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���R�X�"�Q�V�C�C� S�TVamp��okl�5Y"xH�VxzYXp�Y"`7izpHk `VYX��p�h�ToY"W�Y���e:xjizTVY�T�klx����2kCx�Y�Y"�QklcfnokQizabe:`@el�yYXcbYXW�Y"`7izkCx�r
��no`oh(izabe:`op"�Euok:psY8� eC`¡k��VafYXh"Y"��ampsYZpsY8h�e:`o�1eCx���Y"xHW�ab`oabW�kQ¢@kC�V�Vxze£¢tafW�kQizabe:`q¤�S�TVY�`VeQ�CYXc¥i|r
ampjizTokQi
izTVamp�YX�QklcfnokQizabe:`NxzYXv7nVafx�Y8pje:`Vcbr e:`VY�psW�klcfc�x�Y8h(i�kl`Vg:nVcfkCxjW�nVc¥izab�ocbamh"kli�afeC`q¤ZS�TVY"xzY���e:x�Y�i�TVY�xzYXp�nVc¥izab`og
kCxzh�Toa¥izYXh(iznVxzY�h�e:W�uVaf`VYXpRkjp�W�klcfc7izkluocbY2psaf¦"Y:�£i�TokC`V§�p¨ize�p�YXh"eC`o�t©ªeCx���YXx¨Y"�QkCcbnokli�afeC`q�£��abi�TZk�p�TVeCx�i�h"x�abis©
amh"kCcL�okQizTq«�¬�eC`�psamp|izab`og�eC�Re:`VYHizkluocbYdcfeteC§tnV�q�tizTVYdx�Y8h(i�kl`Vg:nVcfkCx�W�nVcbi�af�Vcbamh"kli�afeC`q��kl`o��eC`VYdk:�V��abi�afeC`q�
izTVY�h"x�abi�amh"kCc¨�okli�T@ampHpsTVe:xsizY"x�izTokl`@i�Tokli�el�yk��VcfkCab`@­oxzpsis©ªeCx���YXx�Y"�QklcfnokQizabe:`q¤�®trt`7i�ToYXp�afpjx�Y8psnVcbizp~��eCx
p�Y"�:Y"x�klcL��no`oh(izabe:`op�p�TVeQ�¯i�T�kQijizTVampjW�Y�izTVe�� eCnVi��5Y"x���eCxzW�p�klcfcqizTVY��VxzY"�tafeCnop�cfr��VnouVcbamp�TVYX� W�Y"i�TVe��Vp
af`1u�eCi�T klxzYXkZkl`���p���YXYX����eCx��ox�Y8h�ampsafeC`op2x�kl`Vg:ab`og���xzeCW°�£[�i�e [Q��uVabizpX¤
± ²7³E´zµ�¶ �Q·R�C� h"eCW��Vn�izY"x~kCx�abi�TVW�Y"i�amhl�VTokCx���klxzYjYXcbYXW�Y"`7izkCx�r���no`oh(izabe:`op�Y"�QkCcbnokli�afeC`
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nV`VY `oeCnV�:Y"cfcbY�i�Y8h�TV`Vamv:noY
�5eCnox�c�
 _"�Qklcfnokli�afeC` Y"` W�kli�_Xx�afY"c~��Y
��e:`oh(izabe:`op�_Xcb_XW�Y"`7izkCabxzYXp�� �oklx�i�afx���
 nV`oY�kl�o�Vx�e£¢�afW�kQi�afeC` W�ab`oabW�kQ¢/kCn/psY8h�eC`�� eCx���x�Y:¤N®teC` eCxzabgC©
af`okCcbabi�_�Y8p|i���Y�`VY��ÈkCabxzY�ab`7izY"xz�CY"`oabx�v7n�
 nV`VY��5Y�iza¥izY�W�nVcbi�af�VcfafhXkQi�afeC` xzYXh�izkl`ogCnVcmklafx�Y:¤���
 kCxzh�Toa¥izYXh(iznVxzY
xz_Xp�nVcbizkC`:izYZh"eCW�uVab`oYZkCab`op�a�cmk��5Y�iza¥izY�izkCabcfcbY���
 nV`VY kC�V�Vxze£¢tafW�kQizabe:`Nkln psY8h�e:`o�@e:xz��xzYZY�idcfk��ta¥izYXpzpsY
��
 nV`oY%kC�V�Vxze£¢�abW�kQizabe:` kln
�VxzY"W�abYXx�eCx���x�Y:�:�onVafpzv7nVY%cbY%h�TVYXWZaf`1h�xza¥izafv7nVY%psY%h�e:W���e7psY%��
 nV`VY%cbY8h(iznVx�Y
�VY%izkluocbY:�V��YdcfkZ�5Y�iza¥izY�W�nVcbi�af�VcfafhXkQizabe:`�Y"ij��
 no`VY�kC�V�Va¥izabe:`q¤��¨k�p�r7`7izTVUXp�YdpsnVx���w2]%}���
 e:��_Xxzkli�YXnVxzp
�5eCnox���a��E_"xzY"`7izYXpH��eC`�h(i�afeC`�p%Y�i���a��5_Xx�YX`:izYXp%�Vxz_Xh"afp�afeC`opHW�eC`7i�xzY�v:noY h�Y�i�i�Y�W�_�izTVe���Y�YXpsid�Vcbn�p%��YXxs©
��e:x�W�kC`:izYC��i�kl`7i�YX`@psnoxs�Èk:h�Y�v7n�
 Y"`@��_XcfkCa>�Ev7nVYdi�e:n�i�Y8p~cfYXpjWZ_"i�TVe���Y8pjh"eC`oh"nVx�xzY"`7izYXp��Vxz_Xh"_X��YXWZW�YX`:i
�onVuVcfab_XYXp��5eCnVxj�VYXp��Vxz_Xh"afp�abe:`op�klcfcfkC`7i��VY��8[�� [Q�ZuVa¥i�p"¤
� ¶ �8� ´ ��� � ��� klxzabi�TVW�_�izafv7nVYd��Y8p�eCx���af`okQizY"nVx�p"�7��e:`oh(izabe:`op�_"cf_"W�YX`:i�klafx�Y8p2Y"`1W�kQi�_Xx�afY"c
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S�ToY�YX�£kCcbn�kQi�afeC`Nab` Toklx�����klxzY�el��Y"cfY"W�Y"`7izkCx�r
��nV`�h(i�afeC`�pHp�noh�T kCpHpsaf`VYpolh�e7psaf`VYC�EY"¢t�¨�5cfeCg��LeCxHW�eCxzY
h"eCW��VcfY�¢@��no`oh(izabe:`op�Tok:p%u�YXY"`/kC` k:h(izab�:YZxzYXp�YXkCxzh�T psnou�{|YXh�i�eQ�CY"x%izTVY�cmkCpsi���YXhXkC��Y:¤�}~�V�ocbamh"kli�afeC`op
af`oh"cbno�VY���afgCabizklc2psafgC`�klcy�Vxze�h�Y8p�p�ab`ogo�¨uon�iZkCcfp�e `VY"noxzkCcy`VY�i|�2eCxz§�p*qf�8�srª��cbe:g:klxzabi�TVW°`tnVW�u�YXx�p�r�p|izY"W
q¼�srª��kl`o� izTVY�af`Vabi�amklcfab¦8kQi�afeC` eC�9tjY"��izeC`�©À�~kl�oTopse:` a¥izY"x�kQi�afeC`�pd��eCx�Toklx�����klxzY��Vab�tampsafeC`uqf�C�vr�klW�eC`og
W�kC`7r�eli�ToY"x�p"¤
S�TVYZpsafW��VcfYXpsijToklx�����klxzY%Y"�QklcfnokQizeCx~ampjk cbeteC§tnV�1i�kluVcfY�psi�e:x�af`Vg��VxzYXh"eCW��Vn�izYX�1�QklcfnVYXpX¤9wªizp�psaf¦"Y

