheses on the
boundary data and initial data (hypothesis (H2) and (H3)) . Indeed, in hypothesis (H1);,
we can take
E={(w,2) eR*/ w+z>0}.

This provides bounds on imposed data p, (a single entry of the state vector y in (16)) with
respect to the initial condition zg.

INRIA



Analysis of a multiscale blood flow model 13

To fulfill the hypothesis (H2) on the initial conditions (zg,wq) we require that
2o(x) <0, wy(z) >0, z0(z) > 20, wo(®) < Womaz, wolT)+ 20(z)>0,

for all z € Rt. The first two conditions provide global existence of solutions (z,w) in
regions that are not influenced by the boundary condition. The remaining three inequalities
guarantee the boundedness of the data, so that (H2) is verified.

Thanks to the bounds established on the boundary data p; we can easily verify that the
derivatives of g are bounded (pg is far enough from the point —%) so that (H3) holds.

REMARK 3.1. In terms of the conserved quantities A and @), assuming, for simplicity,
constant initial data, A(0,x) = Ag and Q(0,z) = 0, where Ay is the cross-sectional area of
the unstressed artery, condition (17) requires that the pressure prescribed on the left boundary
is such that

9 B T B

T A S evm

Considering that the expected variation of pressure around a reference state p, = 0 is an

order of magnitude smaller than %, this looks quite reasonable.

4 Proof of Theorem 3.1

In this section we reformulate (16) as a fixed point problem (as done in [24], for the coupling
of 3D and 0D models for blood flow circulation). We show that the corresponding iteration
operator 7 has a unique fixed point (see Theorem 4.7 below) using the classical Banach
fixed point theorem [32, Page 17|, that we quote here for reader’s convenience:

THEOREM 4.1. Suppose that

(i) A given operator satisfies T : M C X — M, i.e., M is mapped into itself by T;

(1)) M is a closed nonempty set in complete metric space (X,d) (d being the distance
function);

(i) T is contractive, i.e.,
d(Tz,Ty) < kd(,y),

for all xz,y € M and for a fized k such that 0 < k < 1. Then T has a unique fized point in
M, that is a point x € M such that T (x) = x.
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14 Miguel Angel Ferndndez , Vuk Milisié, Alfio Quarteroni

4.1 The iteration operator T

For o > [|zo|lcom+), ¥ > 0 (given by hypothesis (H3)) and £ > 0 (to be fixed later, see
Lemma 4.2) we introduce the following subsets

Beopo,ry(0) = {u € C°[0,T]/ |lullcoj,r) < o},
Beop,r1(7) = {y € C°10,T]/ llyllcop,1 < 7}
Beip,r)(§) = {y e C'o, 1]/ lyllcio,m < 5}-

On the one hand, we introduce the operator

»COD:BCO[O,T](U) — Cl[O,T]
u — y = Lop(u),

where y is the solution of the 0D subproblem

d

{ Y =Glyu®,0), i [0,7)
y(0) = y,-

On the other hand, we introduce the operator

Lip : Beop,11(7) N Beip,1(€) € C'[0,T] —  C°[0,T]
Yy — v= ‘CID (Y)a

where v(t) = 2(0,t), and (w, 2) is the solution of the following 1D subproblem (extracted
from (16)):

( 6’[1] 6’11) _ . -+
5t + N(waz)% =0, in K" x[0,7],
0z + )\(w,z)% =0, in R x[0,T],
4 6t 8.’L‘ (19)

2(z,0) = zo(z), =z ER+;
’IU(.’E,O) = 11)0(1'), T € R+7
(w(0,1) = g(y(1),2(0,8)), t€[0,T].

In other words, v is the restriction at the interface {0} x [0, 7] of the characteristic variable
2 in (19).
At this stage, and assuming that

Lop (Beoo,11(0)) € Beopo,r1(v) N Beijo,17(€),
we can introduce the composite operator 7 = Lip o Lop, i.e.,

T: BCO[O’T](U) C CO[O,T] — CO[O,T]
u — v=T(u)=Lip(Lop(u)).

INRIA



Analysis of a multiscale blood flow model 15

Each fixed point of 7 defines a solution of the coupled problem (16). Indeed, if T (u) = u,
then y = Lop(u) satisfies subproblem (18). Moreover, since u = Lip(y), it follows that
u(t) = 2(0,t) with (w, z) satisfying (19). Hence, y solves

(i—)t’ = g(y,z(O,t),t), in [OJT]a
y(0) = yo,

so that (y,w, z) is a solution of (16). In order to apply Theorem 4.1 to the operator T, we
need some preliminary abstract results.

