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687:9<;>=�?�@BADC	EGFIHKJL9<;>=MH�N O3;>;�P:Q:RSNUTVQ3JWH
XZY[O]\^=UJ[H�_`Rba1=UYWN OV;

c`T]ada�O3YKJ`eI=�Y[=<NW7:=<Y[NW7d=fQ1gih]j3kVklCnmpoqY[Rbrts]u3uVvwCyxVxwadT]z3=<H
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H��<�qP:=<QdN =MH`T]r��<T]JLO3R�Y[=<H<����O3Y[H[�qP:=wr�=MH`HLOVP:YWN =MH`HKO3QqJpHLTVQdH�;��U;�OVRbY[=V�:Q:O3PdH�;�OVQqJ[YLO3QdH`�qP:=�rb=�Q:OV;��:Y[=
e:=�;�O]J[HBN O3;�;�P:QdHp=<HKJ�HLOVPdHpr�RbQ��<TVR�Y[=�adTVY`YWT]a:a1OVYLJ! �rST�rbOVQ:z3P:=UP:YBeI=<H�H"�M�qP:=UQdNU=<Hp= J�=MH^J�r�RbQ��<TVR�Y[=<H
�qPdTVQde�rb=<H�;>OIeI9<r�=MH�e:=�HLOVP:YWN =`HLOVQqJ�=U�:TVN�J[=U;�=UQqJ+rb=<H�;�#U;�=<H<� � O3PdHiJ[R�Y[OVQdH�rb=<HZ;�#<;>=MH�NUOVQdNUr�P�HKRbOVQdH
a1OVPdY�r�=�Q:O3;��:Y[=weI=�Q:OG=UPdedH�N OV;�;�P:QdH8=UQqJ[YL=wrb=<H`TVYL�:Y[=<H8HLPI����TVH[HLOGNUR$�MHU�
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� =�a:rST]Q�J[O���OVY��}OVQ�J[7:=�T�o3=UYWT]zV=BQGP:;��1=UY�O]�ZN O3;�;>O3Q-��O3Y[edH8��=UJ^��=<=UQ�J^��O�Y[TVQdeIO3; HL=<�qP:=UQ�N =<H
OV��rb=UQ:zVJL7

n
� � =wR�QGo3=<HKJLRbz3T�J[=�JL7d=B;�OIeI=<r O]��;�=U;�O3YLRbr�=MHLH�HLOVP:YWN =MH�����OVY8R�Q�H^JWT]QdNU=��:RbQdTVYLF3�q�dPIJ�=<TVHLRbr�F

=U�GJL=UQ�e:T]�:rb=�JLO�rbTVYLz3=UYwT]rba:7dTV��=UJ����>687:=�A T]Y��VO�o-HLOVP:YWN =�;�OGe:=UrZNUTVQ�TVrbHLO}�1=�= �GJL=<QdeI=Me J[7:=�HLTV;�=
�8T�F �:PIJ�J[7:RbH���R�rbr�Q:O]J��1=-R�QGo3=<HKJLRbz3T�J[=<e RbQ JL7:=-NUP:YLY[=UQqJ�adT]a1=UYM���²Q��bx�� � �qT]Q�HKO3Q�����O3QdT]YWeIR�T]Q�e
E"!UadTVQ#�VO��`H��GR 7dT�oV=�RbQGoV=<HKJLRbz3T]JL=Me}J[7:=�NUOV;�a:rb= �IR J^F�O]�ZT�YWT]Qde:OV; HKJLY[RbQ:zd��R)� =V�8J[7:=�T�oV=<Y[TVzV=BQGP:;��1=UY
OV�
e:RbHKJLRbQdN�J���O3Y[e:H�RbQ T>Y[TVQdeIOV;�HK=M�qP:=UQdNU=V���²Q$�§s%� �&�qTVNU�qP:=UJ`T]Qde-E'!<adT]Q#�3O��`H(�GR/7dT�o3=BRbQGoV=MH^J[R�zqT�JL=Me
J[7:=�QqPd;��1=UY
O]�1OGN<N P:Y[=UQ�N =+OV��T�zVRboV=UQ���O3Y[e�RbQ�TpYWT]Qde:OV;fH^J[YLRbQ:z���YL=MHKP:r�J
rbT]JL=UY%= �GJ[=UQdeI=Me��GF�c��<zVQ:Rb=UY
TVQde�E'!Ua�T]Q#�3O��`H(�GRIOVQ�A T]Y��VO�o�;�OIeI=Ur)� � �+*�� �i687:=pT]Q�T]rbFGHLRSH
RbH+�dTVHL=<e>OVQ�J[7:=pNUOVQGoV=<YLz3=UQdNU=��1= J^��=U=<Q
J[7:=�HLPI����JLY[=U=�HKJ[T�J[RbHKJLRSNUH�JLO>JL7:=�RbQdeI=<a�=<QdeI=<Q3J�J[YLRb=<HpH^JWT�JLRSHKJLRSNUH<�

�²QlJL7:=�a:Y[=<HL=UQqJwadT]a1=UYw��=>TVQdT]rbF'!U=�JL7:=�T�o3=UYWT]zV=�QGP:;���=<Y�O]��NUOV;�;�OVQl��O3Y[e:H�RbQ J^��O�YWT]Q�eIOV;
HL=<�qP:=<QdN =MHU�+zV=UQd=UYWT�JL=Me ��Y[OV; J^��O�eIR-,/=UY[=UQqJ>YWT]Q�eIOV; HLOVP:YWN =MHU� � =���R�rbr`HK7dO�� JL7dT]J>J[7:=-T�oV=<Y[TVzV=
QGP:;���=<Y�O]�:NUOV;�;�OVQw��O3Y[edH/��=UJ^��=<=UQwJ^��O`HK=M�3Pd=UQdNU=<H OV�Grb=UQdz]JL7

n
RSH�RbQ

Θ(n)
��7:=<QwJL7:=+HL=<�qP:=<QdN =ZTVYL=

z3=UQ:=<Y[T]JL=Me`��Y[OV;�JL7:=�HLTV;>=ZHLOVPdY[NU=i;>OIeI=<r3TVQdewRbH�R�Q
Θ(nκ)