g:x�eQ�~p�Y�¢��5eC`VYX`7i�amklcfcbr ��abi�T¡i�TVY p�af¦"YZel��izTVY�af`V�Vn�id�2eCx��L�L��TVamh�T h"eC`�­o`oYXpHi�Toafpdp�eCcfn�i�afeC`Ni�e1af`V�Vn�i
�ox�Y8h�ampsafeC`opHp�W�kCcbcfY"xHizTokl`<�X��uVa¥i�p"¤ZS�TVYZizkCuVcbY�p�ab¦XY�hXkl`¡u�Y�xzYX��noh"YX�Nu7r n�psaf`Vg1k��oabY8h�Y"��amp�Y�cfab`oYXklx
kC�V�Vxze£¢�abW�kQizabe:`�eC��i�TVY���nV`oh�i�afeC`q¤RS�TVY�TokCxz�V�2kCx�Y�`VeQ� xzYXv7nVafx�Y8pqk�W�noc¥izab�VcfafY"x�qb�8�prJ�£uVnVi¨i�ToY�uVaf�oklx�i�abi�Y
izx�amh�§NkC`o� a¥i�p��Qklxzafkli�afeC`op]q¼[��y�X�V���£[t�¨�pr�klcfcbeQ� i�e xzY"�VcmkCh"YZi�TVY�W�nVc¥izab�ocbafY"x���a¥izT kC` kC�V��YXxX����TVamh�T
afW��VxzeQ�CYXp�u�eCi�T kCx�Y8k kl`o�/p��5Y"YX�q¤NS�TVYXp�Y�W�Y"i�TVe��VpZklcfcbeQ� ��eCx��Vx�kCh(izafhXklc�ab`V�on�iZ�ox�Y8h�ampsafeC`op�nV� i�e
[C�@uVabizpX¤ �Ve:x�W�eCxzY��ox�Y8h�ampsafeC`q�ykC�V�Vxze£¢�abW�kQizabe:`opdutr TVafgCTVYXx�e:xz�VY"x��5eCcfrt`VeCW�amklcmp�kCx�Y�`VY"Y8��YX�xqzyprJ�
n�psaf`VgZY"abi�TVYXx2W�e:x�YHW�nVcbi�af�VcfabYXxzpX��eCx2abi�Y"x�kQizabe:`op2eQ�CYXx2kZpsaf`Vg:cbYHW�nVcbi�af�VcfabYXxX����abi�T1kl`�ab`�h�xzYXkCp�YX����Y"cmk£rC¤
{ykCx�amkQizabe:`opLe:`%i�TVY8psYyToabg:TVY"x�eCx���Y"xLW�Y�izTVe��Vp�ab`oh"cbn���Y��okCxsizafkCcl�Vxze���noh(iRklxzxzk£r�p|q }prJ�£�okCxzkCcbcfY"c:��eQ�2Y"xzaf`Vg
no`Va¥i�p~qf�X������rJ�okC`o�
��a��EY"xzY"`�h�Y%��eCxzW�nocfk:pdq ���q��rJ¤
S�TVampdklx�i�amh�cfYZ�Vx�Y8psYX`7izp%k�p�YXh"eC`o�NeCx���Y"xHW�Y�izTVe��¡��Toafh�T¡ab`t�Ce:cb�:YXp�eC`Vcfr eC`oY�p�W�klcfc�x�Y8h(izkC`VgCnocfkCx

