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FHGJILKNM�O	P�QSRUTWVYX[Z\ICKNMCX&]L^`_`acbdZebdfgX
h�ie^kjlMLZmTYnpo�n�O�F

q&rkscs>^8i[Z&tWM#ieMC]uGJMCie]uGcM a,vxwky8z`z*R|{}r`b~kz8z`�#R�~`�@scrk_8MCX

���$�C�L���J�`�`��� GJMLa��Hr�V`M�X[b�rka�b�aWf�MLieMLac]LMNb�X�i\M��8�cb�ieMCt�Z\^�M�XlZeb�K�r�ZeMNZ\GJM�s>rkiurkKNM�ZeMLi#^kf	r�tWM�]�b�X[b�^`aW�
K�r`��b�aJ_�KN^WtWML�6�>Z\GJM�sci\b�^`i&KN^WtWMC����b�ac_�K��cX[Zm ,M�X\s>M�]�b�¡cMCt£¢	b�Z\G�_`ieMCr�Z�]CrkieM`�JM�X[s,MC]Lb�r`����V/¢	GJMLa}X\�J W�
jlM�]¤Zeb�¥8M��YaJ^�¢	��MCtW_8M�b�X(�>X[M�t§¦�¨©actWMCMCt§�p�Hr�V8MCX\b�r`a�b�aWf�MCi\MCac]�M/b�X�jlMC^`scr`ietJb�ªCMCt�¢	GJMCa«ZeGJMLieM�b�XNr�Ze^�^
��rkie_`M�tJb�Xe]�ieMLscr`ac]�V� >MLZl¢�MCMLa�sJieb�^8i&�YaJ^�¢	��MCtW_8M�rkact£^8 cX[MCi\¥8MCt£tJrkZerJ¦	¬ci\^8Kr@ZeGJML^8i\MLZ\b�]Lrk�s>^8b�a�Z�^`f
¥Yb�ML¢#��sci\b�^`iNrkact®��b��8ML��b�GJ^Y^Wt«]L^`acX[Z\b�Z\�WZeM/Z\GJM�]�^8KNsJ��MLZ\M£�Hr�V`MCX\b�rka�KN^WtWML�&r`act«b�Z�X[MCMLK�X@i\MC��MC¥�r`a�Z
Ze^/X[Z\�>tWV�Z\GcM�rk_`ieMLMCKNMLa�Zm^`fpZ\GcMNtcr�Zer�Z\^/ZeGJb�X�KN^WtWMC�¯¦@¨©a�ZeGJM@fgr`]�ZC�§ZeGJM�tWM�ZeMC]¤Zeb�^8a*^`f�r�s>^�X\X\b� J��M
]L^`aW°>b�]�Zm ,M�Zl¢�MLMLa}Z\GJM@sJieb�^8imrka>t£Z\GJM@^` >X[MCi\¥8MCt/��b��`MC��b�GJ^Y^Wt�ieMLK�rkb�acX±r�X[b�_`acbd¡>]Crka�Zmsci\MC��b�KNb�acr`i\V�Z\^
X\�J WjlM�]¤Zeb�¥8M��Hr�V`MCX\b�rka�b�aWf�MCi\MCac]�M8�0scrki\Z\b�]��J��rkie��V}b�a²b�actJ�cXlZei\b�rk��i\MC��b�rk cb���bdZlV8�$r`act�X\MLMLK�X�aJ^kZ�Ze^}Gcr�¥8M
 ,MLMCa�K��c]uG}X[Z\�>tWb�M�t� ,M�f�^`ieM`¦H¨©a£ZeGJM�sJieMCX\MLa�Z�ieMLs,^`i\ZC�J¢�M�sJie^`s,^8X\M�Z\^��cX[M(r�]�iebdZeMLieb�^8a Coh(π;Xn)KNM�r`X\�Ji\b�aJ_�Z\GJM�r`_`ieMLMLKNMCa8Z�^kfZ\GJM#r�¥�rkb���r` J��MmsJieb�^`i

π
r`act�ZeGJM�tJr�Zur

Xn

b�aWf�^8i\K�r�Zeb�^8a�¢	b�Z\G�r(ierkZ\b�^
^`f�³��J���� cr8]u���<o�MLb� J��MCi�tWb�XlZurkac]LMCX� >MLZl¢�MCMLa�ZeGJM�sci\^8s>^�X[M�t´sJi\b�^`i(rkact� ,MLa>]uGJK�rkie�*¢�MCr`����V�^`i�ac^`aW�
b�aWf�^8i\K�r�Zeb�¥8M(sci\b�^`i#tWb�XlZei\b� J�WZeb�^8acXC¦@¨<f Coh(π;Xn) ≤ 1

ZeGJMLa´ ,^kZ\G´b�aWf�^`ieK�r�Zeb�^8acX�rkieM@tWM�]���rkieMCt*b�a
r`_`ieMLMCK@MCa�ZC¦�F^#�cX\M�b�Z�¢�M�G>r�¥`M�Z\^#tWML¡caJM&r�]���r`XeX0^kf,K@b�aJb�K�rk��V�b�aWf�^`ieK�r�Z\b�¥`M�sJie^`s,MLixsJieb�^`ixtWb�XlZei\b� J�W�
Zeb�^8acX	f�ie^`KµtJrkZerc¦�FHGJMLieM�f�^8i\M#¢�M�sci\^8s>^�X[M�r�_`MLacMLiurk��r`sJsJie^8r`]uG£�cX\b�aJ_}¶@·¹¸c·¹¶�º�»0¼¯½eº�·¹¸c·¹¸Y¾�¿Lº�¶�À,»�Á�¿
r`act«ÀJÂ�¿u¼©ÁL½¤·gÂ�½NÀ:½¤·gÂ�½u¿¤�H^�¥`MLiu]�^8KNb�aJ_´X\^`KNM�tWbdÃ�]L�J�dZeb�M�XNZ\^�KN^WtWMC�&b�_8aJ^`iurka>]�M`¦ÄFHGJb�X�rkscsJi\^�r`]uG®b�X
r`sJsJ��b�M�t(Z\^#ZeGJM&M�ÅWs,^`aJMCa�Z\b�rk�cr`act � MCb� J�c���,KN^YtJML��XL�`Z\GJM&KN^�XlZp�>X[M�t@tJb�X[Z\ieb� c�WZ\b�^`acXpb�aN��bdf�MLZ\b�KNM�sJie^` W�
��MLK�XC¦m¬$b�acrk����V£¢�M�tWb�X\]L�cXeX&ZeGJM��cX\M�^`fxZ\GJM Coh

]�ieb�Z\MLieb�^`a}r`Xmr�Ze^�^8��^`fp]Lrk��b� JierkZ\b�^`a£f�^8imX\�J WjlMC]�Z\b�¥`M
sci\b�^`iHKN^WtWML����b�aJ_>¦
Æ�Ç�È:ÉeÊ�Ë ��Ì$�`� ¨©actW�cX[Z\ieb�rk��q	MC��b�rk cb���bdZlV:Í:�Hr�V`MCX\b�rka/¨©aWf�MLieMLac]LM`Í>nxÅWs>MCi[Z�PmsJb�acb�^8a�Í>q	MLf�MLieMLac]LM�h�ieb�^8iCÍ
³��c���� cr`]u���©o�MCb� J��MLi�tWb�XlZurkac]LM`ÍxÎ&^8aJb�aWf�^`ieK�r�Z\b�¥`M@h�ieb�^8ieXCÍÏmM�fgr`�J��Z�h�ieb�^8ieXCÍ�Ð�·¹¸c·¹¶�º�»#ÑW½eº�·¹¸c·¹¸Y¾�Ò§º�¶@Ó
À:»�Á�¿uÍcn�a�Z\ie^`sYV:ÍWh�i\b�^`imO�r`��b� Jiur�Zeb�^8a�ÍYnxÅWs>^8aJMLa�Z\b�rk�6Í � MLb� J�J���¯¦

∗ Ô�Õ$Ö�Ô¹×SØ�Ù�Ú¯Ù�ÛgÜ\ÝpÞ$ßlà�áuÛ�Ú¯â[ã	âlä�Ú�å�âNæ#áeÚ¯ç�ßlã&áeÚ¯èêéCÙ�âlÜ[Ý�ëä�è ì�âlÛgÜ6è Ú¯ßNíJáuÛgèêÜ¯îgïCÙ�å�Ý�ð�ñlò�ó¤ô�õ$Û¯Ü6á[ö�÷:âlå�â©ø8Ý âlã&áuèêùHúä�èêûlü¤ùýáuÜ\þ ÿkü¤Ù�Ü6éLÙ�â©Ú��$ã&áeÚ6ç�þ ÙCî¹à�Ü6Ù�å�þ ��Û
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��� ����� � ��� �cr`act���Mms>rkiur`tWb�_`KNM� >r�V��CX\b�MLa�tW^8bdZ��LZ\ieMmKNb�XHMLa��#�c¥�ieM±s>^8�JiHMCX[Z\b�K@MCiH��M�scr`ier`K@ILZ\ieM
t! �Ja®KN^YtJIL��M/tWM£t"��]�b�X[b�^`a��x��r*K@^Wt"�C��b�Xer�Z\b�^`a º�À,½¤·gÂ�½¤·�tWM£]�M/scrkiurkKNI�Zei\M�tW^`b�Z#�LZ\ieM/]Crk��b� ci$�CM�Z\ieICX
X\^`b�_`acML�cX\MLKNMLa�Z��§scrki\Z\b�]��J��b�ILieMLKNMLa�Z#tJrkacX��ca´]Cr`tWieMNtWM@¡>rk Jb���bdZeb%��b�actW�cX[Z\ieb�ML����MN^�&���r/]L^`aJa>rkb�X\Xerkac]LM
X\�J WjlM�]¤Zeb�¥8M�MCX[Z�Zei\I�X��JZ\b���b�X'�CM`¦�TYb$��r�¥Yier`b�X\MLK( J��r`ac]�M(tWMCX±tW^`aca(�LM�X�^8 cX[MCi\¥)�LM�X	M�Z���r�]�^8aJacrkb�XeX\r`ac]�M�º
À:½¤·gÂ�½¤·cX\M&i*�L¥8IL��MLa�Z�MLaNZei\^8s@_8ier`actNt"�CXer`]C]�^8ietNX\�Ji���r#ªL^8aJM�tWM�]L^`aW¡,rkac]LM&�8�+ MC����MCXpb�actJ�Jb�X\MLa�Zps,^`�ci�]�M
s>rkiurkKNI�Zei\M8�k�, b�aWf-�LieMLac]LM	 cr�V���X[b�MLacaJMHs>MC�WZ�]L^`actW�cb�ieM/.#tWM	K�rk�J¥�r`b�X\MCX�t(�C]�b�X\b�^8acXL¦0o�r#t(��Z\M�]¤Zeb�^8aNt! �Ja
ZeML�,]�^`aJ°cbdZ�i\MC¥���Z��ca�r`X\s>M�]¤Z�b�K@s,^`i\Zer`a�Z���M�Z�]��Jieb�MC�cX\MLKNMLa�Z�X\^`�cX[�<MCX[Z\b�K#���$MLa�X[Zer�Zeb�X[Z\b����JM&rkscsJ��b����(�LM
.(tWMCX�sJie^` J��ILKNM�X�]L^`ac]Li\MLZeXC¦$Ï±rkacXH]LM�iurksJs,^`i\Z�aJ^8�cX�sJi\^8s>^�X[^8acX��0 MLKNsJ��^`b§t1 �Ja�]Li\b�Z\ICi\M Coh(π;Xn)KNM�X[�Jiurka�Z���r@]�^8K@s>rkiurk Jb���b�Z$�mMLa�Z\ieM���r(K@^Wt"�C��b�Xer�Z\b�^`a�ºmÀ,½¤·gÂk½¤·

π
M�ZH�, b�aJf�^`ieKNrkZ\b�^`a/rksJs,^`i\Z$�CM�scr`i���MCX

tJ^`aJa(�CMCX
Xn

�,scrki&�ca�ier`sJs>^8i[Z�tJM(tWb�XlZurkac]LMCX&tJM�³��J���� cr8]u���<o�MLb� J��MCiC¦HTYb Coh(π;Xn) ≤ 1
]�M�X�tWMC�WÅ

b�aWf�^8i\K�r�Zeb�^8acXpX\^`a�Z	t"�C]L��r`i$�CMCX�]�^`G2�LieMLa�Z\M�XL¦$h0^`�Ji��, �WZeb���b�X\MLiHtWM±K�rkaJb�ILieMm]L^`ac]Li\ILZ\M`��aJ^8�cXHtWML¥8^`acX�t"���
¡>aJb�i0�JacMH]L��r8X\X\MHt1 �ºHÀ,½¤·gÂk½¤·�sci\^8sJi\M�XL��fgr`b� J��MLKNMCa8Zx^8�(aJ^8a�b�aWf�^`ieK�r�ZebdfgXC�kieMLsJi*�CX\MLa�Zer`a�Z�0 r`sJs>^8i[Z�t1 �JaJM
]L^`aJa>rkb�X\Xerkac]LMNK@b�aJb�K�rk��M�]�^`G2�LieMLa�Z\M�r�¥8MC]@��M�X�tW^8aJa(�LM�XL¦£Î&^8�cX#sJie^`s,^8X\^`a>X�s>^8�Ji�]�MNfgr`b�ieM��JaJM�t"���
K�r`ie]uGJM�f�^`act"�CM�X\�Ji$�, �WZ\b���b�Xer�Zeb�^8a�t1 �C]uGcr`a8Zeb�����^`acX$t1 rksJsJieMLa�Zeb�XeX\r`_`MxKNb�aJb�K�r`�WÅ#M�Z0sJ���>X�_)�La(�Cier`��MCK@MCa�Z
X\�Ji#tWM�X#��^8b�X�ºNÀ,½¤·gÂ�½¤·&º(ÀcÂ�¿¤¼©Á�½¤·gÂk½¤·¹¦�n�aW¡>a����JacM�tWb�Xe]��>X\X\b�^8a�_)�La(�Cier`��MN]��43kZe�Ji\MN]�M�iurkscs>^8i[Z��§b�a�Z\ie^k�
tJ�Jb�Xerka�Z���M±]�iebdZeILieM Coh

]�^8KNK@Mm�Ja�^8�WZ\b��§tWMm]Crk��b� Jiur�Zeb�^8a�t1 �Ja*º�À,½¤·gÂk½¤·>X\�J WjlM�]¤Z\b�fl¦�o5 �WZeb���b�Xer�Zeb�^8a�tWM
]LMm]Li\b�Z76 MLieM�X\MLiur#b������cXlZei$�CM�scr`i��0 rksJsJ��b�]Lr�Zeb�^8a�rk�WÅ���^`b�XpMLÅWs>^8aJMLa�Z\b�ML����MCX�MLZHtJM � MLb� J�J���¯�J]LMLi\Zerkb�aJMCK@MCa�Z
��MCXHsc���cX&�WZ\b���b�X$�CXHMLa/¡>r` Jb���b�Z$�#s,^`�Ji	KN^Wt"�C��b�X[MCi&tWMCX	tJ�Ji$�CMCX	tWM#¥Yb�M`¦
8�Ë ��� É ��9 � �Ä� ¡>r` Jb���b�Z$��b�actW�cX[Z\ieb�ML����M�Í&b�aWf-�Ci\MCac]�M� cr�V)�CX\b�MCaJaJM�Í&^`scb�aJb�^`a t1 M�ÅWs,MLi\Z}Í&KN^Wt"�L��b�Xer��
Zeb�^8a º(À:½¤·gÂ�½¤·�ÍtWb�X[Zerka>]�MNtWM�³��J���� cr8]u�8�©o�MCb� c��MCi�Í�º@À,½¤·gÂ�½¤·$aJ^8a�b�aWf�^`ieK�r�Z\b�fgXNÍ�º(À:½¤·gÂ�½¤·$^` WjlM�]¤ZebdfgXNÍ
��]uGcrka�Zeb�����^8acX�t1 rkscsJi\MCa�Z\b�X\Xerk_8M�KNb�aJb�KNr`�WÅ£Í�MCa�Z\ie^`sJb�M#ÍW]Lrk��b� JierkZ\b�^`a}º&À,½¤·gÂk½¤·�ÍYK@^WtWIC��M�M�ÅWs>^8aJMLa�Zeb�MC�¯Í
KN^WtWIC��M#tWM � MLb� J�J���
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� KN^`aJ_ÄZeGJM²rki\Z\b�]���MCX}^`a X[�c WjlMC]�Z\b�¥`M«�Hr�V`M�X[b�rka b�aJf�MLieMLac]LM´Z\^ M�XlZeb�K�r�ZeM�Z\GcM«scrkiurkKNMLZ\MLi
θ
^`fNr

tJMC]�b�X\b�^8aW�6K�r`��b�aJ_�KN^WtWMC� M(θ)
�§K�rkaYV£^kfxZeGJMLK�b�acX\b�XlZ±^`a}ZeGJMNtWb�X\sJ��MCr8X[b�aJ_� ,MLG>r�¥�b�^`im^kfxZeGJMNs>^�Xl�

ZeMLieb�^8i�^WtJtJXm¢	GJMCa�Z\GJM(sJieb�^8i�b�aWf�^`ieK�r�Z\b�^`a�b�Xm cr`tW��V�]�^8actWb�Z\b�^`aJaJM�t§¦m��V/Z\Gcb�X�Z\MCi\Kµ¢�M�MLa>]�^`KNscr8X\X
r/¢	ie^`aJ_/b�aWf�^`ieK�r�Z\b�^`a�_`b�¥`MCa* YV*M�ÅWs>MCi[Z#^8sJb�acb�^8acX���^8i�rkaYV�^kZeGJMLi(X[^8�Jie]LM(^`fHX\�J WjlM�]¤Zeb�¥8M@b�aWf�^8i\K�r��
Zeb�^8a
		r`act�r�sJieb�^8i&tWb�XlZei\b� J�WZeb�^8a

π(θ)
fgrki	f�ie^`K Z\GJM�f�i\M����JMLa�Z\b�X[Z�]�^`aJ¡>tWMLa>]�M�ieML_8b�^8a/^8a�scrkiurkKNMLZ\MLi

θ
 Jie^`�J_8G8Z( �V´^8 cX[MCi\¥8MCt�tJrkZer

Xn = (X1, . . . , Xn)
¦�FHGJM/^` JjlMC]¤Zeb�¥8M��YaJ^�¢	��MCtW_8M�^kf	ZeGJM/i\M�rk��bdZlV

_8b�¥8MLa/ YV�Z\GcM���b��`MC��b�GJ^Y^Wt L(Xn, θ)
]Lrka/ZeG��>X	 >M(tWi\^�¢	a/ YV�ZeGJM�]uGJ^`b�]�M#^`f0rN¢	ie^`ac_@sci\b�^`i&r`act�Z\GJM

�Hr�V8MCX\b�r`a(rka>rk��VYX[Zp]Lr`a@Zerk�8M&r�s>^�XlZeMLieb�^8i�tWMC]Lb�X\b�^`a@¢	bdZeG��JaY¢�MC��]L^`KNM&]�^8acX[M����JMLac]LMCXC¦�¨©a�KN^8X[Zp]Lr8X[M�XL�
ZeGJMCX\M�r`i[Zeb�]L��M�XxrkieM&]�MLa�ZeMLieMCt@^`a�r�ieMLb�aWf�^`iu]�MCKNMLa�Z�^kf,Z\GJMms>^�XlZeMLieb�^8ixi\^8 J�cX[Z\aJM�X\XC¦���^�¢�MC¥`MCiC�k^8aJMH¡ciuXlZ
tJbdÃ�]��c�dZlV�b�X$jl�cX[Z�]�^8acX\b�tWMCi\b�aJ_(Z\GcrkZ	Z\GJM�r�¥�r`��r`b� J��M±��ac^�¢	��M�tW_`M�b�XHaJ^kZ�X\ML��f¹�<]L^`a�Z\iur`tJb�]�Z\^`ieV`¦

Î�^kZ\MHZeGcr�Z�b�a�]Lr8X[MH^kf,GJb�_`GJ��V�]�MCacX\^`ieMCt@tJr�Zur±r`act@X[K�rk���cXerkKNsJ��MCXC�k¢	GJMCa�ZeGJM&�Hr�V`MCX\b�rka�b�aWf�^8i\K�r��
Zeb�¥8M�rksJsci\^�r`]uG/b�X	¥8MLieV�ieMC]L^`KNKNMLactWM�t�gq	^8 >MCi[Z��,~kz8z���	¤�YZ\GcM�GJM�ZeMLie^`_8MLaJMCbdZlV�^`f0Z\GJM�tcr�Zer�]Crka£Gcr�¥8M
ZeGJM�XerkKNMNM��:MC]¤ZuX#r`X#r/¢	ie^`aJ_/sJieb�^8i#¢	bdZeG´]L^`iei\M�]¤Z#tJr�ZurJ¦ � sJieb�^8i#]Lrka� ,M�¥`MLieV}¢�ML����]uGJ^8X\MLa* J�WZ
ZeGJM�s>^�XlZeMLieb�^8ipZeGJieMCr�ZeMLacX�Ze^@��MCr8t�Ze^@ >r`t/tWMC]Lb�X\b�^8acXC¦$¬c^`i	b�acXlZurkac]LM`�Yb�KNr`_`b�aJM�rka/b�actJ�cXlZei\b�rk�§X\VWXlZeMLK
¢	Gc^8X\MNfgrkb����JieMCX�Gcr�¥`M� ,MLMCa«aJ^kZeMCt�tW^�¢	a´b�a´Z\GJM�scr`X[ZC¦ � f¹ZeMLiNX[^8KNM�rkKNMLactJK@MCa�ZeX#ZeGJM�X\VWXlZeMLK b�X
]L�Jiei\MCa8Ze��V�¢�^8i\�Yb�aJ_c¦ � K�rkZ\MLieb�rk�xM�ÅWs,MLi\Z�¢	b�����_8b�¥8MNsJi\^8 crk c��MNfgr`b����JieMNZ\b�K@M�X#b�a´Z\GJMNf��WZe�JieM�¢	GJb�]uG
]Crka/ >M�ieb�_8G�Z[�©X[GJb�f¹Z\M�t�f�ie^`K Z\GJM�tJrkZerc�� ,MC]Crk�cX\M�^kfZ\GJM�ZeMC]uGJaJb�]Lr`�§ML¥8^`���WZ\b�^`a�¦0¨©a�Z\GJb�X&]Cr`X\M`�WX[^8KNM±^`f
ZeGJM�f�^`ieKNMCX[Z�tJr�Zur@KNr�V� >M�]L^`acX\b�tWMLieMCt�r`X	s,^`�����JZ\b�aJ_NZ\GJM#^8 WjlMC]�Z\b�¥`M��YaJ^�¢	��MCtW_8M`¦pTY�c]uG�rNX\bdZe�cr�Zeb�^8a
K(�cX[ZH ,M#aJ^`Z\b�]�MCt/ ,M�f�^8i\M#rk���§s,^8X[Z\MLieb�^`i	r`]C]�MLsJZer�Zeb�^8a�¦

FHGJMCa��0r£sJi\b�^`i#�YaJ^�¢	��MCtJ_`M�rkact´r£ieMCr`���YaJ^�¢	��M�tW_`MN]Lr`a´Gcr�¥`M�X\V�KNKNM�Zei\b�]Nie^`��MCX�b�a«r�]�^`aJ°cb�]�ZC¦
n�X[s,MC]Lb�r`����V²b�a rkaÄb�a>tW�cX[Z\ieb�r`��]�^8a8ZeM�ÅYZC��Z\GcM�sJi\b�^`i�]Crk��b� cierkZ\b�^`aÄrkacX\¢�MCieX(Ze^´Z\GJM�X\Gcr`�`ML^8�WZ�^kf±Z\GJM
^8 cX\MLie¥`MCt/tJrkZer��g �V/ieMLKN^�¥Yb�aJ_N^8�WZ\��b�MCieXC�c c�Ji\aJ�6b�a}tJr�ZurJ�>M�Ze]`¦ 	�¦�O��Ji\b�^`�>X[��V`�cZ\GJb�X�X\�J WjlM�]¤ZmX\MLMCKNX�aJ^kZ
Ze^�Gcr�¥`MN ,MLMCa�K��c]uG�X[Z\�ctWb�MCt�r`�dZeGJ^`�c_`G�bdZ(]L^`acX[Z\b�Z\�JZ\MCXC�f�i\^8K�^`�ci�s>^8b�a�Z�^`fH¥Yb�ML¢#�$rka´b�KNs,^`i\Zer`a8Z
sci\MC��b�KNb�acr`i\V´Ze^«�Hr�V`MCX\b�rka²X\�J WjlM�]¤Z\b�¥`M£b�aWf�MLieMLa>]�M`¦ � XNfgrki�r8XN¢�M£�YaJ^�¢#�pb�Z�tW^YMCXNac^kZ�M�ÅWb�XlZ�X\b�K@�
sc��M@XlZur�Z\b�X[Z\b�]�Z\^Y^`��X	f�^8i±tJM�¡caJb�aJ_�ZeGJM(r`_`ieMLMCK@MCa�Z� >MLZl¢�MCMLa}r�sJi\b�^`imtWb�X[Z\ieb� J�WZ\b�^`a*rkact�r`a}^` WjlM�]¤Zeb�¥8M
�YaJ^�¢	��MCtJ_`M± Ji\^8�J_`G�ZH YV�^` >X[MCi\¥8MCt�tcr�Zerc¦

Î�^kZ\b�]�M�GJ^�¢�ML¥8MLi�ZeGcr�Z0b�a�Z\GcM�X[Z\ieb�]�Z$^8 cX\MLie¥�rkZ\b�^`a#^`fJZ\GJMH�Hr�V`M�X[b�rka#scr`ier8tWb�_`K£�Csci\b�^`i0tWb�XlZei\b� J�WZeb�^8a
r`act£��b��8ML��b�GJ^Y^Wt�]�^8acX[Z\b�Z\�WZeM�r�¢	GJ^8��M�tJMC]�b�X\b�^8a�K@^WtWMC�r`act£bdZ�X[MCMLK�X&rkZ�¡ciuXlZ±X[b�_`G�Z&aJ^`ZmieML��ML¥�rka�Z	Z\^
tJM�Z\MCi\KNb�aJMNtWML_8i\MCMCXm^kf�tWb�Xe]�ieMLscr`ac]�V/ >MLZl¢�MCMLa�Z\GJMCK/��f�i\^8K r�Z\GcML^`ieM�Zeb�]Crk�0s,^`b�a8Z�^kf�¥�b�ML¢#¦�FHG>r�Z�b�X
¢	GYV}K�r`a�V��Hr�V`MCX\b�rka*r`i[Zeb�]L��M�X#rkieM�]�MLa�ZeMLieMCt*^`a�XlZe�ctWVYb�aJ_/Z\GJM�r`_`ieMLMCK@MCa�Z±^`f�ZeGJM�tJrkZer/¢	bdZeG´Z\GJM
�Hr�V8MCX\b�r`a}KN^YtJML�x]uGJ^`b�]�MNrka>t}ZeGJM�tWM�ZeMC]¤Zeb�^8a*^`f�¿��W½6À,½¤·�¿LÁL¦NTWMLM@f�^`i#b�acX[Zerka>]�MN��r�V�rkiei\b$rkact���MLie_`MCi
���Cy8y��Y���Cy8y���	¤¦�F^�^8�JiH��ac^�¢	��M�tW_`M8�`ZeGJMLieMmr`i\Mmf�ML¢ r`i[Zeb�]L��M�Xp¢	Gc^8X\MmX\�J WjlMC]�Z�b�X�Z\GJM#tWMLZ\M�]¤Z\b�^`a�^kf]L^`aW�
°>b�]�Z± ,M�Zl¢�MLMCa�b�aWf�^`ieK�r�Z\b�¥`M@sJieb�^8ieXmrkact*tJr�ZurJ¦#¨©a*f�^`ieKNMLi±¢�^8i\�WXC�>b�actWb�]LrkZ\^`iuX±rkieM(�cX\�cr`����V£ J�Jb��dZ�Z\^
r`����^�¢ Ze^�KN^WtWbdf�V�Z\GcM�sJieb�^8i	^`i	ZeGJM���b��8ML��b�GJ^Y^Wt/ YV�tWMLZ\MC]�Z\b�aJ_�r`act/i\MCK@^�¥Yb�aJ_N^`�WZe��b�MLiuX	^8i	Z\^Y^�b�aW°c�W�
MCa�Z\b�rk��tJrkZerc¦ � aJ^`Z\GJMCi&b�XeX\�JM#b�X	Z\^�ML��b�]�b�Z&i\^8 J�cX[Z&sJi\b�^`iuX�¢	bdZeG�aJML_8��b�_`b� J��M�s>^�XlZeMLieb�^8i	b�KNscr8]¤Z&¢	GJMCa£r
]L^`aW°>b�]�Z�b�XHtWM�ZeMC]¤ZeMCt§¦�{�rkb�a�ieM�f�MLieMLa>]�MCX�rkieM±ÏmM�¬b�aJMLZ[Z\b����Cy8����	���Ï±r�¢	b�t�����y���~�	¤� �&b��������Cy ��! 	�o��>]Lr`X
���Cy8y`�"	mrka>t*M�X[s,MC]Lb�r`����V�P  ��r`_8rka#����y���yc�$�Cy"���J�$��y`y8zJ��~kz8z`��	�r`act � aJ_8MLiuX��¯~kz8z`z�	¤¦@¨©a�b�actW�>XlZei\b�rk�
X[Z\�>tWb�M�XL�$¨lt"�CM�M�Z/ºk»&%�¯~`z`z���	mGcr�¥`M�X\�J_`_8MCX[Z\MCt�Z\^��cX[M�r�¬$b�X[GcMLi#ZeMCX[Z� >MLZl¢�MCMLa´sJieb�^8i�rkact�MCK@scb�ieb�]
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KNM�X[�JieMCX�^kf�Jac]�MCi[Zurkb�a�ZlV@r`act�r`a�º����JÂ���r`sJsJie^8r8]uG�Gcr`X� ,MLMLa�sJie^`s,^8X\MCt� YV	��X\�JieMCrk� �¯~kz8z���	x¢	b�Z\GW�
^8�WZ&XlZur�Zeb�X[Z\b�]Lr`�Yjl�cXlZebd¡,]Lr�Zeb�^8a�¦

� M�sJie^`s,^8X\M�Z\GcMNf�^`����^�¢	b�aJ_�]Li\b�Z\MCi\b�^`a�f�^`i#tWMLZ\MC]�Z\b�aJ_}r�s>^`Z\MLa�Zeb�r`��]�^`aJ°cb�]�Z# >MLZl¢�MCMLa�sci\b�^`i#rka>t
tcr�Zerc¦@ÏmMLac^kZ\M

π
Z\GJM�sJie^`s,^8X\MCt�sJieb�^8i±tWb�X[Z\ieb� J�JZ\b�^`a´^`a

θ
¦�TY�JsJs,^8X\MN >MCb�aJ_�r` J��M@Ze^£tJM�¡caJM

πMIAZeGJM�tWMCacX[b�ZlV}^`f�r�¶(·¹¸>·¹¶Nºk» �}·¹¸�
�Â�½¤¶�º�¼6·���Á �`ºk¼<ºkÓ[ºL¾`½\ÁuÁ � �g{�¨ � 	�sJie^`s,MLi�sJieb�^8i�tJb�X[Z\ieb� c�WZ\b�^`a��¢	GJb�]uG
b�tWM�rk����V�ieMLsJieMCX\MLa�ZuX�ZeGJMmKNb�aJb�KNr`�§�YaJ^�¢	��M�tW_`M�f�i\^8K r�sci\b�^`i�^`sJb�aJb�^`a��Yb�a/r`_`ieMLMCK@MCa�Z�¢	b�Z\G�Z\GJM�tJr�ZurJ¦
FHGcMLa£]�^`KNsJ�JZ\M�Z\GcM#ierkZ\b�^

Coh(π;Xn) =
KL

(
πMIA(.|Xn) || π

)

KL (πMIA(.|Xn) || πMIA)
¢	GcMLieM

KL(π1||π2)
b�XHZeGJM�³��J���� cr8]u���<o�MLb� J��MCi�tJb�X[Zer`ac]�M� ,M�Zl¢�MLMLa�tWb�X[Z\ieb� J�JZ\b�^`acX

π1
rkact

π2

KL(π1||π2) =

∫

Θ

π1(θ) log
π1(θ)

π2(θ)
dθ.

