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 u0~�~�b+h�q�ijac¡
�vkjbVacbVh�q�r&q�ijlAhvw¬ls¥
q�^vbVw�b2¥¦u0hvp¤q�ijlAhvw��0~�l&®Nim�0b2r�®Ab+~�x�nolNl��º�v~�lAzvrsz0imkmi°qQx�lo¥_p+lo~�~�b?p¤q¬~�lAu0hv��imh0n[«�z0u�q
nAuvrs~4rsh�q�b+bV�¬p+lo~�~�b?p¤q�~�lou0hv�0ijh0nZimw#®obV~�x¬��i��¯p+u0kjq²q�l9rop4^0imb+®AbTz{bVp+rouvw�bTls¥�q�^0b/w�ls¡ p+rokjkmbV���$�./( 1
�� ���4
(��� �
�G�� 1
("�"#�0�²q�^0b imhAq�b+~�a2bV��itr&q�b_rAp+p+u0~�rAp�x�~�bV|�u0im~�bV�'q�l¬z[bµwyu0~�b
q�^vrsq�~�lou0hv�0ijh0n9q�^0b rs�0�v~�l\©�ima2rsq�imloh"imw
b?|�u0ij®&rokjbVhAq�q�lD~�lou0hv�0ijh0n2q�^0b�a¯r&q�^0b+a¯rsq�itp+rsk²~�b?wyu0kjq a¯r\x�z{b�®Ab+~�xD^0imno^�±_]_^0itw itw�q�^vb�a¯rsimh�~�b?row�loh
��^NxDbVkjbVa2b+h�q�ro~�x2¥¦u0h[p¤q�imloh[w��/bV~�b¬kmb�¥åq lAu�q ls¥#q�^0b�� �T����¡Q�o�&�¯wyq�rsh[�0rs~4�¾±

�µwµroh�b�©0rsa2�0kmbo«{´�b�¥¦`V®N~�b'rohv����u0kmkmb+~Z�
b+~�b�rszvkjb�q�lDbVwyq�roz0kmimw�^6q�^vrsq"�\�s¶2z0ijq�wZls¥�ijh�q�b+~�acb?��itr&q�b
rAp+p+u0~�rAp�x rs~�b�~�bV|�u0im~�bV�»imh£q�^0b6�/lA~�wyqcpVrow�bD¥¦lo~¯p+lo~�~�b?p¤q�kmx ~�lAu0hv��imh0nºq�^0b6b�©��{loh0bVh�q�itrsk_ijh ��louvz0kjb
�v~�b?p�itwyimlohA�m�?d�«¾�A���¢±T]_^0imw imw
q�^0~�bVb¬q�ima2bVw_q�^0b9q�rs~�nob+q��0~�b?p�itwyimloh²±

rts��  �{���{�y vt� {+��yT�[x�{"!$# }%� {��&� y��Jy��G�4{�x+�a{�yA�c� y�� �
vcx|z6vcx+x+yHz�{ x+vJ}�~�����~��
Æ�loa2b�kmijzv~�ro~�imbVw�rokj~�bVrA��x9�0~�l&®Nit��b�p+lo~�~�b?p¤q�kmx9~�lAu0hv��b?�¬b+kmb+a2b+h�q�ro~�xµ¥¦u0hvp�q�imlohvwV±�]_^0b+x¬uvw�b/r q�bVp4^vh0im|�u0b
�0u0b�q�l�'=ij®��j�)(��A��^0itp4^�p�lAhvw�imwyq�w=imh�b+®&rskmuvrsq�imh0n_q�^0bT¥¦u0hvp¤q�ijlAh�ijh�w�b+®Ab+~4rskswyq�bV�vw+±
� �v~4wQq²wyq�bV��b+®&rskmuvrsq�bVw
q�^0b_¥¦u0hvp�q�imloh2��ijq�^Drµ¥¦b+� z0ijq�w�a2lo~�b
q�^vrohcq�^0b_q4rs~�nob�q��0~�bVp+imw�imloh�±#�¢¥[q�^0imw/ropVp�u0~4rop+x9itw�h0loqTb+h0lAu0no^"q�l
�0bVp�it��b ~�louvhv��imh0nv«�r�wyb?p�lAhv�¾«�aclA~�b rAp+p+u0~�rsq�b wyq�bV�DimwTq�ro³ob+h²«Arsh[�Dwyl�lAh¯u0h�q�imkvq�^0bµp+lo~�~�b?p¤qT~�lou0h[��ijhvn
pVrsh6z{b�~�b+q�u0~�h0bV��±��Zw q�^0b¬¥¦u0h[p¤q�imloh�rokja2l�wQqZrokj�_r\x�w/~�b�q�u0~�hvw_i°q4w ~�bVw�u0kjq_imh6q�^vb?�v~�wyqZwyq�b+�²«v��^0itp4^6imw
w�imacimktrs~
q�l¯r2wQq4rshv�vrs~4��kmijzv~�ro~�x¯bV®\rokju[r&q�imloh²«Aq�^0b�r\®obV~�ronobµl&®ob+~�^0b?ro�¯lo¥²q�^vimw wyq�~4r&q�b+nAx¯imw�rAp+p�bV��q�roz0kmb
p+loa2�vro~�b?�¯q�lDr¯wyq�rohv�0ro~���kjimz0~4rs~�xo±���©0rsa2�0kmbVw_lo¥�w�uvp4^6kmijz0~4rs~�xDrs~�b*'{im®{Ä w � kjq�ima¯r&q�b'��r&q�^�´²ijzv~�ro~�x
rsq�� �
� �j�?���H«[rshv��q�^0b,+.-vÀvÁ?ÂsÃ��0~�ls�Qb?p¤q�ls¥
q�^vb�� ~�g+hvroij~�bZq�bVroa7� ���¢±

]_^0b�a¯rsimh ��~4r\��zvrAp4³Flo¥�q�^0itw¯rs�0�v~�l�rop4^�«�^0l&�
b+®Ab+~?«#itwci°q4w"�
lo~4wyqcp+rAwyb�b�©�bVp+u�q�imloh¸z[bV^vr\®NijlAu0~\�
uvhAq�ijkvq�^0bµ�/lA~�³"ls¥�´�b+¥¦`+®N~�b_q�^0bµ~�b?|Auvij~�bV�2ropVp�u0~4rop+x"p+lou0kt�2h0lsq/b+®obVh¯z[bZuvwyb+¥¦u0kmkjx2z{lou0hv�0bV�¾±�´�b+¥¦`+®N~�b
�_row�rsz0kmb q�l'p�lAac�vu�q�bZq�^0bµ�/lA~�wyqy¡ p+rAwyb�ropVp�u0~4rop+x'~�bV|�u0im~�b?�c¥¦lo~
wylAacb ¥¦u0hvp¤q�ijlAhvwV«�zvu�q/bV®ob+h2q�^0b+h�q�^0b
u[wyb�lo¥�r¯a'uvk°q�ij�0kmb�¡¢�0~�bVp+imw�ijlAh�rskmnolo~�ijq�^0a(ijh�q�^0b"w�bVp+lohv��wyq�bV��a2bVrsh[wZrDw�kjl&��rohv�6a2b+a2lo~�x�¡H^Nu0h0nA~�x
�
lo~4wyqy¡ p+row�b2z[bV^vr\®NijlAu0~?±7 vlo~'imhvwyq�rohvp�bA«#q�^0bD�
lo~4wQq'pVrow�bD�{b+~�¥¦lo~�a2rohvp�b¯lo¥�� �
�£Ä w � kjq�ima2rsq�b���r&q�^
´²ijzv~�ro~�xDpVrsh�z[b�w�b+®Ab+~4rsk=^Nu0hv��~�bV��q�ima2bVw w�kjl&�
b+~
q�^vrsh�q�^0b�r\®Ab+~4rsnAb q�ima2bo±

rts0/ uwvc~J{�x$� ��}'{+� vc~�� vt�#{+�'ym���[�,yAx
]_^vb�a2roijh6~�bVw�u0kjq ls¥
q�^0itwZro~yq�imp+kjb¬itw_q�lDw�^0l&�Yq�^vrsq�q�^0b��v~�rAp¤q�itp+rok¾ijh�q�b+~�acb?��itr&q�b�rAp+p+u0~�rAp�x¯~�bV|�u0im~�b?�
¥¦lA~�p�lo~�~�bVp¤q�kjx¬~�lou0h[��ijhvnµrskmkNq�^vb/¥¦uvhvp¤q�ijlAhvw#¥¦lo~���^0itp4^'q�^0b_�/lA~�wyq
pVrow�bVw�rs~�b�³Nh0l&��h"imw
a'u[p4^"kmbVw�w#q�^vroh
q�^0b/rAp¤q�uvrsk��/lA~�wyqy¡ p+rAwyb�rAp+p�uv~�rAp�xG�²ijhcrskmksq�^vb
pVrow�bVw¾��^0bV~�b�q�^0b/�/lA~�wyqy¡ p+rAwybTrAp+p+u0~�rAp�xµimw#no~�bVrsq�b+~�q�^vroh
�A�V¹9z0ijq�wV«o�
b rs~�b�rsz0kmb_q�l�z0uvijkt�¯rsh¯rskmnolA~�ijq�^va�q�^vrsq�lohvkjx��
lo~�³�w���i°q�^Drsh2imhAq�b+~�a2bV��itr&q�b rop+p+u0~4rop�x�lo¥
kmbVw�w/q�^vroh �o�V¹'z0ijq�wV±T]_^0imw_~�bVw�u0kjq�imw���b+q�roijkmbV��rshv���0~�l&®obVh�imh6ÆNb?p¤q�ijlAh6d0±
·¼b¬q�^vb+h�h0b+b?��q�l"~�bVp+l&®obV~
q�^0b¯no~�bVrsq�bV~�rop+p+u0~4rop�x6¥¦~�loa q�^0b¯imh�q�bV~�a2bV�0imrsq�b¯~�bVw�u0k°q��"ÆNb?p¤q�imloh»��w�^0l&� w¬^0l&� q�l���l�ijq�ijh£r�¥¦bV�
�0lou0z0kmb�¡¢b�©Nq�b+hv��b?� �[lAr&q�ijhvns¡¢�[lAijh�q�ro�0��ijq�imloh[w+±
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rts��  E� �c~��5�?z6�[~�z6y !���v�� �ax$��� � �f��~��.{�x+yH� � z6vcx+x+yHz�{ x+vJ}�~�����~��
f9lAijhvnc��l&��h�¥¦~�lAa �?�o¶'z0ijq�w_lo¥²imhAq�b+~�a2bV��itr&q�b¬rAp+p+u0~�rAp�x"q�l6�o�?¹�a¯r\xDw�b+b+a(r"w�a¯rskmk{n�rsimh�±�]_^0b¬ijac¡
�[rop¤q�lAh"�
lo~4wQq�¡¢pVrow�b��{b+~�¥¦lo~�a¯rshvp+bo«&^0l&�
b+®Ab+~?«?��imkmk0z[b��[rs~4rsa2lou0h�q
loh¯rs~4p4^0ijq�bVp�q�u0~�bVw#��ijq�^2^vrs~4���_rs~�b
�0lou0z0kmb�¡¢b�©Nq�b+hv��b?�"w�u0�0�{lo~�q\�²ijhcq�^vimw�pVrow�b_rµnobVh0b+~�itp�a"u0k°q�ij�vkjb+¡H�0~�bVp+imw�imlohc�vrop4³&rsnAbµ§;wyuvp4^2row�+.-vÀvÁ?ÂsÃ#Ä w
Æ 
 Æ6lo~µq�^0b2��}¾� kjimz0~4rs~�x���ijq�^0imhº� �_�»Ä w�� kjq�ima¯r&q�b2��rsq�^v´²ijz[­ imw9h0l�kjlAh0nobV~Zh0bVbV��b?��� imhvwyq�bVrA�¾«=i°q
itw9�[l�w�w�imz0kjb'q�l�uvw�b�q�^vb2p+kmrAw�w�itp+rsk²q�b?p4^0h0it|Auvb"lo¥�~�bV�0~�bVw�b+h�q�imh0n�r�^0ijnA^�¡¢�0~�b?p�itwyimlohºh�uva'z{b+~¬row9r�w�u0a
lo¥²qQ�
l��vlArsq�imh0ns¡¢�[lAijh�q�hNu0a'z{b+~4wV«���^0imp4^6p+roh�^vlokt�F�\ds¶"z0ijq�w�lo¥#�0~�bVp+imw�ijlAh�±