��OVY�HLOV;�=
κ < 1

��7:=UQwJ[7:=+HLOVP:YWN =i;�OIeI=UrSH
TVYL=�eIR.,/=UY[=UQqJM� � =};�T��3=�PdHL=}O]�pTVQdT]rbFqJLRSN�RbQI��OVY[;�T�JLRbOVQ J[7:=UO3YLF T]Q�e ��R�rbr�PdHK=
� s/��T3H�RbQdHLa:R�YWT�J[R�O3Q
HLOVPdY[NU=p��O3Y8JL7:=�z3=UQ:=<Y[TVr1Y[=<HLP:r�J[H�P�HK=Me}RbQ�JL7:RSH�adTVa�=<Y<� � =�T]rSHKO>RbQ3J[YLOIeIP�N =BJL7:=wJ^��O�0 o�T]Y[RbTV�:rb=BA-=<r�rbRbQ
J[Y[TVQdHK��OVY[; ��OVY�= �GJ[Y[T3N�JLRbQ:z TVHLFG;>a1O]J[RbN�=U�Ga�T]QdHLR�O3QdH<� � =-T]rSHKO RbQGoV=<HKJLRbz3T]JL=�JL7:= T�o3=UYWT]z3=�QGP:;��1=UY
OV�8NUOV;�;�OVQ�Q:OIeI=<H���=UJ^��=<=UQ�JL7:=�HKPI���lJLY[=U=<HwOV��J^��O�Y[TVQdeIO3; HL=<�qP:=UQ�N =<H�T3H�T�a�O���=UYL��P:r
J[OqO3riJLO
TVQdT]rbFIHK=�JL7d=�T]QdTVr�O3zVF��1= J^��=U=UQ�J^��O>;�OIeI=<rbH<�

1 2 ���t� ����
%
%��
U�w�t� �������U� ����
����������

�²Q3� s��1��=p7dT�o3=pHL7:O���Q�JL7�T�J+J[7:=weIRbHKJLY[Rb�:PIJLRbOVQ}O]��J[7:=pQGP:;���=<Y
Hn(σ)

O]��OIN<N P:Y[=UQdNU=pOV��T���OVYWe
σ

R�Q
T�HL=<�qP:=<QdN =wO]�%r�=<Q:z]J[7

n
RSH

Pn(v)
H[T�J[RbH(4d=MH�JL7:=�RSeI=UQqJ[R J^F65

∑

k

P (Hn(σ) = k)vk = [zn]

(

1 − z − (v − 1)p(σ)z|σ|

1 − (v − 1)aσ(z)

)−1 �^x%�

��7d=UY[=
p(σ)

RSH�J[7:=}a:Y[OV��T]�:Rbr�R�J^F�O]�8JL7:=���OVYWe
σ

R�Q J[7:=�NUOVQdHLRSeI=UY[=<e HLOVP:YWN =};>OIeI=<r)�
aσ(z)

RSH�JL7:=
TVPIJLOINUOVY[YL=<rbT]JLRbOVQ�a1OVrbFGQ:OV;�RST]r O]�tJL7:=���OVYWe

σ
RbQ�JL7:=�NUOVQdHLRbe:=UY[=<e}HLOVPdY[NU=�;�OIeI=Ur'�

687:=�Rb;>a1OVYLJ[TVQqJ}� TVN J�RSH�J[7dT�J���= a:Y[O�oV=-J[7dT�J�= �:N =<aIJL=Me ��O3Y�T HL= J
S

OV����O3Y[e:H
σ

��= 7dT�o3=
∑

k P (Hn(σ) = k)vk = P T
n (v, σ)(1 + O(n−ε))

��OVY`HLOV;�=
ε > 0

�I��R�JL7

P T
n (v, σ) = ((1 − (v − 1)p(σ))n �)s+�

mpQde���OVY`TVr�r
n
� ∑

σ∈S,|σ| p(σ) ≤ O(ρn)
��O3Y`HKO3;>=

ρ < 1
�

� =�Q:OVJLRSN =�JL7dT]J
P T

n (v, σ)
RSH`J[7:=�a�� zd� �^��O]�iJ[7:=�QGP:;���=<YpOV�+HK=M�3Pd=UQdNU=<H`TV;>O3Q:z

n
RbQdeI=Ua1=UQ�eI=UQqJ

RbQdeI=<a�=<QdeI=<Q3JpHL=<�qP:=<QdN =MH�JL7dT]JpTVN<N =Ua:J
σ

TVH8adYL=74:� �

¹t¹�©�8:9�;�<�<
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687d=wNUOV;�a:rb= �IR�J^F
Cn

OV�
T�HL=<�qP:=UQ�N = ��x7��RbH�JL7:=�QGP:;���=<Y�O]�%e:RbHKJLRbQdNw��OVYWe:H�R�Q-T�HK=M�qP:=UQdNU=wO]�
r�=<Q:z]J[7

n
��687:=�QqPd;��1=UY`OV�
��OVYWe:H�RSH (n+1)n

2

�:PIJ�HLOV;�=�OV�
JL7:=<;�TVYL=�RSeI=UQqJ[RbN<T]r'�:��OVY�= �:T];�a:rb=wJL7d=UY[=�T]Y[=
n=<;�aIJ^F���OVYWe:HU�i687:=<YL=U��OVY[=���=w7dT�oV=

Cn =
(n + 1)n

2
−

∑

σ

∑

k≥2

(k − 1)P (Nn(σ) = k)
� � �

@�Y���=w7dT�oV=

Cn =
(n + 1)n

2
−

∑

σ

((P T
n )′(1, σ) − (P T

n )′(0, σ)) +

∑

σ

P T
n (1, σ) − P T

n (0, σ) − (P T
n )′(0, σ) + O(n1−ε)

� =BRbeI=<QqJLR���F�R�Q ∑

σ P T
n (1, σ)−P T

n (0, σ)− (P T
n )′(0, σ)

J[7:=BQqPd;��1=UY8O]��RbQqJL=UY[QdTVr�Q:OIeI=MH�R�Q�T�JLY[Rb=<H
;�T3eI=�O]�

n
RbQdeI=<a�=<QdeI=<Q3J>HK=M�3Pd=UQdNU=V�tTVQde�R�Q ∑

σ((P T
n )′(1, σ) − (P T

n )′(0, σ))
J[7:=�= �GJ[=UY[QdT]rZa�T�JL7

rb=UQdz]JL7lO]�ZJ[7:=�JLY[R�=3��687:=���O3YL;�=<Y�RSHBR�Q n
h

T]Q�e-JL7d=�rST�JLJL=UYwRSHBR�Q n log n
h

��R�JL7
h

�1=URbQ:z�JL7:=>=UQqJLY[OVaGF
YWT�J[=�O]�iJ[7:=>Y[TVQdeIOV; HLOVP:YWN =3�d��R�JL7 a1O3H[HLR��:rb=���PdN�J[PdT�J[R�Q:z}JL=<YL;�H

Q(log n)
��R�JL7 a�=<YLRbOIeIRbN���P:QdN JLRbOVQ

Q(.)
��7:=<Q}J[7:=�rbOVzqT]Y[R J[7:;�H+OV��JL7d=wHLFG;��1OVr1a:Y[OV�dTV�:R�rbR�JLRb=<H8T]Y[=pRbQqJL=Uz3=UY�a:Y[OVa1OVYLJLRbOVQdTVr)� � =BzVOVJ���TVN��

