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PRQTS�UWVWXZY [�\�]^V�_a`cb$VKd0]^ec]fdgS�UWV�]
hji^kalfVKd0mn_a]goKkadpdgV

[q_srtr�kai^dqucVvigV�o�QtV�igo�QtVxw�y�zcX;{s|?Y}mn_aig]q~a�a�s|	Y�X���rT_a�aV;]

���1�������t�a�a��� UWrti^k9r�V�i0o�QtkBk9]g_s�T������dfe�ks��rt��_swT_ai��ai�_srtQ�]�QT_a]q��V�V�w�����ucV���e�]fdg`Tuc��V�u�� � wnrT_aipdg��o�`t��_ai��
�c� igV � k��c] � �B��wB�9V�]pd^���9_�dgV�u2d^QtVZ]pU�_a����V�]pdj��w7dgV��aV�i

gk

]p`�o�Q'dgQT_�d�V��aV�i^e'rt��_swT_ai��ai�_srtQWks���9��i^d^Q�_�dj��V�_9]fd
gk

��]
k   ��UWrtigkar�V�i 2   o�QtkBk9]g_s�t��Va�,¡qV�rtigk��aV�u£¢ ¤¦¥8d^Q�_�d 6 ≤ g1 ≤ 9 § 5 ≤ g2 ≤ 7 § 5 ≤ g3 ≤ 6

_swTu
∀k ≥ 4, gk = 5

� � w¨d^QT��]'rT_sr�V�i;�8��V�]fdg`Tuce©d^QtV��aigV�_sd^V�]pd	igV�_s�
M(k, l)

]^`To�Q¨dgQT_�d�V��aV�i^e?�ai�_srtQ
ka��U�_sbB��U2`TUª_¦�aV�ig_a�aVZucV��9i^V�VZ��V�]g]RdgQT_sw

M(k, l)
��]

k   ��UWrtigkar�V�i l   o�QtkBk7]^_a�t��V9��«?VvrTi^k��9V¬dgQT_�d��­k9i
l ≥ 2
dgQtV�w

M(k, l) ≥ l + lk
l+k

�v®0],_$o�kaigka����_ai^e9�T�¯V�utV�uc`To�V2dgQT_�d
g1 ≤ 8

_swTu
g2 ≤ 6

�,«?VW_s��]pk
rTi^k��B��ucVZ_aw�`Trtr�V�iq��ka`twTu��­k9i

M(k, l)
��PRQt��]���U�rT����V�]RdgQT_�dR�­k9iq_swBe�°tbcV�u

l
�
M(k, l) −−−−→

k→∞
2l
�

±n²7³�´gµ2¶ ��·��a� ��UWrtigkar�V�i�oKka��ka`Ti^��wt�T�8o�QtkBk9]g_s�T������dfe9�1U�_sbB��U2`TU¸_¦�9V�i�_s�9VWutV��aigV�V9�1rT��_awT_si'�ai�_srtQ¹�
�9��i^d^Q
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 _no�Qtka��]p��]g]^_a�t������d^\���UWrtigkartigV�ucV�]	�ai�_srtQtV;],rt��_swT_a��igV�]v_�\Kdg\ ��V�_s`�oKka`Tr?\�d^`Tuc��\�V9����w
r�_si^d^��oK`t����V�i�� �B� igV � k��c] � ��_	\�d^`Tut��\Z��VZrt��`T]Rr�VKd^��dRV�w7d^��V�i

gk

dgV���
7`tVqdgka`cd��9ig_artQtVqrt��_sw�_s��i^VZucV¬U�_a������V
_a`�U�k9��w�]

gk

]pk9��d
k   ��UWrti^k9rtigV 2   o�Qtk9��]^��]^]g_s�t��Va� � ��_Wrtigka`t�9\�¢ ¤�¥���V;]�ig\�]^`t��d�_�d�]q]p`T����_sw7d�]�� 6 ≤ g1 ≤

