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	��@!m������K�,�-�f���������\��� 6 ����� �
	��*.A3 � 6 !m������ -
�f	'� *�* 	����'� 6 �m��� ���� * ������� �,��� �,� * �����f-

�]|}x�mog�¨©sumiX goTWY{ehgimix�goY!wCn Y8eì|WmiY!±dn~suk}eo� c5�fY�«@jWY/�²ª0£(Y�£�n �~�@xu�~eos'X�x�¢CY�k}eoY�s�¨²�~n jWY8x�m(ehgimix�goY!wCn Y8eìn~j
afY/�¡gin sCj���x�j}��adY/��gon~suj DW¦�^IsumiY�|WmiY/�!n~eoY!�~c�x��~n j}Y/x�mUe�gom#x�goY/wucCªCnqeUe�k}�#T�goT}x�g"giTWYO|Wmonq��Y]¨©sum�p0k}x�j0gin¥ghc
q
e�sC�~��nqeUwun~±uY/j��dc

p(q) = αq + β,
£�T}Y!miY

α
x�j}�

β
x�miY{|$sCeon gon~±uYO|}x�m#x�XZY!goY!m#e/¦

[]s�goY�goT}x�gìgoTWY�gh£(s�e�Y!gieìsu¨³ehgimix�goY!wCn Y8e!ª4Bop0k}x�j0gin¥ghc &ñ|Wmonq��Y�e�gom#x�giY!wun~Y/e7C(xuj}�9Bh�~n j}Y/x�m"ehgimix�goY!wCn Y8eDCUx�miY
�Wn~eÍthsun~j0g/¦

jgk�lmk j nHo º � �f�FE º �
afkW|W|$sCeoY�£(Y�T}x¸±CY�xeon~jWwu�~Y�X�x�mi¢uY!g/¦�SUTWY�X�xumo¢CY�gy�!su�~� Y8�¡gie�goT}Y�su¤$Y/mie�XZxC�fY��dc°giTWY�eokW|W|W�~n~Y!m#e!ª
��-
�.- goTWYI|}monq��Y�¨©kWj}��gon~suj}e

p1(·), p2(·), · · · , pS(·)
ªUx�j@� T}xCeygos°�#TWsdsCeoY�giTWYIpCk@x�j0gon gon~Y/e

qj

gis°�WkWc
¨©misuX Y/xu�#TKeokW|W|W�~n Y/m

Sj

ª
j = 1, · · · ,S

¦�SUTWYOkWj}n¥g�|Wminq��YO|}x�nq��gos
Sj

nqe
pj(qj)

¦
� Y�eokW|W|$sCeoY"giT}x�g�xujZxC�fXZn~eieon �W�~Y��#TWsunq��Y(s�¨$goT}Y(X�xumo¢CY�gìn~eìeok}�#TygoT}x�gìgoTWY��WY!X�x�j}�ynqe�¨©kW� �~cyeix�gin~e�«}Y8�
x�gU«}jWn goY�|Wmin~�!Yuª ��-
�.- eok}�#T�goT}x�g/ª

S∑

j=1

qj = d, qj ≥ 0,
xuj}�

pj(qj) < +∞, ∀j.
(-� 5

� T}Y!j®goTWY�eoY�g�s�¨Uxu�fXZnqeoeon~�W� YZ�#TWsCn~�!Y/e{n~eOY/XZ|fghcuª ��-
� - £�TWY/jgiTWY��fY/XZxuj}���!x�j}jWs�gO�@Y�eix�gin~e�«}Y8�x�g
«@jWn¥giY]��s0ehg (ð¨©sum�Y�¬Wx�XZ|W�~Y�£�TWY/jZgoTWY]�WY!X�x�j}�Znqeìgisds��~xumowCY�£�n¥giT�moY8e�|$Y/��g�gos�eosuXZYU«}j}n¥giY�|Wmisd�Wk}�¡gin sCj
�/x�|}xC��n ghc 5 ª²giTWY!j°giTWY�X�x�mi¢uY�g��Wk}cde{giTWY�X�x�¬fn~X�x���p0k}x�j0gin¥ghcQsu¨(Y/� Y8�¡gimonq��n ghcQn gy�!xuj�x�g�«}jWn goY�|Wmin~�!Yuª
giTWsuk}wuT�goTWYO¨©kW�~� �fY/X�x�j}��nqeUjWs�g]eix�gin~e�«}Y/�³¦

IKJ�I G�HUR5IKJ�R Y9a+dZW�LMJ�W_cmY9a+deW_[BR]W�^ d0NPO QXcmY9aDHeQ
jgk jgk�l nHo º � �f�FE º �
� Y�e�k}|W|@s0e�YygoT@x�gOgoTWYZsC�fthY/��gon~±uY5s�¨�giTWYZXZxumo¢CY�gOn~eLgisK�#T}s0s0e�Y5x�j�xu�fXZnqeoeon �}� YZehgimix�goY/wucB( ��-
�.- eix�gM&
nqe�¨©c0n~jWwP(2� 5"5 ª

(q1, · · · , qS)
n~jmiY/eo|@sCj}eoY'gos�goTWY5s�¤7Y!m#e

p1(·), · · · , pS(·)
su¨�goT}Y5eokW|W|W�~n~Y!m#e!ª²eos�xue]gos
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	�������������������
����� ���"!#��� �

XZn~jWn~X5n~¶!YOgiTWYOgosugixu�³��sCe�g/¦
^QsumiYL|WmiY/�!n~eoY!�~c�giTWY�X�x�mi¢uY�g�|Wmisu�}� Y/X�n~e �

min
{qj}j=1···S

ϕM (p1(·), · · · , pS(·), q1, · · · , qS),
(Í� 5

£�n goT

ϕM (p1(·), · · · , pS(·), q1, · · · , qS)
def
=

S∑

j=1

pj(qj)qj ,
(©� 5

eokW�fthY8�¡gUgos��!suj}e�gom#x�n~j0gie (2� 5 ¦
��º � �f�FE l = ��� ��� 	9����� 	9�+!f������8���@>q	 ���	7� 	9��� ���"!#��� 1 �'� * ����������������
��� ����� 1 � 6 � 6����"�4���X��,���
���m� * �"! !m�:�����H� ��� 	9� ��� 	9����-
� ������'� 6 ��� * � * �/� 6 � * ��� � � ���"!#���Z����/ �������.��������� >q	9���"� $ 1

