
HAL Id: inria-00071446
https://inria.hal.science/inria-00071446

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Fast correct rounding of elementary functions in double
precision using double-extended arithmetic

Florent de Dinechin, David Defour, Christoph Lauter

To cite this version:
Florent de Dinechin, David Defour, Christoph Lauter. Fast correct rounding of elementary functions
in double precision using double-extended arithmetic. [Research Report] RR-5137, LIP RR-2004-10,
INRIA, LIP. 2004. �inria-00071446�

https://inria.hal.science/inria-00071446
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
51

37
--

F
R

+
E

N
G

ap por t  
de  r ech er ch e 

THÈME 2

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Fast correct rounding of elementary functions in
double precision using double-extended arithmetic

Florent de Dinechin — David Defour — Christoph Lauter

N° 5137

Mars 2004





Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe, 38330 Montbonnot-St-Martin (France)

Téléphone : +33 4 76 61 52 00 — Télécopie +33 4 76 61 52 52

���������
	�����������	�������������	�������� �!���"�#���$%�&�������#��	'���(���)��	���*��+�
, ����
���#��	��-���#��������	���*��+�/.0�
12�#���������3�����4�#56�!�
�#���

798;:=<?>A@�BDC>FE�GH@�>AI&J�GH@
∗ K E6LNM#G;COE�>APQ:=R�< † KTS J�<?G;UVB?:=W�JYXZL[RB\>A< ‡

]_^0`Vacb�d'e%f9gVh0ijb�kmlonAimp+ijbVk
b+qZp+rsktp�uvk�wyxNa'z{lokmit|Auvb
}T~�ls�Qb+q � ~�g+hvroij~�b

� rs�0�{lo~�q ��b�~�bVp4^0bV~�p4^0b�h=�����?����e%��ro~�w do�o�s��e�ds�c�vronob?w

����V�+�&�0�o�o�
]_^0itwcrs~�q�itp�kmb�w�^0l&� w�q�^vr&qc� �T�T��¡y�s�s�F��lAu0z0kmb�¡¢�0~�b?p�itwyimloh£p+lo~�~�b?p¤q'~�louvhv��imh0n�ls¥�q�^0b�acl�wQq2p�lAa"¡

a2lAh�bVkjbVa2b+h�q�ro~�x�¥¦u0hvp¤q�ijlAhvw�§¨b�©��{ª\kmlon[«�q�~�imnolohvloa2b�q�~�itp¬rshv��^NxN�[bV~�z{lokmimp?_itw rop4^0imb+®&roz0kjb�lAh�p�u0~�~�bVh�q
�v~�l�p�b?w�w�lo~4w�uvw�ijhvn'lohvkjx2��louvz0kjb+¡¢�0lou0z0kmb�¡¢b�©Nq�b+hv��b?�¯rs~�i°q�^0a2b�q�impo±�]_^vimw
rskmkjl&� wTq�l"ija2�0~�l&®ob�zNx¯wybV®obV~�rok
lA~��0b+~4w�ls¥0a¯ronoh0ijq�uv�0b�q�^0b/�
lo~4wyq#p+rAwyb/�[bV~y¥¦lA~�a¯rsh[p�bTlo¥[rZp+lo~�~�b?p¤q�kmx�¡H~�louvhv��bV�9a¯r&q�^0b+a¯rsq�itp+rsk�kmijz0~4rs~�xo«
p+loa2�vro~�b?�¯q�l2q�^0b�p�uv~�~�b+h�q�wQq4r&q�b�lo¥²q�^0b�rs~�qV±

]_^0itw�rs~�q�itp�kmbZzvu0ijkt�0w_u0��loh��0~�b+®NijlAuvw/�/lA~�³2zNxD´�b+¥¦`+®N~�b¬rsh[����u0kmkmb+~?«���^0l"^[r\®obµw�^0l&��h�q�^vrsq_roh
imh�q�bV~�a2bV�0imrsq�bZrAp+p�uv~�rAp�xcls¥�u0�¯q�l��\�s¶�z0ijq�w
itw�~�bV|�u0im~�bV�c¥¦lo~/q�^vbZb+®&rokjuvrsq�imlohDlo¥²wylAa2b�¥¦u0hvp�q�imlohvwV±�·Fb
w�^0l&�¸q�^vrsq�q�^0b �v~�rAp¤q�itp+rok0ropVp�u0~4rop+x�~�b?|Auvij~�bV�cp+rohcrokj�_r\x�w#z{b ~�bV��u[p�bV�"q�l9kmbVw�w�q�^vrsh6�o�?¹9z0i°q4w+«A��^0itp4^
itw�b?row�xºq�lºlAz�q�roijh£u[wyimh0n��
b+kmk°¡¢³Nh0l&��h»rshv�£�/bVkjkj¡H�v~�l&®Ab+h¼q�b?p4^0h0it|AuvbVw�lo¥Z��louvz0kjb+¡¢�0lou0z0kmb�¡¢b�©Nq�b+hv��b?�
ro~�ijq�^vacb+q�itps±��µw rsh6b+©�roa2�0kjbA«vrc�0~�lsq�loqQxN�[b¬imac�vkjbVacbVh�q�r&q�ijlAh6ls¥q�^0b�b+©��[lAh0b+h�q�itrsk=¥¦uvhvp¤q�ijlAh�loh�q�^0b
�¢q4rsh0imu0a½^vrowµr¯�
lo~4wQq�¡¢pVrow�bZq�ija2b"roz[lAu�q qQ��itp�b�q�^vr&qµls¥�q�^0bcwQq4rshv�vrs~4�¾«0^0imno^0kmx�lo��q�ija2im¿+bV�¼À0Á?ÂoÃ6zNx
� h�q�b+kH«0��^0itp4^6�0l�b?wyh²Ä q loÅ{bV~Zp�lA~�~�bVp�q
~�lou0h[��ijhvnv±/ÆNu[p4^6r¯w�a¯rskmk¾�[bV~y¥¦lA~�a¯rohvp�b¬�{b+hvrok°qQx�wy^0lAu0kt��rokjkml&�
p+lo~�~�b?p¤q_~�lAu0hv��imh0n2ls¥b+kmb+a2b+h�q4rs~�x¯¥¦u0hvp�q�imlohvw
q�l¯z[b?p�loa2b9q�^vb�wQq4rshv�0ro~���±
Ç�È�É=Ê�Ë'Ì �&Í�o� bVkjbVacbVh�q�rs~�x9¥¦u0hvp�q�imlohvwV«sp�lA~�~�bVp�q#~�lou0hv�0ijh0n[«&� �T�T��¡y�s�s�v«s��lAu0z0kmb�¡¢b�©Nq�bVhv��b?���0~�bVp+imw�ijlAh

Î�Ï\ÐÒÑTÓHÔ Õ+Ó_ÐÒÑ/Ö4×ÒÑHØ�ÖQÙ¤Ö4ÐÒ×ÚÖ4Û\×ÒÔµÖ4Ñ
Ö�Ü¨ÔQÑHÔyÖ4Ü;ÝHÏ�Ü¨ÔQÞsØ¤Ü¨Ó�Ø4ß�Ó;Ï\ÔZà�Ö4ÛsØ¤ÜHÖ�Ó;Ø¤ÐÒÜ;Ô9á\Ô ×tâ ãåä?ßmØ¤Ü¨æ Ö�Ó;ÐÒçVè\Ô á\è2évÖ4Ü;Ö4×Ò×ÒêQ×ÒÐÒÑHæ�Ô
ë�ì¤ì4ívî¦ï¤ï�ð¤ð¤ðvñåò�ó?ô+õ�ö�÷+ø�óvñtù¤ú+ï�û\ü�ý\þ

∗ ÿ������ à���Ø¤ä��&à�ã¦é
	�� ������Vÿ���� à � ã �� ã�� ��� ���=à��
† � ä\Ð Ù�ÔQÜ¨ÑHÐ Ó;ê�á?ÔTé0ÔQÜ¨Þ\Ð��¤ä&Ö4ä
‡ Î�ÔyÝHÏ\ä\ÐÒÑHÝHÏ\Ô � ä\Ð Ù�ÔQÜ¨ÑHÐ Ó���Ó����\ä?Ý¢Ï\ÔQä



� ���	������£�
	������������ , �+��� ����� �&	����T�#�+	���������� �!���"�#���¤����� ���
���#�����+�²���"�½�+� , �����/�+�²��	��-��	���*6�����
�#���������

��� �
	�� � �� b+qcrs~�q�itp�kmb¯a2loh�q�~�b�|�u0b�k;Ä rs~�~�lAhv��i�p+lo~�~�b?p¤q'��b?w�¥¦lAhvp¤q�ijlAhvw�gVkjgVacbVh�q�rsim~�bVw�bVh¸��louvz0kjb
�v~�g?p�itwyimloh��{b+u�q���q�~�b"loz�q�b+hNuº~4rs�vim��bVa2b+h�qZb+hFu�q�imkmimw�rsh�qµktrD�v~�g?p�itwyimlohº�0lou0z0kmb�¡¢g�q�b+hv�0u0b"w�u0~9kjb?wZ�0~�ls¡
p+bVw�wybVu0~4w�|AuviTkmrºwyu0�v�[lA~yq�b+h�qV±  bVp�i��[bV~�a2b�q"u0h0b�rAp+p�gVkjgV~�rsq�imloh ��b¯�0kmuvw�ijbVu0~�w�lo~4��~�b?w���bDnA~�rohv��b+uv~
rouF�vij~�b¯p+row9�vro~�~�ro�0�{lo~�q¬rou�©ºz0imz0kmijloq�^0`?|AuvbVw�r\®ob?p'ro~�~�lohv�0i�p+lo~�~�b?p¤q¬b�©�itwQq4rsh�q�b?w9|�u0i�u�q�imkjitw�b+h�q���bVw
q�bVp4^0hvim|�u0b?w���b�a'u0kjq�im�0~�gVp+imw�ijlAh��vkjuvw_kmlouv~���b?w+±
 b+q_ro~yq�imp+kjbZwVÄ rs�0�0uvijb9wyu0~/kjb?wTq�~�r\®&rou�©2�0bµ´�b+¥¦`+®N~�bZb�q_��u0kmkjbV~V«�|�u0i{loh�q/a2lAhAq�~�gµ|AuvbZktr��0~�gVp+imw�ijlAh

