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Abstract: In the context of remotely sensed data analysis, an important problem is the
development of accurate models for the statistics of the pixel intensities. Focusing on Syn-
thetic Aperture Radar (SAR) data, this modelling process turns out to be a crucial task,
for instance, for classification or for denoising purposes. In the present report, an innova-
tive parametric estimation methodology for SAR amplitude data is proposed, which takes
into account the physical nature of the scattering phenomena generating a SAR image by
adopting a generalized Gaussian (GG) model for the backscattering phenomena.

A closed form expression for the corresponding amplitude probability density function
(PDF) is derived and a specific parameter estimation algorithm is developed in order to
deal with the proposed model. Specifically, the recently proposed “method-of-log-cumulants”
(MoLCQ) is applied, which stems from the adoption of the Mellin transform (instead of the
usual Fourier transform) in the computation of characteristic functions, and from the cor-
responding generalization of the concepts of moment and of cumulant. For the developed
GG-based amplitude model, the resulting MoLC estimates turn out to be numerically fea-
sible and are also proved to be consistent.

The proposed parametric approach is validated using several real ERS-1, XSAR, ESAR
and airborne SAR images and the experimental results prove that the method models the
amplitude probability density function better than several previously proposed parametric
models for the backscattering phenomena.
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Estimation de la densité de probabilité de I’amplitude
d’une image radar de type RSO fondée sur un modéle de
diffusion a base de gaussiennes généralisées

Résumé : En télédetection, un probléme important est celui de développer des modéles
précis pour representer les statistiques des intensités des pixels. En ce qui concerne les
données du type Radar & Synthése d’Ouverture (RSO), cette modélisation constitue un
point capital pour la classification ou le débruitage d’une image, par exemple. Dans ce
rapport de recherche, une nouvelle méthode d’estimation paramétrique pour les amplitudes
d’images RSO est proposée. Elle tient compte de la nature physique des phénomeénes de
diffusion qui générent une image RSO en adoptant une modéle de gaussiennes generalisées
pour les phénoménes de rétrodiffusion.

Une expression, sous forme explicite, de la densité de probabilité de ’amplitude est ob-
tenue et un algorithme spécifique d’estimation des paramétres est proposé afin de pouvoir
utiliser le modeéle proposé. Une méthode récente fondée sur les “logs-cumulants” est ap-
pliquée, dérivant de 'utilisation d’une transformée de Mellin (4 la place de la transformée
de Fourier usuelle) dans le calcul des fonctions caractéristiques et de la généralisation des
concepts de moment et de cumulant correspondante. Les estimées obtenues par la méthode
des log-cumulants pour le modéle d’amplitude fondé sur des gaussiennes généralisées se
révelent étre calculables numériquement et également consistantes.

Dans ce rapport de recherche, ’approche paramétrique proposée est validée sur diverses
images radar RSO (ERS, XSAR, ESAR et des radar aéroportés). Les résultats expéri-
mentaux montrent que la méthode proposée modélise mieux la densité de probabilité de
I’amplitude que beaucoup de modéles paramétriques proposés précédemment pour les phé-
noménes de rétrodiffusion.

Mots-clés : Radar a Synthése d’Ouverture (RSO), densité de probabilité, gaussiennes
généralisées.
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1 Introduction

In the context of remotely sensed data analysis, a crucial problem is represented by the need
to develop accurate models for the statistics of the pixel intensities. Focusing on Synthetic
Aperture Radar (SAR) [5][6][28][33] data, this modelling process turns out to be a crucial
task, for instance, for classification [9] or for denoising [28] purposes.

xzFrom a methodological viewpoint, either parametric or non-parametric estimation
strategies can be employed for this task [9][10]. Specifically, the parametric approach pos-
tulates a given mathematical model for each class-conditional probability density function
(PDF) and formulates the PDF estimation problem as a parameter estimation one. Several
strategies have been proposed in the literature to deal with parameter estimation, such as the
maximum likelihood (ML) methodology [9] or the “method of moments” (MoM) [17][25][40].
On the contrary, non-parametric PDF estimation approaches do not assume any specific
analytical model for the unknown PDF, thus providing a larger flexibility, although usually
presenting internal architecture parameters to be set by the user [9]. In particular, several
non-parametric kernel-based estimation and regression architectures have been proposed
in the literature, proving to be effective estimation tools, such as standard Parzen win-
dow estimators [9][31], Artificial Neural Networks (ANNSs) [1], or Support Vector Machines
(SVMs) [22][42][43].

In the present research report, we address the problem of PDF estimation in the specific
context of SAR amplitude data analysis. In particular, we focus on parametric estimation
strategies, by exploiting an analysis of the physical scattering phenomena generating a SAR
image, in order to develop an innovative parametric model, endowed with a consistent es-
timation strategy. Specifically, the standard model for the statistics of the complex signal
backscattered from a given ground area, illuminated by a single-look SAR sensor, adopts
a discrete characterization of the phenomena occurring in this area, assuming the number
of scatterers to be large and the scatterers to be independent [17][28]. Let us denote as z
the complex signal received by the SAR sensor from the ground area R corresponding to a
given pixel, namely:

z =+ jy = rexp(j8) = vvexp(jf) (1)

where z,y,r,v,0 are the real part, the imaginary part, the amplitude, the intensity, and the
phase of the complex signal z, respectively. The standard discrete model for the scattering
phenomena assumes the presence in R of a finite set of n independent scattering entities,
thus interpreting z as the result of the interference of the corresponding n contributions. In
particular, this interference phenomenon motivates the usual noise-like granular aspect of
SAR images, known as speckle [28]. Specifically, assuming the number n of scatterers to be
large, according to the central limit theorem [30], the real and the imaginary part of the
backscattered signal are assumed to be jointly Gaussian. In particular, they turn out to be
independent, zero-mean Gaussian random variables with equal variances, thus yielding an
exponential distribution for the signal intensity and a Rayleigh distribution for the signal