� * � 6 �"!���� � 	9�H�K6���� * �+�_� 	9� * �"! !f� ����� *
$� 	9�������"!3��� * ��� ���-��� %4��� !m������

pw
���<>q	 ���	 �
� 1 �'� * � � ����� * �"! !f� ����� * -:�f	9��%'���������
����� * 1 ���3/.	'�V� �

��#�,	 * �"!#!m� ����� � * 6 ��� ���������f� 6 �3����� 6 ��� /h� � � 	9�8.A3 � 6 !m������
pw
��� 6 � 	9� �76���� * �+� �
	�� * �"! !f� ����� * -

�f	'� * � ���"!#��������/ �������.��������� ���� 1 �<� 1�* ��� � � 6 ��� � ���"!#��� *8* ���	 � * � 	9� � ���"!#���+K��>e��� = � 33�����
 g�"���m������ = ��� 6 K�.��� �����&�f��� 6 ��� ����-��������� * - �m	'� * � * !��,���	>]�
�
� 1 � 1 �������Z� 6 � * �'� ** � 6 �����f������������#-

��º � �f�FE j	� ���"� >e� 	�� � ����� �
��� � 6 � � � � !#������� �8�3�����-� �Z���"��� * !9����� ���������P�� * � - �f	9���-� 6 �����:����� /
�,�,� * �����������
	����

$
� * � 	9���<>e� �,��� * � 6 ����� * ��� /3���������"!3��� ��� 6 ��� ���� !m�"� 6 ������ * - � �'�f��9>e� * �"!#!9� * � 6

� 	9���e� 	9�����,��� * !������ ���������7�,� * � * ��3�	 * �"! !f� ����� 	9� � ��� � * �"! !������K���"��� ���"� ������� ** �
	�� * ��� � -
�f	'� * � ** �'�?!f�������P���� �m��� 1 �H� � 6 �H���7�,� * ���M� * � � ���,���X� ���"!#��� *�
�* ����f�������������3-

jgk jgk j nHo º ���qpqp &�r º �¸�
SUT}YLgh£(s���min¥giY!min~x}ªf|Wmis�«Wg�x�j@��X�x�mi¢uY!g�e�T}xumoYCªd£�n �~�³�$Y'ehgik}�fn~Y/��¨©sumUgiTWY'e�k}|W|W�~n Y/mie �
� nHo º p�� ¾ � � ¼ � TWY/j�giTWYOXZxumo¢CY�gU�WkWcfe�p0k}x�j0gin¥gin Y8e

qj , j = 1, · · · ,S,
eokW|W|}� n~Y!m

Sj

� e(|Wmis�«Wg
gos��$Y�X�x�¬fn XZn~¶!Y8��nqe

ϕSj
(p1(·), · · · , pS(·), qj)

def
= pj(qj)qj − Cj(qj),

(2� 5
£�TWY!miY

Cj(·)
n~e(giTWY�|Wmisf�fk}�¡gin sCjI��sCe�gU¨©kWj}��gon~suj³¦

���8�����Bp�� r ¾ � l�� � * �"!#!9� * ��� 	9��� $
��������3�	 * �"!#!m� �����

Sj $
�
	��P!f�"� 6 �����������7�� * �

Cj(·)
� * �

!m�����'>]� * �
C1 ��� 6 ���f���,�,� * ��� / ���� � � 3��,�-�f���������f-

� 	��'�
Cj

� * �f��� 6 � 6����"�4������� 1 ����>e� 6 � .<�m���
	��H� ����/����f���q�� * �
C ′

j(q)
� *

limε→0+
dCj

dq
(q − ε)

-
� ����� * � �M�H� 	9� � ** �'�8!m�������7��� 6 � ���

Cj $
�
	���� ����/����f���V�� * �

C ′
j

� * �����m��� ����������� 6 �m��� (
6 ����"�� * ��� / -��M� !����������4�'�����H�
�K���� 1 � �+!f���,��4>]� * � �,��� * � �����Z���m���"�� * ��� /_�,�-�m���������m-
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D � � ** ����� �������	��
 � *�6 ������K���'��� ���
� ���������������"�

SUTWnqe"xCeoeokWXZ|fgon~sujZ«}gie"£�n¥giT�goTWY{���qxueie�nq�!xu�}e�gomik}�¡gikWmoY]s�¨³X�x�miwun~j}x��@��sCe�gie�n j�Y!�~Y/�¡gimonq��n ghcZe�Y8�¡gosCm/¦
�]e�xZX�x�g�goY/m�s�¨�¨Íxu��g/ªWX�x�miwun~j}xu�7�!sCe�gie�xumoYOn~j}��miY/xCe�n~jWw}ªd|Wn~Y/�!Y!£�nqe�Y'�!suj}e�gixuj0g �<giTWY�|Wmisf�fk}��Y/mie
ehg#x�mogie"|Wmisd�Wk}��n~jWw�n~j�n gieU�#TWY8x�|$Y/e�g"|Wmisf�fk}�¡gin sCj�¨Íxu�!n �~n ghc (Í£�TWY!j}Y!±uY/m"|$sCeieon �W�~Y 5 ¦<´ñ¨³goTWY{X�x�mi¢uY!g
xueo¢fe�XZsumiY�Y!�~Y/�¡gimonq��n ghcuª}goTWYy|Wmisd�Wk}��Y/m]ehg#x�mogie�k}|KgoTWYysujWY��WkWg{�#TWY8x�|$Y/e�g]|Wmisd�Wk}�¡gin sCj�¨ÍxC��n~� n ghc
��� �.-�� sCmyxQwCn ±CY!j |Wmisf�fk}��gon~suj ¨ÍxC��n~� n ghcuª<giTWY��!sCe�g5�fY/|@Y/j}�WeysujW�~c°suj mis�£ X�x�goY/monqx��-ªìx�j}� n~e
� n~jWY8x�m�£�n goTKmoY8e�|$Y/��gUgos�|Wmisf�fk}�¡gin sCj³¦

� nHo º � �f�FE º �®� o �f� º ¼ ¨©sum5e�kW|}|W� n~Y!m
Sj

ª
qj

nqe'giTWY�p0k}xujCgin¥ghc°�$sukWwCT0g'¨©mosCX�TWn X��dc�goTWY
X�x�mi¢uY�g8ª ��-
� - £"Y��fY!«}jWYOgoT}n~e��!mon goY/mon~suj�xue

ϕSj
(p1(·), · · · , pS(·), qj)

def
= qj .