Coh(π;Xn)
b�X�i\MC_8r`ietWM�t}r`X#r£tJrkZerk�<r`_`ieMLMLKNMCa8Z±]�iebdZeMLieb�^8a�¦(¨<f Coh(π;Xn) ≤ 1

��sJieb�^8i#rkact�tJr�Zur��
_8b�¥8MLaN]�^8aW¡>tWMCac]�MHieML_`b�^`a>X$f�^`i

θ
rkieM	]���^8X\MHMLaJ^8�J_`GNrkact(ZeGJM	sJieb�^8ixsJi\^8s>^�X\r`�

π
b�Xxb�a�rk_`ieMLMCKNMLa�Z$¢	b�Z\G

ZeGJM#^` JjlMC]¤Zeb�¥8M±tcr�ZerN�YaJ^�¢	��MCtJ_`M`¦$n���X[M�rN]L^`aW°cb�]¤Z&b�X	tWMLZ\MC]�Z\M�t§¦

¨©a TYM�]¤Z\b�^`aÄ~*^kf�ZeGJb�X�rki\Z\b�]���M`�p¢�M�tWM�Zurkb��HZ\GJM�r`i\_8�JKNMLa�ZeX@¢	GJb�]uG®��MCr8t�Ze^*ZeGJM}]uGJ^8b�]LM�^`f�Z\Gcb�X
]Li\b�Z\MCi\b�^`a�¦&PmacM�^kfxZeGJM�K�rkb�a}tWb�Ã�]��J��ZlV£ier`b�X\MCt/ YV�b�ZeX±tWML¡caJb�Z\b�^`a}b�X&_8b�¥Yb�aJ_�r�sJieMC]Lb�X\M�X\MLacX\M#Z\^�Z\GJM
{}¨ � tJb�X[Z\ieb� c�WZ\b�^`acXC¦ TYMC]�Z\b�^`aÄ��b�X@ZeG��>XNMLa�Z\b�i\MC��V®tWML¥8^kZ\M�t«Ze^�]�^`a>X[b�tWMLiur�Zeb�^8acX(^`a®Z\GJM}]uGJ^8b�]LM�^`f
{}¨ � ]Lr`actWb�tJr�ZeMCX(rkact�M�XlZeb�K�rkZ\b�^`a«^`f Coh(π;Xn)

¦�TY^8KNM�i\MC��MC¥�rka�Z@tWb�Ã�]��J��Z\b�MCX@rkieM�MC¥`^`�8MCt´rka>t
��b�aJ�WX	¢	bdZeG£M�ÅWb�X[Z\b�aJ_�aJ^8aJb�aWf�^`ieK�r�Z\b�¥`M�sJieb�^`iuX	rkieM�tJMCXe]�ieb� ,MCt§¦�FHGJM#K�rkb�a/s,^`b�a�Z�^kf$Z\Gcb�X&X\MC]�Z\b�^`a£¢	b����
 ,M#ZeGJM��cX\M�^`fH¶@·¹¸c·¹¶�º�»0¼6½\º�·¹¸>·¹¸�¾�¿Lº�¶�À,»�Á�¿¤�§tWM�¡cacMCt�b�a£Z\GJM@]�^8a8ZeM�ÅYZ�^`fx�Hr�V8MCX\b�r`a�KN^WtWML�$X[MC��M�]¤Zeb�^8a
 YV���MLie_`MCi(rka>t�h0MLiei\b�]uGJb ���Cy8y`�c�0~`z`z8~"	¤�xrka>t«KN^`ieM�_`MCaJMLiurk����V*^`f&Z\GJM/aJ^`Z\b�^`a«^`fHÀJÂ�¿u¼©ÁL½¤·gÂ�½(À,½¤·gÂk½
tJML¥`MC��^8s>M�t� �V*h �LieMLª�����y`y"�"	±rkact´h �Ci\MCª�rkact´��MLie_`MCi �¯~kz8z8~"	¤¦ � f¹Z\MLie¢HrkiutJX�TYM�]¤Z\b�^`a!�b�X�tWM�rk��b�ac_
¢	b�Z\G�Z\GJM�rkscsJ��b�]LrkZ\b�^`a�^`f�sJieML¥Yb�^`�cX\��VNtWML¡caJMCt�i\�c��M�Xp^8a�Z\GcMmMLÅWr`KNsJ��M�Xp^`f�M�ÅWs,^`aJMCa�Z\b�rk�:rkact � MLb� J�J���
KN^WtWMC��XC¦±FHGcM(]�^8ac]����cX\b�^8a}ML¥8^`�8MCXHZeGJM(�>X[M(^kf�ZeGJM Coh

XlZur�Z\b�X[Z\b�]#Z\^�Z\GJMN]Lr`��b� Jiur�Zeb�^8a�^kfpX\�J WjlMC]�Z\b�¥`M
sci\b�^`i	tWb�XlZei\b� J�WZeb�^8acXC¦�Pms>MCa�b�X\X\�JM�X	rkieM±sci\^8s>^�X[M�t�b�a�ZeGJb�X	¢�r�V8¦

 �������	����������!�"$�	�&%'�	�(
)�*��
,+��	�	�.-/"$�L1#"����2.2/��
�

¨©a�ZeGJb�X(X[M�]¤Zeb�^8a�¢�M�rkieMNb�a�ZeMLieMCX[Z\MCt�b�a´¡cactWb�aJ_}r�]Li\b�Z\MCi\b�^`a�rk����^�¢	b�aJ_/�cX�Z\^�sJieMCtWb�]¤Z�r�X\VYKNK@MLZ\ieb�]
b�ac]L^`GJMCi\MCac]�M	f�^8i�ZeGJMm]L^`KNscrkieb�X[^8a@^`f�r#sJieb�^8i�tWb�X[Z\ieb� J�JZ\b�^`a

π(θ)
r`act�tJr�Zur#f�^8i�r#scr`ier`KNM�Z\ieb�]	KN^YtJML�

M(θ)
¦&FHGJM@]uGJ^`b�]�M#^`f�r�X[�c WjlMC]�Z\b�¥`M�sJieb�^`i�tWb�X[Z\ieb� J�JZ\b�^`a

π(θ)
]Lr`a� >M�jl�ctW_`M�t£ YV�ZeGJM(]L^`KNscrkieb�X[^8a

 ,M�Zl¢�MLMCa
π(θ)

r`act�^kZ\GcMLi�sJieb�^`iuX±]L^`acX\b�tWMLieMCt�r`X#b�a�rk_8i\MCMLKNMLa�Z#¢	bdZeG�Z\GJM�^8 cX\MLie¥`MCt*tJr�Zur��gr`_`ieMLM��
KNMCa8Z��[ ,MLac]uGJK�r`i\�WX���	��§f�^`i�ZeGJM�KN^WtWML� M(θ)

¦�FHGY�cX�¢�MC���x�YaJ^�¢	a�Z\^Y^8��X�^`fH]L^`KNscrkieb�X[^8a� ,M�Zl¢�MLMLa
tJb�X[Z\ieb� c�WZ\b�^`acX	]Crka/ >M#�>X[M�t§¦�FHGJb�X	b�X�ZeGJM�X[Zerki\Z\b�aJ_Ns,^`b�a8Z	^`f$^8�Ji	K�rkb�a�b�tWMCrc¦

o�M�Z
Xn = (X1, . . . , Xn)

 ,M�b�actWMLs,MLa>tWMLa�Z\��VSrkact b�tWMLa�Z\b�]Lr`����V tWb�X[Z\ieb� J�JZ\MCt ieMCr`�d�<^`i\�6¥8MC]�Z\^`i\�
¥�r`���JM�t´ier`actW^8K ¥�rkieb�rk J��MCX#b�a�ZeGJM�XerkKNsJ��M�X\scr`]LM

S
¢	bdZeG²r�sJie^` >rk Jb���b�ZlV´tWMLacX\b�ZlV�f��Ja>]¤Z\b�^`a ��s:tYf 	
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�mº��`Á�¿¤·gº�¸��`ºk¼<ºkÓ�À,½¤·gÂ�½NºL¾`½\ÁuÁ�¶�ÁL¸c¼ w

p(x|θ) ¢	b�Z\G£ieMCX\s>M�]¤ZHZ\^�rNtW^8KNb�acrkZ\b�aJ_NKNMCr`X\�JieM µ
�crkact

θ ∈ Θ ⊂ IRp r p− tWb�KNMLacX\b�^`acr`�§scrkiurkKNM��ZeMLi&¥8MC]�Z\^`i�¦xo�MLZ
Π
 >M�ZeGJM�X\M�Z&^`f0r`���§sJieb�^`i	KNMCr8X[�JieMCXH^8a

θ
r`act

ΠI ⊂ Π
ZeGJM�X[�c cX[MLZ&^kfxrk����sJie^`s,MLi

�g^`i�·¹¸�
�Â�½¤¶�º�¼6·���Á�sJieb�^8ieX�^`a
Θ

��b6¦ M8¦
ΠI = {π ∈ Π,

∫
Θ π(dθ) = 1} 	¤¦£Î&^`Z\M�ZeGcr�Z(¢�M�]L^`aWf�^8�JactX\^`KNMLZ\b�K@M�X±Z\GJM�ac^kZerkZ\b�^`a

π
^kf�r£sci\b�^`i#tWMCacX[b�ZlV�¢	b�Z\G�ZeGJM�]Lr`aJ^`aJb�]@aJ^kZur�Zeb�^8a*^`f�ZeGJM�tWb�XlZei\b� J�WZeb�^8a

¢	GcMLa�ac^£]L^`aWf��>X[b�^`a�]Lrka*i\M�X[�c�dZ�	¤¦�FHGJMNaJ^`Z\b�^`a*^kfpb�aWf�^`ieK�r�Zeb�^8a}f�^`i#r�sJieb�^8i�tJMLacX\bdZlV�b�X±i\MC��rkZ\M�t�Z\^
r�KNMCr`X\�JieM�^kf��cac]�MCi[Zurkb�a8ZlV8¦ � sJieb�^8i

π1
b�X�b�a�Z\�Jb�Z\b�¥`MC��V£KN^`ieM�b�aWf�^8i\K�r�Zeb�¥8M#Z\G>rka*r�sJieb�^8i

π2
b�f�Z\GJM

�cac]�MCi[Zurkb�a8ZlV@^kf
π1
b�X�X[K�rk����MLi�ZeGcrka�Z\GJM

π2
 X�^`acM`¦pPmaJM�^`f§Z\GJMmKN^8X[Z��cX\MCt�K@M�r`X\�JieM&^kf��Ja>]�MLi\Zer`b�a�ZlV

f�^8i&rNtWMLacX\b�ZlV
π
b�XHZeGJM�tWb&�,MCi\MCa8Zeb�r`�§MLa�Z\ie^`sYV − ∫Θ π(θ) log π(θ) dθ

¦

TY�csJs>^�X[M@Gcr�¥Yb�aJ_�r�ie�J��M�Ze^�tWML¡caJM
πMIA ∈ ΠI r8X�KN^WtWMC����b�ac_�Z\GcM(��MCXeX�b�aWf�^8i\K�r�Zeb�¥8M�r�¥�rkb���r` J��Msci\b�^`i(^`sJb�aJb�^`a�^`a

θ
�xb�a rk_8i\MCMLKNMLa�Z�¢	b�Z\G«ZeGJM�tcr�Zerc¦ � tWb�Xe]��>X\X\b�^8a²rk ,^`�JZ@X\�c]uG«r}ie�J��M�rka>t´Z\GJM

X\ML��MC]�Z\b�^`a}^`f
πMIA b�X�tW^8aJM@b�a*Z\GJM@aJMLÅ�Z#X\MC]¤Zeb�^8a�¦ � XeX\�JKNb�aJ_ Θ

Ze^� ,M@r/]�^8KNscr`]�Z±X\�J cX\M�Z�^kf
IRp¢	Gc^8X\M( ,^`�Ja>tJX�tWMCs>MCact�^`a�MLÅYZ\ieMLKNMN¥�r`���cMCX�^kf

Xn

�$r/_`^Y^Wt}M�ÅJr`K@sc��MNb�X#r��caJbdf�^8i\K�sJi\b�^`i�^8a
Θ
�

¢	Gcb�]uG/K�r�ÅWb�KNb�ªLM�X�Z\GJM#MCa8Zei\^8sYV`¦

¨©a�f�ML¢ ¢�^`iutJXC��Z\GJb�X�i\�J��M�]Lrka� >M�b�a�Z\ie^YtJ�c]�M�t�r`Xpf�^`����^�¢	b�aJ_��
πMIA ieM�°>MC]¤ZuX�X\^(f�ML¢ b�aWf�^8i\K�r�Zeb�^8aZeGcr�ZHZeGJM#s>^�XlZeMLieb�^8i	tWMLacX\b�ZlV

πMIA(.|Xn)
b�XH¥8MLieV�]���^8X\M±Z\^@Z\GJM#s,^8X[Z\MCi\b�^`i	tWMCacX\bdZlV

πJ (.|Xn)
¢	GJMCa

πJ b�X&rNaJ^8aJb�aJf�^`ieKNrkZ\b�¥`M�sJieb�^8iC¦xFHGJb�X	s,^8X[Z\�J��r�ZeM�X[MCMLK�XHZe^@ ,M�r@ieMCr`X\^`a>rk J��M±r`act/b�a�Ze�JbdZeb�¥8M#^`�WZuX[MLZC�r8X\X\�JKNb�aJ_
πJ _8M�ZuXHs>^�XlZeMLieb�^8iH]L^�¥`MCier`_`M&sJie^`s,MLi\Z\b�MCXH¢	b�Z\G�r`a/r8]L]��cierkZ\M±f�i\M����JMLa�Z\b�X[ZH¥�r`��b�tWb�ZlV`¦

FHGJMCa��Jr�X\�J WjlM�]¤Zeb�¥8M�sJieb�^8i�^8sJb�aJb�^8a�b�X�s,MLi\f�MC]�Z\��V�b�a/r`]C]�^`iutJr`ac]�M	¢	b�Z\G�Z\GJM±^` WjlM�]¤Zeb�¥8M��YaJ^�¢	��MCtW_8M
_8b�¥8MLa� �V�Z\GJM�tcr�Zer@^8a

θ
b�fZeGJM�f�^`����^�¢	b�aJ_@GYV�s,^kZeGJMCX\b�X	b�XH¥8MLiebd¡>MCt§¦

�������
	�������������@Ñ �cÁ	À:½¤·gÂ�½�¶�Â��`ÁL»¹»ý·¹¸�¾�·�¿�ÀJÁL½ 
�Á ��¼6» ��·¹¸´ºL¾`½\ÁuÁ�¶�ÁL¸c¼��x·¹¼ �}¼��cÁ(Â��¤¿LÁL½ ��Á � �`º�¼©º
Xn

· 


π(θ) = πMIA(θ|Xn) ∝ L(Xn, θ)πMIA(θ).

¨©a£X\�J WjlMC]�Z\b�¥`M#�Hr�V`M�X[b�rka�b�aWf�MCi\MCac]�M8�W^`aJM�^kfZ\GJM#K�r`b�a/b�XeX\�JMCXHb�X�Z\^�]�^8a�Z\ie^`�,Z\GJM#b�aWf�^8i\K�r�Zeb�^8a�Zeier`acXl�
��r�ZeMCtÄb�a Z\GcM�sJieb�^8i

π
¦ ÏmM�¡>aJb�ac_

πMIA(.|Xn)
r8X�Z\GcM��uÁ¤¿¤¼@·¹¸ 
�Âk½¤¶Nºk¼¯·���Á/sJieb�^8i�]uGJ^`b�]�M8�	¢�M*rkieM

b�a�Z\MCi\M�XlZeMCt�b�a£KNMCr8X[�Jieb�aJ_�ZeGJM�·¹¸ 
�Âk½¤¶Nºk¼¯·���Á(½\Á<¾k½eÁ�¼

KL
(
πMIA(.|Xn) || π

) ����	

r`act´X[MC��M�]¤Zeb�aJ_�tWMCacX\bdZeb�M�X
π
sJi\^WtW�>]�b�aJ_£¢�M�rk�}¥�rk���JM�X#^kf�Z\GJb�X#ieML_8i\MLZC¦�¨©actWMCMCt§�

KL(π1||π2)
X[Zer�ZeMCX

ZeGJM�ieML_8i\MLZ�tW�JM�Ze^�Z\GJM�]uGJ^`b�]�M�^`f
π2
¢	GJMCa´Z\GJM�Z\ie�JM�tWb�XlZei\b� J�WZeb�^8a�b�X

π1
¦ � MC����tWM�¡cacMCt�aJ^`Z\b�^`acX

^`fxi\MC_`ieM�Z&¢	b�Z\G}b�aWf�^`ieK�r�Zeb�^8aW�¯ZeGJML^8i\MLZ\b�]±Z\^Y^`��X�r8X	ZeGJM(³��J���� cr`]u���©o�MLb� J��MLi&tWb�X[Zerka>]�M�]Crka� ,M�f�^`�cact�b�a
O�^�¥8MLi�� FHGc^`K�r`X ����y`y ��	�rkact£TY¢�MLMLZ\b�aJ_c�JÏ±r�Z\Zer�� Q±Gc^8X\G �6~kz`z�w�	�¦

� sJieMLKNb�X[M±^kf$Z\Gcb�XHb�tWMCr(Ze^NtJM�¡caJM
πMIA(.|Xn)

r`X�ZeGJM� >M�XlZ&s,^8XeX\b� J��M±sJi\b�^`iHGcr8XH >MCMLa/aJ^kZurk J��V
b�a�Z\ie^WtW�c]�M�t² YV ��MCi\a>rkiutW^ ���Cy`y � 	�¦ÄFHGcMLaÄbdZ�b�X�aJM�]�M�X\XerkieV´Z\^�]uGJ^Y^8X\M�r´]�^`a>XlZurka�Z

C
X\�c]uGÄr`XNb�f

KL
(
πMIA(.|Xn) || π

)
> C

ZeGJMLa
π
��^8X\MCXmbdZuX±tcr�Zerk�<r`_`ieMLMCK@MCa�ZC¦�FHGJb�X±�Jscs>MCi± ,^`�cact}b�X±i\M�r`]uGJM�t

¢	GcMLa
π = πMIA ¦�¬$b�acrk����V`�WZeGJM�tJr�Zur��©rk_8i\MCMLKNMLa�Z�]Li\b�Z\MCi\b�^`a/rkact/ie�J��M�r`i\M�_8b�¥8MLa�b�a�Ï�ML¡caJb�Z\b�^`a�`¦