4.2 Preliminary abstract results

In this part we analyse the operators £ip and Lop, formally defined in the previous para-
graphs.

4.2.1 The 0D operator: Lgp

The following classical result guarantees that the 0D operator Lop is well defined.
LEMMA 4.2. Suppose that hypothesis (H6) holds and that we are given

u € BCO[O,T] (O’)

Then there exists a positive time Top = Top(o,v) < T such that problem (18) admits a
unique solution y € C[0,Top] and

||y||C[O,TOD] S ’77

(20)
||Y||Cl[0,T0D] S é.)

where £ is a positive constant independent of u.

Proof. Since G is Lipschitz continuous, there exists a positive time 0 < Ty(o) < T such
that problem (18) admits a unique solution y € C1[0, Ty] (see, for instance, [1]. Integrating
(18) over [0,¢] with t < Ty and denoting by L the Lipschitz constant of G, we get

¥ < Iyl + / 1G(v(s),uls), 5)]
t t
< |yo|+/0 |9(0,u(s),s)|+L/0 (),

Thus, applying Gronwall’s Lemma, we obtain

t
v ()] < (|yo| + [ |9(o,u(s),s)|) (21)
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16 Miguel Angel Ferndndez , Vuk Milisié, Alfio Quarteroni

Now, since |y,| < v (due to hypothesis (H6)), it is possible to verify that there exists a
positive time Top = Top(0,7) < Tp such that the following inequality,

¢
(ol + [ 1600.u(9.9)) < e,
0
holds for any 0 < t < Typ. Thus, using (21), we get
|Y(t)| S v vt € [OaTOD]a

which gives (20);. On the other hand, (20)3, can be easily derived from (18);, (20); and the
continuity of G. O

The following comparison result ensures the continuity of the operator Lop.

LEMMA 4.3. Assume that hypothesis (H6) holds, and let y, and y, be the solutions of
(18) with respective data u1 and uz in Beojo,1,p](0), respectively, keeping the same initial
condition y,. Then the following estimate holds

lly, - Y2||cl[0,T0D] < LTop|lus - U2||00[0,T0D]7 (22)

with L the Lipschitz constant of G.
Proof. For any t € [0, Top] we set

Then, from (18); we obtain

dY

E = g(ylaul(t)at) - g(Y2au2(t)7t)7 vt e [OaTOD]' (23)

Integrating this expression over (0,t), using the Lipschitz property of G, and the fact that
Y (0) =0, we get

t t
Y (1) < L/o U(s) +L/0 Y(s)],

where L > 0 stands for the Lipschitz constant of G. Thus, applying Gronwall’s Lemma, for
t € [0,Ton] we obtain

t
YOI < (L [ 06)) ¢ < LTunlUlcop i 29
0

Moreover, from (23) using again the Lipschitz property of G, it follows that
‘dY(t)

1| < QYO+ 00D < 20+ L) Ulloooer, Y € [0 Ton)

This inequality combined with (24) gives (22), which completes the proof. O
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Analysis of a multiscale blood flow model 17

4.2.2 The 1D operator: L1p

In the sequel we will use the following classical result whose proof can be found in [13].
LEMMA 4.4. Let T > 0 and f be a positive continuous function in [0,T]. Let yo € R
and M > 0 be such that |yo| < M. Then the Cauchy problem

Wy = — s, telo,Tl,

dt (25)
y(0)=y07
has a bounded solution at at least for t < T L
as a oounaea sotution at at teast jor = — .
B 2M || fll cojo,my

The following result ensures that operator L£1p is well defined.

LEMMA 4.5. Suppose that hypotheses (H1) — (H5) hold and that we are given a vector
function'y € Beojo,11(7) N Beipo,11(§). Then there exists a positive time Tip(7,§) such that
problem (19) admits a unique strong solution

(waz) € Cl (QTID)27
with Qr,p, = Rt x [0,Tip]. Moreover, we have the following estimates

||z||CO(QT1D) < ||Z0||CO(]R+)7
(26)
”z”Cl(QTu)) S Cla

where Cy is a positive constant independent of y € Beojo,1,5)(7) N Beijo,1yp](€)-

Proof. Thanks to the assumptions (H1) and (H2) we can invoke the theorem on global
existence and uniqueness of strong solution, (see, e.g., [13, Page 35, Chapter 2]), to infer the
existence of C! solution in the region

D={(z,t) eR" xRt/ z>u5(t), t>0}.