ÆNu[p4^cro~�p4^0ijq�b?p¤q�u0~�b?w²imhvp+kjuv�0b/q�^0b_u0z0it|�u0i°q�louvw
�Q�µ�AdZ�0~�l�p+bVw�wylA~�¥¨rsa2imkjimbVw�zNx�� h�q�bVk�rshv�c�Z���"«srsh[�
q�^0bD� h�q�bVk��¢q4rsh0imu0a �0~�lNp+bVw�wylA~�wV±�Æ�loa2b¯lsq�^0b+~"ijhvwyq�~�uvp�q�imloh£w�b�q�w�§;ÆN�[rs~4ps«
}
l&�
b+~?«²}¾� ¡¢���yÆ 
 ­�^vr\®Ab
�v~�l&®NitwyimlohF¥¦lo~c|Au[ro� �0~�bVp+imw�ijlAh §¦��ijq�^ �A�?d�z0ijq�w"ls¥�a¯rsh�q�imw�w�r�­¤±�� kjq�^vlou0nA^£i°qcimw"p�u0~�~�b+h�q�kmxºa2lAwyq�kmx
w�ls¥åqQ�_rs~�b�¡¢zvrAwyb?�¾«Aa2lA~�b¬rshv��a2lo~�b9^vrs~4���_rs~�b9w�u0�0�{lo~�q���ijkmk�z{b�r\®\roijktrszvkjb9ijh�q�^0b¬¥¦u�q�uv~�bA±

]_^0b�z[bVh0b��0q4w�lo¥
uvw�imh0n���louvz0kjb+¡¢�0lou0z0kmb�¡¢b�©Nq�b+hv��b?��§��	�Z�/­"rs~�ijq�^0a2b�q�impc¥¦lA~�imhAq�b+~�hvrsk/p�loa2�0u0q�r&¡
q�ijlAhvw_ls¥�b+kmb+a2bVhAq4rs~�x2¥¦u0hvp�q�imlohvw ro~�b9q�^0b9¥¦lokmkjl&��imh0n0�


 � kmnolA~�ijq�^0a¯w'¥¦lo~2p�lAac�vu�q�imh0n¼loh£hNu0a"z[bV~�wcrow'q�^0b6w�u0a ls¥�qQ�
lF��lAu0z0kmb�¡¢b�©Nq�bVhv��b?� �vlArsq�imh0ns¡
�[lAijh�q hNu0a"z[bV~�w�ro~�b¬�
b+kmk¾³�hvl&��h �Ú�\�#rohv���
b+kmk��0~�l&®obVh �Òd��¢±


 ]_^0b+x¼rs~�b"a"uvp4^»wyima2�0kmb+~¬q�^[rsh¼aclA~�b2nAb+h0bV~�rok
a"u0kjq�im�0kjb+¡H�v~�b?p�itwyimloh rs~�i°q�^0a2b�q�impo«#rsh[�º^vr\®Abcr
a'uvp4^�w�a¯rskmkjbV~
a2bVaclA~�xD¥¦l�loq��0~�imhAq?±


 ���µ�ºitw#h0lsq²~�bV|�u0im~�bV�9¥¦lo~²q�^0b/�/lAkjb�ls¥Nq�^0b
p�lAac�vu�q�rsq�imloh�±
]�xN�0itp+rokjkmxo«V¥¦lo~#b�©0rsa2�0kmbo«&r_¥¦u0h[p¤q�imloh
imw/rs�0�v~�l\©�ima2rsq�b?�"zNx2r¬�[lAkjxNh0lAa2imrokvimh
� lo~�h0bV~�¥¦lo~�a6«Arsh[�2loh0kmx'q�^0bZktrowyq�¥¦b+� ijq�bV~�rsq�imlohvwTh0b+b?�
q�l�uvw�b���louvz0kjb+¡¢�0lou0z0kmb�rs~�i°q�^0a2b�q�impo±#� h2p�lAhAq�~�rAwQq?«suvw�ijhvn¬r9a"u0k°q�ij�vkjb+¡H�0~�bVp+imw�imloh'kmimz0~�ro~�x�u[wyuvrokjkmx
a2bVrsh[w
q�^vrsq�q�^0b���^0lAkjb�p+loa2�0u�q4r&q�imloh6itw_�[bV~y¥¦lA~�a2b?��imh6^0ijnA^��v~�b?p�itwyimloh�±


 ��rshNx�lA��q�ima2ij¿?r&q�imloh[w
ro~�b
�{lAw�wyimz0kmb/��^0bVhcw�loa2b_p�lAhvwQq4rsh�q�w
§åqQxN�0itp+rokjkmx�q�^0b�wya¯rskmkNijh�q�b+nobV~�w
rsh[�
q�^0b��{l&�
b+~4w/lo¥#qQ�
l�­
ro~�b9b�©0rop�q�kmxD~�b+�0~�bVw�b+h�q�roz0kmb9rAw_loh0kmxDlohvb��[lAr&q�ijhvns¡¢�[lAijh�q�hNu0a'z{b+~?±


 � h0loq�^0bV~'lA��q�ima2ij¿?r&q�imloh¼q�bVp4^0h0it|�u0bo«���u0b2q�lFf¬rsk�� ¶��¢«�imw�q�l�uvw�b¯uvw�b����µ� p+lohvwyq�rohAq4w¬��^0itp4^
rop�q�uvrokjkmxº^0lAkm� a2lA~�bcq�^[rsh �?do¶�z0i°q4w�lo¥�rAp+p+u0~�rAp�xA±�]_^0itw�imw'h0lsq�q�~�rohvw��[l�w�roz0kjbcq�l�a'u0kjq�im�0kmb�¡
�0~�bVp�itw�ijlAh�±


 �Zw'q�^0b�q�ro~�nAb�q��0~�bVp+imw�ijlAh»imw"rskm�
r\x�w�kmbVw�w�q�^vrsh �A�V¹6z0ijq�wcrsh[�¼q�^0b����µ� ¥¦lA~�a¯r&q"lsÅ=b+~4w¯�?do¶
z0ijq�wV«²q�^0b+~�bDrs~�b¯r&q�kmbVrowyq�¹6z0ijq�wD§¨uvwyu[rskmkjxFaclA~�b\­µq�l�kmlAw�bcq�l�rs�v�0~�l\©�ima¯r&q�imloh¼rshv�¼~�lou0h[��ijhvn
b+~�~�lA~�wV«N��^0itp4^�^0bVkj�[w ��bVw�imnoh�¥¨rowyq�rokjnAlo~�i°q�^0a¯w+±


 ]_^0b'��^vlokmb�p�loa2�0u0q�r&q�ijlAh�z[bVkjlAh0nAw q�l¯q�^0b,�vl�r&q�ijh0no¡H�{loimh�q �0im�[bVkjimh0bo±Z� h��vrs~�q�itp�u0ktrs~?«�q�~�rohvwyktr&¡
q�imloh6ls¥#q�^0b�~�bVw�u0kjq zvrop4³2q�lDr2��lou0zvkjb¬itw�®obV~�x¯b �¯p+ijbVh�qV«vrAw_��ijkmk�z{b�wy^0l&��h�ijh�ÆNb?p¤q�ijlAh6�v±


 � h'r�'{im®�¡Hkmim³ob�qQ�
ls¡ wQq�b+��ro�0�0~�lArop4^²«�q�^vbt�v~4wQq
wQq�b+����imkjk�z{b/��lAh0b�imh'��lAu0z0kmb�¡¢b�©Nq�bVhv��bV�¬�v~�b?p�itwyimloh�«
rshv��q�^vb¬w�bVp+lohv��wyq�b+����imkjk¾z{b�p�loa2�0u0q�bV��imh��	�Z�Z±0�¢¥
z{lsq�^�wyq�bV�vw_uvw�b9q�^0b�w�rsa2b9ro~�ijq�^vacb+q�itps«
q�^0bVxºp�lAu0kt�ºrsktw�l�w�^vrs~�b"w�loa2bcijh�q�b+~�acb?��itr&q�bc~�bVw�u0k°q4w+±� 0lA~9imhvwyq�rohvp�bA«=q�rszvu0kmrsq�b?�º®&rskmu0b?wµa¯r\x
z[b�wyq�lA~�b?��row/q�^0b9w�u0a lo¥�qQ�
lc��lAu0z0kmb�¡¢b�©Nq�bVhv��b?�¾«N��i°q�^�q�^0b �v~�wyq�wQq�b+��kjl�ro��imh0n'lAh0kmx2q�^0b �v~4wQq
q�bV~�a6±�]_^0imw2�
louvkm�¸~�b?��uvp�b�q�^0b6acbVa2lo~�x ¥¦l�loq��0~�imhAq¯lo¥Zq�^vb�l&®Ab+~4rskmk/bV®&rskmuvr&q�ijlAh�«T��ijq�^ q�^0b
ro�0�0i°q�ijlAhvrsk¾z{b+h0b(�0q q�^vr&q_q�^vb��0r&q4r'¥¦lA~�q�^vb¬w�bVp+lohv��wyq�b+�6�
lou0kt��rskm~�b?ro��x¯z{b�ijh�q�^0b�p+rAp4^0bo±
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]_^0itw�ktrowyq��{loimhAq
imw�q�^vbZa2lAwyq�bZw��{bVp�uvkmrsq�im®ob lo¥²rskmk;«Nrow/rsh�rokjnAlo~�i°q�^0a b+©N�vkjlAi°q�ijh0n�q�^0itw�it��b?r'wyq�imkjk
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  0lA~ |x| < 2−44
«o��^0bV~�b�q�^0b a2lAwyq/��i��Dp�u0kjq/pVrow�bVwTro~�bA«o�
b p+rshDp+loa2�0u�q�b