J[7:=�Y[=<HLP:r J�OV� �bx�� 5

Cn =
(n + 1)n

2
− (log n − 1)n

h
+ nQ(logn) + o(n)

� *'�

� �����������	����
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@�PdYZT]Rb; RSH
JLO�z3R�o3=8JL7:=`T�o3=UYWT]z3=�QGP:;���=<Y
Kn

O]��N O3;>;�O3Q���OVYWe:H
�1= J^��=U=UQ�J^��OwY[TVQdeIO3; HL=<�qP:=UQ�N =<H
OV�%H[T];�=wr�=<Q:z]J[7

n
�:PIJ�Q:O]J�OVQ�H[T];�=�HKO3P:Y[NU=w;>OIeI=<r)� � =�7dT�o3=

Kn =
∑

σ

P (N1
n(σ) ≥ 1)P (N2

n(σ) ≥ 1)
�'h+�

��7d=UY[=
N i

n(σ)
RbHBJ[7:=�QqPd;��1=UYwO]�+OIN<N P:Y[=UQdNU=�OV�+��OVYWe

σ
RbQlJL7:=�HKJLY[R�Q:z�O]��r�=<Q:z]J[7

n
PdQdeI=UY�HLOVP:YWN =

;�OIeI=<r
i
� � R J[7lY[=<HLa1=<N�JBO]� � Y[= �)s/�
Y[=<HLP:r JB��=>7dT�o3=

Kn = Cn,n + O(n−ε)
��R�JL7

Cn,m =
∑

σ(1 −
(1 − p1(σ))n) × (1 − (1 − p2(σ))m)

��7d=UY[=
pi(σ)

RbH8J[7:=���OVYWe�a:Y[OV�dTV�:Rbr�R�J^F�RbQ�HLOVP:YWN =w;�OIeI=Ur
i
�

� =�7dT�oV=
C0,m = Cn,0 = 0

T]Qde}��OVY
n, m ≥ 1

��=B7�T�oV=�JL7:=�Y[=<NUP:Y[HLRbOVQ

Cn,m = 1 +
∑

k,`

(

n
k

)

pk
1qn−k

1

(

m
`

)

p`
2q

m−`
2 (Ck,` + Cn−k,m−`)

� v �

��7d=UY[=
(pi, qi)

RbHpJL7:=�oV=<N JLO3Y`O]�ZHLFq;���O3r�a:Y[OV��T]�:Rbr�R�JLRb=<H`R�Q ;�OIeI=<r
i
�
pi

��OVYBHKFG;��1OVr�� u���TVQde
qi

��OVY
HLFG;��1OVr��]x����

pi + qi = 1
��� �²Q�adTVH[HLR�Q:z>��=Bz3= J

C1,1 = 1
1−p1p2−q1q2

�

·�¸%¹�·»º
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��HKRbQ:z�JL7:=�eIO3P:�:rb=�X
OVRSH[HKO3Q:R-!<=<e-z3=UQ:=<Y[T]JLRbQ:z���P:Q�N�JLRbOVQ 5
C(z1, z2) =

∑

n,m Cn,m
zn
1 zm

2

n!m! e−z1−z2FGRb=UrSe:H
C(z1, z2) = C(p1z1, p2z2) + C(q1z1, q2z2) + (1 − e−z1)(1 − e−z2) .

�����
� J�JLP:Y[QdH�J[7dT�J

Cn,m = [zn
1 ][zm

2 ]C(z1, z2)e
z1+z2

����7:RSNW7-RbH�T�eIOVPd�:r�=�eI=Ua1OVRSHLHLOVQdR-!MT�JLRbOVQ�OVa1=UYWT�0
J[R�O3Q�� � =���R�rbr a:Y[O�oV=�JL7dT]J

Cn,n = C(n, n) + O(1)
oqRST�eIOVPd�:r�=�e:=Ua1OVRSHLHLOVQ:R !<T]JLRbOVQ��

����� �
	���
�����������	�������	������! #"$��	��
� =�NUT]Qla:Y[O�oV=�J[7dT�Jw��7:=<Q

z1
T]Qde

z2
�1=UrbOVQ:zqHpJ[O�T�N O3Q:= C TVYLO3P:Qde�J[7:=�a�OqHKR�JLRboV=>YL=MT]r
T��IRSH`J[7:=UQ

C(z1, z2) = O(|z1| + |z2|)
� � =�HK7dO�� JL7�T�J`��7:=<Q |z1|, |z2| → ∞ 5

% R �
z1, z2 ∈ C 5 C(z1, z2) = O(|z1| + |z2|) &

% R �
z1, z2 /∈ C 5 C(z1, z2)e

z1+z2 = O(eα|z1|+α|z2|)
��OVY`HLOV;�=

α < 1 &
% R �

zi ∈ C T]Qde
zj /∈ C ��O3Y {i, j} = {1, 2} 5 C(z1, z2)e

zj = O(|zi|eα|zj |)
�

�pQdeI=<Y JL7:RSH�7GFGa1O]JL7d=<HLRbH O3Q:=iNUTVQwHL7:O��lJL7dT]J���R J[7�eI=Ua1OVRSH[HKO3Q:R-!MT�J[R�O3Q�rb=U;�;�TVH �§h/�
Cn(z2) = n![zn

1 ]C(z1, z2)e
z2H[T�J[RbH(4d=MH

C(n, z2) + g(n, z2)
��7:=UY[=

g(n, z2) = O(1 + z2

n
)
��7d=UQ

z2 ∈ C T]Qde
g(n, z2) = O(eα|z2|)��7d=UQ

z2 /∈ C ��mpa:a:rbFGR�Q:zlT]z3TVR�Q eI=<a�O3RbH[HLOVQ:R !<T]JLRbOVQ r�=<;�;�T OVQ
Cn(z2)

TVQde OVQ
g(n, z2)

�
��=}zV= J
Cn,m = Cn(m) + O( n

m
+ 1) = C(n, m) + O( n

m
+ m

n
)
�

���(' )*	�+,+-	��/.0	213�4�5 6�� 6�87������9��������1:�; <+=�>+=	?���@�
� =�TVH[HLP:;�=�7:=UY[=BJL7dT]J

p1 = p2 = p
TVQde

q1 = q2 = q
5ZJL7:=�HLOVPdY[NU=B;�OIeI=<rbH`TVYL=wRSeI=UQqJ[RbN<T]r'���²Q�JL7:RSH

N<TVHL=���=�NUTVQ�e:= 4dQ:=
c(z) = C(z, z)