(�D 5

� sCm�goTWnqe]�!mon goY/mon~suj ªWn¥gLn~e�j}Y/��Y8eoeix�mic�gis�n j0gomisf�fk}�!Y'xZ|Wmonq��Y'�!suj}e�gom#x�n~j0g/¦��Le]xZX�x�gogoY/m�s�¨<¨Íxu��g/ª
goTWY�sC�d±0n~suk@e!ª��WkWg�kWjWmiY/x��~nqehgin~�uªue�sC� kWgon~suj5£�n¥giTWsukfg�|}monq��Y���sCj}e�gom#x�n~jCg<£(sukW�q���$YUgos�eoY�gìgiTWYU|Wmonq��Y
gos�¶/Y!misy£�T}x�goY/±uY!mUgiTWY�p0k}x�j0gon ghc��$sukWwCT0g�n~e/¦
� YyjWY!Y8�Qx��!suj}e�gom#x�n~j0g]e�k@�#TIgoT}x�g/ª@¨©sum{Y�¬Wx�XZ|W�~Yuª@goT}Y�|Wmis�«WgLn~eLjWsuj9&-jWY/wCx�gon~±uYuª}sumLeok}�#TIgiT}x�g
goTWY�k}jWn¥gL|Wmonq��YOnqe�x��~£(x¸cfeUx��$s�±uYLgoT}Y�XZxumowCn j@x��²��s0ehg8ª

C ′
j

¦

���8�����Bp�� r ¾ � j  X���_� 	9� * � !#���M� / �4�m���"��� �
��� >e� * �"! !�� * � � 	9��� 3#� * � �4�m��H�+� � � �����
� ��� �-���
�
!m������V�,�-�f���������

Lj

��������3�	 * �"! !f� ������- ���"! !m�:�����
Sj

� * �m���e���
����>e� 6 � � * ���
�f� 	9�&%4����� ���
���
q
���

� �-� �
� !f������ ����>e����� 	9���
Lj(q) $

��-
�.- �����H� 	9��� ���"!#��� * 	9���"�������
� ���������
$
���B� 6 � � ** � 1 ���+!m������

* ���"��� � /3� * 	9���'� 6�* ����� * ��
$

qj(q) ≥ Lj(q), ∀q.

�Hj}x�gikWmixu�$�#T}sunq��Y�¨©sCm
Lj

nqe
C ′

j

ªd£�TWnq�#T�Y!¬f|WmoY8eoeoY/e�goT}YLk}eok}xu�$�!suj}e�gom#x�n~j0g�goT@x�g(goTWYOkWjWn gU|Wmonq��Y
n~e{x��$s�±uYOgiTWY'X�x�miwun~j}xu� ��s0ehg8¦LvLjWY���sCkW�q�Qx��qe�s��#T}s0s0e�Y

Lj(q) =
Cj(q)

q

£�TWn~�#TY�¬f|WmiY/eie�Y8eUgoTWY
¨Íxu��g�goT}x�g�goTWY�|Wmis�«}g��/x�jWj}s�g��@Y�j}Y!wCx�gon~±uYC¦

IKJ�� G��PJ�a IMaKN�b�aMR
� mosCX xZw0x�XZY{goTWY/sumiY�gonq�!xu�³|$sun~jCg�su¨ì±0n~Y!£�ª@x5gh£"sZgin XZY�e�goY/|�|}mosC�W� Y/X £�n goT

S + 1
|W�qx¸cuY!m#eU£�n~� ���@Y

¨©sCmoXykW�qx�goY8�²¦�(g�xK«}m#ehgygon~XZY�e�goY/| goTWY�e�k}|W|W�~n Y/mie5x�jWj}sukWj}�!Y�goT}Y!n~mysu¤$Y/mie (ðgoT}Y�|Wminq��Y�¨©kWj@�¡gon~suj@e 5
gisKgoTWY�XZxumo¢CY�g8ª�x�j@��x�g'goT}Y�e�Y8��sCj}�Qgin XZY�e�goY/|°goTWY�XZxumo¢CY�g�miY/xu��gieOgisKgoTWY8e�Y�s�¤7Y!m#eO�0c��#TWsdsCeon j}w
giTWY�p0k}x�j0gin¥gin Y8e

qj

su¨(Y/� Y8�¡gominq��n ghcIgosI�Wk}cQ¨©misuX�Y8xu�#T°e�kW|}|W� n~Y!m8¦�§�xC�#T�|}�~x¸cCY!m�ehgimon~±uY8eLgosIsu|Wgon~X5n~¶!Y
( ��-
� - X�x�¬fn~X5n~¶!Y<¨©sCm²goT}Y�e�k}|W|W�~n Y/mie/ª/XZn~jWn~X5n~¶!Y�¨©sum²giTWY�X�x�mi¢uY!g 5 n gie²s�£�j���min goY!min~suj{¨©kWj}��gon~suj�(

ϕSj
, j =

1, · · · ,S, ϕM )
�dc�|WmosC|@Y/mo�~c��#TWsdsCeon j}w�n gie(s�£�j��fY8��nqe�n~suj�±¸xumonqx��}� Y (Íe 5 ¦<SUTWYLjdkWXZY/monq�!xu�$sCkfgi�!suXZY]su¨

