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Q/R�SUTWVGX�Y'Z\[^]`_badc�SUTWVea�f`g�TWheikjml�g�Vea
n�ikoqpdV5c�ZNrtsbu�vwgxa

y�rqu�u3ozi
c�{bV|i�Ve}~RxVUi~}~R�V�f����q�q����[^Z�r%_<�J�z�q��[�����u3rJ�qV�a

�D���e�U�t���q�q��� V�Vea
c�rq��v�jmakR�c�R�V �Ioqvwv�ot¡�jwf���T=rJs�¢£u�vwgxaWrJfxrqv�oz�qg�V<oJ��Z�j�fx¤qot¡�ak¤�j¦¥ aGc�R�VUozikVeT §©¨�f`_
u�oqjwf�c#oq��rª}UoqTWuxrq}5c*T=rts`¢£u�vwgxa*}Uoqf`«qVUsWakg��xakV5c/oJ�

(R∪ {−∞})n
}UrJfD�3V¬¡�ikj�c
c�VUf rqa�ckR�V¬T=rts`¢¦uxv�gxa

}Uoqf`«qVUs}UoqT���j�f3rtckjwoqf�oJ��rtcWTWoza
c
n + 1

oJ��c�R�V V5s`cki�VUTWVDu�oqjwf�c�a�oJ��c�R�jma�akg��xakV5c�§ � V Vea
c�rJ�xv�jma
R
i�VUvmrtc�Ve{�ikV�a
g�v�c�a��Iozi=}5vwozakVe{�TWrJs`¢¦u�vwgxaW}5ozf`«qV5s�}Uoqf�V�aWrJfx{©}5vwozakVe{�g�f`�3ozg�fx{bV�{�T=rJs�¢£u�vwgxaW}5ozf�«zV5s
akV5c~aU§¯®°f©uxrqi
c�jw}Ug�vwrqie±�¡#V�a
R�ot¡²c�Rxrtc=r³}5vwozakVe{´T=rJs�¢£u�vwgxa�}5oqf`«zV5s´a
VUcW}erJf��3V�{bVe}UoqTWu�ozakVe{�rza�r
T=rJs�¢£u�vwgxa�akg�TµoJ�@j�c�a�i�Ve}UVea�a
jwoqf }5oqfxV�rqfx{<oJ��ckR�V�T=rts`¢£u�v�g3a�}5oqf`«zV5sOR`g�vwv�oJ�@j¶c~a/V5s`cki�VUTWV�u�oqjwfzc~aU§
·�¸�¹»º�¼ª½ �t¾��q� ZNrts`¢£u�v�g3aªrJvw�qVe��i~r�±!cki�oqu�jm}Urqv*rJvw�qVe��i~r�±�V5s`cki�VUTWVOu�oqjwf�c�ae±�u3ozv�_`R�V�{bi�rx±!u�oqvw_�ckozu3V�aU±
}Uoqf`«qVUs�}Uoqf�V�aU±»}5ozf`«qV5sNakV5c~aU±,rJ�3adc�i�rz}Bc'}Uoqf`«qVUs`j�cd_q±»¿�i�VUjwfb¢£ZNj�vwT=rJf�ckRxVUoqi�VUT�±�À#rJi~rtc�R�hUob{bozik_DckR�VeoJ¢
i�VUT
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�� ���� � � X�oqg3a�h5c~rJ��vwjwa�akoqfxa/v¦¥ rqfxrJvwoq�zg�V¬TWrJs`¢¦u�vwgxa�akg�jw«%rqf�c�{bg ckR�heoqi�SUTWV|{bVGZ�jwf�¤qot¡�ak¤`jÆ§�Q!oqgbc
u�oqjwf�c*{,¥ g�fDakoqgxa
¢£VUfxakVUT���v�V�}Uoqf`«qVUsbV�}5oqTWuxrz}Bc*{�V

(R∪{−∞})n
u�VUgbc/aU¥ he}UikjwikV�}UoqTWTWV��xrqik_b}UVUf�cki�V

{�¥ rqgªu�vwgxa
n+1

u3ozj�f�c�a�VUs�c�i��eTWVea�{bV�}5V/a
ozgxad¢£VUf3a
VeTª��vwVq§�X�oqgxa�hUc�rJ�xv�jmakakoqf3a!{bV�a@ikh�a
gxv¶c~rtc�a�akj�TWjwvwrqj�i�Vea
u�oqgxi�v�V�a�}��zf�Vea�}5oqf`«zV5sbVea#T=rts`¢£u�v�g3a/�IVUi�TWhea�VUc�u3ozg�i�vwVea�}Uoqf`«qVUsbVea/T=rts`¢£u�v�g3a#�IVUi�T�h�a�f�ozf��3ozikf�h�aU§
X�oqgxa�TWoqf�cki�oqfxa@VefOuxrqi
c�jw}Ug�v�jwVUi*lzg�¥ g�fOakoqg3ad¢£VUfxakVUT���vwV�}5oqf`«zV5sbV/TWrJs`¢¦u�vwgxa��IVUi�T�h'{bV

(R∪{−∞})n

u�VUg�c#akV�{bhe}UoqTWu3o�a
Vei�}5ozTWT�V'a
ozT�TWV�{bV'a
ozfO}��qfxV�{bV�i�he}5V�akakjwoqfWV5c*{�V�vÆ¥ VUf`«zVUvwoqu�u�V�}5ozf�«zV5sbV�{bV�akVea
u�oqjwf�c�a/VUs�c�i��eTWVeae§
� ½ ��� º ��� � ��� ¨�v��zSU��i�V�T=rJs�¢£u�vwgxae±»rqv��zSU��i�VGc�ikozu�jm}UrJvwVq±,u�oqjwf�c�a¬V5s`c�i��eT�V�aU±,u�oqvw_qS�{bi�Veae±�u�oqvw_�ckozu3V�aU±
}��qf�V�a�}Uoqf`«qVUs`V�aU±xVUfxakVUT���v�V�a�}Uoqf`«qVUs`V�aU±3}5oqf`«zV5sbj¶c�hªrJ�3adc�i�rqj¶c�Vq±�c�R�hUozikSeTWVª{bVª¿�i�VUjwfb¢°Z�j�vwT=rJf�±xckR�heoJ¢
i�SUTWV|{bV�À#rqi�rJckR�heo`{�oqi�_
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Q/R�V)�)�2��!#"�$'&��C�2�EDF�G�2	�1`pdozj�f�jwf��Wcd¡#oWu3ozj�f�c�a

u, v ∈ (R ∪ {−∞})n
jma/ckRxVGa
VUc�oJ�!«zVe}5ckoqi~a#oJ��ckR�V

�IozikT
(α+ u)∨ (β + v)

¡�R�VeikV
α
rJfx{

β
rqikV'VUvwVUTWVUf�c~a*oq�

R∪ {−∞}
akgx}~R=c�Rxrtc

α∨ β = 0
§IH�VeikVz±

∨
{�VUf�oqckVea�ckRxV'T=rtsbjwTªg�T oJ��ak}erJvmrJi~aU±Jozi�c�R�V'u�oqjwf�cd¡�jwakV�T=rJs`jwTªgxT oq��«qV�}Bckozi�ae±zrqfx{W�Iozi*rJvwv»ak}erJvmrJi~a

α ∈ R∪ {−∞}
rJfx{<«qV�}Bc�oqi~a

u ∈ (R ∪ {−∞})n
±
α+ u

{bVef�oJc�Vea*ckRxV¬«zVe}5ckoqi/¡�j�ckR VUf�cki�jwVea
α+ ui

§
¨�akg��xakV5c�oJ�

(R ∪ {−∞})n
jma��)�2��!#"%$'&���J��	�+��.�¬j¶��j¶c�}5ozf�c�rJjwfxa/rJf`_=T=rts`¢£u�vwgxa*akVU�zTWVUf�c!pdozj�fxj�f��

cd¡#o�oq�3j�c�a�u�oqjwfzc~aU§@Q/R�VK�G� ��!#"%$'&��LJ��	�+��.�MJ��	��!�qVUfxVUi~rtckV�{G�`_
u, v

jwa!ckRxV/akV5c@oJ�3«qVe}5ckozi�a!oJ�3ckR�V*�Ioqi�T
(α+u)∨(β+v)

±q¡�R�VeikV
α
rqfx{

β
rJi�V*rJi���j�cki~rJi�_�Vev�VeT�Vef�c�a!oJ�

R∪{−∞}
§!¨©a
gx�xa
VUc�oq�

(R∪{−∞})n

jma�r��)�2��!#"%$N&��GJ��	,+-�.��J��	��¬j¶��j�cG}5ozfzc~rJjwfxa¬rJf`_�TWrJs`¢¦u�vwgxa¬}5ozf�«zV5sN}5ozf�Vª�zVUf�Vei�rJckV�{��`_�cd¡*o<oJ��j�c�a
u�oqjwf�c�ae§�Q/RxVeakV�{bV�Oxfxj¶c�j�ozfxa�rqikV�fxrJckg�i~rJvbj��,oqf�V'}5oqf3a
jm{bVUi~a�ckRxV�T=rts`¢¦uxv�gxa�a
VeT�jwi�j�f��3±J¡�R�jm}~R=jwa�ckR�V�akV5c
R ∪ {−∞}

Vel�g�jwu�u3V�{�¡�j¶c�R�ckR�V�rq{�{bj�ckjwoqf
(a, b) 7→ a ∨ b

rJfx{ c�R�VGT�g�v¶c�j�uxv�jm}UrJckjwoqf
(a, b) 7→ a+ b

§
Z�rts`¢¦uxv�gxa�}Uoqf`«qVUs�}5ozf�Vea�rJi�V/rqvwako|}Urqv�vwVe{P�2���Q�
�) R�&S$T�U�@ot«qVei@ckR�V�TWrJs`¢¦u�vwgxa�akVUTWjwikjwf��x§@¨�fWVUsbrqTWu�v�V
oq��T=rts`¢£u�v�g3a�}Uoqf`«qVUs´a
VUc�jmaW�qjw«qVef´j�fWV�j��zg�i�V���X<ckRxV�}Uoqf`«qVUs´a
VUc

A
jmaªc�R�V�}5vwozakVe{��qi�VU_ikVe�qjwoqf�±

c�oq�zV5ckRxVUi�¡�j�ckRDckR�V¬u�oqikckjwoqfOoq��«qVUikckjm}Urqv3vwjwf�V�pdozj�f�jwf���ckR�V'u3ozj�f�c
b
cko�j�ce§�Q/R�i�VUV�T=rJs�¢£u�vwgxa#a
Ve�qTWVUf�c�a

jwfG�zVUf�Vei�rqvqu�ozakj¶c�j�ozf�±~pdoqjwf�jwf���c�R�V*u3rJjwi�a!oJ��u�oqjwf�c�a
(f, g)