INRIA



SAR amplitude PDF estimation based on a generalized Gaussian scattering model 5

amplitude [28], i.e.!:
pu(v) = Xexp(=Xv),  p.(r) = 2Arexp(=Ar?), 71,020, (2)

where ) is a distribution parameter to be estimated according to the image data (for instance,
by using ML or MoM [24]). However, real SAR amplitude data often present significantly
non-Rayleigh empirical distributions, for instance, exhibiting heavier distribution tails, and
thus requiring a more accurate probability density function (PDF) characterization [17][28].
Several different theoretical models for the statistics of the backscattering phenomena have
been proposed in order to improve the estimation quality or to generalize the Rayleigh
model to different typologies of SAR data. Specifically, the Gamma distribution has been
introduced as a model for multi-look SAR intensity PDF, generated by averaging L single-
look exponentially distributed intensities, and is expressed as [25][28]:

L
po(v) = (Ii\(LI?) vE " exp(=ALv), v >0, (3)

where I'(+) is the standard Gamma function [34]. The corresponding amplitude turns out to
be Nakagami-distributed [25][30][40], i.e.:

2&?)]: r#ttexp(=ALr?), r>0. )

pr(r) = 2Tpv(7"2) =

The Nakagami-Gamma model has also been extended to the case of multilook polarimetric
and interferometric data [14][15][19], to finite mixtures of Gamma components [25][27], and
its application has been generalized by letting the integer number L of looks be a real positive
parameter (interpreted as an “equivalent number of looks”, ENL) to be estimated together
with A according to the image data. Both ML and MoM estimates turn out to be feasible
for this estimation task [25][40].

In [17] a generalized version of the central limit theorem [20] is applied in order to
generalize the standard scattering model by allowing the real and the imaginary part of the
backscattered signal to be jointly symmetric-a-stable (SaS) [16][18][20] random variables,
thus resulting in the following generalized “heavy-tailed” Rayleigh model for the amplitude
PDF:

+oco
pr(r) = T/o pexp(—vp*)Jo(rp)dp, T >0, (5)

where o and v are positive parameters and Jo(-) is the zeroth order Bessel function of the
first kind [3][38]. An MoM estimation strategy is developed in [17] for this parametric model.

A different approach to SAR scattering modelling is proposed in [12], by assuming the
number n of scatterers to be itself a random variable and the population of scatterers to be

1Since the random variables 7 and v are always non-negative their PDFs are zero on (—oo, 0). Therefore,
hereinafter, we will explicitly define their PDFs only in [0, +oc0).
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controlled by a birth-death-migration process. In this case, a K distribution is obtained for
the signal intensity [12][13][28], i.e.:

2ALM) M vy 1/2
=/ _ >
Po(v) Yo" K-z [Z(ALM'U) ] . v>0, 6)

where A\, L, and M are positive distribution parameters and K,(-) (v > 0) is the v-th
order modified Bessel function of the second kind [3][38]. The corresponding amplitude
distribution is given by:

_ANLM)EHM)/2

pr(r) = WTHM*KM_L [2r(ALM)1/2 , r>0. (7)

The same K distribution is obtained when assuming a multiplicative noise model for the SAR
intensity, by expressing v as the product of two Gamma, distributed components, represent-
ing a signal and a noise contribution, respectively [28]. Further extensions of the backscat-
tering modelling approach assuming n as a random variable are proposed in [8][29][44].
MoM turns out to be feasible for the parameter estimation task for a K-distributed random
variable [24][28], whereas no close form is available so far for ML parameter estimation,
thus requiring intensive numerical computation or analytical approximations of the PDF
itself [24][28].

Several generalizations of the MoM estimation strategy have been recently proposed in
the specific context of SAR amplitude or intensity parametric estimation, thus focusing on
parametric families defined on [0, +00). The use of lower, fractional, negative, and complex
order moments have been proposed in [26] and in [24] and applied to the fitting of Gamma
and K distributions. The corresponding estimates can be proved to exhibit a reduced vari-
ance compared to standard MoM estimates [24], although requiring the selection of the opti-
mal order to be employed in the computation of the moments. The same approach has also
been applied to the above-mentioned SaS generalized Rayleigh PDF (see Eq. 5) [17]. Fur-
thermore, the recently proposed “method-of-log-cumulants” (MoLC) [24][25][26][40] stems
from the adoption of the Mellin transform [38] (instead of the usual Fourier transform) in
the computation of characteristic functions [30], and from the corresponding generalization
of the concepts of moment and cumulant [30]. The method proves to be feasible for all
the above-mentioned parametric models for SAR amplitude and intensity statistics and to
provide smaller variance estimates than MoM for Gamma distributed intensities [25]. In the
present report, an innovative parametric model is proposed for SAR amplitude data statis-
tics. Specifically, the standard scattering model is generalized by assuming the real and the
imaginary part of the backscattered signal to be independent zero-mean generalized Gaus-
sian (GG) [39] random variables and by deriving analytically the resulting amplitude PDF.
GGs have been employed for noise modelling in communications, detection, and positioning
problems [39], in optical image analysis [2][23], and in wavelet coefficient statistical mod-
elling [21][36][37]. In the present report, the feasibility of such a model for SAR scattering
statistical characterization is investigated theoretically and experimentally.
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SAR amplitude PDF estimation based on a generalized Gaussian scattering model 7

In Section 2 the proposed parametric model is derived and in Section 3 a specific param-
eter estimation algorithm is developed and proved to be consistent. Section 4 reports the
results of the application of the proposed parametric approach to the statistical modelling
of the grey-level of several real SAR images, proving the method to better fit the ampli-
tude distribution compared to the previously proposed above-mentioned scattering models.
Finally, conclusions are drawn in Section 5.