imh�q�bV~�a2gV�0imroij~�bµhvgVp�b?w�w�rsim~�b��ckHÄ ima2�0kjgVa2b+h�q�rsq�imloh��¾Ä u0h0b¬¥¦loh[p¤q�imloh6gVkjgVacbVh�q�rsim~�b9r\®AbVp9rs~�~�lAhv��i¾p�lA~�~�bVp�q
�{louv®\roi°q_a2loh�q�bV~�Quvw�|�u�Ä ���?�s¶'z0ijq�wV±  b+q rs~�q�itp�kmbZa2loh�q�~�b¬|Auvbµktr'�v~�g?p�itwyimlohD�v~�rsq�it|Auvbµ�{b+u�q_q�lou&�QlAu0~�w
�+q�~�b ~4rsa2b+h0gVb���a2loimhvw/��b'�A�V¹¬z0ijq�wV«Auvh0bZ�0~�gVp+imw�imloh2¥¨rop+ijkmb���rsqyq�b+imhv��~�bZb+h¯u0q�imkjitw�roh�q
��b?w�q�b?p4^0h0it|�u0bVw
zvijbVh�p+loh0hNu0b?w¯��b���lAu0z0kmb�¡ ��lou0zvkjb+¡Hg+q�b+h[��u0bo± }�ro~¯b�©�b+a2�0kmbo«_u0h0b�ima2�0kmg+a2b+h�q�rsq�imloh��0~�lsq�lsqQxN�[b���b
kHÄ b�©��[lAh0b+h�q�ijbVkjkmb�r\®ob?pDrs~�~�lohv��i/p�lo~�~�bVp¤qcwyu0~"�¢q�roh0ijuva r�u0h£q�b+a2�vwc�¾Ä b+©�gVp�u0q�imloh£rsu¸�0ij~�b�pVrow'�vrshvw
uvh»¥¨rop�q�b+uv~2dº��b�kHÄ ima2�0kmg+a2b+h�q�rsq�imloh¸wyq�rohv�0ro~��¾«�^vrou�q�bVa2b+h�q"lA��q�ima2imw�g+bA«T��b�ktr¼ÀvÁ?ÂoÃ£�¾Ä � h�q�b+k�w�rshvw
ro~�~�loh[��ip+lo~�~�b?p¤q?±��Zh0b¯�[bV~yq�b¯��b¯�[bV~y¥¦lA~�a¯rohvp�b2wyi�a2imh0imacb¯�{b+~�a2b�q��¾Ä bVw��[gV~�bV~�u0h0b2nogVh0g+~4rskmitw�rsq�imloh
�0b9kHÄ rs~�~�lAhv��i�p�lA~�~�bVp�q_�0bVw
¥¦loh[p¤q�imloh[w_g+kmg+a2b+h�q�roij~�bVw_bVh��0lou0z0kmb��0~�gVp+imw�ijlAh�±
� Ì �?� Ê ��� � ��� ¥¦loh[p¤q�imloh[w_g+kmg+a2b+h�q�roij~�bVwV«�rs~�~�lAhv��i¾p�lA~�~�bVp�qV«N� �T�T�T¡Q�o�&�v«v�0~�g?p�itwyimloh���louvz0kjb�g+q�bVhv��u0b



���������
	������������	�������������	���� !�"#��$�%����&'�������(�)�*	��+�,�������-���.	��0/( 1(2��34�5��6�.��7�������98�"#��:�*� �

;=<?>A@CBEDGFHF�IEBJ@KFHD�LNM=ONP(MNQRD�STIEU(I�VWI�MX@J<?F6YZS.LNM=BJ@[P\D�MN>CP�M]ONDGLN^=U(I

_ F�IEBEP�>[P(D�M`LN>aP(MNQRONDGLN^=U(Icb�Icde@fI�M=ONIEOg<?FHP�@ahNVWIJ@[P\B

i+j B?JTkOL{<?I&Jml�n6n�o

p q �"�²��	¯�������#��	��

rts�r uwvtx+x+yHz�{|x+vc}�~�����~'�����f~��K{���y��,yH~�y���{+��vt�7��vt�a{+��~��[���,vJ��~J{|�4{��f~����ax$���
�����a{���vc~

]_^vb/� �T��� �s�&�9wQq4rshv�vrs~4�¾«sro��lA��q�b?��imh��?¹o¶��,�m���H«ob+hvroz0kjb?�"r9p�bV~yq4rsimh'kmb+®Ab+kNls¥0�+	����%�4/��� ����:&�lo¥+�vlArsq�imh0ns¡
�{loimh�qrokjnAlo~�i°q�^0a¯w²ropVp�~�lAw�w�wyq�rsh[�0rs~4�N¡ p�loa2�0kmitrsh�q��0ktr&qy¥¦lA~�a¯wV±²]#lµrop4^vijbV®ob�q�^0imwV«\q�^vb/wyq�rsh[�0rs~4����b��[h0bVw
qQ�
l�a¯rsimh��vl�r&q�imh0n��{loimh�q'¥¦lo~�a¯r&q4w�p+rokjkmbV�£w�imh0nokmbDrshv�¸��lou0zvkjbD�v~�b?p�itwyimloh�«�rsh[�»��b��vhvbVw'q�^0bDb+©0rop¤q
w�b+a¯rohAq�impVwcls¥µr¼~4rsh0nAb�ls¥9zvrow�itp�lA�[bV~�rsq�imlohvw�§¨rA�0��ijq�imloh�«
wyu0z[wQq�~�rAp¤q�imloh²«Ta'u0kjq�im�0kmimpVr&q�ijlAh�«/��im®Nimw�imloh�«
~�b+a¯roijhv�0b+~/rohv�Dw�|�uvrs~�b ~�l�loq4�±��Zkjk{q�^0bVw�bZlA�[bV~�rsq�imlohvw/^vr\®ob q�l'�v~�l���uvp+b���	����

�(�: �&��
	������4��2~�b?wyuvk°q4w+«
rAw¬i°¥
q�^vb¯lo�{b+~4r&q�imloh¼�
b+~�b2pVrs~�~�imbV�ºlou�q�imh ijh+�vh0ijq�bD�0~�bVp+imw�imlohFrohv�Fq�^0itw�imh�q�b+~�a2bV��itr&q�b2~�b?wyu0kjq��
b+~�b
q�^0b+h¯~�louvhv��bV��±]_^0bµwQq4rshv�0ro~��c��b(�vh0bVwT¥¦lou0~�~�lAu0hv��imh0n�a2l���bVw\�� lou0hv�cq�l�h0bVro~�b?wQq?«o~�lou0h[�'q�l&�
ro~��vw
�vkjuvw�imh��vhvi°qQxA«s~�lAu0hv��q�l&�_rs~4�0w²a2imhNuvw�ijh+�vh0ijqQxo«orohv�'~�louvhv��q�l&�
ro~��0w#¿+bV~�l[±²� h¯rokjnAlo~�i°q�^0a uvwyimh0n9loh0kmx
q�^0bVw�b�z[row�imp�lo�{b+~4r&q�imloh[w¾^vrow²q�^vb/b+©�rAp¤q#w�rsa2b/h�uvacbV~�itp+rokoz{b+^vr\®Nimlou0~#loh'rohNx9w�x�wQq�b+a ��^0itp4^'p�lAac�vkjimbVw
q�l¬q�^0bµwQq4rshv�0ro~���±��
bVw�im�0bVwV«sq�^vimw��
b+kmkj¡¢��b(�vh0b?�"z{b+^[r\®�imlouv~Tb+®Ab+hcijh2q�^0b �0~�bVw�b+hvp+b_ls¥¾~�lAu0hv��imh0n¬b+~�~�lo~4w
rokmw�lcb+hvroz0kjb?wJ����	��\������h�uvacbV~�itp+rok¾�0~�lo�{b+~�q�imbVw_imh�r2�{lo~�q�roz0kjb9�_r\xo±

]_^0bV~�b2rs~�bo«=^0l&�
b+®Ab+~¬wQq�ijkmk�a¯rshNx�lozvwyq�rAp�kmbVwZq�l��[lA~yq4rsz0imkmi°qQx�rohv���0~�l&®&rsz0imkmi°qQxA±�]_^0bG�[~�wyq9lAh0bcimw
q�^vr&q� �T�T��¡y�s�s�µp+loa2�0kmimrohvp�b/imwr�~�bVw�u0k°qls¥vp+loa2�0kmb�©�ijh�q�b+~4rop¤q�ijlAhvw�z{b�qQ�
b+bVh'r ktrshvnouvronobo«\rZp+loa2�0imkjbV~V«
roh lA�[bV~�rsq�imh0n wyx�wyq�b+a6«
rshv�¸q�^0b6^vro~��0�
ro~�bA±¸� wyb?p�lAhv�£lAzvwQq4rop+kjb�imwcq�^vr&q�wyq�rohv�0ro~�� p�loa2�0kmitrshvp+b
^vijhv�0b+~4w¬�[bV~y¥¦lA~�a¯rsh[p�b.�9]_^0bDp�lAa2�0ijkmb+~¬itw¬h0lsq¬¥¦~�b+bcq�l6�{b+~�¥¦lo~�a a¯rshNxºro~�ijq�^0a2b+q�itp"lA��q�ima2ij¿?r&q�ijlAhvw(�
]_^vbµ^vro~��0�
ro~�b itw
h0lsq/¥¦~�bVbZq�l"u[wyb9i°q4w
aclA~�b9ro��®&rohvp�b?�¯¥¦bVrsq�u0~�bVw/kmij³AbZb�©Nq�b+hv��b?�N¡¢�0~�b?p�itwyimloh²«�lA~�¥¦u[wyb?�
a"u0kjq�im�0kjx�¡ rshv��¡¢rA�0�F§) ����µ
lA�[bV~�rsq�imlohvwV±

∗ ÿ ��� � à ��Ø¤ä��\àNã¦é 	�� ���� �Vÿ���� à � ã �� ã�� ��� � �=à �
† � ä\Ð Ù�ÔQÜ;Ñ;Ð ÓHê�á\ÔTé�ÔQÜ¨Þ\Ð��¤ä&Ö4ä
‡ Î�ÔQÝ¢Ï\ä?ÐÒÑHÝ¢Ï\Ô � ä\Ð Ù�ÔQÜ;Ñ;Ð Ó ��Ó����\ä\Ý¢Ï?Ôyä