Y8xu�#T���min¥giY!min sCj�¨©kWj}��gon~suj�£�n �~�²n~j�wCY!jWY/mixu�7�WY!|$Y!j}��sujKx��~�²�fY/�!n~eon sCj�±�xumonqx��W�~Y/e"n~j0±Csu�~±uY8�²¦�´µjK��sCj0gom#xue�g
gis���sujd±CY!j0gon~suj}xu�dsu|fgin XZn~¶/x�gin sCjy|}mosC�W� Y/X�e!ª�n~jZ£�TWnq�#TygiTWY!miYUn~e�sujW�~c'suj}YU�WY/��nqeon sCj5X�xu¢uY!m8ª�x�j@�y£�T}Y!miY
giTWYZ£"sCmi��BhsC|fgon~X�k}X C5T}xue�xuj®kWj@x�X��}n wCkWsuk}eLXZY/xujWn j}w}ª²giTWYZjWs�gin sCj®su¨ B�su|fgin X�x��~n ghc C5n j�wCxuX5Y8e{n~e
sC|@Y/j�gis5�fnqei��k}eie�n~suj�x�j}��X�k}e�gU�@Y��fY!«}jWY/��|Wmisu|$Y!mi� cC¦���xumon~suk@e"j}s�gon~suj@e�su¨ B�su|fgin X�x��~n ghc C Y�¬fnqehg�(ÍeoY!Y
;>=�? 5 ¦
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	���������������
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����� ���"!#��� �

i]Y!miY�goTWY5ehgimok@�¡gok}moY'su¨<goTWYy|WmosC�W�~Y!X � Y8xu�We]k}e�gis�k}eoY�x��!suX��}n jWY8� = � * 	 �m� �#�,!#��� 1 ����/ Y/p0kWn~� n~�'&
min~kWXK¦'r��~Y/xueoY5jWs�giYygiT}x�gOgiTWY B��~Y/xu�WY!m#eDC¡ª ��-
� - e�k}|W|W�~n Y/mie/ª³�#TWsdsCeoY5xuj}�xujWjWsCkWj}��Yy¨©kWj}��gon~suj}e

pj(·)
¦

´µj7;>=�?³giTWY'��sCmomiY/eo|@sCj}�fn~jWw�Y8p0kWn �~n~�Wmon~kWX n~eUmiY�¨©Y/momiY/��gos�xue ��� � ��� * � �m� �#�,!#��� 1 ����/ ¦
^IsCmoY"|WmiY/��nqeoY!�~cuª��fY�«@jWY

{qj(p1(·), · · · , pS(·)), j = 1, . . . ,S}
ª¸goTWY(�$Y/e�g�miY/eo|@sCj}e�Y"s�¨fgiTWY"X�xumo¢CY�g

gis�goT}Y�s�¤7Y!m#e
(p1(·), · · · , pS(·))
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ũj = (q̃j , p̃j)

£"Y
T@x¸±uY

JSj
(u∗) ≥ JSj

(u∗
−j , ũj),
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ª�n g'n~e����~Y/x�mOgiT}x�g
q∗j = 0
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Lj

���"���f��� 6 ����"�� * ��� /
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>]� * � ���������� ����� *
$
��� 6 �
	����

lim
y→x−

Lj(y) = Lj(x)
����� �����

x ≥ 0
-
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j
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.
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j}Y/��Y8eoeix�min~� c°ehgimonq�¡gi� c°n~j}��miY/xCe�n~jWw 5 x�j}� eox�gonqeh«}Y8e
limy→p+ O(y) = O(p)

¦ �LeoeokWXZ|fgin sCj �Qn~X5|}� n~Y/e
giT}x�g

O(sup
j

Lj(Qj)) ≥
S∑

j=1

ρj(Lj(Qj)) ≥
S∑

j=1

Qj ≥ d,

T}Y!j}�!YLgiTWY!miY�Y�¬fnqehg#e�x5kWjWnqpCk}Y
p∗ ≤ supj Lj(Qj) < +∞

e�k@�#T�giT}x�g

O(p∗) =

S∑

j=1

ρj(p
∗) ≥ d,

∀ε > 0, O(p∗ − ε) < d.

(M= D 5

SUT}Y"|Wminq��Y
p∗
moY/|WmoY8e�Y/j0gie²giTWYUXZn jWn~X�x��d|Wmin~�!Y"x�g�£�TWnq�#T'giTWYU�fY!X�x�j@����sCkW�q�'�$Y�¨©kW�~�~c'eox�gonqeh«}Y8��g#x�¢dn j}w

n~j0gos�xu�/��sCkWj0g(giTWY�XZn j}n X�x��²|}monq��Y'�!suj}e�gom#x�n~j0g/¦
���/� ���Bp��.r ¾����  q���

p∗
6 �/.0�f� 6 1 � 
 2  �

$
���m� �+� � 	9�Z�����
����>]��� / � >e�8���� 6 �
�������h	9��� 6A*

$
23-��f	9���"� � 3#� * � * � �-� � %'���

j̄ ∈ {1, · · · ,S}
* ���	P� 	9���

L−1
j̄

(p∗) 6= ∅ $
>q	9���"�

L−1
j (p)

def
= {q ∈

[0, d], Lj(q) = p}
- �M� !����������4�'�����

$
� 	9���"�7� 3#� * � * � �-��� %4���

j̄ ∈ {1, · · · ,S}
* ���	 � 	9���

Lj̄(ρj̄(p
∗)) = p∗ $

��� 6 * ���	 �
	����f�����
j 6= j̄ $

>e� 	9� � � Lj(ρj(p
∗)) < p∗

-

 - � �5!f�����,�

p∗
� 	9�8���;33�
� ���Z� ��� ��� %4���������
��� * �"!#!m� ����� * ���"� ���
�>��>e� 6 � ��!f�"� !�� * � � * � 3 �#����� �

d $��-
� - ∑S
j=1 ρj(p

∗) = d
-

� � ¾ p ¾ � rÍ� r ¾�� j ���"! !�� * � � ** �'�?!f������� * � ��� 6 P	9��� 6 -��V��� * � 6 ���)�
	�� * ���"��� � /�� !m�"�K.V���
u
∗ =