2 A generalized Gaussian model for SAR backscattered
signals

A random variable u is said to be generalized Gaussian if its PDF is given by the following
equation [39]:

palw) = spp g expl-hw—m)l, weRr, (8)
where ¢, > 0 and m € R. Specifically, m = E{u} is the expected value of the generalized
Gaussian distribution, « is connected to the variance, thus influencing the dispersion around
m, whereas c is a shape parameter, dealing with the sharpness of the PDF. Both the Gaussian
distribution and the Laplace one can be viewed as particular cases of this general model,
corresponding to ¢ = 2 and ¢ = 1, respectively.

In this report, we propose to extend the Gaussian model for the real and the imaginary
part of the backscattered complex SAR signal z, by assuming them to be distributed ac-
cording to a generalized Gaussian PDF. Thus, according to the above-mentioned discrete
modelling of the scattering phenomena inside the region R, a natural choice is to accept
a symmetrical behavior of  and y [28], thus postulating for both random variables the
same values of the parameters {c,y,m}. Similarly, we accept the usual assumptions of
independence of these components and of zero mean, thus expressing their joint PDF as
follows:

_ _ ’7202 c c c R2
Pry(2,Y) = pe()py(y) = Wexp[—w (2l + [yl)],  (z,y) € R°. 9)

This choice allows gaining a higher flexibility compared to the standard Gaussian model,
by explicitly taking into account the possible non-Gaussian sharpness of the joint PDF pg,,
i.e., implicitly allowing the amplitude PDF p, to exhibit a non-Rayleigh behavior.

Specifically, in order to compute a closed-form expression for p,., we perform a “rectangular-
to-polar” coordinate transformation [30], thus obtaining the following expression for the joint
PDF of the signal amplitude r > 0 and phase 8 € [0, 27]:

2.2

— : — ycr _ c c : c
pro(r,0) = rpyy(rcosf, rsinf) = 21/ exp[—(y7)¢(] cosB|° + | sin 6]°)]. (10)
Therefore, the corresponding marginal amplitude PDF turns out to be:
2m ’)’2627" 2w
pr(r) :/0 pro(r,6)db = W/o exp[—(yr)°(| cosb|® + |sin6[)]dd, r>0. (11)
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Figure 2.1: Plots of several GGR probability density functions, corresponding to v = 0.025
and to several distinct values for ¢. The value adopted for v in these examples has been
chosen in order to correctly scale the plotted distributions in the range [0,255] (typical of
digital image data).

Since the function 0 € [0, 27] — | cosf|® + |sin 0|¢ is (7/2)-periodical, we finally obtain:

72 2r w/2
pa(r) = W/o exp[—(v7)°(| cos 6|° + | sin 6]°)]d8, > 0. (12)

We will refer to this distribution as the Generalized Gaussian Rayleigh (GGR) distribu-
tion, since it extends the usual Rayleigh-distributed amplitude model by using generalized
Gaussian PDFs. Of course, the Rayleigh PDF can be viewed as a particular case of the
GGR distribution, characterized by ¢ = 2, i.e.:

(r) = ﬂex [—( 7“)2]ﬁ =2y’ rexp[—(yr)?], r>0 (13)
Pr(r) = g gy *PI- ()5 = 2 rexp[=(r)7, 720,
since T'(1/2) = /7 [34].

Fig. 2.1 compares several GGR PDFs, corresponding to a fixed value of v and to several
distinct values of ¢, both considering the Rayleigh case (i.e., ¢ = 2) and several non-Rayleigh
PDFs. As highlighted by Fig. 2.1, the GGR parametric family also allows taking into account
the possible “heavy tails” behavior of the amplitude data, corresponding to values of ¢ lower
than 2. Also a sharper and more impulsive behavior can be obtained for higher values of ¢
(i.e., c>2).

INRIA
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3 Estimation of the parameters of the proposed model

The proposed GGR model for SAR amplitude data is a two-parameter family of PDFs,
thus requiring the definition of a suitable estimation procedure, computing for a given SAR
amplitude image 7, the values of ¢ and of v which optimally describe the data distribution.
From this estimation viewpoint, we consider Z as a set Z = {rq,r2,...,7n} of independent
and identically distributed (i.i.d.) samples, drawn from the PDF in Eq. (12). This approach
is widely accepted in the context of estimation theory [9][10][41] and operatively corresponds
to discard in the estimation process the contextual information associated to the correlation
between neighboring pixels in the image, thus exploiting only the greylevel information.

First, we stress that the GGR model (12) renders the use of a standard ML estimation
approach infeasible. In fact, the i.i.d. assumption allows obtaining the following espression
for the log-likelihood function [41] of the image data Z:

N
1
Lz(c,v) = Zlnpr(rk) =2N [lnfy—an— InT (Z)] +
k=1

N N /2
+ Zln Tk + Zln/ exp[—(y7k)°(| cos 0|° + | sin 6]°)]d6. (14)
k=1 k=1 70

The ML estimation approach would require the numerical maximization of the function
Lz(-,-), which turns out to be a difficult and time-consuming task, due to the presence of
the sum of integral contributions in Eq. (14). A much more feasible estimation strategy
results if adopting the methods based on the Mellin transform [25].

3.1 Parameter estimation with the Mellin transform and MoLC

The method of log-cumulants (MoLC) has been recently proposed as a parametric PDF
estimation technique feasible for distributions defined on [0,+00), and has been explicitly
applied in the context of the usual parametric families employed for SAR amplitude and in-
tensity data modelling (e.g.: the Nakagami-Gamma and the K distributions) [24][25][27][40].
MoLC is based on the generalization of the usual moment-based statistics, by employing the
Mellin transform in the computation of characteristic functions and moment generating
functions, instead of the usual Fourier and Laplace transforms.