� ä�¡0¢�£�¤�¥



� �c 1	�����$���4��G�������8������������\�*����)��	��������A8���� ���%	��+8
	H�����%(�

rts�� Tv �.{��f~����[x0�C�,yH�����'� vc}�x ��vtx|y���y�� yH~J{��[x�� ��}�~�z�{+� vc~��
]_^vbºktrowyqV«Zrohv� a¯rsimh loz[wQq4rop�kmb�q�l¸�{lo~�q�rszvijkmi°qQx�rsh[� �0~�l&®\roz0imkjijqQx itw�q�^vrsq�lohvkjx q�^vbºzvrAwyitpºro~�ijq�^�¡
a2b+q�itp2lo�{b+~4r&q�lA~�w�ro~�b¯w��[b?p�i1�vbV�¼imh q�^0bDwyq�rohv�0ro~��¾±���lAwyq�ls¥_~�b?rskTro�0�0kmimpVr&q�imloh»p+lN�0b¯ijhN®olAkj®AbVw¬rsktw�l
bVkjbVa2b+h�q�ro~�xº¥¦u0hvp¤q�ijlAhvw�§¦b�©��{loh0bVh�q�itrskH«#kmlon�rs~�i°q�^0a6«²q�~�imnolAh0loa2b�q�~�itpc¥¦u0hvp�q�imlohvwV«�b�q4ps±Ò¤±  u0~�~�b+h�q�ijac¡
�vkjbVacbVh�q�r&q�ijlAhvw¬ls¥
q�^vbVw�b2¥¦u0hvp¤q�ijlAhvw��0~�l&®Nim�0b2r�®Ab+~�x�nolNl��º�v~�lAzvrsz0imkmi°qQx�lo¥_p+lo~�~�b?p¤q¬~�lAu0hv��imh0n[«�z0u�q
nAuvrs~4rsh�q�b+bV�¬p+lo~�~�b?p¤q�~�lou0hv�0ijh0nZimw#®obV~�x¬��i��¯p+u0kjq²q�l9rop4^0imb+®AbTz{bVp+rouvw�bTls¥�q�^0b/w�ls¡ p+rokjkmbV���$�./( 1�� ���4(��� �
�G�� 1("�"#�0�²q�^0b imhAq�b+~�a2bV��itr&q�b_rAp+p+u0~�rAp�x�~�bV|�u0im~�bV�'q�l¬z[bµwyu0~�b
q�^vrsq�~�lou0hv�0ijh0n9q�^0b rs�0�v~�l\©�ima2rsq�imloh"imw
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  0lA~ |x| < 2−44
«o��^0bV~�b�q�^0b a2lAwyq/��i��Dp�u0kjq/pVrow�bVwTro~�bA«o�
b p+rshDp+loa2�0u�q�b

ex
row

ex ≈ 1+p(x)
«

��^0b+~�b
p
itw2rº�{lokmxNh0loa2itrsk�rs�v�0~�l\©�ima¯r&q�imh0n

ex − 1
��i°q�^

|p(x)| < 2−43
loh q�^0itw2ijh�q�b+~�®\rok;±
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p(x)
q�l¯z{b�rop+p+u0~4r&q�bµq�l
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ex ≈ 1 + p(x)
«

��i°q�^
|p(x)| < 2−29
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2−138

�/b"loh0kmx
h0b+b?�

p(x)
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y = log(x) x ∈ F
�,��� zvi°q4w

y = 2x x ∈ F
� ��� z0ijq�w

y = log2(x) x ∈ F
���	� z0ijq�w

y = arccos(x) cos( 12867
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) ≤ |x| ≤ 1
�,��
 z0i°q4w

y = cosh(x) 2−6 ≤ |x| ≤ 25
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� h�q�^0imwµp+rAwybA«�q�^0b�qQ�/lX�v~4wyq kjimh0bVwZls¥�]#roz0kmb'd2rs~�b�loh0kmx�~�b+kmb+®&rsh�q�q�l2q�^0b��v~�lNls¥�ls¥�ropVp�u0~4rop+xo«0hvlsq�q�l
ima2�0kmb+a2b+h�q�rsq�imlohºp+lohvw�it��b+~4r&q�ijlAhvw+±  lohN®obV~�w�b+kmxo«[i°¥µ�o�?�Dz0ijq�wµimwµq�lNl���i �Dp+u0k°q�r�q�rs~�nob+qV«[q�^0b2w�a2rokjkmb+~
imh�q�bV~�®&rsk/p+rsh»z{b�zv~�lA³ob+h»��l&��h»imh�q�l�a2lA~�b¯imh�q�b+~�®&rsktw¬¥¦lo~'q�^0b��0u0~��[l�wyb¯lo¥_q�^0b��0~�lNlo¥Q±6]_^vb�kml&�/bV~
z{louvhv�DlAh¯q�^0b9b�©��{bVp�q�bV��p�~�i°q�impVrsk=ropVp�u0~4rop+x"lAh

p(x)
imw

53 + 54 = 107
z0ijq�w
lAh�r�z0imhvrA��bo«N^0l&�
b+®Ab+~?±

]_^vimw_~�b+a¯rs~�³Drsktw�l2ro�0�0kmijb?w
q�l2lsq�^0b+~_¥¦uvhvp¤q�ijlAhvw+±

ã �� ã��
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 0uvhvp¤q�ijlAh � h�q�bV~�®&rok p�~�i°q�impVrsk�rAp+p�uv~�rAp�x¯loh
f

p�~�i°q�impVrsk�rAp+p�uv~�rAp�x¯loh
p

y = sin(x) |x| < 2−17
�?d ('z0ijq�w �,��� z0ijq�w

2−17 ≤ |x| ≤ 2 + 4675
8192

� ��� z0ijq�w
y = arcsin(x) sin(2−24) ≤ |x| ≤ sin(2−19)

�?d ('z0ijq�w ����� z0ijq�w
sin(2−19) ≤ |x| ≤ sin(2−18)

�?do�'z0ijq�w ���,
 z0ijq�w
sin(2−18) ≤ |x| ≤ 1

�,��� z0i°q4w
y = tan(x) 2−25 ≤ |x| ≤ 2−18

�V��d�z0ijq�w �,��� z0ijq�w
2−18 ≤ |x| ≤ arctan(2)

�,� � z0ijq�w
y = arctan(x) tan(2−25) ≤ |x| ≤ tan(2−18)

�?d ('z0ijq�w ���� z0ijq�w
tan(2−18) ≤ |x| ≤ 2

�,��� z0i°q4w
y = sinh(x) 2−25 ≤ |x| ≤ 2−18

�?d ('z0ijq�w ���� z0ijq�w
2−18 ≤ |x| ≤ 2−12

�o�V�"z0ijq�w ���� z0ijq�w
2−12 ≤ |x|

���	� z0ijq�w
y = arcsinh(x) sinh(2−25) ≤ |x| ≤ sinh(2−12)

�?d ('z0ijq�w �,��� z0ijq�w
sinh(2−12) ≤ |x|

� ��� z0ijq�w
]rsz0kmb��+�  ~�i°q�impVrsk�ropVp�u0~4rop+xc¥¦lo~_¥¦u0hvp�q�imlohvw ls¥q�^0b¬qQxN�{b

f(x) = x + p(x)
±

� � 	�������� ��	������������!���#����� ��	���*6���/.v��	���*6���/.v�
12�#���������������4�#5D.
�!�
�#���

]_^vimw�wyb?p¤q�imloh noim®obVw¯qQ�/l»q�^0b+lA~�bVa¯w�w�^0l&��ijhvn£^0l&�½q�l ~�b?p�l&®obV~2q�^0b¼p�lA~�~�bVp�q�kmx¸~�lou0hv�0bV��®&rskmu0bºlo¥
1 + p(x)

rohv�
x + p(x)

rAw�ij¥/q�^0b¯¥¦u0kmk��
lo~4wQq�¡¢pVrow�bcrAp+p+u0~�rAp�x��_row�r\®&rsimktrsz0kmbo«#uvwyimh0n�lAh0kjxF��lou0zvkjb+¡
�0lou0z0kmb¬�0~�bVp�itw�ijlAh�ro~�ijq�^0a2b+q�itps±

]_^0itwDw�bVp�q�imloh rAw�w�u0a2bVwcq�^vr&q2q�^0b�wyx�wyq�bVa uvw�bV� �0~�l&®Nit��bVw2��lAu0z0kmb�¡¢b�©Nq�bVhv��b?� ro~�ijq�^0a2b+q�itp���ijq�^
� ���T��¡y�s�&�o¡¢p+loa2�0kmimroh�q_~�louvhv��imh0nv±_]_^0itw itw�q�^vb'p+rAwyb�lo¥q�^0b��Q�µ�Adc�0~�l�p�bVw�w�lo~_¥¨rsa2imkjimbVwZzNx�� h�q�bVk#rsh[�
�µ���"«�row2�
b+kmkZrowcq�^0b�� }_ª\� h�q�bVk �Q��¡ (s��§¦�¢q4rsh0imu0aDc¥¨rsa2imkjxA± �µh q�^0b?wyb�w�xNwyq�bVa¯w+«/q�^0b�a¯rohAq�imw�w�r
p+lohvw�itwQq4w¬ls¥�(o�6z0i°q4w+±D� �\ds¶s¡Hz0ijq¬h�uva'z{b+~'pVrsh¼z[b¯^vrohv��kmbV�¼row9q�^0bDwyuva ls¥
qQ�
l���lAu0z0kmb�¡¢b�©Nq�bVhv��b?�
hNu0a"z[bV~�w�§������ ¥¦lo~c��lou0zvkjb+¡¢��lAu0z0kmb�¡¢b�©Nq�bVhv��b?�v¤±¼·FbVkjkj¡¢³�hvl&��h q�bVp4^vh0im|�u0b?w'b+©�imwyq'¥¦lA~cp+loa2�0u�q�ijh0n
q�^0b¬wyu0a lA~�q�^0bµ�v~�l���uvp�q/lo¥¾qQ�/lcwyuvp4^ ���µ� hNu0a"z[bV~�wV«�lo~/¥¦lo~_p�loa2�0u0q�imh0n'b+©�rAp¤q�kjxcq�^vbµw�u0a�lo~/q�^0b
�v~�l���uvp�q�ls¥qQ�/l¯��lAu0z0kmb�¡¢�0~�b?p�itwyimloh�hNu0a'z{b+~4w�row_r �	�Z� ±

� h q�^0bD¥¦lAkjkml&��ijhvn 64
⊕
rn

��bVh0lsq�bVw�q�^0bD� �T����¡¢p+loa2�0kmimroh�q"a¯rop4^0imh0bDrA�0��ijq�imloh»imh£��lou0zvkjb+¡Hb+©�q�b+hv�0bV�¾«
~�louvhv�¬q�lµh0bVro~�b?wQqa2lN�0bo«srsh[� 53

⊕
rx

��bVh0lsq�bVw²q�^0b
a¯rop4^0imh0b�lA�[bV~�rsq�imloh�q�^vr&q�ro�0�vw²qQ�
lZ��lAu0z0kmb�¡¢b�©Nq�bVhv��b?�
hNu0a"z[bV~�w�rohv�F~�lAu0hv�0w9q�^0b¯b�©0rop�q�~�b?wyu0kjq¬q�l�rohF� �T��� ��lou0zvkjb2uvw�ijhvn6q�^0b¯uvw�b+~�¡ wybVkjb?p¤q�b?��~�lou0h[��ijhvn
a2l���bA± ]_^0bVw�b6lo�{b+~4r&q�imloh[wcro~�b�a¯rop4^0imh0b6lo�{b+~4r&q�ijlAhvw2loh�rs~4p4^0ijq�b?p¤q�uv~�b?w"��^vimp4^�wyuv�0�[lA~yqD��lAu0z0kmb�¡
b+©Nq�b+h[��bV���0~�bVp+imw�ijlAh�±

� ä�¡0¢�£�¤�¥
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�Es�r uw�[�-y
1 + p(x)