ÖÖä�'cô¤ð¤ó¤ó



� �#·��uÂk»�º�¿ �mÂ��Y¿�� �cÁ�¼

� �� ����� 	������ �`¦��(¸:Â �x·¹¸�¾
πMIA � �`Á
	�¸,Á�¼ �JÁ �`º�¼©º�Ó[ºC¾k½eÁeÁL¶�Á�¸>¼ �L½¤·¹¼<ÁL½¤·gÂ�¸ ���

Coh(π;Xn) =
KL

(
πMIA(.|Xn) || π

)

KL (πMIA(.|Xn) || πMIA)

�¯~�	

ºk¸ ��º � �uÁ<À:¼
π
º�¿�·¹¸´ºL¾`½\ÁuÁ�¶�ÁL¸c¼ �x·¹¼���¼��cÁ�»ý·��8ÁL»ý· �JÂ�Â �£Â 


Xn

· 
 Coh(π;Xn) ≤ 1
%

O���MCr`i\��V`�`ÏmM�¡>aJbdZeb�^8a ��b�XxaJ^`Zxi\M�XlZei\b�]¤ZeMCt�Z\^±Z\GJM&³��c���� cr`]u���©o�MCb� J��MLixtWb�X[Zerka>]�M	rkact@rkac^kZ\GcMLi�]uGJ^8b�]LM
b�aNZ\GcM � ��bd�lTYb���¥8MLV@]���r`XeXx^kf§b�aWf�^`ieK�r�Z\b�^`aJ�¯ZeGJML^8i\MLZ\b�]�KNM�r`X\�Ji\M�X � � ��b,rkact�TWb���¥`MCV`� ��y`�8�"	$]Lr`a� >M&K�r8tWM`¦
8�cX[Z\b�¡>]LrkZ\b�^`acX�f�^8i	�cX[b�aJ_�b�Z&sJieM�f�MLieMLa�Zeb�r`����V�]Lr`a� ,M�f�^`�Ja>t�b�a ��r`i[Zeb�_�rka ���Cy8y��"	�rka>t£TWb�acr`aJ^�¥Yb��±rka>t
8^`GcacX[^8a��¯~`z`z`��	¤¦0Î&^`Z\M&ZeGcr�ZHÏ�ML¡caJb�Z\b�^`a �m]Lr`a� ,M�sJ�WZHb�a�i\MC��rkZ\b�^`a�¢	b�Z\G�Z\GJM@·¹¸ 
�Âk½¤¶Nºk¼¯·gÂk¸}¼¯½eº�¸J¿ 
�ÁL½
½eº�¼6·gÂ���tWML¡caJMCt� YV/��r`X[Z#rk�WZeGJ^`iuXL¦ � ]L]L^`iutWb�aJ_�Z\^/b�a8Ze�Jb�Z\b�^`a��,Z\GcM@tJrkZerk�<r`_`ieMLMLKNMCa8Z±]�iebdZeMLieb�^8a}X[GJ^8�J��t
G>r�¥`M±Z\^�r8]L]LMLsWZ�r`a�V�aJ^`a>tWML_8MLaJMCierkZ\M�sJieb�^8i&¢	GJMLa

n → ∞ �> >M�]Lrk�>X[M�^`fZeGJM�sJieMLMCKNb�aJMCac]�M�^kfxtJr�ZurJ¦FHGcb�X	ieMCX\�J��Z�]Lr`a/ ,M�sJie^�¥`M�t��>X[b�aJ_NZ\GcM�r`X\VYK@sJZ\^kZeb�]±aJ^8i\K�r`��b�ZlV�^`fZeGJM�s,^8X[Z\MLieb�^`i&tWMCacX[b�ZlV
π(.|Xn)

�
�cactWMLi�]���r`XeX[b�]Lr`�J]�^`a>tWbdZeb�^8acXx^`f,ieML_8�J��r`i\b�ZlV�f�^`i

π
�
πMIA r`act p(x|θ) ¦�{}r`b�aNieM�f�MLieMLa>]�MCXxr`i\M�8^`GJa>X[^8a���Cy ��z"	��$O���rkie�`M � �Hrkieie^`a ���Cy8y`z"	��$O���rkie�`M ���Cy8y`y�	�r`act��rki\Z\b�_8r`a! X� >^Y^`� � ��r`i[Zeb�_�rka�� �Cy"�`�"	�¦N¨©a

� sJs,MLactWb�Å§�WZ\Gcb�X	 ,MLG>r�¥�b�^`iHb�X	 Jieb�ML°cV�X[Z\�ctJb�M�t�b�a�rka/M�ÅWs,^`aJMCa8Zeb�r`��]Lr8X[M8¦

� ��� �����u
�L��! ����� -/"$��1�"2/���§
"$�¤�£��
��1��/�

¨©a Z\GJb�X�X\MC]¤Zeb�^8a ¢�M�Zei\VÄZe^ tWML¡caJM�sJieb�^8i�sJie^`s,MLi£tWb�XlZei\b� J�WZeb�^8acX/¢	GJb�]uG ieMLsJieMCX\MLa�Z�ZeGJM´KNb�aJb�K�rk�
�YaJ^�¢	��MCtJ_`M@^kf�r£X\�J WjlM�]¤Z\b�¥`MN^8sJb�acb�^8a*b�a�r8]L]L^`iutJrkac]LM(¢	b�Z\G*Z\GcM�tJr�ZurJ¦�FHGcr�Z#b�X±Z\^}Xer�V

πMIA b�X#rtJMLacX\bdZlV�¢	GJb�]uG/b�X	¥�rk_8�JM�MLaJ^8�J_`G/Ze^�K@^WtWMC�§Z\GcM#K@^�XlZ	f��cªLªLV£]�^8aW¡>tWMCac]�M�^8a
θ
�>r�¥�rkb���r` J��Mmf�ie^`K Z\GJM

tcr�Zerc¦$¬$b�ieX[Z\��V`�Y¢�M�¢	b����:MLÅWr`KNb�aJM�Z\GJM±ML��b�]�b�Zer�Zeb�^8a�^kf�X\^`KNM±{�¨ � ]CrkactJb�tJrkZ\M�XL¦xFHGJMCb�iHX[MLZ�¢	b����§r`��¢Hr�VWX
 ,M�aJ^`Z\M�t

ΠMIA ¦HFHGcMLa�¢�M#¢	b����sci\^8s>^�X[M�ie�J��M�X&^`fxX\ML��MC]�Z\b�^`a�¦�¨©a�scr`ier`����ML�6�crka}r`i\b�Z\GcK@MLZ\b�]#¥`MCieX\b�^`a^`f�ZeGJM�tJrkZer��©rk_8i\MCMLKNMLa�Z�XlZur�Z\b�X[Z\b�]Nb�X#tWML¡caJM�t§��f�^8i#_`MCaJMLiurk�x�cX\MN¢	GJMLa´aJ^}{}¨ � ]Lrka>tWb�tcr�Z\M�]Crka´ >M
M�r`X\b���V�X\ML��MC]¤ZeMCt§¦

����� ���! #"%$'&)(+*�(+$-,/.�0
{}¨ � ]Lrka>tWb�tcr�Z\M�X�Gcr�¥`M±Z\^N ,M�]uGJ^8X\MLa�f�^`iHZeGJMLb�i&s,^8X[Z\MLieb�^`i	]���^8X\MLaJM�X\X�¢	b�Z\G�r@aJ^`acb�aWf�^8i\K�rkZ\b�¥`M±sJi\b�^`i
πJ ¦�³#r`XeX � � r8X\X\MLieK�rka ���Cy8y`�"	�Gcr�¥`M±_`b�¥`MCa�r(aJ^kZeML¢�^`i\Z\GYVN^�¥`MCi\¥Yb�ML¢ ^kfZ\GJM��Ja>tWMLiuXlZurkactJb�aJ_Nrka>tMC��b�]�b�ZerkZ\b�^`a@^kfcac^`aJb�aWf�^`ieK�r�Zeb�¥8M�sJieb�^`iuX YV�X[Z\ie�c]¤Ze�Jieb�aJ_±ie�J��M�XL�`¢	GJb�]uG@sJieMCX\MLa�ZeX0X\^`KNM�^kfcZeGJM	]�^8ac]�MCsWZeX
�>X[M�t�b�a/Z\GJb�X&X\MC]¤Zeb�^8a�¦

¨ltWM�rk����V8�
πMIA = πJ rkact/ZeGJM(]uGJ^8b�]LM�^kf πJ r8X	ZeGJM18M��:i\MCVWX	sJieb�^8i�MLa>X[�JieMCX&b�aY¥�rkieb�r`ac]�M#^`fp]�iebd�ZeMLieb�^8a �¯~"		 YV£scrkiurkKNM�Zei\b�ªCrkZ\b�^`a�]uGcr`aJ_`M8¦ �&^�¢�ML¥8MLi��cM�ÅJ]LMLsWZ±b�a�tJb�Xe]�ieM�ZeM�]Lr8X[M�XL�>Z\GJM2`M �,ieMLVWX�sJi\b�^`i

b�Xmb�KNsJie^`s,MLi�rkact*]Lr`aJaJ^kZ± >M@�cX\MCt*X[b�ac]�M(Z\GcM@tWMCaJ^`KNb�acr�Ze^`im^kf�ZeGJM@]Li\b�Z\MCi\b�^`a�b�X±tWM�¡>aJMCt*�Js}Ze^�r`a
�caJ�YaJ^�¢	a/r8tJtWb�Z\b�¥`M#]�^8acX[Zerka�Z�¦

FHGY�cX(X[^8K@M�tJM�fgrk�c�dZ
πJ G>r�¥`MNZ\^� ,M�X\ML��MC]�Z\MCt�f�^8i#Z\GcM�s>^�XlZeMLieb�^8i�]�^8K@s>rkieb�X\^`a�¦£Pm�Ji�X[Z\iur�Z\MC_`Vb�a § �c¦ ~�¢	b����x >M(Z\^�]L^`acX\b�tJMLimZ\GJMCb�imÀcÂ�¿¤¼<ÁL½¤·gÂ�½ �uÂ ��ÁL½\ºL¾�Á�¶�º�¼ � �Y·¹¸�¾@sci\^8s>MCi[Zeb�M�XL¦�TY�>]uG�sJieb�^8ieXmGcr�¥8M ,MLMCa�MCX\s>M�]�b�rk����V/XlZe�ctWb�MCt£ YV/h$MCMLiuX ����y`��w�	¤�cQ±Gc^8X\G � {��c�`MLi¯jlMLM ���Cy8y`�"	��cÏ±r�Z[Zur � Q±GJ^8X\G����Cy8y8w"	

Ô�Õ$Ö�Ô¹×



�mº��`Á�¿¤·gº�¸��`ºk¼<ºkÓ�À,½¤·gÂ�½NºL¾`½\ÁuÁ�¶�ÁL¸c¼ �

r`act´ÏmrkZ[Zur����Cy8y`��	¤¦�FHGJMCV�sJie^�¥Yb�tWMN^8ietWMCieX±^`f�f�ieMC���JMCa8Zeb�X[Z�¥�rk��b�tJbdZlV*b�a´ZeGcr�Z�X\MLacX\MNZ\G>r�Z#Z\GcM�s>^�Xl�
ZeMLieb�^8i(]L^`aW¡>tJMLac]LM�rkieMCr�K�rkZe]uGJM�X�¢	b�Z\G«ZeGJM�f�ieMC���JMCa�Z\b�XlZN]�^�¥`MCier`_`MN^`a

Θ
¦�¨©a²r�^8aJM��©tWb�K@MCacX\b�^8acrk�

]Cr`X\M �
p = 1

	¤�
πJ b�X+8M��:i\MCVWXL¦ � GJMCa p = 2

�cZ\GJM(i\MLf�MLieMLac]LM#sJieb�^8ieX&r`i\M�ZeGJM� ,MCX[ZmK�r�Zu]uGJb�aJ_�sJieb�^8ieX
�¯��MLie_`MLi	r`act���MCi\acr`ietJ^c� �Cy8y8~�	�¦$Î�^kZeM

ΠJ Z\GJM�X\M�Z	^`f0X\ML��MC]�Z\MCt�aJ^8aJb�aJf�^`ieKNrkZ\b�¥`M�sJieb�^8ieXC¦

�mË �C� Ç ��� Ë ���$��� Ë ����� � a>r�Z\�cier`�¯��X\b�KNsJ��M/¢�r�V´^kf±]�ieMCr�Zeb�ac_*{�¨ � ]Lr`actWb�tJr�ZeMCX(b�X@¢�ML���H��ac^�¢	a²b�a
�Hr�V8MCX\b�r`a/X[ZerkZ\b�XlZeb�]CX&�JactJMLimZ\GJM�Z\MLieK^kf0ÀcÂ�¿¤¼<ÁL½¤·gÂ�½&À,½¤·gÂk½&ML��b�]LbdZur�Zeb�^8a��,r`act�]�^8i\ieMCX\s,^`actJX	Z\^�r`a�r`tY�
jl�>XlZeK@MCa�Z&^kf0b�KNsJie^`s,MLiHsJieb�^8ieXHb�a�Z\^NsJie^`s,MLiHsJieb�^8ieXC¦

FHGJb�XxKNM�ZeGJ^WtW^`��^`_8V�b�X0��b�aJ�`M�t(Z\^±Z\GJM	ac^kZ\b�^`aN^`f¶@·¹¸c·¹¶�º�»,¼¯½\ºk·¹¸c·¹¸Y¾#¿Lº�¶�À,»�Á¤¿ �g{}F&T 	¤�kb�a�Z\ie^YtJ�c]�M�t
r`act/M�ÅYZ\MCactWM�t£b�a£ZeGJM�]�^8a�Z\M�ÅYZ�^`f0�Hr�V8MCX\b�r`a�KN^WtWML�$X[MC��M�]¤Zeb�^8a/ YV£��MLie_`MLi	r`act£h0MLiei\b�]uGJb�b�a}r�X[MCi\b�MCX
^`f�r`i[Zeb�]L��M�X±X\b�ac]�M �Cy8y`�c¦(FHGJMNK�rkb�a*b�tWM�r�b�X±Z\^£�cX\MNscrki\ZeX�^`fpZeGJM�tJr�Zur/r8XmZ\iurkb�aJb�ac_£XerkKNsJ��MCXC¦No�M�Z
πJ(θ)

 >MNrka*b�KNsJie^`s,MLimsJieb�^8iC¦�o�MLZ
X(l)

tWMLaJ^`Z\MNr�scr`i[Z±^kf�ZeGJMNtJr�Zur
Xn

X\�c]uG�r`X
πJ (θ|X(l))

b�X
r�sJie^`s,MLi±s,tYfl¦�Î�^kZeb�aJ_

mJ (X(l))
Z\GJM@K�rkie_`b�acrk�$tWb�XlZei\b� J�WZeb�^8a ∫

p(X(l)|θ) πJ (θ) dθ
��r�Zeier`b�aJb�aJ_

XerkKNsJ��MNb�X#]Crk����M�t�À:½\ÂeÀcÁL½mb�f
0 < mJ (x(l)) < ∞ rkact®¶(·¹¸>·¹¶Nºk»:bdfHbdZ�b�X�sJie^`s,MLi�r`act�ac^£X\�J cX\M�Z#b�Xsci\^8s>MCiC¦ � {}F&T�b�X�ZeG��>XHZ\GJM�KNb�aJb�K�r`�����crka�Z\b�ZlV�^kf0tJr�Zur(f�^`i	¢	GJb�]uG/r`���§s>rkiurkKNM�ZeMLiuXpb�a�ZeGJM#KN^WtWML�

r`i\M±b�tWMLa�Z\b�¡>r` J��M8¦

O�^8actWb�Z\b�^`aJb�aJ_
πJ Z\^�rN{}F&T/_8b�¥8M#rk��X[^�r@sJie^`s,MLi	s,^8X[Z\MLieb�^`i��J]�^`a>X[b�tWMLieMCt/r`X�r�ÀcÂ�¿¤¼©Á�½¤·gÂk½	À:½¤·gÂ�½¤¦

�mX[b�aJ_�KNM�rkacX	^8i�KNMCtJb�r`acX&^8a£{�F&T�]�^8K� Jb�acr�Zeb�^8acXC�Jb�a}Z\GJM�]L^`a�Z\MLÅYZ�^kfxKN^WtWML�$X[MC��M�]¤Z\b�^`a��>��MCr8tJXHZ\^
ZeGJM�tJM�¡caJb�Z\b�^`a²^kf�·¹¸c¼6½¤·¹¸J¿¤·���À:½¤·gÂ�½u¿¤¦´TW�c]uG«sJie^`s,MLi(sJi\b�^`iuX�G>r�¥`M�ZeGJM�XerkKNM�r8X[VYKNsWZ\^`Z\b�]�b�aW°c�JMCac]�M
^8a«�Hr�V`MCX±fgr8]¤Ze^`iuX�Z\Gcr`a�b�KNsJie^`s,MLi�sJi\b�^`iuX