Given a generic random variable u, the moment generating function (MGF) &, of u is
defined as the bilateral Laplace transform of the PDF of u [30], i.e.:

+oco
Bo(s) = L(pa)(s) = / pu(u) exp(su)du, s €C, (15)

—0o0

where L is the bilateral Laplace transform operator® on the Lebesgue space L*(R) [11]. The
MGF is known to converge and to be analytical at least in a vertical strip of the complex

2 Actually, the bilateral Laplace operator would involve the exponential exp(—su) [11], but, in the context
of statistics, the MGF is usually defined with the exponential exp(su) as reported in Eq. (15). However, this
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plane and it turns out to be implicitly related to the MoM estimation approach. In fact,
if the interior of the convergence strip contains a neighborhood of the origin, then the v-th
order moment (v =1,2,...) can be expressed as

m, = E{u"} = )(0), (16)

where the superscript denotes a differentiation operator [30]. Related quantities are the
characteristic function of u, defined as the Fourier transform of the PDF, the second moment,
generating function ¥,, defined as the complex logarithm of the MGF and the v-th order
cumulant k,,, defined as the v-th order derivative of the second MGF computed in the origin

of the complex plane:
Tu(s) =Ind,(s), k, =T (0). (17)

In particular, the first and second order cumulants turn out to be equal to the distribution
mean and variance, respectively [30].

The MoM estimates are actually computed by analytically expressing the moments (or
the cumulants) of the parametric PDF under investigation as functions of the unknown
parameters, and by estimating the moments as sample-moments, thus formulating the pa-
rameter estimation problem as the solution of a (typically non-linear) system of equations.
In [25][27], this approach is specialized to non-negative random variables (such as SAR am-
plitude and intensity), corresponding to PDF defined on [0, +0), by re-defining MGFs and
characteristic functions as Mellin transforms and resulting in a more feasible estimation.

Thus, given a non-negative random variable u, the second-kind characteristic function
¢y of u is defined as the Mellin transform [38] of the PDF of u, i.e.:

+oo
6u(3) = M(pa)(s) = / pu(w)usldu, s€C, (18)

where M is the Mellin transform on L!(0,+00). Also ¢, is known to converge and to be
analytical in a vertical strip S of the complex plane [25][38]. If the interior of the convergence
strip containe a neighborhood of 1, then the following definitions are formulated by analogy
with the Laplace-based case [25]:

o v-th order second kind moment: p, = L”)(1), v=12,..;

e second kind second characteristic function: ¥,(s) = ln ¢, (s), s € S;

e v-th order second kind cumulant: x, = »{)(1), v =1,2,...

The expressions “log-moments” and “log-cumulants” are also used for the second kind
moments and cumulants, thanks to their relation with the moments of the logarithm of u,
ie.:

py = E{(Inw)"}, k1 =p = E{lnu}, ks =ps— p3 = Var{lnu}. (19)

slight modification has no significant impact on the analytical properties of the resulting transform. Hence,
hereafter we will refer to the bilateral Laplace transform as defined by Eq. (15).

INRIA
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Hence, the estimation method of log-cumulants is based on the analytical calculation
of log-moments and log-cumulants as functions of the unknown parameters and on the
inversion of the resulting equations. Hence, MoLC estimates are obtained from sample-
moment estimates of the log-moments or of the log-cumulants by solving a system of non-
linear equations. The numerical solution of these equations turns out to be feasible and fast
for most SAR-specific distributions, such as the Nakagami-Gamma, or the K ones, and the
MoLC estimates also exhibit a lower variance with respect to the usual MoM ones. [25].
However, we also stress that, when dealing with non-negative random variables, the MoM
approach itself can be expressed by using the Mellin transform, since

m, =¢,(v+1), v=12 ... (20)
Therefore, if the Mellin transform of the function p, can be computed, both the non-
linear MoM equations and the MoLC ones can be derived.

3.2 MoLC parametric estimation for the GGR model
Plugging the expression (12) in the definition (18) of the Mellin transform yields:

+o0
(6 = M0 = e [0 [ explam(eosor + smoleianir =

Agrg / - / exp[—(yr)/* A6, \)|dbdr, se€C (21)

where we have introduced the auxiliary parameter A\ = 1/c¢ and the auxiliary function
A:[0,7/2] x (0,+00) — R with A(8,\) = |cos@|'/* + |sinf|'/*. According to the Fubini-
Tonelli theorem [11], the function (r,8) — r* exp[—(yr)'/* A(6, \)] is Lebesgue-integrable
on [0,400) x [0,7/2], thus allowing an exchange in the order of integration, i.e.:

2

71'/2 + oo
60(5) = 13m0 5 /0 i /0 r* expl— (vr)1/> A(6, N)]dr. (22)

Making the substitution r — £ = ('yr)l/AA(G, A) yields:

+oo £AS 5)\ 1 _
— 1 e As+A—
= =TI / A oxp(—€)de / 7‘9 NP (23)

Expressing the first integral as a Gamma function [34] eventually yields the following ex-
pression for the second kind characteristic function of the GGR model:

_Ts+N) [ dh
¢T(5) - )\73—11"2()\)/0 A(Ga)\)’\s-l—}‘. (24)
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12 G. Moser, J. Zerubia € S. B. Serpico