��7:RSNW7�HLT]JLRSH 4d=MH75

c(z) = c(pz) + c(qz) + (1 − e−z)2
� j �

� =`��Rbr�r1a:Y[O�oV=�JL7�T�J
Cn,n = n 2 log 2

h
+Q(log n)n+ o(n)

�V��R�JL7
h = −p log p− q log q

J[7:=`=UQqJ[YLO3aqF
YWT�J[=V�BA�PdTVQqJLR�J^F ��P:QdN JLRbOVQ

Q()
RSH�T HL;�T]rbr�a�=<YLRbOIeIRbN���PdQdN�J[R�O3Q � T];�a:rbR�JLPdeI= HL;�T]rbr�=<Y�JL7dTVQ

10−6 �
��7dRbNW7�RbH`Q:OVQ !U=<YLO�OVQdr�F���7d=UQ log p

log q

RbY[Y[T]JLRbOVQdTVr � = �:N =<aIJL=Me���7:=UQ
p = q = 1

2

�
� =>�qP:RSN��Gr�F�adT3HLH�O�oV=<Y`J[7:=>N<TVHL=

p = q = 1
2

�»JL7d=��:RbQdTVYLF�P:Q:R���OVY[;DNUT3HK=/����7:=<YL=�JL7:=
c(z)

7dTVH
J[7:=�HLR�;�a:rb=w= �Ia:Y[=<H[HKRbOVQ

c(z) = 2z − 1 + e−2z
� �²Q�J[7:RbHpNUTVHL=B��=w7dT�o3=

Cn,n = 2n + O(1)
�

� =�Q:O�� N O3QdHKRSeI=<YpJ[7:=�zV=UQd=UYWT]r
NUTVHL=V��EGRbQdNU=
c(z)

RbH
O(z2)

��7:=UQ
z → 0

T]Qde RbH
O(z)

�
Cn, nRSH�HL;�TVr�rb=UYBJ[7dT]QlJL7:=�QGP:;���=<Y�O]��Q:OIeI=<HwRbQ�T�J[YLRb=���R J[7

2n
R�Q�eI=Ua1=UQde:=UQqJ�HK=M�qP:=UQdNU=<H���� J[7:=�A-=<r�rbR�Q

J[Y[TVQdHK��OVY[;�O]�
c(z)

�
c∗(s)

RSH`eI= 4�Q:=<e���OVY <(s) ∈] − 2,−1[
T]Q�e�H[T�J[RbH(4d=MH

c∗(s) =
(2−s − 2)Γ(s)

1 − p−s − q−s

� k �

� =�PdHL=}J[7:=�R�QGoV=<Y[HL=�A-=Urbr�RbQ
c(z) = 1

2iπ

∫ c+i∞

c−i∞
c∗(s)z−sds

��O3Y
c

RbQ J[7:=-eI= 4�Q:R J[R�O3Q e:OV;�T]RbQ OV�
c∗(s)

�
��HKRbQ:z�JL7d=�YL=MHKRSeIPdH�JL7d=UOVY[=U;�OVQ�JL7:=�HLRbQ:zVP:rST]Y[R�JLRb=<H�O]�tJL7:=�RbQqJL=Uz3Y[TVQde���7:RbNW7�T]Y[=+5

¹t¹�©�8:9�;�<�<



v ���������
	��

% T�J
s = −1

��R�JL7�Y[=<HLRbe:PdH − 2z log 2
h

�

% T�J
s = sk

�
k 6= 0

JL7:=�eI=<QGP:;�=UYWT]�:rb=�HK=UJ`O]�%JL7:=�OVJL7:=<Y�YLOGO]JWH8O]�
1 − p−s − q−s

��R J[7-YL=MHKRSeIPdH

z−sk 2−sk−2
p−sk log p+q−sk log q

Γ(sk)
�

687d=UY[= ��OVY[= ��RbzVQ:O3YLRbQ:z>YL=MHKRSeIPdH�T]J <(s) ≥ 0
�

c(z) =
2z log 2

h
−

∑

k 6=0

z−sk
2−sk − 2

p−sk log p + q−sk log q
Γ(sk) + O(1)

�^xMu �

� O]J[RbNU=iJL7dT]J�P:Q:rb=<H[H J[7:=+rbOVzqT]Y[R J[7:;�H O]�GJ[7:=Za:Y[OV�dTV�:Rbr�R�JLRb=<HtT]Y[=iR�QqJL=<zV=<Y�;�P:r�JLRba:rb=������ 	�� log p
log q

RSH�YWT�J[R�O3QdT]r
RbQlJL7:=��:RbQdTVYLF N<TVHL=%����=>7�T�oV= ∀k 6= 0 : <(sk) > −1

�:PIJ
lim inf <(sk) = −1

��687:=<YL=U��OVY[=�J[7:=
rb=<T3eIRbQ:z�JL=UY[; RSH 2 log 2

h
n
� � 7:=UQ log p

log q

RSH�Y[T]JLRbOVQdTVr
JL7:=<Q JL7:=<YL=�RSH�T�HLP:�dHL=<�qP:=UQ�N =�O]��JL7d=
sk

J[7dT�J
TVYL=wY[=Uz3P:rbTVYLRbrbF�HKadT3N =Me}O3Q�J[7:=�o3=UYLJLRSNUT]r T]�GRSH <(s) = −1

�Z687:RSH�Rb;�adTVN J[H8J[7:=�r�=MTVeIRbQ:z�J[=UY[;���R�JL7-T
HL;�T]rbr a�=<YLRbOIeIRSNBNUOVY[YL=MN�J[R�Q:z�JL=<YL;

zQ(log z)
�

����� )*	�+,+-	��/.0	213�4�5
��!" .0���@� �4��� ��1$� ��" ��	���1
	 �>+=	?���@���
� =���Rbr�rdHL7:O�� RbQ�TBrbTVYLz3=�HL= JZOV�1NUT3HK=MHiT]Qde>N O3Q�\^=<N JLP:Y[=8R�Q�OVJL7:=<YZNUTVHL=<H%J[7dT�J

C(z, z) = O(zκ)
��7d=UY[=

κ ≤ 1
T]Qde

κ
RbHpJL7d=�HL;�TVr�rb=<HKJpY[=<TVr�QGP:;��1=UYwHLPdNW7�JL7:=<YL=�= �IRSH^JWH

s1, s2 > 0
HKP�NW7�JL7dT]J

s1 + s2 = κTVQde
ps1

1 ps2

2 + qs1

1 qs2

2 = 1
�

� =���TVQqJtJ[OBP�HK=8O]��JL7:=`e:OVP:�:rb=�A-=UrbrbR�Q>JLYWT]Q�H^��O3YL; ∫ ∫

C(z1, z2)z
s1−1
1 zs2−1

2 dz1dz2
�]RbQqJL=<zVYWT�JL=Me

��O3Y <(s1) = c1
T]Q�e <(s2) = c2

��R�JL7
(c1, c2)