9; 5 ≤ g2 ≤ 7; 5 ≤ g3 ≤ 6
VKd

∀k ≥ 4, gk = 5
���Z_swT]�oKVKdR_si^d^��oK��Va�9wtka`T]G��w7dgi^kcuc`t��]^kawT]G��VqrT��`T]��ai�_sw�u

ig\�V��
M(k, l)

dgV���
7`tV�d^k9`cdv�ai�_srtQTV'ucV�ucV��aig\2UWk�eaV�w�U�_�bc��U2`tU ]pd^ig��oKd^V�U�V�w7d,��wc�­\�i^��V�`ti��
M(k, l)]^ka��d

k   ��UWrtigkartigV l   o�Qtka��]^��]g]^_a�t��Va���0ka`T]¯rtigka`T�akaw�]�
7`tV ∀l ≥ 2, M(k, l) + lk
l+k

���qk9`T]Ruc\�uc`T��]^kawT]¯V�w
o�kaigka����_a��igV�
7`tV

g1 ≤ 8
VKd

g2 ≤ 6
���qka`�]Guck9wtwtkaw�]G\��9_s��V�UWV�w9d�`twtVZ��k9i^wtV¬]p`tr�\�ig��V�`tigV0r�ka`ti

M(k, l)utkaw7d�kaw�uc\�uc`T��d�
7`tV9�cr�k9`tiRd^k9`cd
l
°tbc\a�

M(k, l) −−−−−→
k→+∞

2l
�

� ¶ �;� ´ ��� � � � o�ka��kai�_�d^��kaw���UWrtigkartigVa�Bo�Qtka��]^��]g]^_a�t������d^\9�7ucV��aig\0UWk�eaV�w U�_�bc��U2`tU��B�ai�_srtQTV0rt��_swT_a��igVa�
U�_a������V
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 VKd

G
��V	_W�9ig_artQ¹��«?Vvwtkad^V

V (G)
��d�]��aV�ipdgVKb$]^VKd0_awTu

E(G)
��d�]�V�ut�aVv]pV�d��

®*
	���+�-,�����.�"���],_sw£_srtrt����o�_�dg��k9wn�­igkaU d^QTV��9V�i^d^V�bn]^VKd,��w9dgk�_�]^VKdvks��o�ka��ka`ti�]
S
� � �

|S| = l
��V

o�_s���8��d
l   oKk9��k9`tig��wt��� 
 V�d c

��V�_�oKk9��k9`tig��wt��ks�
G
�WPRQtV/���������	��
�������ks��_��9V�i^d^VKb

v
��w

G
`twTucV�i

c
�

utV�wtkad^V�u©�Be
imc

G(v)
����],dgQtV�wB`tU2��V�i2ks�RwtV����aQB��ka`ti�]

u
ks�

v
��w

G
]^`To�Q�dgQT_�d

c(u) = c(v)
��PRQTV���0�%�1�	��
����2��ks�

c
��w

G
��]

imG(c) = max{imc
G(v) 3 v ∈ V (G)}

�8® oKk9��k9`ti^��wt�,��]
k 4 ���0�%������
������¹��d�]��UWrtigkar�V�i^dfe ��]¬_�dqUWk9]pd

k
_swTun_W�9ig_artQ���]

k 4 ���0�%�1�	��
�� l 4 
	���+�-,����5���+
R������dZ_aucUW��dg]0_ k   ��U�rTi^k9r�V�i l  o�ka��ka`tig��wt�T��PRQtV
k 4 ���0�%������
��6
��5���-�7�-���8
6.%,��9�1
���ka� G �7ucV�wtkad^V;uW�7e ck(G)

�7��]8dgQtV0]^U�_s����V;]fdj��w7d^V��9V�i
l
]^`To�QWdgQT_�d

G
��]

k   ��U�rTi^k9r�V�i l   oKk9��k9`tig_a�t��Va� �0ksd^Vqd^QT_sd 0   ��UWrtigkar�V�iGo�ka��ka`tig��wt�,��]jd^QtV¬`T]p`�_s�twtkad^��kawka�jrtigkar�V�i¬o�ka��ka`tig��wt�T��]pk$d^QtV
0   ��UWrtigkar�V�i¬o�Qti^k9U�_�d^��ovwB`tU'��V�i¬��]0V�bt_aoÂdg��e�dgQtV'o�QtigkaU�_sd^��ovwB`tU2��V�i`�]p`T_a����e$ucV�wtksdgV�u