±
(h, i)

±trJfx{
(j, k)

±JrJi�V�i�VUu�i�VeakVUf�ckV�{�j�f��3ozvw{�§
Y#_ª}UoqTWuxrqikjwf���c�R�V�a
R3rJu�Vea@oJ�3ckR�V�a
V�akVU�zT�Vef�c�a�¡�j¶c�R�ckR�V�akRxrJu�V/oJ�

A
±JoqfxV/}erJfW}~R�Ve}~¤|�zVUozT�VUcki�jw}erJvwv�_

c�Rxrtc
A
jma�}5ozf`«qV5s,§

®°f�ckR�jma|uxrqu3Vei�¡*V��qjw«qV�ikVeu�i�VeakVUf�c�rJckjwoqf�c�R�VUozikVeTWae±,jwf�c�VUi�TWa�oq�*VUs�c�ikVeTWV�u�oqjwf�c�a|rJf3{NV5s`c�ikVeT�V
i~r%_baU±��Iozi�TWrJs`¢¦u�vwgxa�}Uoqf`«qVUsDa
VUc�a�rJf3{<}Uoqf�V�aU§
Z�oqckjw«trtckjwoqf3a#cko=adc�gx{b_=c�R�V|T=rts`¢£u�v�g3a#rqfxrJvwoq�zg�Vea*oJ�@}5ozf�«zV5sD}Uoqf�V�a#rqfx{ }5oqf`«zV5sDakV5c�a/rqikjma
V'�Ii�oqT

akVU«zVUi~rJv%OxVevw{�ae±bvwV5c�gxa�i�VU«`jwVU¡ akoqTWV�oJ��ckRxVeakV¬TWoqckjw«%rJckjwoqfxae§
ZNrJs`¢¦u�vwgxa�}Uoqf`«qVUsDa
VUc�a�¡#VUi�V�j�f�c�ikob{bgx}UVe{ �`_<¿W§,Z�jwTWTWVUi�TWrqf�f\[]Z»j�TD�q�_^¦§�À*oqf`«qVUs`j�cd_=jma�rWu3ot¡/¢

Vei
�Igxv@cko`oqv�jwf�ozubckjwTWjT`�rtc�j�ozf�±�rJf3{�akox±�T=rJs�¢£u�vwgxa�}5ozf�«zV5s�akV5c~a|rJi�ozakVªjwf�c�R�V=l�g�Vea
c|oJ�#akoqvw«trJ��vwVWoqub¢
c�j�TWj#`erJckjwoqf�uxikoz��v�VeT=aa['Z�jwTGbFc�±=Z�jwTW��4-^£§ª]`VUVWrJvma
oOckR�VW��o�oz¤�oJ�*Yª§dZ»j�TWTWVUi�T=rJf�fe[]Z�jwT)b��U^@�Iozi¬rqf
ot«zVUi�«`j�Ve¡|§
ZNrJs`¢¦u�vwgxa�}5ozf`«qV5s�}Uoqf�V�a¬Rxr%«qV��3VeVUf¯adc�gx{bjwVe{�j�f³jm{bVUTWu�oJckVef�c|rqfxrJvw_ba
jmae±�rt� ckVei¬ckR�VWoq�3a
Veik«trtc�j�ozf

{�g�VNc�o�ZNrqakvwot«´ckR3rtcDc�R�V�akoqvwgbc�j�ozfxaOoq�|rqffH�rqTWj�v�ckozfb¢Eg�rq}Uoq��j�Vel�gxrtc�j�ozf�rqa�a
ob}UjwrJckVe{©¡�j�ckR r�{bV5¢
c�VUi�TWj�f�jma
ckjm}<ozubckjwT=rJv�}Uoqf�cki�oqv/u�i�oq��vwVUT akrJckjmad�I_�r�h
T=rts`¢¦uxv�gxaji akg�u�VUi�u3o�a
j�ckjwoqf©u�i�j�fx}Uj�uxv�Vz±*rJf3{©akox±
��VUvwoqfx�Dc�o�a
cki�gx}5ckg�i�Vea¬a
jwTWj�vmrJi¬c�o�}Uoqf`«qVUsN}5oqfxVeae±,¡�R�jw}~R³rJi�V�}erJvwv�V�{�akVUTWjwT�ob{bgxv�V�a�oqi¬jw{bVeTWu3oqckVUf�c
vwjwf�Verqi@akuxrz}5Veak[ l�Z�]����J±zÀnmpo¬�Fc�^¦§�]`gx}~RWa
cki�gx}Bc�g�ikV�a�Rxr%«qV#�3VeVUfWgxakVe{,±J�Ioqi@j�f3adc~rJfx}UVq±tc�o�}~R3rJi~rq}Bc�VUi�jT`eV
c�R�VGakV5c�a�oJ��adc~rtckjwoqf3rJi�_Da
ozv�g�ckjwoqfxa/oq��{�V5ckVeikTWjwf�jmadc�jw}�ozubckjwT=rJv�}Uoqf�cki�oqv,u�i�oq�xv�VeTWa�[ ¨Lm � �z��^¦±3rJfx{<cko
{�Veakj��zf<f`g�TWVUi�jm}UrJv�rqv��zoqi�j¶c�R�T=aK[ V@ZN�z�b±x¨Lm�l��z�-^£±`cko=TWVUf�ckjwoqf�r�ikV�}5Vefzc�rqu�u�vwjw}ertckjwoqf�§
ZNrJs`¢¦u�vwgxa�}Uoqf`«qVUs=}Uoqf�V�a/Rxr%«qV¬rJvma
o���VUVUf�a
ckgx{�j�V�{Djwf�ikVevwrJckjwoqfOc�o={bjwa�}5i�V5c�V'Ve«qVefzc�ak_badc�VUT=aU§�Q/R�V

i�Verz{bVUi�T=r%_³}Uoqfxakg�v�c�c�R�V akg�i�«qVe_�uxrqu3Vei�a0[ m¬n*���`±�Ànmpo¬�z�_^#�Iozi�TWozikV<�xrq}~¤`�qi�oqgxfx{,§N®°f�uxrJikckjm}5gb¢
vmrJi�±�i�Verz}~RxrJ��vwVWrJfx{³oq�3a
Veik«trJ�xv�V=akuxrq}UVea¬oJ��}5Vei
c~rJjwf�c�j�TWVe{¯{�jwa�}5i�V5c�V�Ve«qVefzcªak_badc�VUT=a|rJi�VWfxrtc�g�i~rJvwv�_
V�l�g�j�uxu3V�{�¡�j¶c�R�a
cki�gx}Bc�g�ikV�a�oq��TWrJs`¢¦u�vwgxa�u3ozv�_`R�V�{bi�rqv�}5ozf�Veaa[ ¿|rJc����_^¦§rq�rJi�v�jwVUi¬{bjmak}UikVUckVGVe«qVUf�c'ak_bad¢
c�VUT=a'T�oqckjw«trtckjwoqf3a�Rxr%«zVG�3VeVUf�rJc�c�R�Vªozikjw�qjwf�oJ��ckRxVª¡#oqi�¤`ap[ÍÀnmpo¬�z�b±,Ànmpo¬�`��±9m�rJgx��b_^¦±»jwfN¡�R�jm}~R
c�R�V�ckRxVUoqi�_=oJ�@T=rts`¢£u�v�g3a/u3ozv�_`R�V�{bi�rqv,}5oqfxVea/Rxrza/�3VeVUf�{bVU«zVUvwoqu�Ve{,§

s �ª}Uoqg�i~a
Vz±�rJf�oqckR�VeiDjwf�ckVUi�Vea
c<jwf�T=rts`¢£u�vwgxaD}Uoqf`«qVUs`j�cd_�a
ckVeT=aO�Ii�oqT rJ�3adc�i�rz}Bc<}Uoqf`«qVUs©rJf3rJvw_z¢
akjma�[ ]bj�fx�`� ^£§�]bVU«qVei�rqv,ikV�}5Vefzc�u3rJu�VUi~a�j�f�c�R�jma6OxVevw{,±�jwf�uxrJikckjm}5g�vmrJi/c�R�ozakV|oJ��ZNrqi
c.t�fxV2`5¢ul�Ve�zrF`q±�y�g��xj¶¢
fxot«�±�rqfx{�]`j�fx�qVUi�[ Z�l!y�]b�z�-^¦±xrqfx{ ¨�¤`jwrqf�rJfx{�]`jwf��qVei�[ ¨¬]b�F4-^£±xrqikV�i�VUvmrtckV�{Oc�oWTWrJs`¢¦u�vwgxa�rqv��zVU��i~r�§

v?v È�wxÜUxBÚ5Ý



c /%1��u"�����	%���L��&����2�U1��	�C�3J�����R��
G��1�

¨ ikVef�VU¡#Ve{�jwf�ckVUi�Vea
c�jwfNT=rts`¢¦uxv�gxa'}5ozf�«zV5s<}Uoqf�V�aU±�oqikh°c�ikozu�jw}erJv�}Uoqf`«qVUs akV5c~auiB±3rqfx{�a
u�Ve}Ujwrqv�vw_q±�jwf
c�ikozu�jm}UrJvzu3ozv�_`R�V�{bi~r�±�Rxrqa�ikV�}5VUf�c�v�_|rJi�jma
Vef¬jwfGi�VUvmrtc�j�ozf�cko�c�ikozu�jm}UrJvz�qVeoqTWV5c�ik_��Ijwf|ckRxjwa�}5ozfzc�V5s`ce±�hdcki�oqub¢
jm}Urqv'i�jma�V�akakVUf�ckjmrJvwvw_�gxakVe{=rza�rGak_`f�oqf`_`T oJ��hdT=rJs�¢£u�vwgxaji~±zoqi�i~rtc�R�VUi�±qoq�,ckR�V¬{bgxrqv�ckVeikT�±�hdTWjwfb¢£u�v�g3aui��B§
Q!i�oqu�jm}UrqvxrJfxrqv�oz�qg�V�a�oJ��u�oqvw_�ckozu3V�a�Rxr%«zV��3VeVUf }5oqf3a
jm{bVUi�Ve{W�`_���Ve«qVev�jwfDrJf3{D]�ckgxikT��IVUvmaC[ ��]b��cF^¦±`rJf3{
rqvwako��`_ gzozak¡�j�� [ gzoza��z� ^��IckR�VDcki�oqu�jm}Urqv�u�oqvw_zc�oqu�VeaGckR�Ve_³}Uoqfxakjw{�VUiªrqikVOaku3V�}5jmrJv Oxf�j�ckVUvw_³�qVUfxVUi~rtckV�{
T=rJs�¢£u�vwgxaª}Uoqf`«qVUs³}Uoqf�V�aU±�jwf´¡�R�jm}~R¯ckRxVD�qVef�VUi~rtc�oqi~a�Rxr%«qV Oxf�j�ckV VUf�cki�j�V�a��5§��'VU«qVev�jwf�rqfx{�]�c�g�ikT�¢
�IVevwa¬Rxr%«zVªrJvmakoDu�oqjwfzc�Ve{�oqgbc|rJfNVev�Ve�zrqfzc¬ikVevwrJckjwoqfN��V5cd¡#VUVef�cki�oquxjw}erJv�u3ozv�_�ckozu3V�a'rqfx{NuxR�_`vwoq�zVUf�VUckjm}
rqfxrJvw_ba
jmaK[ ��]b�Fc�^£§
]`ozTWV#oq��ckRxVeakV#TWoqckjw«%rJckjwoqfxa�Rxr%«zV��zg�jw{�Ve{ªckR�V�{bVe«qVUvwoquxT�Vef�c�oq�xT=rts`¢¦uxv�gxa@rqfxrJvwoq�zg�Vea!oJ�3}Uvwrzakakjm}UrJv