W�nVcbi�af�Vcbamh"kli�afeC`q¤ S�Toafp�W�Y"i�TVe�� afp ��YXcbc~p�nVabi�YX�<ize ab`V�on�i �VxzYXh�amp�abe:`opZ��x�e:W �X�¡ize [Q� uVa¥i�p"¤xwªi afp
p�afWZ�ocbYXxHkC`o�@W�eCxzY<��Y�¢�abuocbY�i�TokC`N�VxzY"�tafeCnop�psafW�abcmklxH�2eCxz§�q ��rª�qklcfcbeQ��af`Vg�h"eCW��VcfY�izYZkCn�i�e:W�kli�afeC`@eC�
izTVY�p�r7`7izTVYXp�afp�eC��e:��YXxzkli�eCx�p���eCx~kCx�uVabi�x�klxzrZ��nV`oh�i�afeC`op~kC`o�1klxzuVabi�x�klxzrZaf`V�VnVijkl`o�
eCnVi��Vn�i~�ox�Y8h�ampsafeC`q¤
S�Toafp~pzh�TVYXWZY�kCcfp�e�eCnVi��5Y"x���eCxzW�p�i�TVY�eCi�TVYXx~�VxzY"�tafeCnop�cbr��VnVuVcfafp�TVY8�1WZY"i�TVe��Vpjcbampsi�YX�1kCu�eQ�:Ydab` u5elizT
kCx�Y8k�kC`o�
ps�5Y"Y8�L¤
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S�Tox�e:nVgCTVe:n�i2i�TVamp��okl�5Y"x8���2Y%�Vafpzh�nopzp2i�ToYHafW��VcfY"W�Y"`7izkli�afeC`
el��k���no`oh(izabe:`
��Toe:p�YHaf`V�VnVizp�kl`���e:n�is©
�on�izp�klxzYdab` ­o¢tY8�t©ª��e:ab`7i~��e:x�W�kQi8¤�� Y�`oeli�Y

wI

kl`��
wO

i�TVY�xzYXv7nVafxzYX�
ab`o�Vn�iHkC`o�1eCnVi��Vn�i%psaf¦"Y��Èab`
uoa¥i�p���¤�� a¥izTVeCn�i�cfe:pzp2el�¨g:Y"`VYXxzkCcbabi|rC�t�2Y���afcbcE��e�h"nop2ab`�i�TVamp��okC��YXx2e:` ��nV`�h(i�afeC`�p���a¥izT�u5elizT
��e:W�klaf`
kC`o��xzkC`VgCY%YXv7nokCcEi�e

[0; 1[
¤�S�Ttnop~kC`tr ab`o�Vn�ij�2eCx��

X
afp~��x�abisizY"`

X = .x1x2 · · ·xwI

kl`�����YX`VelizYXp
izTVYd�QklcfnVY ∑wI

i=1 2−ixi

¤�®tabW�afcfkCx�cfr�kC`
e:n�i��on�i~��e:xz��afp~��x�abisizY"`
Y = .y1y2 · · · ywO

¤
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S�ToY�W�klaf`Zaf��Y8kju5Y"Toab`o��i�ToY�®�ab`Vg:cbY�� nVcbi�af�VcfafhXkQizabe:`�®tY8h�e:`o�-,�x���Y"xRW�Y�izTVe��.�J®��N®/,0��ampRi�e%h�eC`�psam��Y"x
k��VabY8h�YX��afp�Yj��YXgCxzY"Y

2
�5eCcfrt`VeCW�amklc5kl�V�Vxze£¢�abW�kli�afeC`Zel�Li�ToY~��nV`oh�i�afeC`

f
¤�S�TVYjaf`V�VnVi��2eCx��

X
amp�i�Ttnop

p��Vcfa¥iyaf`7i�edi|�2edpsnou�©J�2eCx��Vp
A
kC`o�

B
el�Ex�Y8ps�5YXh�i�af�CY~p�ab¦XYXp

α
kl`o�

β
�:��a¥izT

α+β = wI

�Èp�Y"Y��RafgCnVxzYd�1�
«

X = A + 2−αB = .a1a2 · · · aαb1b2 · · · bβ .
S�TVY�ab`V�on�i���e:W�kCab`
ampjp��Vcbabi~af`