where z» indicates the forward characteristic issuing from the origin, see figure 2. Further-
more, according to the theorem on local existence and uniqueness of strong solution, ( [14,
Page 94, Chapter 3|), by (H3), (H5) and the inequalities

A(wo(0),20(0)) <0 < p(wo(0), 20(0)),

(which directly follow from (H4), by setting ¢ = 0 and =z = 0), there exists a positive
time 0 < Tp < T such that problem (19) has a unique solution (w,z) € C*(Dr,)?, where
Dz, = {(z,t) € Rt x[0,To]/ 0 <z < x5(t)}. Finally, using the hypotheses (H1) and (H2)
we are able to explicitly provide a time Tip (7, &) > T for the local existence that depends
only on the bounds on the data of problem (19). Indeed, to this purpose, we just have to
prove that, assuming that there exists a C! solution on the angular domain D (see figure
2), then its C* norm has an upper bound.
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18 Miguel Angel Ferndndez , Vuk Milisié, Alfio Quarteroni

(Oa 0) z

Figure 2: The domains D and Dr

Using standard techniques [13, 2], we can derive the following estimates

”ZHCO(DT) < ||20||C°(R+)a
(27)
lolloo(pey < e (7 leolloon lwollooges) ) -

Now we focus on the behavior of the derivatives of (w, z). Using, again, standard techniques

[13, 2] involving the Riccati’s equation on the backward characteristic, we can prove the
following estimate

0z
or

< (T, ||Z(I)||00(R+))'
C%(Dr)

ow . ow
Now we derive an estimate for o For any (z,t) € Dr, we can track the history of o along
x x

the forward characteristic passing through this point. Indeed, due to the hypotheses (H1)
and (H4) any forward characteristic z,, passing through (z,t) must intersect the boundary
(z = 0) at a unique point (0, a(z,t)), see figure 3.
On the other hand, on this boundary we have
ow 1 ow
0z pu(w,z) ot
1 dg
9(y(t),2),2) dt

— 1 (Fr0.av 0+ Eo0.95 )

1 [ 0g , og 0z
=—— | Z(y(t ) — A== (y(t),2) — | .
= (Bv.2v 0 - 1m0,
The dependence of w, z and their derivatives on [0, t] is understood. Thanks to the regularity
of g, the bound (27) and hypotheses (H1)(;) and (H4), we obtain

Se0.0|<a wepT) 29

(¥(1),2)
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Analysis of a multiscale blood flow model 19

afz,t)

T

Figure 3: Tracking back the forward characteristic

where c¢3 > 0 is positive constant depending on the boundary and initial data. We define

hzw) 00

v=e in Dy,

with h satisfying oh - oh
"
= -_- 7 — =0. 2
0z A—pudz’ Ow 0 (29)

Along the forward characteristic z,, v satisfies the following Cauchy problem for ¢ € [0, T']
(30)
By setting,

ow

problem (30) can be written as a Riccati problem,

1(s) = (e-h@w@) (£u(s),8), s € (ale,), ),

S@u(9),9) = () @u(8),9), s € ala,0)4],

0(0,0(z.0) = (952 0,0(z,)

From hypothesis (H1)g,
A—pl>ecs >0 V(z,w)€E,
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20 Miguel Angel Ferndndez , Vuk Milisié, Alfio Quarteroni

so that h is well defined and Lipschitz continuous. Moreover, since yu is Lipschitz continuous,

g—’: is bounded. From (28), the initial condition is also bounded,

|U(0,0t(.%’,t))| S Cs.-
Thus, it follows that f is uniformly bounded in time,
f(s) < s (||ZO||CO(R+)a ||Y||CO[0,T]> ’ Vs € [a(x’t)at]'

Then, from Lemma 4.4, there exists a time

Tip >

205 Cg ’

0
such that v remains bounded in Dr,,,. Consequently, 6_1: is also bounded, so that (26)2

holds. Estimate (26) follows directly from (27);.
O

LEMMA 4.6. Assume that hypotheses (H1) — (H5) hold, and let (z1,w1) and (z2,ws)
be the solutions of (19) corresponding, respectively, to the boundary data y, and y, in
Beio,1,p](7), while keeping the same initial conditions. Then

wy =wy, 21 =2z, in D, (31)

and
llzr — z2||CO(QT1D) + [Jwr - w2||CO(QT1D) < Collyy — Y2||co[o,T1D]a (32)
where Cy is a positive constant independent of y, andy,.
Proof. The uniqueness of solution for the Cauchy problem [13, Remark 2.4, Chapter 2]
guarantees that there exists a unique forward characteristic issuing from z = 0,¢ = 0 and,

in particular, that (31) holds.
Weset Y =y, —y, and

W=w1—w2,

Z=21—22,

in Dr,,. Since (w1, 21) and (wa, 22) satisfy (19)1,2, it follows that

ow ow Owy .

o TGy T k)G i Do (33)
0z . 07 _ 8z
o Mgy TG i Pr

where
AL = Az, wr), A2 = Az, wz), p1 = p(21,w1), pe = p(z2,ws).
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Analysis of a multiscale blood flow model 21

Multiplying (33); by W and (33)2 by Z and using the Lipschitz property of the eigenvalues
A and p (hypothesis (H1)g)), one obtains

ow? ow?