i�Veakg�v�c�a#oJ��}5oqf`«zV5sOrJfxrqv�_bakjwae±`v�jw¤qV'ckRxV�H'rJR�f�¢EY/rJf3rq}~R=c�R�VUozikVeT []Z�jwTD�q��±x]x]b�z�`±3Ànmpo¬�Fcb±3Ànmpo�]b�z�-^¦§
� VGrJi�V'jwf�ckVeikV�adc�Ve{ORxVUi�V¬jwf<ckR�V�i�VUu�i�VeakVUf�c�rJckjwoqfOoq��}Uoqf`«qVUsDa
VUc�a/jwfDc�VUi�TWa/oq��V5s`c�ikVeT�V�u�oqjwf�c�a/oqi

VUs`cki�VUTWVWi�r%_bae§OQ/R�jwaGu�ikoz��vwVUT�±�jwf³ckR�VD}erqakVWoJ�kOxf�j�ckVUvw_��zVUf�Vei�rJckV�{�T=rts`¢£u�vwgxa|}5ozf�«zV5s�}Uoqf�V�aU±!Rxrqa
��VUVef�}Uoqfxakjm{bVUi�Ve{��`_Ga
Ve«qVUi~rJvbrqgbckR�ozi�ak[ Z�oqv bFb�± � rq�z���t± m�rJgx��b`±��¬]���c�±�Ànm�Y/�Fc�^¦§@Q/R�V/�qVef�VUi~rJvb}erqakV
R3rqa���VUVefOvwVea�a�a
ckgx{bjwVe{�±�¡�j�ckROckR�V'V5s�}5VeubckjwoqfOoq�,ckR�V'uxrJu�VUiC[ H�VUv bFb-^£±`j�fD¡�R�jw}~R H�VUvw��jw�ªVea
c�rq��vwjwakR�Ve{=r
T=rJs�¢£u�vwgxa�rqfxrJvwoq�zg�V�oJ��¿�ikVej�f�¢£Z�jwvwTWrqf�¥ a#ckR�Veoqi�VUT�±3akR�ot¡�jwf���ckRxrJc¬rWf�ozfb¢¦VeTWubcd_<}UoqTWuxrq}5c�}5ozf�«zV5s
akg��xakV5c'oJ�

(R ∪ {−∞})n
jma�c�R�Vª}Uv�o�a
g�i�V|oJ�@c�R�Vª}5ozf`«qV5s R`g�v�v!oJ��j�c�a�akV5c'oJ��V5s`cki�VUTWV|u�oqjwf�c�ae±xjwf�ckR�V

T=rJs�¢£u�vwgxa�akVUfxakVq§
Vxoqi|}5ozf�«zVUf�ckjwoqf3rJv!}Uoqf`«qVUs�akV5c~a¬oJ�*Oxfxj¶c�V�{bjwTWVUfxakjwoqf�±,R�ot¡#VU«zVUi�±�rDTWoqi�Vªu�i�Ve}UjwakV�i�Veakg�v�c'jma'cki�g�VFX

c�R�VO}5vwozakg�i�V�ozu3Vei�rJckozi�}erJf³�3VO{�jwaku3VefxakVe{�¡�j¶c�R�±!akj�f3}5VOr�}5vmrqa�a
jm}Urqv�ckR�Veoqi�VUT.oq�#Z�jwf�¤qot¡�ak¤`j�a
R�ot¡�a
c�Rxrtc�r�f�oqf�¢¦VeT�u�cd_³}UoqTWuxrq}5c�}5ozf`«qV5sa
gx�xa
VUcªoJ��r�Oxf�j�ckV<{�j�TWVUf3a
jwoqfxrqv�akuxrq}UVOjwaGckR�V }5ozf�«zV5s³R�gxv�v
oq��j¶c~aªakV5cªoq�/VUs`cki�VUTWVOu�oqjwfzc~aU§ s f�VDTWr%_³rqak¤�¡�R�VUckR�VeiGc�R�VDa�rJTWVOjma|cki�g�V=�IoziGT=rts`¢£u�v�g3aG}5ozf�«zV5s
akV5c~aU§ � V�a
R�ot¡�ckRxrJc�ckRxV�rJfxak¡*Vei�jwa@u�ozakj�ckjw«qVq±�rJfx{�V�adc~rJ��vwjwakRWr�TWrJs`¢¦u�vwgxa�rqfxrJvwoq�zg�V/oJ�,Z�j�fx¤qot¡�ak¤�j¦¥ a
c�R�VUozikVeT�§
X�oJckVªckRxrJc'c�R�V�}Uvwrzakakjm}UrJv!u�i�o�oq��oJ��Z�jwf�¤qot¡�ak¤`jÆ¥ a/c�R�VUozikVeT }erJf�fxoJc���Vªc�i�rqfxaku3o�a
V�{Dc�oOc�R�V�T=rJs�¢

uxv�gxaª}UrqakVq§=Q/R�VO}Uvwrzakakjm}UrJv�rqu�u�i�ozrq}~R�V5sbu�vwoqj�c�a¬c�R�VW�Êrq}Ujwrqv�adc�ikgx}5ckg�i�VWoJ��}5ozf�«zV5s�akV5c~aU§Oy�V�}Urqv�v�c�Rxrtc
rQ���FJ��¬oq�*r<}Uoqf`«qVUs�akV5c�jma���_�{bV2Oxf�j�ckjwoqf�ckR�V�jwfzc�VUi~a
V�}Bc�j�ozf�oJ��ckR�VW}5ozf�«zV5sNakV5c�¡�j¶c�R³r a
gxu�u3ozi
c�j�fx�
R`_`u�VUi�u�vwrqf�Vq§ V�oqi�rN}5ozf`«qVUf�c�j�ozfxrJv�}Uoqf`«qVUs³akV5c�±�oqf�VD}erJf�akR�ot¡ ckR3rtcªc�R�VDVUs`cki�VUTWVOu�oqjwfzc~aªoq��ckR�V
�Êrz}5V�a#rqikV¬V5s`c�ikVeT�V�u�oqjwf�c�a#oJ�!ckR�VGakV5c�±�rJfx{<gxakV�c�R�jwa�oq�xakVUi�«trtckjwoqfOckoWu�i�ot«qV'ZNj�f�¤zot¡�a
¤`j¦¥ a�ckRxVUoqi�VUT�±
�`_Ojwfx{bg3}Bckjwoqf�ozf<c�R�VG{bjwTWVUfxakj�ozf�oJ��ckR�VG}Uoqf`«qVUsDa
VUce§�Q/R�jma�{bo`V�a/f�oJc�¡#oqi�¤=j�f c�R�VGT=rts`¢£u�v�g3a�}UrqakVq±
��Ve}erJgxakVOrJf¯VUs`cki�VUTWVOu�oqjwfzc�oJ��r��Êrq}UV=T=r%_�f�oqcª��VDrJf¯VUs�c�ikVeTWVOu3ozj�f�cªoq�/ckR�VDakV5c�±�rqaGakR�ot¡�f¯jwf
q�sbrqTWu�v�V�4�§ bG��VUvwot¡|§IH�Vefx}5Vz±bj¶c�{bo`Vea#f�oqc/akVUVeT u�oza�akj���vwV'cko�gxa
V�H�Vev��xj��3¥ a/rJuxu�iko�rq}~RWc�o�{bVeikjw«qV�ckR�V
i�Veakg�v�c�a/oq��ckRxV|u�ikV�a
Vef�c/u3rJu�VUi�§
®°f��Êrq}5ce±�¡#VW�qjw«qVWr<{bjwi�Ve}Bc|u�i�o`oJ��oq�#r Z�jwf�¤qot¡�ak¤`j!cd_`u�V�ckR�Veoqi�VUT �Ioqi�T=rts`¢£u�vwgxa�}5oqf`«zV5s�}5ozf�Vea

�ÆQ/R�VUozikVeT 4x§����5±��IikozT ¡�R�jm}~R=¡*V'{bVe{bg3}5V�c�R�V�T=rts`¢£u�vwgxa�Z�jwf�¤qot¡�ak¤`jbckRxVUoqi�VUT��ÊQ/R�Veoqi�VUT 4�§Í���B±`rJf3{
j�c�a'�qVef�VUi~rJvwj#`ertc�j�ozfDc�oOc�R�V�}erqakVGoJ��g�f`��oqg�fx{�Ve{N}Uoqf`«qVUs akV5c�a��ÊQ/RxVUoqi�VUT 4�§ 4��5§rV�j�fxrqv�vw_q±»¡#Vª{bV�{bgx}5V
rza�rGaku�Ve}5jmrJv»}Urza
V�r�a
vwjw�qR�ckvw_�TWozikV�uxikV�}5jma
V�«zVUi~a
jwoqfWoq��c�R�V6hd�xrza
jma@c�R�VUozikVeTai�oq��Z�oqvwv�Veir[ Z�oqv bFb_^,rJf3{
� rJ�zf�VUgxiK[ � rJ�z�x�U^��IozinOxf�j�ckVUvw_D�zVUf�Vei�rJckV�{OT=rts`¢£u�v�g3a�}5oqf`«zV5sD}5ozf�Veae±3À*oqi�oqvwvmrJi�_G4x§ cx§