ex
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ex ≈ 1+p(x)
«

��^0b+~�b
p
itw2rº�{lokmxNh0loa2itrsk�rs�v�0~�l\©�ima¯r&q�imh0n

ex − 1
��i°q�^

|p(x)| < 2−43
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|p(x)| < 2−29
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 0u0h[p¤q�imloh � h�q�bV~�®&rsk p�~�i°q�impVrsk¾ropVp�u0~4rop+x¯loh
f

y = log(x) x ∈ F
�,��� zvi°q4w

y = 2x x ∈ F
� ��� z0ijq�w

y = log2(x) x ∈ F
���	� z0ijq�w

y = arccos(x) cos( 12867
8192

) ≤ |x| ≤ 1
�,��
 z0i°q4w

y = cosh(x) 2−6 ≤ |x| ≤ 25
� �,� z0ijq�w

y = arccosh(x) cosh(2−6) ≤ |x| ≤ cosh(25)
� ��� z0ijq�w
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y = ex 2−54 ≤ |x| < 2−44
�?�o¶'z0ijq�w �,��� zvi°q4w

2−44 ≤ |x| < 2−30
�V�A¶'z0ijq�w ���
� zvi°q4w

|x| ≥ 2−30
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y = cos(x) 2−25 ≤ |x| ≤ 2−22
�+�Nd�z0ijq�w �	� z0i°q4w
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 ~�ijq�itp+rok�ropVp�u0~4rop+x2¥¦lo~_¥¦u0hvp�q�imlohvw ls¥²q�^0b¬qQxN�[b

f(x) = 1 + p(x)
±

� b+a¯rs~�³�q�^[r&q'imh£rsh imac�vkjbVacbVh�q�r&q�ijlAh ls¥_q�^0b�b�©��[lAh0b+h�q�imrok;«²q�^0b�w�rsa2b¯�{lokmxNh0loa2itrsk
p(x)

a¯r\xFz[b
u[wyb?��¥¦lo~¬rskmk
q�^0b2w�a2rokjk�ro~�nAu0a2b+h�q�w"§¦ijq¬��imkmk
z{b¯rD®&rs~�itr&q�imloh �j�V����loh�q�^0b2]#r\xNkmlo~¬rs�0�0~�l\©�ija¯rsq�imloh[­�±
� h�q�^0imwµp+rAwybA«�q�^0b�qQ�/lX�v~4wyq kjimh0bVwZls¥�]#roz0kmb'd2rs~�b�loh0kmx�~�b+kmb+®&rsh�q�q�l2q�^0b��v~�lNls¥�ls¥�ropVp�u0~4rop+xo«0hvlsq�q�l
ima2�0kmb+a2b+h�q�rsq�imlohºp+lohvw�it��b+~4r&q�ijlAhvw+± 
 lohN®obV~�w�b+kmxo«[i°¥µ�o�?�Dz0ijq�wµimwµq�lNl���i �Dp+u0k°q�r�q�rs~�nob+qV«[q�^0b2w�a2rokjkmb+~
imh�q�bV~�®&rsk/p+rsh»z{b�zv~�lA³ob+h»��l&��h»imh�q�l�a2lA~�b¯imh�q�b+~�®&rsktw¬¥¦lo~'q�^0b��0u0~��[l�wyb¯lo¥_q�^0b��0~�lNlo¥Q±6]_^vb�kml&�/bV~
z{louvhv�DlAh¯q�^0b9b�©��{bVp�q�bV��p�~�i°q�impVrsk=ropVp�u0~4rop+x"lAh

p(x)
imw

53 + 54 = 107
z0ijq�w
lAh�r�z0imhvrA��bo«N^0l&�
b+®Ab+~?±

]_^vimw_~�b+a¯rs~�³Drsktw�l2ro�0�0kmijb?w
q�l2lsq�^0b+~_¥¦uvhvp¤q�ijlAhvw+±

ã ��
 ã��
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 0uvhvp¤q�ijlAh � h�q�bV~�®&rok p�~�i°q�impVrsk�rAp+p�uv~�rAp�x¯loh
f

p�~�i°q�impVrsk�rAp+p�uv~�rAp�x¯loh
p

y = sin(x) |x| < 2−17
�?d ('z0ijq�w �,��� z0ijq�w

2−17 ≤ |x| ≤ 2 + 4675
8192

� ��� z0ijq�w
y = arcsin(x) sin(2−24) ≤ |x| ≤ sin(2−19)

�?d ('z0ijq�w ����� z0ijq�w
sin(2−19) ≤ |x| ≤ sin(2−18)

�?do�'z0ijq�w ���,
 z0ijq�w
sin(2−18) ≤ |x| ≤ 1

�,��� z0i°q4w
y = tan(x) 2−25 ≤ |x| ≤ 2−18

�V��d�z0ijq�w �,��� z0ijq�w
2−18 ≤ |x| ≤ arctan(2)

�,� � z0ijq�w
y = arctan(x) tan(2−25) ≤ |x| ≤ tan(2−18)

�?d ('z0ijq�w ���
� z0ijq�w
tan(2−18) ≤ |x| ≤ 2

�,��� z0i°q4w
y = sinh(x) 2−25 ≤ |x| ≤ 2−18

�?d ('z0ijq�w ���
� z0ijq�w
2−18 ≤ |x| ≤ 2−12

�o�V�"z0ijq�w ���
� z0ijq�w
2−12 ≤ |x|

���	� z0ijq�w
y = arcsinh(x) sinh(2−25) ≤ |x| ≤ sinh(2−12)

�?d ('z0ijq�w �,��� z0ijq�w
sinh(2−12) ≤ |x|

� ��� z0ijq�w
]
rsz0kmb��+� 
 ~�i°q�impVrsk�ropVp�u0~4rop+xc¥¦lo~_¥¦u0hvp�q�imlohvw ls¥
q�^0b¬qQxN�{b

f(x) = x + p(x)
±

� � 	��
�
����� ��	������������!���#����� ��	���*6���/.v��	���*6���/.v�
12�#���������������4�#5D.
�!�
�#���

]_^vimw�wyb?p¤q�imloh noim®obVw¯qQ�/l»q�^0b+lA~�bVa¯w�w�^0l&��ijhvn£^0l&�½q�l ~�b?p�l&®obV~2q�^0b¼p�lA~�~�bVp�q�kmx¸~�lou0hv�0bV��®&rskmu0bºlo¥
1 + p(x)

rohv�
x + p(x)

rAw�ij¥/q�^0b¯¥¦u0kmk��
lo~4wQq�¡¢pVrow�bcrAp+p+u0~�rAp�x��_row�r\®&rsimktrsz0kmbo«#uvwyimh0n�lAh0kjxF��lou0zvkjb+¡
�0lou0z0kmb¬�0~�bVp�itw�ijlAh�ro~�ijq�^0a2b+q�itps±

]_^0itwDw�bVp�q�imloh rAw�w�u0a2bVwcq�^vr&q2q�^0b�wyx�wyq�bVa uvw�bV� �0~�l&®Nit��bVw2��lAu0z0kmb�¡¢b�©Nq�bVhv��b?� ro~�ijq�^0a2b+q�itp���ijq�^
� ���T��¡y�s�&�o¡¢p+loa2�0kmimroh�q_~�louvhv��imh0nv±_]_^0itw itw�q�^vb'p+rAwyb�lo¥
q�^0b��Q�µ�Adc�0~�l�p�bVw�w�lo~_¥¨rsa2imkjimbVwZzNx�� h�q�bVk#rsh[�
�µ���"«�row2�
b+kmkZrowcq�^0b�� }_ª\� h�q�bVk �Q��¡ (s��§¦�¢q4rsh0imu0aD­c¥¨rsa2imkjxA± �µh q�^0b?wyb�w�xNwyq�bVa¯w+«/q�^0b�a¯rohAq�imw�w�r
p+lohvw�itwQq4w¬ls¥�(o�6z0i°q4w+±D� �\ds¶s¡Hz0ijq¬h�uva'z{b+~'pVrsh¼z[b¯^vrohv��kmbV�¼row9q�^0bDwyuva ls¥
qQ�
l���lAu0z0kmb�¡¢b�©Nq�bVhv��b?�
hNu0a"z[bV~�w�§������ ¥¦lo~c��lou0zvkjb+¡¢��lAu0z0kmb�¡¢b�©Nq�bVhv��b?�v­¤±¼·FbVkjkj¡¢³�hvl&��h q�bVp4^vh0im|�u0b?w'b+©�imwyq'¥¦lA~cp+loa2�0u�q�ijh0n
q�^0b¬wyu0a lA~�q�^0bµ�v~�l���uvp�q/lo¥¾qQ�/lcwyuvp4^ ���µ� hNu0a"z[bV~�wV«�lo~/¥¦lo~_p�loa2�0u0q�imh0n'b+©�rAp¤q�kjxcq�^vbµw�u0a�lo~/q�^0b
�v~�l���uvp�q�ls¥
qQ�/l¯��lAu0z0kmb�¡¢�0~�b?p�itwyimloh�hNu0a'z{b+~4w�row_r �	�Z� ±

� h q�^0bD¥¦lAkjkml&��ijhvn 64
⊕
rn

��bVh0lsq�bVw�q�^0bD� �T����¡¢p+loa2�0kmimroh�q"a¯rop4^0imh0bDrA�0��ijq�imloh»imh£��lou0zvkjb+¡Hb+©�q�b+hv�0bV�¾«
~�louvhv�¬q�lµh0bVro~�b?wQq
a2lN�0bo«srsh[� 53

⊕
rx

��bVh0lsq�bVw²q�^0b
a¯rop4^0imh0b�lA�[bV~�rsq�imloh�q�^vr&q�ro�0�vw²qQ�
lZ��lAu0z0kmb�¡¢b�©Nq�bVhv��b?�
hNu0a"z[bV~�w�rohv�F~�lAu0hv�0w9q�^0b¯b�©0rop�q�~�b?wyu0kjq¬q�l�rohF� �T��� ��lou0zvkjb2uvw�ijhvn6q�^0b¯uvw�b+~�¡ wybVkjb?p¤q�b?��~�lou0h[��ijhvn
a2l���bA± ]_^0bVw�b6lo�{b+~4r&q�imloh[wcro~�b�a¯rop4^0imh0b6lo�{b+~4r&q�ijlAhvw2loh�rs~4p4^0ijq�b?p¤q�uv~�b?w"��^vimp4^�wyuv�0�[lA~yqD��lAu0z0kmb�¡
b+©Nq�b+h[��bV���0~�bVp+imw�ijlAh�±