πJ r`act´r�¥`^8b�t*Z\GcM�sJieMCX\MLac]LM�^kf&r£�JaJ�YaJ^�¢	a«]L^`acX[Zer`a�Zb�a}]Lr`��]L�J��r�Z\b�^`a>XL¦HFHGJMLV£]Lr`a}rk��X[^� ,M(X\MLMCa�r`X&ieMCr8X[^8acrk c��M#]�^8aY¥`MLa�Zeb�^8acrk�§sJieb�^`iuXL¦�h �LieMLª ����y`y"�"	Hrka>t
h �Ci\MCª�rka>t²��MLie_`MCi �¯~`z`z�~�	�MLÅ�ZeMLactJMCt�ZeGJb�X@r`sJsJie^8r8]uG�b�a²Z\GJM£X\r`KNM�]�^8a�Z\M�ÅYZN^kf&KN^WtWML�	X\ML��MC]�Z\b�^`a�¦
FHGcMLV/b�a�Z\ie^WtW�c]LM(r�_8MLaJMCier`��KNMCr8X[�JieM �g^kf¹Z\MCa�X\MLMLa}r8Xmr�KNr`i\_8b�a>rk��tWb�X[Z\ieb� J�JZ\b�^`a
	�^`a}r�{}F&T�X\scr`]LM
χ
f�^8i	b�a�ZeML_`iur�Zeb�ac_

πJ (θ|X(l))
¢	b�Z\G�ieMCX\s>M�]¤ZHZ\^

X(l)
¦�TY�c]uG£s,^8X[Z\MLieb�^`i	sJieb�^8ieXHr`i\M#]Lr`����MCt�Á	��ÀJÁ �L¼<Á �

ÀcÂ�¿¤¼©Á�½¤·gÂk½±À,½¤·gÂk½u¿u¦�¬J^`i#KN^8i\MNsJieMC]Lb�X\b�^8a*r` >^8�WZ#Z\GJM�{�F&T�r`act*Z\GJMNM�ÅWs,MC]�Z\MCt�s,^8X[Z\MCi\b�^`i�sJieb�^8i�rksW�
sci\^�r`]uG��WX\MLM � actJi\b�ML�£M�Z(ºk»&% �¯~kz8z���	pr`act���MCi\_8MLi	rkact�h0MLiei\b�]uGJb��6~kz`z�~�	�¦

¨©a�^8�Ji�]�^8a�Z\M�ÅYZ&^`f$sJieb�^`i	KN^WtWML����b�aJ_>�c¢�M#i\MLZerkb�a/Z\GJM�KNr`b�a£b�tWMCrN^`f$�>X[b�aJ_�KNb�acb�K�rk�$���crka�Z\b�ZlV�^`f
tcr�Zer	f�^`i�MC��b�]�b�Z\b�aJ_±X[MC¥`MLiurk�k{}¨ � ]Lr`actWb�tJr�ZeMCX�f�i\^8K {πJ

1 , . . . , πJ
q }
¦�¨©a#f�MC¢�¢�^`iutJXC�C¢�M�]Crka�X\�JKNK�rkieb�ªCM

ZeGJM#¥Yb�X\b�^`a/^kf�ÀcÂ�¿¤¼©Á�½¤·gÂk½HÀ,½¤·gÂk½u¿� YV�ZeGJM�]uGJ^8b�]LM
�`¦H^kfxr@aJ^`aJb�aWf�^8i\K�r�Zeb�¥8Mmsci\b�^`i

πJ b�a ΠJ Í
~W¦H^kfxrka/MLKNsJb�i\b�]Lr`�§^`i	b�K�rk_`b�acr`i\V�{}F&T�X\scr`]LM

χ
�ctWMCs>MCactWb�aJ_�^`a£tJr�Zur

Xn

Í
�J¦H^kfxr@K@M�r`X\�JieM

gi
^8a

χ
¦ � aYV�MC��MCK@MCa�Z&^kf

χ
¢	b����� >M�]Crk����M�t

X(l)
b�a�ZeGJM�f�^`����^�¢	b�aJ_>¦

� M�tWM�]�b�tWM�^kf$Z\GJM#sJie^`s,MLi
πMIA

i

]CrkactJb�tJrkZ\M#X\�c]uG/r8X�Z\GJM#KNM�rka/¢	bdZeG�i\M�X[s,MC]�Z�Ze^
gi

πMIA
i (θ) ∝

∫

χ

πJ (θ|X(l)) gi(dX(l)).
�¯�"	
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FHGcMLa��Wf�ie^`K ^`aJM
πJ �WK�r`a�V�{�¨ � ]Lr`actWb�tJr�ZeMCX	]Lr`a� ,M#ML��b�]�b�Z\MCt�¦

� M�sJie^`s,^8X\MNb�a®Ï�ML¡caJb�Z\b�^`a²~/Ze^}]�^`a>X[b�tWMLi�Z\GJM´º�½¤·¹¼ �Y¶�Á�¼6·�� �`º�¼©º�Ó[ºC¾k½eÁeÁL¶�Á�¸>¼ �L½¤·¹¼©Á�½¤·gºk¦�¨©a�Z\GJM
f�^8����^�¢	b�aJ_�^kfxZeGJb�X±rki\Z\b�]���M`�>¢�M@]�^8K@s>rkieM�Z\GJM(a��cK@MCi\b�]Lr`��ieMCX\�J��ZeX&^`f0Z\GJb�X�M�XlZeb�K�rkZ\b�^`a�¢	b�Z\G}ZeGJM�^8aJMCX
tJMLieb�¥8MCt(f�i\^8K MLÅWsJ��b�]�b�Z�{�¨ � sJieb�^8ieXC¦Î�^kZ\M�Z\GcrkZ�tJrkZer�r`i\M	�cX\MCt@Zl¢	b�]�M�b�a�]Li\b�Z\MCi\b�^`a � !�	$Ze^�^�¥`MCie]L^`KNM
ZeGJM���r`]u�/^kf�b�aWf�^8i\K�r�Zeb�^8a�¦�FHGJM@X[M�]�^8act�sJie^`s,^8Xerk� �6w�	�rksJs,MCr`i\M�t/Z\^� ,M���MCXeX±XlZurk J��M�b�a�X\b�K(�J��rkZ\b�^`acX
¢	GcMLa�f�ML¢StJr�Zur@r`i\M#r�¥�rkb���rk J��M`¦

� �� ����� 	������#~W¦��Á�¼
πJ �uÁ#º�¸£·¹¶�À,½\ÂuÀJÁL½�À,½¤·gÂ�½±·¹¸

ΠJ � ºk¸ �(»�ÁL¼ (X(l1), . . . , X(lL))
�uÁ

L
Ð®Ñ�Ò 
�Â�½

πJ %NÑ �cÁ@ºk½¤·¹¼��W¶NÁL¼6·�� �8º�¼©º�Ó[ºC¾k½\ÁuÁL¶NÁL¸c¼ �L½¤·¹¼<ÁL½¤·gÂ�¸*·�¿

CohA(π;Xn) =
1

L

L∑

i=1

KL
{
πJ (.|X(li),Xn) || π

}

KL {πJ (.|X(li),Xn) || πJ (.|X(li))}
.

� !�	

��� »�Áuº ��Á�Ó[Âk¸,ÁLÓ<Ð²Ñ�Ò,Ó[Â��W¼�� ��ÁL½u¿¤·gÂ�¸�Â�
 �L½¤·¹¼©Á�½¤·gÂk¸��
	��N·�¿

C̃ohA(π;Xn) =
1

L

L∑

i=1

KL
{
πJ (.|Xn) || π

}

KL {πJ (.|Xn) || πJ (.|X(li))}
.

�¯w�	

mÁ�¶�º�½ ��� TY^`KNM�^kZeGJMLi�s>^�X\X\b� cb���bdZeb�M�X�rkieM�ML¥8^`�8MCt*b�a«�Hr�V`M�X[b�rka*��b�Z\MCierkZ\�JieMNf�^`i�ZeGJM��cX\M�^`f�sJie^`s,MLi
sci\b�^`iuXL¦���^�Å�rka>t�FHb�rk^����Cy��k�J�§s�¦ê~k��	@»�Â��eºk»¹» ���W¸>· 
�Â�½¤¶ sJieb�^`iuXmG>r�¥`M�tWMLa>X[b�ZlV�¢	GJb�]uG´X[��^�¢	��V�¥�r`i\b�MCX
^�¥8MLi�Z\GJM/i\MC_`b�^`a�b�a²¢	GJb�]uG«ZeGJM/��b��`MC��b�GJ^Y^Wt´f��Jac]�Z\b�^`a b�X@]�^8ac]�MCa8ZeierkZ\M�t§��rkact²]Lrka® >M/ieML_8r`ietJMCt�r`X
_8^Y^Yt�]Lrka>tWb�tcr�Z\M�XL¦ ��r`i[Zeb�_�rka! X&¶�º �8·¹¶ �W¶ »ý·��8Á�»d· �JÂ�Â �#À,½¤·gÂk½u¿ � ��r`i[Zeb�_�rka�� ��y`y���	0Gcr�¥8M&_`^Y^Wt�ieMCr`X\^`a>X
Ze^� >M}{}¨ � ]Lr`actWb�tJr�ZeMCXNZe^�^>¦ ¨<f�Z\GJMCb�i�tWMLacX\b�Z\b�MCX�MLÅYb�X[ZC��Z\GJMCV®r`i\M}tWML¡caJM�t r8X�sJieb�^8ieX(f�^8i�¢	GJb�]uG
]L^`iei\M�X[s,^`a>tWb�ac_}��r�V8MCX�MCX[Z\b�KNrkZ\M�X(r`i\M/r`X\V�KNsWZe^kZeb�]Crk����V�aJML_8��b�_`b� J��V�tWb �:MLieMLa�Z@f�i\^8K Z\GJM/K�r�ÅWb�K(�JK
��b��`ML��b�GJ^Y^Yt�MCX[Z\b�K�r�ZeM`¦

����� ���! ���� *���� 0 .�� .�"�, *�� &
Î�^kZeM

ΠMIA = {πMIA
i , i ∈ I} ⊂ ΠI r#X[MLZ�^kf§{�¨ � ]CrkactWb�tJrkZ\MCXxr`act@��MLZ πMIA

i ∈ ΠMIA  ,M�r#{�¨ �]CrkactJb�tJrkZ\M(ML��b�]LbdZeMCt�f�ie^`K
πJ rkact*r�KNMCr8X[�ci\M gi

 YV£i\�c��M �g��	¤¦�TY^`KNM@i\�c��M�X�^`f�X[MC��M�]¤Zeb�^8a}b�a
ΠMIAr`i\M�Z\^/ >M@_`b�¥`MCa�¦#FHGJM@ >M�XlZ#]Lr`actWb�tJr�ZeM@X\GJ^`�c��t� ,M �©ZeGJM@��M�X\Xmb�aJf�^`ieKNrkZ\b�¥`M@r`X±s>^�X\X\b� J��M �u¦#FHGJM(Zl¢�^

f�^8����^�¢	b�aJ_(s,^`b�a�ZeX	^`f¥Yb�ML¢ KNr`�`M�X[MCacX\MmZe^�sJieMC]�b�X\MmZeGJb�XH¥�r`_`�JM#X[ZerkZ\MLKNMCa8Z�¦
�`¦	¬$b�iuXlZe��V8�

πMIA(.|Yn)
Gcr`X�Z\^} ,M�ZeGJM�]L��^�X[M�XlZ�tWMCacX\bdZlV�^kf

πJ (.|Yn)
rkKN^8aJ_}rk����]CrkactWb�tJrkZ\MCX

b�a
ΠMIA �0¢	b�Z\G«ieMCX\s,MC]¤Z#Ze^�Z\GcM�{�¨ � K�r`i\_8b�acr`�ptWMCacX[b�ZlV mi(x) =

∫
Θ πMIA

i (θ)p(x|θ) dθ
�

¢	GJMLieM
Yn = Y1, . . . , Yn

r`i\M±b6¦ b6¦ t�¦xier`actW^`K ¥�rkieb�rk J��MCX�tWM�¡>aJMCt�b�a
Sn = S × . . .× S

¢	bdZeG
n��r`i\_8MmMCaJ^`�c_`G�¦�ÏmM�¡cacM�Z\GJM�Á	��ÀJÁ �L¼<Á �mÀcÂ�¿¤¼©Á�½¤·gÂk½�½\Á<¾k½eÁ�¼�r8X

Rn(i) =

∫

Sn

KL
{
πJ (.|Yn) || πMIA

i (.|Yn)
}

mi(Yn) dYn.
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�mº��`Á�¿¤·gº�¸��`ºk¼<ºkÓ�À,½¤·gÂ�½NºL¾`½\ÁuÁ�¶�ÁL¸c¼ y

¬J^8i(ieMCr8X[^8acX#^kf�r8X[VYKNsWZe^kZ\b�]�s,^8X[Z\MCi\b�^`i�ac^`ieKNr`��b�ZlV`�0�Ja>tWMLiN]���r`XeX[b�]Lr`��ieML_`�c��r`i\b�ZlV*]L^`actWb�Z\b�^`a>XL�
Rn(i) → 0

¢	GJMCa
n → ∞ �¯]¤fl¦�O���rkie�`M �Cy`y8y"	�¦$¨<Z	��MCr8tJX�Z\^�X\ML��MC]�Z

πMIA = arg min
i∈I

lim
n→∞

∑

j∈I,j 6=i

Rn(i)

Rn(j)
. (C1)

~W¦&TYMC]L^`actJ��V8�X\b�KNb���r`i\��V�Z\^}��MCi\acr`ietJ^ ����y��ky"	¤�tWM�¡cacMNZ\GJM�Á	��ÀJÁ �L¼<Á ��¾�º�·¹¸®·¹¸²·¹¸�
�Â�½¤¶�º�¼6·gÂ�¸}sJie^k�
¥Yb�tWM�t/ �V�Z\GJM�tJrkZerc�W¢	GJMLieM±Z\GJM#MLÅYs,MC]�ZerkZ\b�^`a£b�XH¢	b�Z\G£ieMCX\s>M�]¤ZHZ\^

mi(x)
�

Kn(i) =

∫

Sn

KL
{
πMIA

i (.|Yn) || πMIA
i

}
mi(Yn) dYn

rkact£X\ML��MC]�Z

πMIA = argmin
i∈I

lim
n→∞

∑

j∈I,j 6=i

Kn(j)

Kn(i)
. (C2)

� � -�- � ������
��1�� 
$1 ����-�1����	�(
�L� � ���/2�� �	�¤�£� � � %'1�2/� � �

¨©a/ZeGJb�X�X[M�]¤Z\b�^`a£rkscsJ��b�]LrkZ\b�^`acXH^`fZeGJM�rkscsJi\^�r`]uG/rkieM±sci\^8s>^�X[M�t�^`a£MLÅYs,^`acMLa�Z\b�rk��r`act � MCb� J�c����KN^WtY�
MC��XC¦&FHGJM�X[M�tJb�X[Z\ieb� c�WZ\b�^`acXmrkieM�rkKN^`ac_�Z\GJM�K@^�XlZ±�cX\MCt/f�^`imKN^YtJML����b�aJ_�ZeGJM���bdf�MLZ\b�KNM�^kf�r�b�actW�>XlZei\b�rk�
]L^`KNs,^`aJMCa8Z�r`act£MCX[Z\b�K�r�Zeb�aJ_NZeGJMLb�i�s>rkiurkKNM�ZeMLiuX�b�X&^`fxsJi\b�K�rkieV�b�a8ZeMLieMCX[Z&b�a�K�r`a�V�i\MC��b�rk cb���bdZlV/XlZe�ctY�
b�MCXC¦±npX[s,MC]Lb�r`����V�b�a}ZlVYsJb�]Lrk�0]Lr8X[M�X�^`fp]�MCacX[^8i\M�t§�:X[K�rk�����<X\b�ªCMCt}tcr�Zerc�,Z\GJM@�cX\M�^kf���r�V8MCX\b�r`a£b�aWf�MCi\MCac]�M
b�XNtWMCX\b�ier` J��M/rkact²Z\GcM�KN^WtWML����b�aJ_�^kf�X[�c WjlMC]�Z\b�¥`M/sJi\b�^`iNtWb�XlZei\b� J�WZeb�^8acX@b�XNr`a²b�a8ZeMLacX\b�¥`M£tW^`K�rkb�a²^`f
ieMCX\MCr`ie]uG�¦$TYMCM�f�^`i	b�acXlZurkac]LM�TYb�ac_`sJ�Jie¢Hrk����r@rkact£{}r`^ ���Cy"���"	��Jrkact/��MLie_`MCiHr`act£TY�Ja�����y`y`�c� �Cy`y�!�	�¦