V�jwfxrJvwv�_z±b¡*V'f�oJc�V�c�Rxrtc#ckRxV¬T=rqj�fOi�Veakg�v�c�a#oJ��ckR�V¬u�i�VeakVUf�c*uxrqu3Veie±bQ/R�Veoqi�VUT=ak4�§w����4x§ 4`±bRxr%«zV���VUVef
rqf�f�ozg�fx}5V�{��Ê¡�j¶c�R�oqg�c�u�iko`oq���#j�f c�R�V|a
g�i�«qVe_Ouxrqu3Vei�[ m�¿|�z�-^¦§
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�nA��?>d:������'¨�fDgxf���oqgxfx{bVe{DT=rts`¢¦uxv�gxa#}5ozf`«qV5s=akV5c#rqfx{Wc�R�ikVeV¬akVU�zTWVUf�c�a�j�f<�qVUf�¢
Vei�rqv�u�ozakj�ckjwoqf�}5ozfzc~rJjwf�Ve{Dj�f�j�ce§

�b§
	C:�����A�CA
7��=:9A���
®°f=c�R�jma�akVe}Bc�j�ozf�±�¡*V��zj�«zV��xrqakjm}�{bV�O3f�j¶c�j�ozfxa�rqfx{WVea
c�rq��vwjwakROa
ozTWV�VUvwVUTWVUf�c�rqik_�v�VeTWTWrzaU§�Q!oG��i�j�fx�

c�o=v�jw�qR�c�c�R�VªrqfxrJvwoq�z_=¡�j¶c�RN}5vmrqa�a
jm}Urqv�}5oqf`«zV5s rqfxrJvw_ba
jmae±b¡*VGakRxrJvwv�gxakV|c�R�V|�Ioqvwvwot¡�j�f��Wf�oqc�rJckjwoqf�§ � V
{�VUf�oqckV¬��_

Rmax
c�R�V�TWrJs`¢¦u�vwgxa/akVUTWj�i�jwf��x§ � V|{bVef�oJc�V���_

a⊕ b := a∨ b
ckR�V�T=rts`¢£u�vwgxa/rq{�{bj�ckjwoqf�±

rqfx{=�`_
ab := a+ b

ckRxV'T=rts`¢£u�vwgxa�T�g�v¶c�j�uxv�jm}UrJckjwoqf�§ � V'akV5c
�
:= −∞

±��
:= 0

§�Q/RxV'akV5c*oq��«qV�}Bc�oqi~a
oq��akjT`eV

n
ot«zVUi

Rmax
jwa�{bVef�oJc�Ve{��`_

R
n
max

§@¨�«qV�}Bckozi�}5oqf3a
jmadc�j�fx�¬ozf�vw_GoJ���ªVef�cki�j�V�a@jwa�{bVef�oJc�Ve{��`_��»§
Y#_=a�}UrJvmrJi�±q¡#V�TWV�rJfDrqfOVUvwVUTWVUf�c#oJ�

Rmax
§@®£�

u, v ∈ R
n
max

rJfx{
λ ∈ Rmax

±`¡*V¬a
VUc
u⊕ v := u∨ v

±
rqfx{�¡#V�{bVef�oJc�VG�`_

λu
c�R�Vª«zVe}5ckoqi'¡�j¶c�RNVUf�c�ikjwVea

λ + ui

§�Z�rts`¢¦uxv�gxa'}5ozf�«zV5s�a
VUc�a¬rJfx{�}Uoqf�V�a�Rxr%«zV
��VUVef {�V�Oxf�V�{Djwf<ckR�V�jwfzc�ikob{bg3}Bckjwoqf�§�®°fDckR�V|akVel�g�VevÆ±`�Iozi#�xikVe«�j�cd_q±�c�R�V¬ckVUi�T hk}5ozf�«zV5s i�gxakVe{<¡�j¶c�R�oqgbc
uxikV�}5jma
jwoqfxa�a
R3rJvwv/rqv�¡/r%_baG��V<gxfx{bVUi~a
cko`ob{¯j�f�ckR�V�T=rts`¢£u�vwgxa�akVUf3a
Vz§\Y#_�hk}5oqfxVUiB±�¡*V�a
R3rJvwv#rqv�¡/r%_ba
TWV�rJf�r �ÊT=rts`¢¦uxv�gxa��/}5ozf`«qV5sD}Uoqf�Vz§
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A
�.�Q�G�U&����2��1nj�

R
n
max #�����¬}Uoqf`«qVUsOR�gxv�vnj�

A
� RF�2	%�1u��R��%$G}5o

(A)
� � ��1B���p�2��1nj�p��$
$'&)(*	��
1u�+*�}Uoqf`«qVUsD}5oqT���jwfxrtc�j�ozfxaaj�

�2$T�2�G�2	�1 �Q �
A #

�%���U�2� J���	 ���Q�I�U�
1 1E�2	 �-�
⊕k∈Kαku

k
�k�?�����.�

K
� �Q�"(*	��
1u�M�2��1 � {

uk
}

k∈K

� �Q�
�����M�
$,$Pj�a�2$T�2�G�2	�1 �pj�

A
��	%R

{αk}k∈K

�������2J���$#�����p1B����1 �2��1 � �
�-$
⊕k∈Kαk =

�
#�����#}Uoqf�VCD �2	%�2����1u��R �.$

A
� RF�2	%�1E��R �.$�}Uoqf�V

(A)
� � �n1B���6�2��1�j�r��$
$/&)(*	��
1u�+*K$'�
	������rJ��� ���
	���1 �3�	��

 �a�2$T���)�2	�1 �Mj�
A #

�������2�)J.��	 ���a�I�U�
1 1u�2	\���
⊕k∈Kαku

k
� �?�������

K
� �M�0( 	��
1u���2�21 � {
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}

k∈K

� �
�r�����Q�
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A
��	�R

{αk}k∈K

�����p�2J.��$T�����
#�����'i�Ve}UVea�a
jwoqf }5oqfxVPj�

A
��1n��"���
	,1

v ∈ A
� �aRF��(*	���R��%$32

ikV�}
v(A) := {u ∈ R

n
max | v ⊕ λu ∈ A

����M��$
$
λ ∈ Rmax} .

4*� ���L"�$T����§ �
#
Q/R�V ikV�}5V�akakj�ozf´}5ozf�V<oq��ckRxV }Uoqf`«qVUsakV5c

A
oq�CV�j��zg�i�V���rtc�rqf`_¯u3ozj�f�c

v ∈ A
jma

i�Ve}
v(A) =

}5oqfxV
({(0, 1), (2, 0)})

§�®£c/jma�akR�ot¡�f oqf<ckR�V|i�j��zR�c/R3rJfx{ a
jm{bV|oq� V�j��zg�i�VG��±b�3Vev�ot¡|§

v?v È�wxÜUxBÚ5Ý
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Rmax

¡�j¶c�R�c�R�V�gxakgxrqv�c�oqu�oqvwoq�q_z±/¡�R�jw}~R }UrJf {bV�OxfxVe{ �`_©ckR�V�TWV5cki�jm}�X
(x, y) →

|ex − ey|
§GQ/R�V�akV5c

R
n
max

jwa¬Vel�g�jwu�u�Ve{�¡�j¶c�RNc�R�V�uxikob{bgx}5c'c�oqu�oqvwoq�z_q§ � V={bVef�oJc�V��`_�}5vwo
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ckR�V
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gxikV¬oJ��rWa
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VUc

A
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n
max

§
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jwoqf }5oqfxVeae§

�*¸ � �´� �����/� !?�21
A
���a�)J2$T-�2��RG�U&����2��1  �

R
n
max #

�%����	 1
��������J��U���U�3�	 J��	%�a �
A

��1
v

� ��J2$T-�2��R
����a��$
$

v ∈ A #
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#
l�V5c

v ∈ A
§ V�ozi�rJvwv

λ ∈ Rmax
±x{bV2Oxf�V|c�R�V|T=rJu

ϕλ : R
n
max → R

n
max

�`_
ϕλ(u) = v ⊕ λu

§
]bj�fx}UV

ϕλ

jma¬}5oqf�c�j�f`g�ozgxaU±xikV�}
v(A) = ∩λ∈Rmax

ϕ−1
λ (A)

jwa'rJf�jwfzc�VUi~a
V�}Bc�j�ozf oq��}5vwozakVe{�akV5c�ae±3rqfx{Nakox±
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v, w ∈ A #
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βv ≤ w
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� �
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i�Ve}

w(A) #
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#
l�V5c
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i�Ve}

v(A)
§ � V=rqa�a
gxT�Vz±,¡�j¶c�R�oqg�c¬vwoza�a¬oJ���zVUf�Vei�rqv�j�cd_q±�ckR3rtc

β ≤
�»§ªQ/R�Vef�±»�Ioqi|rJvwv

λ ∈ Rmax
±

w ⊕ λu = w ⊕ βv ⊕ ββ−1λu = w ⊕ β(v ⊕ β−1λu) ∈ A
akjwfx}5V

v ⊕ β−1λu ∈ A
rqfx{ a
jwfx}5V

A
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x ∈ R
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x
ckoW��V�ckR�VGakV5c

a
g�uxu
x := {1 ≤ i ≤ n | xi 6=

�
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s �3a
Veik«zV�Oxi�a
c�c�Rxrtc¬j¶�
u, v ∈ A

±3c�R�VUf
u⊕ v ∈ A

rqfx{�ckRxV�akg�u�u�oqikc�oJ�
u⊕ v

jma�ckRxVªg�f�jwoqf�oJ��ckRxV
akg�u�u�oqikc�aªoJ�
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rqfx{

v
§N®£cG�Iozv�vwot¡�a|ckR3rtcªc�R�VUi�VOjmaªrqf¯VUvwVUTWVUf�c

w ∈ A
¡�j�ckR´T=rtsbjwTªg�T akg�u�u�oqikce±

TWV�rJf�jwf��Gc�Rxrtc/a
gxu�u
v ⊂

akg�u�u
w
�Ioqi/rJvwv

v ∈ A
§*H�VUfx}UV��Iozi*Ve«qVUi�_

v ∈ A
ckR�VeikV'V5sbjmadc~a

λv 6=
�=a
g3}~R

c�Rxrtc
λvv ≤ w

§<Q/R�VeikVU�Ioqi�Vq±��`_ l�VUTWT=r��b§ cx±!j¶c�a
g�O}UVea�c�oNa
R�ot¡ ckRxrJcªi�Ve}
w(A) ⊂

ikV�}
v(A)