�
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�?� �c 1	���
��$���4
��G����
���8������������\�*����
)��	��������A8���� ���%	��+8
	H�����%
(�

�Es�r uw�[�-y
1 + p(x)

�	� ÈNÌ � È � � ��� 	�
��
ph

�����
pl

/�
��)(c	 �4	��0/( 1
�2�

34�%
(���4
��7�0��"#/

(���,���0�
8 �98+���E��80
���
#

34� ���*�����w���$2
�5
%�4
(�

k
���6�e� ��
��� 

ε
���0�
87�98+����+

• ph + pe = p(x)(1 + ε)

• ph = ph

64
⊕
rn

pl

• ph < 2−k
&

• 2 < k < 52
�

• ε
� �7��"#�� � !
�� �98+���

2−m
� (�8+
(��


m ≤ 119
� �7�98+
 (c	������)2������(
 �.�������
�.�(& �.����
(� ���T/�	� 1� ���

�0�4/� !
���&
�68+
(�X��	��G���$&#��	����6������� "#	\�4


rx
�J�98+
G���+���)���0�(�:�*	��N�(
0/��0
(����
 +

th + tl ← Fast2Sum64(1, ph)

r ← tl
64
⊕
rn

pl

z ← th
53
⊕
rx

r

��	�"'�6���%
������
z
�98+
?���� �0


1 + p(x)
��	����


�(�: �&��
	������4
����%	#�4	��0/( 1
��6��
���� ���*	�� ���N��80
?��	������������X"#	\�4


rx
&

]_^0b¼row�wyuvac�0q�imloh
ph = ph

64
⊕
rn

pl

imw�h0lsq�~�b?wQq�~�itp¤q�ij®Ab�r&q�rokjkH«�imh �vrs~�q�itp�uvkmro~Di°q�imw�w�rsq�itw �[bV��ij¥
ph + pl

ro~�bµq�^0b¬~�bVw�u0kjq_lo¥
rX vrAwQq¤doÆNuva�lo~' vrAwQq¤ds��uvk°q rskmnolA~�ijq�^va�«�rAw/itw
q�^vb¬pVrow�b¬ijh6rc�[lAkjxNh0lAacitrsk
bV®&rskmuvr&q�ijlAh�imh��Zlo~�h0b+~_¥¦lA~�a6±��¢q itw rsktwylcbVrAwyxDq�l¯w�rsq�itwQ¥¦x�i°¥

ph + pl

ro~�bµq�roz0u0ktr&q�b?��®\rokjuvbVwV±

� � Ì�Ì,�2·¼b'³Nh0l&�Y¥¦~�lAa(]
rsz0kmb"dcq�^vr&q 53
◦
rx

(1 + p(x)) =
53
◦
rx

(1 + ph + pl)
±�·¼b�q�^vb+~�b�¥¦lo~�b�h0bVbV��q�l

�v~�l&®AbZq�^vr&q
z =

53
◦
rx

(1 + ph + pl) 
imnou0~�bVw_��rsh[�cd9nAij®Ab
roh"l&®Ab+~�®�imb+�¸ls¥vq�^0b�a¯rsh�q�itw�w�rAw#imhN®olAkj®AbV��imh2ijh[wQq�~�uvp�q�imloh2wyb?|�u0b+hvp+b�rsz{l&®obo±
�µh q�^0bVw�bX�vnouv~�b?w+«²q�^0bDa2b?rsh0imh0n�ls¥
q�^vbD®obV~yq�impVrsk�kmijh0b?w�itw¬q�^vb¯¥¦lokmkjl&��imh0n$����hNu0a'z{b+~'wyq�~�itp¤q�kmx

w�a¯rskmkjbV~¬ijh a¯rsnAh0i°q�uv��bcq�^[rsh
2−n

^vrow�rokjk�q�^0b2z0ijq�w�lo¥/ijq�w�a¯rsh�q�imw�w�r�q�l�q�^0b¯~�imno^�q¬ls¥
q�^0b2®Ab+~�q�itp+rsk
kmimh0bcrsq

2−n
±¬� hºloq�^0bV~µ�
lo~4�0wZq�^0bcz0ijq9lo¥�a¯rsnohvi°q�uv��b

2−n
itwµq�^0bcz0ijq9ima2a2bV��itr&q�b+kmx6q�lDq�^0b2kjb+¥åq9lo¥

q�^0b�kmijh0bA±
]_^0b� vrAwQq¤doÆNuvaObVhvw�u0~�b?w¾q�^vr&q

th = 1
64
⊕
rn

ph

rsh[�
th+tl = 1+ph

«?q�^0bV~�b+¥¦lo~�b��
bT^vr\®ob
1+ph+pl =

th + tl + pl

±
´²b�q

k
z{b q�^0bZktrs~�nob?wQqTimh�q�bVnob+~
wyu[p4^2q�^vrsq

ph < 2−k
±�]_^0itwTa2bVrohvw�q�^vr&q/q�^0bµa2roh�q�itw�w�r¬ls¥

ph

rsh[�
1
ro~�b¬imhv��b+b?��rokjimnoh6row_lAh�q�^0b?�vnAu0~�bA±

ã ��
 ã��
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2−k 2−52 2−63 2−63−k 2−127

1 � �������������������������������	�
�����
�
ph + pl

th + tl � ������� �����������������������������������
r

 
imnou0~�b2�.� 
 row�b
ph ≥ 0

2−k 2−52 2−63 2−63−k 2−127

1 � �������������������������������	�
�����
�
ph + pl

th + tl � ��� � �������������������������������������
r

 
imnou0~�b�d�� 
 row�b
ph < 0

� È � �£� � � 

1/2 < |th| < 2 � 	������98+
 "#���$�)� ���(��	 � ph

�����
1
����
 �����4
�

���� �� �.��
�� ���N	�� �98+


� �����

�����&
� � Ì�Ì,�# 0~�loa

ph < 2−k < 2−2
±

� È � �£� � � �
|tl| < 2−63

&

� � Ì�Ì,� �Zw�imh0n¯´�b+a2a¯r¯�0±Òd�«�q�^0imw imw�bVhvw�u0~�b?��zNx¯q�^0b� vrAwQq¤doÆNuva,(o�"�v~�l���uvp+ijhvn
th + tl

±
� È � �£� � � ���  � +�98+
 /����)��	 �

tl
	��E"X�\���$���)�0�4
E���:���*���: �&?��"#�� � 1
(�'�98+���

2−63−k
����
��\
(��	�
�� � �98�� ���� �(	���.�0
�������	�� ��80
 � ������
���&

� � Ì�Ì,�¯]_^0bG [rowyq4dAÆNu0a (s�2�0~�l���uvp�imh0n
th + tl

bVhvw�u0~�b?w_q�^[r&q
th + tl = 1 + ph

b�©0rAp¤q�kmxo±_]_^0bV~�b+¥¦lo~�b
rokjk=q�^0b�z0ijq�w�lo¥

tl
ls¥
a¯rsnohvi°q�uv��b�w�a2rokjkmb+~
q�^vrsh�q�^[r&q ls¥#q�^0b�ktrowyq�z0ijqZls¥

ph

ro~�b9¿+bV~�lNbVwV±��Zw
k
itw_q�^0b

ktrs~�nob?wQq
ijh�q�b+nobV~�wyuvp4^�q�^vrsq
ph < 2−k

q�^vb9ktrowyq_z0i°q lo¥²q�^0b¬a2roh�q�itw�w�r�lo¥
ph

^[row
a¯rsnohvi°q�uv��b
2−63−k

±
� È � �£� � � �

|pl| < 2−63−k � 	��T�98+
 � �.����
 � pl

� � �� (c��&���	�� ��80
 ��� ��8�� 	��=�98+
 ��
(���:�*�
�� � ����

2−63−k

��&
� � Ì�Ì,�# 0~�loa

ph = ph

64
⊕
rn

pl

rshv�
ph < 2−k

±

� È � �£� � � 
 �68+
�����"
r ← tl

64
⊕
rn

pl

���$��	� ���
�����	���������& ���
	
�0�(�-���:�*	��,&
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� � Ì�Ì,�¯´�bVa2a2rsq�r2�0± �¯rshv���0±Ò�cwy^vl&� q�^[r&q�q�^vb+~�b9itw_h0l¯l&®Ab+~�kmro�Dls¥�h0loh0¡H¿Vb+~�l'z0ijq�w_¥¦~�loa
pl

rshv�
tl
±

� È � �£� � � �
|r| < 2−63

&

� � Ì�Ì,�¯]_^0itw�itw�rc�0ij~�bVp�qZp�loh[wyb?|Auvb+hvp+bµlo¥
kmb+a2a¯r&q4rc�v± �2rohv���v± (v±

� È � �£� � � �
th

53
⊕
rx

r
� �,
(����80
�� 53

◦
rx

(th)
�J	��?���*� ���0���

����(	����c	��?���)�t���


�4
��

����(	��,���=�98+
 �(
(��	��?�4	��0/( 1
(2

�6��
���� ���*	�� $E	����:���-�.2!�+	����0���0��"#/

(��� &
� � Ì�Ì,�¯]_^0itw�itw�rc�0ij~�bVp�qZp�loh[wyb?|Auvb+hvp+bµlo¥
kmb+a2a¯r&q4rc�v± dcrohv���v±Ò��±

´²b+a2a¯r��v± ¶�q�bVkjktw9uvwµq�^vrsq9q�^0b2ijh0¥¦lo~�a2rsq�imlohºpVrs~�~�imbV��z�x
r
imw9�0u0~�b+kmx�|�uvrskmijq�r&q�ij®Ab.�Z]_^vbc� ���T��¡

p+loa2�0kmimroh�q�^vrs~4���_rs~�bchvb+bV�vw�lohvkjx¼³Nh0l&� ij¥
r
imw"wQq�~�itp¤q�kjxF�[l�wyijq�im®obA«�h�uvkjkH«�lo~'wyq�~�imp�q�kmxºh0bVnArsq�im®obo«#q�l

�0bVp�it��bD��^vimp4^»lo¥
q�^0b¯q�^0~�bVbD�{lAw�wyimz0kmb¯~�b?wyu0kjq�w�q�l�~�b�q�u0~�h¼imh
z
«
�0b+�{b+hv��imh0nºrokmw�l�loh¼q�^0b�~�lou0h[��ijhvn

a2l���b
rx
±/� h�q�^0b¬¥¦lokmkjl&��imh0n2�
b¬�0b+h0loq�b¬zNx=��� ����q�^0itw�imh�¥¦lo~�a¯r&q�imloh²±