�+��� ��� . .
	 � � &+. &�,�* $ ��� ��( . �
� M£X[�Jscs>^�X[M�Z\^�G>r�¥`M

Xn = (X1, . . . , Xn)
tJrkZer�¢	bdZeG²s:tYf

p(x|θ) = θ exp(−θx) 1{x>0}
¦

ΠJb�X#ieMCX[Z\ieb�]�Z\M�t}Ze^�ZeGJM 8M��:i\MCVWX�sJi\b�^`i
πJ (θ) ∝ θ−1 ¦ � {}F&T�f�^`i�ZeGJM�M�ÅWs,^`aJMCa�Z\b�rk�xKN^WtWML�6��b�a´Z\GJM�cac]�MCacX[^8i\M�t�]Lr8X[M8�$b�X@r�X\b�aJ_8��M/tJr�ZurJ¦�Î&^kZeM�ZeGcr�Z(Z\GJM/ieb�_8G8Z\�<]LMLacX\^`ieMCt´]Cr`X\M�]Lr`a²rk��Z\MCi\acrkZ\b�¥`MC��V� >M

X\^`��¥`M�t��cX[b�aJ_}X\s>M�]�b�rk� `M �,ieMLVWX#sJieb�^`iuX�tWM�¡>aJMCt´ YV´Ï�M£TWrka�Z\b�X#MLZ£º�»�% �¯~`z`z ��	±^`i��cX[b�aJ_�¿LÁ � �cÁ�¸>¼¯·gºk»
¶@·¹¸c·¹¶�º�»x¼6½\ºk·¹¸c·¹¸�¾�¿Lº�¶�À,»�Á�¿ �6TW{}F&T�	±b�ac]����ctWb�aJ_�]�MCacX\^`ieMCt}^8 cX\MLie¥�rkZ\b�^`acXC�§tWM�¡>aJMCt* YV���MLie_`MLi�rka>t
h0MCi\ieb�]uGcb �6~kz8z8~�	�¦x¬J^`i	ieMCr8X[^8acX�^kfxX[b�KNsJ��b�]�b�ZlV�ZeGJb�X	]Lr`X\M�¢	b�����aJ^`Z	 >M�]L^`acX\b�tJMLieMCt�GJMLieM`¦

8� � �`���Ì �gÌ$�W� Ç ��� Î&^`Z\M�Z\GcrkZ�Z\GJM 8M��:ieMLVWX/s>^�XlZeMLieb�^8i/b�X/Z\GcM G(n,
∑n

i=1 Xi)
tWb�X[Z\ieb� J�JZ\b�^`a��

¢	GcMLieM G(a, b)
b�X�Z\GJM£Q�rkKNK�r}tWb�XlZei\b� J�WZeb�^8a�¢	bdZeG«KNMCrka

a/b
r`act´¥�rkieb�r`ac]�M

a/b2 ¦}¬Jie^`K πJ ¢�Msci\^8s>^�X[MmZ\GJieMLM#{�¨ � ]CrkactJb�tJrkZ\M�X	tWMLs,MLactJb�aJ_Nf�ie^`K tJr�ZurJ¦
�`¦±Ò
��� ��·gÁL¸c¼���Âk¸����`¾�º�¼©Á���½¤·gÂk½ �6Ò���� ��¦cO�GJ^Y^8X\b�aJ_

g1
r8X�ZeGJMmÏmb�ier8]�tWb�XlZei\b� J�WZeb�^8a�]�^8ac]�MCa�Z\iur�Z\M�t

r�Z£Z\GcM´X\�WÃ�]�b�MLa�Z}X[Zer�Zeb�X[Z\b�]�b�a ie�J��M �¯��	¤�#r acr�Ze�Jiurk��sJieb�^8i�b�X/Z\GJM´MLÅYs,^`acMLa�Z\b�rk��]L^`a�jl�J_�r�ZeM
πMIA

1 (θ) = G(1, n−1
∑n

i=1 Xi)
]�MCa�Z\MLieMCt£^8a�Z\GcM(K�r�ÅWb�K��JK ��b��8ML��b�Gc^�^Wt�M�XlZeb�K�rkZ\^`i �g{�o�n 	
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θ̂n = n−1
∑n

i=1 Xi
¦ FHGJb�X�rkscsJi\^�r`]uG²]CrkaÄMCr8X[b���V� >M}r8tJrksWZeMCt®Z\^�]LMLacX\^`ieMCt®tJr�ZurJ¦ FHGJMCa

]�iebdZeMLieb�^8a �6~ 	¤� Rn(1)
rkact Kn(1)

rkieM�MLÅWsJ��b�]�b�ZC¦x¨©a�scrki\Z\b�]��c��r`iC�Yb�Z	]Crka� >M±MCr8X[b���V�sci\^�¥8MCtNZeGcr�Z
Rn(1) ∼ (3n)−1 f�^`i	��rkie_`M�¥�rk���JMCXH^`f n ¦

~W¦���¶�À,·¹½¤·��uº�»��	Â�¿¤¼<ÁL½¤·gÂ�½ ��½¤·gÂ�½ ���H¶ � � ��¦�O�GJ^Y^8X\M
L
r�aY�JK( >MCi�^`fx{�F&T�Z\^� ,M(XerkKNsJ��MCt�f�ie^`K

tJr�Zur
Xn

¦�¬c^`ieKNr`����V`�
L = n

b�f0tcr�ZerNr`i\M�b6¦ b6¦ t�¦ �grkscsJ��b�MCt/b�a/Z\GJM�f�^8����^�¢	b�ac_(aY�JKNMLieb�]Lrk�§MLÅWs>MCi[�
b�KNMCa8ZuX 	�¦�TYMLMN��MLie_`MLi#r`act}h0MLieieb�]uGJb �6~kz`z�~�	mrkact���rkiuX\Gcr�¥WX[�YV���Cy8y8w"		f�^8i±KN^8i\M@sJieMC]�b�X\b�^8acXL¦
FHGJMLa�tWML¡caJM

πMIA
2 (θ) =

1

L

L∑

l=1

πJ (θ|Xl),

MCr8]uG
πJ (θ|Xl)

 >MCb�ac_Nr`a£M�ÅWs>^8aJMLa�Zeb�r`� G(1, Xl)
tJb�X[Z\ieb� c�WZ\b�^`a�¦

�J¦�� ��ÀJÁ �L¼<Á � �	Â�¿u¼©ÁL½¤·gÂ�½ ��½¤·gÂ�½ ��� � � � ��¦�FHGJM&Z\GJb�iet�]CrkactJb�tJrkZ\M	b�Xpr�]L^`KNKN^`a�tWb�X[Z\ieb� J�JZ\b�^`a�^`ieb�_`b��
acrk����V�ML��b�]�b�Z\MCtNr8Xxrka@b�a�Z\ieb�acX[b�]�sJieb�^8i �g��MLie_`MCi0r`act(h$MCi\ieb�]uGJb¯��~kz`z�~�	�¦Î&^`Z\b�aJ_±Z\GcrkZ�bdZ�b�XxMC��b�]�b�Z\M�t
�cX\b�aJ_

g3(x) = p(x|θ̂n)
b�a/ie�J��M��g�"	��ctWML¡caJM

πMIA
3 (θ) =

θ̂n(
θ̂n + θ

)2 .

8� � � Ç 9 Ç �k� � Ë � � Pma(¬$b�_`�JieM ��b�XxtWb�X[sJ��r�V`M�t�Z\GcM	ML¥`^8���JZ\b�^`a�^`f,���crka�ZebdZeb�M�X Rn(i)
r`act Kn(i)

¢	b�Z\G
ieMCX\s,MC]¤Z	Ze^�X[b�ªLM

n
¦�{}rkie_`b�acr`��tWMLacX\b�Z\b�MCX	b�a}X[MC��M�]¤Zeb�^8a�ie�J��MCX

(C1)
r`act

(C2)
tJMLs,MLact/Zl¢	b�]�M#^8a£tcr�Zer

X\b�ac]�M�{�¨ � ]Lrka>tWb�tcr�Z\M�X&rkieM�tJrkZer��©tWMCs>MCactWMLa�Z�¦�FHGJMCa}]�^8K@sc�WZerkZ\b�^`acX	^`f Rn(i)
rkact Kn(i)

G>r�¥`M±Z\^
 ,M�tW^8aJM#�cX\b�aJ_Nb�KNs>^8i[Zurkac]LM�XerkKNsJ��b�aJ_Nf�i\^8K b�actWMLs,MLa>tWMLa�Z�sJieb�^`i	tWb�XlZei\b� J�WZeb�^8acXL¦�³��J���� cr8]u�8�©o�MCb� c��MCi
tJb�X[Zer`ac]�M�XHGcr�¥`M± >MCMLa�]�^8KNsJ�WZ\M�t/ �V�{�^`a�Z\M�O�r`i\��^Nb�a�Z\MC_`iur�Zeb�^8a�¢	b�Z\G��`zc� z8z`z�s>rki\Z\b�]���MCXC¦
O�^8a�¥8MLie_`MCac]�M@Z\^*z�rkact�tWb�¥`MCi\_8MLac]LMNsJ��^`ZeX�^`a�¬$b�_8�Ji\M���i\M�X[s,MC]�Z\b�¥`ML��V*Xer�V}ZeGcr�Z( >^`Z\G«]�ieb�Z\MLieb�r

(C1)
r`act

C2)
¢	b����xf�^`i\Z\�cacr�ZeML��V�X[MC��M�]¤Z�Z\GcM�]�^`akjl�J_8rkZ\M�TcO�hSsJieb�^8i�r8X±Z\GJM���MCXeX�b�aWf�^`ieK�r�Z\b�¥`M�{�¨ �

]CrkactJb�tJrkZ\M8¦ �&^�¢�ML¥`MCiC�>]�iebdZeMLieb�^8a
C2)
]Crka}X\ML��MC]¤Z±r�{�¨ � ]CrkactJb�tJrkZ\M#fgr`i&f�ie^`K Z\GJM@{}o�n X[b�ac]�M�Z\GJM

s,^8X[Z\MCi\b�^`i\�<sJi\b�^`i�tJb�X[Zer`ac]�M/b�a>]�ieMCr`X\MCX�¢	bdZeG
n
¦�¨<ZNM�ÅWsJ��rkb�acX�Z\GJM£tWb&�,MCi\MCac]�M�X� ,M�Zl¢�MLMCa²GJb�MLiurkiu]uGJb�MCXC¦

¨©a>tWMLM�t�]�MLa�Zeier`�J¥�rk���JMCXx^`f:Z\GJM&npK@hph²sJieb�^8iprkieMHfgrki�f�i\^8K
θ̂n
���JaJ��b��8M�TcO�h²rka>tNnxÅWh�h«sJieb�^8ieXC¦FHGcb�X

��MCr8tJXH�cX�Ze^�sJi\MLf�MLi&]Li\b�Z\MCi\b�^`a
(C1)
¦

� �W��� É ���>� ÇYÇ � Ç �:� Ë	� � � Ë ��
����,�W� Ç �$��� Ë � � � M*XerkKNsJ��MCt r �Czk�<X\b�ªCMCtÄtJrkZer��©X\M�Z E f�ie^`K'rkaMLÅWs>^8aJMLa�Z\b�rk��tJb�X[Z\ieb� c�WZ\b�^`a/¢	bdZeG£scrkiurkKNM�ZeMLi
θ0 = 150−1 �

E = (142.76, 142.99, 470.3, 419.09, 185.20, 84.41, 8.13, 27.15, 573.17, 17.12)

FHGJM�{}o�n
θ̂n = 207−1 �JactJMLieMCX[Z\b�KNrkZ\M�X&ZeGJMNi\M�rk�0¥�rk���JM`¦ � MN_`b�¥`M(b�a´Fr` J��M �(Z\GJMN¥�rk���JM�Xm^`fZeGJM&tJrkZer��©rk_8i\MCMLKNMLa�Zx]�iebdZeMLieb�^8a �¯~ 	xr`act@bdZuXpr`i\b�Z\GJKNMLZ\b�]H¥`MLiuX\b�^8a � ! 	0¢	b�Z\G�ieMCX\s>M�]¤ZxZ\^�ZeGJM	¥�rkieb�rkZ\b�^`acX

^`fr@]�^`akjl�J_8rkZ\M±sJi\b�^`i
π(θ) = G (a, aXe)

¢	GJMCi\M
Xe
b�XHr(]LMLa�Z\iurk�:¥�rk���JM±_`b�¥`MLa� YV�rka�MLÅWs>MCi[Z&rka>t

ab�X	tWb�i\M�]¤Zeb�aJ_@ZeGJM#sJieb�^8i	¥�r`i\b�rka>]�M��rki
[θ] = (a.X2

e )−1 ¦

Ô�Õ$Ö�Ô¹×
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¬$b�_`�JieM � ��np¥`^`���WZeb�^8acXH^kf Rn(i)
����M�f¹Z�		rka>t Kn(i)

�gi\b�_`G�Z�	�f�^`iHZ\GcM�{�¨ � ]Lr`actWb�tJr�ZeMCX �6TcO�h �
i = 1

�
npK@hph �

i = 2
rkact�nxÅWh�h �

i = 3
	�¢	bdZeG£i\M�X[s,MC]�Z�Ze^�X[b�ªLM

n
¦

FHGJM(b�a�ZeML_`MCi
a
b�X�MC���Jb�¥�rk��MLa�Z�Ze^�Z\GcM@X\b�ªCM�^kfpr�¡>]¤ZebdZeb�^8�cXmM�ÅWs>^8aJMLa�Zeb�r`�XerkKNsJ��M

X̃a

¢	bdZeG}KNMCr`a
Xe
¦&TYb�ac]�M

π(θ) ∝ πJ (θ)L(X̃a, θ)
¢	GJMCi\M L(X1, . . . , Xn, θ)

b�XHZ\GcM�M�ÅWs,^`aJMCa8Zeb�r`����b��8ML��b�GJ^Y^Wt§�cZ\GY�cX
π
]Lrka� >M�X\MLMLa/r`X�r�s,^8X[Z\MCi\b�^`i�sJieb�^8ipZe^�^>¦$�&VYs>MCi\s>rkiurkKNM�ZeMLi

Xe
b�X�K�r`tWM±¥�rkieV�b�aJ_�f�i\^8K ��z#Ze^Nw`z`zJ�

¢	b�Z\G´ ,MCX[Z�]uGJ^`b�]�M�rkZ
X̄ = 207

��¢	GJb���M
a
b�X�]uGc^8X\MLa}Ze^}]�^8i\ieMCX\s>^8act�Ze^/¡>]¤ZebdZeb�^8�cX�X\b�ªCMCX�w/rkact#��zJ¦

¨<Z#KNMCr`acXmZ\GcrkZ�Z\GJMNsJieb�^8i�Zeier`acX\��rkZ\MCX±r`X±K(�c]uG�b�aWf�^`ieK�r�Zeb�^8a*r`XmZeGJMNGcrk��f�r`act�ZeGJM�]�^`KNsJ��M�ZeM@tcr�Zer
XerkKNsJ��M`�WieMCX\s,MC]¤Zeb�¥8ML��V`¦

¬ci\^8K)Z\GJM�X[M#ieMCX\�J��ZeX	X\^`KNM�b�a�ZeMLieMCX[Z\b�aJ_Ns>^8b�a�ZeX	]Crka/ >M#Gcb�_8GJ��b�_`G�ZeMCt§¦
�`¦ � M/aJ^`Z\M�ZeGJM�sci\^�ÅWb�K@b�ZlV�^`f&i\M�X[�c�dZuX� ,M�Zl¢�MLMLa®]�iebdZeMLieb�^8a �¯~�	�rkact � !"	�b�a®tW^`K�rkb�acX�^kf�tJrkZer��
rk_8i\MCMLKNMLa�ZC¦´FHGJM�TcO�h X[MC��M�]¤Z\M�t�sJieb�^8i(b�X@X[��b�_8G�Z\��V�K@^8i\M�i\M�XlZei\b�]¤Zeb�¥8M`¦ � GJMLa tWM�ZeMC]�Z\b�^`a²^`f
]�^8aW°cb�]¤Z#b�X#Z\GJMNK�rkb�a�r`b�K£��Z\GJM�{�¨ � MC��b�]�b�ZerkZ\b�^`a´rkact�X[MC��M�]¤Zeb�^8a�]Crka� ,M�r�¥`^8b�tJMCt}�>X[b�aJ_/Z\GJM
rkiebdZeGJKNM�Zeb�]#]Li\b�Z\MCi\b�^`a � !�	�¦