�	� ÈNÌ � È � � ��� 	���
ph

�����
pl

/���)(c	 �4	��0/( 1�2�
34�%(���4��7�0��"#/
(���,���0�
8 �98+���E��80���#
34� ���*�����w���$2
�5%�4(�

k
���6�e� ����� 

ε
���0�
87�98+����+

• ph + pe = p(x)(1 + ε)

• ph = ph

64
⊕
rn

pl

• ph < 2−k
&

• 2 < k < 52
�

• ε
� �7��"#�� � !�� �98+���

2−m
� (�8+(��

m ≤ 119
� �7�98+ (c	������)2������( �.�������
�.�(& �.����(� ���T/�	� 1� ���

�0�4/� !���&
�68+(�X��	��G���$&#��	����6������� "#	\�4

rx
�J�98+G���+���)���0�(�:�*	��N�(0/��0(���� +

th + tl ← Fast2Sum64(1, ph)

r ← tl
64
⊕
rn

pl

z ← th
53
⊕
rx

r

��	�"'�6���%������
z
�98+?���� �0

1 + p(x)
��	����

�(�: �&��
	������4����%	#�4	��0/( 1��6������ ���*	�� ���N��80?��	������������X"#	\�4

rx
&

]_^0b¼row�wyuvac�0q�imloh
ph = ph

64
⊕
rn

pl

imw�h0lsq�~�b?wQq�~�itp¤q�ij®Ab�r&q�rokjkH«�imh �vrs~�q�itp�uvkmro~Di°q�imw�w�rsq�itw �[bV��ij¥
ph + pl

ro~�bµq�^0b¬~�bVw�u0kjq_lo¥rX vrAwQq¤doÆNuva�lo~' vrAwQq¤ds��uvk°q rskmnolA~�ijq�^va�«�rAw/itw
q�^vb¬pVrow�b¬ijh6rc�[lAkjxNh0lAacitrsk
bV®&rskmuvr&q�ijlAh�imh��Zlo~�h0b+~_¥¦lA~�a6±��¢q itw rsktwylcbVrAwyxDq�l¯w�rsq�itwQ¥¦x�i°¥

ph + pl

ro~�bµq�roz0u0ktr&q�b?��®\rokjuvbVwV±

� � Ì�Ì,�2·¼b'³Nh0l&�Y¥¦~�lAa(]rsz0kmb"dcq�^vr&q 53
◦
rx

(1 + p(x)) =
53
◦
rx

(1 + ph + pl)
±�·¼b�q�^vb+~�b�¥¦lo~�b�h0bVbV��q�l

�v~�l&®AbZq�^vr&q
z =

53
◦
rx

(1 + ph + pl) imnou0~�bVw_��rsh[�cd9nAij®Ab
roh"l&®Ab+~�®�imb+�¸ls¥vq�^0b�a¯rsh�q�itw�w�rAw#imhN®olAkj®AbV��imh2ijh[wQq�~�uvp�q�imloh2wyb?|�u0b+hvp+b�rsz{l&®obo±
�µh q�^0bVw�bX�vnouv~�b?w+«²q�^0bDa2b?rsh0imh0n�ls¥
q�^vbD®obV~yq�impVrsk�kmijh0b?w�itw¬q�^vb¯¥¦lokmkjl&��imh0n$����hNu0a'z{b+~'wyq�~�itp¤q�kmx

w�a¯rskmkjbV~¬ijh a¯rsnAh0i°q�uv��bcq�^[rsh
2−n

^vrow�rokjk�q�^0b2z0ijq�w�lo¥/ijq�w�a¯rsh�q�imw�w�r�q�l�q�^0b¯~�imno^�q¬ls¥
q�^0b2®Ab+~�q�itp+rsk
kmimh0bcrsq

2−n
±¬� hºloq�^0bV~µ�
lo~4�0wZq�^0bcz0ijq9lo¥�a¯rsnohvi°q�uv��b

2−n
itwµq�^0bcz0ijq9ima2a2bV��itr&q�b+kmx6q�lDq�^0b2kjb+¥åq9lo¥

q�^0b�kmijh0bA±
]_^0b� vrAwQq¤doÆNuvaObVhvw�u0~�b?w¾q�^vr&q

th = 1
64
⊕
rn

ph

rsh[�
th+tl = 1+ph

«?q�^0bV~�b+¥¦lo~�b��
bT^vr\®ob
1+ph+pl =

th + tl + pl

±
´²b�q

k
z{b q�^0bZktrs~�nob?wQqTimh�q�bVnob+~
wyu[p4^2q�^vrsq

ph < 2−k
±�]_^0itwTa2bVrohvw�q�^vr&q/q�^0bµa2roh�q�itw�w�r¬ls¥

ph

rsh[�
1
ro~�b¬imhv��b+b?��rokjimnoh6row_lAh�q�^0b?�vnAu0~�bA±

ã �� ã��
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2−k 2−52 2−63 2−63−k 2−127

1 � �������������������������������	�
������
ph + pl

th + tl � ������� �����������������������������������
r

 imnou0~�b2�.�  row�b
ph ≥ 0

2−k 2−52 2−63 2−63−k 2−127

1 � �������������������������������	�
������
ph + pl

th + tl � ��� � �������������������������������������
r

 imnou0~�b�d��  row�b
ph < 0

� È � �£� � � 

1/2 < |th| < 2 � 	������98+ "#���$�)� ���(��	 � ph

�����
1
���� �����4�
���� �� �.���� ���N	�� �98+

� �����
�����&
� � Ì�Ì,�# 0~�loa

ph < 2−k < 2−2
±

� È � �£� � � �
|tl| < 2−63

&

� � Ì�Ì,� �Zw�imh0n¯´�b+a2a¯r¯�0±Òd�«�q�^0imw imw�bVhvw�u0~�b?��zNx¯q�^0b� vrAwQq¤doÆNuva,(o�"�v~�l���uvp+ijhvn
th + tl

±
� È � �£� � � ���  � +�98+ /����)��	 �

tl
	��E"X�\���$���)�0�4E���:���*���: �&?��"#�� � 1(�'�98+���

2−63−k
������\(��	��� � �98�� ���� �(	���.�0�������	�� ��80 � ���������&

� � Ì�Ì,�¯]_^0bG [rowyq4dAÆNu0a (s�2�0~�l���uvp�imh0n
th + tl

bVhvw�u0~�b?w_q�^[r&q
th + tl = 1 + ph

b�©0rAp¤q�kmxo±_]_^0bV~�b+¥¦lo~�b
rokjk=q�^0b�z0ijq�w�lo¥

tl
ls¥a¯rsnohvi°q�uv��b�w�a2rokjkmb+~
q�^vrsh�q�^[r&q ls¥#q�^0b�ktrowyq�z0ijqZls¥

ph

ro~�b9¿+bV~�lNbVwV±��Zw
k
itw_q�^0b

ktrs~�nob?wQq
ijh�q�b+nobV~�wyuvp4^�q�^vrsq
ph < 2−k

q�^vb9ktrowyq_z0i°q lo¥²q�^0b¬a2roh�q�itw�w�r�lo¥
ph

^[row
a¯rsnohvi°q�uv��b
2−63−k

±
� È � �£� � � �

|pl| < 2−63−k � 	��T�98+ � �.���� � pl

� � �� (c��&���	�� ��80 ��� ��8�� 	��=�98+ ��(���:�*�
�� � ����
2−63−k

��&
� � Ì�Ì,�# 0~�loa

ph = ph

64
⊕
rn

pl

rshv�
ph < 2−k

±

� È � �£� � � 
 �68+�����"
r ← tl

64
⊕
rn

pl

���$��	� ��������	���������& ���
	
�0�(�-���:�*	��,&

� ä�¡0¢�£�¤�¥
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� � Ì�Ì,�¯´�bVa2a2rsq�r2�0± �¯rshv���0±Ò�cwy^vl&� q�^[r&q�q�^vb+~�b9itw_h0l¯l&®Ab+~�kmro�Dls¥�h0loh0¡H¿Vb+~�l'z0ijq�w_¥¦~�loa
pl

rshv�
tl
±

� È � �£� � � �
|r| < 2−63

&

� � Ì�Ì,�¯]_^0itw�itw�rc�0ij~�bVp�qZp�loh[wyb?|Auvb+hvp+bµlo¥kmb+a2a¯r&q4rc�v± �2rohv���v± (v±

� È � �£� � � �
th

53
⊕
rx

r
� �,(����80�� 53

◦
rx

(th)
�J	��?���*� ���0���
����(	����c	��?���)�t���

�4��
����(	��,���=�98+ �((��	��?�4	��0/( 1(2

�6������ ���*	�� $E	����:���-�.2!�+	����0���0��"#/
(��� &
� � Ì�Ì,�¯]_^0itw�itw�rc�0ij~�bVp�qZp�loh[wyb?|Auvb+hvp+bµlo¥kmb+a2a¯r&q4rc�v± dcrohv���v±Ò��±

´²b+a2a¯r��v± ¶�q�bVkjktw9uvwµq�^vrsq9q�^0b2ijh0¥¦lo~�a2rsq�imlohºpVrs~�~�imbV��z�x
r
imw9�0u0~�b+kmx�|�uvrskmijq�r&q�ij®Ab.�Z]_^vbc� ���T��¡

p+loa2�0kmimroh�q�^vrs~4���_rs~�bchvb+bV�vw�lohvkjx¼³Nh0l&� ij¥
r
imw"wQq�~�itp¤q�kjxF�[l�wyijq�im®obA«�h�uvkjkH«�lo~'wyq�~�imp�q�kmxºh0bVnArsq�im®obo«#q�l

�0bVp�it��bD��^vimp4^»lo¥
q�^0b¯q�^0~�bVbD�{lAw�wyimz0kmb¯~�b?wyu0kjq�w�q�l�~�b�q�u0~�h¼imh
z
«�0b+�{b+hv��imh0nºrokmw�l�loh¼q�^0b�~�lou0h[��ijhvn

a2l���b
rx
±/� h�q�^0b¬¥¦lokmkjl&��imh0n2�
b¬�0b+h0loq�b¬zNx=��� ����q�^0itw�imh�¥¦lo~�a¯r&q�imloh²±

�Zl&� q�^vb9lA�[bV~�rsq�imloh
r ← tl

64
⊕
rn

pl

a2r\x¯imhN®olAkj®Ab9r"~�lAu0hv��imh0ncb+~�~�lA~V«Nw�lcw�loa2b9ls¥²q�^0b�ropVp�u0~4rop+xclo¥

1+ph+pl

^vrAw�z[bVb+h2kmlAwyqTijh"q�^0b ro~�nAu0a2b+h�q�w
th
rohv�

r
lo¥[q�^0b��vhvrok 53

⊕
rx

±·¼b�h0l&� h0b+b?��q�l��0~�l&®Ab�q�^vr&q
q�^0itwZ��lNbVw�h�Ä q �0~�b+®obVh�qZp�lo~�~�bVp¤q�~�lou0h[��ijhvnv±�· ^[r&qZ�
b���ijkmk²�v~�l&®Ab9itw_q�^vr&q q�^0b'w�ijnAh6ls¥

r
§¨��^0b�q�^0b+~µi°q

itw/h�uvkjkH«�wyq�~�itp¤q�kmx2�[l�wyijq�im®obA«AlA~/wyq�~�imp�q�kmx2h0b+n�r&q�im®ob\�itw�rskm�_r\xNwTbV|�uvrsk[q�l�q�^vrsq
lo¥¾q�^0bµb�©0rop�q/wyuva
tl + pl

±
´²b�q uvw �0b��vh0b

δ = (1 + ph + pl)− th = tl + plrohv�
εr = (tl + pl)− r .