�Zl&� q�^vb9lA�[bV~�rsq�imloh
r ← tl

64
⊕
rn

pl

a2r\x¯imhN®olAkj®Ab9r"~�lAu0hv��imh0ncb+~�~�lA~V«Nw�lcw�loa2b9ls¥²q�^0b�ropVp�u0~4rop+xclo¥

1+ph+pl

^vrAw�z[bVb+h2kmlAwyqTijh"q�^0b ro~�nAu0a2b+h�q�w
th
rohv�

r
lo¥[q�^0b��vhvrok 53

⊕
rx

±
·¼b�h0l&� h0b+b?��q�l��0~�l&®Ab�q�^vr&q
q�^0itwZ��lNbVw�h�Ä q �0~�b+®obVh�qZp�lo~�~�bVp¤q�~�lou0h[��ijhvnv±�· ^[r&qZ�
b���ijkmk²�v~�l&®Ab9itw_q�^vr&q q�^0b'w�ijnAh6ls¥

r
§¨��^0b�q�^0b+~µi°q

itw/h�uvkjkH«�wyq�~�itp¤q�kmx2�[l�wyijq�im®obA«AlA~/wyq�~�imp�q�kmx2h0b+n�r&q�im®ob\­�itw�rskm�_r\xNwTbV|�uvrsk[q�l�q�^vrsq
lo¥¾q�^0bµb�©0rop�q/wyuva
tl + pl

±
´²b�q uvw �0b��vh0b

δ = (1 + ph + pl)− th = tl + plrohv�
εr = (tl + pl)− r .

� È � �£� � � � 53
◦
rx

(1 + ph + pl) =
53
◦
rx

(th + δ)
&

� � Ì�Ì,�#�
x���b(�vh0ijq�imloh6ls¥
δ
±

�Zl&� ��^vrsq �/b�p�lAa2�0u�q�b¬itw_h0lsq 53
◦
rx

(th + δ)
z0u0q

z = th
53
⊕
rx

r =
53
◦
rx

(th + r)
imh�� �T�T��¡ p�lAac�vkjitrsh�q

~�louvhv��imh0nv±9·Fb"q�^vb+~�b�¥¦lo~�b'hvl&���0~�l&®Ab�q�^[r&q 53
◦
rx

(th + δ) =
53
◦
rx

(th + r)
±, 0lA~Zq�^0itwµijq¬imw9b+hvlou0nA^�q�l

�v~�l&®AbZq�^vr&q
δ < 2−63

�QuvwQqZrAw
r
«vrshv��q�^vr&q_q�^vb�wyimnoh�ls¥

r
itw rskm�
r\x�w�q�^0b�w�imnoh�ls¥

δ

� È � �£� � �����
δ = r + εr

&

� � Ì�Ì,�
r = tl

64
⊕
rn

pl = tl + pl − εr = δ − εr

±

� È � �£� � ���,�
δ < 2−63

&

� � Ì�Ì,�¯]_^0itw�itw"ronAroijh»r�p+lohvw�bV|�u0bVhvp�b¯lo¥�´²b+a2a¯r&q4r��0± �ºrsh[�»�0±Ò����^0imp4^ wy^0l&� q�^[r&q'q�^0b+~�bDitw�h0l
l&®Ab+~�kmro�Dls¥�h0lAh�¡H¿Vb+~�l"zvi°q4w
¥¦~�lAa

pl

rsh[�
tl
«vrohv��¥¦~�lAa�´�bVa2a2r2�v± �6§

|tl| < 2−63
­¤±

ã ��
 ã��
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� È � �£� � ��� 

|εr| < 2−127

&

� � Ì�Ì,�# 0~�loa
εr = (tl + pl) − (tl

64
⊕
rn

pl)
«_rshv�

|tl| < 2−63
§;´�bVaca¯r �0± �A­crohv�

|pl| < 2−63−k

§;´�bVaca¯r2�0±Ò�o­�±

� È � �£� � ������� �
|δ| ≥ 2−127

�98+
(� 53
◦
rx

(th + δ) =
53
◦
rx

(th + r)

� � Ì�Ì,�¯�Zw
|εr| < 2−127

§¨´²b+a2a¯rF�v±j�\do­¤«�ij¥
|δ| ≥ 2−127

q�^0bVh£q�^0b�w�imnoh¸lo¥
r
itw'q�^0b6wyimnoh ls¥

δ
±

´²b+a2a¯r&q4r"�v± d0«��v±Ò�'rshv���0±m�o�µb+hvw�u0~�bZq�^vr&q_loh0kmx2q�^vimw_imh�¥¦lo~�a¯r&q�ijlAh�itw
w�imnoh0i1�[p+roh�q/imh�z{lsq�^�~�lou0h[��ijhvn
lA�[bV~�rsq�imlohvwV±

� È � �£� � ��� ��� �
|δ| < 2−127

�98+
(� 53
◦
rx

(th + δ) =
53
◦
rx

(th + r)

� � Ì�Ì,�# 0~�loa
|δ| < 2−127

«
|εr| < 2−127

§¨´²b+a2a¯r9�v±j�\do­#rshv�
r = δ−εr

§¨´�bVa2a2r¬�v±j�?�A­²�/b���b?��uvp�b
q�^vr&q

|r| < 2−126
±��¢q'ija2�0kmimbVw�q�^vr&q

tl = 0
«
rAw�rskmk�ijq�w�hvloh�¡¢¿+bV~�l6z0ijq�w"rs~�bclo¥�a2ronoh0ijq�u[��b¯no~�bVrsq�b+~

q�^vrsh
2−63−k

��ijq�^
k < 52

§¨´�bVa2a2r¯�v± �N­¤±�]_^vimw�imh6q�uv~�h6imac�vkjimbVw_q�^vr&q
r ← tl

64
⊕
rn

pl

�_row_b+©0rop¤q?«0lo~
εr = 0

«Nq�^0bV~�b+¥¦lo~�b
δ = r

±

´²b+a2a¯r&q�r¬�v±j�V�9rohv�"�v±j�?�µw�^0l&�»q�^vr&q�imh¯rskmk0p+row�bVwV«
th

53
⊕
rx

r
itw
q�^0b�p+lo~�~�b?p¤q�~�lAu0hv��imh0n9ls¥

1+ph+pl

«
rohv��q�^0bV~�b+¥¦lo~�b9lo¥

1 + p(x)
±�]_^0itw p+lohvp+kjuv�0bVw
q�^vb9�v~�lNls¥
ls¥
q�^0b¬q�^0b+lA~�bVa6±

�Es�� uw�[�-y
x + p(x)

�	� ÈNÌ � È � � ����� 	H
(�
x
/�
����.	��0/( 1
(2!����
��(� ���*	�� �0��"#/�
����������c���$�%	��e�4	��0/( 1
�2�

34�%
(���4
�� �������# !
��

ph�����
pl

/�
,� (c	e�.	��0/� !
�2�

34�%
(���4

� �0��"#/�
��������0��87�98+���J�98+
(��
G

34� ���*�����=���$�%
%�-
��
k
�����e�#��
��� 

ε
���0�
8

�98+����+

• ph + pe = p(x)(1 + ε)

• ph = ph

64
⊕
rn

pl

• ph < 2−kx
&

• 2 < k < 52

• ε
� �7��"#�� � !
�� �98+���

2−m
� (�8+
(��


m ≤ 119
� �7�98+
 (c	������)2������(
 �.�������
�.�(& �.����
(� ���T/�	� 1� ���

�0�4/� !
�� &
�68+
(�X��	��G���$&#��	����6������� "#	\�4


rx
��80
����0���)���0�(�)�*	��N�(
0/��0
(����
 +


�
 ä�¡0¢�£�¤�¥
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th + tl ← Fast2Sum64(x, ph)

r ← tl
64
⊕
rn

pl

z ← th
53
⊕
rx

r

��	�"'�6���%
������
z
�98+
?���� ��0


x + p(x)
�
	�����
����: �&���	����6�.
����5	#�.	��0/( 1
�����
��(� ���*	��=��� ��80
?��	������������X"#	\�4


rx
������	��\�*�4
��e�6	#���6�.
(� $�	 ( 	\���(����� ��� ��80
���	�"'�6���%���)�*	��w	 �

th
&

�Zlsq�b�q�^vrsqDq�^0b�uvhv��b+~��vl&� ��itw�p+kmroija2b+~�imw¯hvlsq�r �0~�lozvkjbVa imh q�^0bºp+loh�q�b+©�qDlo¥�ija2�0kmb+a2b+h�q�ijh0n
bVkjbVa2b+h�q�ro~�x�¥¦u0hvp¤q�ijlAhvw��_� kmk#q�^0b�¥¦uvhvp¤q�ijlAhvw lo¥
q�^0b�qQxN�{b

x + p(x)
p+rsh�z{b���~�i°q�q�b+hº��i°q�^�rD]#r\xNkmlo~

w�b+~�imbVw
x+kx2+o(x2)

«\rohv�9q�^vb�p+rAwyb?w¾��^0b+h
x
imw#wyl w�a¯rskmksq�^vr&q²uvhv��b+~��vl&�¼�/lAu0kt�¬lNpVp�u0~#rs~�b�^vrshv�0kjb?�

w�b+�[rs~4r&q�bVkjx2zNxD~�b�q�u0~�hvijh0n
x
lo~_ijq�w�w�uvp+p+bVw�wylA~
lA~_�0~�b?��bVp+bVw�wylA~V«N��bV�[bVhv��imh0n2lohDq�^0b�~�lou0hv�0ijh0nca2l���bo±