According to Eq. (24), ¢, is defined in a neighborhood of 1, thus allowing the defi-
nition of log-cumulants and the consequent application of MoLC. The second kind second
characteristic function turns out to be:

w/2 do
¢T(3):1n¢r(s):lnF()\s+)\)—ln)\—(s—l)ln*y—21n1“()\)+1n/ A 25)
0

9, \)rs+r (
Denoting as ¥(-) the digamma function [25] (i.e., the logarithmic derivative of the Gamma

function) and as ¥(v, -) the v-th order polygamma function [25] (i.e., the v-th order derivative
of the digamma function; v = 1,2,...), we obtain:

/2 10 A6, A 2gg ]

and 1
/2 I A9, \) W de |
" __ 12 2 ’
Y (8) = A2T(L,As +A) + A ; 7A(0’)\)/\S+Ad9 /0 A ) +
L2 magyy 12 a1
- L;\),\de / AG TN | (27)
o A, AT o A0, M)
Introducing the function
™/2 In” A9, \)
= _ =0,1,2,... 2
G = [ S v=012 (28)
we obtain the following expressions for the first and the second log-cumulants:
G1(N)
=/ (1) = AT(2\) —lny — A 2
= U (1) = MY ~ Iy - AZHE (29)
G2(NGo(A) = G1(A)?
= Y(1) = N2T(1,2)) + X2 2
K2 ¢7‘( ) A ( ’ )+ GO()\)Q (30)
MoLC first computes the following sample-mean and sample-variance estimates of k;
and ko, according to the image data Z = {ry,ra,...,ry} [30]:
1 1 &
A _ A _ 5 )2
k1= N};lnrk, Ro = m;(lnrk—m) (31)

and derives estimates A and 4 of the parameters A and ~ by solving the Egs. (29-30).
We stress that Eq. (30) does not contain «, thus allowing to split the non-linear solution
problem in two distinct stages: first, A can be estimated by solving Eq. (30); then, the
resulting estimate X can be plugged into Eq. (29) to solve for 4. The second solution stage
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Figure 3.1: Logarithmic plot of the H(-) function, representing the right-hand side of Eq.
(30).

can be easily carried out analytically. On the contrary, the first stage requires a numerical
solution procedure. However, the function on the right-hand-side of Eq. (30), i.e.:

L2 G2(N)Go(N) = G1(V)?

H(\) = 220(1,2)) GoOV ;

A>0 (32)

is stricly monotonally increasing (see Fig. 3.1), thus allowing a simple numerical solution,
for instance, by means of the bisection method [4]. On the other hand, we note that applying
MoM would involve computing the first two moments m; and ma (i.e., letting s = 2 and
s =3 in Eq. (24), respectively), thus leading to more complicated numerical computations.

As shown in Fig. 3.1, the H(-) function is lower bounded, i.e., H(A) > H* ~ 0.296 for
all A > 0. Hence, if 42 < H* the equation H(\) = &2 has no solution. In this case, the
GGR model turns out not to be compatible with the empirical data distribution.

3.3 Consistency of the proposed estimator

We study here the asymptotic properties of the previously introduced estimator, specifically
proving its consistency. Since the estimation procedure involves explicitly the parameter
A = 1/c instead of c itself, without loss of generality we refer to (A, ), and not to (c,7), as
the parameter vector of the GGR distribution. Dealing with the asymptotic behavior, we
assume the availability of a random sequence {r,, }22 ; ofi.i.d. data samples, drawn according
to a GGR distribution. We denote as © : (0,4+00)? — R? the non-linear transformation
mapping a parameter vector £ = (A,7) to the resulting log-cumulant vector k = (k1, Kk2),
ie.:

G1(N)

O\, ) = ()\‘11(2)\) —ny =Gy H()\)) (33)
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Hence, denoting as £&* = (\*,~*) the true parameter vector, the resulting true log-
cumulants of the data distribution are the components of the vector k* = O(£*) = O(A*,v*).
These log-cumulants are estimated according to the data {r,}5>;, by introducing the se-
quence {k, = (Rin, Ran )} of sample-mean and sample-variance estimates, i.e.:

L1 . 1 ¥ -
Rin = ;Zlnrk, Ron = n_IZ(lnTk—:‘ﬁ)z (34)
k=1 k=1

Thanks to the strict monotonicity of H(-) and to the invertibility of Eq. (29) with respect
to v, O(-) is an invertible mapping, thus yielding, for any n = 1,2, ..., a unique solution
fn = (nyAn) = O7(Ry) of the vector equation O(&,) = &,. In addition, both © and
its inverse ®~! turn out to be continuous mapping, © ! being, in particular, continuous
at x*. Therefore, for any ¢ > 0 there exists §. > 0, such that® ||k — x*|]2 < &, yields
[[071(k) — €*||so < &. Hence, if ||, — K*||2 < &, then [|€, — £*||so < &, which yields the
following relation between events:

{llin — K7ll2 < 8:} € {l1n — € ]loo < &} (35)
Therefore:
P{An =N <&, [in = 7" < e} = P{ll&0 = € lloo <} = P{|lfn — £*[]2 < 6.} (36)

Applying first the Markov inequality to the non-negative random variable ||&, — £*||2 [30]
and then the Cauchy-Schwartz inequality [30], we have:

B{|lfn = 5112} o | _ E{llfn — s*|I3}'/2

P{||&n — K*||l2 < 6} >1— 5 5 (37)
Therefore: 211/2
N E{||&,, — k*
PAw = X <.l 7] <} 2 1 - DUl KRN
=1 E{(’%ln B K’T)2 + (’%2n B K/;)Q} (38)

be

The sample-mean estimate %1, of k1 = E{lnr} and the sample-variance estimate &2, of
ko = Var{lnr}, are known to be unbiased, with variances given by [30]:

N Ko . 1 n—3 4
Var{kin} = — Var{kon} = — - K 39
{Fin} ==, {Ron} = — (B = =7k (39)
3We denote here as || - ||2 and as || - ||co the Euclidean and the Tchebitchev (i.e., uniform) norm on R2,

respectively [11]. Adopting the former in the domain of the mapping ©~! and the latter in the co-domain
is advantageous in the calculations and involves no loss of generality, since all norms on a finite-dimensional
vector space are equivalent [11].
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where 3 = E{(Inr — k1)*}. Therefore:

P{A = M| <& )fn— 7| <e}>1-— Var{&1,} + Var{&an}

be
n—3
=1- — K2 4
nde (’i2+ﬁ n—lnz) (40)
We finally conclude that:
lim P{An = N| <&, |fn =" <} =1 (41)

which proves the random vector sequence {(An,4n)}52; to converge in probability to the
true parameter vector (A*,v*). Hence, the developed MoLC estimator for the proposed
GGR distribution turns out to be consistent [41].