� È � �£� � � � 53
◦
rx

(1 + ph + pl) =
53
◦
rx

(th + δ)
&

� � Ì�Ì,�#�
x���b(�vh0ijq�imloh6ls¥
δ
±

�Zl&� ��^vrsq �/b�p�lAa2�0u�q�b¬itw_h0lsq 53
◦
rx

(th + δ)
z0u0q

z = th
53
⊕
rx

r =
53
◦
rx

(th + r)
imh�� �T�T��¡ p�lAac�vkjitrsh�q

~�louvhv��imh0nv±9·Fb"q�^vb+~�b�¥¦lo~�b'hvl&���0~�l&®Ab�q�^[r&q 53
◦
rx

(th + δ) =
53
◦
rx

(th + r)
±, 0lA~Zq�^0itwµijq¬imw9b+hvlou0nA^�q�l

�v~�l&®AbZq�^vr&q
δ < 2−63

�QuvwQqZrAw
r
«vrshv��q�^vr&q_q�^vb�wyimnoh�ls¥

r
itw rskm�
r\x�w�q�^0b�w�imnoh�ls¥

δ

� È � �£� � �����
δ = r + εr

&

� � Ì�Ì,�
r = tl

64
⊕
rn

pl = tl + pl − εr = δ − εr

±

� È � �£� � ���,�
δ < 2−63

&

� � Ì�Ì,�¯]_^0itw�itw"ronAroijh»r�p+lohvw�bV|�u0bVhvp�b¯lo¥�´²b+a2a¯r&q4r��0± �ºrsh[�»�0±Ò����^0imp4^ wy^0l&� q�^[r&q'q�^0b+~�bDitw�h0l
l&®Ab+~�kmro�Dls¥�h0lAh�¡H¿Vb+~�l"zvi°q4w
¥¦~�lAa

pl

rsh[�
tl
«vrohv��¥¦~�lAa�´�bVa2a2r2�v± �6§

|tl| < 2−63
¤±

ã �� ã��
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� È � �£� � ��� 

|εr| < 2−127

&

� � Ì�Ì,�# 0~�loa
εr = (tl + pl) − (tl

64
⊕
rn

pl)
«_rshv�

|tl| < 2−63
§;´�bVaca¯r �0± �Acrohv�

|pl| < 2−63−k

§;´�bVaca¯r2�0±Ò�o�±

� È � �£� � ������� �
|δ| ≥ 2−127

�98+(� 53
◦
rx

(th + δ) =
53
◦
rx

(th + r)

� � Ì�Ì,�¯�Zw
|εr| < 2−127

§¨´²b+a2a¯rF�v±j�\do¤«�ij¥
|δ| ≥ 2−127

q�^0bVh£q�^0b�w�imnoh¸lo¥
r
itw'q�^0b6wyimnoh ls¥

δ
±

´²b+a2a¯r&q4r"�v± d0«��v±Ò�'rshv���0±m�o�µb+hvw�u0~�bZq�^vr&q_loh0kmx2q�^vimw_imh�¥¦lo~�a¯r&q�ijlAh�itw
w�imnoh0i1�[p+roh�q/imh�z{lsq�^�~�lou0h[��ijhvn
lA�[bV~�rsq�imlohvwV±

� È � �£� � ��� ��� �
|δ| < 2−127

�98+(� 53
◦
rx

(th + δ) =
53
◦
rx

(th + r)

� � Ì�Ì,�# 0~�loa
|δ| < 2−127

«
|εr| < 2−127

§¨´²b+a2a¯r9�v±j�\do#rshv�
r = δ−εr

§¨´�bVa2a2r¬�v±j�?�A²�/b���b?��uvp�b
q�^vr&q

|r| < 2−126
±��¢q'ija2�0kmimbVw�q�^vr&q

tl = 0
«rAw�rskmk�ijq�w�hvloh�¡¢¿+bV~�l6z0ijq�w"rs~�bclo¥�a2ronoh0ijq�u[��b¯no~�bVrsq�b+~

q�^vrsh
2−63−k

��ijq�^
k < 52

§¨´�bVa2a2r¯�v± �N¤±�]_^vimw�imh6q�uv~�h6imac�vkjimbVw_q�^vr&q
r ← tl

64
⊕
rn

pl

�_row_b+©0rop¤q?«0lo~
εr = 0

«Nq�^0bV~�b+¥¦lo~�b
δ = r

±

´²b+a2a¯r&q�r¬�v±j�V�9rohv�"�v±j�?�µw�^0l&�»q�^vr&q�imh¯rskmk0p+row�bVwV«
th

53
⊕
rx

r
itwq�^0b�p+lo~�~�b?p¤q�~�lAu0hv��imh0n9ls¥

1+ph+pl

«
rohv��q�^0bV~�b+¥¦lo~�b9lo¥

1 + p(x)
±�]_^0itw p+lohvp+kjuv�0bVw
q�^vb9�v~�lNls¥ls¥q�^0b¬q�^0b+lA~�bVa6±

�Es�� uw�[�-y
x + p(x)

�	� ÈNÌ � È � � ����� 	H(�
x
/�����.	��0/( 1(2!������(� ���*	�� �0��"#/�����������c���$�%	��e�4	��0/( 1�2�
34�%(���4�� �������# !��

ph�����
pl

/�,� (c	e�.	��0/� !�2�
34�%(���4
� �0��"#/���������0��87�98+���J�98+(��G
34� ���*�����=���$�%%�-��
k
�����e�#����� 

ε
���0�
8

�98+����+

• ph + pe = p(x)(1 + ε)

• ph = ph

64
⊕
rn

pl

• ph < 2−kx
&

• 2 < k < 52

• ε
� �7��"#�� � !�� �98+���

2−m
� (�8+(��

m ≤ 119
� �7�98+ (c	������)2������( �.�������
�.�(& �.����(� ���T/�	� 1� ���

�0�4/� !�� &
�68+(�X��	��G���$&#��	����6������� "#	\�4

rx
��80����0���)���0�(�)�*	��N�(0/��0(���� +

� ä�¡0¢�£�¤�¥



�V� �c 1	�����$���4��G�������8������������\�*����)��	��������A8���� ���%	��+8
	H�����%(�

th + tl ← Fast2Sum64(x, ph)

r ← tl
64
⊕
rn

pl

z ← th
53
⊕
rx

r

��	�"'�6���%������
z
�98+?���� ��0

x + p(x)
�
	���������: �&���	����6�.����5	#�.	��0/( 1�������(� ���*	��=��� ��80?��	������������X"#	\�4

rx
������	��\�*�4��e�6	#���6�.(� $�	 ( 	\���(����� ��� ��80���	�"'�6���%���)�*	��w	 �

th
&

�Zlsq�b�q�^vrsqDq�^0b�uvhv��b+~��vl&� ��itw�p+kmroija2b+~�imw¯hvlsq�r �0~�lozvkjbVa imh q�^0bºp+loh�q�b+©�qDlo¥�ija2�0kmb+a2b+h�q�ijh0n
bVkjbVa2b+h�q�ro~�x�¥¦u0hvp¤q�ijlAhvw��_� kmk#q�^0b�¥¦uvhvp¤q�ijlAhvw lo¥q�^0b�qQxN�{b

x + p(x)
p+rsh�z{b���~�i°q�q�b+hº��i°q�^�rD]#r\xNkmlo~

w�b+~�imbVw
x+kx2+o(x2)

«\rohv�9q�^vb�p+rAwyb?w¾��^0b+h
x
imw#wyl w�a¯rskmksq�^vr&q²uvhv��b+~��vl&�¼�/lAu0kt�¬lNpVp�u0~#rs~�b�^vrshv�0kjb?�

w�b+�[rs~4r&q�bVkjx2zNxD~�b�q�u0~�hvijh0n
x
lo~_ijq�w�w�uvp+p+bVw�wylA~
lA~_�0~�b?��bVp+bVw�wylA~V«N��bV�[bVhv��imh0n2lohDq�^0b�~�lou0hv�0ijh0nca2l���bo±

� � Ì�Ì,�¯]_^0bT�v~�lNls¥�imw²®obV~�xZw�imacimktrs~¾q�l_q�^vrsq²ls¥�]_^0b+lA~�bVaY�v±j����ijq�^�rskmkorozvwylAkju0q�b�a¯rsnAh0i°q�uv��b?w¾~�bV�0ktrop�b?�
��ijq�^¼~�b+ktr&q�im®ob?wZa¯ronoh0ijq�uv�0bo±']_^0bca¯rsimhF��ijÅ=b+~�b+hvp+bcitwµq�^vrsq9ij¥

ex

imw9q�^0bcb�©��[lAh0b+h�q¬ls¥
x
«¾q�^0b+hFq�^0b

b+©��[lAh0b+h�q�ls¥
th = x

64
⊕
rn

p(x)
a2r\x�z{b

ex

lo~
ex + 1

lA~
ex − 1

±¯]_^0imw9q�^0im~�� p+rAwybcitw���b+�0itp¤q�bV�¼loh
 imnou0~�b �0± � l&�
b+®Ab+~?«\q�^0bµ®&rskmu0b�ls¥

x
^vrAwT��itw�ro�0�{bVrs~�bV�2rs¥åq�b+~Tq�^0bE�[~�wyqJ vrAwQq¤doÆNuva,(o�v±#�¢¥{q�^0b ~�b+ktr&q�ij®Ab

a¯ronoh0ijq�uv�0bVw¯rs~�b6~�bVkmrsq�im®ob�q�l
th
rshv� h0lsq¯q�l

x
«_b+®Ab+h q�^0bº®\ro~�imlou[wcp+lohvwyq�roh�q�w2imh q�^0b��0~�lNls¥¬rs~�b

uvhvp4^vrshvnobV��± �µhvbca¯r\xºp4^vbVp4³6q�^[r&q�u0hv�0b+~��vl&� w¬a¯r\x�l�p+p�uv~9lAh¼q�^0b¯kml&�/bV~�wyu0z0¡H�
lo~4�0wc§¨rskjq�^vlou0nA^
q�^0b+x���ijkmk¾z{b�rowyq�~�loh0lAacitp+rokjkmx¯~4rs~�bµimh�r"~�bVrok=ija2�0kmb+a2b+h�q4r&q�imloh{¤±