R�Q�J[7:=�eI= 4�Q:R J[R�O3Q eIOV;�TVR�Q�O]�
C∗(s1, s2)

����PIJ`JL7dRbH
RSH ��
 � � ��� ��Q:O�HLPdNW7}eIO3;�T]RbQ�HKRbQdN =���=�7dT�oV=

C(z1, z2) = O(zi)
��OVY8T]rbr�NUT3HK=MH75

zi → 0
TVQde

zi → ∞�
i ∈ {1, 2} � � 6tO YL=<;�O�oV=�J[7:= eI=MTVeIrbOIN�� ��=-eI=74dQ:=

C̃(z1, z2) = C(z1, z2) − D(z1, z2)
��7d=UY[=

D(z1, z2) = z1e
−z1D1(z2) + z2e

−z2D2(z1)−C1,1z1z2e
−z1−z2

�I��7:=UY[=
D1(z) = ∂

∂z1
C(0, z)

T]Qde

D2(z) = ∂
∂z2

C(z, 0)
�

687dT]J>�8T�F
C̃(z1, z2) = O(z2

i )
��7d=UQ

zi → 0
T]Qde eIOVP:�dr�=�A-=Urbr�RbQ JLYWT]QdHK��OVY[;

C∗(s1, s2)
OV�

C̃(z1, z2)
= �IRbHKJ[H���O3Y −2 < <(si) < −1

�

��������� � � � &�� �����t�I� � � � ~ � & �
687d=ZA-=Urbr�RbQwJLYWT]Q�H^��O3YL; OV�

Di(z)
= �IRbHKJ[H�T]QdeBRSH =<�qPdTVr�JLO

D∗
i (s) = − Γ(s)

1−pip
−s

j
−qiq

−s

j

��HKRbQdN = ∂
∂zi

C(z1, z2) =

pi
∂

∂zi
C(p1z1, p2z2) + qi

∂
∂zi

C(q1z1, q2z2) + e−zi(1 − e−zj )
�

687:=<YL=U��OVY[=��GF�adrbT�FGRbQ:zw��R J[7�A =Urbr�RbQ�J[Y[TVQdHK��OVY[;
Di(z) = z log z

hij
+O(z)

��R J[7
hij = −pi log pj −

qi log qj

�

��������� ��� � ¢ ¡ ��| & � %�� &�&���� �<���
�t~ � ¡ � �
� =�7dT�o3=pJ[7:=�;�OGe:R.4d=Me���P:QdN�J[R�O3QdT]r�=<�qPdT�J[R�O3Q 5

C̃(z1, z2) = C̃(p1z1, p2z2) + C̃(q1z1, q2z2) + (1 − e−z1)(1 − e−z2) +

+D(p1z1, p2z2) + D(q1z1, q2z2) − D(z1, z2).
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687d=UY[= ��OVY[=

C∗(s1, s2) =

(

1

1 − R(s1, s2)
+

s1

1− R(−1, s2)
+

s2

1 − R(s1,−1)
+

s1s2

1 − R(−1,−1)

)

×

×Γ(s1)Γ(s2)

��R�JL7
R(s1, s2) = p−s

1 p−s2

2 + q−s1

1 q−s2

2

�ZRbQ adTVH[HKRbQ:zl��=�7dT�oV=
C1,1 = 1

1−R(−1,−1)

�9��HKRbQ:z�JL7:=
RbQGoV=<Y[HL=BA =Urbr�RbQ�JLYWT]QdHK��OVY[;���=w7dT�o3=

C̃(z, z) =

(

1

2iπ

)2 ∫

<(s1)=c1

∫

<(s2)=c2

C∗(s1, s2)z
−s1−s2ds1ds2

�KxVx%�

� =���Rbr�r�;�O�o3=�J[7:=�RbQ3J[=Uz3Y[T]JLRbOVQ�eIOV;�T]RbQ�O]�
s1

JLO <(s1) = c1
T]Qde}JL7d=�R�QqJ[=UzVYWT�J[R�O3Q�eIO3;�T]RbQ�OV�

s2
JLO <(s2) = c2

��OVY
c1, c2 = −1 + ε

��R J[7
ε > 0

HKPdNW7 JL7dT]J
R(s1, s2)

HKJ[T�FIHp� T]YwT���T�F���Y[OV; xV�
687d=�O3Q:r�F�a1O]J[=UQqJLRST]r/a1OVrb=<H�=UQ�N OVPdQ3J[=UY[=<e�T]Y[=�T�J

s1 = −1
T]Qde

s2 = −1
T]Qde�T]Y[=�N<T]QdNU=<T]rb=<e��qF�JL7:=

T3e:eIR�JLRbOVQdTVr/JL=<YL;�H<�
687:=<YL=U��OVY[=���=-7dT�o3=�=<�qPdT�J[R�O3Q��KxVx/��H^J[R�rbr`o�T]rbRbe ��O3Y <(s1) = c1

TVQde <(s2) = c2
��O3Y}HKO3;�=

c1, c2 > −1
�

@�QlJL7:=�Qd=U��RbQqJL=<zVYWT�JLRbOVQ�eIOV;�TVR�Q���=�N<T]Ql��OGNUPdHL=>O3Q:rbF OVQ JL=UY[; ∫ ∫ Γ(s1)Γ(s2)
1−R(s1,s2)

z−s1−s2
��JL7:=

OVJL7:=<Y�rb=<T3eIRbQ:z�J[O�=U�Ia�O3Q:=UQqJLRST]rbrbF>Qd=UzVrbRbzVRb�:r�=�JL=<YL;�H<� �²QdeI=U=Me�J[7:=BJL=UY[; s1Γ(s1)Γ(s2)
1−R(−1,s2)

7dTVH�Q:O�a�O3r�=���OVY

<(s1) > −1
��T]Q�e�JL=UY[; s2Γ(s1)Γ(s2)

1−R(s1,−1)

7dT3H�Q:O�a1OVrb=���O3Y <(s2) > −1
�8687:=�J[=UY[; s1s2Γ(s1)Γ(s2)

1−R(−1,−1)

7dTVH
QdO>a1OVrb=�T�J`TVr�r'�

687:=<YL=U��OVY[=w��=w7dT�o3=

C(z, z) =

(

1

2iπ

)2 ∫

<(s1)=c1

∫

<(s2)=c2

Γ(s1)γ(s2)

1 − R(s1, s2)
z−s1−s2ds1ds2 + O(z−M )