�Ioqi
Ve«qVeik_

v ∈ A
§

l�V5c
{βr}r∈N

⊂ Rmax
��V r�a
V�lzgxVUfx}UVDa
g3}~R¯ckRxrJc

limr→∞ βr =
�¯rJf3{ �

< βr ≤
��Iozi�rqv�v

r ∈ N
§�®£�

u ∈
ikV�}

w(A)
rqfx{

λ ∈ Rmax
±bc�R�VUf

v ⊕ λu = lim
r→∞

(v ⊕ βr(w ⊕ β−1
r λu))

jma#r|v�jwTWj¶c/oJ��Vev�VeTWVUf�c�a*oJ�
A
�3V�}Urqgxa
V

w⊕β−1
r λu ∈ A

�Iozi#rqv�v
r ∈ N

§�]`j�f3}5V
A
jma*}Uv�o�a
V�{,±qj�c*�Iozv�vwot¡�a

c�Rxrtc
v ⊕ λu ∈ A

§�Q/R�VUi�V5�IozikVz±
u ∈

i�Ve}
v(A)

±xrJf3{ akox±bi�Ve}
w(A) ⊂

ikV�}
v(A)

�Iozi�rJvwv
v ∈ A

§
�

�C���)��������§ �
#
Q/R�V¬}Uv�o�a
gxikV�rzakakg�TWubc�j�ozfOj�fDckR�V¬u�i�VU«`jwoqgxa*u�i�oqu�ozakj¶c�j�ozfO}UrJfxf�oJc#�3V|{bjma
u�VUf3a
V�{=¡�j¶c�R�§

À*ozfxakjw{bVei
A = ([

�
,
�
] × {

�
}) ∪ R

2 = {(x1,
�
) | x1 ≤

�
} ∪ R

2 ⊂ R
2
max

§�Q/R�VUf�±
ikV�}

( � , � )(A) =
{

(u1, u2) ∈ R
2
max | u2 6=

� }
∪ {(

�
,
�
)}

rJfx{<ikV�}
( � , � )(A) = R

2
max .

Q/R�V��Iozv�vwot¡�jwf���T=rJs�¢£u�vwgxa=rJf3rJvwoq�qgxV<oq�'c�R�V�f�oJc�j�ozf�oq�'VUs�c�ikVeTWV u�oqjwf�cO¡#rza=rJvwikV�rq{b_¯g3a
V�{��`_
H�VUvw��jw� [ H�Vev#b�b�^£§

�� v �"!



���������
	��������������������������������� ��!#"%$'&��)(*�	,+-�.�0/��213� �

� ¸������ � �Ê½�� �/��� �3q�s`cki�VUTWVGu�oqjwfzc � ��!?��1
A

���G� J��	�+����P�U&������21Lj�
R

n
max #

� 	 �2$T�2�G�2	�1
x ∈ A

� �
��	WV5s`cki�VUTWV�u�oqjwf�cMj�

A
� �?����p��$
$

y, z ∈ A
��	%R

α, β ∈ Rmax
�U&�J.�01B����1

α⊕β =
� �I1B�������$
$#��I�
	 D

"���."��2�U1�$)� ���2��1 � ��( ��R

x = αy ⊕ βz =⇒ x = y
��
x = z.

�
� �
�������2�21n �p����1 �����)�k"���
	,13�a �

A
�I�
$
$ �.�QRF�2	%�1E��R �.$|VUs�c

(A) #
Q/R`gxae±�rªu�oqjwf�c�oJ�

A
jma#V5s`cki�VUTWV¬j¶�@j¶c�}erJf�f�oqc#��VUvwoqfx�ªc�oWr�akVU�qTWVefzc/oJ�

A
gxf�v�V�aka#j�c�jwa�rqfDVUf3{Doq�

c�R�jma�a
Ve�qTWVUf�ce§ � V/¡/rJi�fGc�R�V/ikV�rq{bVei!c�Rxrtc�{bgxV*c�o¬ckR�V/jm{bVUTWu�oJckVefx}5_ªoJ��rz{�{bj�ckjwoqf�±JckR�V/u�i�oqu�VUikcd_��d� �B±
¡�j�ckR

α⊕ β =
� rqfx{

α, β 6=
�Djma�f�oqc�Vel�g�jw«%rqv�Vef�c#c�o

x = αy ⊕ βz =⇒ x = y
rqfx{

x = z.
�C���)�������b§ b

#
®£�
x ∈ A

jmaGrqf³VUs`cki�VUTWV=u3ozj�f�cGoq�
A
±�c�R�VUf

x = αy ⊕ βz
±!¡�j¶c�R

α ⊕ β =
�³rqfx{

y, z ∈ A
±xj�TWu�vwj�V�a2X

(x = y, α =
�
)
ozi

(x = z, β =
�
).

®°f3{bVUV�{,±�rzakakg�TWV|c�Rxrtc
x = y

��gbc
α <

�»§�Q/R�VUf�±
β =

�»§�¨'akakg�TWVG�`_�}5oqf�c�i�rz{bjw}5ckjwoqf ckR3rtc
x 6= z

§
Q/RxVUf�±�¡#V|Rxr%«zV

xi > zi

±x�Ioqi�akoqTWV
1 ≤ i ≤ n

±3rqfx{�a
o3±
xi = αyi ⊕ zi = αxi ⊕ zi < xi

±x¡�R�jm}~R�jwa
fxoqfxakVUfxakVq§
� R�Vef

C ⊂ R
n
max

jwa�rD}Uoqf�Vz±3j�c�jwa¬}5vwVerqi�ckR3rtc�j¶c~a�ozf�v�_�VUs�c�ikVeTWVªu�oqjwfzc�jma"�»§¬®°fNc�R�jma'}erqakVq±�ckR�V
i�VUvwVU«trqfzc�f�oqckjwoqf jwa#c�Rxrtc�oq��VUs`cki�VUTWV��qVUfxVUi~rtckozie§
� ¸������ � �Ê½�� ����� �3q�s`cki�VUTWV=�qVef�VUi~rtc�oqi � � !?��1

C ⊂ R
n
max

���0��J��	%�
#
� 	 �2$T���)�2	�1

x ∈ C
� �0��	

VUs`cki�VUTWV��qVUfxVUi~rtckoziaj�
C

� ��1B��� ���$
$#��I�
	 Da"���."��2�U1�$ � ���2��1 � ��( ��R

x = y ⊕ z, y, z ∈ C =⇒ x = y
��
x = z.

�3�
x

� ����	 �.��1 �.���)�6D��2	%�2����1E��� �
C
��1B���2	�1B���K�2�21

Rmaxx = {λx | λ ∈ Rmax}
� ����	=V5s`cki�VUTWV'i�r%_

 �
C #

�%���a���21k �a�.�F1 ���2�G�CD��2	%�2����1E����p �
C

�I�
$
$	���MR���	��1u��R �%$|V5s`c
¢£�
(C) #

q�s`c�ikVeT�V|�zVUf�Vei�rJckozi�a#rJi�V|}UrJvwvwVe{��2��
	 �
�U����R�&�J2� ��$T��VUvwVUTWVUf�c~a/j�f�vmrtc
c�jw}UV¬ckR�Veoqi�_q§
�C���)�������b§w�e�

#
®£c�}Urqf¯�3V<ikV�rq{bjwv�_³}~R�Ve}~¤zVe{�ckR3rtcªVe«qVUi�_�Vev�VeTWVUf�cªoJ��rqf¯V5s`cki�VUTWVOi~r%_�oq�

C
jmaªrqf

VUs`cki�VUTWV��qVUfxVUi~rtckozi*oq�
C
§

4*� ���L"�$T� �b§w�q�
#
l�VUc¬gxa�}Uoqfxakjw{�VUi'ckR�V=}5vwozakVe{�}5oqf`«zV5s�a
VUc

A ⊂ R
2
max

a
Rxot¡�fNj�f V�j��zg�ikV<�q§|®£c|}Urqf
��V=Verza
jwvw_�a
VeVUf�ckRxrJcGj¶c~a|V5s`c�ikVeT�VWu�oqjwf�c�a|rJi�V

a = (5, 2)
±
b = (4, 0)

±
c = (3, 2)

±
d = (1, 3)

rqfx{
e = (2, 5)

§OQ/R�V=VUs`cki�VUTWVWi�r%_ba¬oJ�/ikV�}
(A)

rqikV
Rmax(0, 1)

rqfx{
Rmax(2, 0)

�Æa
VeVWckR�V=i�jw�qR�c|RxrJfx{
akjm{bV�oJ�IV!jw�qgxikVG���5§
Q/R�V¬�Iozv�vwot¡�j�fx��}5ozfxa
cki�gx}Bc�j�ozfD¡�jwv�v�rqv�vwot¡ gxa*cko={bVeikjw«qV'ikV�a
g�v�c�a*�Iozi/}Uoqf`«qVUsOa
VUc�a/rqa/}5ozfxakVel�g�VUf3}5Vea

oq�!i�Veakg�v�c�a#�Ioqi�}Uoqf�V�aU§
�*¸ � �´� �/� ����� !=�21

A
�.�Q�0J��	�+����0�U&��U�2�21k �

R
n
max #

�����2	 �*1B���p���21

CA = {(λx, λ) | x ∈ A, λ ∈ Rmax} ⊂ R
n+1
max

� �a�PJ.�	%�
#

v?v È�wxÜUxBÚ5Ý



b /%1��u"�����	%���L��&����2�U1��	�C�3J�����R��
G��1�

�n��  �
#
l�V5c

β ∈ Rmax
rJf3{

(λ1x
1, λ1), (λ2x

2, λ2) ∈ CA

±�¡�j�ckR
x1, x2 ∈ A

rJfx{
λ1, λ2 ∈ Rmax

§
¨'akakg�TWVq±»¡�j�ckR�ozgbc'vwoza�a�oq���qVef�VUi~rJvwj¶cd_z±�c�Rxrtc

λ := λ1 ⊕ λ2 6=
�»§�]`j�f3}5V

A
jwa¬}5ozf`«qV5s,±

λ−1(λ1x
1 ⊕

λ2x
2) ∈ A

±3rJfx{ a
o3±

(λ1x
1, λ1) ⊕ (λ2x

2, λ2) = (λλ−1(λ1x
1 ⊕ λ2x

2), λ) ∈ CA.
ZNoqi�VUot«qVeie±

CA

jma/oq�`«`j�ozgxakv�_=u�i�VeakVUi�«qV�{O�`_=c�R�V|Tªg�v�ckjwu�vwjw}ertc�j�ozf �`_DrWa�}Urqvwrqie§
�

�*¸ � �´� �/� �� � �3�
A ⊂ R

n
max

� �M� J��	�+��.�P���21n1
����	�}5vwo
(A)

� �M� J��	,+-�.�P�2��1
#
�����Q�2���)�a� �M1 �U&��

����aJ��	%���
#

�n��  �
#
Q/Rxjwa��Ioqvwv�ot¡�a��IikozT c�R�V'}Uoqf�ckjwf`g�j�cd_�oq�,ckR�V'�Ig�fx}5ckjwoqfxa

(x, y) → x⊕ y
rJf3{

(λ, x) → λx
§

�

� V|f�V5s`c�V�adc~rJ��vwjwakR�a
ozT�V�u�i�oqu�VUikckjwVea/oq��c�R�VG}5ozf�V
CA

§

� � ½	��½ � � � �Ê½�� ����� � � �3�
A ⊂ R

n
max

� �a�PJ�$T��2�.R J��	,+-�.�0���21 ��1B���2	
}5vwo

(CA) = CA ∪ (
i�Ve}

(A) × {
�
}).