(u∗1, · · · , u
∗
S) $ u∗j = (q∗j , p

∗
j )
* ���	 � 	9���

$
� p∗

� *�6 �/.0�m� 621 ���*%4����������� 
 2  �
$

� ����� j 6= j̄ $
��-
�.- * ���	8�
	����

Lj(ρj(p
∗)) < p∗


�* �� � ** �'�?!f�������  �
$
>e��	�� � � q∗j = ρj(p

∗)
��� 6

p∗j ∈ [Lj(q
∗
j ), p∗[ $

� ����� j = j̄ $
��-
� - * ���	 � 	9���

Lj̄(ρj̄(p
∗)) = p∗


�* �� � ** �'�8!m������� ��
$
>e� 	9� � � q∗j ∈ [min((d−∑

k 6=j̄ q
∗
k) , ρj̄(p

∗)) , ρj̄(p
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��� 6
p∗

j̄
∈ [p∗, p[ $

>q	9���"�
p
� *�6 �/.0�f� 621 �

p
def
= min{Lk(q∗+k ), k 6= j̄}

(+=�� 5

� 	9�4�
$ u∗ � * � = � * 	 �,%'�'�
� � 1 �����'� -

��º � �f�FE � �f	9���"�<� 3#� * � * ��� ���".0� �
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����@� 1�* ��� � � �
	���� �
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� � 1 �����'��- = ��� ���
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	�� * ��� � >q	9��� � � ����� 	9� = � * 	7�,%'�'�
� � 1 �����'�
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	���� * �4� * � >e������ * ��� � 	9��� ���
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	�� * � = � * 	)�,%'�'�
�:� 1 ����� ���"� �,%'�'� � ���>�'� � -

� �"�� * ���f� 1 ��� � ��� �f����� � * ���>�,����� !����������4�'����� = � * 	)�,%'�'�
�:� 1 �����'� � * � � * �"!#!9� * � �
	���� �
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!f� ����� * � ��� * ����� � � ������� 	9� � �43#�
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�8!m�,�7.V� * � * ���\��� 3#�
� ������� �����
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������� /P� 	9� � %4�'�
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�
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� * !f�"���������"� 6 �,%'�'�
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q∗
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�>� * � �����m��� �����:�-���
� -
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�������m��� 6 ���� * �����@�M�'��� �+� � 	9�

� ���"!#����� 3'!m� �����
� 
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S1 $
��-
�.- ����� ��!����
�8�+� * ���"��� � /3��� *

((q1, p), (q2, p))
* ���,	7�
	����

q1 + q2 > d
� 	9�8�����"!3��� �"��3��� * 1 �

1 �'����� /��
	����"� * !9������ � ��%'���������
����� * q1
��� 6

d− q1
�,� * !��,����� � ��� � � � * �"! !m�:����� S1

��� 6 � � * �"!#!m� �����
S2
-
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=/� � � ** ����� �������	��
 � *�6 ������K���'��� ���
� ���������������"�

�f	�� = � * 	 �,%4�'�
� � 1 �����������H�����"!3��� * 	����"��� �43#�
�����.���������7���"�
$

u∗1 = (q∗1 ∈ [d− q̃2, q̂1], p
∗), u∗2 = (q̃2, p

∗
2 ∈ [p̃2, p

∗[),

>q	����,�
q̂i = ρi(p

∗) $ q̃i = ρi(p
∗ − ε) $

��� 6
p̃2 = L2(q̃2)

-
���"! !�� * �:�f��>S�
	���� 6#6 �
�������f��� 6 ���� * ����� �M�'���8�M� �
	�� � ���"!#����� * ��!f�"�������"�4�m�������� * �"! !m�:�����

S2
-

�f	��P!f�"� � ����� * !����
���M� * ���"��� � /3��� * � * �m��� � = � * 	h�,%'�'�
�:� 1 �����'� ��� � � ���,� - �M� 6 �� 6 $ *
�"! !f� �����

S2
����

���f���,�,� * �H�
� * �76����
$
��� !m������

p∗ $
� � �
	���%4����� ���
���

q̂2
- �f	����,%4�'�
� � 1 �����'� ���)�
	���� �� * ��� *

u∗1 = (q∗1 ∈ [d− q̂2, q̂1], p
∗), u∗2 = (q̂2, p

∗).

��º � �f�FE�� �M�  �"�,!9� * �
������� 
 >e� * �� � 	9���������,%4�'�
� � 1 �����'�
$
� 	9� � �43#�
�����A!m������

p̄
�
	��������� 1 �

!f�"� !�� * � 6 � * /3� � �4� 1 � 
 2 � ��- � * ��� �����4���_���� 6 �
������� ����� � 	9���5!f�����,�8� � 1 �8.<���
� � � * �
	����q�����8��� �
j ∈ {1, 2, · · · ,S}

>e� 	9� � � $ ∑

k 6=j

Qk > d.
(+= � 5

�?%'����������� 
 2 � �������� * �
	���� >]�
� 	 � 	9�@>]�
� 	 6 �,��>e��� �+�_��� ��� 6 � � � 6 ����� * �"!#!m� ����� $
�
	�� 6 ��� ��� 6 ���� * ���
�
�

1 � * ����� * .Z� 6 - �f	 � * >]�
�
�f��� * �'�"�_� 	9�����f���f� �M��� 	9� * �"! !f� ����� * ����<���"���� ��� .Z����� � � * 	9����� � /#����� 6 �
	��'�
���f���,�,� * �&�-� � �
���
� � 6 � ��� 	9�P!m��������+������������������
���3-

� � ¾³¾�� ¾ � � � ¾ p ¾ �.r©�.r ¾�� j ¦ � Y�T}x¸±uYZgis|Wmis�±uYZgiT}x�gy¨©sum5e�kW|}|W� n~Y!m
Sj

goT}Y!miY�nqe'jWs®|Wmosu«Wgixu�W�~Y
�WY!±dn~x�gon~suj�s�¨<ehgimix�goY!wCcuª ��-
�.- ¨©sCm�x�jdc

uj 6= u∗j
ªf£(Y�T}x¸±uY

JSj
(u∗

−j , u
∗
j ) ≥ JSj

(u∗
−j , uj)