— +twm <eci1(Z*4+W?), in Dr,
07> 07? 9 9
TR )\1—6.1: <¢(Z°+W?), in Dr.

Let (z,t) € Dy. By hypothesis (H1) and (H4) the forward characteristic z,, (with
slope p1) passing through (z,¢) must intersect the boundary z = 0 at a unique point
(0, a(z,t)). Similarly, the backward characteristic z», (with slope A1) passing through (x,?)
must intersect the characteristic curve z2 at only and only on point (z2(8(z,t)), 8(z,t)).
See figure 4. Evaluating (34); along z,, and (34), along z, we get that for 0 <t < T,

t

Tip

Bz, t)
afz,t)

B(0, a(z,1))

0 T

Figure 4: Tracking back the forward and backward characteristics

S0, (5),9) < (22 4 W2, (6),8), 5 € (ala,),0),
S, (5),9) < a2+ W) (or,(5),9), 5 € (3(a,),0).
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Integrating in time the first inequality of (35) over [a(z,t), ],

W2(z,1) < W0, (e, 1) + / o (6.0 W (5),)

= |g(y1(a(m,t)),zl (Oaa(xat))) - g(y2(a($:t))=22(0:0‘(3:77:))) |2

t
to / (2220 (5),8) + W2 (5), 5)) (36)
a(z,t)

< ¢z ([Y(a(z,1))* + 2%(0,a(z,1)))
c Z2xms,s W2 Ty, (5),9)),
+ 1/“%@( (21 (5), ) + W (2 (5), 5))
and (35)3 over [B(z,t),t], we get

t

22(z,t) < e /B oy 0 (60,9 £ W0, (9,9) (37)

Using this last inequality we obtain
a(z,t)
ZQ(O,a(x,t)) S cl/ (Z2("i./\1 (8)38) +W2(~'i')\1 (S),S)) dS, (38)
B(0,a(z,t))

where #,, stands for the backward characteristic (with slope A1) reaching the curve z(%)

at (22(8(0,)), a).
Here, using (37) and (38) to estimate terms depending on Z in (36), we get

W?(z,t) + Z%(z,t) < c3|Y (e(z,1))[?

a(z,t)
+ e / (2% (5),5) + W(24(5), 9))
B(0,a(z,t))

t 39
+or / (Z2(@p, (3), ) + W2(zp (5), 5)) (39)
a(z,t)

+c2/ (2227, (5), 5) + W2(zr, (5),5)) -
B(z,t)

At this stage we define

s)= max {Z%x,s)+W?(z,s)}.
als) = max {Z%a.5) + W(a.s)}
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Thus, from (39) we obtain that

W2(z,t) + Z%(z,t) < e Y(a(z,1))|*+

(z,¢) t
+ 04/ q(s) + 1 / q(s)
B(0,a(z,t)) a(z,t)

t
e / a(s)
b(z,t)
t
< ca[YllZogq + 5 / a(s).

Since this estimate holds for every z € [0, z2(t)] we get

¢
a®) < all Yoo +05 | alo).
Hence, by using Gronwall’s Lemma we have
q(t) < c3l[Ylgop,qe"-

Consequently,

ll21 = 22llco(pg, ) + 01 = w2lloo(py, ) < collyr = Yalleop,rp1e™ ™,

which with (31) provides (32) and completes the proof. O

4.3 Properties of the operator T

We are therefore left to prove that the operator 7 has an unique fixed point. Indeed, the

following result guarantees that the operator T satisfies the hypotheses of Theorem 4.1.
THEOREM 4.7. Assume that hypothesis (H1) — (H6) hold. Then there exists a positive

time 0 < T < T such that the operator T is contractive and maps Bco[o’j«]((f) into itself.