�n��  �
#
l�V5c

(y, α) ∈
}5vwo

(CA)
§

¨'akakg�TWVIOxi~adc,c�Rxrtc
α 6=

�»§@]`jwfx}5V
(y, α) ∈

}5vwo
(CA)

±�ckR�VeikV�VUsbjwa
c�a�r�akVel�g�Vefx}5V
{(λrx

r, λr)}r∈N
⊂

CA

a
g3}~RckRxrJc
limr→∞(λrx

r, λr) = (y, α)
§NQ/RxVUf�±@rqa

limr→∞ λr = α 6=
�rJfx{

A
jmaª}Uv�o�a
V�{,±

¡#V¤`f�ot¡.c�Rxrtc
x := limr→∞ xr = limr→∞ λ−1

r λrx
r = α−1y

�3Vev�ozf��za c�o
A
§\Q/R�VeikVU�Ioqi�Vq±

(y, α) = limr→∞(λrx
r, λr) = (αx, α) ∈ CA

§
¨'akakg�TWV�f�ot¡©c�Rxrtc

α =
�»§Il�V5c

x ∈ A
rJfx{

β ∈ Rmax
§�Q!oGu�i�ot«qV/c�Rxrtc

(y, α) ∈ (
ikV�}

(A)×{
�
})j�c#akg�O}5V�a�c�oªa
Rxot¡�c�Rxrtc

x⊕βy ∈ A
§�¨'a

x ∈ A
¡#V�¤`f�ot¡�ckRxrJc

(x,
�
) ∈ CA

§�Y'a
jwf��|c�R�V��Êrz}Bc�c�Rxrtc
}Uv�o

(CA)
jma*rG}Uoqf�V �I�`_)l�VUTWT=rqa#�b§w���|rqfx{D��§��_4��B±`j¶c*�Ioqvwv�ot¡�a�ckRxrJc

(x⊕βy,
�
) = (x,

�
)⊕β(y,

�
) ∈}Uv�o

(CA)
§@Q/R�VUf�±JckR�VeikV#V5sbjmadc~a�r¬akVel�g�VUf3}5V

{(λrx
r, λr)}r∈N

⊂ CA

akgx}~RGc�Rxrtc
limr→∞(λrx

r, λr) =
(x⊕ βy,

�
)
§�Q/RxVUi�V5�Ioqi�Vq±

x⊕ βy = lim
r→∞

λrx
r = ( lim

r→∞
λr)( lim

r→∞
xr) = lim

r→∞
xr ∈

}5vwo
(A) = A.

Q/R`gxae±x}5vwo
(CA) ⊂ CA ∪ (

i�Ve}
(A) × {

�
})
§

s �`«`j�ozgxakv�_
CA ⊂

}5vwo
(CA)

§ l�VUc f�ot¡
(y,

�
) ∈

ikV�}
(A) × {

�
}
§ Q!rq¤qV�rqf`_

x ∈ A
§ � V

¤`f�ot¡µckRxrJc
x ⊕ λy ∈ A

�IoqiOrqv�v
λ ∈ Rmax

§ Q/R�Vef�±#j¶�
{λr}r∈N

⊂ Rmax
jwaOrakVel�g�Vefx}5V�a
g3}~R

c�Rxrtc
limr→∞ λ−1

r =
�»±*j¶c��Ioqvwvwot¡�aªc�Rxrtc

(y,
�
) = limr→∞(λ−1

r (x ⊕ λry), λ
−1
r )

rJfx{´ckR�VeikVU�Ioqi�V
(y,

�
) ∈

}5vwo
(CA)

akj�fx}UV
(λ−1

r (x⊕ λry), λ
−1
r ) ∈ CA

�Ioqi�rqv�v
r ∈ N

§
Q/R`gxae±

CA ∪ (
i�Ve}

(A) × {
�
}) ⊂

}5vwo
(CA)

§
�

� ½ � ½ � �Ê�b� ¹������
/� �B�
A ⊂ R

n
max

� �a�PJ.��L"��FJ216J.�	�+����0�2�21 �*1B���2	
CA ⊂ R

n+1
max

� �p� J2$T-�2��R0J��	��
#

�n��  �
#
®£�
A
jma�r=}5ozTWuxrq}5c�akg��xakV5c�oq�

R
n
max

±�j�c�Tªgxa
c���VG�3ozg�fx{bV�{<�IikozT rJ��ot«qVz±�rJfx{�akoWikV�}
(A) =

{
�
}
§IY#_On�i�oqu�ozakj¶c�j�ozf��b§w�2c�±�}Uv�o

(CA) = CA ∪ {
�
} = CA

±xrJf3{<akox±
CA

jma�}Uv�o�a
V�{,§
�

�*¸ � �´� �/� ���/� !=�21
A
�.�Q�0J2$T�����R J��	�+��.� �U&����2��1nj�

R
n
max #

�����2	 �
V5s`c
¢£�

(
}Uv�o

(CA)) ∩ (
i�Ve}

(A) × {
�
}) =

V5s`c
¢£�
(
i�Ve}

(A)) × {
�
} .

�� v �"!



���������
	��������������������������������� ��!#"%$'&��)(*�	,+-�.�0/��213� �

�n��  �
#
l�V5c

(x,
�
) ∈

V5s`ck¢¦�
(
}5vwo

(CA)) ∩ (
ikV�}

(A) × {
�
})
§�Q/R�Vef�±�jwf uxrJikckjm}5g�vmrJi�±

x ∈
i�Ve}

(A)
§

¨'akakg�TWV�ckRxrJc
x = y ⊕ z

±�¡�j�ckR
y, z ∈

i�Ve}
(A)

§ ¨'a�}5vwo
(CA) = CA ∪ (

i�Ve}
(A) × {

�
})

��_
n�ikozu3o�a
j�ckjwoqf ��§�� cb±�¡#V�¤`f�ot¡ c�Rxrtc

(y,
�
), (z,

�
) ∈

}Uv�o
(CA)

§µQ/R�Vef
x = y

ozi
x = z

±�akj�f3}5V
(x,

�
) = (y,

�
) ⊕ (z,

�
)
rqfx{

(x,
�
) ∈

VUs�ck¢¦�
(
}5vwo

(CA))
§ Q/R�VeikVU�Ioqi�Vq±

x ∈
V5s`c
¢£�

(
i�Ve}

(A))
rJfx{

(x,
�
) ∈

VUs`c
¢£�
(
i�Ve}

(A)) × {
�
}
§

l�V5c|f�ot¡
(x,

�
) ∈

V5s`c
¢£�
(
i�Ve}

(A)) × {
�
}
§GQ/R�VUf�±�oq�`«`j�ozgxakv�_

(x,
�
) ∈

i�Ve}
(A) × {

�
}
§�¨�a�a
g�TWV

c�Rxrtc
(x,

�
) = (x1, λ1) ⊕ (x2, λ2)

±�¡�j¶c�R
(x1, λ1), (x

2, λ2) ∈
}5vwo

(CA)
§ Q/RxVUf�±

x = x1 ⊕ x2
rqfx{

λ1 = λ2 =
�»§�Q/R�VeikVU�Ioqi�Vq±@rqaG}Uv�o

(CA) = CA ∪ (
ikV�}

(A) × {
�
})
�`_�n�i�oqu�ozakj�ckjwoqf´��§�� c�±@j¶c

�Iozv�vwot¡�a�c�Rxrtc
x1, x2 ∈

i�Ve}
(A)

§�V�jwfxrJvwvw_q±
x = x1 oqi x = x2 akj�f3}5V x ∈

VUs�ck¢¦�
(
ikV�}

(A))
§NQ/R`gxae±

(x,
�
) ∈

VUs`c
¢£�
(
}5vwo

(CA))
§

�

�*¸ � �´� �/� � ��� !=�21
A
�.�Q�0J��	�+����0�U&��U�2�21k �

R
n
max #

�����2	 �
VUs`c
¢£�

(
}5vwo

(CA)) ∩ CA ⊂
VUs`c
¢£�

(CA).
�n��  �

#
s �`«`jwoqgxa/akj�fx}UV

CA ⊂
}5vwo

(CA)
§

�

Q/R�V��Iozv�vwot¡�jwf���uxikozu3o�a
j�ckjwoqf ikVevwrJckV�a*VUs`cki�VUTWV|u3ozj�f�c~a�rJfx{<V5s`cki�VUTWV|i~r%_baU§

� � ½	��½ � � � �Ê½�� �/� ��� � !=�21
C ⊂ R

n
max

��� � J.�	%� ��$T��1
γ 6=

� ��	%R $T�21
ψ : R

n
max → Rmax

�.� �
�)�2��!#"�$'&��P$'�
	�����������U� �M�)����	��
	�D 1B����1

ψ(x) = ⊕n
i=1aixi

���� �2��)�
a ∈ R

n
max #

� ���U&S�)� 1
����1
ψ(x) 6=

�G����M��$
$
x ∈ C \ {

�
}
� ��	%RPRF��(*	��p1B���QJ��	�+��.�)�2�21 2

Σ := {x ∈ C | ψ(x) = γ} .
������	��

V5s`c
(Σ) =

V5s`c
¢£�
(C) ∩ Σ .