2α
af`:izY"xz�Qklcmp�psYXcbY8h(i�Y8�
u7r

A
¤+,�`1YXkCh�T
el�Ri�ToYXp�Y�ab`7izY"xz�£kCcfpX�

f
amp

kC�V�Vxze£¢�abW�kQizYX��u7r�kZp�YXh"eC`o��eCx���YXx2�5eCcfrt`VeCW�amklcJ«

f(X) = f(A + 2−αB)

≈ K0(A) + K1(A) × 2−αB + K2(A) × 2−2α(B − 1−2−β

2 )2.
2 �Q *"�
43 «R�2YH`VY"Y8��i�ToYH��klx�klu5eCcfafh~h"eCW��5eC`VYX`:i2i�eZu5YHh"Y"`7i�YXx�Y8� af` i�ToYHaf`7i�YXx��QklcEp�e�i�T�kQi���YHh"kC`

Y"¢��Vcbe:a¥i~p�rtWZW�Y"i�xzr cfkli�YXx�eC`q¤
� YZhXkl` izTVY"`¡ps�Vcfabi

B
ab`7i�e�i|��e
psnou�©J�2eCx��Vp

B0
kl`o�

B1
eC��xzYXp���Y8h(i�af�CY�psaf¦"Y8p

β0
kl`��

β1
�5��abi�T

β0 + β1 = β
�Èp�Y"Y �RafgCnVxzY��1��¤XwÀ`1eCi�TVYXx���e:xz�Vp

B = B0 + 2−β0B1
¤yS�TVamp�gCaf�CY8p"«

f(X) ≈ K0(A)

+ K1(A) × 2−αB0 + K1(A) × 2−α−β0B1

+ K2(A) × 2−2α(B − 1−2−β

2 )2.

�|�1�

� Y���Y8h�am��YHi�e�izkCuVnVcmkQizY%k:p2��eCcfcbeQ�~pX«

5 }76 "98Q. �]��:";v�+�!�$��"�.+<+"�.3���>= «
TIV(A) = K0(A) ?

5 }76 "98Q. �]��:_�+. �����>= «
TS(A) = 2−αK1(A) ?

5 S¨�2e.6 "@8�./�>= �A:��CBD=����E= « TO1(A, B1) = 2−α−β0K1(A)×B1
kl`o�

TO2(A, B) = 2−2αK2(A)×

(B − 1−2−β

2 )2
¤
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wI

α β

A B

A0 B0

α0 β0

β1

β2

A1

α1

A2

α2

B1

B2

�Rabg:nVxzYZ�:«��jY8h�e:WZ�5e:p�abi�afeC`
el�¨izTVYdaf`V�Vn�ij�2eCx��
X
¤

� Y%i�TVYX`1Tok£�CY:«

f(X) ≈ TIV(A) + TS(A) × B0 + TO1(A, B1) + TO2(A, B)
��TVYXx�YHizTVY"xzYdafp�e:`Vcfr eC`VY%W�nVc¥izab�ocbamh"kli�afeC`q��izTVYdxzYXpsi�u5Y"af`Vg�i�kluVcfY%cbeteC§tnV��p�kl`o�
kC�V�Va¥izabe:`op"¤
wÀ` izTVamp�pzh�TVY"W�YNp�e �ÈkCxX��izTVY¡kC�V�Vxze£¢�abW�kQizabe:` Y"xzx�e:x�afp�eC`Vcfr ��nVY@ize/izTVYNaf`Vabi�amklcH��e:cbrt`Ve:WZamklc

kC�V�Vxze£¢�abW�kQizabe:`q¤���YXW�kCx�§E�~ToeQ��YX�CY"x8�2i�Tokli�izTVY¡xzY"cmkQizab�:YNkChXh�nVx�kCh"abY8p�el�dizTVYN�QkCx�afeCnop i�YXx�W�p
klxzY
�Va��EY"xzY"`7iX����nVY%i�eZizTVYd��eQ�2Y"x�p2el�Ri|��e�af`���v5¤q�C¤�� YdW�k£r�i�TVYXx�Y"��eCxzYd��Y"g:xzk:��YjizTVY�kChXh�nVx�kCh"r�el�Ri�TVY
W�e7p|i�k:h"h�noxzkli�Y2i�YXx�W�p+��i�TVY�cfYXk:p|i�p�abg:`Vab­�h"kC`:iye:`VYXp �(�li�e�klcfafgC`�a¥i�eC`Zi�TVY�cfYXk:p|i�k:h"h"nVxzkli�Y2i�YXx�W�pX¤RS�Toafp
amp~k:h�TVabYX�CY8��utr�xzYX�Vnoh�af`VgZi�TVY�`7noW�u5Y"x�el��uVabizpjkC�V��xzYXpzp�ab`VgZizTVYd�Qklxzabe:nop2izkCuVcbY8p"�o��TVafh�T1��afcbc¨x�Y8��noh�Y
izTVY"afx�psaf¦"Y:¤ ®tY8h(i�afeC`/�N��abcfc�v:n�kl`7i�ab��r i�TVamp�xzY"cmkQizabe:` u�Y"i|��YXY"` izTVY1kl�V�Vxze£¢�abW�kli�afeC` Y"xzx�e:x�kl`�� i�TVY
�QkCx�afeCnopH�okCxzkCW�Y�i�YXxzp-�ÑizTVY���nV`oh�i�afeC`q�

wI

�
wO

�
α
�
β
�qizTVY

αi

�qizTVY
βi

�¨kl`��@izTVY�ab`7izY"xz`oklc��VxzYXh"afp�abe:`
n�psY8�/�(�V��Toafh�T1��Y�izY"xzW�ab`VY%izTVY%izkCuVcfY%kC`o�
W�nVcbi�af�VcfabYXx~psaf¦"Y8p"¤

5 S�TVY TS
afp�k:�V��xzYXpzpsY8� utr

A0 = .a1a2 · · · aα0

i�TVY
α0 ≤ α

W�e7p|i~p�abg:`Va¥­5h"kl`7i�uVabizp�eC�
A
¤

5 S�TVY TO1
amp�kC�o��x�Y8p�p�YX� u7r

A1 = .a1a2 · · ·aα1

i�TVY
α1 ≤ α

W�e:psi�p�afgC`Vab­�h"kC`7i2uVabizp�eC�
A
kl`o�

B1
¤

5 S�TVY TO2
afp�kC�V�Vx�Y8p�p�YX��utr

A2 = .a1a2 · · ·aα2

izTVY
α2 ≤ α

W�e:psi2p�abg:`Vab­�h"kC`:i�uVa¥i�p�eC�
A
��kl`o�

B2 = .b1b2 · · · bβ2

izTVY
β2 ≤ β

W�e7p|i~p�abg:`Va¥­5h"kl`7i�uVabizp�eC�
B
¤

�Raf`oklcfcbr:�E��Y�gCY�iHi�ToYZ®��N® , kl�V�ox�e£¢�afW�kli�afeC`
��eCxzW�nocfk�u�YXcbeQ�d�E��TVamh�TNh"kC`@u5Y�afW��VcbYXW�Y"`7i�Y8�NkCp
izTVY�klx�h�TVabi�Y8h(i�nox�Y%��Y"�oafh�i�YX� �Rafgo¤V�V«

f(X) ≈ TIV(A) + TS(A0) × B0 + TO1(A1, B1) + TO2(A2, B2)

��� � �����	'
	 (��&(4 �
�������� ��� #��
}�p�xzY"W�klxz§CY8�Nutr ®�h�TtnVc¥izY�kl`�� ®ti�af`VY�af`uqb�X��r�af` i�ToY�h"k:psY�eC��izTVY�W�nVc¥izab��klx�i�abi�Y�W�Y�izTVe��L�Ri�TVY�i�kQ©
uocbY8p��ox�Y8psYX`:idp�eCW�YZp�rtW�WZY"i�xzrC¤ � Y�Tok£�CY

TO1(A1, B1) = 2−α−β0K1(A1) × B1
�L��TVamh�T h"kl`¡u�Y

xzY"��xzabisi�YX`q«

ó�ó Ð����s���Q�
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TO1(A1, B1) = 2−α−β0K1(A1) × B1

= 2−α−β0

(

K1(A1) × (B1 −
1−2−β1

2 ) + K1(A1) ×
1−2−β1

2

)

��TVYXx�Y i�TVY�izY"xzW
2−α−β0K1(A1) ×

1−2−β1

2

h"kl` u5Y�k:�V��YX�¡ize i�TVY��QklcfnVY�el��i�ToY
TIV

¤ S�TVamp
kCcbcfeQ�~p2nop2i�e�nop�YHi�TVYdp�Y"g:WZYX`7i�p�rtW�WZY"i�xzr kCp���YX�Vamh(i�Y8��af` �Rabg�¤o[��Vpzk£�7af`VgZk�uoa¥i~af`
k:�V��xzYXpzpsaf`Vg�i�TVY
TO1

kliyi�ToY~Y�¢��5Y"`op�Y~el�Lk%��YX���	,H� g7kQi�Y8p�`VYXYX��Y8�Zi�edxzYXh�e:`opsi�xznoh(i�izTVY~elizTVY"x�Toklcb�Lel�5i�TVYHpsYXgCW�Y"`7iX¤
S�TVY%�QklcfnVY8p�eC�

TO2
kCcfp�eZ�Vx�Y8psYX`7i2p�r7W�W�Y�izx�r:�t��TVafh�T
klcfcbeQ�~p�i�e���af�taf��YHabizp�p�ab¦XYjutr�i|��e�kCp��2Y"cfc>¤

wÀ`Ni�TVampHh"kCp�Y�izTVYZeCn�iz�Vn�i%el�yizTVY�i�kluVcfY�p�TVe:nVcf�N`VeliHu�Y��	,H��Y8�L�LkCp
TO2