χ(G)
�: wtV�o�_sw'_awT_s��ka�9ka`T]^��eZ�9V�wtV�ig_a���<;�VGd^QtVRwtkad^��kaw�ks�=
������������������������G®>�?�@��� 4 �A�	����"-.%�7
�.B�cka��_Z�ai�_srtQ G��]�_sw�_srTrt����o�_sd^��kaw

L
��Qt��o�Qn_9]^]^���9wT]�d^kWV�_9o�Q��9V�i^d^V�b

v ∈ V (G)
_WrtigV�]goKig����V�u$����]pdqks��oKka��ka`Tig]

L(v)
�

L
��]¯_sw

l   ����]fd   _9]^]^���9wtUWV�w7d�rtigk��7��ucV;uWV�_ao�Q�����]fd¯��]�ks��]^�+;�V0_�d¯��V;_a]pd l � G ��] k   ��U�rTi^k9r�V�i L   oKk9��k9`tig_a�t��V����d^QtV�i^V�V�bB��]pdg]j_
k   ��U�rTi^k9r�V�ijoKka��ka`Ti^��wt� c ka� G ]^`To�Q'd^QT_sd ∀v ∈ V (G), v ∈ L(v)

� � w�dgQt��]�o�_9]pV9�
c
��]

_
k   ��UWrtigkar�V�i L   oKka��ka`Ti^��wt�vks� G � G ��] k   ��UWrtigkar�V�i l   o�QtkBk9]g_s�T��V����1��d¯��] k   ��UWrtigkar�V�i L   oKka��ka`Tig_a�t��V�­k9i�V��9V�ige

l   ����]fd   _9]^]^���awtUWV�w7d L �C k9��k9`ti^��wt�7]Wks�,rt��_awT_si$�ai�_srtQT]WQ�_¦�aV���V�V�w ����ucV���e#]fdg`Tuc��V�u�� � w rT_si^d^��oK`T��_ai
pk

_swTu
p∗k
�Rd^QtV

]^U�_s����V;]fdq��w7d^V��aV�i�]
l
]^`To�Q�d^Q�_�d0V��aV�ige rt��_sw�_siq�9ig_artQ���]

k   ��UWrti^k9r�V�i l   oKk9��k9`tig_a�t��VZ_awTu k   ��UWrtigkar�V�i
l   o�QTk7k7]^_a�t��VZigV�]^r�V�oÂdg���9V���ea��_sigV

� wtk���wn�­k9i¬_s��UWk9]pdZ_a���
k
� � wTutV�V�u�PRQtkaU�_a]g]^V�w�]^Qtk���V;u���w ¢ �¦¥8dgQT_�d

V��aV�i^e?rt��_awT_si2�ai�_srtQ¨��]
5   o�QtkBk7]^_a�t��V�_awTu©d^QtV�i^V�_sigV rt��_swT_ai	�ai�_srtQ�]v��Qt��o�Q _sigV�wtksd 4   o�QTk7k7]^_a�t��V¢�X;~¦¥�]pk

p∗0 = 5
�����9V�ige�rt��_awT_siR�9ig_artQ$��]

4   oKk9��k9`tig_a�t��V	¢�X9�T~;¥�_sw�u dgQtV�igVv_sigV¬�9ig_artQT]���Qt��o�Q�_sigVZwtksd
1   ��UWrtigkar�V�i 3   oKk9��k9`ti�_s�t��Va�T]^k p0 = p1 = 4

�0D¯`cd¬�¯V2uck�wtksd � wtk�� d^QtV'VKbt_aoKd¬��_s��`tV	ka�
p∗1
��Qt��o�Q

��]RV���d^QTV�i
4
kai

5
�j¡0k���V��aV�i��B��dq��]�o�kaw�lfV;oÂd^`Ti^V;u dgQT_�dq��dq��]

4
�

E ¶GFIH�² �s� �¹� ²KJMLON �c� ¶�F � F ·QP ��� �6R+S�TOUWVYX�� ² X ¶IZ ��X\[]R+^�T`_badc 
������%�+�-.����e"-�1�	�B�f�@�
1 4 ���������	��
��

4 4 
����������5���+
�g
®¬]¯]^Qtk���w ��wTucV�r�V�wTucV�w9dg��e��Be �j_sd^kaw�_swTu�¡q`t���8¢ &¦¥¹_awTu �B� igV � k��c] � �¹¢ {s¥Ë�BV��aV�ige�rt��_awT_si¯�ai�_srTQ���]

2   ��UWrtigkar�V�i 3   o�QtkBk9]g_s�T��Vv_sw�u��­kai¬V��aV�i^e k
��d^QtV�i^V�_sigVvrt��_awT_si¬�ai�_srtQ�]���Qt��o�Q�_sigV	wtkad

k   ��UWrtigkar�V�i
2   o�ka��ka`ti�_s�T��V9�1¡qV�wToKV pk = p∗k = 3

�­k9iq_swBe
k ≥ 2
�

m�k9i^V�k��aV�iG��U�rTi^k9r�V�i¯o�ka��ka`tig��wT�9]jka��rt��_swT_ai��9ig_artQT]�QT_¦�aVZ_s��]pk'��V�V�w�]fdg`Tuc��V�u�`twTucV�iR]^kaUWV¬�a��ipdgQ
igV�]pd^ig��oÂd^��kaw�]���PRQtV6"$�����8�Zks���ai�_srTQ���]�dgQtV¬]^U�_s����V;]fd���V�wt�sdgQ�ks��_	o�eBo���V9��PRQTVq��V����   � wTk���w'dgQtV�k9i^V�U ka�h i1isd1;�]go�Q�¢ |T��XaXK¥�]pdg_sd^V;]GdgQT_�d�V��aV�ige�rt��_swT_ai��9ig_artQ ka�1�a��i^d^Q�_sd���V;_a]pd

4
��]

3   oKk9��k9`ti�_s�t��Va�kj�ka���sdv¢�Xl&¦¥]^Qtk��¯V�u�_Wrt��_awT_si��9ig_artQ$ka���9��i^d^Q
4
��Qt��o�Q���]�wTksd

3   o�QtkBk9]g_s�t��V¬_awTu�PRQtkaU�_9]^]^V�w?¢�X;�¦¥�rtigk��aV;u dgQT_�dV��aV�i^e�rt��_swT_ai¬�9ig_artQ�ka�G�a��ipdgQ�_�d,��V�_a]pd
5
��]

3   o�QTk7k7]^_a�t��Va� � w ¢?m;¥Ú� �B� i^V � k��c] � ��]pQtk��¯V�und^QT_sdZV��aV�igerT��_awT_si¯�ai�_srtQ�ka���a��i^d^Q�_sd¯��V�_9]fd
4
��]

1   ��UWrtigkar�V�i 3   o�QtkBk9]g_s�t��Va� � w�¢ ¤�¥Ú�
�c� igV � k��c] � �T��wB�aV;]fdg���7_�d^V;u

k  ��UWrtigkar�V�i
2   o�QTk7k7]^_a�t������dfe2ka�¹rt��_awT_si��ai�_srtQ�]j��w i^V���_sd^��kaw�����d^Q$d^QtV���i¯�a��ipdgQ¹� �0V�wtksdg��wt���Be gk

��V¬d^QtV
]^U�_s����V;]fd¯��w7dgV��aV�i¯]^`To�Q$d^QT_sd¯V��aV�igeWrt��_swT_ai��9ig_artQ ks�1�a��ipdgQ�_�d¯��V;_a]pd

gk

��]
k   ��U�rTi^k9r�V�i 2   o�QtkBk9]g_s�t��Va�QTV�rTi^k��9V�undgQT_�d

6 ≤ g1 ≤ 9
�
5 ≤ g2 ≤ 7

�
5 ≤ g3 ≤ 6

_awTu
∀k ≥ 4, gk = 5

� ¡qV�wToKV�d^QTV�kawt��e
`Tw � wtk���w���_a��`tV;]�_sigV

g1
�
g2
_sw�u

g3
�

� w d^Qt��]2r�_sr�V�i;����V�]fdg`Tuce©d^QtV
k   ��UWrtigkar�V�i l   o�QTk7k7]^_a�t������dfe�ka�q�ai�_srtQT]2��w i^V���_sd^��kaw¨����d^Q dgQtV���iU�_sbB��U2`TU _¦�aV�ig_a�aV¬utV��aigV�V9�

Ô1Ô Ï�nBolpOq	r
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��²�� F [ �l[ ¶�F J#PRQTVZU�_sbB��U�_s�¹_¦�9V�i�_s�aVZucV��9i^V�V¬ka�8_��9ig_artQ
G
��] �

Mad(G) := max{

∑
v∈V (H) dH(v)

|V (H)|
, H
]p`t�T�ai�_srtQ�ks�

G}.

