
HAL Id: inria-00071409
https://inria.hal.science/inria-00071409

Submitted on 23 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Optimal memory minimization algorithms for the
multifrontal method

Abdou Guermouche, Jean-Yves L’Excellent

To cite this version:
Abdou Guermouche, Jean-Yves L’Excellent. Optimal memory minimization algorithms for the multi-
frontal method. [Research Report] RR-5179, LIP RR-2204-26, INRIA, LIP. 2004. �inria-00071409�

https://inria.hal.science/inria-00071409
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
51

79
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME Num

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Optimal memory minimization algorithms for the
multifrontal method

Abdou Guermouche (ENS Lyon) — Jean-Yves L’Excellent (INRIA)

N° 5179

May 2004





Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe, 38334 Montbonnot Saint Ismier (France)

Téléphone : +33 4 76 61 52 00 — Télécopie +33 4 76 61 52 52

���������
	��
�
���
�������
�������
����	���������	�������� �!��"#�
$&%'���&��"(�
�*)(�+����%,� ���-��	��.�
����"(�0/

1(243�57698:6 ;=<?>@576 A'B ;.CED�F�GIHKJ75MLONQPSRM;UTML�VXW�YM;UZ(H�[\D^]�AU;=_`_`;=LbacCed�F�fgd+1:N

h�ikj,lnmgo-pblrqtsvu+wyxyxzm'{�m,|�}�~Uxz},pbxSi�~Upb|�m?�e��m,u!����u+l�~U�k}'m
��u��U�+m,|vs��-�-�v�

�-~U�b� ��u+|��bm�u�m'}�ikm,u�}�ikm������7�Q����q���~'�
�����U�#q¡ 7�g��~U¢£m'{

¤¦¥�§'¨�©=ªb«£¨�¬®­ mc~Uu�m�wy�¯|�m,u�m'{+|�m'�9wy�°|+ikm±~�},|+wy²£mc~U�k�°|���|�~Ux³lnm,ln��u+�®pk{�~U¢£m¦�U��|+ikm¦l�pbxy|+w´�
�µu����¶|�~Ux^lnm,|+ik�M�¸·º¹¯|�~Uu+|+wy�b¢.�µu���l»|+ikmc~Uxy¢£��u+wy|+ibln{#�bu�������{�m'�I¼¯�I�¸wypO½K¾³mc{+pb¢�¢£m'{�|#~
�km,¾
{�}�ikm,lnm#|���¢£m,|+ikm,ug¾�wy|+iI~±|+u�m'm#|+u�~�²£m,u�{�~Ux�|+i�~U|0¢�wy²£mn~U�¿���b|+wyl�~Ux�� m�~UÀ.�U��~�},|+wy²£m#lnm,ln��u+�£·
¹¯wy¢��bw´Á�}�~U�¯|�¢¶~Uwy�k{�~Uu�m0��¼b|�~Uwy�km'��}'��l:��~Uu�m'��|��#�¸wypOÂÃ{�~U�b�bu��£~�}�iO· ­ m0~Uxz{��#{+|+pk�7�¦|+ikm��bu���¼7�
xzm,l
�U�Äl:wy�bwyl:wyÅ'wy�b¢c|+ikm�|���|�~Ux4lnm,ln��u+��~U�k�.}'��l:��~Uu�m�²�~Uu+wz��pk{v�km,¾Æ{�}�ikm,lnm'{�·��Æ�¶pbl(¼�m,u
�U��m?Ç7��m,u+wylnm,�¯|�{�{+ik�Q¾�{�|+ikm�wy�¶|�m,u�m'{�|-�U�K|+ikm'{�mg~U�b�bu��£~�}�ikm'{�·
È
É£Ê Ë�Ì(Í ©=Î�§�¬ �OwypOÂÃ{v~Uxy¢£��u+wy|+ibl
½�l�pbxy|+w´�µu����¶|�~UxKlnm,|+ik�M�¸½�{���~Uu�{�mgl�~U|+u+wz}'m'{�½�lnm,ln��u+�£½�|+u�m'm
|+u�~�²£m,u�{�~Uxe·

Ï ÐUÑÓÒSÔeÕEÖQÔSÑÓÒ4×�ØÓÒ�Ù�×�Ú�×�ÑÓØÛ×�Ü=ØÓÕ^×�ÒK×^ÝeÕ!Ò�Õ+×�ÝeÞEÐ�ÝeÕXß�Ù�Ý�Ô4Ù�àbÔeÐUÕÄá¯×�Ü�Ù�Ýâ×�ÔeÙ?ÑÃÝeÕ³ã=Õ�Øyä åçæ=à\Ù�Ýeè�×�ÔeÑÛé'êUÕ�ãQê0ëb×�Ýâ×�ØÃì
ØÛíXØÛÑÓÒ�è�Õ�î�ï?ï�ð�ñµò,ò�ó,ó,ó�ô`õ�öU÷�ø�ù�ú'û�ö�ôçü,ý'ò�þ=ÿ����



� ������� �!��"#�
��$ ���(�����
	�)�� �¦��)(� ��	 �
���(���
��$�	�������� /��r��	
�����
���+��� /�	��($&��	 ������"��0/(� �*)(�+����%,� ���-��	����

��� §	��
 � ¬ ov��pk{v�k��pk{�wy�¶|
�,u�m'{�{����k{���xeÂÃ���b|+wyl:wz{�~U|+wz���ºl��,ln��wyu�m#����pbu�xeÂÓ~U�b�bu��M}�ikm#l�pbxy|+w´�
�µu����¶|�~Uxzm�·��-m,��~Uu+|�~U�¶|��bm'{v~Uxy¢£��u+wy|+iblnm'{v�bu���� ��{
�'{-��~Uu-�¸wypO½��k��pk{��bu���� ��{����k{v�bmg�k��pb²£m�~Up7Ç
~Uxy¢£��u+wy|+iblnm'{0m,|v��~Uu�}'��pbu�{��¸ÂÓ~Uu+¼bu�m�²¯wz{�~U�¯|���l:wy�bwyl:wz{�m,uvx ~nl��,ln��wyu�m�·��0~U�k{vxzm(}�~�{v��pb|!�â�U�`�
}'��u�m-�k��pk{^�bu�������{����k{Äpb��~Uxy¢£��u+wy|+iblnm����b|+wyl�~Ux�� ��pbu^x ~g|�~Uwyxyxzmv�bm�x ~�l��,ln��wyu�m�~�},|+wy²£m�½k~Uxz��u�{
� pkm�� ��pbu�xzm0}�~��7u�m0wy�7�â}'��u�m0�k��pk{��k��pk{�wy�¶|
�,u�m'{�{����k{��#x ~�l:wy�bwyl:wz{�~U|+wz���@�bm0x ~�l��,ln��wyu�mg|��U�
|�~Uxzm�m,|��bu�������{����k{Ä�bxypk{+wzm,pbu�{��k��pb²£m,xyxzm'{�~U�b�bu��¯}�ikm'{�·��^m,|+|�m��,|+pk�bm�|+i��'��u+w � pkm�m'{+|�}'��l:�bx��,|
�'m
��~Uuv�bm'{�m?Ç7���,u+wylnm,�¯|�~U|+wz���k{0{+pbu�pb�.¢�u�~U�k�@�k��l(¼bu�m(�bm��bu���¼bxzj,lnm'{-|�m'{�|�{ � pbwSln���¶|+u�m,�¯|�xzm'{
~Ul��,xywz��u�~U|+wz���k{v��¼b|�m,�¶pkm'{Q·
� Í ¨�§ Ë «�� � §#¬ �-xy¢£��u+wy|+iblnm��bm��¸wypO½£l��,|+ik�M�bm�l(pbxy|+w´�`u����¯|�~Uxzm�½¯l�~U|+u+wz}'m'{³},u�m,pk{�m'{�½�l��,ln��wyu�m�½
��~Uu�}'��pbu�{-�¸ÂÓ~Uu+¼bu�m



���������
	��
�����
�����
��������������	���������	���� ��������!"�$#&%'���(��!)�*��+"�,��� %-�.���/�0	��
���1��!)�32  

4 5 �-��� �0/�)$6S�������

h�ikm.l�pbxy|+w´�µu����¶|�~Ux�lnm,|+ik�M� wz{c~U� m�7�},wzm,�¶|��7wyu�m'},|¦lnm,|+ik�M� |��®{���xy²£m.{+��~Uu�{�m {+�7{+|�m,ln{��U�
xywy�km�~Uu:m � p�~U|+wz���k{�½�wy�9¾�ibwz}�i9|+ikmc�bm,� m,�k�bm,�k},wzm'{:¼�m,|E¾³m'm,� }'��l:�bpb|�~U|+wz���k{�~Uu�m±¢�wy²£m,�9¼¶�9~
|+u�m'm�·98E� |+ibwz{¦~U�b�bu��£~�}�i |E¾³�ºÅ����km'{¦�U�vlnm,ln��u+�9}�~U� ¼ m��7wz{+|+wy�b¢�pbwz{+ikm'�¸· h�ikmcÁku�{�|n���km
}'��u+u�m'{������k�b{�|��±|+ikm#}'��l:�bpb|�m'� ��~�},|���u�{Q½O~U�k�.|+ikm#{�m'}'���k�����km�|��±|+ikm:~�},|+wy²£m#lnm,ln��u+�£½O��u
{�|�~�}�Àclnm,ln��u+�£·;:k��u-~U�.��pb|!�â�U�`�â}'��u�m�}'�M�bm�½b|+ikmg��~�},|���u�{-}�~U�
¼�m�{+|���u�m'�@���@�7wz{�Àc~=�µ|�m,u�|+ikm,�
~Uu�m0}'��l:�bpb|�m'� ~U�k��wy|�wz{�|+ikm,�
²£m,u+�±wyl:� ��u+|�~U�¶|�|��nl:wy�bwyl:wyÅ�m0|+ikm0� m�~UÀ±�U��~�},|+wy²£m0lnm,ln��u+�
< ��u�{+|�~�}�À@lnm,ln��u+��=?·>:k��ug~U� wy�7�â}'��u�m:~U�b�bu��£~�}�iO½¸|+ikm�l:wy�bwyl:wyÅQ~U|+wz���¿�U�Ä|+ikm���m�~UÀ@�U�³|���|�~Ux
lnm,ln��u+� < �e~�},|���u�{�~U�k�@~�},|+wy²£m0lnm,ln��u+��=^wz{�ln��u�m�},u+pk},w ~Uxe·
8E�@?y���BAâ½��Owyp �bu�m'{�m,�¶|�{g~U�¿~Uxy¢£��u+wy|+ibl |���u�m'�7pk}'m�|+ikm:~�},|+wy²£m�lnm,ln��u+�@pk{�~U¢£m#�U�Ä|+ikm(l�pbxy|+w´�
�µu����¶|�~UxKlnm,|+ik�M�¸·DCvm(u�~Uwz{�m'{-{���lnm(m?Çk~Ul:�bxzm'{�¾�ikm,u�m�ln�M�7w´�µ�¯wy�b¢±|+ikm�l(pbxy|+w´�`u����¯|�~UxÄ{�}�ikm,lnm
}�~U��¢�wy²£m�¼ m,|+|�m,uÄu�m'{+pbxy|�{Ä|+i�~U��ibwz{³~Uxy¢£��u+wy|+ibl
·Ä¹¯|�~Uu+|+wy�b¢(�µu���l |+ibwz{Ä��¼k{�m,u+²�~U|+wz���O½¯|+ibwz{���~U� m,u
�bu�m'{�m,�¶|�{�{���lnmg~Uxy¢£��u+wy|+ibln{�|��:���b|+wyl:wyÅ�mg|+ikm�lnm,ln��u+�cpk{�~U¢£m0�U�K|+ikm0l(pbxy|+w´�`u����¯|�~UxSlnm,|+ik�M�
¼ ��|+i@wy�.|+ikm(}�~�{�m'{��U�³~�},|+wy²£m(lnm,ln��u+�.~U�k�
|���|�~Ux�lnm,ln��u+�£·E8E�@��~Uu+|+wz},pbx ~Uu�½¸~:�km,¾Æ{�}�ikm,lnm
wz{^�bu���� ��{�m'�¸½M¾�ikm,u�m0~U�c~U�¯|+wz},wy��~U|�m'�@~�},|+wy²�~U|+wz�����U�4}'m,u+|�~Uwy�c|�~�{+À7{³|���¢£m,|+ikm,u�¾�wy|+ic~�{+� m'},w´Á�}
|+u�~�²£m,u�{�~UxS�U�K|+ikmg�bm,� m,�k�bm,�k},�±|+u�m'm�}�~U�@{+wy¢��bw´Á�}�~U�¶|+xy��u�m'�7pk}'mg|+ikm0lnm,ln��u+�cpk{�~U¢£m�·
h�ibwz{^��~U� m,u�wz{^��u+¢¶~U�bwyÅ�m'�
~�{³����xyxz��¾�{�· ­ m-Áku�{+|��7wz{�},pk{�{³wy�
¹Mm'},|+wz���@��|+ikm-lnm,ln��u+�c~�{+� m'},|�{
�U��|+ikm(l�pbxy|+w´�µu����¶|�~UxKlnm,|+ik�M� ~U�k�@�bu�m'{�m,�¶|0~Uxy¢£��u+wy|+ibln{vu�m,x ~U|�m'�@|���|+u�m'm�|+u�~�²£m,u�{�~Uxz{0~Uwyl:wy�b¢
~U|#u�m'�7pk},wy�b¢¿|+ikm±� m�~UÀ®�U�vlnm,ln��u+�£·®h�ik��{�m�~Uxy¢£��u+wy|+ibln{±~Uu�m±m,wy|+ikm,u�~Uxyu�m�~��7�9m?Ç7wz{+|+wy�b¢¿��u
{�wyl:�bxzm�²�~Uu+w ~U�¶|�{��U�Sm?ÇMwz{�|+wy�b¢#~Uxy¢£��u+wy|+ibln{�·&8E�c¹Mm'},|+wz���� 7½¯¾³m-�bu�m'{�m,�¶|�~0ln�M�7w´Á�}�~U|+wz���c�U�O|+ikm
l(pbxy|+w´�`u����¯|�~Ux³lnm,|+ik�M�¿¾�ikm,�I¾³m¦~Uu�m�wy�¶|�m,u�m'{+|�m'�Iwy�¿|+ikm¦~�},|+wy²£mnlnm,ln��u+�ºpk{�~U¢£m�· ­ mn¢�wy²£m
~U�9~Uxy¢£��u+wy|+ibl»|+i�~U|(�bu��¯�7pk}'m'{#~U�®���b|+wyl�~Ux^|+u�~'²£m,u�{�~Ux^�U��|+ikmn|+u�m'm�wy�I|+i�~U|�}�~�{�m�½S|���¢£m,|+ikm,u
¾�wy|+i±~U�¦~U�¶|+wz},wy��~U|�m'��~�},|+wy²�~U|+wz���¦�U�¸{���lnm�|�~�{+À7{�· ­ m�~U�b�bxy�#|+ikm�{�~Ulnm�|E�¯� m��U�¸wz�bm�~�{�|��g|+ikm
�bu���¼bxzm,l��U��l:wy�bwyl:wyÅ'wy�b¢.|+ikm:|���|�~Ux³lnm,ln��u+�ºwy�°¹Mm'},|+wz���°�k½4~U�k�®~Uxz{��
��¼b|�~Uwy�°~U�°���b|+wyl�~Ux
~Uxy¢£��u+wy|+ibl
·F8â�.¹Mm'},|+wz���@�7½7¾^m�u�m,����u+|�����|+ikm�¢¶~Uwy�k{���¼b|�~Uwy�km'�±����u�|+ikmg~�},|+wy²£m�lnm,ln��u+��~U�k�
|+ikm�|���|�~UxSlnm,ln��u+�£½�¾�ikm,� ~U�b�bxy�Mwy�b¢�|+ikm��km,¾ {�}�ikm,lnm'{�·�¹Mm'},|+wz���HG:{�|+pk�7wzm'{v~:{���m'},w ~Ux�}�~�{�m
¾�ikm,u�m³{���lnm³~�{�{�m,l�¼bxy�g��� m,u�~U|+wz���k{�~Uu�m³{+pb�b� ��{�m'�g|���¼�m��b���km³wy�7�e�bx ~�}'m�·I:4wy��~Uxyxy�£½�¾^mÄ�7wz{�},pk{�{
{���lnm�ln��u�m0wyl:�bxzm,lnm,�¶|�~U|+wz���7�â�bm,� m,�k�bm,�¶|0wz{�{�pkm'{�u�m,x ~U|�m'��|��:|+ikm�lnm,ln��u+�cl�~U��~U¢£m,lnm,�¶|vwy�
|+ikm�l(pbxy|+w´�`u����¯|�~UxK~U�b�bu��£~�}�i ~U�k�
}'���k},xypk�bm�·