� � Ì�Ì,�¯]_^0bT�v~�lNls¥�imw²®obV~�xZw�imacimktrs~¾q�l_q�^vrsq²ls¥�]_^0b+lA~�bVaY�v±j����ijq�^�rskmkorozvwylAkju0q�b�a¯rsnAh0i°q�uv��b?w¾~�bV�0ktrop�b?�
��ijq�^¼~�b+ktr&q�im®ob?wZa¯ronoh0ijq�uv�0bo±']_^0bca¯rsimhF��ijÅ=b+~�b+hvp+bcitwµq�^vrsq9ij¥

ex

imw9q�^0bcb�©��[lAh0b+h�q¬ls¥
x
«¾q�^0b+hFq�^0b

b+©��[lAh0b+h�q�ls¥
th = x

64
⊕
rn

p(x)
a2r\x�z{b

ex

lo~
ex + 1

lA~
ex − 1

±¯]_^0imw9q�^0im~�� p+rAwybcitw���b+�0itp¤q�bV�¼loh
 
imnou0~�b �0± � l&�
b+®Ab+~?«\q�^0bµ®&rskmu0b�ls¥

x
^vrAwT��itw�ro�0�{bVrs~�bV�2rs¥åq�b+~Tq�^0bE�[~�wyqJ vrAwQq¤doÆNuva,(o�v±#�¢¥{q�^0b ~�b+ktr&q�ij®Ab

a¯ronoh0ijq�uv�0bVw¯rs~�b6~�bVkmrsq�im®ob�q�l
th
rshv� h0lsq¯q�l

x
«_b+®Ab+h q�^0bº®\ro~�imlou[wcp+lohvwyq�roh�q�w2imh q�^0b��0~�lNls¥¬rs~�b

uvhvp4^vrshvnobV��± �µhvbca¯r\xºp4^vbVp4³6q�^[r&q�u0hv�0b+~��vl&� w¬a¯r\x�l�p+p�uv~9lAh¼q�^0b¯kml&�/bV~�wyu0z0¡H�
lo~4�0wc§¨rskjq�^vlou0nA^
q�^0b+x���ijkmk¾z{b�rowyq�~�loh0lAacitp+rokjkmx¯~4rs~�bµimh�r"~�bVrok=ija2�0kmb+a2b+h�q4r&q�imloh{­¤±

2−52 2−63 2−63−k 2−127

x � ��� � �
� ����� � �

ph + pl

th + tl � ������� ������������������������������� � �
r

 
imnou0~�b �+� 
 row�b���^0b+h2q�^0b b+©N�{lohvb+h�qTls¥
th
itw

1
�vkjuvw�q�^vrsq�ls¥

x
± � bV~�b_q�^0b a¯rsnAh0ijq�uv��b?w�ro~�b_~�b+ktr&q�im®ob

q�lcq�^0b�b+©N�{lohvb+h�q ls¥
th
±

� � ,�, �����
�¬�#��	'��� � �/	��
�����T�#��$ ��	���������� �
1 , 	'�����"�#���'��	�� �#5��
q �
�����+���

� h q�^0itw'w�bVp¤q�ijlAh�«
�/b��0bVw�p�~�ijz{bDrsh»ima2�0kjbVa2b+h�q�rsq�imloh»ls¥�r�p+lo~�~�b?p¤q�kmx�~�lou0h[��bV� b+©N�{lohvb+h�q�itrskTlAh q�^0b
� h�q�b+kT�¢q4rsh0imu0a6«²��ijq�^0lAu�q'rshNxºp+kmroija q�^vrsq�i°q�itw¬q�^0b¯z[b?wQq��{lAw�w�ijz0kmbo±�·Fb¯nAij®Ab2rohFl&®Ab+~�®NijbV� ls¥
q�^0b

ã ��
 ã��
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rokjnAlo~�i°q�^0a6«=��^0imp4^¼~�b+kmijb?wµ^vbVr\®Nijkmx�loh p�ktrow�w�impVrsk���lou0zvkjb+¡¢��lAu0z0kmbcro~�ijq�^vacb+q�itp7�Ò��«²d��H±2]_^0b2��b�q4rsimkmw¬lo¥
ima2�0kmb+a2b+h�q�rsq�imlohvwcrsh[�£��b�q4rsimkjb?�£�0~�lNls¥¨w'ls¥µrAp+p�uv~�rAp�x rs~�b�wy³Nim�0�{bV����]_^vb+x ^vr\®ob�z[bVb+h �0u0z0kmimw�^0b?�
�v~�bV®�imlou[wykmx¼rAw2rºw�b+�vro~�rsq�b�~�bVw�bVro~�p4^»~�b+�{lo~�q��m�V���H±��Zlsq�b�^0l&�
b+®Ab+~�q�^vr&qcq�^vb��v~�lNls¥¨w"ls¥Zq�^0b�q�^0~�b+b
q�^0b+lA~�bVa¯w#imh"q�^0b��0~�bVw�b+h�q�rs~�q�itp�kmb_b�©Nq�bVhv�"rohv�cp�lo~�~�bVp¤q
q�^vb
�v~�lNls¥{ls¥[q�^0b�p�lA~�~�bVp�q
~�louvhv��imh0nµ�v~�lA�[bV~yqQx
imh �j�?���¢±

/�s�r � �cyHx��'� y � vt�#{+�'ym� � �cvtx0�5{+���
]_^vb b�©��{loh0bVhAq�imrok0itw�b+®&rskmuvrsq�bV�2u[wyimh0n¬q�^vb�¥¦lokmkjl&��imh0n�b?|Au[r&q�imloh�§¨ijhvw��0im~�b?�2zNx"rshDrokjnAlo~�i°q�^0a imhN�j�\���¦­¤±

ex ≈ 2M · 2
i1

27 · 2
i2

214 · (1 + p (xh)) · (1 + xl)
§Q�?­

]_^vbµq�b+~�a¯w�ls¥#q�^0itw�bV|�uvrsq�imloh6rs~�b���b�q4rsimkjb?��z{b+kml&��±

/�s�� �|�f~'�cy x0yH��}�z�{���vc~
]_^vbFrs~�nouvacbVh�q

x ∈ [−745.13; 709.78]
§åq�^0b¼~�roh0nob�imh ��^0itp4^

ex
itw�~�bV�0~�b?wybVh�q�rszvkjb�imh ��lAu0z0kmb�¡

�v~�b?p�itwyimloh�rshv��h0loq_~�louvhv��bV��q�l¯¿Vb+~�l�­�imwZ��bVp+loa2�[l�wyb?��rAw
q�^0b�w�u0a lo¥#q�^0~�b+b9q�bV~�a¯w\�

x ≈ k ·
ln 2

214
+ xh + xl

��^vb+~�b
xh

rshv�
xl

ro~�b'qQ�/l6��lAu0z0kmb�¡¢b�©Nq�bVhv��bV�ºhNu0a'z{b+~4w¬wyuvp4^ºq�^vrsq
|xh| <

log 2
215

«
|xl| < 2−64|xh|

«
rohv�

k =

⌊

x ·
214

ln 2

⌉

]_^0b�imh�q�bVnob+~
k
itw_i°q4wybVk°¥T��b?p�loa2�{lAw�bV��ijh�q�l2q�^0~�b+b9q�bV~�a¯w\�

k = 214 ·M + 27 · i1 + i2
§;do­

��^vb+~�b
i1, i2 ∈ N ∩

[

0; 27 − 1
] rohv�

M ∈ N
±

/�s�� ���[��}�� �a{�yH� �a� ��}'yH�
]_^vb"q�b+~�a¯w

2
i1

27

rsh[�
2

i2

214

rs~�b"�0~�bVp+loa2�0u�q�bV�Frshv�¼wQq�lo~�bV�ºijhFqQ�/l¼�?do¶&¡¢b+h�q�~�x�q�rszvkjb?w+±c��rop4^¼b+h�q�~�x
p+lohvw�itwQq4w�ls¥{qQ�/l��0lou0z0kmb�¡¢b�©Nq�b+hv��b?�2hNu0a'z{b+~4w��0~�l&®Nim��imh0n2�?do¶9z0i°q4wTlo¥=�v~�b?p�itwyimlohA�

th1 + tl1 ≈ 2
i1

27
rsh[�

th2 + tl2 ≈ 2
i2

214

±
]_^0b2p4^0lAimp+b�ls¥�r�~�roh0nob�~�bV�0uvp¤q�ijlAh�uvw�ijh0n�r�w�p+rokjbcp�loh[wQq4rsh�qZls¥ ln 2

214

imw9r�p+loa2�0~�loa2imw�b�z{b�qQ�
b+bVh
w�b+®Ab+~4rsk{¥¨rop�q�lA~�w\�


 ]_^0b�w�ij¿Vb9lo¥#q�^0b9qQ�/lcq4rsz0kmbVw_��^0itp4^�p+roh�z{b�lo��q�ija2im¿+b?����^0bVh�rsh�b+®obVh�w�p+rokjb�p+lohvwyq�rohAq�b+©N�{ls¡
h0b+h�q?«

14
«�itw_uvw�bV���


 ]_^0b'��bVno~�b+b�lo¥
q�^0b��{lokmxNh0loa2itrskH«0��^0itp4^���b+�{b+hv�vw loh6q�^0b�~4rsh0nAb¬ls¥�q�^0b��vhvrsk#~�b?��uvp+bV��rs~�nou0¡
a2b+h�q

r
�


�
 ä�¡0¢�£�¤�¥
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 ]_^0b�~4rsh0nAbµlo¥#q�^0b�kjl&�
b+~_�vro~yq�lo¥²q�^vb�~�b?��uvp�b?��ro~�nAu0a2b+h�q xl

�

 ]_^0b¬kju[p4³�x¯�v~�lA�[bV~yqQxcq�^[r&q_q�^0b�w�p+rokjb¬p�lAhvwQq4rsh�q ln 2

214

p+roh�z{b9wyq�lA~�b?�DlAh�qQ�
l"��lAu0z0kmb�¡¢b�©Nq�bVhv��b?�
hNu0a'z{b+~4w�§Q�\ds¶¼z0ijq�w4­2��ijq�^ rsh rsz[wylAkju�q�b6b+~�~�lA~ckmbVw�w2q�^vrsh

2−150
imhvwQq�bVrA� lo¥µq�^0b�b+©N�{bVp�q�b?�

2−129−14 = 2143
±

/�s0/ � v � �'~'v � � � �,y �a� ��}��a{���vc~
]_^vb9�{lokmxNh0loa2itrsk

p(xh)
rs�0�v~�l\©�ima2rsq�b?wTq�^0b�b�©��{loh0bVhAq�imrok=ls¥²q�^0b�~�bV��uvp+bV��rs~�nou0a2b+h�q�row�rc��b+nA~�bVb�(

a2l���i1�vbV�6��bVa2b+¿¬�[lAkjxNh0lAa2imrokf�j�V���H±��¢q itw�bV®\rokju[r&q�b?��rAw

p(xh) = xh +
1

2
(xh)

2
+ (xh)

3
· ((ah4 + al4) + (a5 + (a6 + a7 · xh) · xh) · xh) .