2−52 2−63 2−63−k 2−127

x � ��� � �
� ����� � �

ph + pl

th + tl � ������� ������������������������������� � �
r

 imnou0~�b �+�  row�b���^0b+h2q�^0b b+©N�{lohvb+h�qTls¥
th
itw

1
�vkjuvw�q�^vrsq�ls¥

x
± � bV~�b_q�^0b a¯rsnAh0ijq�uv��b?w�ro~�b_~�b+ktr&q�im®ob

q�lcq�^0b�b+©N�{lohvb+h�q ls¥
th
±

� � ,�, �����
�¬�#��	'��� � �/	�������T�#��$ ��	���������� �
1 , 	'�����"�#���'��	�� �#5��
q ������+���

� h q�^0itw'w�bVp¤q�ijlAh�«�/b��0bVw�p�~�ijz{bDrsh»ima2�0kjbVa2b+h�q�rsq�imloh»ls¥�r�p+lo~�~�b?p¤q�kmx�~�lou0h[��bV� b+©N�{lohvb+h�q�itrskTlAh q�^0b
� h�q�b+kT�¢q4rsh0imu0a6«²��ijq�^0lAu�q'rshNxºp+kmroija q�^vrsq�i°q�itw¬q�^0b¯z[b?wQq��{lAw�w�ijz0kmbo±�·Fb¯nAij®Ab2rohFl&®Ab+~�®NijbV� ls¥
q�^0b

ã �� ã��
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rokjnAlo~�i°q�^0a6«=��^0imp4^¼~�b+kmijb?wµ^vbVr\®Nijkmx�loh p�ktrow�w�impVrsk���lou0zvkjb+¡¢��lAu0z0kmbcro~�ijq�^vacb+q�itp7�Ò��«²d��H±2]_^0b2��b�q4rsimkmw¬lo¥
ima2�0kmb+a2b+h�q�rsq�imlohvwcrsh[�£��b�q4rsimkjb?�£�0~�lNls¥¨w'ls¥µrAp+p�uv~�rAp�x rs~�b�wy³Nim�0�{bV����]_^vb+x ^vr\®ob�z[bVb+h �0u0z0kmimw�^0b?�
�v~�bV®�imlou[wykmx¼rAw2rºw�b+�vro~�rsq�b�~�bVw�bVro~�p4^»~�b+�{lo~�q��m�V���H±��Zlsq�b�^0l&�
b+®Ab+~�q�^vr&qcq�^vb��v~�lNls¥¨w"ls¥Zq�^0b�q�^0~�b+b
q�^0b+lA~�bVa¯w#imh"q�^0b��0~�bVw�b+h�q�rs~�q�itp�kmb_b�©Nq�bVhv�"rohv�cp�lo~�~�bVp¤qq�^vb
�v~�lNls¥{ls¥[q�^0b�p�lA~�~�bVp�q~�louvhv��imh0nµ�v~�lA�[bV~yqQx
imh �j�?���¢±

/�s�r � �cyHx��'� y � vt�#{+�'ym� � �cvtx0�5{+���
]_^vb b�©��{loh0bVhAq�imrok0itw�b+®&rskmuvrsq�bV�2u[wyimh0n¬q�^vb�¥¦lokmkjl&��imh0n�b?|Au[r&q�imloh�§¨ijhvw��0im~�b?�2zNx"rshDrokjnAlo~�i°q�^0a imhN�j�\���¦¤±

ex ≈ 2M · 2
i1

27 · 2
i2

214 · (1 + p (xh)) · (1 + xl)
§Q�?

]_^vbµq�b+~�a¯w�ls¥#q�^0itw�bV|�uvrsq�imloh6rs~�b���b�q4rsimkjb?��z{b+kml&��±

/�s�� �|�f~'�cy x0yH��}�z�{���vc~
]_^vbFrs~�nouvacbVh�q

x ∈ [−745.13; 709.78]
§åq�^0b¼~�roh0nob�imh ��^0itp4^

ex
itw�~�bV�0~�b?wybVh�q�rszvkjb�imh ��lAu0z0kmb�¡

�v~�b?p�itwyimloh�rshv��h0loq_~�louvhv��bV��q�l¯¿Vb+~�l��imwZ��bVp+loa2�[l�wyb?��rAw
q�^0b�w�u0a lo¥#q�^0~�b+b9q�bV~�a¯w\�

x ≈ k ·
ln 2

214
+ xh + xl

��^vb+~�b
xh

rshv�
xl

ro~�b'qQ�/l6��lAu0z0kmb�¡¢b�©Nq�bVhv��bV�ºhNu0a'z{b+~4w¬wyuvp4^ºq�^vrsq
|xh| <

log 2
215

«
|xl| < 2−64|xh|

«
rohv�

k =

⌊

x ·
214

ln 2

⌉

]_^0b�imh�q�bVnob+~
k
itw_i°q4wybVk°¥T��b?p�loa2�{lAw�bV��ijh�q�l2q�^0~�b+b9q�bV~�a¯w\�

k = 214 ·M + 27 · i1 + i2
§;do

��^vb+~�b
i1, i2 ∈ N ∩

[

0; 27 − 1
] rohv�

M ∈ N
±

/�s�� ���[��}�� �a{�yH� �a� ��}'yH�
]_^vb"q�b+~�a¯w

2
i1

27

rsh[�
2

i2

214

rs~�b"�0~�bVp+loa2�0u�q�bV�Frshv�¼wQq�lo~�bV�ºijhFqQ�/l¼�?do¶&¡¢b+h�q�~�x�q�rszvkjb?w+±c��rop4^¼b+h�q�~�x
p+lohvw�itwQq4w�ls¥{qQ�/l��0lou0z0kmb�¡¢b�©Nq�b+hv��b?�2hNu0a'z{b+~4w��0~�l&®Nim��imh0n2�?do¶9z0i°q4wTlo¥=�v~�b?p�itwyimlohA�

th1 + tl1 ≈ 2
i1

27
rsh[�

th2 + tl2 ≈ 2
i2

214

±
]_^0b2p4^0lAimp+b�ls¥�r�~�roh0nob�~�bV�0uvp¤q�ijlAh�uvw�ijh0n�r�w�p+rokjbcp�loh[wQq4rsh�qZls¥ ln 2

214

imw9r�p+loa2�0~�loa2imw�b�z{b�qQ�
b+bVh
w�b+®Ab+~4rsk{¥¨rop�q�lA~�w\�


 ]_^0b�w�ij¿Vb9lo¥#q�^0b9qQ�/lcq4rsz0kmbVw_��^0itp4^�p+roh�z{b�lo��q�ija2im¿+b?����^0bVh�rsh�b+®obVh�w�p+rokjb�p+lohvwyq�rohAq�b+©N�{ls¡
h0b+h�q?«

14
«�itw_uvw�bV���


 ]_^0b'��bVno~�b+b�lo¥q�^0b��{lokmxNh0loa2itrskH«0��^0itp4^���b+�{b+hv�vw loh6q�^0b�~4rsh0nAb¬ls¥�q�^0b��vhvrsk#~�b?��uvp+bV��rs~�nou0¡
a2b+h�q

r
�

� ä�¡0¢�£�¤�¥
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 ]_^0b�~4rsh0nAbµlo¥#q�^0b�kjl&�
b+~_�vro~yq�lo¥²q�^vb�~�b?��uvp�b?��ro~�nAu0a2b+h�q xl

�

 ]_^0b¬kju[p4³�x¯�v~�lA�[bV~yqQxcq�^[r&q_q�^0b�w�p+rokjb¬p�lAhvwQq4rsh�q ln 2

214

p+roh�z{b9wyq�lA~�b?�DlAh�qQ�
l"��lAu0z0kmb�¡¢b�©Nq�bVhv��b?�
hNu0a'z{b+~4w�§Q�\ds¶¼z0ijq�w42��ijq�^ rsh rsz[wylAkju�q�b6b+~�~�lA~ckmbVw�w2q�^vrsh

2−150
imhvwQq�bVrA� lo¥µq�^0b�b+©N�{bVp�q�b?�

2−129−14 = 2143
±

/�s0/ � v � �'~'v � � � �,y �a� ��}��a{���vc~
]_^vb9�{lokmxNh0loa2itrsk

p(xh)
rs�0�v~�l\©�ima2rsq�b?wTq�^0b�b�©��{loh0bVhAq�imrok=ls¥²q�^0b�~�bV��uvp+bV��rs~�nou0a2b+h�q�row�rc��b+nA~�bVb�(

a2l���i1�vbV�6��bVa2b+¿¬�[lAkjxNh0lAa2imrokf�j�V���H±��¢q itw�bV®\rokju[r&q�b?��rAw

p(xh) = xh +
1

2
(xh)

2
+ (xh)

3
· ((ah4 + al4) + (a5 + (a6 + a7 · xh) · xh) · xh) .

]_^vb�®\rokjuvbVw¥¦lo~
ah4

«
al4

«
a5

«
a6

rohv�
a7

rs~�b
hvbVrs~�q�l�~�b?wy�{bVp�q�im®obVkjx 1
6

« 1
24

« 1
120

rohv� 1
720

±�]_^vb�~�b?row�loh
¥¦lA~¬h0lsq�uvw�ijhvn �Zlo~�h0b+~?Ä wµw�p4^0b+a2b¯rskmkTrskmlohvn�itw¬i°q4w�wyb?|Auvb+h�q�itrskmi°qQx6��ÆN�0kmi°q�q�imh0n�u0�Fq�^0b2bV®\rokju[r&q�imloh row
w�^0l&��h6rskmkjl&� w
z{b�q�q�b+~Zuvwyb¬lo¥#q�^0b��0im�[bVkjimh0bVw loh�q�^0b�� h�q�bVk¾�¢q�roh0ijuva ±

]_^0b¯ro�0�0~�l\©Nima¯r&q�ijlAh�q�l
p(xh)

imw�p+loa2�0u�q�bV�¼rowµq�^0bDw�u0a lo¥�qQ�
l���lAu0z0kmb2b�©Nq�bVhv��bV�F�0~�bVp+imw�ijlAh
hNu0a"z[bV~�w\�

p(xh) ≈ ph + pl

±']_^0itw9imwµq�^vb"a2lAwyq9q�imacb¯p+lohvw�u0a2ijhvn��0^vrAwybcls¥�q�^0b¯rskmnolA~�ijq�^va�±�]_^0b
�[hvrsk#lo�{b+~4r&q�imloh�lo¥�q�^0itwµb+®&rskmuvr&q�ijlAh�imwµre [rowyq4doÆ�u0a6«[��^0itp4^�b+h[wyu0~�bVw q�^vrsq

ph

itw
ph + pl

p�lo~�~�bVp¤q�kjx
~�louvhv��bV��q�lcq�^0b�h0bVro~�b?wQq?±

/�s�� �|yHz6vJ~��4{�x0}�z�{+� vJ~
]_^vb�~�b?p�loh[wQq�~�uvp�q�imlohcp�loh[wyitwQq4w�ijh2p�lAa2�0u�q�imh0n¬q�^0b��0~�lN�0uvp¤qTlo¥{rskmk�q�^0b_q�bV~�a¯w�ls¥=bV|�uvrsq�imloh��o±�¢qT~�bVkjimbVw
^vbVr\®Nijkmx'lAh2q�^0b  vrAwQq¤doÆNu0a rsh[�# vrowyq4do��u0kjq
rokjnAlo~�i°q�^0a¯w+«&q�^0bZktr&q�q�bV~�z{b+imh0n�®obV~�xcb �Dp+ijbVhAq�q�^vroh0³�w�q�l
q�^0b¬¥¦uvw�bV��a'uvk°q�ij�0kmx�¡¢rohv�N¡ ro�0��lo�{b+~4r&q�lo~4w/lo¥²q�^0b��¢q�roh0ijuva(rs~4p4^0ijq�b?p¤q�uv~�b4� ���¢±