J K ���
�����»	�$��¦�&6S��$ ��� ��"(�*�*)��!����%,�����-��	��.�
����"��0/

L&MON PRQTS9UWVYX�Z [0\^] _�`aZ�b
XcUdSeZ QT_&f
8E�±|+ibwz{�{�m'},|+wz���O½b��pbu�wy�¶|�m,�¯|+wz���
wz{�|���wy�¶|+u��M�7pk}'m�|+ikm�|�m,u+ln{�|+i�~U|�¾�wyxyx�¼ mvpk{�m'�±x ~U|�m,u�wy�c|+ibwz{
��~U� m,u�u�~U|+ikm,u:|+i�~U�°¢�wy²Mwy�b¢¿~@}'��l:�bxzm,|�m��bm'{�},u+wy�b|+wz���9�U�-|+ikm¦l(pbxy|+w´�`u����¯|�~Ux�lnm,|+ik�M�¸·ºh�ikm
u�m�~��bm,u-{+ik��pbxz� < ����u�m?Çb~Ul:�bxzm�=^u�m?��m,u�|��g?Û�7½�hBA¸����u��µpbu+|+ikm,u��bm,|�~Uwyxz{��U�K|+ibwz{�|�m'}�ib�bw � pkm�·

i�i æ�j�k3l.m-n



� ����� +������
��+��1!)���
	 ����
������ ��� � ��������� �

8E��|+ikmvl(pbxy|+w´�`u����¯|�~Ux¸lnm,|+ik�¯�¸½M¾³m��bm�~Ux�¾�wy|+i¦|+ikm�{���xypb|+wz���c�U�4{+��~Uu�{�m-{+�7{+|�m,ln{^�U�Sm � p�~U|+wz���k{
�U�4|+ikm�����u+l

Ax = b
½M¾�ikm,u�m

A
wz{�~(x ~Uu+¢£m�{+��~Uu�{�mvl�~U|+u+w´Ç ·&8E�c��pbu�}�~�{�m�½7~U�
~U��~Uxy�7{+wz{^�bi�~�{�m

¼�~�{�m'� ���°|+ikm�{�|+u+pk},|+pbu�m��U�
A + AT wz{#Áku�{+|n~U�b�bxywzm'� |+i�~U|n�bm,|�m,u+l:wy�km'{�~U� ~U�b�bu����bu+w ~U|�m

��u��bm,u+wy�b¢�|��:�bu�m'{�m,u+²£mg{+��~Uu�{�wy|â�£·
�OwyÀ£m±��|+ikm,u:�7wyu�m'},|:{���xy²£m,u�{�½�|+ikm¦l(pbxy|+w´�`u����¯|�~Ux�lnm,|+ik�M�®wz{�¼�~�{�m'�9��� ~U� m,xywyl:wy��~U|+wz��� |+u�m'm
?y�� BAâ½Ä¾�ibwz}�i wz{:~ |+u�~U�k{+wy|+wy²£mcu�m'�7pk},|+wz��� �U�-|+ikm±l�~U|+u+w´Ç°¢�u�~U�bi ~U�k�9wz{#|+ikm�{�l�~Uxyxzm'{+|:�k~U|�~
{�|+u+pk},|+pbu�mnu�m,�bu�m'{�m,�¯|+wy�b¢ �bm,� m,�k�bm,�k},wzm'{�¼ m,|â¾^m'm,�®|+ikm�����m,u�~U|+wz���k{�·R8E�¿�bu�~�},|+wz}'m�½�¾³mnpk{�m�~
{�|+u+pk},|+pbu�m
}�~Uxyxzm'� 	 #-#'������� � ��� � � ½���¼b|�~Uwy�km'� ¼¯�°lnm,u+¢�wy�b¢I�k�¯�bm'{n�U��|+ikm
m,xywyl:wy��~U|+wz��� |+u�m'm
¾�ik��{�m:}'��u+u�m'{+�����k�7wy�b¢ }'��xypbl:�k{0¼ m,xz���b¢
|��c|+ikmn{�~Ulnm:{+pb� m,u+�k�M�bmg?Ó�BAâ·:� {+pb� m,u+�k�M�bm#wz{�~
}'���¯|+wy¢�pk��pk{�u�~U�b¢£m#�U�³}'��xypbl:�k{ < wy�.|+ikm(�e~�},|���u-l�~U|+u+w´Ç/=�i�~'²Mwy�b¢¦|+ikm#{�~Ulnm(xz��¾^m,u��7w ~U¢£����~Ux
�k���bÅ�m,u���{+|+u+pk},|+pbu�m�·

X  X  X

X  F   X
X  X   F

X  X  X

X  F   X
X  X   F

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

X

1 2 3 4 5 6

X  X
X  X

3   4   61   2   5

5   6

1,2 3,4

5,6

:�wy¢�pbu�mn����� l�~U|+u+w´Ç@~U�k�c|+ikm�~�{�{��M},w ~U|�m'�@~�{�{�m,l�¼bxy�±|+u�m'm�·

h�ikm:��~�},|���u+wyÅQ~U|+wz���9�U��|+ikm:l�~U|+u+w´Ç¿wz{g|+ikm,�I�b���km�¼¶�º� m,u!�µ��u+l:wy�b¢ ~
{+pk}'}'m'{�{�wz���I�U����~Uu+|+w ~Ux
�e~�},|���u+wyÅQ~U|+wz���k{��U��{�l�~UxyxÄ�bm,�k{�m:l�~U|+u+wz}'m'{�}�~Uxyxzm'� %��^��� �0	��T�
	�������� ��# ½4¾�ibwz}�i°~Uu�m±~�{�{��M},w ~U|�m'�
|��c|+ikm#�k�M�bm'{0�U�³|+ikm#|+u�m'm < ~�{gwyxyxypk{+|+u�~U|�m'�ºwy� :�wy¢�pbu�m
��=?·(h�ikm:��u��bm,u(�U��~¦�µu����¶|�~Ux�l�~U|+u+w´Ç
wz{�¢�wy²£m,�®¼¯�º|+ikmn�¯pbl�¼ m,u#�U���k���7�eÅ�m,u���{�¼ m,xz��¾ |+ikm��7w ~U¢£����~Ux^wy�®|+ikmnÁku�{+|(}'��xypbl:�9�U��|+ikm
{�pb��m,u+�k�M�bm±~�{�{��¯},w ~U|�m'�®¾�wy|+i°|+ikm�|+u�m'm¦�k�¯�bm�·��Ä~�}�i9�`u����¯|�~Ux³l�~U|+u+w´Ç°wz{(�7wy²Mwz�bm'�Iwy�¯|�� |â¾³�
��~Uu+|�{��:|+ikm %'	��'�0��� ¼bxz�¯}�À�½�~Uxz{��.}�~Uxyxzm'� %�+"��� ��#-+ �����.2 ¼bxz�M}�À ½�¾�ibwz}�i9}'��u+u�m'{������k�b{�|��.|+ikm
��~Uu+|³�e~�},|���u+wyÅ�m'�¦�7pbu+wy�b¢�|+ikm-m,xywyl:wy��~U|+wz���c�bu��M}'m'{�{ �M~U�k��|+ikm � ���/��������+ ���������1�,� �"! ¾�ibwz}�ic}'��u!�
u�m'{������k�b{�|���|+ikm�{ � p�~Uu�m-¼bxz�M}�À¦pb���k~U|�m'�c¾�ikm,���bu��M}'m'{�{+wy�b¢#|+ikm-�µu����¶|�~Ux¸l�~U|+u+w´Ç¸·
#-�k}'mv|+ikm
��~Uu+|+w ~Ux��e~�},|���u+wyÅQ~U|+wz��� wz{#�b���km�½³|+ikm±}'���¯|+u+wy¼bpb|+wz��� ¼bxz�M}�À®wz{#��~�{�{�m'�°|�� |+ikmc��~Uu�m,�¶|:�k�M�bm�·
­ ikm,��}'���¯|+u+wy¼bpb|+wz���k{Ä�µu���l ~Uxyx�}�ibwyxz�7u�m,�c~Uu�m-~'²�~Uwyx ~U¼bxzm����n|+ikm���~Uu�m,�¶|�½¯|+ikm,�#}�~U��¼�m�~�{�{�m,l#�
¼bxzm'� < � � � �
{+pbl:lnm'�¿¾�wy|+i°|+ikmn²�~Uxypkm'{�}'���¯|�~Uwy�km'�®wy�®|+ikm:�µu����¶|�~Ux³l�~U|+u+w´Ç®�U��|+ikmn��~Uu�m,�¶|-=?·
h�ikm(m,xywyl:wy��~U|+wz���¿~Uxy¢£��u+wy|+ibl wz{�~:� ��{+|���u��bm,u�|+u�~�²£m,u�{�~Ux < ¾³m(�b���k��|-�bu��¯}'m'{�{-��~Uu�m,�¶|v�k�M�bm'{
¼ m?����u�m:|+ikm,wyu�}�ibwyxz�7u�m,� =��U��|+ikm¦~�{�{�m,l(¼bxy��|+u�m'm ?y�,��Aâ·�8E|0pk{�m'{�|+ibu�m'm¦~Uu�m�~�{��U��{+|���u�~U¢£m�wy�®~
}'���¯|+wy¢�pk��pk{vlnm,ln��u+�
{+��~�}'m�½����kmg�µ��u-|+ikm���~�},|���u�{Q½����kmg|��¦{+|�~�}�À�|+ikm(}'���¶|+u+wy¼bpb|+wz����¼bxz�M}�À7{�½
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~U�k�9~U�k��|+ikm,un���km��µ��u�|+ikm¦},pbu+u�m,�¯|#�`u����¯|�~Ux�l�~U|+u+w´Çd?Ó�BAâ· �vpbu+wy�b¢ |+ikm¦|+u�m'm±|+u�~'²£m,u�{�~Uxe½�|+ikm
lnm,ln��u+�¿{���~�}'m:u�m � pbwyu�m'�I¼¶��|+ikm:�e~�},|���u�{(~Uxy¾�~'�7{�¢�u��Q¾�{�¾�ibwyxzm�|+ikm�{+|�~�}�À�lnm,ln��u+� < }'���7�
|�~Uwy�bwy�b¢#|+ikmv}'���¶|+u+wy¼bpb|+wz����¼bxz�M}�À7{-=�²�~Uu+wzm'{^�bm,��m,�k�7wy�b¢:���±|+ikm-��� m,u�~U|+wz���k{�l�~��bm��K¾�ikm,�±|+ikm
��~Uu+|+w ~UxO��~�},|���u+wyÅQ~U|+wz���@�U��~(�µu����¶|�~UxOl�~U|+u+w´Ç�wz{��bu��M}'m'{�{�m'�¸½k~#}'���¯|+u+wy¼bpb|+wz���.¼bxz�M}�À±wz{�{+|�~�}�À£m'�
¾�ibwz}�i.wy�k},u�m�~�{�m'{�|+ikm({+wyÅ�m��U��|+ikm�{�|�~�}�À �����.|+ikm���|+ikm,uvi�~U�k�¸½�¾�ikm,�.|+ikm0�µu����¶|�~Ux�l�~U|+u+w´Ç
wz{
����u+lnm'�c~U�k�c~�{�{�m,l�¼bxzm'�¸½M|+ikm�}'���¶|+u+wy¼bpb|+wz����¼bxz�M}�À7{��U�S|+ikm-}�ibwyxz�7u�m,���k�¯�bm'{�~Uu�m-�����b� m'�±��pb|
�U�4|+ikmv{�|�~�}�À¦~U�k�±wy|�{�{+wyÅ�mv�bm'},u�m�~�{�m'{�·�h�ikm�{+|�~�}�À�lnm,ln��u+��wz{^|+i¯pk{�²£m,u+�¦�bm,� m,�k�bm,�¶|����±|+ikm
~�{�{�m,l�¼bxy�±|+u�m'm0|���� ��xz��¢��£·

L&M�L � _aUdS `F_
Z�b�Z�[O_a`��

s�wy²£m,�
i
~��k�M�bm�wy� |+ikm@|+u�m'm�½³¾^m@�bm?Ák�km

factori

|��¿¼�m�|+ikm
lnm,ln��u+� u�m � pbwyu�m,lnm,�¯|�����u
|+ikm(�e~�},|���u�{g�U�

i
½S~U�k�

cbi

|��c¼�m(|+ikm:{+|���u�~U¢£m�����uv|+ikm#}'���¯|+u+wy¼bpb|+wz���I¼bxz�M}�À��U�
i
·

storei =
factori + cbi

u�m,�bu�m'{�m,�¶|�{-|+ikm0{+wyÅ�mg�U�K|+ikm0}'��l:�bxzm,|�m0�µu����¶|�~UxOl�~U|+u+w´Ç
�U�K�k�¯�bm
i
·

­ m:~Uxz{��cpk{�m
SubTi

|��c�bm,�k��|�m#|+ikm:{+pb¼b|+u�m'm#u��M��|�m'�¿~U|
i
½Owy�k},xypk�7wy�b¢

i
½S~U�k�

fi

|����bm,�k��|�m
|+ikmg~Uln��pb�¯|-�U����~�},|���u�{-}'��u+u�m'{+� ���k�7wy�b¢n|��

SubTi

½7|+i�~U|�wz{ �

fi =
∑

j∈SubTi

factorj

�Sm,|
Ai

< u�m'{+��m'},|+wy²£m,xy�
Ti

=�¼ m�|+ikmÄ{�|���u�~U¢£m�����u�~�},|+wy²£m³lnm,ln��u+� < u�m'{+��m'},|+wy²£m,xy��~�},|+wy²£m³lnm,ln��u+�
~U�k���e~�},|���u�{-=�u�m � pbwyu�m'�±|����bu��M}'m'{�{^|+ikmv{+pb¼b|+u�m'm SubTi

u��¯��|�m'�c~U|
i
~U�k�

ni

¼ m�|+ikm-�¶pbl(¼�m,u
�U��}�ibwyxz�7u�m,� �U�

i
·�h�ik��{�mg}�ibwyxz�7u�m,��~Uu�mg�bm,�k��|�m'��¼¶�

(ci,j)j=1,...,ni

·

L&M�� � Z�b��	� UdS/Ud_ ]�
 V�� b�
aS

¹¯wy�k}'m¦|+ikm���~�},|���u�{#~Uu�m��k��|#~�}'}'m'{�{�m'�9~U¢¶~Uwy�9~=�µ|�m,u�|+ikm,�°~Uu�m�}'��l:�bpb|�m'�¸½�¾^m¦}�~U�9{+pb�b� ��{�m
|+i�~U|�~�¼�~�{+wz}-��pb|!�â�U�`�â}'��u�m�{�}�ikm,lnmv¾^��pbxz��{+|���u�m�|+ikm,lr���c�7wz{+À�½M��u�|+i�~U|³|+ikmv{+�7{+|�m,l ��~U¢�wy�b¢
lnm'}�i�~U�bwz{+l ¾�wyxyxk�bpb|�|+ikm,l�|��0�7wz{+À�· 8E�:{+pk}�i�}�~�{�m'{�½�wy|�wz{Kwy�¶|�m,u�m'{�|+wy�b¢�|��0}'���k{+wz�bm,u�|+ikm�{�|�~�}�À
lnm,ln��u+�c� m�~UÀ�·
8E�¿|+ikm�l�pbxy|+w´�µu����¶|�~Ux�lnm,|+ik�¯�¸½�|+ikm���~Uu�m,�¶|��k�¯�bm�wz{gpk{+p�~Uxyxy�I~�},|+wy²�~U|�m'�®~=�µ|�m,u�~Uxyx³wy|�{(}�ibwyxz�
{�pb¼b|+u�m'm'{Äi�~�²£m-¼ m'm,�±�bu��¯}'m'{�{�m'�¦~U�k�¦|+ikm-{+|���u�~U¢£m-u�m � pbwyu�m'��|���~�{�{�m,l�¼bxzmv|+ikmv}'���¶|+u+wy¼bpb|+wz���k{
�U�K|+ikm0}�ibwyxz�7u�m,�.wy�¶|���|+ikm0��~Uu�m,�¶|��k�M�bm

i
wz{

storei +

ni
∑

j=1

cbi.

i�i æ�j�k3l.m-n
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:kpbu+|+ikm,u+ln��u�m�½£¾�ikm,�#�bu��¯}'m'{�{+wy�b¢�~-{+pb¼b|+u�m'm^u��M��|�m'�#~U|�~-}�ibwyxz�
ci,j

½�|+ikm³}'���¯|+u+wy¼bpb|+wz���n¼bxz�M}�À7{
�U��~Uxyx¸�bu�m,²Mwz��pk{+xy�c�bu��¯}'m'{�{�m'��}�ibwyxz�7u�m,�@i�~�²£mg|��#¼ m0{+|���u�m'�¸½bxzm�~��7wy�b¢n|��¦~#{+|���u�~U¢£mgm � p�~UxO|��

Aci,j
+

j−1
∑

k=1

cbci,k
.

h�ikm,u�m?����u�m�½7|+ikmvl�~=ÇMwyl(pbl {+|���u�~U¢£mvu�m � pbwyu�m'�c|��(�bu��M}'m'{�{�|+ikm�}'��l:�bxzm,|�mg{+pb¼b|+u�m'mvu��M��|�m'�
~U|
�k�M�bm

i
wz{�¢�wy²£m,�@¼¶� �

Ai = max( max
j=1,ni

(Aci,j
+

j−1
∑

k=1

cbci,k
), storei +

ni
∑

j=1

cbci,j
),

< ��=

~�{�{�m'm,��wy� ?y���BAâ· < ov��|�m�|+i�~U|�����u�xzm�~=���k�M�bm'{�¾�wy|+i��k�n}�ibwyxz�7u�m,�O½
Ai = storei

· =
ov��|�m^|+i�~U|�{���lnm�wyl:�bxzm,lnm,�¶|�~U|+wz���k{^�U��|+ikm�l(pbxy|+w´�`u����¯|�~Ux�~Uxy¢£��u+wy|+ibl ~Uxyxz�Q¾ |+ikm�}'���¶|+u+wy¼bpb|+wz���
�U��|+ikm±x ~�{+|#}�ibwyxz�°|��.¼�m±~�{�{�m,l(¼bxzm'�®wy�7�e�bx ~�}'m±wy�¯|��.|+ikm±��~Uu�m,�¯|��k�M�bm�½Kwy�°¾�ibwz}�i }�~�{�m¦|+ikm
}'���¯|+u+wy¼bpb|+wz���®¼bxz�M}�À.�µu���l |+ikm#x ~�{+|g}�ibwyxz�Iwz{0�k��|�}'��pb�¯|�m'�ºwy�¿|+ikm:x ~�{+|�~�{�{�m,l�¼bxy�º{+|�m,�O· 8E�
|+i�~U|-}�~�{�m�½e:k��u+l�pbx ~ < ��=^¼ m'}'��lnm'{ �

A′
i = max( max

j=1,ni

(Aci,j
+

j−1
∑

k=1

cbci,k
), storei +

ni−1
∑

j=1

cbci,j
),

< � =

L&M�� P _
Z�b
X U S U _a]�
 V�� b�
 S
:���ug|+ikm:wy�7�â}'��u�m�}�~�{�m�½O¾³m±~Uu�m:wy�¶|�m,u�m'{�|�m'�¿wy�¿|+ikm:� m�~UÀº�U�^|���|�~UxÄlnm,ln��u+�£· �^��l:��~Uu�m'�®|��
|+ikm�lnm,ln��u+�
pk{�~U¢£m��µ��u-|+ikm�~�},|+wy²£m < {+|�~�}�Àe=�lnm,ln��u+�£½�¾³m(|�~UÀ£m�|+ikm(lnm,ln��u+�
pk{�m'�
�µ��u-|+ikm
{�|���u�~U¢£m-�U�O|+ikm���~�},|���u�{^wy�¯|��#~�}'}'��pb�¯|�{+wy�k}'m�|+ikm,��l�pk{+|^¼�m�À£m,�b|�wy��lnm,ln��u+�±~=�µ|�m,u^|+ikm,��~Uu�m
}'��l:�bpb|�m'�¸·��v{+wy�b¢:|+ikmg{�~Ulnm0�k��|�~U|+wz���k{�~�{�~U¼ ��²£m�½�|+ikm�~Uln��pb�¶|��U��|���|�~UxSlnm,ln��u+���km'm'�bm'�
|��#�bu��M}'m'{�{�~:�k�¯�bm

i
< ~U�k��wy|�{�{+pb¼b|+u�m'm�=�wz{�|+ikm,�
¢�wy²£m,�@¼¶� �

Ti = max( max
j=1,ni

(Tci,j
+

j−1
∑

k=1

(cbci,k
+ fci,k

)), storei +

ni
∑

j=1

(cbci,j
+ fci,j

))
<   =

L&M�� � X 
 _ ] [0Z QFU �
Z�_ fTS �)] S�b �BS@Z QFS UdS/Ud_ ]�
 V�� b�
aS
� � Z [��aS UdS/Ud_ ] 
 V�� b�
 S
h�ikm@|+u�m'm@|+u�~�²£m,u�{�~Ux�i�~�{±~I{+|+u����b¢°wyl:��~�},|±��� |+ikm@� m�~UÀ �U�glnm,ln��u+�£· :k��ucm?Çk~Ul:�bxzm�½�~
�bm'm,�cpb�¯¼�~Ux ~U�k}'m'�c|+u�m'm-¾�wyxyx xzm�~��±|��:~g¼ m,|+|�m,u�lnm,ln��u+��pk{�~U¢£m-w´�S�bu��M}'m'{�{�m'�±pk{+wy�b¢:~��bm,�b|+i7�
Áku�{�|^� ��{+|���u��bm,u�|+u�~�²£m,u�{�~Ux4~U�k�±|+ikm��¶pbl(¼�m,u��U�K{+wyl�pbxy|�~U�km'��pk{-}'���¶|+u+wy¼bpb|+wz���.¼bxz�¯}�ÀM{�¾�wyxyx¸¼ m
{�l�~Uxyxzm,uÄw´�O|+ikm�|+u�~�²£m,u�{�~Ux¸{+|�~Uu+|�{Ä�`u���l |+ikm��bm'm,� m'{+|Äxzm�~�²£m'{�·�h�ibwz{³wz{�wyxyxypk{+|+u�~U|�m'�±wy� :�wy¢�pbu�m��7·
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Best Worst

:�wy¢�pbu�m����&8El:� ��u+|�~U�k}'mg�U��|+ikm�|+u�m'mg|+u�~'²£m,u�{�~Uxe·³h�ikm�|+u�m'm0wz{��bu��M}'m'{�{�m'�cpk{+wy�b¢�~:�bm,�b|+i7��Áku�{�|
� ��{+|���u��bm,u�|+u�~�²£m,u�{�~UxS{+|�~Uu+|+wy�b¢n�`u���l |+ikm�xzm?�µ|!�ei�~U�k�M�â{+wz�bm�·

8E� ?y��� Aâ½b�¸wyp@{�pb¢�¢£m'{+|�{�~U�
���b|+wyl�~UxO|+u�m'm0|+u�~�²£m,u�{�~Ux¸����u�m,xywyl:wy��~U|+wz���@|+u�m'm'{�¾�ikm,��|+ikm�~�{�{�m,l#�
¼bxy�
�U��|+ikm(x ~�{+|�}�ibwyxz��}�~U� ¼�m(�b���km�wy�7�e�bx ~�}'m�·�h�ibwz{�~Uxy¢£��u+wy|+ibl
}�~U��m�~�{+wyxy�
¼ mg¢£m,�km,u�~UxywyÅ�m'�
|���~�{�{�m,l(¼bxy�:|+u�m'm'{^~U�k�¦}'���k{+wz{+|�{�½M~U|³m�~�}�i±xzm,²£m,x��U�O|+ikm�|+u�m'm�½¶wy�±{���u+|+wy�b¢�|+ikm-}�ibwyxz�7u�m,�c�k�M�bm'{
wy���bm'},u�m�~�{+wy�b¢:��u��bm,u��U�

max(Aci,j
, storei)− cbci,j

~U�k�±|+ikm,�cpk{�m0~(�bm,�b|+i7��Áku�{+|�����{�|���u��bm,u
|+u�~�²£m,u�{�~Ux³�U��|+ikm:u�m'��u��bm,u�m'�®|+u�m'm�·�h�ibwz{�u�m'{+pbxy|gwz{0¼�~�{�m'�I���¿|+ikm:|+ikm'��u�m,l ¼ m,xz��¾g½4�bu���²£m'�
wy� ?y����Aâ½k~U�k��|+i�~U|�¾³mg¾�wyxyxOu�m?�µm,u�|��¦~�{��¸wypOÂÃ{�|+ikm'��u�m,l wy��|+ikmg��|+ikm,u���~Uu+|�{��U�K|+ibwz{���~U� m,u �
��� ���y§^¨�� É¯Í © É 
�� � �
	 ���
	E#'�1� �^%�	B	�� +��-#

(xi, yi), i = 1..n
�
��!)�F� �������
	���	B	�� +e�c�^%

maxi=1,nxi+
∑i−1

j=1
yi

��#c� �1�0	������.2 ���(#'���1�����"�$��!)�c#'�
�1+e�1� � �
(xi, yi)

���g2 � �1� �.	 #����"�����^2"��� �^%
xi−yi

����!)	��
��# �

x1 − y1 ≥ x2 − y2 ≥ . . . ≥ xn − yn

�

ov��¾ w´��|+ikm�~�{�{�m,l(¼bxy�I�U��|+ikm¦x ~�{+|#}�ibwyxz�9}�~U�b�k��|:¼�m¦�b���km±wy�7�e�bx ~�}'m�½c?y��� A�{+ik��¾r|+i�~U|�|+ikm
}�ibwyxz�7u�m,� {+ik��pbxz� |+ikm,� ¼ m�{���u+|�m'� wy� �bm'},u�m�~�{+wy�b¢°��u��bm,u¦�U�

Aci,j
− cbci,j

·��^�°�b��wy�b¢°{��b½
|+ikm(²�~Uxypkm(�U�

Aroot

~�{-�bm?Ák�km'� ¼¯� < ��=�����uv|+ikm(}'��l:�bxzm,|�m�|+u�m'm�u��¯��|�m'��~U|vwy|�{�u��M��|-�k�M�bm(wz{
l:wy�bwyl:wyÅ�m'�¸·F8â�±|+ikm�u�m'{�|��U�O|+ibwz{���~U� m,u^¾³mv¾�wyxyx pk{�m�|+ikm-|�m,u+ln{ 	B	�����	��/�T�^% � ��+ � # 	�� � ���-����! �
|��#u�m?��m,u�|��#|+ibwz{-��u��bm,u�·
Cv��¾^m,²£m,u�½Om'{+� m'},w ~Uxyxy�
����u�²£m,u+�@¾�wz�bm#|+u�m'm'{ < ¾�ikm,u�m ∑j=ni

j=1
cbci,j

l�~��@¼ m�x ~Uu+¢£m�}'��l:��~Uu�m'�
|��

storei

=?½
Aroot

}�~U�®{+|+wyxyx�¼�m#x ~Uu+¢£m�·�:k��ug|+i�~U|gu�m�~�{����O½4�¸wyp®~Uxz{���m?Ç7� m,u+wylnm,�¶|�{gwy� ?y���BA^~
{�|+u�~U|�m,¢��.}'���k{+wz{+|+wy�b¢�wy���bu�m?�E~Uxyxz�M}�~U|+wy�b¢
|+ikm:{+|+u+pk},|+pbu�m:�U�^|+ikm#��~Uu�m,�¶|0¼ m?�µ��u�m#}�ibwyxz�7u�m,�°~Uu�m
����u+lnm'�¸·��Ä~�}�i±}'���¯|+u+wy¼bpb|+wz����¼bxz�¯}�À#�`u���lrm�~�}�i±�km,¾ }�ibwyxz��wz{³|+ikm,��~�{�{�m,l�¼bxzm'�±�7wyu�m'},|+xy�nwy�¯|��
|+ikm³{+|+u+pk},|+pbu�mÄ�U�k|+ikmÄ��~Uu�m,�¶|�½�|+i¯pk{�~�²£��wz�7wy�b¢0~�����|�m,�¯|+w ~Uxyxy�gx ~Uu+¢£m³}'��xyxzm'},|+wz���#�U�k}'���¶|+u+wy¼bpb|+wz���
¼bxz�M}�À7{-wy� {+|�~�}�À�lnm,ln��u+�£·-h�ikm�{+|���u�~U¢£m���¼b|�~Uwy�km'�.�µ��u-|+ibwz{�~U�b�bu��£~�}�i�wz{�|+ikm,� u�m'},pbu�{+wy²£m,xy�
�bm?Ák�km'�
¼¶� �

Ai = storei + max
j=1,ni

(Aci,j
)

< �"=
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�-¢¶~Uwy�O½4wy|�~U�b� m�~Uu�m'�¿|+i�~U|�|+ibwz{�{+|+u�~U|�m,¢��º¾�~�{�~Uxz{��@{���lnm,¾�i�~U|��7wz{�~U�b����wy�¯|+wy�b¢k½K¼�m'}�~Upk{�m±~
}�i�~Uwy�:�U�k��~Uu�m,�¶|��k�M�bm'{ < ~U|Km�~�}�i#xzm,²£m,xb�U�k|+ikmÄ|+u�m'm�=Si�~��(|���¼ m^{+|���u�m'�¸½�����{�{+wy¼bxy��~Uxz{��-xzm�~��7wy�b¢
|��n~n{+wy¢��bw´Á�}�~U�¶|-lnm,ln��u+�±pk{�~U¢£m�·
­ m#{+ik��pbxz� �k��|+wz}'m#ikm,u�m�|+i�~U|�u�~U|+ikm,u0|+i�~U���bu�m?�E~Uxyxz�¯}�~U|+wy�b¢
|+ikm���~Uu�m,�¯|�½¸|+ikm#{�}�ikm,lnm��µu���l
�Owyp®}�~U�¿¼ mn{+xywy¢�i¯|+xy�ºwyl:�bu���²£m'�®¼¶�¿~Uxyxz�¯}�~U|+wy�b¢ |+ikm:��~Uu�m,�¯|��!pk{+|�~=�µ|�m,u�|+ikm#Áku�{+|(}�ibwyxz�®i�~�{
¼ m'm,�°�bu��¯}'m'{�{�m'�¸· �v{+wy�b¢@|+ikm¦�k��|�~U|+wz���k{n~U¼��Q²£m�½K|+ikm�lnm,ln��u+�®pk{�~U¢£m¦wz{�|+ikm,�°u�m'},pbu�{+wy²£m,xy�
�bm?Ák�km'�
¼¶� �

Ai = max(Aci,1
, storei + cbci,1

, storei + max
j=2,ni

(Aci,j
))

< � =

w´�K|+ikmg~�{�{�m,l(¼bxy�cwy�¶|��:|+ikm0��~Uu�m,�¯|�wz{��k��|�� m,u!����u+lnm'��wy�7�e�bx ~�}'m�½�~U�k�

Ai = max(Aci,1
, storei + max

j=2,ni

(Aci,j
))

< G =

w´�K|+ikmg~�{�{�m,l(¼bxy�cwy�¶|��:|+ikm0��~Uu�m,�¯|-}�~U�
¼ m0�b���km0wy�7�e�bx ~�}'m�·
ov��|�m�|+i�~U|Ä¼ ��|+i#����u+l�pbx ~�{ < � =�~U�k� < G =��km'}'m'{�{�~Uu+wyxy�(xzm�~��:|��(~�²�~Uxypkm��U�

Ai

{+l�~Uxyxzm,uÄ��u�m � p�~Ux
|��v|+i�~U|��U� :k��u+l�pbx ~�{ < �"="���µpbu+|+ikm,u+ln��u�m�|+ikm,�(¼ ��|+i#�bu���²Mwz�bm�~U�:���b|+wyl�~Uxk²�~Uxypkm��U��|+ikm�~�},|+wy²£m
lnm,ln��u+�

Ai

¾�ikm,�:|+ikm³}�ibwyxz�#¾�wy|+i�|+ikm^x ~Uu+¢£m'{+|K� m�~UÀgwz{�|+u�m�~U|�m'�(Áku�{+| < |+ikm^��u��bm,uKwy��|+ikm^|�m,u+l
maxj=2,ni

(Aci,j
+storei)

i�~�{K�k�vwy���kpkm,�k}'m�~U�k�(ln�Q²¯wy�b¢0|+ikm³Áku�{+|�}�ibwyxz�#¾�wy|+i�x ~Uu+¢£m'{�|�� m�~UÀ
|��
|+i�~U|�{�m,|�}�~U�I���bxy��wy�k},u�m�~�{�m�|+ikm:� m�~UÀe=?· 8â�º|+ikmn�µ��xyxz�Q¾�wy�b¢k½S|+ikm'{�m�|â¾^�@{+|+u�~U|�m,¢�wzm'{�¾�wyxyx
¼ m�u�m?�µm,u+u�m'�¿|��
~�{�� 	�� �����1� �)	��O� 2 �e	��.�1�/�D	��3��� 	B	 ��������� ~U�k��� 	��/��� �1� �)	��O�.2 �)	�� ���/� 	��'���
	B	�������� �
��� � � �,	 � ��� ½bu�m'{+� m'},|+wy²£m,xy�£·

P _
Z�b
X U S U _a]�
 V�� b�
 S
¹¯wyl:wyx ~Uu+xy�:|��g|+ikm�}�~�{�m��U�O~�},|+wy²£m�lnm,ln��u+�#� m�~UÀ�½¯{���u+|+wy�b¢g|+ikm�}�ibwyxz�7u�m,�¦�k�M�bm'{�wy���bm'},u�m�~�{�wy�b¢
��u��bm,uK�U�

Tci,j
−(cbci,j

+fci,j
)
¢�wy²£m'{�~U�����b|+wyl�~UxM|+u�m'mÄ|+u�~'²£m,u�{�~Ux7wy�(|�m,u+ln{4�U�kl:wy�bwyl:wyÅQ~U|+wz���:�U�

|+ikm�|���|�~Ux�lnm,ln��u+�:� m�~UÀ:�bm?Ák�km'��¼¯� <   =?·�h�ibwz{Äwz{Äm?Ç7�bx ~Uwy�km'��wy�¦ln��u�m��bm,|�~Uwyxz{³wy� ?Ó� Aâ½¶¾�ikm,u�m
m?Ç7� m,u+wylnm,�¶|�~Ux�u�m'{+pbxy|�{�{+ik�Q¾&|+i�~U|-|+ibwz{ < ���b|+wyl�~Ux�=���u��bm,u�¼bu+wy�b¢£{v{+xywy¢�i¶|-¢¶~Uwy�k{-�Q²£m,u�|+ikm(���km
�µu���l�|+ikm��bu�m,²Mwz��pk{���~Uu�~U¢�u�~U�bi <

Aci,j
− cbci,j

=0¾�ikm,�°|+ikm±|���|�~Ux³lnm,ln��u+�®wz{(}'���k{+wz�bm,u�m'�¸·
< 8â�g|+ikm.¢�u�~U�bi �U��|+ikm.l�~U|+u+w´Ç wz{¦�k��|±}'���b�km'},|�m'� < u�m'�7pk},wy¼bxzm l�~U|+u+w´Ç/=?½����km�{+ik��pbxz� ~Uxz{��
��u��bm,u�|+ikmvu��M��|^�k�M�bm'{�}'��u+u�m'{+� ���k�7wy�b¢:|���|+ikmv�7w	�¸m,u�m,�¶|�|+u�m'm'{�wy���bm'},u�m�~�{+wy�b¢n��u��bm,u��U�4|+ikm,wyu
Ti−fi

½¶~�{�|+ibwz{�¾�wyxyx��bm'},u�m�~�{�m�|+ikm�|���|�~Uxblnm,ln��u+�
maxi∈roots Ti +

∑i−1

j=1
fj

��|+ibwz{�wz{³~��7wyu�m'},|
}'���k{�m � pkm,�k}'m(�U�Ä�¸wypOÂÃ{�|+ikm'��u�m,l
},wy|�m'�@m�~Uu+xywzm,u�· =g8â�
|+ikmg�µ��xyxz�Q¾�wy�b¢k½�¾³m�}�~Uxyx4|+ibwz{v~Uxy¢£��u+wy|+ibl
�'�,	 #-#-� � 	��a�0� �0	�� �����
�����
��������������	�������� ·
:�wy��~Uxyxy�£½³wy� |+ikm�}�~�{�m��U�-|+ikmc|���|�~Ux�lnm,ln��u+�®wy|:wz{n~Uxz{���� ��{�{+wy¼bxzmc|��¿~�},|+wy²�~U|�mc|+ikmc��~Uu�m,�¶|
�k�M�bm-~=�µ|�m,uÄ|+ikm�Áku�{+|^}�ibwyxz�¸½Mxzm�~��7wy�b¢(|���|+ikm 	��/�����'� �)	 �O�.2D�)	�� ���/�Y	��'���
	B	�������� ~U�k� 	��/��� �1� �)	��O�.2
�e	��.�1�/� 	 �'��� 	 	�������� �T��� � � ��	�� � ²�~Uu+w ~U�¯|�{�½�~U�k�@~�lnm,ln��u+�cpk{�~U¢£m�m � p�~Ux¸|��
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Ti = max(Tci,1
, fci,1

+ cbci,1
+ storei, storei + max

j=2,ni

(Tci,j
+

j−1
∑

k=1

fci,k
))

w´��|+ikm�~�{�{�m,l�¼bxy�º�U�^|+ikm�}'���¶|+u+wy¼bpb|+wz���®�`u���l |+ikm#Áku�{�|�}�ibwyxz�Iwy�¶|���|+ikm:��~Uu�m,�¯|�wz{0�k��|(�b���km
wy�7�e�bx ~�}'m�½�~U�k�

Ti = max(Tci,1
, fci,1

+ storei, storei + max
j=2,ni

(Tci,j
+

j−1
∑

k=1

fci,k
))

w´��|+ikm:~�{�{�m,l�¼bxy�@�U�Ä|+ikm�}'���¶|+u+wy¼bpb|+wz���¿�`u���l |+ikm(Áku�{+|v}�ibwyxz� wy�¶|��±|+ikm���~Uu�m,�¯|g}�~U�.¼ m��b���km
wy�7�e�bx ~�}'m�·
:���u³|+ibwz{�~U�¶|+wz},wy��~U|�m'�c��~Uu�m,�¯|�~�},|+wy²�~U|+wz���O½7¼���|+i��µ��u³|+ikm�wy�7�e�bx ~�}'m�~U�k�¦�k���¦wy�7�e�bx ~�}'mv}�~�{�m�½Mwy|
l�~UÀ£m'{³{�m,�k{�m�|��g|+u+��|�����u��bm,u�|+ikm�}�ibwyxz�7u�m,���k�M�bm'{�wy���bm'},u�m�~�{+wy�b¢���u��bm,u³�U� |+ikm,wyu

Tci,j
−fci,j~�{�|+ibwz{�¾�wyxyx4~U|�xzm�~�{+|�l:wy�bwyl:wyÅ�m�|+ikm�|�m,u+l

maxj(Tci,j
+

∑j−1

k=1
fci,k

)
·

� � 	�$�� ��%@��"(� 	c6S�������*�
���
�������®���������
	��¦������� �
	���	������
���-�

�v{nm?Ç7�bx ~Uwy�km'� wy� |+ikm��bu�m,²Mwz��pk{�{�m'},|+wz���O½Ä�km,wy|+ikm,u¦|+ikm
{+�7{+|�m,l�~U|+wz}��bu�m?�E~Uxyxz�M}�~U|+wz��� �U��|+ikm
��~Uu�m,�¯|n�k�M�bm�½��k��u:wy|�{n~Uxyxz�M}�~U|+wz��� ~=�`|�m,u:|+ikmcx ~�{+|:}�ibwyxz� < },x ~�{�{+wz}�~Ux�l(pbxy|+w´�`u����¯|�~Ux�lnm,|+ik�M�/=
�bu��Q²¯wz�bm ~U� ���b|+wyl�~Ux-lnm,ln��u+� pk{�~U¢£m�· C-�Q¾³m,²£m,u±wy|nwz{n� ��{�{+wy¼bxzm�|��°~�},|+wy²�~U|�m@|+ikm���~Uu�m,�¶|
�k�M�bmg~U|-~U�@~Uu+¼bwy|+u�~Uu+�c� ��{+wy|+wz���O½�~=�µ|�m,u-~(Áku�{+|�{�m,|��U��}�ibwyxz�@�k�¯�bm'{�i�~�{�¼�m'm,�
|+u�m�~U|�m'�¸·

. . . . . .

P
S1

S2

:�wy¢�pbu�m� �� �KÇk~Ul:�bxzmg�U��~���~Uu�m,�¶|��k�M�bm�~U�k�cwy|�{�}�ibwyxz�7u�m,�O·

s�wy²£m,�&~I��~Uu�m,�¯|
�k�M�bm�~U�k� wy|�{�{�m,|
�U��}�ibwyxz�7u�m,�&�k�¯�bm'{cwy��|+ikmº~�{�{�m,l(¼bxy� |+u�m'm�½v¾^m�pk{�m
|+ikm�����xyxz��¾�wy�b¢��k��|�~U|+wz���k{ �n{+pb�b� ��{+wy�b¢ |+i�~U|(|+ikm¦��~Uu�m,�¶|#�k�M�bm�wz{#~�},|+wy²�~U|�m'� < ~Uxyxz�M}�~U|�m'�°wy�
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lnm,ln��u+��=Ä�!pk{+|�~=�µ|�m,u0}�ibwyxz�
j
i�~�{�¼ m'm,���bu��¯}'m'{�{�m'�¸½ ¾³m:�bm?Ák�km

p = j
· ­ m#~Uxz{��±�bm?Ák�km

S1~�{�|+ikm�{�m,|��U��}�ibwyxz�7u�m,� �k�M�bm'{�|+u�m�~U|�m'�
¼ m?�µ��u�mg|+ikm(~�},|+wy²�~U|+wz���.�U�K|+ikmg��~Uu�m,�¶|-�k�¯�bm(~U�k�
S2~�{�|+ikm:{�m,|g�U�^}�ibwyxz�7u�m,�I�k�¯�bm'{0|+u�m�~U|�m'�¿~=�µ|�m,u0|+ikmn~�},|+wy²�~U|+wz���I�U�³|+ikm#��~Uu�m,�¯|g�k�¯�bm�·n¹M�c¾^m

}'���k{�wz�bm,u�~���~Uu�m,�¯|4�k�M�bm
i
~U�k��wy|�{S}�ibwyxz�7u�m,�

(ci,j)j=1,...,p = S1

~U�k�
(ci,j)j=p+1,...,ni

= S2

~�{
{�ik��¾��#wy� :4wy¢�pbu�m� 7·�h�ikm�{+|���u�~U¢£m^�km'm'�bm'�#|��v�bu��¯}'m'{�{K~v}�ibwyxz�#�k�¯�bm

ci,j

wz{
Aci,j

· ��m?����u�m^|+ikm
~Uxyxz�M}�~U|+wz���#�U�k|+ikmÄ��~Uu�m,�¯|��k�M�bm�½�|+ikm³��m�~UÀg�U��{+|���u�~U¢£m³wz{���¼b|�~Uwy�km'�(¼¯�(~U�b�bxy�Mwy�b¢ :k��u+l(pbx ~ < ��=
< ¹Mm'},|+wz���&�7·Ó  =�|��°|+ikm�}�ibwyxz�7u�m,� �k�M�bm'{��U�

S1

· :bpbu+|+ikm,u+ln��u�m�½�|+ikmº~Uln��pb�¯|@�U��lnm,ln��u+�
�km'm'�bm'��|��c�bu��M}'m'{�{�|+ikm:}�ibwyxz�7u�m,�I�k�M�bm'{0�U�

S2

wz{g��¼b|�~Uwy�km'�º¼¯� ~U�b�bxy�Mwy�b¢ :k��u+l�pbx ~ < � =-|��
|+ik��{�m0}�ibwyxz�7u�m,� < ~�{�{�pbl:wy�b¢n|+i�~U|�|+ikmg~�{�{�m,l(¼bxywzm'{�wy�¶|��n|+ikm���~Uu�m,�¶|-~Uu�m��k��|��b���km�wy�7�e�bx ~�}'m�=?·
h�i¯pk{�½b|+ikm�~Uln��pb�¯|-�U��lnm,ln��u+�±�km'm'�bm'�@|��#�bu��¯}'m'{�{�|+ikmg{+pb¼b|+u�m'm0u��M��|�m'�@~U|

i
wz{��

Ai = max(max
j=1,p

(Aci,j
+

j−1
∑

k=1

cbci,k
),

storei +

p
∑

j=1

cbci,j
,

storei + max
j=p+1,ni

(Aci,j
))

< ��=
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Ai

�

� �^�3�.% � #-¼¶²Mwz��pk{�{�wy�k}'m
storei + maxj=p+1,ni

(Aci,j
))
�b�Mm'{��k��|��bm,� m,�k�º���¿|+ikm:��u��bm,u��U�

|+ikm0}�ibwyxz�7u�m,�.wy�
S2

·
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j
� �R	���! ���,2�� ��2 � � �������"�����"�H�0�

S1

��� %
Aj

� #�#�� 	���� ���
��! 	��
max
i∈S2

(Ai)
�

��!e���
j

� 	�� � �$� ��	 �.2R�0�
S2 	

����! ��+)�T��� �1� �.	 #����"�R��!)� �e� 	�! �

� �^�3�.% �-��m,ln�Q²¯wy�b¢�~v�k�¯�bm��µu���l
S1

�b�Mm'{��k��|�wy�k},u�m�~�{�m�|+ikm���m�~UÀ�wy�:|+ibwz{Ä{�m,|�·I:bpbu+|+ikm,u+ln��u�m
{�wy�k}'m

Aj

wz{�{+l�~Uxyxzm,u�|+i�~U�
max
i∈S2

(Ai)
½7|+ikmg��m�~UÀ±wy�

S2

¾�wyxyxO�k��|�wy�k},u�m�~�{�m�·
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ci,1 . . . ci,ni
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j = 1, . . . , ni

Î Í
¹¯|�~Uu+|�¾�wy|+i
|+ikm0}�ibwyxz�7u�m,� ��u��bm,u�m'�
wy�
�bm'},u�m�~�{+wy�b¢±��u��bm,u��U�

Aci,k

�
�vm?Ák�km

S1 = (ci,k)k=1,...,j

~U�k�@~U�b�bxy�c|+ikm�²�~Uu+w ~U�¯|-�U���¸wypOÂÃ{-~Uxy¢£��u+wy|+ibl |��nu�m'��u��bm,u
S1< �bm'},u�m�~�{+wy�b¢

Aci,k
− cbci,k

� =
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P2 = storei +

∑j0
k=1

fci,k
+ Tci,j0

< :k��u+l�pbx ~ < ����= = �
¹Mm,|

S1 = S1 ∪ ci,j0

½
S2 = S2 \ ci,j0

½�~U�k�
p = p + 1

�
¹M��u+|�|+ikm0�k�¯�bm'{�wy�

S1

~U�k�
S2

~�}'}'��u��7wy�b¢�|��:�Om,l:l�~¦ ��
�^��l:�bpb|�m

P1

½
P2

½k~U�k�
T ′

i = max(P1,P2)
�

� 

T ′

i ≤ Ti

¨�� É��
�0m'm,�
|+ikm0²�~Uxypkm'{��U�

p
½
S1

~U�k�
S2

~U�k�
{�m,|
Ti = T ′

i

�
É�� Î � 


� � ¨ � �
p = ni

��u
P1 ≥ P2
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� �^�3�.% � ­ m^Áku�{+|�u�m,l�~Uu+À#|+i�~U|�|+ikm���u��bm,u�wy�
S1

~U�k�
S2

wz{�wyl:� ��{�m'�#¼¶�:�Om,l:l�~( 7·K¹¯|�~Uu+|+wy�b¢
�µu���l ~n}'���7Ák¢�pbu�~U|+wz��� ¾�ikm,u�m

P2 > P1

½�wy|�u�m'{+pbxy|�{��`u���l �Om,l:l�~���|+i�~U|�|+ikm(���bxy��¾^~��
|��
�bm'},u�m�~�{�m:|+ikmn� m�~UÀ.wz{�¼¶��ln��²Mwy�b¢

ci,j0

�`u���l
S2

|��
S1

·±h�i¶pk{Q½�~U|�m�~�}�iIwy|�m,u�~U|+wz���°m,wy|+ikm,u
¾^mvi�~'²£m0��¼b|�~Uwy�km'�±|+ikm����b|+wyl�~Ux¸��m�~UÀ

Ti

½M��u�|+ikmv{���xypb|+wz����¾�wy|+ic|+ikm-���b|+wyl�~Ux¸� m�~UÀnwz{�{+pk}�i
|+i�~U|

ci,j0

< ¾�ibwz}�i®¾�~�{�u�m'{+� ���k{+wy¼bxzm¦�U��|+ikm���m�~UÀ�wy�
S2

=v¼�m,xz���b¢£{(|��
S1

·@¹¯wy�k}'m�¾³m±{+|�~Uu+|
¾�wy|+i

S1 = ∅
½�¾³m(~Uu�m�{+pbu�m�|��nu�m�~�}�i |+ikm����b|+wyl�~Ux�}'���7Ák¢�pbu�~U|+wz���¿~=�µ|�m,uv~:l�~=Ç7wyl�pbl
�U�

niwy|�m,u�~U|+wz���k{Q· < ��|�m�~�}�i@wy|�m,u�~U|+wz���O½��Om,l:l�~¦ �wz{�~U�b�bxywzm'�¸· =
:���uS|+ikm�|�m,u+l:wy��~U|+wz���:},u+wy|�m,u+wz���O½�¾^m�ÀM�k��¾°|+i�~U|S|+ikmÄ���b|+wyl�~UxM� m�~UÀvi�~�{4¼ m'm,�(��¼b|�~Uwy�km'�(¾�ikm,�
P1

¼ m'}'��lnm'{�x ~Uu+¢£m,u���u�m � p�~UxÄ|+i�~U� P2

½�{+wy�k}'m:wy�I|+i�~U|(}�~�{�m:|+ikmnlnm,ln��u+�º��m�~UÀ
Ti = P1¾�wyxyx4���bxy�¦wy�k},u�m�~�{�mgw´��|+ikm�~Uxy¢£��u+wy|+ibl wz{��bpbu�{+pkm'�c�µpbu+|+ikm,u < �Om,l:l�~¦� =?·

:�wy��~Uxyxy�£½£{�wyl:wyx ~Uu+xy�(|��0�-xy¢£��u+wy|+ibl ��½¶~U�b�bxy�Mwy�b¢0|+ikm��bu�m,²¯wz��pk{�|+ikm'��u�m,l�|��-|+ikm�}'��l:�bxzm,|�m�|+u�m'm
xzm�~��b{�|��n��xy¢£��u+wy|+ibl �7·
�±É 
Iªb©�� ��­ m�pk{�m'�c|+ikm0{+|����b�bwy�b¢n},u+wy|�m,u+wz���

P1 ≥ P2

·�o-��|�mv|+i�~U|�|+ikm0}'���k�7wy|+wz���
T ′

i > Tiwz{��k��|n}'��u+u�m'},|:|���m,�k{+pbu�mc|+i�~U|#|+ikm����b|+wyl�~Ux�� m�~UÀ¿i�~�{#¼�m'm,� ��¼b|�~Uwy�km'�¸· 8â�9�bu�~�},|+wz}'m�½³wy|
l�~���i�~U�b��m,� |+i�~U|v|+ikmg¢�xz��¼�~UxK��m�~UÀc¾�wyxyx�wy�k},u�m�~�{�m(¼¶��ln��²Mwy�b¢±|+ikm(m,xzm,lnm,�¯|

ci,j0

�`u���l
S2|��

S1

½S~U�k�º�bm'},u�m�~�{�m�~U¢¶~Uwy�®~U|�~��`pbu+|+ikm,u�wy|�m,u�~U|+wz���¿|��cu�m�~�}�i¿|+ikm:���b|+wyl�~Uxe·:�-�¿m?Çk~Ul:�bxzm
�bu��M�7pk},wy�b¢�{+pk}�i.~#{+wy|+p�~U|+wz���.wz{�|+ikmg���kmg�bm?Ák�km'��¼ m,xz��¾ �































storei = 100 ni = 3

Tci,1
= 160, fci,1

= 100,

Tci,2
= 140, fci,2

= 120,

Tci,3
= 10, fci,3

= 5,

cbci,1
= cbci,2

= cbci,3
= 5

8E�bwy|+w ~Uxyxy� ~Uxyx�|+ibu�m'm�}�ibwyxz�7u�m,� ~Uu�mcwy�
S2

½^{���u+|�m'� ~�}'}'��u��7wy�b¢¿|��º�Om,l:l�~I º~U�k�
Ti = 340wz{�u�m�~�}�ikm'�°�µ��u

ci,2

½K|+i�~U|:|+ikmc~Uxy¢£��u+wy|+ibl |+u+wzm'{�|�� ln��²£mc|��
S1

�
S1 = {ci,2}

~U�k�
S2 =

{ci,1, ci,3}
½ xzm�~��7wy�b¢�|��

T ′
i = 380 > 340

·gh�ikm,�O½ ln�Q²¯wy�b¢
}�ibwyxz�
ci,3

�µu���l
S2

|��
S1

xzm�~��b{
|��n~:��m�~UÀc�U��|���|�~UxSlnm,ln��u+�cm � p�~Ux¸|�� Ti = 330

½�¾�ibwz}�i
wz{�|+ikm����b|+wyl�~UxS{+wy�k}'m
P1 = P2

·

� � �0�¦�K� ���
���-��	���� ��$�)��!��$

8E��|+ibwz{^{�m'},|+wz���±¾³m��bu�m'{�m,�¶|�m?Ç7��m,u+wylnm,�¯|�~Ux�u�m'{+pbxy|�{³����uÄ¼ ��|+i¦�-xy¢£��u+wy|+ibl �v~U�k�¸½Mwy��|+ikmv}�~�{�m
�U�K|���|�~UxOlnm,ln��u+�cl:wy�bwyl:wyÅQ~U|+wz���O½k|+ikmgikm,pbu+wz{+|+wz}'{��bu�m'{�m,�¯|�m'�
wy��|+ikm0�bu�m,²Mwz��pk{�{�m'},|+wz���O·
:���u���pbu(m?Ç7��m,u+wylnm,�¯|�{�½4¾³mnpk{�m'�º|+ikmn{��U�µ|â¾�~Uu�mn��~�}�À�~U¢£m������
	�� < � �-xy|+w´�`u����¯|�~Ux³��~�{�{+wy²£m,xy�
�K~Uu�~Uxyxzm,x-¹M��xy²£m,u-=R? �k½� BAâ½�¾�ibwz}�i9wyl:�bxzm,lnm,�¯|�{n��~Uu�~Uxyxzm,x�l�pbxy|+w´�µu����¶|�~Ux�{���xy²£m,u�{#¾�wy|+i°|+ibu�m'{�i7�
��xz�°��~Uu+|+w ~Ux��bwy²£��|+wy�b¢�����u(¼ ��|+i

LU
~U�k�

LDL
T �e~�},|���u+wyÅQ~U|+wz���k{�· ­ m±wyl:�bxzm,lnm,�¶|�m'� |+ikm
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i
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��u��¯}'m'{�{
�
�³ibwyxz� <

i
= �

É�� Î 
 Í ©
� � Î

� © Í « É §�§
�

� � � �`Î <
i
= ¬

�#É � � �
� 


i
wz{�~#xzm�~=� ¨�� É��

Ti � storeiÉ �`§ É

 Í ©

j = 1
|��

ni

Î Í
��u��¯}'m'{�{

�
�³ibwyxz� <

ci,j

= �
É�� Î 
 Í ©
�vm,|�m,u+l:wy�km�|+ikmv� ��{+wy|+wz���

p
¾�ikm,u�m-|+ikm���~Uu�m,�¯|�{+ik��pbxz�±¼�m0~�},|+wy²�~U|�m'��~U�k�c|+ikmv��u��bm,u