]_^vb�®\rokjuvbVw
¥¦lo~
ah4

«
al4

«
a5

«
a6

rohv�
a7

rs~�b
hvbVrs~�q�l�~�b?wy�{bVp�q�im®obVkjx 1
6

« 1
24

« 1
120

rohv� 1
720

±�]_^vb�~�b?row�loh
¥¦lA~¬h0lsq�uvw�ijhvn �Zlo~�h0b+~?Ä wµw�p4^0b+a2b¯rskmkTrskmlohvn�itw¬i°q4w�wyb?|Auvb+h�q�itrskmi°qQx6��ÆN�0kmi°q�q�imh0n�u0�Fq�^0b2bV®\rokju[r&q�imloh row
w�^0l&��h6rskmkjl&� w
z{b�q�q�b+~Zuvwyb¬lo¥#q�^0b��0im�[bVkjimh0bVw loh�q�^0b�� h�q�bVk¾�¢q�roh0ijuva ±

]_^0b¯ro�0�0~�l\©Nima¯r&q�ijlAh�q�l
p(xh)

imw�p+loa2�0u�q�bV�¼rowµq�^0bDw�u0a lo¥�qQ�
l���lAu0z0kmb2b�©Nq�bVhv��bV�F�0~�bVp+imw�ijlAh
hNu0a"z[bV~�w\�

p(xh) ≈ ph + pl

±']_^0itw9imwµq�^vb"a2lAwyq9q�imacb¯p+lohvw�u0a2ijhvn��0^vrAwybcls¥�q�^0b¯rskmnolA~�ijq�^va�±�]_^0b
�[hvrsk#lo�{b+~4r&q�imloh�lo¥�q�^0itwµb+®&rskmuvr&q�ijlAh�imwµre [rowyq4doÆ�u0a6«[��^0itp4^�b+h[wyu0~�bVw q�^vrsq

ph

itw
ph + pl

p�lo~�~�bVp¤q�kjx
~�louvhv��bV��q�lcq�^0b�h0bVro~�b?wQq?±

/�s�� �|yHz6vJ~��4{�x0}�z�{+� vJ~
]_^vb�~�b?p�loh[wQq�~�uvp�q�imlohcp�loh[wyitwQq4w�ijh2p�lAa2�0u�q�imh0n¬q�^0b��0~�lN�0uvp¤qTlo¥{rskmk�q�^0b_q�bV~�a¯w�ls¥=bV|�uvrsq�imloh��o±
�¢qT~�bVkjimbVw
^vbVr\®Nijkmx'lAh2q�^0b  vrAwQq¤doÆNu0a rsh[�# vrowyq4do��u0kjq
rokjnAlo~�i°q�^0a¯w+«&q�^0bZktr&q�q�bV~�z{b+imh0n�®obV~�xcb �Dp+ijbVhAq�q�^vroh0³�w�q�l
q�^0b¬¥¦uvw�bV��a'uvk°q�ij�0kmx�¡¢rohv�N¡ ro�0��lo�{b+~4r&q�lo~4w/lo¥²q�^0b��¢q�roh0ijuva(rs~4p4^0ijq�b?p¤q�uv~�b4� ���¢±

/�s�� uwvtx+x+yHz�{ x0vc}�~�����~��
]_^vb9l&®Ab+~4rskmk[bV~�~�lo~
ls¥
q�^vb9��^vlokmb¬rokjnAlo~�i°q�^0a�itw�wy^0l&��h�q�l2z{b¬kjb?w�w
q�^vrsh

2−116
ijhw�m�V���/§¦q�^0b¬�0~�lNls¥
imw

roz[lAu�q��o�¬�[rsnob?w�kmloh0nN­¤±�´�lNlo³Nimh0n¬zvrop4³cr&q/]
rsz0kmbZd�« �
b p�loh[p�kmuv��b�q�^vr&q/p+lo~�~�b?p¤q�~�lou0hv�0ijh0n�itw�bVhvwyuv~�b?�
¥¦lA~ rshNx

x > 2−30
±

 vlo~
x < 2−30

«vi°q itw_b+h0lAu0no^�q�l¯~�b+a¯ro~�³2q�^vr&q��

 � h�q�^0b¬~�roh0nobµ~�b?��uvp�q�imloh�«�¥¦lo~ |x| < 2−30

�
bµ��imkjk=^vr\®Ab
k = 0

«
xh = x

rshv�
xl = 0

«0rshv�Dq�^0itw
wQq�b+�6itw_b�©0rop�qV±


 
 lohvp+b+~�h0imh0n¼q�^0b6q4rsz0u0ktr&q�bV� ®&rskmu0bVwD�/b�^vr\®Ab i1 = i = 2 = 0
«/q�^0bV~�b+¥¦lo~�b

2
i1

27 = 1
rshv�

2
i2

27 = 1
«���^vimp4^�p+roh�z{b�wyq�lo~�bV��b�©0rAp¤q�kmxº§¨h0l¯rs�0�0~�l\©�ija¯rsq�imloh�bV~�~�lo~
^0bV~�b\­_row�r

1
rshv��r

0
«


 ph + pl

itw�ropVp�u0~4r&q�bZq�l
2−124

imh�rskmk�p+rAwyb?w�§¨r2¹&¡¢z0ijq_l&®Ab+~�³Nijkmk¾rop+p+lo~4��imh0n'q�l¯]#roz0kjb'dA­

 ]_^0b¯~�bVp�lAhvwyq�~�uvp¤q�ijlAhºitw�b�©0rop�q¬q�^vroh0³�w9q�l6q�^vb2q�rszvu0kmrsq�b?� 1

���¢q�~�b?��uvp+bVw9q�l6a"u0k°q�ij�vkjitp+rsq�imlohvw
zNx

1
rohv�

0
rshv��ro�0��ijq�imloh[w/lo¥

0
�+�
b?wyit��bVw/ijq_�{b+~�¥¦lo~�a¯w/q�^0b¬wyb?|�u0b+hvp+bµlo¥²lo�{b+~4r&q�ijlAhvw/noim®ob+h�ijh

]_^0b+lA~�bVa��0±m�¯§¦�
b+kmk���itwynAu0imw�bV��rowZ��¥¦uvw�bV��a"u0k°q�ij�vkjx�¡ rshv�N¡ ro�v��rohv�º�V�¯ro�0��ijq�imloh[w�­�±

ã ��
 ã��
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]_^0itw�itw_b+h0lAu0no^�q�l¯�v~�l&®AbZq�^vr&q p�lA~�~�bVp�q
~�louvhv��imh0n2imw rokmw�l2rop4^0imb+®AbV�¯¥¦lA~
x < 230

±
��b+q�~�lAw��[b?p¤q�ij®Ab+kmxo«=r¯a2lo~�b'wybVhvw�ijz0kmb"ro�0�0~�lArAp4^��
lou0kt��^vr\®Ab�z[bVb+hºq�lD^vr\®Ab'rsh���Á��

x < 230 � imhq�^0b'p+lN�0bo«{��^0imp4^��
louvkm��rAp+p�bVkjbV~�rsq�b¬q�^0b'ktr&q�q�b+~µp+row�b�zNx6wy³Nim�0�0imh0n¯q�^vb�~�b?p�lAhvwQq�~�u[p¤q�imloh�rok°q�lonob+q�^0bV~V±
�¢q��
lou0kt�ºrokmw�l6wy^0lA~yq�b+hºq�^0b2�0~�lNls¥/w�ijh[p�bc�/bc�/lAu0kt��h�Ä q¬^[r\®ob"q�l6wy^0l&� q�^vrsq9q�^0b2~�b?p�lAhvwQq�~�u[p¤q�imlohºimw
b+©0rop¤q�imh¼q�^0itw�p+rAwyb�§;rsh0loq�^0bV~����[rsnob?w¬ijh|�m�V���¢«²imhvp+kjuv�0ijh0n�r�¥¦bV� w�b+~�ijlAuvw¬b+~�~�lo~4w�­�± �Zl&�/bV®ob+~?«¾ijq�imw
�v~�b?p�itwybVkjx¼zNx wyq�u[��xNijh0nF��^NxFq�^0itw"ima2�0kmb+a2b+h�q�rsq�imloh£�_row"rskm�
r\x�w�~�b�q�u0~�h0ijhvnFrºp+lo~�~�b?p¤q�kjx¼~�lAu0hv��b?�
~�bVw�u0kjq/q�^vr&q_�
b9pVrsa2b q�l'q�^0b¬aclA~�bµnobVh0b+~4rsk{~�b?wyuvk°q4w���^0itp4^�ro~�bZq�^0b�w�u0z��Qb?p¤q_ls¥�q�^0bµ�v~�b?wybVhAq�rs~�q�itp�kmbo±

/�s�� � yAx0�
vcx�� �[~�z6y
]_^vimw¾ima2�0kmb+a2b+h�q�rsq�imloh��_row=q�bVwyq�b?��rsnAroijh[wQq�r_zvrsqyq�bV~�xµls¥Nq�lNlAkmw=¥¦lA~²ropVp�u0~4rop+xZrsh[�¬� �T�T��¡ p�lAac�vkjitrshvp+bo«
imhvp+kjuv�0ijh0ncq�^0b�b�©0p�bV��q�imloh[rsk�p+rAwyb?w+±

ÆN�{b+b?����itwybA«�q�^0b�ima2�0kmb+a2b+h�q�rsq�imloh6�{b+~�¥¦lo~�a2w
imh�¹Adcp�x�p�kmbVwV±


 ]_^0itwZp+roh�z[bcp�lAac�[rs~�bV��q�l¯q�^0b��Nd2p�x�p�kmbVwZls¥�q�^0b"^0imno^0kmx�lA��q�ima2ij¿VbV��� h�q�bVk²ima2�0kjbVa2b+h�q�rsq�imloh�«
ropVp�u0~4r&q�b¬q�l

0.502
u0km��lAh0kjxA±
]_^vb�~�b?ro��bV~ wy^vlou0kt�6�0u�q q�^0bVw�b�hNu0a"z[bV~�w�imh��{b+~4wy�{bVp�q�im®ob���ijq�^

q�^0b�p�l�wQq�lo¥�r�¥¦u0hvp¤q�ijlAh¸p+rokjk�loh q�^vb��¢q�roh0imu0a6«
��^vimp4^»itw'�A��p�x�p�kmbVwV«#lA~���ijq�^»q�^0bD^vrohv��kmijh0n
ls¥¬wylAacb��vl�r&q�imh0no¡H�{loimh�qcb+©�p+b+��q�ijlAhvrsk�pVrow�bVw"q�^0~�louvno^ w�ls¥åqQ�_rs~�b�b+©0p�b+�0q�imlohvwV«T��^0itp4^ pVrsh z[b
wybV®obV~�rok{^Nu0h[��~�b?�0w_ls¥�p�x�p+kjb?w+±