TVe:cf�op�kC`@Y"�:Y"` ��nV`�h(i�afeC`
�>psYXY ��afgo¤��9�(¤

TIV(A)

f

Ä(Á�Â¼Ô8¾s»¨»>½>Ã(ÇÈ¾sÍ
º¼Ð~½J¹£¾

TO1

�Rabg:nVxzYd[V« ��¢VklW��VcfY%el��psYXgCW�Y"`7i~psrtW�W�Y�izx�r:¤

����� � #��	�"( ���
� ���+#&�
}j`NY"¢�kCW��VcbY�el��®��¡®/, eC�5Y"x�kQizeCxHklx�h�TVa¥izYXh�i�nVxzY�ampjg:ab�:Y"` �Rafgo¤E�V¤d}~cfcRi�TVY�izkCuVcbY�cbete:§7no�op�kCx�Y���YXxs©
��e:x�W�Y8��af`1�oklx�klcfcbYXc>¤ ,�`VYdp�TVeCnocf�
klcmpse�`VeCi�amh�YHi�T�kQi�i|�2eZeC�¨izTVY%i�TVxzY"Y�k:�V��abi�afeC`op�eC�¨izTVY�kC�V�VY"x�i�xzY"Y
hXkl`/u5Y��5Y"x���eCxzW�YX� af`/�okCxzkCcbcfY"c�i�eNi�TVY
W�nVcbi�af�VcfafhXkQizabe:`q¤¡S�TVYXx�Y"��eCxzY�i�ToY
h"x�abi�amh"kCc��okli�T/amp�izTVY1S~®
i�kluVcfY%cbete:§7no�q�ti�TVYdW�nVcbi�af�Vcbamh"kli�afeC` kl`�� izTVYdcfk:p|ijk:�V��abi�afeC`q¤
}j`�abW��5eCx�izkC`:i¨k:���Qkl`7izkCgCY�el�tizTVafp�p�h�ToY"W�Y�afpqi�Tokliqi�ToY�W�noc¥izab�VcfafY"xqampq§:Y"��i�p�W�klcfcCkl`��%x�Y8h(izkC`VgCnocfkCx

�VnVY@ize i�TVY ps�ocbabisizab`Vg<el�
B
¤ S�TVamp ��afcbcHcbY8kC� ize Y�
 h"abYX`:i�abW��VcfY"W�Y"`7i�kQi�afeC` eC` h�nox�xzY"`7i��Rw�]%}

T�klx����2kCx�Y���a¥izTZ�ÈkCpsi�hXklxzx�r�h"abx�h�noa¥izx�r �>kl`o��Y"�:Y"`ZW�eCxzY2Y�
 h�afY"`7i�a¥�EuVcfeth�§�W�nVcbi�af�VcfabYXxzpykCx�Y�k£�QklafcfkCuVcfY1�(¤
S�TVYdxzY"W�kCab`o�VY"x�el��i�TVamp~klx�i�amh�cfY%psTVeQ�~p2TVeQ� i�e�h�TVete:p�Y�i�TVYd`tnVW�Y"xzeCn�p���klx�klW�Y�izY"x�p�af`7i�xzet�Vnoh�Y8�

ToY"xzY�ize�Y"`op�nVxzY%kZg:ab�:Y"`1kCh"h"nVx�kCh�r�u5eCno`o�L¤

� �������X!$� �¨#%�R������� � ��. �
� �d� ��
R#%�R�d
��

wÀ`/i�TVY���eCcfcbeQ��af`Vg��R�2Y���kl`7i�k¡®��N® ,�klx�h�TVa¥izYXh�i�nVxzY�i�e �Èh"cfk:p�p�amh"klcfcfr��d�Vx�eQ�tam��Y :Q"��!�!(�:���. kChXh�nVx�kCh"rE«
S�ToY�xzYXp�nVcbiHxzY�iznVx�`oYX�@W�nopsi%u5Y�eC`VYZel��i�TVYZi|�2e�`tnVW�u�YXxzp%p�nVx�xzeCno`o��af`Vg izTVY�Y�¢VkCh�i�W�kQizTVY"W�kQizafhXklc
xzYXp�nVcbiX�:eCxyaf`�eli�ToY"x�izY"xzW�pX�:i�TVY�izeli�klcVYXx�xzeCx�el�EizTVYjpzh�TVY"W�Y~p�TVeCnVcm��klcf�2k£r�p�u5Yjpsi�xzafh�i�cfr�p�W�kCcbcfY"xyi�TokC`
2−wO

¤��jeQ��YX�CY"x2klcfc5i�TVY���eCcfcbeQ��af`Vg�afp2YXk:psafcfr�k:�Vkl�Vi�YX� i�eZelizTVY"x2Y"xzx�e:x�u5eCnV`��Vp"¤�S�TVYHu5eCnV`o��eC`�i�TVY
g:cbe:uoklcEYXx�xzeCx

ε
W�kC�VYHutr�i�TVY�®��¡®/, e:��YXxzkli�eCx�amp2i�TVY�p�nVW el��psYX�CY"x�klc�i�YXx�W�pX«