�n��  �
#
l�V5c

x, y ∈ Σ
rqfx{

α, β ∈ Rmax
��V|a
g3}~R<c�Rxrtc

α⊕ β =
�,§�Q/R�VUf�±�rqa

ψ(αx ⊕ βy) = αψ(x) ⊕ βψ(y) = γα⊕ γβ = γ(α⊕ β) = γ
rqfx{<oq�`«`j�ozgxa
vw_

αx ⊕ βy ∈ C
±xj¶c��Iozv�vwot¡�a#ckRxrJc

αx ⊕ βy ∈ Σ
§�Q/R�VeikVU�Ioqi�Vq±

Σ
jma�}Uoqf`«qVUs»§

l�V5c
x ∈

VUs�c
(Σ)

§D¨'akakg�TWVWckR3rtc
x = y ⊕ z

±��IoqiGakoqTWV
y, z ∈ C \ {

�
}
§OQ/R�VUf�±

ψ(y) = γ
ozi

ψ(z) = γ
a
jwfx}UV

γ = ψ(x) = ψ(y)⊕ ψ(z)
§�]`gxu�u3o�a
Vz±b¡�j¶c�R�oqg�c/vwoza�a#oJ���qVUfxVUi~rJvwj¶cd_z±qc�Rxrtc

ψ(y) = γ
§

¨'a
x = y⊕ψ(z)γ−1γψ(z)−1z

±�¡�RxVUi�V¬}Uv�V�rJi�v�_
γψ(z)−1z ∈ Σ

rqfx{
ψ(z)γ−1 ≤

�»±�¡#V'¤`f�ot¡ c�Rxrtc

x = y
ozi
x = γψ(z)−1z.

]bj�fx}UV
x 6= y

j�TWu�vwj�V�a
ψ(z)γ−1 =

� �Æa
VeV�y�VUT=rJi�¤���§ b �B±,j�c'�Iozv�vwot¡�a�c�Rxrtc
x = y

ozi
x = z

§|Q/R�Vef�±
x ∈

VUs�ck¢¦�
(C) ∩ Σ

§
l�V5cGf�ot¡

x ∈
V5s`c
¢£�

(C) ∩ Σ
§D]bg�u�u�ozakV�c�Rxrtc

x = αy ⊕ βz
±�¡�j�ckR

y, z ∈ Σ
rJfx{

α ⊕ β =
�»§

]bj�fx}UV
x ∈

V5s`c
¢£�
(C)

±�¡*V�¤�fxot¡�ckRxrJc
x = αy

oqi
x = βz

§�¨�a�a
g�TWVz±,¡�j¶c�R�oqgbc�vwoza�a�oq���qVef�VUi~rJvwj¶cd_z±
c�Rxrtc

x = αy
§#Q/RxVUf�±

γ = ψ(x) = ψ(αy) = αγ
j�TWu�vwj�V�a/ckR3rtc

α =
�»±3rqfx{�a
o

x = y
§*Q/R�VeikVU�Ioqi�Vq±

x ∈
VUs�c

(Σ)
§

�

X�oJckV*ckR3rtc�ckR�V/}5ozfx{bj�ckjwoqfªoq�bckR�V#u�i�VU«`jwoqgxa!u�i�oqu�ozakj¶c�j�ozf|jwa@a�rtckjma OxVe{,±tjwfªu3rJikckjm}5g�vmrJi�±e¡�RxVUf
ψ(x) =

⊕n
i=1aixi

�Iozi�a
ozTWV
a ∈ R

n
§

v?v È�wxÜUxBÚ5Ý



��� /%1��u"�����	%���L��&����2�U1��	�C�3J�����R��
G��1�

� ½ � ½ � �Ê�b� ¹������ � �"!?��1
A
���a� J��	,+-�.�)�U&����2��1nj�

R
n
max #

�����2	 �
V5s`c
¢£�

(CA) ∩ (A× {
�
}) =

V5s`c
(A) × {

�
} .

�n��  �
#
À*ozfxakjw{bVei�c�R�V/T=rts`¢¦uxv�gxa�vwj�fxVerJi��IozikT

ψ
oqf

R
n+1
max

{bV2Oxf�Ve{��`_
ψ(z, λ) = λ

±t�Iozi@rqv�v
z ∈ R

n
maxrqfx{

λ ∈ Rmax
±#c~rJ¤qV

γ :=
�»±�rJfx{�rqu�u�vw_�n�i�oqu�ozakj¶c�j�ozf��b§w� b�cko´ckR�VN}Uoqf�V

CA ⊂ R
n+1
max

§ � V
{�Ve{bgx}UV¬ckRxrJc/VUs`c
¢£�

(CA) ∩Σ =
VUs�c

(Σ)
±�¡�RxVUi�V

Σ := {(xλ, λ) ∈ CA | λ =
�
} = A× {

�
}
§�]bj�fx}UV

VUs`c
(A× {

�
}) =

V5s`c
(A) × {

�
}
±`c�R�VG}5ozikozv�vmrJi�_Wjwa/uxikot«zVe{,§

�

l�V5cWgxa�ikV�}UrJvwv*ckRxrJcWr³}5ozf�V
C ⊂ R

n
max

jma (*	,�
1E�2$1$ D �2	%�2����1u��RDj���c�R�VUi�V<VUsbjwa
c�a�r�O3f�j¶c�V akg��xakV5c
A ⊂ R

n
max

a
g3}~RDc�Rxrtc
C =

}Uoqf�V
(A)

§
�*¸ � �´� �/� ���/� � (*	,�
1E�2$1$aD ��	�������1E��RPJ.�	%�Qj�

R
n
max

� �pJ2$T�����R
#

�n��  �
#
l�V5c

A = {u1, . . . , um}
rqfx{

C =
}5ozf�V

(A)
§ � V'rqa�akg�TWVq±q¡�j�ckRxoqgbc#v�o�aka�oq�,�qVUfxVUi~rJvwj¶cd_z±JckR3rtc

uk 6=
�<�Ioqi�rqv�v

1 ≤ k ≤ m
§ l�V5c

ψ(x) :=
⊕

1≤i≤n aixi

{�VUf�oqckVªrWvwj�fxVerJi��Ioqi�T ±3a
gx}~R c�Rxrtc
ai >

�
�IoziªrJvwv

1 ≤ i ≤ n
§�Q/R�VUf�±

ψ(uk) 6=
�»±��Ioqi�rJvwv

1 ≤ k ≤ m
§�l�V5c {

xr = ⊕m
k=1λ

r
ku

k
}

r∈N

�3VDr
akVel�g�Vefx}5V�oq�!VUvwVUTWVefzc~a�oJ�

C
akgx}~R<ckRxrJc

limr→∞ xr = x
�Iozi�a
ozTWV

x ∈ R
n
max

§
]`jwfx}UV

λr
kψ(uk) ≤ ψ(xr)

±'rJfx{�akjwfx}5V
ψ(uk) 6=

�»±
λr

k

jmaD��oqgxfx{bVe{ rqa
r
c�VUfx{xaOc�o´j�f�Oxf�j�cd_q§

H�VUfx}UVq±�¡#VD}Urqf�rqa�akg�TWVq±@¡�j¶c�R�oqg�c�vwoza�aGoq���qVUfxVUi~rJvwj¶cd_z±�c�Rxrtc�ckR�VeikV<V5sbjwa
c�a
λk ∈ Rmax

akgx}~R¯c�Rxrtc
limr→∞ λr

k = λk

�Iozi�rJvwv
k = 1, . . . ,m

� c~rJ¤`jwf��Oa
gx�xa
V�l�g�VUfx}UVea#j���f�V�}5V�aka�rJi�_ �B§�Q/R�VUf�±

lim
r→∞

xr = lim
r→∞

(

m
⊕

k=1

λr
ku

k
)

=

m
⊕

k=1

λku
k ∈ C.

Q/RxVUi�V5�Ioqi�Vq±
C
jwa�}5vwozakVe{,§

�

4�§�� ����:���� ��7983��89AB;?7 ;�� �
�	��
���� > �G@�;=7����� � �S8/�GA
7 8���:��"�);	� ���=8�:����0����;?A
798/� �?7d<
���d89:����0� � ��7/��: ��8d;=:/�

X�ot¡ ¡#V|u�ikot«zV�c�R�V�T=rJjwf i�Veakg�v�c�a/oq�!c�R�jwa/u3rJu�VUi�§
��� ¸`½ � ¸ � �/��� � !?�21

C ⊂ R
n
max

���p�Q	��	,! ���r"%1 $QJ2$T-�2��R)J��	��
#
�����2	 � ��+��2� $G�2$T�2�G�2	�1  �

C
� �C1B���

�U&S� j�p��1k�)-�U1
n

�.��1 ���2�)�rD ��	�������1E����aj�
C
� ��	%RG�2 �

C =
}5oqfxV

(
V5s`ck¢¦�

(C)).
�n��  �

#
l�V5c

x ∈ C
§ V�ozi�Verq}~R

i ∈ {1, . . . , n}
{bV�O3f�V�ckR�VGakV5c

Si = {u ∈ C | u ≤ x, ui = xi} = C ∩ {u ∈ R
n
max | u ≤ x, ui = xi} .

¨'a
{u ∈ R

n
max | u ≤ x, ui = xi}

jwa�}UoqTWuxrq}5c¬rqfx{
C
jma�}5vwozakVe{,±,¡#Vª¤`f�ot¡�c�Rxrtc

Si

jma¬r }5ozTWuxrq}5c
akg��xakV5c*oJ�

R
n
max

¡�Rxjw}~R=jma�fxoqfb¢£VUTWubcd_��3V�}Urqgxa
V
x ∈ Si

§�Q/R�VeikVU�Ioqi�Vq±
Si

Rxrza*r|TWjwf�jwTWrqv3Vev�VeTWVUf�c
ui
§

� V�}5vmrJjwT c�Rxrtc
ui
jma�rJfWVUs�c�ikVeTWV��qVUfxVUi~rtckozi@oJ�

C
§@¨'akakg�TWV/ckR3rtc

ui = y⊕z
�Ioqi�akoqTWV

y, z ∈ C
§

Q/RxVUf�±
ui

i = yi

oqi
ui

i = zi

§*l�V5c/gxa#rqa�a
g�TWVz±�¡�j�ckRxoqgbc/v�o�aka*oJ�!�qVUfxVUi~rJvwj¶cd_z±qc�Rxrtc
ui

i = yi

§@Q/RxVUi�V5�Ioqi�Vq±
y ∈ Si

akjwfx}5V
y ≤ ui ≤ x

rqfx{
yi = ui

i = xi

§rH�Vefx}5Vz±
ui = y

akjwfx}5V
y ≤ ui

rJfx{
ui
jma¬r=TWj�f�jwT=rJv

Vev�VeTWVUf�c'oq�
Si

§¬Q/R�g3aU±
ui
jwa¬rJf�VUs`cki�VUTWVª�zVUf�Vei�rJckoqi�oq�

C
§�®£c¬jwa¬}5vwVerqi�ckR3rtc

x = ⊕n
i=1u

i
±,rJfx{Nakox±

x ∈
}Uoqf�V

(
VUs`c
¢£�

(C))
§

� V|Rxr%«qV|akR�ot¡�fOc�Rxrtc
C ⊂

}Uoqf�V
(
V5s`ck¢¦�

(C))
§�Q/RxV¬oqckR�Vei�j�f3}5vwgxa
jwoqf�jma#cki�j�«`jmrJv¦§

�

�� v �"!