/�s�� uwvtx+x+yHz�{ x0vc}�~�����~��
]_^vb9l&®Ab+~4rskmk[bV~�~�lo~
ls¥q�^vb9��^vlokmb¬rokjnAlo~�i°q�^0a�itw�wy^0l&��h�q�l2z{b¬kjb?w�w
q�^vrsh

2−116
ijhw�m�V���/§¦q�^0b¬�0~�lNls¥imw

roz[lAu�q��o�¬�[rsnob?w�kmloh0nN¤±�´�lNlo³Nimh0n¬zvrop4³cr&q/]rsz0kmbZd�« �
b p�loh[p�kmuv��b�q�^vr&q/p+lo~�~�b?p¤q�~�lou0hv�0ijh0n�itw�bVhvwyuv~�b?�
¥¦lA~ rshNx

x > 2−30
±

 vlo~
x < 2−30

«vi°q itw_b+h0lAu0no^�q�l¯~�b+a¯ro~�³2q�^vr&q��

 � h�q�^0b¬~�roh0nobµ~�b?��uvp�q�imloh�«�¥¦lo~ |x| < 2−30

�
bµ��imkjk=^vr\®Ab
k = 0

«
xh = x

rshv�
xl = 0

«0rshv�Dq�^0itw
wQq�b+�6itw_b�©0rop�qV±


  lohvp+b+~�h0imh0n¼q�^0b6q4rsz0u0ktr&q�bV� ®&rskmu0bVwD�/b�^vr\®Ab i1 = i = 2 = 0
«/q�^0bV~�b+¥¦lo~�b

2
i1

27 = 1
rshv�

2
i2

27 = 1
«���^vimp4^�p+roh�z{b�wyq�lo~�bV��b�©0rAp¤q�kmxº§¨h0l¯rs�0�0~�l\©�ija¯rsq�imloh�bV~�~�lo~
^0bV~�b\_row�r

1
rshv��r

0
«


 ph + pl

itw�ropVp�u0~4r&q�bZq�l
2−124

imh�rskmk�p+rAwyb?w�§¨r2¹&¡¢z0ijq_l&®Ab+~�³Nijkmk¾rop+p+lo~4��imh0n'q�l¯]#roz0kjb'dA

 ]_^0b¯~�bVp�lAhvwyq�~�uvp¤q�ijlAhºitw�b�©0rop�q¬q�^vroh0³�w9q�l6q�^vb2q�rszvu0kmrsq�b?� 1

���¢q�~�b?��uvp+bVw9q�l6a"u0k°q�ij�vkjitp+rsq�imlohvw
zNx

1
rohv�

0
rshv��ro�0��ijq�imloh[w/lo¥

0
�+�
b?wyit��bVw/ijq_�{b+~�¥¦lo~�a¯w/q�^0b¬wyb?|�u0b+hvp+bµlo¥²lo�{b+~4r&q�ijlAhvw/noim®ob+h�ijh

]_^0b+lA~�bVa��0±m�¯§¦�
b+kmk���itwynAu0imw�bV��rowZ��¥¦uvw�bV��a"u0k°q�ij�vkjx�¡ rshv�N¡ ro�v��rohv�º�V�¯ro�0��ijq�imloh[w��±

ã �� ã��
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]_^0itw�itw_b+h0lAu0no^�q�l¯�v~�l&®AbZq�^vr&q p�lA~�~�bVp�q
~�louvhv��imh0n2imw rokmw�l2rop4^0imb+®AbV�¯¥¦lA~
x < 230

±
��b+q�~�lAw��[b?p¤q�ij®Ab+kmxo«=r¯a2lo~�b'wybVhvw�ijz0kmb"ro�0�0~�lArAp4^��
lou0kt��^vr\®Ab�z[bVb+hºq�lD^vr\®Ab'rsh���Á��

x < 230 � imhq�^0b'p+lN�0bo«{��^0imp4^��
louvkm��rAp+p�bVkjbV~�rsq�b¬q�^0b'ktr&q�q�b+~µp+row�b�zNx6wy³Nim�0�0imh0n¯q�^vb�~�b?p�lAhvwQq�~�u[p¤q�imloh�rok°q�lonob+q�^0bV~V±
�¢q��
lou0kt�ºrokmw�l6wy^0lA~yq�b+hºq�^0b2�0~�lNls¥/w�ijh[p�bc�/bc�/lAu0kt��h�Ä q¬^[r\®ob"q�l6wy^0l&� q�^vrsq9q�^0b2~�b?p�lAhvwQq�~�u[p¤q�imlohºimw
b+©0rop¤q�imh¼q�^0itw�p+rAwyb�§;rsh0loq�^0bV~����[rsnob?w¬ijh|�m�V���¢«²imhvp+kjuv�0ijh0n�r�¥¦bV� w�b+~�ijlAuvw¬b+~�~�lo~4w��± �Zl&�/bV®ob+~?«¾ijq�imw
�v~�b?p�itwybVkjx¼zNx wyq�u[��xNijh0nF��^NxFq�^0itw"ima2�0kmb+a2b+h�q�rsq�imloh£�_row"rskm�
r\x�w�~�b�q�u0~�h0ijhvnFrºp+lo~�~�b?p¤q�kjx¼~�lAu0hv��b?�
~�bVw�u0kjq/q�^vr&q_�
b9pVrsa2b q�l'q�^0b¬aclA~�bµnobVh0b+~4rsk{~�b?wyuvk°q4w���^0itp4^�ro~�bZq�^0b�w�u0z��Qb?p¤q_ls¥�q�^0bµ�v~�b?wybVhAq�rs~�q�itp�kmbo±

/�s�� � yAx0�
vcx�� �[~�z6y
]_^vimw¾ima2�0kmb+a2b+h�q�rsq�imloh��_row=q�bVwyq�b?��rsnAroijh[wQq�r_zvrsqyq�bV~�xµls¥Nq�lNlAkmw=¥¦lA~²ropVp�u0~4rop+xZrsh[�¬� �T�T��¡ p�lAac�vkjitrshvp+bo«
imhvp+kjuv�0ijh0ncq�^0b�b�©0p�bV��q�imloh[rsk�p+rAwyb?w+±

ÆN�{b+b?����itwybA«�q�^0b�ima2�0kmb+a2b+h�q�rsq�imloh6�{b+~�¥¦lo~�a2w
imh�¹Adcp�x�p�kmbVwV±


 ]_^0itwZp+roh�z[bcp�lAac�[rs~�bV��q�l¯q�^0b��Nd2p�x�p�kmbVwZls¥�q�^0b"^0imno^0kmx�lA��q�ima2ij¿VbV��� h�q�bVk²ima2�0kjbVa2b+h�q�rsq�imloh�«
ropVp�u0~4r&q�b¬q�l

0.502
u0km��lAh0kjxA±
]_^vb�~�b?ro��bV~ wy^vlou0kt�6�0u�q q�^0bVw�b�hNu0a"z[bV~�w�imh��{b+~4wy�{bVp�q�im®ob���ijq�^

q�^0b�p�l�wQq�lo¥�r�¥¦u0hvp¤q�ijlAh¸p+rokjk�loh q�^vb��¢q�roh0imu0a6«��^vimp4^»itw'�A��p�x�p�kmbVwV«#lA~���ijq�^»q�^0bD^vrohv��kmijh0n
ls¥¬wylAacb��vl�r&q�imh0no¡H�{loimh�qcb+©�p+b+��q�ijlAhvrsk�pVrow�bVw"q�^0~�louvno^ w�ls¥åqQ�_rs~�b�b+©0p�b+�0q�imlohvwV«T��^0itp4^ pVrsh z[b
wybV®obV~�rok{^Nu0h[��~�b?�0w_ls¥�p�x�p+kjb?w+±


 �¢q_pVrsh�rokmw�l'z{b¬p�loa2�vro~�b?�cq�l"q�^0b9z{bVwyq/�0~�b+®Nimlouvw
p�lA~�~�bVp�q�kmx"~�lou0h[��bV�¯b+©��[lAh0b+h�q�itrsk{zNx �Zb+¥¦lou0~� (��H«=��^0itp4^º^[row9rD�N�od��'p+x�p�kmbVwµ�/lA~�wyqµp+rAwyb'q�ima2b"lAh�q�^0bc�¢q�roh0imu0a6±�]_^0b'ima2�0kjbVa2b+h�q�rsq�imlohºlo¥
� �_�»Ä w � kjq�ima¯r&q�b"��r&q�^v´�imz�^vrowZrsh�b+®Ab+h�w�kjl&�
b+~��
lo~4wQq pVrow�bo«vw�ijh[p�b�ijqµ��lNbVw�h�Ä qZz{b+h0b(�0q ¥¦~�loa
q�^0b��/lA~�³ºls¥ ´�b+¥¦`+®N~�bDrohv�»��u0kmkmb+~"rohv�¼uvw�bVw�kmbVw�w�b �¯p+ijbVh�q'a'u0kjq�im�0kmb�¡¢�0~�bVp�itw�ijlAhFq�bVp4^0hvim|�u0b?w+±
·Fb9^vr\®AbZ^0bV~�b9rshDima2�0~�l&®Ab+a2b+h�q�lAhDq�^0bZ�
lo~4wQq_p+rAwybZq�imacb9zNx¯r�¥¨rop�q�lA~_�o��l&®obV~Tq�^vbµ�0~�b+®Nimlouvw
z[b?wQq?±

�Zh0lsq�^0b+~_¥¨rAp¤q�lA~�ls¥�[bV~y¥¦lA~�a¯rsh[p�b9imw_a2b+a2lA~�x�p+lohvw�u0a2��q�ijlAhA��]_^0b�wyim¿+b¬lo¥#louv~/q4rsz0kmb�itw
2 · 128 ·

2 · 16 = 8192
zNx�q�b?w
��^0imp4^�itw
rc~�b+ktr&q�ij®Ab+kmxcnA~�b?r&q
®\rokjuvb��m�?��« (��¾¥¦lo~�rsh�b�©��{loh0bVhAq�imrok;± �µh�q�^0b¬loq�^0bV~