Ï ìRó ÏÑõ
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round

xorxor

xor

α β

TO2 TO1
TSTIV

�RafgCnVxzY��o«2}jxzh�TVabi�Y8h(iznVx�Y�el��i�ToYZ®��N® , eC�5Y"x�kQi�e:x���eCx
α = 4

�
β = 8

�
α0 = α = 4

�
α1 = α2 = 2

�
β0 = 5

�
β1 = 3

kC`o�
β2 = 3

ε = εpoly + εtab + εrt + εrm + εrf ,
��TVYXx�Y:«

5 εpoly
amp2i�TVYdYXx�xzeCx���noY%i�eZi�TVYd�5eCcfrt`VeCW�amklcqkC�V�Vxze£¢tafW�kQizabe:`q��p|izno��afYX�
ab`1�V¤f� ?

5 εtab
afp�izTVYZkC�V�Vxze£¢�abW�kQizabe:` Y"xzx�e:x���noY�ize�xzY"W�eQ�tab`og�uVabizp���xzeCW i�ToY�i�kluVcfY�af`V�VnVizp%kCp%p�TVeQ��`

�VxzY"�tabe:nop�cbr ? wªi~amp�p|izno��afYX�
ab` �o¤ [ ?
5 εrt

kC`o�
εrf
kCx�YHxzeCnV`o�Vab`VgZY"xzxzeCx�p"�7��TVY"`�­ocfcbaf`VgZi�TVYHi�kluVcfYXpX�ti�TVY%�Vxze���noh�i�kC`o��izTVYH­o`okCcqpsnVW ?S�TVY"r
klxzYHpsi�n���abY8�
ab` �V¤ � ?

wÀ`¡i�TVY���e:cbcfeQ��af`Vgo�L�2YZp�TVeQ��ToeQ��i�ToYXp�Y�izY"xzW�pHhXkl` u�Y�h"eCW��Vn�izYX�L�¨�VY"�5Y"`o��af`Vg1eC`¡i�ToY��VYXp�abg:`
��klx�klW�Y�izY"x�p"¤�}~`
TVY"nox�amp|izafhj��eCx�e:��i�afW�afp�ab`ogZk�®��N® ,¯eC�5Y"x�kQizeCx�i�TVYX`
h"eC`op�afpsizp2af`�YX`tnVW�Y"x�kQi�af`Vg�i�TVY
��klx�klW�Y�izY"x~p��okCh"YC��h"eCW��Vn�izab`og�i�TVY�Y"xzx�e:x���eCx~Y8kCh�T1�QklcfnVY�el��izTVY��okCxzkCWZY"i�YXxzpX�V§CYXY"�Vaf`Vg�e:`Vcbr�i�TVe7psY
��Toafh�T Y"`op�nVxzY
�Èklabi�TtnVcjk:h"h�noxzk:h�rC��kl`o� p�Y"cfYXh(izab`og kCW�eC`Vg¡i�TVYXW izTVY eC��izabW�kCc~Y"abi�TVYXx�ab` izY"xzW�p�eC�
p��5Y"YX��eCx�eC��kCx�Y8kV¤

����� ��	 ' �+ �	 � (A%�' � 	D��� �C(A�  �����
εpoly

S�ToY h�etY�
 h�afY"`7i�p
K0(A)

�
K1(A)

kl`��
K2(A)

klxzY h�e:W��Vn�i�Y8� eC` YXk:h�T el�2i�TVY
2α
af`7i�Y"xz�QklcmpdkCp�k

W�af`VafW�kl¢1kC�V�Vxze£¢�abW�kQizabe:`1uokCp�YX�1e:`1i�TVYZ��Y"W�Y"¦�klcfgCeCxzabi�TVWOqf�C��rª¤jS�TVamp~W�Y�izTVe�� �VxzeQ�7am��Y8p�nop~��abi�T
izTVY1�Nh�etY�
�h"abYX`7izpZklcfeC`Vg¡��a¥izT/i�ToY��QklcfnVY�el�

εpoly
¤ S¨e h�nVi�izTVY�Y"¢��Vcbe:xzkli�afeC` eC��i�TVY1�okCxzkCWZY"i�YXx

ó�ó Ð����s���Q�
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p��ok:h�YC���2Y@W�k£r xzY"W�klxz§/izTokQi�i�TVamp�YXx�xzeCx�amp e:ut�7afeCn�pscfr u5eCnV`���YX� utr<i�TVY psY8h�eC`��<e:xz�VY"x�SRk£rtcbe:x
kC�V�Vxze£¢�abW�kQizabe:` Y"xzxzeCx8«
εpoly ≤ 1

62−3α−3 maxX∈[0;1[ |f
′′′(X)|

��� � � �!* � �C(4 �
 � %���'A� (� �� ��� � (��C� ���
εtab

�~Y"W�eQ�tab`Vg
α − αi

uVabizp%��xzeCW izTVY�af`V�Vn�i�eC��eC`oY�i�kluVcfY�W�YXkl`�p%abW��5e:p�ab`Vg k1h�e:`opsizkl`7i%izkCuVcfYZ�QkCcbnVY
eQ�:Y"x�kl`
af`:izY"xz�QklcLel��psaf¦"Y