�KxMs+�

�dOVY`TVYL�:R�JLYWT]Y[F
M > 0

�
� =���R�rbr
r�OGO+�-T]J�J[7:=>HLRb;>adr�R-4d=<e�NUT3HK=���7:=UY[=

p1 = q1 = 1
2

T]Qde
(p2, q2) = (p, q)

z3=UQ:=<Y[TVr)� �²Q
J[7:RSH`NUT3HK=

R(s1, s2) = 2s1R(s2)
��R J[7

R(s) = p−s + q−s J[7:=�c�=<FqQdR�=<Y�=UQqJLY[OVaGFV�
� O�� ��=���R�rbr/;>O�o3=�JL7d=�RbQqJL=Uz3Y[T]JLRbOVQ�rbR�Qd=pO]�

s1
JLO��8T]YWe�a�OqHKR�JLRboV=�YL=MT]r/T��IRSH+eIRbYL=MN�J[R�O3Q�� � =B;�=U= J

O3Q:=pa1OVrb=�T]J
s1 = 0

��Y[=<HLRbeIP
1
���i687:=�a�O3r�=MH+OV� ��P:QdN JLRbOVQ

(1− 2s1R(s2))
−1 T�J

s1 = − log2 R(s2) +
2ikπ
log 2

�I��O3Y
k

RbQqJL=<zV=UY � YL=MHKRSeIPdH − 1
log 2

� �
JL7:=<YL=U��OVY[=���=�7dT�o3=+5

C̃(z, z) = − 1

2iπ

∫

Γ(s2)

1 − R(s2)
z−s2ds2 +

+
∑

k

1

2iπ log 2

∫

Γ

(

−L(s2) +
2ikπ

log 2

)

Γ(s2)z
L(s2)−s2−

2ikπ
log 2 ds2 +

+O(z−M )

¹t¹�©�8:9�;�<�<



j ���������
	��

��R�JL7
L(s) = log2 R(s)

T]Qde
M > 0

�1=URbQ:z}T]Y[�:R�JLYWT]Y[F ���:P:J 4:�I=<e�J[O�7dT�oV=wP:QdR ��O3YL;�J^F}O]�
O(.)

� � � J
J[P:Y[QdH�OVP:J�JL7dT]J`��P:QdN JLRbOVQ − 1

1−R(s)

TVQde���P:QdN�J[R�O3Q ∑

k

Γ(−L(s)+ 2ikπ
log 2 )

log 2 zL(s)− 2ikπ
log 2

7dT�o3=�HLTV;>=wa1OVrb=<H
TVQde JL7:=<R�Y�Y[=<HLRbe:PdH�NUTVQdN =MT]r'� �²Qde:=U=<e J[7:=-YLOGOVJ>OV�

logR(s) − 2ikπ
TVYL=�= �:T3N�JLrbF JL7d=-YLOGO]J

sk

OV�

1 − R(s)
T]Q�e�JL7:=�Y[=<HLRSeIPdH8O]�

Γ
(

L(s) − 2ikπ
log 2

) RSH�J[7:=�H[T];�=�TVH�JL7:=�Y[=<HLRSeIP�O]� 1
1−R(s)

�8687:=<YL=U��OVY[=
J[7:=>R�QqJL=<zVYWT�J[R�O3Q-adT�J[7 NUTVQ ��=>;�O�oV=Me�JLO��8T]YWe-T]Y[�:R J[Y[TVYLF�a�OqHKR�JLRbOVQ��wmpQGFq7dO�� ��=�N<T]Q:QdO]J�RbQdNUYL=MTVHL=
J[OGOp;�P�NW7�JL7:=�o�T]rbP:=+OV�

c2
��=MNUTVPdHK=+JL7:=���P:QdN JLRbOVQ

zL(s)−s− 2ikπ
log 2

RbQdNUYL=MTVHL=<H���7d=UQ
s → ∞ �%687:=UY[= ��O3YL=

��=�NUTVQ J[T+�V=>��OVY
c2

J[7:=�o�T]rbP:=�O]����7dRbNW7�;�R�Q:Rb;�R-!<=<H
L(s) − s

��=UJ^��=<=UQ −1, 0
� ��= J�� H�NUTVr�r

κ
J[7:RSH

;�RbQ:Rb;�P:; o�TVr�Pd=V� � =�NUT]Q�RbzVQ:O3YL=�JL7:=wJ[=UY[; RbQ z−s

1−R(s)

HKRbQdN =
L(s) > 0

��OVY
s
��=UJ^��=<=UQ −1, 0

�
687:=<YL=U��OVY[=w��=w7dT�o3=

C(z, z) =
1

2iπ log 2

∫

<(s)=c2

∑

k

Γ

(

−L(s) +
2ikπ

log 2

)

Γ(s)zL(s)−s− 2ikπ
log 2 ds + O(zκ−ε)

�Kx � �

@�Qw=<T3NW7BJL=UY[; J[7:=UY[=iRSH�T�H[TVe:eIrb=
a�O3R�QqJtT]J
s = c2

JL7d=UY[= ��OVY[=i=<T3NW7�OV�GJL7:=
J[=UY[;�H
Γ

(

−L(s) + 2ikπ
log 2

)

Γ(s)zL(s)−s− 2ikπ
log 2

��RbrbrdN O3Q3J[YLRb�:PIJ[=�TVH zκ√
2πα2 log z

Γ
(

c1 + 2ikπ
log 2

)

Γ(c2)z
− 2ikπ

log 2
��R J[7

c1 = −c2−κ
�
687:RbH
RSHi=M�3PdR�o�T]rb=UQqJ

J[O zκ√
2πα2 log z

Γ(c1)Γ(c2)
��R�JL7 �dP�N�JLP�T�JLRbQ:z>JL=<YL;�H8OV�%a1=UY[R�OIe

log 2
�

� 7:=<Q log p
log q

RbH�YWT�JLRbOVQdQdT]r'�]J[7:=UQ}JL7:=���P:QdN JLRbOVQ
R(s)

RbH�a1=UY[R�OIeIRSN`O3Q�JL7:=BRb;�TVzVRbQdT]Y[F�T��IRbH�rb=<TVe:R�Q:z
J[O�T]Q�RbQ"4dQdR J^F�O]��H[TVedeIr�=pa�O3R�QqJ[H<�
687:=UY[= ��O3YL=8J[7:=p;�T]RbQ�J[=UY[; zκ√

2πα2 log z
Γ(c1)Γ(c2)

z3O]J�TVrbHLO�O]J[7:=UY
��PdN�J[PdT�J[R�Q:z JL=<YL;�H�O]�`a1=UY[R�OIe Q:OVJ�Q:=MN =MHLH[T]Y[F ;�P:r J[R�adr�=�O]�

log 2
�3�²Q NUOVQdNUr�PdHLRbOVQ JL7d=��dP�N�JLP�T�JLRbQ:z

J[=UY[;
zκQ(log z)