4 Experimental results

4.1 Data sets for experiments

The proposed parametric GGR model, endowed with the MoL.C estimation strategy de-
scribed in Section 3, have been tested on 10 real SAR images, and compared with several
previously developed statistical models for the SAR backscattering phenomena. The first
six images used for experiments are single bands acquired in August 1989 on the agricultural
region of Feltwell (UK) by a fully polarimetric PLC-band NASA /JPL airborne sensor [35].
Specifically, all the three polarizations (HH, HV, VV) acquired at band C, the HV and VV
polarizations acquired at band L and the HH polarization acquired at band P have been
used. The remaining channels (namely, L-HH, P-HV, and P-VV) have been discarded, since
their histograms exhibit strong irregularities (see, for instance, Fig. 4.1), probably due to
the underlying calibration and registration processes. Hereafter, the adopted Feltwell bands
will be denoted synthetically as “Feltwell-CHH”, “Feltwell-CHV”, ..., “Feltwell-PHH”.
The other four employed images are:

e 3 single-look ERS-1 image, acquired in April 1993 on the urban and agricultural region
around Bourges (France);

e an ERS-1 image of the agricultural region of Flevoland (Netherlands);

e a 3-look XSAR scene of portion of the Swiss territory, comprising a mountain zone, a
portion of a lake, and a urban area [7];

e a 3-look ESAR image of the area of Oberpfaffenhofen near Munich (Germany).

All the employed images are shown in Appendix A, after histogram stretching and/or
equalization.
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Figure 4.1: Plot of the histogram of the HH polarization acquired at band L for the “Feltwell”
data set, highlighting the presence of an irregular “zig-zag” behavior of the histogram itself.

4.2 PDF estimation results

In order to assess the effectiveness of the proposed parametric PDF estimation algorithm,
we have applied the method to the above-mentioned 10 images, evaluating the estimation
results both qualitatively (by means of a visual comparison between the estimated PDF
and the empirical data distribution, i.e., the image histogram) and quantitatively (i.e., by
computing the correlation coefficient between the estimated PDF and the histogram itself).

The results have been compared with the ones provided by several previously developed
parametric models for the SAR backscattering phenomena. Specifically dealing with am-
plitude images, we have involved in the comparison the Nakagami distribution, the SaS
generalized Rayleigh distribution (hereafter denoted simply as SaSGR) and the amplitude
PDF (7) corresponding to K-distributed intensities (hereafter denoted as “K-root”). We do
not consider explicitly in the comparison the Rayleigh PDF, since it is a particular case of all
the above-mentioned models. For all considered parametric families the MoLC estimation
strategy has been adopted, both for homogeneity with respect to GGR and thanks to the
good estimation properties this algorithm has been proved to exhibit, for instance for the
Nakagami-Gamma model [25]. The resulting correlation-coefficients are shown in Table 4.1

The GGR model turns out to be well-defined (i.e., the empirical sample-variance &s
satisfies the condition &2 > H*) for all considered images except “Flevoland” and “Oberpfaf-
fenhofen”. In all cases in which GGR fitting is feasible, except “Bourges”, the quantitative
correlation coefficients suggest this parametric estimation approach to better fit the data
histograms than the other considered parametric scattering models. A visual comparison
between the histograms and the plots of the estimated PDFs actually confirms this conclu-
sion. As an example, we show in Fig. 4.2 the results obtained for “Feltwell-CHH” and we
list in Appendix B all the plotted results.
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Image Parametric model
GGR | Nakagami | SaSGR | K-root
Feltwell-CHH 99,42% 95,80% | 89,98% | not defined
Feltwel-CHV 98,95% 97,13% | 88,87% | not defined
Feltwell-CVV 99,11% 94,56% 87,54% | not defined
Feltwel-LHV 98,74% 94,14% | 75,55% | not defined
Feltwell-LVV 99,28% 93,43% 84,96% | not defined
Feltwell-PHH 98,61% 92,54% 81,57% | not defined
Bourges 98,97% 98,97% 95,57% 99,77%
Flevoland not defined | 98,70% 88,32% 99,77%
Suisse-Lake 99,63% 97,90% | 94,30% | not defined
Oberpfaffenhofen || not defined | 99,88% 91,00% 99,86%

Table 4.1: Correlation coefficients between the estimated PDFs and the image histograms

for all considered parametric families and all employed SAR images.
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Figure 4.2: Plot of the image histogram and of the estimated GGR, SaSGR, and Nakagami
PDFs for the “Feltwell-CHH” data set.
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Figure 4.3: Logarithmic plot of the curves C; and Cs for K-root parameter estimation applied
to the “Feltwell-CHH” image.