 �¢q_pVrsh�rokmw�l'z{b¬p�loa2�vro~�b?�cq�l"q�^0b9z{bVwyq/�0~�b+®Nimlouvw
p�lA~�~�bVp�q�kmx"~�lou0h[��bV�¯b+©��[lAh0b+h�q�itrsk{zNx �Zb+¥¦lou0~� (��H«=��^0itp4^º^[row9rD�N�od��'p+x�p�kmbVwµ�/lA~�wyqµp+rAwyb'q�ima2b"lAh�q�^0bc�¢q�roh0imu0a6±�]_^0b'ima2�0kjbVa2b+h�q�rsq�imlohºlo¥
� �_�»Ä w � kjq�ima¯r&q�b"��r&q�^v´�imz�^vrowZrsh�b+®Ab+h�w�kjl&�
b+~��
lo~4wQq pVrow�bo«vw�ijh[p�b�ijqµ��lNbVw�h�Ä qZz{b+h0b(�0q ¥¦~�loa
q�^0b��/lA~�³ºls¥ ´�b+¥¦`+®N~�bDrohv�»��u0kmkmb+~"rohv�¼uvw�bVw�kmbVw�w�b �¯p+ijbVh�q'a'u0kjq�im�0kmb�¡¢�0~�bVp�itw�ijlAhFq�bVp4^0hvim|�u0b?w+±
·Fb9^vr\®AbZ^0bV~�b9rshDima2�0~�l&®Ab+a2b+h�q�lAhDq�^0bZ�
lo~4wQq_p+rAwybZq�imacb9zNx¯r�¥¨rop�q�lA~_�o��l&®obV~Tq�^vbµ�0~�b+®Nimlouvw
z[b?wQq?±

�Zh0lsq�^0b+~_¥¨rAp¤q�lA~�ls¥
�[bV~y¥¦lA~�a¯rsh[p�b9imw_a2b+a2lA~�x�p+lohvw�u0a2��q�ijlAhA��]_^0b�wyim¿+b¬lo¥#louv~/q4rsz0kmb�itw
2 · 128 ·

2 · 16 = 8192
zNx�q�b?w
��^0imp4^�itw
rc~�b+ktr&q�ij®Ab+kmxcnA~�b?r&q
®\rokjuvb��m�?��« (��¾¥¦lo~�rsh�b�©��{loh0bVhAq�imrok;± �µh�q�^0b¬loq�^0bV~

^[rshv�¾«²q�^0b2q4rsz0kmbDp�lAu0kt�=�0q��?dDq�imacb?w�imh¼q�^0bD´
d�pVrop4^0b2lo¥/q�^0b¯�¢q�roh0ijuva �0~�l�p�bVw�w�lo~9��^0imp4^»pVrsh z[b
rAp+p+bVw�wyb?�6ijh�(�p�x�p�kmbVwG� ¹��_§¦q�^0itw9�0~�lNp+bVw�wylA~Zp+roh0h0loqµkmlAro�7�[lAr&q�ijhvnD�[lAijh�q¬~�bVnoitwQq�b+~4w_¥¦~�loa ´T�cp+rop4^vb?­¤±
 vu0~�q�^0bV~�a2lo~�bo«\q�^0itw�wyim¿+b_itw#kmbVw�w
q�^[rsh"q�^0b�w�ij¿VbVw�ls¥vq�^0b_q4rsz0kmbVw
uvw�bV�"zNx�q�^0b_loq�^0bV~�p+lo~�~�b?p¤q�kjx�~�lou0h[��ijhvn
ima2�0kmb+a2b+h�q�rsq�imlohvwV±

�µw"r �[hvrsk
h0lsq�b�p+lohvp+b+~�h0ijhvn6q�^0itw'ima2�0kmb+a2b+h�q�rsq�imloh�«Tp+lohvw�it��b+~�q�^vr&qci°q2^vrAw�z{b+b+h¸��~�ijqyq�b+h£z{b�¡
¥¦lA~�b"q�^vb¯~�b?wyu0kjq�w9�0~�bVw�b+h�q�bV�F^0b+~�b"�
b+~�bc³�hvl&��h�«²rsh[�Fp+lou0kt���0~�loz[rsz0kmx�z[b¯ima2�0~�l&®obV��¥¦u0~�q�^0bV~9��ijq�^
q�^0itwZ³Nh0l&��kmbV��nAbo±�� h��[rs~�q�itp�u0ktrs~�q�^0b'�{lokmxNh0loa2itrsk#b+®&rskmuvr&q�ijlAh�wybVb+a¯w a2lA~�b'rAp+p+u0~�rsq�b¬q�^vrshºwyq�~�itp¤q�kmx
hvb+bV�0bV�¾±

� � 	����/�����²�+	��

]_^vimw"rs~�q�itp�kmb�wy^vl&� w�q�^[r&qV«��v~�l&®Nit��bV� ��lAu0z0kmb�¡¢b�©Nq�bVhv��bV�£� �T�T��¡ p�lAac�vkjitrsh�q"^[rs~4���
ro~�b¯itw'r\®&roijktrsz0kmbo«
p+lo~�~�b?p¤q�~�louvhv��imh0n�ls¥²q�^0b9b+kmb+a2b+h�q4rs~�x'¥¦u0h[p¤q�imloh[w
w�^0lAu0km�Dh0l'kmloh0nAb+~/z[b9�0~�b+®obVh�q�bV�Dz�x2�{b+~�¥¦lo~�a¯rshvp+b
p+lohvw�it��b+~4r&q�ijlAhvw(�"i°q2wQq�ijkmk
^vrow"wylAacb�l&®ob+~�^0b?ro�¾«
z0u�q2wyl�^[row�� ���T��¡y�s�&�Fp�loa2�0kmitrshvp+b¯¥¦lo~"q�^0b�zvrow�itp
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lA�[bV~�rsq�lA~�wV±�]_^0bT� �T����¡Q�o�&� wyq�rohv�0rs~4�9imw²h0l&�¼u0h0im®ob+~4w�rskmkjxZrAp+p+b+��q�bV�9z[b?p+rouvwyb�i°q4w�z{b+h0b(�0q�w�¥¨rs~�b+©�p+b+b?�
q�^0itwD�{b+~�¥¦lo~�a2rohvp�b�l&®Ab+~�^0bVrA�¾±O·FbFz[bVkjimb+®Ab�q�^vrsqDq�^vbº~�bVw�u0k°q��0~�b?wybVh�q�bV��^vb+~�b�z0~�imh0n£bVkjbVa2b+h�q�ro~�x
¥¦uvhvp¤q�ijlAhvw�q�l¬q�^0itw�p�~�ijq�itp+rskv�[lAijh�qV«A��i°q�^Drsh¯r\®obV~�ronob+¡¢pVrow�bTl&®obV~�^0b?ro�'��^0imp4^2z{bVp+loa2bVw�hvb+nokmimnoimz0kjbA«orsh[�
rF�
lo~4wQq�¡¢pVrow�b¯l&®ob+~�^0b?ro� imh r�¥¨rop¤q�lo~¯w�a2rokjkmb+~"q�^[rsh �?�0±£]#l¼w�u0�0�{lo~�qcq�^0itw2|Au[rsh�q�i1�vbV� p�ktrsima¯w+«Tlo¥
p+lou0~4w�bo«��
b�h0b+b?��q�l¯ima2�0kjbVa2b+h�qZa2lo~�b¬¥¦u0hvp�q�imlohvw\�Tq�^0b�b�©��{loh0bVh�q�itrsk�itw h0loq�roz0kjx�q�^0b'bVrow�imbVwyq ls¥�q�^0b
bVkjbVa2b+h�q�ro~�x2¥¦u0h[p¤q�imloh[w+±

�Zlsq�b_q�^vr&q?«Arok°q�^0lou0nA^'q�^0b��{b+~�¥¦lo~�a2rohvp�b_l&®Ab+~�^0bVrA��ls¥¾p�lA~�~�bVp�q
~�lou0h[��ijhvn9z{bVp+loa2bVw�®Ab+~�x�kml&��«&q�^0b
��"��� !
�"#
��$�%���)�*	��¸l&®Ab+~�^0bVrA��imw�^�uvnob.� �µh0b2h0bVbV�0w9q�l��0~�l&®ob"q�^0b¯ropVp�u0~4rop+x�ls¥�rsh¼ija2�0kmb+a2bVhAq4r&q�ijlAh
imh¼q�^0b¯ktrowyq'��b+q�rsimktw+«#��^0imp4^ itw¬®obV~�x�q�bV��imlou[w�rshv��«²ls¥�p�lAu0~4wybA«�b+~�~�lA~¬�0~�lAh0bo± �
b?wyit��bVwV«²rokja2lAwyq'rshNx
ima2�0~�l&®ob+a2bVhAq
q�lcq�^0b�p�l���b¬��imkjk�~�u0imh�a2l�wQq�ls¥#q�^0b��v~�lNls¥Q«�a¯ro³�imh0n"q�^0b�a¯roijh�q�bVhvrsh[p�b¬ls¥�wyuvp4^6p�l���b
bV®obVh"a2lo~�b
q�b?��ijlAuvwV±
]_^0itw�a¯r\x�z{b�q�^vb�~�b?row�loh'��^NxA«sq�l�lAu0~�³Nh0l&��kmbV��nAbo«&h0l��0uvz0kjitw�^0bV�c�0~�lNls¥[b+©�imwyq�w
¥¦lA~2� �
�£Ä wcu0kjq�ima¯r&q�b���rsq�^v´²ijz²± �µh0b�ija2�{lo~�q�rohAq¯p�lAh�q�~�ijz0u0q�imloh¸lo¥ q�^vimw¯ro~yq�imp+kjb�imw"q�^0b+~�b�¥¦lA~�b�q�^0b
�v~�lNls¥/ls¥Tq�^0b¯p�lo~�~�bVp¤q�kjx�~�lou0hv�0ijh0n�~�bVp�lAhvwyq�~�uvp¤q�ijlAh�«=��^0imp4^¼p+rohºz{bcb+©��0kjlAi°q�bV��¥¦lo~¬a¯rshNx6¥¦u0hvp�q�imlohvw
� rsh[�¸loq�^0bV~c�v~�b?p�itwyimlohvwV«Tij¥µh0bVbV��b?�¸imh q�^0b�¥¦u�q�u0~�bA± �µhvb�lo¥µuvw2itw2p�u0~�~�bVh�q�kmx»�/lA~�³Nimh0nºlAh£q�lNlAkmw
¥¦lA~9q�^0bDrou�q�lAa2rsq�imlohFls¥/�v~�lNls¥¨w�w�uvp4^¼row9q�^vlAw�bc��~�ijqyq�bVhFzNx�^[rshv�º¥¦lo~¬q�^0bcqQ�/l�p�lA~�~�bVp�q�kmx�¡H~�lou0h[��bV�
b+©��[lAh0b+h�q�itrsktw
a2b+h�q�imloh0hvbV��ijh�q�^0imwZrs~�q�itp�kmb�� �0«��?���¢±

� hvp+kju[��ijhvn�q�^0b"bVkjbVa2b+h�q�ro~�x�¥¦u0hvp�q�imlohvw9imh�q�^0b"~�b+®Nitwyimloh�lo¥Tq�^vb"� �T���Owyq�rohv�0rs~4��^vrAwZz{b+bVhº�0~�ls¡
�{lAw�bV�2imh �Ò���¢±�]_^0b+im~
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