¦
� adkW|W|$sCeoY�«}m#e�g�goT}x�g

j 6∈ S(p∗)
eosKgoT}x�g

Lj(ρj(p
∗)) < p∗

¦Kafn j}�!Y�¨©sum'goTWY�|}mosC|@s0e�Y8�®[LxueoT
ehgimix�goY/wuc

u∗j = (q∗j , p
∗
j )
ª7£(Y�T}x¸±CY

p∗j < p∗
ª@goT}Y'gosugixu��p0k}xujCgin¥ghc�|Wmisu|$sCeoY/�K�dc

Sj

n~eL�$sukWwCTCg
�dc�goT}Y�XZxumo¢CY�g�(

qj = q∗j
5 ¦Vi]Y!j}�!Y

Jj(u
∗) = q∗j

¦

� ´ñ¨"goTWY��fY/±dn~x�gon~suj
uj = (qj , pj)

nqe�e�k}�#TgoT}x�g
qj ≤ q∗j

ª7giTWY!j°���~Y/xumo�~c
JSj

(u∗) = q∗j ≥
qj ≥ JSj

(u∗
−j , uj)

ªW£�T}x�goY/±uY!mUgiTWY�|Wmin~�!Y
pj

nqe/¦
� ´ñ¨�giTWY��WY!±dn~x�gon~suj

uj = (qj , pj)
nqe5e�k}�#T°giT}x�g

qj > ρj(p
∗)

giTWY!j jWY/�!Y/eieoxumon~� cCª �dc�goTWY
XZn~jWn~XZxu��|Wmin~�!Y��!suj}e�gom#x�n~j0g/ª��]eieokWXZ|fgon~suj D®xuj}� goTWYI�fY!«}jWn gon~suj s�¨

q∗j = ρj(p
∗)
ª"£"Y

T@x¸±uY
pj ≥ Lj(qj) ≥ Lj(q

∗ +
j ) > sup

k 6=j

p∗k.

i]Y!j}�!Yyj}s�£ e�kW|}|W� n~Y!m
Sj

nqeLgoTWYZeokW|W|W�~n Y/mO£�n¥giTQgoT}YyTWn~wuT}Y/e�g{|Wminq��Yu¦�z"sCj}e�Y8p0kWY!j0go�~c�goTWY
X�xumo¢CY�g{«}mie�g��WkWcfeL¨©mosCX goT}Y5sugoTWY/m'e�k}|W|W�~n Y/mieOx�j@�®eix�gin~e�«}Y/eLgiTWY��fY!X�x�j@�²ª³£�TWY/j®jWY8��&
Y8eoeix�micuª}£�n¥giTIgoTWYyY!�~Y/��gomin~�!n¥ghc�|Wmosf�fk@��Y/�K�dcKe�k}|W|W�~n Y/m

Sj

(©n~j}e�goY8xu�Isu¨�giTWYyeokW|W|}� n~Y!m
Sj̄

5 ¦
i]Y!j}�!YOgoTWY�X�xumo¢CY�g�e�T}xumoYOsu¨

Sj

�!xujWjWs�g�n~j}��miY/xCe�Y{£�n goT�goTWnqe��fY/±dn~x�gon~suj³¦
� adkW|W|$sCeoY�jWs�£ goT}x�g

j = j̄
ª ��-
�.- £(YOT}x¸±uYCª

Lj̄(ρj̄(p
∗)) = p∗

¦

� ´ñ¨�goTWY�«}mie�gLn goY/X s�¨"�LeoeokWXZ|fgon~suj)D�TWsC�~�We/ª@goTWY/j®x�gLgoTWYy|Wmisu|$sCeoY/�I[]xCe�TY/p0kWn~� n~�Wmin kWXKª
eokW|W|}� n~Y!m

Sj̄

nqeLgoTWY�eokW|W|W�~n~Y!m{goT}x�g�X5Y/Y�g#e]giTWY��fY!X�xuj}�eon j@��Y5n¥g�|Wmisu|$sCeoY/e]goTWY5TWn~wuTWY8ehg
|}monq��YC¦
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���������
	���������������
	�������������������
����� ���"!#��� =¸�

i]Y!j}�!YOn¥¨ìe�k}|W|W�~n Y/m
Sj̄

£Ux�j0gie(gisZn j}�!moY8xueoY/e"n¥g#e�X�x�mi¢uY!gUeoT}x�miYuªdn g�T}xue"gis�e�Y/� �³xZp0k}x�j0gin¥ghc
q̃j̄ ≥ d−

∑
k 6=j̄ q

∗
k

¦��(kfg�£(YOT}x¸±uYCª

Lj̄(q̃j̄) ≥ Lj̄(d−
∑

k 6=j̄

q∗k) = p∗ > max
k 6=j̄

p∗k.

SUT}n~e<|Wmis�±uY8e�goT}x�gìgoTWY�p0k}xujCgin¥ghc
q̃j̄
�/x�jWj}s�gì�@Y�su¤$Y/moY8�yx�g�xL|}monq��Y�eok}�#T�giT}x�gìgiTWY�X�x�mi¢uY!g

£(suk}�~���WkWc�n¥g8¦
� ´ñ¨(goT}Y�e�Y8��sCj}�n goY/X`su¨U�LeoeokWXZ|fgon~sujBDKTWsC�~�}e!ª goTWY/j®giTWY�|Wmisu|$sCeon¥gin sCj�e�gix�goY8e{goT}x�g'goTWY
p0k}xuj0gon ghc�|Wmisu|$sCeoY/�²ªWxuj}���@sCkWwuT0g��dc�giTWY'X�x�mi¢uY!g�n~e