Proof. By setting T = min{Top(o,7), Tin (7, )}, Lemmas 4.2 and 4.5 guarantee that
operator 7 is well defined. On the other hand, by combining estimate (32) of lemma 4.6
with inequality (24) from lemma 4.3, we get

T (u1) = T (w2)ll oo, 7y = €10 (Lop (u1)) — L1o(Lop (u2))ll oo 7
< Col|Lop(ur) = Lop(u2)llcopo 7
< Co LT Jur — usl| cop 71
Thus, for a sufficiently small time 0 < T < T such that CoLT < 1, the operator T is

contractive. Finally, from (26); and since o > ||zo[|co(r+) we obtain that 7 maps Bgoy ()
into itself, which completes the proof. O
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Setting X = C°[0,7], M = BCo[O,T](O') and applying Theorem 4.1 we obtain that 7
admits a unique fixed point in Bgo 41(0). This claim completes the proof of Theorem 3.1.

REMARK 4.1. Although the 1D operator L1p by itself is not contractive, (see lemma 4.6),
thanks to the contractive property of the 0D operator Lop, the operator T is contractive. A
similar situation occurs for the case of the 3D-0D coupling analysed in [24].

5 A numerical test

R~ Lo
Qop

Rg Sa Ry S1Ra _—-—-__ BRaz1len1t Re3 Les  Reap R,s R3 S2 RgrS3Rs Rg Lg

' )

Q1D Pip

Figure 5: An example of 0D-1D coupling

Here we present the numerical solution of a 0D-1D coupling to which our existence and
uniqueness results applies. We consider a lumped network describing the whole cardiovascu-
lar system including the two ventricles, the systemic tree and the lungs [15, 7]. The complete
network is represented (in compartemental form) in figure 5. In table 1 we present the list
of the different R, L and C coefficients used to set up the 0D model. That parameters are
obtained in [16] from experiments using a mock circulatory system. In order to account
for wave propagation,we have split the descending aortic compartment in two parts and we
have considered the first one (defined by Rs21, Ls21 and Cs21) as a tube modelled by the 1D
equations (1) (setting 8 = 13.3 - 10° dynes - cm™! and Ay = 4.91cm? in (2)).

By construction, the 0D model provides the pressure Pop(t) at the inlet and the flux
Qop at the outlet of the 1D vessel. In order to define completely our coupling, we recover
as source term for the 0D model the flow-rate QQ1p at the left side of the vessel and the
pressure Pip at the right one. In figure 6, we show the numerical results (obtained using a
standard finite element Lax-Wendroff scheme, see [7, 9]), for the area and flow-rate along
the 1D tube at different instants of a heart beat.

Figure 7 illustrates the wave forms of the left inlet pressure Qop, the right inlet flux Qop,
and the pulmonary pressure P;;. The continuous line represents the coupled system while
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Figure 6: Snapshots of the solution of the 1D model at four time levels

the dotted-line represents the pure 0D model with the equivalent Rg2; Lga1 Cs21 (Resistance
Inductance Compliance) network replacing the 1D part.

6 Conclusion

In this work, we have proved the existence and uniqueness of solutions of the coupled system
(16). This is a general result whose interest goes beyond the specific case here described in
which the coupled system represents a hybrid model of blood flow in a tract of the arterial
tree. Indeed, it can be applied to every coupled problem involving a hyperbolic 2 x 2 system
that can be written in diagonal form like (6) and a system of ODE’s with locally Lipschitz
right hand side. We point out that the hypotheses insuring the existence and uniqueness of
our coupled problem are not restrictive for realistic applications to blood flow analysis.
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Aortic pressure P, Aortic flow rate Qm

T T T 120
—— 0D-1D coupling
—— equivalent0D |4
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Figure 7: Pressure Pyp, flow rate QQop, pulmonary pressure P;1, and pulmonary flow rate

Q12

part variables
of the body | subindex R L C
arterial tree sl 3.751-1073 - 0.6
s21 5.47-107* | 3.057-1073 | 0.2454
§22 0.059453 1.943-3 0.3546
s3 0.05 0.6 0.1-1072
capillaries cap 0.83 - -
veins VS 0.11 - 82.5
3 3.751-103 - 20
lungs 5 3.751-10—3 - 9-10—2
6 3.376-10~2 7.5-10~* 2.67
7 0.1013 3.08-1073 2.67
8 3.751-1073 - -

Table 1: Table of coefficients used for the electric (0D) network, resistances are given in
mmHg - s-ml™, inductances in mmHg - s2 - mi~!, capacitances in ml - mmHg™!

Further investigations related to our results will concern: stability and convergence anal-
ysis of the discrete coupled problem, the extension of the present results to the case of weak
solutions (mandatory when introducing vascular prosthesis like a stent in a cardiovascular
tree) [18, 12].
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