2α−αi
¤y}�p2i�TVY�h"eC`7i�YX`7i�eC��izTVY%izkCuVcfYHamp�nop�nokCcbcfr W�eC`VeCi�e:`VeCnopX�7i�TVYd�QkCcbnVY

izTokQidW�af`VabW�ampsY8p�i�TVY�Y"xzxzeCx%��nVY�i�e
i�TVampdkl�o�Vx�e£¢�afW�kQi�afeC` ampHi�ToYZW�Y8kl`NeC�yi�ToYZY"¢ti�xzY"W�klc��QklcfnVYXpHe:`
izTVamp~af`:izY"xz�QklcJ�okl`o�
izTVY�YXx�xzeCx�af`o��noh"YX�1amp�i�ToY"`1i�ToY�Toklcb��el�Ri�TVY���afpsizkC`oh�Y�u�Y"i|��YXY"`
i�TVY8psY�Y�¢ti�xzY"W�klc
�QkCcbnVY8p"�Vp�nVabizkCuVcbr�p�hXklcfYX�
kCh"h"eCx���af`Vg�ize ��v5¤q�C¤
S�TVY p�rtW�WZY"i�xzr x�Y8��noh�i�afeC` ��YXpzh�xzabu5YX�¡af` ®tY8h(izabe:` [V¤ [�i�e1TokCcb�:Y�izTVY p�ab¦XYZeC��izTVY

TOi

p%YX`:i�klafcfp
`oe�k:�V��abi�afeC`okCcqkl�V�ox�e£¢�afW�kli�afeC`�Y"xzx�e:xX¤

����� � 	 �	 "*	(� �
 � 	  � (4*+�$#/% �&(
	  ���
εrt

%� 	*
εrf

�j`���eCx�i�no`okQizY"cfrC�:i�TVY�i�kluVcfYXp�h"kC`V`Veli�u�Yj­ocbcfYX� ��a¥izT�x�Y8psnVcbizp�x�e:nV`o��Y8�Zi�edizTVY~i�klxzgCY"iy�Vx�Y8h�ampsafeC`¨« ��k:h�T
i�kluVcfY��2eCnVcm�1Y"`7i�klafc�k�W�kQ¢�afW�nVW�xzeCnV`o�Vab`Vg�Y"xzx�e:x�el�

2−wO−1 ��Y"¢Vh�Y"Y8��af`Vg�i�ToYdi�eCizklc�Y"xzx�e:x~uVno�VgCY�i
eC�

2−wO
¤ � Y�izTVY"xzY���e:x�Y�­ocfc�i�TVY

TIV
kl`o�@i�TVY

TOi

p���abi�T k �ox�Y8h�ampsafeC`¡gCxzYXkQizY"xji�TokC`@i�ToY�i�klxzgCY"i
�ox�Y8h�ampsafeC`�utr

g0
uoa¥i�p"��g:noklx��ZuVabizp �(¤yS�Ttnop�xzeCnV`���ab`ogdY"xzx�e:xzp�af`�­ocfcbaf`Vg�e:`VY�izkCuVcfY�afp�`VeQ�

2−wO−g0−1
kC`o��hXkl`�u�Y�W�kC��Y�kCp�p�W�klcfctk:p���YXp�abxzYX��utrdab`oh"x�Y8kCp�ab`og

g0
¤ �Ve:x�h�eC`�psamp|izY"`oh"rdel�VizTVY2­o`okCctp�nVW�W�kQizabe:`

�2Y�h�TVe:p�Y2i�edxzeCnV`���izTVY�eCnVi��Vn�i�el�5i�TVY�W�nVc¥izab�ocbafY"x�ize
g0
uVabizp�k:p���YXcbcJ�Cutr�i�xznV`oh"kli�af`Vg%a¥i2kl`o�ZkC�V�Vab`Vg

T�klcb��k uVa¥i�i�e�izTVY��QklcfnVY�af` izTVY
TIV

u5Y���e:x�Y�x�e:nV`o��af`Vg ¤~S�Ttnop�izTVY�izeli�klcqYXx�xzeCxj�VnVYdi�e i�TVY8psYd��e:nVx
xzeCno`o��af`Vg:p2amp�u�e:nV`o��Y8�
u7r

4 × 2−wO−g0−1 = 2−wO−g0+1 ¤
S�TVY�eCn�iz�Vn�iZel��i�TVY

TS
izkCuVcfY�amp�`VeCiZh�e:`oh�YXx�`oYX� utrNizTVY��VxzY"�tafeCnop���amp�h"nop�p�afeC`q��kl`o�/��Y W�k£r

h"eC`7i�xzeCctabizp�xzeCnV`���ab`og�YXx�xzeCx�utr�kl`oeli�ToY"x�`tnVW�u5Y"x�eC��gCn�klx���uVabizp
g1
¤RS�Toafp�YX`:i�klafcfp�kC`VelizTVY"x�xzeCnV`���ab`og

YXx�xzeCx�i�T�kQijkC�o�Vp�nV�1��a¥izT
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