It is interesting to stress that it is possible to fit the K-root model only to “Bourges”,
“Oberpfaffenhofen”, and “Flevoland”. In fact, as with GGR, the system of non-linear equa-
tions to be solved in order to compute the parameter estimates for K-root can have no
solutions for specific combinations of the values of the sample-log-cumulants. In particular,
the MoLC estimates A, f/, and M of the parameters A, L, and M of the K-root PDF (7) are
computed by solving the following equations [24]:

2,%1:—21n5\+‘I/(IA,)—1nIA/+\I/(]\;I)—lnM (42)
Aky = U(1,L) + ©(1, M) (43)
8ks = U(2,L) + ¥(2, M), (44)

where Ki,ko, and k3 are sample-moment estimates of the log-cumulants ki, k2, and k3
respectively. However, the joint system of equations (43-44), which yields the estimates of
the parameters L and M, can have no solutions, since the curves Cy : 4ig = U(1, L)+¥(1, M)
and Cy : 8k = U(2,L) 4+ ¥(2, M) in the (L, M) plane can have empty intersection. In
fact, according to the monotonicity and asymptotic properties? of both ¥(1,-) and ¥(2,-),
standard calculus allows proving that both C; and Cs lie in the positive quadrant L > 0, M >
0 and exhibit a “hyperpolic” shape, with both a horizontal and a vertical asymptotic line.
However, these two curves can have no intersection, as in the example shown in Fig. 4.3.

4In particular, ¥(1,-) is a strictly decreasing function on (0, +oo), vanishing at infinity and positively
diverging at the origin, whereas ¥(2, -) is strictly increasing on (0, +00), vanishing at infinity and negatively
diverging at the origin [24].
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Figure 4.4: Plot of the image histogram and of the estimated Nakagami and K-root PDFs
for the “Flevoland” data set.

However, the experiments suggest a complementarity between the proposed GGR model
and the usual K-root one, since for all images except “Bourges” only one of the two paramet-
ric PDFs turns out to be feasible. In particular, the histogram of “Flevoland” is characterized
by a poor content at low grey-level values, and “Oberpfaffenhofen” has a very small dynam-
ics range, both conditions yielding too low values of the empyrical sample-variance of the
logarithm of the grey-levels to allow the application of GGR. However, in both cases, K-
root performs very well in fitting the histogram of these images, both from the viewpoint of
the correlation coefficient (see Table 4.1) and from the viewpoint of the visual comparison
between the histogram and the estimated PDF (see, for instance, Fig. 4.4). Furthermore,
for the “Bourges” image, which allows the application of both models, the results provided
by GGR and by K-root are both good and quite similar (see Fig. 4.5). On the contrary, as
highlighted by Table 4.1 and as shown by the PDF plots shown in Appendix B, both Nak-
agami and SaSGR yields worse estimation performances, thus proving to be less effective
amplitude PDF models than GGR and K-root.

We note that, when the image histogram exhibits a very “peaky” distribution, such as in
the “Feltwell-LHV” case (see Fig. 4.6), although providing the best estimation performaces
among the considered backscattering models (see Table 4.1), GGR yields a visually biased
result, not accurately modelling the narrow peak of the distribution. In order to improve
the estimation accuracy for such “peaky” distributions, an even higher flexibility of the
estimation model would be required, for instance, by further generalizing GGR by admitting
different values for the parameters ¢ and ~ of the two generalized Gaussian components of
the complex backscattered signal.

An analysis of the parameter estimates computed by MoLC for the 8 images for which
GGR is well-defined (see Table 4.2) stresses the usefulness of the proposed generalized Gaus-
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Figure 4.5: Plot of the image histogram and of the estimated GGR, K-root, SaSGR, and
Nakagami PDFs for the “Bourges” data set.

sian backscattering model with respect to the usual Gaussian one. For all images, the esti-
mate é = 1/X of the shape parameter ¢ turned out to be far lower than 2 (often even lower
than 1), thus highlighting a strongly non-Gaussian behavior of the backscattering signal and
stressing the need to take into account the presence of heavy distribution tails. It is also
interesting to note that the estimate 4 of the v parameter exhibits for “Feltwell-LHV” and
for “Feltwell-PHH” much higher values than for the other images. This may be interpreted
as a consequence of the fact that both “Feltwell-LHV” and “Feltwell-PHH” exhibit the above
mentioned “peaky” behavior in the data distribution, thus presenting a proportionally lower
variance with respect to the other images. Plugging the expression (24) of the second kind
characteristic function of the GGR PDF in the relation (20) between the moments and the
Mellin transform, we obtain Var{r} = ma — m? = ¢,.(3) — ¢,(2)? o v~ 2. Therefore, for im-
ages characterized by a “peaky” histogram, Var{r} has a low value and so a correspondingly
high value is expected for the parameter ~.

5 Conclusions

In this research report an innovative parametric model has been proposed to characterize
the statistics of the backscattering phenomena generating a SAR image. Specifically, a
closed form has been derived for the resulting amplitude parametric PDF and a parameter
estimation algorithm, based on the Mellin transform and on the method of log-cumulants,
has been developed and tested on several real XSAR, ESAR, ERS-1 and airborne SAR
images.
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| Image I ¢ | 4 |
Feltwell-CHH || 0,8576 | 0,0322
Feltwell-CHV || 0,6903 | 0,0506
Feltwell-CVV || 0,7633 | 0,0444
Feltwell-LHV || 0,3683 | 1,0947
Feltwell-LVV | 0,6032 | 0,0931
Feltwell- PHH || 0,4635 | 0,4817
Bourges 1,3722 | 0,0132
Suisse-Lake 1,0376 | 0,0271

Table 4.2: Parameter estimates provided by MoLC (with é = 1/ ) for the proposed GGR
model, applied to each considered image. “Flevoland” and “Oberpfaffenhofen” are not re-
ported here, since the estimation process yields no solution for these images (see Table 4.1).
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500 - 40,005
0 | : — ; — 0