^[rshv�¾«²q�^0b2q4rsz0kmbDp�lAu0kt�=�0q��?dDq�imacb?w�imh¼q�^0bD´d�pVrop4^0b2lo¥/q�^0b¯�¢q�roh0ijuva �0~�l�p�bVw�w�lo~9��^0imp4^»pVrsh z[b
rAp+p+bVw�wyb?�6ijh�(�p�x�p�kmbVwG� ¹��_§¦q�^0itw9�0~�lNp+bVw�wylA~Zp+roh0h0loqµkmlAro�7�[lAr&q�ijhvnD�[lAijh�q¬~�bVnoitwQq�b+~4w_¥¦~�loa ´T�cp+rop4^vb?¤±
 vu0~�q�^0bV~�a2lo~�bo«\q�^0itw�wyim¿+b_itw#kmbVw�wq�^[rsh"q�^0b�w�ij¿VbVw�ls¥vq�^0b_q4rsz0kmbVwuvw�bV�"zNx�q�^0b_loq�^0bV~�p+lo~�~�b?p¤q�kjx�~�lou0h[��ijhvn
ima2�0kmb+a2b+h�q�rsq�imlohvwV±

�µw"r �[hvrsk
h0lsq�b�p+lohvp+b+~�h0ijhvn6q�^0itw'ima2�0kmb+a2b+h�q�rsq�imloh�«Tp+lohvw�it��b+~�q�^vr&qci°q2^vrAw�z{b+b+h¸��~�ijqyq�b+h£z{b�¡
¥¦lA~�b"q�^vb¯~�b?wyu0kjq�w9�0~�bVw�b+h�q�bV�F^0b+~�b"�
b+~�bc³�hvl&��h�«²rsh[�Fp+lou0kt���0~�loz[rsz0kmx�z[b¯ima2�0~�l&®obV��¥¦u0~�q�^0bV~9��ijq�^
q�^0itwZ³Nh0l&��kmbV��nAbo±�� h��[rs~�q�itp�u0ktrs~�q�^0b'�{lokmxNh0loa2itrsk#b+®&rskmuvr&q�ijlAh�wybVb+a¯w a2lA~�b'rAp+p+u0~�rsq�b¬q�^vrshºwyq�~�itp¤q�kmx
hvb+bV�0bV�¾±

� � 	����/�����²�+	��

]_^vimw"rs~�q�itp�kmb�wy^vl&� w�q�^[r&qV«��v~�l&®Nit��bV� ��lAu0z0kmb�¡¢b�©Nq�bVhv��bV�£� �T�T��¡ p�lAac�vkjitrsh�q"^[rs~4���
ro~�b¯itw'r\®&roijktrsz0kmbo«
p+lo~�~�b?p¤q�~�louvhv��imh0n�ls¥²q�^0b9b+kmb+a2b+h�q4rs~�x'¥¦u0h[p¤q�imloh[w
w�^0lAu0km�Dh0l'kmloh0nAb+~/z[b9�0~�b+®obVh�q�bV�Dz�x2�{b+~�¥¦lo~�a¯rshvp+b
p+lohvw�it��b+~4r&q�ijlAhvw(�"i°q2wQq�ijkmk
^vrow"wylAacb�l&®ob+~�^0b?ro�¾«z0u�q2wyl�^[row�� ���T��¡y�s�&�Fp�loa2�0kmitrshvp+b¯¥¦lo~"q�^0b�zvrow�itp

� ä�¡0¢�£�¤�¥
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lA�[bV~�rsq�lA~�wV±�]_^0bT� �T����¡Q�o�&� wyq�rohv�0rs~4�9imw²h0l&�¼u0h0im®ob+~4w�rskmkjxZrAp+p+b+��q�bV�9z[b?p+rouvwyb�i°q4w�z{b+h0b(�0q�w�¥¨rs~�b+©�p+b+b?�
q�^0itwD�{b+~�¥¦lo~�a2rohvp�b�l&®Ab+~�^0bVrA�¾±O·FbFz[bVkjimb+®Ab�q�^vrsqDq�^vbº~�bVw�u0k°q��0~�b?wybVh�q�bV��^vb+~�b�z0~�imh0n£bVkjbVa2b+h�q�ro~�x
¥¦uvhvp¤q�ijlAhvw�q�l¬q�^0itw�p�~�ijq�itp+rskv�[lAijh�qV«A��i°q�^Drsh¯r\®obV~�ronob+¡¢pVrow�bTl&®obV~�^0b?ro�'��^0imp4^2z{bVp+loa2bVw�hvb+nokmimnoimz0kjbA«orsh[�
rF�
lo~4wQq�¡¢pVrow�b¯l&®ob+~�^0b?ro� imh r�¥¨rop¤q�lo~¯w�a2rokjkmb+~"q�^[rsh �?�0±£]#l¼w�u0�0�{lo~�qcq�^0itw2|Au[rsh�q�i1�vbV� p�ktrsima¯w+«Tlo¥
p+lou0~4w�bo«��
b�h0b+b?��q�l¯ima2�0kjbVa2b+h�qZa2lo~�b¬¥¦u0hvp�q�imlohvw\�Tq�^0b�b�©��{loh0bVh�q�itrsk�itw h0loq�roz0kjx�q�^0b'bVrow�imbVwyq ls¥�q�^0b
bVkjbVa2b+h�q�ro~�x2¥¦u0h[p¤q�imloh[w+±

�Zlsq�b_q�^vr&q?«Arok°q�^0lou0nA^'q�^0b��{b+~�¥¦lo~�a2rohvp�b_l&®Ab+~�^0bVrA��ls¥¾p�lA~�~�bVp�q~�lou0h[��ijhvn9z{bVp+loa2bVw�®Ab+~�x�kml&��«&q�^0b
��"��� !�"#��$�%���)�*	��¸l&®Ab+~�^0bVrA��imw�^�uvnob.� �µh0b2h0bVbV�0w9q�l��0~�l&®ob"q�^0b¯ropVp�u0~4rop+x�ls¥�rsh¼ija2�0kmb+a2bVhAq4r&q�ijlAh
imh¼q�^0b¯ktrowyq'��b+q�rsimktw+«#��^0imp4^ itw¬®obV~�x�q�bV��imlou[w�rshv��«²ls¥�p�lAu0~4wybA«�b+~�~�lA~¬�0~�lAh0bo± �
b?wyit��bVwV«²rokja2lAwyq'rshNx
ima2�0~�l&®ob+a2bVhAq
q�lcq�^0b�p�l���b¬��imkjk�~�u0imh�a2l�wQq�ls¥#q�^0b��v~�lNls¥Q«�a¯ro³�imh0n"q�^0b�a¯roijh�q�bVhvrsh[p�b¬ls¥�wyuvp4^6p�l���b
bV®obVh"a2lo~�b
q�b?��ijlAuvwV±]_^0itw�a¯r\x�z{b�q�^vb�~�b?row�loh'��^NxA«sq�l�lAu0~�³Nh0l&��kmbV��nAbo«&h0l��0uvz0kjitw�^0bV�c�0~�lNls¥[b+©�imwyq�w
¥¦lA~2� �
�£Ä wcu0kjq�ima¯r&q�b���rsq�^v´²ijz²± �µh0b�ija2�{lo~�q�rohAq¯p�lAh�q�~�ijz0u0q�imloh¸lo¥ q�^vimw¯ro~yq�imp+kjb�imw"q�^0b+~�b�¥¦lA~�b�q�^0b
�v~�lNls¥/ls¥Tq�^0b¯p�lo~�~�bVp¤q�kjx�~�lou0hv�0ijh0n�~�bVp�lAhvwyq�~�uvp¤q�ijlAh�«=��^0imp4^¼p+rohºz{bcb+©��0kjlAi°q�bV��¥¦lo~¬a¯rshNx6¥¦u0hvp�q�imlohvw
� rsh[�¸loq�^0bV~c�v~�b?p�itwyimlohvwV«Tij¥µh0bVbV��b?�¸imh q�^0b�¥¦u�q�u0~�bA± �µhvb�lo¥µuvw2itw2p�u0~�~�bVh�q�kmx»�/lA~�³Nimh0nºlAh£q�lNlAkmw
¥¦lA~9q�^0bDrou�q�lAa2rsq�imlohFls¥/�v~�lNls¥¨w�w�uvp4^¼row9q�^vlAw�bc��~�ijqyq�bVhFzNx�^[rshv�º¥¦lo~¬q�^0bcqQ�/l�p�lA~�~�bVp�q�kmx�¡H~�lou0h[��bV�
b+©��[lAh0b+h�q�itrsktw
a2b+h�q�imloh0hvbV��ijh�q�^0imwZrs~�q�itp�kmb�� �0«��?���¢±

� hvp+kju[��ijhvn�q�^0b"bVkjbVa2b+h�q�ro~�x�¥¦u0hvp�q�imlohvw9imh�q�^0b"~�b+®Nitwyimloh�lo¥Tq�^vb"� �T���Owyq�rohv�0rs~4��^vrAwZz{b+bVhº�0~�ls¡
�{lAw�bV�2imh �Ò���¢±�]_^0b+im~
wyq�u[��x2~�roimw�bVwTw�b+®Ab+~4rsk0�{loimh�q�wV«AlAh0bZlo¥���^0itp4^¯imw/~�bVkjbV®&rsh�qTq�l'q�^0bµ�0~�bVw�b+h�q��vro�[bV~V«
rohv��a2lo~�b9�v~�b?p�itwybVkjx¯q�l2q�^0b ����itw�p+kmroija2bV~ � ijh6louv~Z]_^0b+lA~�bVa(d�±Òd��T]_^vb��/lA~�wyq p+row�bVw_lo¥~�bV|�u0im~�bV��rop¤¡
p+u0~4rop�xcrs~�b h0loq�³Nh0l&��h2¥¦lo~
rskmk0q�^vb ¥¦u0hvp�q�imlohvwV«�lohDrskmk[q�^0bVij~
��b��vhvi°q�ijlAhDijh�q�b+~�®\rokmwV±�]_^0imw�imw
wyq�imkjk[�/lA~�³
imh2�0~�lono~�bVw�wV«srshv�c¥¦lA~�wylAa2b/¥¦uvhvp¤q�ijlAhvwZ§¨acl�wQq/h0lsq4rsz0kmx�q�^vb �[bV~�iml���itp�loh0b?w¥¦lo~�q�^0b ktrs~�nob�rs~�nouvacbVh�q�w4
roh£rskmnolA~�ijq�^0a2itp¯z0~�bVro³Aq�^0~�lou0nA^¼��imkmk/z{b�h0bVbV��b?� ¥¦lo~'q�^0itwc|AuvbVwyq'q�lFz[b�p�lAac�vkjb+q�bV��±  0lA~yq�u0hvr&q�b+kmxo«
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