ρj̄

¦"�]jKn j}�!moY8xueoYOn jKgiTWY�p0k}x�j0gin¥ghc
|}mosC|@s0e�Y8�y£(suk}�~�Zn~XZ|W� cZx�j�T}n wCTWY!m�|}monq��YCªC£�TWnq�#T�£(sukW�q�ZjWs�g"n XZ|W�~c5xuj�TWn~wuTWY/m"p0k}x�j0gin¥ghc
|}mosC|@s0e�Y8���dc�giTWY�X�x�mi¢uY�g�eon j}�!Y�jWs�£ giTWY'e�k}|W|W�~n Y/m�£"sCkW�q��T}x¸±CY]giTWY�TWn~wuTWY8ehg�|Wminq��Yu¦

�[]s�£�£"YZe�k}|W|@s0e�Y�goT}x�gO�LeoeokWXZ|fgin sCj D��Ws0Y8e]j}s�gLT}su�q�²¦'ads�¨©sCm]giTWYy|}monq��Y
p∗

�fY�«@jWY/��0cB(M= D 5
£(YOT}x¸±uY{XZsumiY{goT}xuj�sCjWY�e�k}|W|W�~n Y/m

Sj

eok}�#T�goT}x�g
Lj(ρj(p

∗)) = p∗
¦

�Le{eoTWs�£�j®n jgoTWYZY�¬WxuX5|}� Yys�¨"��Y/X�x�mi¢Q� (ÍeoY!Y � n wCkWmiYy� 5 ª7goTWY�[LxueoTY/p0kWn~�~n �Wminqx�X�x¸cI�fY!|$Y!j}�
k}|@sCjQgoT}Y5miY/xC�¡gin sCjQs�¨�giTWYZX�x�mi¢uY�g{£�TWY!jgh£"sKeokW|W|W�~n Y/mie/ª

Si

x�j}�
Sj

ª³T}x¸±CY'giTWY5eix�XZY5|Wmin~�!Y
pi =

pj = p∗
¦�´ñgìnqe<���~Y/x�m�goT@x�g<¨©sumìx{e�kW|}|W� n~Y!m

Sj

n jZe�k@�#TyxL£(x¸c{goT@x�g
Lj(ρj(p

∗)) = p∗
ª�gh£(s]|$sCeie�n~�Wn~� n gon~Y/e

X�x¸cKsf�!�!kWm{x�g{Y8p0kWn �~n~�Wmon~kWXK¦O§�n goTWY/m/ª7¨©sCmOeosuXZY5e�kW|}|W� n~Y!m
Sj

giT}x�g{«W¬fY/e{n gie{|Wmin~�!Y'gis
pj = p∗

ª7goTWY
X�xumo¢CY�gUmoY8xu�¡g#e(n jIeok}�#T�x5£Ux¸cZgoT}x�g

qj < ρj(p
∗ − ε)

ªfn~j�£�T}n~�#TK�!xCe�YOx�g�Y/p0kWn~�~n �Wmin~kWX £(YO£�n �~�²T}x¸±uY
p∗j = p∗ − ε

ª7sum]goTWY5X�x�mi¢uY�gLmoY8xu�¡g#eLeok}�#TIgiT}x�g
qj ≥ ρj(p

∗ − ε)
ª³x�j@�In jQgoT}x�gO�/xueoY�£(Y�£�n~� ��T}x¸±uY

p∗j = p∗
¦

�]�¥giTWsukWwCT goT}Y�Y�¬fnqehgiY!j}�!Y�s�¨�[LxueoT Y/p0kWn~� n~�Wmin~xQeoY!Y/X�e����~Y/xum�¨©sum5x�jdc�|@s0eoeon �}� Y�miY/xC�¡gin sCj�su¨�goTWY
X�xumo¢CY�g/ªC£"Y]moY8ehgimonq�¡g�sCkWm"x�g�goY/j0gon~sujZgos'goTWY{�!xueoY�£�TWY/moY�giTWY]X�xumo¢CY�g�miY/xu��gieì�dcZ�#TWsdsCeon j}w'pCk@x�j0gon gon~Y/e
(qj)j=1,···S

goT}x�g"x�miY�jWsuj@�fY/�!moY8xueon jWwO£�n goT�miY/eo|@Y8�¡g�gis�goT}Y]p0k}x�j0gon ghc
qj
|WmosC|@s0e�Y8�5�0cyY/xC�#TZeokW|W|}� n~Y!m

Sj

¦�^IsumiYL|}moY8��nqe�Y/� c�£(YOT}x¸±uYLgoT}YO¨©su�~� s�£�n~jWw�xueie�k}X5|Wgon~suj³ª
���/� ���Bp��.r ¾�� ��� ���

u = (u1, . . . ,uS)
1 � � * ���"��� � /��+!f�"�7.e��� �+��� 	9� * �"! !f� ����� * >]�
�
	

ui = (qi, p)�����
i ∈ {1, · · · , k}

- � �"!#!9� * �H� 	9�������"!3���e	9� * � �:� * ���
� * � 636 �
�������f���U�M�'����� � 6 ���� 6 ��	9��> � � * 	9���,�
� 	9� %4����� ���
���

d̃ ≤ d
������� / * �"! !m�:����� *

S1
� �
Sk

 �
	��@%4����� ���
���

d− d̃
	�� * ���:�"�� 6 � 1 �,�4� 1 ���3/.	'� ��,���

* �"!#!m� ����� * >]�
�
	 �+!f�����,������>e����� 	9���
p
��-

� ���
i ∈ {1, · · · , k} $

>e� 6 � .<�m�_� 	9�U�,�-�m��������� �
	����V� ** � ������� � *
qi

� �������
qi ≥ 0 $

>q	9���"�
qi

� * � 	9�
i
( � 	�����8!����m�4���]�+���
	��_�"��3���������

(q1, · · · , qS)
�M��� 	9�_�����"!3���U� ��� 	9� * ���"��� � /3�	!m�"�K.V���

(u−i, (qi, p))
-

� � * �"! !�� * ��� 	9���Z�
	'� * �,�-�m��������� � * �m��� 6 ����"�� * ��� / >]�
� 	<�"� * !9����e� � � 	9��%'���������
���
qi
-