1 33 65 97 129 161 193 225
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Figure 4.6: Plot of the image histogram and of the estimated GGR and SaSGR PDFs for
the “Feltwell-LHV” data set.
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The numerical experiments prove the proposed method to outperform the majority of
the previously proposed approaches to SAR backscattering parametric modelling, namely,
the Nakagami-Gamma model, the K distribution and the “heavy-tailed” SaS generalized
Rayleigh distribution. Specifically, the PDF estimates generated by the proposed GGR
model almost always achieve higher correlation coefficients with the image histograms than
the above-mentioned models, also exhibiting a better visual fit between the estimates and
the histogram themselves. Accurate results have been obtained, in particular, for images
acquired by several different SAR sensors, namely ESAR, XSAR, ERS-1 and the NASA /JPL
airborne SAR sensor, thus proving the proposed parametric algorithm to be a flexible and
effective estimation tool. We stress, in particular, that good estimation accuracies have
also been obtained for multilook SAR data, although multilooking issues are not explicitly
addressed in the theoretical development of the proposed algorithm, thus confirming its
flexibility and applicability to a large variety of radar images.

However, a visually biased estimate is obtained for very “peaky” empirical distributions,
thus suggesting, as a possible development, a further generalization of the proposed model,
for instance by assuming different values for the parameters of the generalized Gaussian dis-
tributions characterizing the real and the imaginary components of the complex backscat-
tered signal. Such a choice would yield, in fact, an even larger modelling flexibility, although
at the expense of a much more complicated parameter estimation process.

However, the method turns out not to be feasible for all considered images, since the
estimation process can yield no solution for specific combinations of the values of the sample-
log-cumulants. Anyway, from this viewpoint, the experiments suggest a complementarity
between the proposed model and the K distribution, since, for almost all the considered
images, only one of these two models can be feasibly estimated. In addition, the resulting
GGR or K model always better fit the image histogram with respect to Nakagami-Gamma
or to SaS generalized Rayleigh. In any case, the experiments have suggested GGR to have
a larger applicability than the K distribution, since GGR has turned out to be feasible for
8 of the 10 employed images, whereas the K-distribution is feasible for only 3 images. As a
future development of this activity, this observed complementarity may be further exploited
by performing a pre-analysis of the image histogram in order to automatically check the
feasibility of GGR and of the K model and, in case of joint applicability of both PDFs, in
order to select the optimal model for the input SAR image.

All the considered parametric estimation strategies exhibit very short computational
times, since the non-linear equations provided by the method of log-cumulants can be eas-
ily, for instance, solved by using a simple bisection method. In particular, the K model
involves the numerical solution of a system of two non-linear equations, whereas the other
three parametric families involve, at most, the numerical solution of a single equation [25].
However, as discussed in [24], the numerical computations required by the K model are not
critical, thus not involving significantly longer estimation times than the other three PDFs.

In any case, a further reduction of the computation time for GGR could be obtained by
specifically optimizing the numerical computation of the PDF expression and of the G, (-)
function (v = 0,1,2). In the current research work, in fact, standard numerical integration
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techniques [32] have been used to compute the integral involved by this quantities. As
with the usual special functions (e.g.: the Gamma or the Bessel function), we expect a
computational time reduction if adopting more sophisticated numerical strategies, such as
case-specific series expansions [32]. Finally, we stress that the computation time is almost
independent of the image size, since the sample-log-cumulants can be computed by directly
employing the image histogram. Hence, the number of pixels in the image only influences
the time needed to compute this histogram, but not the time required to estimate the values
of the parameters which optimally fit the histogram itself.
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Appendix

A SAR images employed for experiments

This appendix shows the 10 images employed in the experiments (Figs. A.1-A.10). Only for
visualization purposes, their histograms have been stretched and/or equalized.

Figure A.3: “Feltwell-CVV” image.
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Figure A.5: “Feltwell-LVV” image.

Figure A.6: “Feltwell-PHH”.
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Figure A.7: “Bourges”.

Figure A.8: “Flevoland” image.
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Figure A.10: “Oberpfaffenhofen” image.
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B Plots of the estimated PDFs

In this appendix we report the estimated PDFs provided by MoLC applied to each parametric
family involved in the experiments presented in Section 4 (Figs. B.1-B.10), together with
the histograms of the corresponding images.
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Figure B.1: Plot of the image histogram and of the estimated PDFs for the “Feltwell-CHH”

data set.
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Figure B.2: Plot of the image histogram and of the estimated PDFs for the “Feltwell-CHV”

data set.

INRIA



SAR amplitude PDF estimation based on a generalized Gaussian scattering model 29

1400 T -+ 0,016
1200 +—4 <+ 0,014
1000 + T 0012
800 + 001
- 0,008
0007 - 0,006
400 [ 0,004
200 - 0,002
0 )

1 33 65 97 129 161 193 225

\—histogram — Nakagami —GGR SaSGR\

Figure B.3: Plot of the image histogram and of the estimated PDFs for the “Feltwell-CVV”
data set.
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Figure B.4: Plot of the image histogram and of the estimated PDFs for the “Feltwell-LHV”
data set.
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Figure B.5: Plot of the image histogram and of the estimated PDFs for the “Feltwell-LVV”
data set.
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Figure B.6: Plot of the image histogram and of the estimated PDFs for the “Feltwell-PHH”
data set.
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Figure B.7: Plot of the image histogram and of the estimated PDFs for the “Bourges” data
set.
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Figure B.8: Plot of the image histogram and of the estimated PDFs for the “Flevoland” data
set.
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Figure B.9: Plot of the image histogram and of the estimated PDFs for the “Suisse-Lake”
data set.
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Figure B.10: Plot of the image histogram and of the estimated PDFs for the “Oberpfaffen-
hofen” data set.
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