�U�K}�ibwyxz�7u�m,�@pk{+wy�b¢�h�ikm'��u�m,l ���
�^��l:�bpb|�m

Ti

pk{+wy�b¢ :k��u+l�pbx ~ < ��� ="�
É�� Î � 
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~Uxy¢£��u+wy|+ibl ~U�k�¿|+ikm�ikm,pbu+wz{+|+wz}'{�wy�¿|+ikmc~U��~Uxy�M{+wz{��bi�~�{�m��U� ������	
� ~U�k�¿¾³m±}'��l:�bpb|�m±{+|�~U|!�
wz}�~Uxyxy��|+ikm:lnm,ln��u+�º�M}'},pb��~U|+wz���¿|+i�~U|�¾�wyxyxÄ¼�m:��¼b|�~Uwy�km'�®�7pbu+wy�b¢
|+ikm#�e~�},|���u+wyÅQ~U|+wz��� < w´���k�
�bwy²£��|+wy�b¢º�M}'},pbu�{-=?· 8E�I|+ibwz{#{+wyl(pbx ~U|���u#|+ikm�|+u�m'm¦wz{�|+u�~�²£m,u�{�m'�°pk{+wy�b¢ ~.�bm,�b|+i7��Áku�{+|:{�m�~Uu�}�i
{�}�ikm,lnm < xywyÀ£m�|+ikm����km�pk{�m'�
�7pbu+wy�b¢±|+ikm0�e~�},|���u+wyÅQ~U|+wz���.�bi�~�{�m��U��~nl�pbxy|+w´�µu����¶|�~UxKlnm,|+ik�M�/=?½
~U�k�
|+ikm0wy�7�µ��u+l�~U|+wz��� ¢£m,�km,u�~U|�m'�
¼¯��m�~�}�i ~Uxy¢£��u+wy|+ibl � ikm,pbu+wz{�|+wz}#~Uu�mgpk{�m'��|��:lnm�~�{+pbu�mg|+ikm
lnm,ln��u+�±� m�~UÀ�·�h�ibwz{�~Uxyxz�Q¾�{�pk{�|��n~U��~Uxy�MÅ�m�|+ikm�¼�m,�km?Ák|�{��`u���l*|+ikmg~Uxy¢£��u+wy|+ibln{�¾�wy|+ik��pb|-~
}'��l:�bxzm,|�m#wyl:�bxzm,lnm,�¯|�~U|+wz���®�U�Ä|+ikm#�km,¾ {�}�ikm,lnm'{0wy��|+ikm��¶pblnm,u+wz}�~Ux��e~�},|���u+wyÅQ~U|+wz���O½¸¾�ibwz}�i
¾^��pbxz�c¼�m-²£m,u+�nl(pk}�i
��~�}�À�~U¢£m � }'�M�bm?�â�bm,��m,�k�bm,�¯|v~U�k�¦wz{���pb|�{+wz�bmv|+ikm-{�}'����m��U�S|+ibwz{^��~U� m,u�·
ov��|�m�|+i�~U|�½¯����u³��pbu�m?ÇM� m,u+wylnm,�¶|�{Q½¯¾^m-}'���k{�wz�bm,u�m'�±~U�±pb�k{+�Ml:lnm,|+u+wz}-{+|���u�~U¢£mv�U�O|+ikm��`u����¯|�~Ux
l�~U|+u+wz}'m'{-m,²£m,������u�|+ikmg{+�Ml:lnm,|+u+wz}0l�~U|+u+wz}'m'{�·
­ m.pk{�m'� |+u�m'm'{±u�m'{+pbxy|+wy�b¢I�µu���l ²�~Uu+wz��pk{±u�m'��u��bm,u+wy�b¢9|�m'}�ib�bw � pkm'{ �I�v� � < ���b�bu���ÇMwyl�~U|�m
�.wy�bwyl�pbl ��m,¢�u�m'm�= ?y��Aâ½7�v��: < ~U�b�bu��'Ç7wyl�~U|�mg�.wy�bwyl�pbl :�wyxyx�=�~�{�wyl:�bxzm,lnm,�¯|�m'��wy� ������	��k½
� #v��� ?y���BA4~U�k��� �Äh 8!¹ ?y����Aâ·�h�ikm�ln��|+wy²�~U|+wz���
¾�~�{�|��:{+|+pk�7�¦��pbu�{�|+u�~U|�m,¢�wzm'{�����²�~Uu+wz��pk{
|E�¯� m'{±�U��~�{�{�m,l(¼bxy� |+u�m'm'{�½�ÀM�k��¾�wy�b¢9|+i�~U|c|+ikm@|+u�m'm.|���� ��xz��¢�� wz{±²£m,u+� l�pk}�i wy���kpkm,�k}'m'�
¼¯� |+ikm�u�m'��u��bm,u+wy�b¢ |�m'}�ib�bw � pkm®~U�b�bxywzm'� ?y��� Aâ·�h�ikm�|�m'{+|c�bu���¼bxzm,ln{ ~Uu�m m?Ç7|+u�~�},|�m'� �µu���l
m,wy|+ikm,u�|+ikm���pb|+ikm,u!�µ��u��M� ���Mm,wy�b¢g}'��xyxzm'},|+wz��� ? GBAâ½�|+ikm�}'��xyxzm'},|+wz���:�µu���l ���bwy²£m,u�{�wy|â�(�U� :�xz��u+wz�k~��
��u(|+ikm����-�-��¹ #v� }'��xyxzm'},|+wz�����£½�~U�k�I|+ikm,�I~Uu�m�xywz{+|�m'�Iwy�®h�~U¼bxzmc�7½4�¶pbl(¼�m,u�m'�®�µu���l��¦|��
�¶�7·vh�ikm,�.~Uu�m��`u���l ²�~Uu+wz��pk{0~U�b�bxywz}�~U|+wz����Á�m,xz�b{�½�¾�wy|+i¿~U� ��u��bm,uv²�~Uu+�¯wy�b¢±¼�m,|E¾³m'm,�¿�� �h¦|��
�U�¶ �G����c~U�k�º~¦�¶pbl(¼�m,ug�U�³{�|���u�m'�.�k���bÅ�m,u���{�¼ m,|â¾^m'm,� ������hc~U�k�º ��7·Ó �l:wyxyxywz���k{Q·gh�ikm�|�m'{+|
�bu���¼bxzm,l �v�¯h��-��¹ # �vo �� �¾^~�{v�bu��Q²¯wz�bm'� ¼¶�
�°·¸¹M��{����bÀ¯wy��~±~U�k�.¾^~�{v¢£m,�km,u�~U|�m'� ¼¶���#·
��~Uw < ¹¯wyl�pbx ~ ��m'{�m�~Uu�}�i9�S~U¼���u�~U|���u+�£½�ov��u+¾^~��e=�pk{+wy�b¢ �7w	����~�}�À�·�:�wy��~Uxyxy�£½4|+ikm±� � C-�Oo :
�bu���¼bxzm,l ¾�~�{�~Uxz{��.�bu���²Mwz�bm'�°¼¶�I�°·�¹M��{����bÀ¯wy��~ ~U�k�Iu�m,�bu�m'{�m,�¶|�{n~@  � |+wyu�m¦�bm'{�wy¢��I�µu���l
�¶��ib� � m,xz{���� < �.wz}�ikm,xywy�&�-m'{�m�~Uu�}�i ~U�k� ��m,²£m,xz���blnm,�¶| �^��u+� ��u�~U|+wz��� =?· ov��|�m |+i�~U|���pbu
m?Ç7� m,u+wylnm,�¶|�{�¾^m,u�m0� m,u!�µ��u+lnm'�
���.���km0�k�¯�bm0�U�K|+ikm(8 ����¹M� {��M{+|�m,lr�µu���l 8 �v�D8!¹
	�·

� Z�b��	� UdS/Ud_ ]�
 V��Bb�
 S
:�wy¢�pbu�m���¢�wy²£m'{¸|+ikmÄ~�},|+wy²£m < {�|�~�}�À�=�lnm,ln��u+��pk{�~U¢£mK����uS~Uxyx£l�~U|+u+wz}'m'{�~U�k�g|+ikm��µ��pbuOu�m'��u��bm,u+wy�b¢
|�m'}�ib�bw � pkm'{-}'���k{+wz�bm,u�m'�¸·��v{�m?ÇM� m'},|�m'�¸½7¾³m0��¼k{�m,u+²£m0|+i�~U|�|+ikm0���b|+wyl�~Ux4~U�b�bu��£~�}�i@¢�wy²£m,��¼¶�
�-xy¢£��u+wy|+ibl � < �k��u+l�~UxywyÅ�m'� |�� ��=#wz{n~Uxy¾^~'�7{n|+ikmc¼ m'{+|�·9h�ikmc¢¶~Uwy�k{�~Uu�m�¢£�M�M�°}'��l:��~Uu�m'�
|��®¼ ��|+i �¸wypOÂÃ{±²�~Uu+w ~U�¶|�½v~U�k� |+ikm {+�7{+|�m,l�~U|+wz} ~�},|+wy²�~U|+wz�����U�g|+ikm@��~Uu�m,�¯|@~=�`|�m,u¦|+ikm.Áku�{+|
}�ibwyxz� < ¾�ikm,u�m(|+ikm(Áku�{+|�}�ibwyxz� wz{v|+ikm#���km�¾�wy|+i�x ~Uu+¢£m'{+|�lnm,ln��u+�.��m�~UÀ��
{�m'm:¹Mm'},|+wz���¿�7·Ó� =?·
­ m���¼k{�m,u+²£m'�@|+i�~U|-|+ikm0x ~Uu+¢£m'{+|-¢¶~Uwy�k{�¾�wy|+i.u�m'{+��m'},|�|����¸wypOÂÃ{�~Uxy¢£��u+wy|+ibl ~Uu�m(��¼b|�~Uwy�km'�
����u
²£m,u+��¾�wz�bm�|+u�m'm'{ < s �-�ÄhS�Æl�~U|+u+wz}'m'{-=�¾�ikm,u�m({�|���u+wy�b¢c~Uxyx�}'���¶|+u+wy¼bpb|+wz����¼bxz�¯}�ÀM{-¼ m?�µ��u�m�|+ikm
��~Uu�m,�¯|�~Uxyxz�¯}�~U|+wz���ºwz{v�bu���ibwy¼bwy|+wy²£m�· ­ m#}�~U�I~Uxz{��c��¼k{�m,u+²£m�|+i�~U|v|+ikm#¢¶~Uwy�k{0�bm,� m,�k������|+ikm
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|��¦|+ikm�x ~�{+|0}�ibwyxz� |+u�m�~U|�m'��¼ m?�µ��u�m(|+ikm:~Uxyxz�¯}�~U|+wz���¿�U�Ä|+ikm���~Uu�m,�¯|�½¸|+ikm

pth }�ibwyxz��pk{+wy�b¢±|+ikm
�k��|�~U|+wz���k{�wy�¶|+u��M�7pk}'m'�º¼ m?�µ��u�m�½¸wz{��b���km#wy�7�e�bx ~�}'mnwy�¶|��
|+ikm��`u����¯|�~Ux�l�~U|+u+w´Ç��U��|+ikm#��~Uu�m,�¶| �
|+ikm±lnm,ln��u+�9�U��|+ikm�}'���¶|+u+wy¼bpb|+wz��� ¼bxz�¯}�À®�U�-|+ikm±x ~�{+|:}�ibwyxz� ��²£m,u+x ~U�k{:¾�wy|+i |+ikm±lnm,ln��u+�
�U�³|+ikm(��~Uu�m,�¯|�·*8E�.�bu�~�},|+wz}'m�½O|+ibwz{�wz{-wyl:�bxzm,lnm,�¯|�~U|+wz���7�â�bm,��m,�k�bm,�¯| ��{���lnm#}'�¯�bm'{0~Uxyxz�Q¾ |+ikm
~�{�{�m,l�¼bxy�c�U��|+ikmgx ~�{+|�}�ibwyxz�@wy�¶|��:|+ikm0��~Uu�m,�¯|�|��#¼ m0�b���km0wy�7�e�bx ~�}'m�½���|+ikm,u�{-�b���OÂ |�·

�&MON � � Z [��aS U S U _a]�
 V�� b�
 S
­ wy|+i�|+ikm�~�{�{�pbl:�b|+wz���.~U¼��Q²£m�½b|+ikm�~�},|+wy²£m0lnm,ln��u+�cpk{�~U¢£m0�µ��u�~��k�M�bm

i
¼ m'}'��lnm'{ �

Ai =max
(

max
j=1,p

(Aci,j
+

j−1
∑

k=1

cbci,k
),

storei +

p−1
∑

j=1

cbci,j
,

storei + max
j=p+1,ni

(Aci,j
)
)

< ��� =

h�ikm#�7w	�¸m,u�m,�k}'m#¾�wy|+i :k��u+l�pbx ~ < ��=�}'��lnm'{0�`u���l
|+ikm�|�m,u+l
storei +

∑p−1

j=1
cbci,j

·(h�ibwz{�wz{
�7pkmg|��:��pbu-~�{�{+pbl:�b|+wz���.~U¼ ��pb|�|+ikm0wy�7�e�bx ~�}'m�~�{�{�m,l�¼bxy�c�U�K|+ikm

pth }�ibwyxz�¸·
:�wy�k�7wy�b¢.~U�I~Uxy¢£��u+wy|+ibl»|+i�~U|gl:wy�bwyl:wyÅ�m'{g|+ikmn~�},|+wy²£mnlnm,ln��u+���M}'},pb��~U|+wz���¿¾�wy|+i¿|+ibwz{g�km,¾
{�}�ikm,lnm³wz{Sm � pbwy²�~Uxzm,�¯|�|���|+ikm��bu���¼bxzm,l �bu�m'{�m,�¶|�m'��wy�:¹Mm'},|+wz���# 7·�h�ikmÄ���bxy�g�7w	�¸m,u�m,�k}'m³}'��lnm'{
�µu���l |+ikm
}'��l:�bpb|�~U|+wz��� � �bu��M}'m'{�{+wy�b¢9�U�v|+ikm@���b|+wyl�~Ux-��u��bm,unwy�k{+wz�bm
|+ikm
{�m,|

S1

·W8E�k�bm'm'�¸½
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wy�k{�wz�bm:|+ibwz{g{�m,|�½S¾³mni�~�²£m:|���pk{�m#|+ikm¦~Uxy¢£��u+wy|+ibl»�bu���� ��{�m'��¼¶�º�¸wypd?y���BAÄ|+i�~U|�m,�k{+pbu�m'{(~U�
���b|+wyl�~Ux�lnm,ln��u+�@�M}'},pb��~U|+wz���.¾�wy|+i |+ikm(~�{�{+pbl:�b|+wz���.|+i�~U|v|+ikmgx ~�{�|-{����.wz{v~�{�{�m,l�¼bxzm'�.wy�7�
�bx ~�}'m�wy�¶|��(|+ikm���~Uu�m,�¯|�·�h�ibwz{Äwz{^�b���km�¼¯��{���u+|+wy�b¢(|+ikm�}�ibwyxz�7u�m,�c�k�M�bm'{Äwy�±�bm'{�}'m,�k�7wy�b¢#��u��bm,u
�U�

max(Aci,j
, storei) − cbci,j

·0h�i¯pk{�¾³m:}�~U��ln�¯�7w´�µ�@�-xy¢£��u+wy|+ibl ��|��c{���u+|�|+ikm#}�ibwyxz�7u�m,�
�k�M�bm'{�wy�k{+wz�bm

S1

wy�@|+ibwz{���u��bm,u�·
­ m(�bu�m'{�m,�¯|0wy� :�wy¢�pbu�m Gn|+ikm:~�},|+wy²£m�lnm,ln��u+�@pk{�~U¢£m(��¼b|�~Uwy�km'��¾�wy|+i |+ibwz{v�km,¾ ~Uxy¢£��u+wy|+ibl
< �E�-xy¢£��u+wy|+ibl ��½bwy�7�e�bx ~�}'m � =�}'��l:��~Uu�m'�
|�� �

�
|+ikm�wy�7�e�bx ~�}'m#~�{�{�m,l�¼bxy�@�U�³|+ikm�x ~�{+|0}�ibwyxz� < �E�OwypO½ wy�7�e�bx ~�}'m � = �O}�ibwyxz�7u�m,�I~Uu�m�{���u+|�m'� wy�
�bm'},u�m�~�{+wy�b¢c��u��bm,uv�U�

max(Aci,j
, storei) − cbci,j

< {�m'm�¹Mm'},|+wz���º�7·Ó� =�~U�k�.|+ibwz{v}'��u+u�m?�
{+� ���k�b{�|��#|+ikm�~Uxy¢£��u+wy|+ibl ¼¯�±�OwypO½

�
|+ikm�wy�7�e�bx ~�}'m0~�{�{�m,l�¼bxy���U�S|+ikm�Áku�{+|�}�ibwyxz�±wy�¶|��(|+ikmv��~Uu�m,�¶| < �E�-�¶|+wz},wy��~U|�m'�
~�},|+wy²�~U|+wz���
�U�-|+ikmc��~Uu�m,�¯|�½Äwy�7�e�bx ~�}'m � = ��|+ikmc}�ibwyxz� ¾�wy|+i |+ikm¦x ~Uu+¢£m'{�|:��m�~UÀ°�U�-lnm,ln��u+�

Aci,j

wz{
�bu��¯}'m'{�{�m'�±Áku�{+|�wy�
��u��bm,u�|��nl:wy�bwyl:wyÅ�m0|+ikm0lnm,ln��u+�cpk{�~U¢£m�½