�I��7:RbNW7�NUTVQ��1=�N O3;�a:r�=UJL=<r�F�NW7dT]YWTVN JL=UY[R !U=<e��3;�T�F�Q:OVJ`��=�a1=UY[RbOGe:RbNwT�J`TVr�r'�
687:=�;�TVR�Q�JL=<YL;�NUT]Q��1=�YL=<��YLR�JL=<Q}J[7:=w��OVrbr�O���RbQ:z>��T�F

C(z, z) =
zκ

√
π∆R∇R log z

Γ(c1)Γ(c2) + zκQ(log z) + o(zκ)
�Kx7* �

��R�JL7
∆R = ∂2

∂s2
1

R + ∂2

∂s2
2

R
TVQde ∇R = 1

2 ( ∂
∂s1

R + ∂
∂s2

R)
T�J

(c1, c2
Y[OGO]J[H�OV�

1 − R(s1, s2)
��7:RSNW7

;�RbQ:Rb;>R !U=MH
s1 + s2

�
?�rSTVH[HKRSNwT]QdTVr�FIHLRbH�z3R�o3=<H���OVY8J[7:=��:RbQdT]Y[F}T]rba:7dTV��=UJ 5

κ =
log q2

q1
log log q2

q1
+ log p1

p2
log log p1

p2
− log q2p1

q1p2
log log q2p1

q1p2

log p1 log q2 − log p2 log q1

�KxMh+�

�%RbzVP:Y[=}x�e:RbHLa:rST�FGH`JL7:=>o�T]Y[R�O3PdH�o�T]rbP:=�O]�
κ
� � OVJLRSN =�JL7dT]JBN O3QqJLYWT]Y[F�JLO 4dzVPdYL=

κ
eIY[OVadHp��=<r�rtJLO

!<=UY[O���7d=UQ
p2

OVY
q2

TVYL=wN rbO3HL=�JLO !U=<YLO>��7:=UQ
p1 = q1 = 1

2

�I�:PIJ�JL7d=wNUOVQGoV=<YLz3=UQdNU=pRSH�oV=UY[F�HLr�O�� � R�Q
1

log p2

�

·�¸%¹�·»º



�����������
	�����
�� k

0

p[2]

0,80,60,40,2

1

0,8

0,6

0,4

0,2

1

0,3 0,80

0,2 0,6

0,4

0,4
0,4

0,5

0,6
0,2

0,8

0,6

01

0,7

0,8

0,9

1

�%R�z3P:YL=�x 5�A�PdT]QqJLR�J^F
κ

o3=UYWHKPdH
p2

��OVY
p1 = q1 = 1

2

��rb= �»J��8zV=<Q:=UYWT]r/o3=UYWHKPdH
(p1, p2)

��Y[R�z37qJ��

� � ��� ���8
���������������������������� � �	��� �n�t
%�����

�?��� )*	�+,+-	�� ��	 ���@� 
��!" .0���@� �;��� ���@� 	 �@�9	�� �4��� ��13�@��" +=	 ���@���
	+QqPd;>=<Y[T]JLRbQ:z JL7d=lN O3;�;>O3Q ��O3Y[e:H�R�Q HL=<�qP:=<QdN =MH�;�T�F Q:OVJ�TVH�=<TVHLFV��m`Q�T]r�JL=UY[QdT]JLRboV=�;�= JL7dOGe
�)T]Qde T]rb;>OqH^J>=<�qP:Rbo�T]rb=UQqJ���N O3QdHKRSHKJ[H�RbQqJLOl=UQGP:;�=UYWT�J[R�Q:z JL7:=�QGP:;��1=UY>O]�pNUOV;�;�OVQ QdOGe:=<H�R�Q JL7:=<R�Y
Y[=<HLa1=<N�J[R�o3=�HLPI����JLY[=U=MHU�i687:RSH�;�= JL7dOGe�7dT3H��1=U=<Q�RbQqJLY[OIeIPdN =Me��GF�m`rb�1=UYLJLO�m`a1O3HKJLOVrbRSN Od� ��= J

Rn

��=
J[7:=�T�oV=<Y[TVzV=`QGP:;���=<Y`O]�
N O3;>;�O3Q�HLPI����Q:OIeI=MHU�

Rn =
∑

σ

P (N1
n(σ) ≥ 2)P (N2

n(σ) ≥ 2)
�^xMv �

� =w7dT�oV=
Rn = Tn,n + O(n−ε)

��R J[7
Tn,m =

∑

σ(1− (1 − p1(σ))n − np1(σ)(1 − p1(σ))n−1) ×
(1 − (1 − p2(σ))m − mp2(σ)(1 − p2(σ))m−1)

��7d=UY[=
pi(σ)

RSH�JL7:=���OVYWe-a:Y[OV��T]�:Rbr�R�J^F-RbQ�HLOVP:YWN =
;�OIeI=<r

i
�

� =�7dT�oV=
T0,m = Tn,0 = T1,n = Tm,1 = 0

T]Qde���OVY
n, m ≥ 1

��=�7dT�oV=�JL7:=�Y[=<NUP:YWHKRbOVQ

Tn,m = 1 +
∑

k,`

(

n
k

)

pk
1q

n−k
1

(

m
`

)

p`
2q

m−`
2 (Tk,` + Tn−k,m−`)

�Kx ���

��HKRbQ:z�JL7d=�eIOVP:�dr�=�X
OVRSHLHLOVQdR-!<=<elzV=UQd=UYWT�JLRbQ:z���P:QdN JLRbOVQ 5
T (z1, z2) =

∑

n,m Tn,m
zn
1 zm

2

n!m! e−z1−z2FGRb=UrSe:H

T (z1, z2) = T (p1z1, p2z2) + T (q1z1, q2z2) + (1 − (1 + z1)e
−z1)(1 − (1 + z2)e

−z2) .
�Kx<j �

� =�7dT�o3=
Tn,n = T (n, n) + O(1)

oGRbT�eIO3P:�:rb=�eI=Ua1OVRSH[HKO3Q:R-!MT�J[R�O3Q��
687:=�A =Urbr�RbQ�JLYWT]QdHK��OVY[;

T ∗(s1, s2)
RbH�e:= 4dQ:=Me���OVY −2 < <(s1),<(s2) < −1

T]Qde�7dTVH8o�TVr�P:= 5

T ∗(s1, s2) =
Γ(s1 + 1)Γ(s2 + 1)

1 − R(s1, s2)

�Kx<k �
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��HKRbQ:zBJL7:=�H[T];�=8eI=UY[R�o�T]JLRbOVQ�T3H%R�Q�JL7:=8a:Y[=UoGRbOVPdH%HL=<N�J[R�O3Q���=���R�rbrIzV=UJ%��7:=<Q�J[7:=�HK=M�qP:=UQdNU=�HLOVPdY[NU=
;�OIeI=<rbH�eIR-,/=UY%5

T (z, z) =
zκ

√
π∆R∇R log z

Γ(1 + c1)Γ(1 + c2) + zκQ(log z) + o(zκ)
�'s]u �

��7d=UY[=
Q(.)