PRQtV¬�a��ipdgQ _swTu�dgQtV0U�_sbB��U2`TU _¦�9V�i�_s�aVRucV��aigV�Vqka��_	rt��_awT_siG�ai�_srtQ�_sigVqigV���_�dgV�u'd^k'V�_ao�QWkad^QtV�i �
�
	 ²B¶ � ² � J��k
��

G
�1
�� �%�+�-.��-��"-�����B�f�! �"$�������

g
g

Mad(G) <
2g

g − 2
.


 � ¶¹¶��g�£«?VZi^V;o�_a���Td^QtV ��`t��V�i�� ]��­k9i^U'`t��_v�­kaiR_	rt��_swT_aiG�9ig_artQ
H
�
|V (H)| − |E(H)|+ |F (H)| = 2����d^Q

|F (H)|
d^QtV,wB`tU'��V�iqks�1�=_aoKV;]Rks�

H
���qkad^V,d^Q�_�d�V��9V�ige ]p`t�T�ai�_srtQ

H
ka�

G
QT_a]R�9��i^d^Q�_�d���V�_9]fd

g
�j]^k

g|F (H)| ≤ 2|E(H)|
�£PRQB`T]

2g − g|V (H)| + g|E(H)| = g|F (H)| ≤ 2|E(H)|
�¨¡qV�wToKV

2|E(H)|
|V (H)| ≤ 2g

g−2 − 4g

(g−2)|V (H)| < 2g

g−2

�­k9i�V��aV�i^e ]^`t�t�9ig_artQ
H
ka�

G
�

�


 VKd
M(k, l)

��V2d^QtV2�aigV�_�dgV�]pdqi^V;_s��]p`To�Q�dgQT_�dZV��9V�ige$�ai�_srTQ�ka��UW_sbc��U'`tU _¦�aV�i�_s�9VZutV��aigV�Vv��V�]g]
dgQT_sw

M(k, l)
��]

k   ��UWrtigkar�V�i l   o�QtkBk9]g_s�t��Va� : �B�B��k9`T]p��ea� M(k1, l) ≤ M(k2, l)
���

k1 ≤ k2
�

«©V	QT_¦�9V¬dgQT_�d
M(k, 1) = 2k+2

k+2

]^��wToKV	_W�9ig_artQ���]
k   ��UWrti^k9r�V�i 1   o�QtkBk9]g_s�t��V¬���f��_awTu�kawt��e$���f����dQ�_a]RU�_�bc��U2`tU utV��aigV�Vv_sdRUWk7]fd

k
�

� wnk9igucV�i�d^k���w7d^igkcuc`ToKV2ka`tiqUWV�d^Qtkcu���Qt��o�Qn`T]^V�]q]^kaUWV	uc��]^o�Q�_sig�a��wt�Wrti^kco�V�]g]��t�¯V,°Ti�]fd¬rti^V;]pV�w7d
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d
��]2o�_a����V�u

_
d   �9V�i^d^VKb��=i^V;]pr�� (≤ d)   �aV�ipdgVKb���i^V;]pr�� (≥ d)   �aV�ipdgVKb��Â���tk9i S ⊆ V (G)

�­igV�]^r¹�
E ⊆ E(G)

�Z�¯V
utV�wtkad^V��Be

G−S
�­igV�]^r¹�

G−E
�1d^QtVq��wTuc`�oKV�u�]^`t�t�9ig_artQ�ks�

G
k9�cdg_a��wtV;u��7e'i^V�UWk��7��wt�¬d^QtV0�aV�i^d^��oKV;]
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