�
|+ikm0{+wy|+p�~U|+wz���@�U�Ä¹Mm'},|+wz���@  < �E��xy¢£��u+wy|+ibl�� � =?½7¾�ikm,u�m0|+ikmg~�{�{�m,l(¼bxy�¦wy�¯|��:|+ikm���~Uu�m,�¶|
wz{��k��|�wy�7�e�bx ~�}'m�·

­ m-��¼k{�m,u+²£m�|+i�~U|^{+wy¢��bw´Á�}�~U�¶|^¢¶~Uwy�k{Ä}�~U�¦¼�m���¼b|�~Uwy�km'�¦}'��l:��~Uu�m'�¦|��g�-xy¢£��u+wy|+ibl ��· 8E�k�bm'm'�¸½
¾�wy|+i:|+ikm^�km,¾ ~Uxy¢£��u+wy|+ibl
½¶|+ikm³¢¶~Uwy�k{Ä��¼b|�~Uwy�km'�n~U|�m�~�}�i:xzm,²£m,xk�U��|+ikm�|+u�m'm�ln�M�7w´�`��|+ikm�¢�xz��¼�~Ux
|+u�~�²£m,u�{�~Ux³~U�k�º�U�µ|�m,�I~Uxyxz��¾ ~±��~Uu�m,�¯|g�k�M�bm#|��c¼�m:~�},|+wy²�~U|�m'�¿m�~Uu+xywzm,u�·#h�ibwz{gm?ÇM�bx ~Uwy�k{g|+i�~U|
¾^m�¢¶~Uwy�¦ln��u�m�|+i�~U�g�!pk{+|�|+ikm�lnm,ln��u+�n�U� |+ikm�x ~Uu+¢£m'{+|Ä}'���¯|+u+wy¼bpb|+wz���±¼bxz�M}�Àn�U�¸|+ikm�}'��l:�bxzm,|�m
~�{�{�m,l�¼bxy�.|+u�m'm�· �^��l:��~Uu+wy�b¢
wy�7�e�bx ~�}'mn~U�b�bu��£~�}�ikm'{�½O¾^mn~Uxz{��±u�m,l�~Uu+À@|+i�~U|0lnm,ln��u+�@¢¶~Uwy�k{
�U�-pb�°|��º�.l�~'�°¼ m¦��¼b|�~Uwy�km'� �Q²£m,u:|+ikmc}�~�{�m±¾�ikm,u�m¦|+ikmc��~Uu�m,�¯|:wz{:~�},|+wy²�~U|�m'� ~=�µ|�m,u#|+ikm
Áku�{�|�}�ibwyxz�¸½�~U�k��|+i�~U|0i¯pb¢£m:¢¶~Uwy�k{0}�~U�I{+|+wyxyxK¼ m:��¼b|�~Uwy�km'�¿��²£m,u0|+ikm:},x ~�{�{+wz}�~Ux�l�pbxy|+w´�µu����¶|�~Ux
lnm,|+ik�M� < � ��+ �&��� � � ��	�� � =��µ��u�²£m,u+�c¾�wz�bm�|+u�m'm'{ < s �-��h4� l�~U|+u+wz}'m'{-=?·

�&M�L P _
Z�b
X U S U _a]�
 V�� b�
 S

¹¯wyl:wyx ~Uu+xy�¦|���|+ikmv}�~�{�mv�U�4|+ikm�~�},|+wy²£mvlnm,ln��u+�£½7w´�S|+ikm0~�{�{�m,l�¼bxy�¦�U�4|+ikmv}'���¯|+u+wy¼bpb|+wz���
¼bxz�M}�À
}'��u+u�m'{������k�7wy�b¢n|��n|+ikm

pth }�ibwyxz�
wz{��b���km0wy�7�e�bx ~�}'m�½k|+ikm�|���|�~UxSlnm,ln��u+�±¼ m'}'��lnm'{ �
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Ti = max
(

max
j=1,p

(Tci,j
+

j−1
∑

k=1

(cbci,k
+ fci,k

)),

storei +

p−1
∑

j=1

cbci,j
+

p
∑

j=1

fci,j
,

storei + max
j=p+1,ni

(Tci,j
+

j−1
∑

k=p+1

fci,k
)
)

< ��  =

h�ikm@���bxy�9�7w	�¸m,u�m,�k}'m
¾�wy|+i |+ikm
�k��� wy�7�e�bx ~�}'m.}�~�{�m
}'��lnm'{:�µu���l |+ikm@��m�~UÀ°wy�
S1

½³ln��u�m
�bu�m'},wz{�m,xy�I|+ikm�{�m'}'���k�9|�m,u+l �U�v|+ikm

max
½�¾�ikm,u�mc|+ikm�}'���¯|+u+wy¼bpb|+wz��� ¼bxz�¯}�ÀI����u:}�ibwyxz�

p
wz{

�k��|�|�~UÀ£m,�@wy�¶|��c~�}'}'��pb�¶|vwy�
|+ikm�~�{�{�m,l�¼bxy�cwy�¯|���|+ikm0��~Uu�m,�¯|�·��O�M��À¯wy�b¢c~U|�h�ikm'��u�m,l
�7½k|+ikm
{�~Ulnm-�bu+wy�k},wy�bxzm0}�~U�c¼ mv~U�b�bxywzm'�
~U�k�±|+ikm����bxy��ln�M�7w´Á�}�~U|+wz���
}'��lnm'{^�µu���l |+ikmv� m�~UÀnwy�

S1

�
wy�k{�|�m�~����U�O{���u+|+wy�b¢�|+ikm-}�ibwyxz�7u�m,�cwy�

S1

~�}'}'��u��7wy�b¢�|����Sm,l:l�~( 7½¶|+ikm���u��bm,u�{+ik��pbxz�n¼ m�{+pk}�i
|+i�~U|�|+ikm��km,¾ ��m�~UÀc���

S1

½

P1 = max(max
j=1,p

(Tci,j
+

j−1
∑

k=1

(cbci,k
+ fci,k

)),

storei +

p−1
∑

k=1

cbci,k
+

p
∑

k=1

fci,k
)

wz{�l:wy�bwyl�~Uxe· ­ m��k�Q¾&|+u+�±|��#Ák�k�@~U�@���b|+wyl�~Ux���u��bm,u��U��|+ikmg}�ibwyxz�7u�m,�.�k�¯�bm'{
ci,j , j = 1...p{�pk}�i
|+i�~U|

P1

wz{�l:wy�bwyl�~Uxe·Äov��|�m�|+i�~U|�¾^mg}�~U�
u�m,¾�u+wy|�m
P1

~�{

P1 = max
(

max
j=1,p

(Tci,j
+

j−1
∑

k=1

(cbci,k
+ fci,k

)),

storei + max
j=1,p

(

j−1
∑

k=1

cbci,k
+

j
∑

k=1

fci,k
)
)

= max
j=1,p

(

j−1
∑

k=1

cbci,k
+ max(Tci,j

, storei + fci,j
)
)

i�i æ�j�k3l.m-n
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�^��~U�b�bxy�Mwy�b¢��OwypOÂÃ{�|+ikm'��u�m,l*~U¢¶~Uwy�O½M¾^m-��¼b|�~Uwy�c|+i�~U|^|+ikm-{+l�~Uxyxzm'{�|³� m�~UÀ:wy�
S1

wz{³��¼b|�~Uwy�km'�
¾�ikm,�@|+ikm0}�ibwyxz�7u�m,� �k�¯�bm'{�~Uu�m0{���u+|�m'��wy�@�bm'},u�m�~�{+wy�b¢���u��bm,u-�U�

max(Tci,j
, storei + fci,j

) − (cbci,j
+ fci,j

).

�-�k��~U� ���b|+wyl�~Ux(~Uxy¢£��u+wy|+ibl ����u�|+ikm�|���|�~Ux0lnm,ln��u+� wy� |+ikm�wy�7�e�bx ~�}'m¿}�~�{�m�}'���k{+wz{�|�{�wy�
~U�b�bxy�Mwy�b¢.�-xy¢£��u+wy|+ibl���¾�wy|+i®}�ibwyxz�7u�m,�°�k�M�bm'{gwy�

S1

wy�®|+i�~U|(��u��bm,u(u�~U|+ikm,u�|+i�~U�I|+ikm����km
�µu���l»�Sm,l:l�~  7· 8E�I|+ikm¦u�m'{+pbxy|�{�|+i�~U|(����xyxz��¾g½�¾^m¦}�~Uxyx^|+ibwz{:~U�b�bu��£~�}�i � � � ���-����! ����� ��� �
���,	��-� ·D8E��:�wy¢�pbu�m:�M½k¾^m�}'��l:��~Uu�m(|+ibwz{�~U�b�bu��£~�}�i < u�m?��m,u+u�m'�@|��±~�{ � ��� ��������!"����� ��� � � ��	�� � =
|�� �

�
|+ikmI~U�¶|+wz},wy��~U|�m'� ��~Uu�m,�¶|º~�},|+wy²�~U|+wz��� < ~=�µ|�m,u
|+ikm�Áku�{+|@}�ibwyxz�/= �:}�ibwyxz�7u�m,� �k�¯�bm'{.~Uu�m
{���u+|�m'��wy�
�bm'},u�m�~�{+wy�b¢±��u��bm,u��U�

Tci,j
− (cbci,j

+ fci,j
)
½

�
|+ikm�},x ~�{�{�wz}�~Ux�l�pbxy|+w´�µu����¶|�~Ux¸{�}�ikm,lnm�½M¾�ikm,u�m�|+ikm���~Uu�m,�¶|^�k�¯�bm�wz{Ä���bxy��~�},|+wy²�~U|�m'�±~=�µ|�m,u
~Uxyx³}�ibwyxz�7u�m,�9~Uu�m:�bu��M}'m'{�{�m'�°~U�k�º|+ikmnx ~�{�|�}�ibwyxz�®wz{(~�{�{�m,l�¼bxzm'�¿wy�7�e�bx ~�}'m�· ��~�{�m'�I���
|+ikm0u�m'{+pbxy|-~U¼ ��²£m�½kwy|�l�~UÀ£m'{�{�m,�k{�m�|��n{���u+|�|+ikmg}�ibwyxz�7u�m,�@�k�M�bm'{�wy�
�bm'},u�m�~�{+wy�b¢±��u��bm,u
�U�

max(storei, Tci,j
+ fci,j

) − (cbci,j
+ fci,j

)
½�~�{�{+|�~U|�m'�¿wy� ¹Mm'},|+wz��� �7·Ó�7·
h�ibwz{�wz{

u�m?�µm,u+u�m'�
|���~�{ �1��	 # #���� 	��a�0���0	��
�����
��������������� � �3	 ������� ����� � � ��	�� � wy� :�wy¢�pbu�m(�M½

�
|+ikm�lnm,ln��u+����¼b|�~Uwy�km'�¦¾�wy|+i±|+ikm���u+wy¢�wy��~Ux ��xy¢£��u+wy|+ibl*�7½¶¾�ikm,u�m�|+ikmv~�{�{�m,l�¼bxy�:wz{Ä�k��|
�b���km�wy�7�e�bx ~�}'m�� |+ikm���¼7�+m'},|+wy²£m�ikm,u�m(wz{�|��c~U�b�bu�m'},w ~U|�m�ik��¾ l�pk}�i�}�~U� ¼ mg¢¶~Uwy�km'�.¼¶�
�b��wy�b¢�|+ikmÄ~�{�{�m,l�¼bxy�0wy�7�e�bx ~�}'m�½U¾�ikm,�g|+ikm³���b|+wyl�~Ux¶� ��{+wy|+wz���0����uO|+ikm���~Uu�m,�¶|�~�},|+wy²�~U|+wz���
~U�k�
���b|+wyl�~UxO|+u�m'm0|+u�~�²£m,u�{�~Ux�~Uu�mg~U�b�bxywzm'�¸·

h�ikm�u�m'{�pbxy|�{
~Uu�m��k��u+l�~UxywyÅ�m'��¾�wy|+i u�m'{+� m'},|c|��9|+ikm�¼�m'{+|clnm,ln��u+� pk{�~U¢£mº��¼b|�~Uwy�km'� ����u
�-xy¢£��u+wy|+ibl �7½Mwy�7�e�bx ~�}'m�· ­ m���¼k{�m,u+²£m�wy�g:�wy¢�pbu�m���|+i�~U|^¼¯�¦pk{�wy�b¢�|+ibwz{����b|+wyl�~UxS~Uxy¢£��u+wy|+ibl
½
{�wy¢��bw´Á�}�~U�¶|^¢¶~Uwy�k{³~Uu�m���¼b|�~Uwy�km'�±��²£m,u³|+ikm���|+ikm,u�~U�b�bu��£~�}�ikm'{ �b~Uxz{��0|+ikm,u�m-{�m'm,ln{³|��0¼�m�ln��u�m
� ��|�m,�¶|+w ~Ux7����uK¢¶~Uwy�k{K|+i�~U�:¾�ikm,�:|+ikm�~�{�{�m,l�¼bxy�(¾^~�{��k��|Kwy�7�e�bx ~�}'m < :�wy¢�pbu�m�� =?½�|+i�~U�bÀ7{K|��v|+ikm
wy�k},u�m�~�{�m'�#�`u�m'm'�b��l ¾³m�i�~�²£m�¾�wy|+in|+ikm�wy�7�e�bx ~�}'m�lnm'}�i�~U�bwz{�l
·T:�wy��~Uxyxy�(¾^m���¼k{�m,u+²£m�|+i�~U|Ä|+ikm
lnm,ln��u+�:u�~U|+wz��¼�m,|E¾³m'm,�c|+ikm����b|+wyl�~Ux�wy�7�e�bx ~�}'m�lnm'}�i�~U�bwz{+l ~U�k�n|+ikm-���b|+wyl�~Ux��k����wy�7�e�bx ~�}'m
lnm'}�i�~U�bwz{+l }�~U�±~Uxz{���¼�m�{�wy¢��bw´Á�}�~U�¶|�½7~U�k�:|+i�~U|�wy|�wz{�¾^��u+|+i¦�b��wy�b¢g|+ikm�~�{�{�m,l�¼bxy�#wy�7�e�bx ~�}'m�w´�
|+ikm�wyl:�bxzm,lnm,�¯|�~U|+wz����~Uxyxz�Q¾�{�wy|�·T8E�k�bm'm'� < h4~U¼bxzm$G7·Ó� =?½b¾³mg��¼k{�m,u+²£m�|+i�~U|�|+ikm���m,u�}'m,�¯|�~U¢£m��U�
|���|�~Ux�lnm,ln��u+�npk{�m'��¼¶�n|+ikm��e~�},|���u�{Äi�~�{^{+wy¢��bw´Á�}�~U�¶|+xy�¦wy�k},u�m�~�{�m'�±}'��l:��~Uu�m'�¦|��(|+ikmv}�~�{�m��U�
|+ikmg�k���@wy�7�e�bx ~�}'m(lnm,ln��u+�£½�~U�k��|+i�~U|-ln��{+|-�U��|+ikm�lnm,ln��u+��wz{��k��¾ pk{�m'��¼¯��|+ikm0�e~�},|���u�{ �
|+ibwz{�¾^~�{��U�µ|�m,���k��|�|+ikmg}�~�{�m�¾�wy|+i
|+ikmg},x ~�{�{+wz}�~Ux¸l(pbxy|+w´�`u����¯|�~Ux�{�}�ikm,lnm�·
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|+u�m'm
|+u�~�²£m,u�{�~Uxz{�·�� m,ln��u+�cwz{��k��u+l�~UxywyÅ�m'�
¾�wy|+i@u�m'{+��m'},|�|�����xy¢£��u+wy|+ibl �7½7wy�7�e�bx ~�}'m�²�~Uu+w ~U�¯|�·
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��m,u�}'m,�¶|�~U¢£m#�U�4|���|�~Ux o-pbl�¼ m,u��U��|�m'{�|�}�~�{�m'{
lnm,ln��u+�±����u���~�},|���u�{ �-xy¢£��u+wy|+ibl � ��xy¢£��u+wy|+ibl �7½kwy�7�e�bx ~�}'m
<
��� � � �

������� G���� �  
G������X����� � G
������� h���� ��� ���
h�������������� �,�k� �,�¶�
h4��|�~Ux �Q��G �Q��G

h�~U¼bxzm-���Ko-pbl�¼ m,u³�U�O}'��l�¼bwy��~U|+wz���k{��U�¸|�m'{+|Ä}�~�{�m'{ < l�~U|+u+w´Ç � ��u��bm,u+wy�b¢"=�����uÄ�7w	�¸m,u�m,�¶|Äu�~U�b¢£m'{
�U�K|+ikm�� m,u�}'m,�¶|�~U¢£m��U�K|���|�~UxOlnm,ln��u+�cpk{�m'��¼¯�¦|+ikm0Ák��~Ux¸��~�},|���u�{Q·

� 5 � �#�����
���-��	�������� ��$�$�)���$

� MON � � � S/U�� XO[ ` 
 �"QF[ XOfT] S/`���QFS/` Z QTS��Fb ] S `aZ [ �gb
X0] S�b
f 
 b
X X0_ �)b�Z�S f

�v{¸¾^m�i�~'²£m³{�m'm,�O½=|+ikm�¼ m'{+|Olnm,ln��u+��pk{�~U¢£m�wz{S��¼b|�~Uwy�km'��¾�ikm,�(|+ikm���~Uu�m,�¶|��k�¯�bm�wz{4~Uxyxz�M}�~U|�m'�
¼ m?����u�m�~UxyxO}�ibwyxz�7u�m,�.~Uu�mv�bu��¯}'m'{�{�m'�¸·�h�ibwz{�}'��l:�bxywz}�~U|�m'{�{�xywy¢�i¶|+xy�±|+ikm�~�{�{�m,l�¼bxy�±lnm'}�i�~U�bwz{+l
}'��l:��~Uu�m'�.|��n|+ikm(},x ~�{�{+wz}�~Ux4l�pbxy|+w´�µu����¶|�~Ux�~U�b�bu��£~�}�iO½�¾�ikm,u�m(|+ikm(~�{�{�m,l(¼bxy�
����m,u�~U|+wz��� �U�³~
{�m,|��U��}�ibwyxz�7u�m,�®�k�M�bm'{0wy�¯|��
|+ikmn��~Uu�m,�¯|�u�m � pbwyu�m'{gwy�k�7wyu�m'},|+wz���k{#~U�k�¿wz{0¢£m,�km,u�~Uxyxy�¿�b���km�wy�
|+ikm^����xyxz��¾�wy�b¢�¾^~'� ��|+ikm�xywz{+|�{��U� wy�k�7wz}'m'{��U� |+ikm�}'���¶|+u+wy¼bpb|+wz����¼bxz�M}�À7{K�µu���l |+ikm�}�ibwyxz�7u�m,�±~Uu�m
lnm,u+¢£m'��pk{�wy�b¢@~U� wy�k�7wyu�m'},|+wz���°~Uu+u�~'���U�^{+wyÅ�m

N
½ ¾�ikm,u�m

N
wz{�|+ikm:��u��bm,ug�U�³|+ikm#}'��l:�bxzm,|�m

l�~U|+u+w´Ç¸· 8â�n��~�},|�½£�µ��uÄm�~�}�i��km,¾ ²�~Uu+w ~U¼bxzm
v
m,�k}'��pb�¶|�m,u�m'�±�U�Om�~�}�i¦�km,¾ }�ibwyxz�¸½7~0}'��pb�¯|�m,u

k
wz{

wy�k},u�m,lnm,�¯|�m'��~U�k��|+ikm�m,�¶|+u+�
v ∈ 1..N

�U��|+ikm^wy�k�7wyu�m'},|+wz����~Uu+u�~��(wz{K{�m,|�|��
k
·
k
}'��u+u�m'{+� ���k�b{

|��(|+ikmv����{�wy|+wz���±�U�S¢�xz��¼�~Ux ²�~Uu+w ~U¼bxzm
v
wy�±|+ikm-��~Uu�m,�¶|�~U�k�¦wz{³pk{�m'��|��:~�{�{�m,l(¼bxzm�m,xzm,lnm,�¶|�{��U�

|+ikm0}�ibwyxz�7u�m,��~U|�|+ikm(~U�b�bu����bu+w ~U|�mg� ��{+wy|+wz���
�U��|+ikmg��~Uu�m,�¶|�·
8E�#��pbu�}�~�{�m�½�¾�ikm,�:�bu��¯}'m'{�{+wy�b¢0}�ibwyxz�7u�m,�:�k�M�bm'{K|+i�~U|Ä~Uu�m³� ��{+|�m,u+wz��uK|��v|+ikm�~Uxyxz�¯}�~U|+wz���n�U��|+ikm
��~Uu�m,�¯|��k�M�bm�½b¾³m(}�~U�b�k��|-~�{�{+pblnmg|+i�~U|-{+pk}�i.~U�.~Uu+u�~'�
�U��{+wyÅ�m

N
~�{�{��M},w ~U|�m'��|��:�k�M�bm

i
wz{

{�|+wyxyxb~�²�~Uwyx ~U¼bxzm�wy�:lnm,ln��u+�£½¶{+wy�k}'m�{�m,²£m,u�~Uxk{+pk}�i:¾³��u+À:~Uu+u�~'�7{�¾³��pbxz�n|+ikm,�:i�~'²£m�|���¼ m^{�|���u�m'�
{�wyl�pbxy|�~U�km'��pk{+xy� ����u�~UxyxÄ~�},|+wy²£m:��~Uu�m,�¶|g�k�M�bm'{�·�8E|�~Uxz{���{�m'm,ln{�|��cpk{0|+i�~U|0�bu�m?�â}'��l:�bpb|+wy�b¢
{�pk}�i wy�7����u+l�~U|+wz��� �7pbu+wy�b¢¿|+ikm@{+�¯l(¼���xywz}���~�},|���u+wyÅQ~U|+wz��� �bi�~�{�m�¾³��pbxz� ¼�m�}'��{�|+xy�£· h�i¶pk{Q½
|+ibwz{�¾^��u+À
~Uu+u�~'�±i�~�{�|��#¼�mvu�m'}'��l:�bpb|�m'�c����u�m�~�}�i@�km,¾ }�ibwyxz��wy�

S2

·�h�ibwz{�}�~U��¼ m��b���km0wy�
���kmg��~�{�{���²£m,u�|+ikm0²�~Uu+w ~U¼bxzm'{v~Uxyu�m�~��7�c�bu�m'{�m,�¶|-wy��|+ikm0��~Uu�m,�¶|-�k�¯�bm�½b¾�ibwz}�i ~U�b� m�~Uu�{�|��:¼ m
u�m�~�{�����~U¼bxzm�}'���k{+wz�bm,u+wy�b¢±|+i�~U|�|+ibwz{v}'��{+|�u�m,l�~Uwy�k{�{+l�~UxyxS}'��l:��~Uu�m'�.|��n|+i�~U|v�U�Ä~�{�{�m,l�¼bxywy�b¢
|+ikm0m �¸m'},|+wy²£mg�¯pblnm,u+wz}�~UxS²�~Uxypkm'{�·

å%$IiSå�&
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� M�L �R[��a_ Z�[ ` 
 [ � � VFS �
­ ikm,� �bwy²£��|+wy�b¢c�M}'},pbu�{�½�|+ikm#m?Çb~�},|�{+wyÅ�m��U�Ä|+ikm(��~Uu�m,�¶|0�k�M�bm(}�~U�b�k��|�¼ m�ÀM�k��¾��¿~��bu+wz��u+we½
we·Ãm�·y½�¼ m?�µ��u�m�~Uxyx�}�ibwyxz�7u�m,�ºi�~'²£m�¼ m'm,�.�bu��M}'m'{�{�m'�¸· 8â|-l�~'�
i�~U�b� m,��wy� {���lnm�}�~�{�m'{v|+i�~U|v|+ikm
{�wyÅ�m��U�b|+ikm���~Uu�m,�¶|��7�¯��~Ul:wz}�~Uxyxy��wy�k},u�m�~�{�m'{ < �bm,x ~��£m'���bwy²£��|�{-=¸¼�m'}�~Upk{�mÄ�U�k{+|�~U¼bwyxywy|â�0�bu���¼bxzm,ln{
�M}'},pbu+u+wy�b¢�~U|³|+ikm�}�ibwyxz�7u�m,�¦xzm,²£m,xe· ­ i�~U|Ä}�~U��¼ m��b���km�wy�n|+i�~U|³}�~�{�m�wz{�|���~Uxyxz�¯}�~U|�mv~���~Uu�m,�¶|
�k�M�bm#{+xywy¢�i¶|+xy�.x ~Uu+¢£m,u < {�~'�£½���� � =�|��c��²£m,u�}'��lnm:ln��{�|v�bwy²£��|+wy�b¢��bu���¼bxzm,ln{Q·*8â�Ä|+ibwz{�wz{v�k��|
m,�k��pb¢�iºwy|�wz{v� ��{�{+wy¼bxzm�|��±u�m�~Uxyxz�¯}�~U|�mn~¦x ~Uu+¢£m,u0��~Uu�m,�¶|0�k�M�bm�½S~U�k��}'���¶� |+ikm�²�~Uxypkm'{0�U�³|+ikm
�bu�m,²Mwz��pk{-��~Uu�m,�¶|��k�¯�bm�wy�¶|��¦wy|�· ��wy|+ikm,uv|+ikm�}'���¯�@}�~U�@¼ m��b���km(wy�7�e�bx ~�}'m�½ ��uv~:|�m,l:� ��u�~Uu+�
m?Ç7|+u�~=�â{+|���u�~U¢£m#i�~�{�|��c¼ m�pk{�m'�¸½ wy�k},u�m�~�{+wy�b¢
|+ikm�|���|�~Ux�{+|���u�~U¢£m:�U��~U|0ln��{+|�|+ikm:{+wyÅ�m < ¾�wy|+i
�bm,x ~��£m'�
�bwy²£��|�{-=��U��|+ikm�x ~Uu+¢£m'{+|��k�¯�bm0wy��|+ikmg|+u�m'm�·

� M�� ��b ] b
XOXOS/X �)b � S
h�ikm�u�m'{+pbxy|�{Ä�bm'{�},u+wy¼�m'��wy��|+ibwz{³��~U��m,u³~Uu�m�²�~Uxywz��wy��|+ikm-{�m � pkm,�¯|+w ~Ux�}�~�{�m�·�h�ikm,�:}�~U�c~Uxz{��g¼ m
~U�b�bxywzm'�nwy�¦~v��~Uu�~Uxyxzm,x�wyl:�bxzm,lnm,�¯|�~U|+wz���±�U�O~vl�pbxy|+w´�µu����¶|�~Ux¸~U�b�bu��£~�}�ic���n},xypk{+|�m,u�m'�n{+pb¼b|+u�m'm'{
|+u�m�~U|�m'�.{�m � pkm,�¶|+w ~Uxyxy�@��� m�~�}�i@�bu��M}'m'{�{���u�· :���u�|+ikmgpb�b� m,u���~Uu+|v�U��|+ikmg|+u�m'm�½k¾�ikm,u�m(�k�M�bm'{
l�~��¿|+ikm,ln{�m,xy²£m'{#¼ mn��~Uu�~Uxyxzm,xywyÅ�m'�¸½Ä|+ikm�wz{�{�pkm�wz{(²£m,u+�¿l�pk}�i �bm,��m,�k�bm,�¯|n���®|+ikm±m �¸m'},|+wy²£m
l�~U��~U¢£m,lnm,�¯|v�U�Klnm,ln��u+�
~U�k�c��~Uu�~Uxyxzm,xywz{+l �U�K|+ikm0wyl:�bxzm,lnm,�¯|�~U|+wz��� }'���k{+wz�bm,u�m'�¸·
¹¯|+wyxyxe½k~U�
~U�b�bu��£~�}�i
|��#u�m'�7pk}'m�|+ikmvlnm,ln��u+�¦pk{�~U¢£m�|+i�~U|�}�~U��¼ mv�bu�m,|+|â�±¢£m,�km,u�~Ux < ~U�k�c|+i�~U|
}'��pbxz�#¼ m�~U�b�bxywzm'�:wy�:|+ikm���~Uu�~Uxyxzm,x�}�~�{�m�=�}'���k{+wz{+|�{Kwy�nln�M�7w´�µ�¯wy�b¢0|+ikm�{+|+u+pk},|+pbu�m��U��|+ikm�|����n�U�
|+ikmv~�{�{�m,l(¼bxy�:|+u�m'm�¼¯�:wy�k{�m,u+|+wy�b¢#~Uu+|+w´Á�},w ~Ux��k�M�bm'{Ä¼ m,|â¾^m'm,��~0��~Uu�m,�¶|�~U�k�nwy|�{^}�ibwyxz�7u�m,�O·T:���u
m?Çk~Ul:�bxzm�½¯~v��~Uu�m,�¯|Ä¾�wy|+i@�����g}�ibwyxz�7u�m,��wy�bwy|+w ~Uxyxy�:}'��pbxz�:i�~�²£mg����}�ibwyxz�7u�m,� < ����{�{+wy¼bxy��{�l�~Uxyxzm,u
|+i�~U��|+ikm���~Uu�m,�¯|-=��U�^���#}�ibwyxz�7u�m,�@m�~�}�i ~=�`|�m,u�{+pk}�i@~(ln�¯�7w´Á�}�~U|+wz���O·Y:k��u�|+ikm�wy�¶|�m,u+lnm'�7w ~U|�m
�k�M�bm'{#wy�¶|+u��M�7pk}'m'�¸½^�k�.��~�},|���u+wyÅQ~U|+wz��� �bu��M}'m'{�{:¾^��pbxz� �¯}'},pbu�½^���bxy�°~�{�{�m,l�¼bxy�9����m,u�~U|+wz���k{
¾^��pbxz��¼ m���m,u!����u+lnm'�¸·

� � ��� 64��)�$������

­ mci�~�²£mc�bu�m'{�m,�¶|�m'� ~Uxy¢£��u+wy|+ibln{¦~��k~U�b|�m'�9|���|+ikmcl�~U��~U¢£m,lnm,�¶|±�U�-|+ikmclnm,ln��u+�°wy�9|+ikm
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