RSH�T �dPdN JLPdT]JLRbQ:z���P:QdN JLRbOVQ���7:RSNW7�TVYLRSHL=���7:=<Q-T]QGF�O]�%JL7:=�YWT�J[R�O log pi

log qi

RSH8YWT�JLRbOVQdQdT]r'�

�?�(' )*	�+,+-	�� ��	 ���@� 
��!" .0���@� �;	���1
	 � �5	�� �; 6+=� +=	?���@�
��= J

t(z) = T (z, z)
��7:=UQ

(p1, q1) = (p2, q2) = (p, q)
�:��=�7dT�oV=

t(z) = t(pz) + t(qz) + (1 − (1 + z)e−z)2
�'sIx%�

A =Urbr�RbQ�JLYWT]QdHK��OVY[;�O]�
t(z)

�
T ∗(s)

HLT]JLRSH 4�=<H�JL7d=�RbeI=<QqJLR�J^F

t∗(s) =
(1 + s)( 1

42−ss − 2 + 2−s)Γ(s)

1 − p−s − q−s

�'sVs+�

TVQde}JL7:=<YL=U��OVY[=
t(z) = 1

2
n
h

+ Q5(log n) + o(n)
��7:=UY[=

Q5(.)
RSH�a�=<YLRbOIeIRSN���7d=UQ log p

log q

RbH8YWT�J[R�O3QdT]r'�

�?��� )*	�� 	!��������	��  6��� ���@13�;����	 "$�����@�
� =}7�T�oV=}HL7:O���Q JL7�T�J>JL7:=�QqPd;��1=UYWH�OV�pN OV;�;�OVQ ��OVYWe:H�OVY�QdOGe:=<H���=UJ^��=<=UQ J^��OlHKJLY[R�Qdz3H���O3r�rbO��
HLRb;>RbrST]Y�e:RbHKJLY[R��dPIJLRbOVQ�� � =>zV=UJ`JL7:=�P:Q:=U�Ga1=<N JL=Me Y[=<HLP:r JWH�J[7dT�J�JL7:RSHpQGP:;���=<Y�RSH`RbQ

nκ
��7:=UY[=

κ
NUTVQ

�1=�= �Ia:rbRSN R�JLrbF�= �Ia1=<H[HK=Me���R�JL7>J[7:=�adT]YWT];�=UJL=UYWH%O]�1JL7:=`HLOVPdY[NU=�;�OIeI=UrSH<�)�²Q>JL7d=8��PIJLP:Y[=���OVY�����=8;�PdH^J
TVrbHLO�RbQGoV=<HKJLRbz3T]JL=wJ[7:=�Rb;�adTVN J�OV�Z=UY[YLO3Y�JL=<YL;�H�R�Q

n−ε
J[7dT�JwT]Y[RbHL=���7:=<Q ��=�Q:=Uz3r�=MN�J`J[7:=>R�;�adT3N�J�OV�

TVPIJLO+0 NUOVY[YL=<rbT]JLRbOVQ-a1OVrbFGQ:OV;�RST]rSHU��687d=>Y[=<HLP:r�J[HB7dT�o3=��1=U=<Q�eI=UJ[TVR�rbr�=Me ��O3Y��:RbQdT]Y[F T]rba:7dTV��=UJw�dPIJ�T]Y[=
=MTVHLR�rbF�= �GJ[=UQde:TV�:rb=���O3Y`T]QGF�4dQdR J[=wTVr�ad7dT]�1= J �)T]r�JL7:O3P:zV7��qPdT]QqJLR�J^F

κ
��OVP:rSe�rbOGO3HL=wR JWH�N rbO3HL= 0'��OVY[;�P:rST

=U�Ia:YL=MHLHLRbOVQ&� � �pHLRbQ:z�J[7:=�HKJ[TVQde:T]YWe�T]ada:YLOqTVNW7�PdHL=<e�RbQ3� *�� �qO3Q:=`=U�Ga1=<N J[H+JLO�=U�GJL=UQ�e�JL7:OqHK=�YL=MHKPdr JWHiJLO
A T]Y��VO�o�HKO3P:YWN =<H<�

� � ���8

���������

�bx ��E/�6�qT]QdHLOVQ�� E/� ��O3QdT]YWeIR'� � ��E'!Ua�T]Q#�3O��`H(�GR'�/@�Q mtoV=UYWT]z3=�EG=<�qP:=<QdN =�?�OV;�a:rb= �IR�J^FV�/687:=UO3YL=UJLRSNUT]r
?�O3;>adPIJL=<YpEIN Rb=UQdNU=V� � s]vd�Is:x ��� sVs;�G�Gs]uVu+* &

�§s/��X
�#�qTVNU�qP:=UJ<� � �dE'!<adT]Q#�3O��`H(�GR'�qmpPIJLOINUOVY[YL=<rbT]JLRbOVQ�O3Q}��OVYWe:H�TVQde�R�J[H�TVa:a:rbRbN<T�J[R�O3QdHU�Gm`Q�T]rbFGHLRSH�OV�
HLPI����JLY[=U=<Hp�GF�HKJLY[RbQ:z�0 YLPdr�=<Y`T]a:a:Y[O3T3NW7��&����?�OV;��dR�QdT]JLO3YLRST]r�687d=UOVY[FV�1EG=UYM�1m��1v3v:�1a:a�� s � �%0^s]vVkd�
xMkVk�*

� � ��A �Mc��Uz3Q:Rb=UYM� � �ME"!UadTVQ#�VO��`H��GR)��@�QBa�T�JKJ[=UY[Qw��YL=M�qP:=UQdNUFpOINUNUP:Y[YL=<QdN =MH/R�Q�T`A TVY��3O�oGRbTVQpHK=M�qP:=UQdNU=V�
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��O]JL7�T]RbYL= mpa:a:rbR�=Me ?�OV;��:RbQdT�J[OVY[RbN<H�OVQ � OVYWe:H<��?�T];��dYLRSeIzV= �pQ:RboV=UYWHLR J^F XZY[=<H[HU��?�TV;��:Y[Rbe:zV=V�
sVuVu�*�� ����R��dr�RbOVz3Y[TVa:7GF�TVQde �²QdeI=U�#�

�§h/��X
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