���������
	��������������������������������� ��!#"%$'&��)(*�	,+-�.�0/��213� �z�
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A

���\� 	��	,! ���r"%1 $eJ���r"���J�1 J��	,+-�.�
�U&����2��1)j�

R
n
max #

�����2	 �0��+��2� $e��$#���)��	,1 j�
A

� ��1
��� J��	�+����WJ��� ���
	���1 �3�	 j� ��1Q�G���1
n + 1�.��1 �.���)�k"���
	,13�aj�

A
�k��	�RG�2 �

A =
}5o

(
V5s`c

(A)).
�n��  �

#
l�V5c

x ∈ A
§ ��V2Oxf�V´c�R�V�}Uoqf�V

CA = {(λz, λ) | z ∈ A, λ ∈ Rmax} ⊂ R
n+1
max

rqa�jwf
l�VUTWT=r=�b§w���`§�Q/R�Vef�±b�`_�À*ozikozv�vmrJi�_O�b§w����±

CA

jma�r=}5vwozakVe{ }5ozf�V|rJfx{DckR`gxa

CA =
}5ozf�V

(
VUs`c
¢£�

(CA))
�`_DQ/RxVUoqi�VUT 4�§w�J§
¨'a

(x,
�
) ∈ CA

±!��_³Q/R�VUozikVeT 4�§w�W¡*VW¤`f�ot¡ c�Rxrtc|c�R�VUi�V=V5sbjmadc
n + 1

V5s`cki�VUTWVW�qVef�VUi~rtc�oqi~a�oq�
CA

±�fxrqTWVUvw_
(λ1u

1, λ1), . . . , (λn+1u
n+1, λn+1)

±xakgx}~R<ckRxrJc

(x,
�
) =

n+1
⊕

k=1

(λku
k, λk).

H�VUfx}UVq±

x =
n+1
⊕

k=1

λku
k,
¡�R�VeikV n+1

⊕

k=1

λk =
�
.

Y#_�À*ozikozv�vmrJi�_N�b§w�e�`±�¡#V�¤`f�ot¡ ckRxrJc
(uk,

�
) ∈ CA

jwa|rqf�VUs�c�ikVeTWV��zVUf�Vei�rJckozi�oJ�
CA

j¶�d±�rJfx{�oqf�vw_
j��d±
uk ∈ A

jwa�rJf¯VUs�c�ikVeTWVOu3ozj�f�c�oJ�
A
§�Q/R�jwa�a
Rxot¡�a|ckR3rtc

x
jwaGckR�V }5ozf�«zV5s}5oqT���jwfxrtc�j�ozf¯oJ��rtc

TWo�adc
n + 1

V5s`cki�VUTWV=u�oqjwf�c�a|oq�
A
§<®£cG�Iozv�vwot¡�a¬ckR3rtc

A ⊂
}Uo

(
V5s`c

(A))
§�Q/R�V=oJc�R�VUiGjwfx}Uv�gxakjwoqfjwa

c�ikjw«`jwrqvÆ§
�

��� ¸`½ � ¸ � � � � � !?��1
A ⊂ R

n
max

���M�)	%�	�! �2�L"�1�$ J2$T-�2��R0J��	�+���� �2��1
#
������	��k��+��2� $0��$T�2�)��	,1kj�

A� ��1B�����U&S�  ��1
���aJ��	,+-�.�0J�����2�
	%��1 �3�	 j�
p

�.��1 �.���)� "���
	�1 �pj�
A
� ��	%R  �

q
�.��1 �.���)�LD ��	�������1E����

 �/ikV�}
(A)

� �I�
1B�
p+ q ≤ n+ 1

� ��	�RG�232

A =
}5o

(
V5s`c

(A)) ⊕
i�Ve}

(A).
H�VUi�Vq±�¡*V�{bVef�oJc�V��`_

⊕
ckRxV�T=rts`¢£u�v�g3a�rJfxrqv�oz�qg�V/oq��c�R�V�Z�jwf�¤zot¡�a
¤`jxakg�T oJ�»cd¡*oGakg��xakV5c~aU±z¡�R�jw}~R

jma#{bV�OxfxVe{ rqa�ckR�V�a
VUc*oq��T=rts`¢¦uxv�gxa#akg�T=a*oq�!rG«zVe}5ckoqi��IikozT²ckR�VCOxi~adc/a
VUc/rqfx{Ooq��rª«zVe}5ckoqi��IikozT²ckR�V
akVe}Uoqfx{<oqfxVq§
�n��  �

#
l�V5c

x ∈ A
§ ��V2Oxf�V´c�R�V�}Uoqf�V

CA = {(λz, λ) | z ∈ A, λ ∈ Rmax} ⊂ R
n+1
max

rqa�jwf
l�VUTWT=r=�b§w���`§�Q/R�Vef�±b�`_Pl�VUTWT=rW��§��_4`±x}5vwo

(CA)
jma�rW}5vwozakVe{ }5ozf�V|rJfx{DckR`gxa

}Uv�o
(CA) =

}5ozf�V
(
VUs`c
¢£�

(
}5vwo

(CA)))
�`_DQ/RxVUoqi�VUT 4�§w�J§

Y#_Dn�ikozu3o�a
j�ckjwoqf��b§w�2cW¡*V�¤`f�ot¡ ckRxrJc
}5vwo

(CA) = CA ∪ (
i�Ve}

(A) × {
�
}),

rqfx{DckR�Vef l�VUTWT=rqa���§�����rqfx{��b§w�%�Gj�TWu�vw_�X
V5s`ck¢¦�

(
}5vwo

(CA)) = [
VUs`c
¢£�

(
}5vwo

(CA)) ∩ CA] ∪ [
V5s`ck¢¦�

(
}5v�o

(CA)) ∩ (
ikV�}

(A) × {
�
})]

⊂
V5s`ck¢¦�

(CA) ∪ (
VUs`c
¢£�

(
i�Ve}

(A)) × {
�
}).
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X�ot¡|±zrqa
(x,

�
) ∈ CA ⊂

}5vwo
(CA)

±��`_�Q/R�Veoqi�VUT 4x§���¡#V/¤�fxot¡�c�Rxrtc�c�R�VUi�V�V5sbjmadc*rCOxfxj¶c�V�f`g�Tª��VUi
oq�3Vev�VeT�Vef�c�a�oJ��V5s`c
¢£�

(CA)
±qfxrJTWVUvw_

(λku
k, λk)

¡�j�ckR
1 ≤ k ≤ p

±zrJfx{�rLO3f�j¶c�V�f`g�Tª��VUi@oJ��VUvwVUTWVUf�c~a
oq�!VUs�ck¢¦�

(
ikV�}

(A)) × {
�
}
±�f3rJTWVUvw_

(yh,
�
)
¡�j�ckR

1 ≤ h ≤ q
±xa
g3}~RDc�Rxrtc

(x,
�
) =

(

⊕

1≤k≤p

(λku
k, λk)

)

⊕
(

⊕

1≤h≤q

(yh,
�
)
)

,

¡�j�ckR
p+ q ≤ n+ 1

§�Q/R�VeikVU�Ioqi�Vq±

x =
(

⊕

1≤k≤p

λku
k
)

⊕
(

⊕

1≤h≤q

yh
)

,
¡�R�VUi�V ⊕

1≤k≤p

λk =
�

rqfx{
yh ∈

i�Ve}
(A)

�IoziªrJvwv
1 ≤ h ≤ q

§�Y#_¯À*ozikozv�vmrJi�_³�b§w�e��¡#VO¤`f�ot¡ c�Rxrtc
(uk,

�
) ∈ CA

jmaªrqf
VUs`cki�VUTWV��zVUf�Vei�rJckoqi�oJ�

CA

j¶�d±brqfx{=oqfxv�_Wj��d±
uk ∈ A

jwa#rJfDV5s`cki�VUTWV�u�oqjwf�c#oq�
A
§�Q/R�jma*akR�ot¡�a�ckRxrJc

xjma#ckRxVGa
g�T oJ��c�R�VG}5ozf`«qV5sD}UoqT���j�f3rtckjwoqf<oJ�
p
VUs`cki�VUTWV�u3ozj�f�c�a/oq�

A
rJf3{Doq�

q
V5s`cki�VUTWV¬�qVUfxVUi~rtckozi�a

oq��ikV�}
(A)

¡�j¶c�R
p + q ≤ n + 1

§ H�VUf3}5Vq±
A ⊂

}5o
(
V5s`c

(A)) ⊕
ikV�}

(A)
§�Q/R�VOoJc�R�VUiªj�fx}Uv�g3a
jwoqf¯jma

c�ikjw«`jwrqvÆ§
�

¨'a�r=}5ozikozv�vmrJi�_WoJ��Q/R�VUozikVeT 4�§w�¬¡#V|�qVUc�rWu�ikV�}5jma
V�«zVUi~a
jwoqf<oJ��ckR�Vrh
�xrqakjma�c�R�VUozikVeTMi'�IoqiLOxf�j�ckVUvw_
�zVUf�Vei�rJckV�{N}5ozf�Veae§�Q/R�VQOxi~a
c�i�Veakg�v�c�a¬oJ�*ckR�jma�¤`j�f3{�¡#VUi�V�oz�bc�rqj�fxVe{���_NZNoqvwv�VeiQ[ Z�ozv#b�b-^�rJfx{ � rJ�J¢
fxVUg�i�[ � rq�z�x�U^¦§�]bVU«qVei�rqv»«%rqikjmrJf�c~a*oq��c�R�jwa�ikV�a
g�v�c�Rxr%«zV¬rqu�u3V�rJi�Ve{Dj�f\[]m�rJgx��bb±���]b��c�±»Ànm�Y#�Fc�^£§
� ½ � ½ � �Ê�b� ¹ � ��� � Y#rza
jma�c�R�VUozikVeT �.� !?��1

C ⊂ R
n
max

��� ��(*	,�
1E�2$1$0D ��	����.��1u�.R J��	�� ��	%R
A ⊂ C #������	��

C =
}Uoqf�V

(A)
� ���I��	%R)�	�$1$M� ���

A
J��	,1E���
	��K��1I$T���-�U1*�	%�K	��	 � �2��G�2$T���)�2	�1*j�����FJ�� ����1 �����)�

�.� $0j�
C #
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