~W¦	FHGJM´ML¥8^`���WZ\b�^`a ^`f(X[Zer�Zeb�X[Z\b�]LX�f�^8����^�¢&X�r`a b�a�Z\�Jb�Z\b�¥`M�rka>t sJieMCtWb�]¤Zeb� c��M�¥Yb�X\b�^8a�¦ FHGJM´ ,M�Z[ZeMLi
tJr�Zur��©rk_8i\MCMLKNMLa�Z&f�^8����^�¢&X&ZeGJMNtWMC]Li\M�r`X\b�aJ_�^kf |Xe − X̄| ¦ � bdZeG�ZeGJM(b�ac]Li\M�r`X\b�aJ_�^kf a �gX\^�Z\GJM
tWMC]Li\M�r`X\b�ac_�^kf§ZeGJM�sJieb�^`ip¥�r`i\b�rkac]LM�	��kZ\GcM±X\b�ªCM&^kf§ZeGJM�tJr�Zur��©rk_`ieMLMCKNMLa�Zxb�a�Z\MCi\¥�r`�>b�X�tJMC]�ieMCr8X[b�aJ_>¦
O�i\b�Z\MCi\b�r �¯~�	�r`act#� !�	±r`i\MNKNb�acb�KNb�ªLMCt�b�a

a = 10
��Z\GJM�X\b�ªCMN^kfpZeGJM�ieMCrk�xXerkKNsJ��M�	m¢	GJMCa*ZeGJM

M�ÅWs,MLi\Z&^`sJb�aJb�^`a/b�XHs,MLi\f�MC]�Z\��V�b�a£r`_`ieMLMCK@MCa�Z�¢	b�Z\G�tJrkZer �
Xe = 207

	�¦
�J¦Hn�¥`MCa«r£_`^Y^Wt�M�ÅWs>MCi[Z�¥�r`���JM�]Crka´ ,M�¡cacr`����V�ieMljlM�]¤Z\M�t�bdfHZ\GcM�sJieb�^8i#b�X�Z\^Y^�b�aJf�^`ieKNrkZ\b�¥`M �gX\MLM
¬$b�_>¦ ~"	¤¦0¨©a�^`Z\GJMCi�¢�^`iutJXC�kZ\GcM±tJrkZerk�<r`_`ieMLMLKNMCa8Zp]Li\b�Z\MCi\b�r�tJb�Xe]Lr`ietN�JaY Jb�r`X\MCt�sJi\b�^`iuX�¢	b�Z\G/X[K�r`���
¥�rkieb�r`ac]�M�X�r`act/¥`MCi\V� Jb�r`X\MCt�sJieb�^8ieX�¢	b�Z\G£��rkie_`M�¥�rkieb�r`ac]�M�XL¦

ÖÖä�'cô¤ð¤ó¤ó
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T>O�h npK@hph nxÅWh�h

h�ieb�^`i	sJie^`s,^8Xerk��X
π

��rk���JMCXH^`f Cohi(π;Xn) CohA(π;Xn)

a = 5 Xe = 10
��~W¦ y�� �c¦ �`wkz yc¦ ��~k� �c¦ �8z8w

Xe = 150
zc¦ !"!�! zJ¦ �`��! zJ¦ê~k��w zJ¦ �����

Xe = 207
zc¦&��wk� zJ¦ z`y � zJ¦ z���w zJ¦������

Xe = 300
zc¦ �8��� zJ¦ê~ ��~ zJ¦ !8z�~ zJ¦ !8� �

Xe = 500
�c¦ !"!�! �`¦ �8~�� ~W¦êw�!�� ~W¦ �8~`�

a = 10 Xe = 10
~8wW¦ �`� ���Y¦ê~�! ���Y¦ y8w ���Y¦ !8z

Xe = 150
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Xe = 207
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Xe = 500
�c¦ w��`z �J¦ !"� � !c¦ � !Yw !c¦ !8�8�

F$rk c��M � ����rk���JMCX�^kf�]Li\b�Z\MCi\b�r Cohi
rka>t CohA

f�^`i�sJieb�^8i�]uGJ^8b�]LMCX
π(θ) = G(a, a.Xe)

f�^8i�tJrkZer�X\M�Z E ¦
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¬$b�_`�JieM	~ ��np¥`^`���WZeb�^8a(^`f CohA(π;Xn)
b�a@f��Jac]�Z\b�^`a@^kf

Xe
rkie^`�Ja>t#Z\GcM� ,MCX[Z�M�ÅWs,MLi\Z�]uGJ^`b�]�M � ' 207

	¤�
f�^8i&X[MC¥`MCier`�,b�ac]Li\M�r`X\b�aJ_@¥�rkieb�r`ac]�M�XL��f�^8i&tJr�Zur@X\M�Z E ¦

Ô�Õ$Ö�Ô¹×
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�+��� ��� .�� . *���� ��� � ��(+.��
�Hr�V8MCX\b�r`a�b�aWf�MCi\MCac]�M/¢	b�Z\G«ZeGJM � MCb� c�J���&tJb�X[Z\ieb� c�WZ\b�^`a®ier`b�X\MCX@X[^8KNM�]�^8KNsJ��b�]LrkZ\b�^`acXC�pX\b�a>]�M/bdZ�tW^YMCX
ac^kZ±r8]L]LMLsWZ#]�^8a�jl�J_8rkZ\M(sJi\b�^`iuXC¦mFHGJMNX[s,MC]Lbd¡,]Lr�Zeb�^8a}^kf�rkaYV£sJi\b�^`im��M�r`tJXmZe^��cX\M(aY�JKNMCi\b�]Lr`��Z\^Y^8��X�r`X
r8]L]LMLsWZur�Z\b�^`aJ�6ieMljlM�]¤Z\b�^`a#r`��_8^`iebdZeGJK�XL��{*O�{*O*^8ib�KNs>^8i[Zurkac]LMpX\r`KNsJ��b�aJ_	ZeMC]uGJacb�]CX�f�^8i$]L^`KNsJ�WZeb�aJ_�Z\GJM
s,^8X[Z\MCi\b�^`i�tWb�XlZei\b� J�WZeb�^8a�¦0¨©a�Z\GcM&f�^`����^�¢	b�aJ_>��]Crk��]��J��r�Zeb�^8acX�^kf�b�a8ZeML_8ierkZ\b�^`a�]�^YMLÃ�]Lb�MCa�ZeX�rkact�s,^8X[Z\MCi\b�^`i
XerkKNsJ��b�aJ_�¢	b����: ,M±tW^8aJM��>X[b�aJ_�h0^8sJ�J��r�Z\b�^`a�{�^`a�Z\M#O�rkie��^(rk��_`^`ieb�Z\GJK�X �<O�ML��ML�WÅ�MLZ#ºk»&%p~`z`z`�c�YO�r`sJs��
MLZ�ºk»&%�~`z`z�!c�8Ïm^`�>]&M�Z�º�»�%p~kz8z8w"	¤��¢	GJb�]uG�sJi\^�¥Yb�tWM�r8tJrksWZur�Zeb�¥8M&KNbdÅYZ\�ci\M�Xp^`ftWMLa>X[b�Z\b�MCX�]�^8a�¥8MLie_`b�aJ_�Z\^
ZeGJM#s,^8X[Z\MLieb�^`i	tWb�XlZei\b� J�WZeb�^8a�b�a/Z\MLieK�XH^kfx³��J���� cr8]u��tWb�¥`MLie_`MCac]�M8¦

� M&X[�csJs>^�X[M�Ze^#Gcr�¥`M
Xn = (X1, . . . , Xn)

tJr�Zur±¢	bdZeG@s:tYf
p(x|θ) = βη−βxβ−1 exp(−η−βxβ)

¦
¬c^`����^�¢	b�aJ_�TY�Ja ����y`y � 	¤��¢�M�]L^`acX\b�tJMLi@Z\GJM}X\MC]L^`actW�6^8ietWMCi(K�rkZe]uGJb�aJ_´i\MLf�MLieMLac]LM£sJi\b�^`i

πJ (η, β) ∝
(ηβ)−1 ¦ � {}F&T}f�^`i�ZeGJM � MLb� J�J���pKN^WtWML�6��b�a�ZeGJM��Jac]LMLacX\^`ieMCt�]Lr8X[M8��b�X#r/]L^`�Jsc��M (Xi, Xj) > 1

�
�
Xi 6= Xi

	�¦(Î&^`Z\M(Z\GcrkZ#¢�MNtWM�¡>aJMNaJ^�Gcb�MCier`ie]uGYV£ >MLZl¢�MCMLa�Z\GJM@Zl¢�^�scr`ier`KNM�Z\MCieXC�:b¯¦ M`¦(¢�MNtW^/aJ^kZ
]L^`acX\b�tWMLi�Z\GcM#i\MLf�MLieMLac]LM±sci\b�^`iHb�a�ZeGJM�]Lr8X[M�^`f$r@aY�Jb�Xerka>]�M�scrkiurkKNMLZ\MLi�¦

� ��� �
	 � � Ç�� ��9 �g����� 8  � �`� �$Ì �gÌ$�W� Ç �
¨©a*rk cX\MLac]LM�^kf�]L^`aY¥`MCaJb�MCac]�M�sJi\b�^`iuXC�JZ\GcM�s,^8X[Z\MLieb�^`i&sJieb�^`imr`sJsJie^8r8]uG/X\MLMCKNX±r�acrkZ\�Jiurk�¢�r�V/^kfxMC��b�]¤�
b�ZerkZ\b�^`a}r`act/Z\GJM(KN^8X[Z�b�a�Ze�JbdZeb�¥8M�b�tWMCr�b�X&Z\^��cX\M#ZeGJM�n�KNh�h ]Lr`actWb�tJr�ZeM`¦&Î&^`Z\M�Z\GcrkZ&f�^`i±rkaYV/{�F&T
(Xi, Xj)

ZeGJM#s>^�XlZeMLieb�^8iH^kf$Z\GJM#ieM�f�MCi\MCac]�M±sJieb�^8i	b�X �¯]¤fl¦���MLie_`MCi�MLZ(º�»&% �Cy8y���	

πij(η, β) = (2(XiXj)| log Xi/Xj |)−1 (XiXj)
β−1

βη−2β−1 exp
(
−η−β

(
Xβ

i + Xβ
j

))

FHGcMLa®]L^`acX\b�tWMLi(Z\GJM£aJMC¢ scr`ier`KNM�Z\ieb�ªCr�Zeb�^8a
η → µ = η−β � β → β

¢	b�Z\G 8r8]�^8 Jb�r`a
J(µ, β) =

βµ1+1/β ¦ FHGJM�]�^8i\ieMCX\s>^8actWb�aJ_«b�KNsJi\^8s>MCi�sci\b�^`i/b�X πJ(µ, β) ∝ (µβ2)−1 ¦ FHG��>X πij(µ, β) =
πij(µ|β) πij(β)

¢	bdZeG

πij(µ|β) = G
(
2, Xβ

i + Xβ
j

)
,

πij(β) =
(XiXj)

β−2

2| logXi/Xj |
(
Xβ

i + Xβ
j

)2 .

ÏmMC]Lb�tJb�aJ_�^kfxaY�JK� ,MLiuX
L1
r`act

L2
X[�c]uG}Z\GcrkZ

L = L1L2
b�X	ZeGJM(Z\^kZurk�a��cK� ,MLi±^kfxs>^�X\X\b� J��M@{}F&T:�

ZeGJM#ieMLscr`ier`K@MLZ\ieb�ªCMCt�npK@hph sJi\b�^`i&r`act�s>^�XlZeMLieb�^8iHr`i\M

πMIA
1 (µ, β) =

1

L1L2

L1∑

i=1

L2∑

i=1

πij(µ|β) πij(β),

πMIA
1 (µ, β|Xn) =

L1∑

i=1

L2∑

j=1

αij πij(µ|β,Xn) πij(β|Xn)
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¢	b�Z\G

πij(µ|β,Xn) = G
(

n + 2,

n∑

k=1

Xβ
k + Xβ

i + Xβ
j

)
,

πij(β|Xn) ∝ βn

(XiXj)
β

(
n∏

k=1

Xk

)β

(
n∑

k=1

Xβ
k + Xβ

i + Xβ
j

)n+2

r`act

αij =
νij

L1∑
p=1

L2∑
q=1

νpq

,

νij =

{
2| log Xi/Xj |

(
n∏

k=1

Xk

)
(XiXj)

2

}−1 ∫ ∞

0

βn

(XiXj)
β

(
n∏

k=1

Xk

)β

(
n∑

k=1

Xβ
k + Xβ

i + Xβ
j

)n+2 .

FHGcMxn�KNh�h}sJieb�^8i§b�X�b�a�ZeMLieMCX[Z\b�aJ_	X[b�ac]�Mxb�Z�b�X§M�ÅWsJ��b�]�b�ZC¦{}^`ieML^�¥`MCiC��Z\GJM�]uGJ^8b�]LMx^kf�Z\GJMpaJML¢�scrkiurkKNMLZ\ieb�ª�r��
Zeb�^8a(K�r`�`MCXZeGJM	s>^�XlZeMLieb�^8i$XerkKNsJ��b�aJ_�MCr`X\b�MLi�¦ � �JaJb����JM	X\r`K@sc��b�aJ_#rk��_`^8i\b�Z\GJK ¢	b�Z\G�Q±b� J cX�XerkKNsJ��b�ac_
X[Z\MCs�b�XHaJMLM�tWMCt�f�^`i�ZeGJM�¢	GJ^`��M±]L^`KNsJ�WZur�Zeb�^8a�^kf$n�KNh�h rkact�rkiebdZeGJKNM�Zeb�]�tJrkZer��©rk_8i\MCMLKNMLa�Z�]Li\b�Z\MCi\b�rJ¦

� ��� ��� � Ç �C�C� Ë � Ì�J�C� É ���c� ÇYÇ � Ç �:� �
¨©a�F$rk J��M�~±ieb�_8G8Z\�<]LMLacX\^`ieMCt���b�f�M�Zeb�KNM�tcr�Zer

X1, . . . , Xn
�
n = 18

	�f�ie^`K�n�Ïm¬�aY�c]���MCr`i�tWML¥Yb�]�M�X ���cX\MCt
b�a²X\MC]L^`actJr`i\V�¢Hr�Z\MCi(]Lb�iu]��Jb�Z 	(rkieM�_8b�¥8MLa�¦´ÏmrkZer*rkieM�_`b�¥`MCa«b�a®V`M�rkiuX�rkact«K��J��Z\b�sJ��b�M�t² YV �Cz ��f�^`i
ieMCr8tWb� Jb���b�ZlV 	�¦¬c^`i0sJGYVWX[b�]Lr`�8ieMCr8X[^8acXr`act�r8]L]L^`iutWb�ac_&Z\^�rm��r`i\_8M�]�^8acX\MLacX\�cXC�CZeGJ^8X\MHtJr�Zurmr`i\MHr`XeX[�cK@M�t
Ze^�]�^`KNM@f�ie^`K�r � MCb� c�J����tWb�X[Z\ieb� J�WZ\b�^`a�¦NFHGcM�{}o�n b�X

(η̂n, β̂n) = (140.8, 4.51)
¢	b�Z\G´MCX[Z\b�K�r�Z\M�t

X[Zer`actJr`iet/tWML¥Yb�r�Zeb�^8acX
σ̂n = (7.3, 1.8)

¦�FHGJM#GJb�_`G£¥�rk���JM�^`f
β̂n
b�X	�JaY�cX\�crk��b�a�ieML��b�r` Jb���b�ZlV�sJie^` c��MCKNX

r`act�sJ��M�r`tJX �g��b��`M±Z\GcM#��r`i\_8M�MCX[Z\b�K�r�ZeMCt/XlZurkactJr`iet�tWML¥Yb�r�Zeb�^8a
	pf�^`i&r@��r�V8MCX\b�r`a�MCX[Z\b�K�r�Zeb�^8a�¦x¨©actWMCMCt§�
β > 2

]uG>rkiur`]¤ZeMLieb�ªCMCX0r�X[VWX[Z\MCK�¢	GJ^�X[M	rk_8b�ac_mfgr`b����JieM	ierkZ\MHb�X�r`]C]�ML��MLiur�ZeMCt �gX\MLMHf�^`ipb�acX[Zer`ac]�M	or�¢	��M�X\X
��y���~�	¤¦ � GJMCa�rk_`b�aJ_£b�X�r`XeX[�cK@M�t§�§ZeGJM�¥�rkieb�rkZ\b�^`a�tW^`K�rkb�a

Dβ = [1, 5]
b�X��>X[�cr`����V*]L^`acX\b�tWMLieMCt�r`X

ieMCr8X[^8acrk c��M8¦
F¢�^/sJieb�^8im^8sJb�aJb�^8acX±rkieM(r�¥�rkb���r` J��M�^`a

X
�§_`b�¥`MCa} YV�b�a>tWMLs,MLactJMLa�Z#M�ÅWs>MCi[ZuX E1

rka>t E2
¦�FHGcMLV

r`i\M	X\�JKNK�rkieb�ªCMCt(b�a�F$rk J��M&�W¦xFHGJM E1
^`scb�aJb�^`aNb�Xx��rkie_`ML��V�KN^`ieMHb�aJf�^`ieKNrkZ\b�¥`MHZeGcrka E2

rkact@ ,^kZeG�rkieM
ieb�_`G�Z[�©X[Gcbdf¹ZeMCt�¢	bdZeG/ieMCX\s,MC]¤ZHZe^Ntcr�Zer �gaJ^kZeM�Z\GcrkZ	]LMLacX\^`ieMCt�tJr�Zur@KNr�V�GJb�tJM�r(ieMCr`�§tJr�Zur��©rk_`ieMLMCKNMLa�Z
f�^8i�ZeGJM�sJieb�^8ieX 	¤¦�FHGJb�X(b�X(rka�M�ÅJr`K@sc��M�^`f	b�ac]L^`GJMCi\MCac]�M�^kfHZ\b�KNM� ,M�Zl¢�MLMLa�s>r`X[Z(tJr�Zur}rka>t´M�ÅWs>MCi[Z
^8sJb�aJb�^8acX�Zerk�Yb�aJ_�r`]L]L^`�Ja�Z$^kfJZeMC]uGJaJb�]Lr`�YML¥`^8���JZ\b�^`a��kr8X�b�a�Z\ie^YtJ�c]�M�t�b�aNTYM�]¤Zeb�^8a �`¦${�^`ieML^�¥8MLi�Z\GJMCV�rkieM
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�mº��`Á�¿¤·gº�¸��`ºk¼<ºkÓ�À,½¤·gÂ�½NºL¾`½\ÁuÁ�¶�ÁL¸c¼ ��w

ieMCr`�,fgrkb����JieM±Z\b�KNMCX�� ��� !c¦ yJ� ��w`~W¦��`� ���`�J¦ �Y� �"� !c¦ �J� �"�CzJ¦ zJ� ��~`yJ¦ zJ� ���c¦ �W� �k~W¦ �J� ���8~J¦ ~J�Yy �`¦ �
ieb�_`G�Z[�©]�MCacX[^8i\M�tNZ\b�KNMCX�� �kzJ¦ zJ� ��w`yJ¦êwW�Wy��c¦ wJ� �C���W¦ ~J�W�`�J¦ �J�Wy�wW¦ �J� �`zc¦ yc� �8�J¦ê~

F$rk J��M�~ �xo�bdf�MLZ\b�K@M�tcr�Zer(f�ie^`K n�Ïm¬®aY�c]���MCr`i&tWML¥Yb�]�M`¦

ac^kZ&b�a8ZeMLiei\^8_8rkZ\MCt�r�Z&ZeGJM�XerkKNM���MC¥`MC��^kfxsJieMC]Lb�X\b�^8a�¦ E1
b�X�rNaY�c]���MCr`i	^`s,MLiur�Ze^`i&rka>t/X\s,MCrk�WX�f�^8i&^`aJM

s>rki\Z\b�]��J��rki#]�^8KNs>^8aJMLa�Z�¢	GJb���M E2
]Lrka� ,MNX\MLMCa�r8X#r£]�^`KNs,^`aJMCa�Z�sci\^WtW�c]LMLi�¢	GJ^�X[M@^`sJb�aJb�^`a*Zer`�`MCX

r8]L]L^`�Ja�Z	^kfxrN¥�rkieb�MLZlV�^kf0i\�caJaJb�aJ_�]�^8actWb�Z\b�^`acXC¦�TY^NZeGJM#¢	b�tWZ\G�^kf E2
^`scb�aJb�^`a/b�X&tW�JM#Ze^�M�ÅWsJ��b�]Cr�Zeb�¥8M

¥�r`i\b�rk J��MCXHr8XHMLaY¥Yb�ie^`aJKNMCa8Zurk�§]�^8acX[Z\iurkb�a8ZuXL¦
�6w���� y�w�� 	�¨©a�Z\MLie¥�rk� {�MCtWb�rka/¥�rk���JM

nxÅWs>MCi[Z E1
�6~kz`zc� �8z`z�	 ~`wkz

nxÅWs>MCi[Z E2
���Cz`zc� w`z`z�	 ~`wkz

F$rk J��M����0nxÅWs,MLi\Z&^`sJb�aJb�^`acXH^8a � MLb� J�J����^8 cX\MLie¥�r` J��M
X
¦

� ��� Ë ��� Ë Ì Ç 9,9 � � � � � M�]�^8acX[b�tWMCi�X[MC¥`MCier`�§K@^WtWMC����b�aJ_8X�¢	GJb�]uG�G>r�¥`M�]���^8X\M#¥�rkieb�r`ac]�M�X&rka>t�KNM�rkacX
Ze^«^` >X[MCi\¥8M�ZeGJM�]L^`acX\b�X[Z\MCac]�V®sJie^`s,MLi\Z\b�MCX�^`f#tcr�Zerk�<r`_`ieMLMCK@MCa�ZN]Li\b�Z\MCi\b�rJ¦ ¨©actWMCs>MCactWMLa>]�M} ,M�Zl¢�MLMCa
s>rkiurkKNM�ZeMLiuX�b�X	]�^8acX\b�tWMCi\M�t�f�^8i�X[b�KNsJ��b�]LbdZlV8¦

� Ò �cºeÀcÁ	Àcº�½eº�¶�Á�¼©Á�½ β
%po�M�Z

β0
 ,M�Z\GJM#KNM�rka�rkact

αβ
tWb�ieMC]¤Zeb�ac_(ZeGJM#ML¥8^`���WZ\b�^`a�^kf0sJieb�^8ieX

π1(β|β0, αβ) = G(αβ , αββ−1
0 ), π2(β|β0, αβ) = N+

(
β0, σ

2
β =

β2
0

αβ

)

¢	GJMLieM N+ b�X(r£aJ^`ieK�rk��tWb�X[Z\ieb� J�JZ\b�^`a´Z\ie�Jac]Cr�ZeMCt�b�a«zc¦�¨<ZuX�KN^WtWM� >MCb�ac_�X[K�r`����MLi�ZeGcrka�b�ZeXKNMCrka��Jr�_�rkKNK�r�sJieb�^`i�fgr�¥`^`ieb�ªLMCX�Z\GJM���^�¢�M�XlZH¥�rk���JMCX�^`f
β
rkact�]�^`a>XlZebdZe�WZ\M�X	r�¥8MLiuX\rkZ\b���MmsJi\b�^`i

^`a/Z\GcM�X[Gcr`s>M�scr`ier`KNM�Z\MCiC¦
� Ò �uº�»�Á�ÀJºk½\º�¶�ÁL¼<ÁL½ η %�TWb�ac]LM η

b�XpZ\GcMm�`�kZ\G�^8ietWMCi�s,MLiu]�MLa�Zeb���M�^`f§Z\GJM � MCb� J�c���:tWb�XlZei\b� J�WZeb�^8a�rkact
b�XmKN^`ieM#Z\iur`]�Zer` J��M�f�i\^8K ZeGJM@M�ÅWs>MCi[Z±^`sJb�aJb�^`a£ZeGcrka

β
�,¢�M��>X[M�Z\GJM � MCb� J�c���0KNMCr`a�f�^`ieK��J��rJ�

]uGJ^Y^8X\b�ac_
β̃ = 3

�¹ZeGJM�K@b�tJtW��M�^kf
Dβ

	��Yf�^`iH^` JZerkb�aJ_@sJieb�^8i�tW^8K�rkb�acX�^kfF$rk J��M !c¦0¨©a�ZeGJM#X\r`KNM
Fr` J��M`�JGYVYs>MCi\s>rkiurkKNM�ZeMLi�¥�r`���cMCX

(αη , t)
rkieMmsJie^`s,^8X\MCt�Z\^�]Crk��b� Jiur�ZeM±f�^`����^�¢	b�aJ_@sJi\b�^`iuX

π1(η|t, αη) = G
(

αη , αη
Γ(1 + 1/β̃)

t

)
,

π2(η|t, αη) = N+

(
t

Γ(1 + 1/β̃)
, σ2

η =
t2

αη Γ2(1 + 1/β̃)

)
.
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�¯w���� y8w � 	�¨©a�Z\MCi\¥�r`� {�M�tWb�r`a£¥�r`���cM
t αη ση

nxÅWs,MLi\Z E1
�¯~8~�!c� �`�8�"	 ~ �8z ~8w`~ �8z �`�c¦ !

nxÅWs,MLi\Z E2
���"��~W�êwk�8z"	 ~ �8z ~`�`y !>¦ w � !Y~W¦ z

F$rk J��M !��xh�ieb�^8i	tW^`K�rkb�acX	r`act/G�VYs,MLiescrkiurkKNMLZ\MLiuX�¥�r`���cMCX�f�^`i
π(η)

b�a/Z\GcM � MLb� J�J���tJb�X[Z\ieb� c�WZ\b�^`a�¦

� ��� Ë ��� Ë � �$�W���¯� Ë ���� � M�]L^`KNscrkieM�b�a�¬$b�_`�JieM��(Z\GJM�b�KNscr`]�Z&^`a Coh
rkact CohA

^kf0¥�rkieb�rkZ\b�^`acX
^8a sJieb�^8i�tWb�X[Z\ieb� J�JZ\b�^`acX

πij(η, β) = πi(η)πj(β)
�mr8X\X\�JKNb�ac_²¥�rkieb�rkZ\b�^`acX�^kf

β0
r`act r²]L^`acX[Zer`a�Z

σβ = 1.5
¦
L = 30

iurka>tW^`KNb�ªLMCt�{�F&T�rkieM&�cX\MCtNf�ie^`K �Ja>]�MLa>X[^8i\M�t�tJr�ZurJ¦xFHGJMCX\M&ieMCX\�J��ZeX�M�ÅWMLKNsJ��bdf�V
r�X\��b�_8G8Ze��V�KN^`ieM�XlZurk J��M� ,MLGcr�¥Yb�^`i�^`f�ZeGJM�r`i\b�Z\GJKNMLZ\b�]�tJr�Zur��©rk_8i\MCMLKNMLMCa8Z#]�ieb�Z\MLieb�^`a � ! 	¤¦�¬J^8i�MCr8]uG
MLÅWs>MCi[Z�^`sJb�aJb�^`a���¢�MmsJieMCX\MLa�Zpb�a�¬$b�_8�Ji\M�X�!@rkact�w�Z\GJM±ML¥8^`���WZ\b�^`acXp^kf CohA

¢	b�Z\G�i\M�X[s,MC]�ZpZ\^@X[MC¥`MCier`�
¥�r`���JM�XH^kf

β0
rka>t

σβ
¦�FHGJM�tJrkZer��©rk_8i\MCMLKNMLa�ZHtW^`K�rkb�acXH��^`_8b�]Crk����V�_8i\^�¢ ¢	b�Z\G

σβ
¦

q	M�X[�c�dZuX@r`����^�¢&X#Ze^�]L^`ac]L���>tWM�ZeGcr�Z@Z\GJM£tWb�X\]Li\MCscrka>]�V´tW�JM�Z\^}ZeGJM�Z\b�K@M/b�ac]�^8GJMLieMLac]LM� ,M�Zl¢�MLMCa
MLÅWs>MCi[Z�rkact�tJrkZer�b�X±tWM�ZeMC]�Z\MCt��,M�X[s,MC]Lb�r`����V�f�^`imZ\GJM E1

M�ÅWs,MLi\Zm^`scb�aJb�^`a�¦mFHGJb�Xm]L^`aW°>b�]�Zm ,M�Zl¢�MLMLa E1sci\b�^`ipr`act�tJrkZer�b�XpaJ^`Z�r`]C]�MCsWZer` J��M&X\b�ac]�M	ZeGJM�ieMCr8X[^8acrk c��M	]uGJ^8b�]LM
β0 = 1

��¢	GJb�]uG�KNMCrka>Xpr�]L^`acX[Zer`a8Z
fgr`b����JieM�iur�ZeM�	rkact

σβ ≤ 2.5
tW^YMCX0aJ^`Z$��MCr8t#Ze^�r`a(r`_`ieMLMLKNMCa8Z�¦ � ^`ie�#Gcr`XZe^m ,M	tW^`aJM�f�^8i$MLÅWsJ��r`b�acb�aJ_

ZeGJM#^`ieb�_`b�a�^kfxtJrkZer@^`i�Z\^8aJb�aJ_�tW^�¢	a�Z\GJ^�X[M#X[Z\ie^`aJ_@M�ÅWs,MLi\Z& >MC��b�M�fgXC¦

� � 1��/� � �/���L1��

q&ML��b�r` Jb���b�ZlV/b�X±r�tW^8KNr`b�a�b�a}¢	Gcb�]uG�tJr�Zur��©rk_`ieMLMCKNMLa�Z	aJ^kZeb�^8acXmr`i\M�acr�Ze�Jier`�$r`act��cX\M�f��c�¯¦ ��X\b�ac_�M�ÅY�
s,MLi\Zp^8sJb�acb�^8acX�b�X�f�ieMC���JMCa�Zpb�a�b�actJ�cXlZei\b�rk�>b�XeX\�JMCXp¢	GJMLieM&��bdf�MLZ\b�K@M±tJr�Zur�rkieM&]�^8����MC]�Z\M�t�¢	bdZeG�tWb�Ã�]��J��ZlV`¦
PmacM/^`fmZeGJM}KN^8X[Z�b�a8ZeMLieMCX[Z\b�aJ_´sJie^`s,MLi\Z\b�MCXN^kf±Z\GcM}tJr�Zur��©rk_`ieMLMCKNMLa�ZN]Li\b�Z\MCi\b�^`a b�XNZ\^«r8]L]�MCsWZ�^`aJ��V
sci\b�^`i�tJb�X[Z\ieb� c�WZ\b�^`acX�¢	bdZeG}ieMCr`X\^`a>rk J��M�¥�r`i\b�rka>]�M�rka>t� Jb�r`XC¦�¨©a�scrki\Z\b�]��J��rki��JZeGJM�r`i\b�Z\GJKNMLZ\b�]�¥`MCieX\b�^`a
� !�	�sJie^�¥�b�tWM�X�r�X[Zer` J��M�M�XlZeb�K�r�Zeb�^8a«^kf�Z\GJM/s>^`Z\MCa8Zeb�r`�	tWb�Xe]�ieMLs>rkac]LV* ,M�Zl¢�MLMCa²sJieb�^8i(r`act²tJrkZerc¦�¨<Z
]Crka£ ,M�_`MCaJMLiurk��b�ªCMCt�Z\^�r`����K@^WtWMC��X	f�^`i&¢	GJb�]uG}rka£aJ^8aJb�aWf�^`ieK�r�Z\b�¥`M�sJieb�^`i

πJ ]Crka£ >M(tWM�¡cacMCt/f�ie^`Kr`i\_8�JKNMLa�ZeX�_`b�¥`MCa�b�a®TWMC]¤Zeb�^8a²�J¦´FHGJM/X[MC��M�]¤Z\b�^`a�^`fm{�¨ � ]Lrka>tWb�tcr�Z\M�X(]Crka� ,M/X\MLMCa²r`X(r�Ze^�^8��^`f
KN^WtWMC����b�ac_� ,MLac]uGcKNr`i\��sci\^8s>MCi±tWMCacX\bdZeb�M�XL��r8X±b�aWf�^8i\K�rkZ\b�¥`M(r8X±¥�r`_`�JM@M�ÅWs,MLi\Z±^8sJb�aJb�^8acXC¦�FHGY�cX±Z\GJM
]Li\b�Z\MCi\b�^`a�¢	b����:r8]L]LMLsWZ�^`aJ��V/¿ ��� �L·gÁ�¸>¼¯» �@·¹¸�� �cÁL¸c¼>sJi\b�^`iuXC¦ � a�^`s,MLa�b�XeX[�cM�b�X�Ze^(^8 WZer`b�a���rkie_`M�ier`aJ_`M�X
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�
ta(n) = (a − 1)[Ψ(n + 1) − log(n + 1)] = O(n−1)r`act

Un = ϕa,b(Yn)
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ϕa,b(x) = a log x − b/x
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tJb �:MLieMLa�Z\b�rk c��M�^`a
x > 0 ∀(a, b) > 0

�

√
n
{
Un − ϕa,b(θ

−1
0 )
} L−→ N

(
0,
[
θ−1
0 ϕ′

a,b(θ
−1
0 )
]2)

X\^
∆n

√
n
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{Coh(π;Xn) − 1} − ∆−1

n

{
ϕa,b(θ

−1
0 ) − g(a, b)

}] L−→ N
(
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[
θ−1
0 ϕ′
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P ({Coh(π;Xn) − 1} ≤ 0) = Φ
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g(a, b) − ϕa,b(θ

−1
0 )
}√

n

θ−1
0 |ϕ′

a,b(θ
−1
0 )|

)
,

= Φ

({a log bθ0 + bθ0 − log Γ(a) + 1}√n

a + bθ0

)
,

n→∞−−−−→ 1
bdf

a log bθ0 + bθ0 − log Γ(a) + 1 > 0
¦
�

o�M�Zp]uGJ^Y^8X\M�G�VYs,MLiescrkiurkKNMLZ\MLiuX
(a, b = aθ−1

e )
�¯r`Xxb�a § !c¦�� 	$¢	GJMLieM θE

MCK� ,^WtWb�M�Xxr#]�MCa8Zeier`�YsJi\b�^`i
¥�r`���JMxMC��b�]�b�Z\M�t±f�i\^8K r`a±MLÅWs>MCi[Z�^8sJb�aJb�^8a�¦�FHGJMCa

P ({Coh(π;Xn)−1} ≤ 0) → 1 ⇔ τ(a, θ0/θe) > 0¢	GcMLieM

τ(a, x) = x + log x + log a + a−1(1 − log Γ(a)).
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τ
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π
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tWb�X\]L�cX\X\b�^`a
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