SUTWYLXZY/x�j}n jWwys�¨²giTWn~eUxCeoeokWXZ|fgon~suj�nqe�goT}x�g�goT}YLX�x�mi¢uY!g"�fsdY/e"jWsug"|$Y!j}xu� n~¶!Y{x�j�B�s�±uY/mM&ñs�¤7Y!mKC"s�¨ x
eokW|W|}� n~Y!m8¦ � sum(«W¬fY8��e�gom#x�giY!wun~Y/e

u−i

su¨�x��~�7goTWY�eokW|W|W�~n~Y!m#eU�Wkfg
Si

ªfn¥¨ìe�k}|W|W�~n Y/m
Si

ªWeok}�#T�goT}x�g
pi = pn~j}�!moY8xueoY/eUn gie�p0k}xujCgin¥ghc

qi
ªWgiTWY!jKgiTWY�p0k}x�j0gin¥ghc��@sCkWwuT0g��dc�giTWY�X�x�mi¢uY!g�¨©mosCX

Si

�/x�jWj}s�g]�fY8��miY/xueoYu¦
´ñg'�/x�j�n j}�!moY8xueoYysCm'ehg#x¸cQ��sCj}ehg#x�j0g/¦5´µj°|}x�mogonq��k}�~xum/ª²n g'Y!j}�!suXZ|}xCeoeoY/e]goTWY��/xueoYZ£�TWY!miY�giTWY�X�x�mi¢uY!g
T@xueOx�|WmoY!¨©Y!miY!j}�!YysCmi�WY!m{�@Y!gh£"Y/Y!j®goTWY�eokW|W|W�~n Y/mie�(©¨©sum�Y�¬WxuX5|}� YCª²n¥g�«}m#e�g{�Wk}cde{¨©misuX�eokW|W|}� n~Y!m

Sj1

ª
giTWY!j�eokW|W|}� n~Y!m

Sj2

Y!gi�u¦ ¦~¦ 5 ªCsCm�£�TWY/jZgoTWY�X�xumo¢CY�g��WkWcfe"e�sCX5YU«}¬dY8�Z|Wmisu|$sumogon~suj5¨©mosCX�Y8xu�#T�e�k}|W|W�~n Y/m/¦
´ñg]�Ws0Y8eUjWs�g�Y/j}��sCX5|@xueie(goTWY'�/xueoYL£�TWY/moY{giTWY�X�x�mi¢uY�g�|WmiY�¨©Y/mie(giTWY'eoXZxu� �~Y/e�g�s�¤7Y!m8¦
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=.D � � ** ����� �������	��
 � *�6 ������K���'��� ���
� ���������������"�

� � ¾ p ¾ � rÍ� r ¾�� � ���"! !�� * � � ** �'�?!f�������  6 �.� * �m���H	9��� 6 >q	 �
��� � ** �'�8!m������� �76 � � * - � ����� 	9�
* ���"��� � /��@!f�"�7.e���

((q∗1 , p
∗
1), · · · , (q

∗
S , p

∗
S))

1 � 6 �/.0�f� 6 1 �

�  X��� j * ���	 � 	9��� Lj(ρj(p
∗)) < p∗

� 	9�4�
$

p∗j = p∗ − ε, q∗j = ρj(p
∗ − ε).

� � � Sj

� * * ���	 � 	9���
Lj(ρj(p

∗)) = p∗ $
� 	9�4�)���
� 	9���

p∗j = p∗, q∗j = ρj(p
∗),

(M= � 5

>q	9�4� � 	9���"��3���������P�M���
	��H� ���"!#���Z� * * ���,	<�
	����

qj ≥ ρj(p
∗ − ε), ∀ε > 0,

���
p∗j = p∗ − ε, q∗j = ρj(p

∗ − ε).
(2�u� 5

>q	9�4� � 	9� �f�'> �,�,�#��������� �+� �
	��)�����"!3���
$
�����)� 6 � � ����������� pj = p∗

>e���'� 6 1 � * ���,	 �
	����
qj < ρj(p

∗ − ε)
-

�f	 � *�* ���"��� � /��+!f�"�7.e����� * � = � * 	 �,%'�'�
� � 1 �����'� -

� � ¾³¾��QSUTWYU|Wmisds�¨@¨©su�~� s�£�e<�fn~moY8�¡gi� cO¨©misuX�giTWY��fnqeo�!k}eoeon~suj5XZxC�fY(�@Y!¨©sumiY"giTWYU|Wmisu|$sCeon¥gin sCj³ª�x�j}��¨©misuX
giTWY�|Wmisds�¨�su¨�r�misu|$sCeon gon~sujI�f¦

�

��� � �Bp & º � Y���sCj}eon~�fY/m�xOX�x�mi¢uY�gì£�n goT��OeokW|W|W�~n Y/mieìxuj}�ZxO�fY!X�x�j@�
d
Y/p0k}x��fgis =/�}¦ � Y�e�kW|}|@s0e�Y

giT}x�g�giTWY'XZn~jWn X�xu�³|Wmin~�!YO¨©kWj}�¡gin sCj}e
Lj

su¨<eokW|W|}� n~Y!m#e�x�miYOn j@��miY/xueon~jWw5e�gixun m#�!xCe�Y{¨©kWj@�¡gon~suj@e!ªWwCn ±CY!jKn~j
giTWY�¨©su�~� s�£�n~jWwIg#x��W�~YP(©goTWY�jWsugix�gin sCj

(]a, b]; c)
n j@�fn~�/x�giY/e�goT}x�gygiTWY�±�xu� kWY�s�¨�giTWY�¨©kWj}�¡gin sCj¯n~j giTWY

n~j0goY/mo±�x��
]a, b]

nqeUY/p0k}xu�7gos
c
5 ª

eokW|W|}� n~Y!m�=
([0, 1]; 10), (]1, 3]; 15), (]3, 4]; 25), (]4, 10]; 50)eokW|W|}� n~Y!m]�
([0, 5]; 20), (]5, 6]; 23), (]6, 7]; 40), (]7, 10]; 70)eokW|W|}� n~Y!m��
([0, 2]; 15), (]2, 6]; 25), (]6, 7]; 30), (]7, 10]; 50)eokW|W|}� n~Y!m��
([0, 1]; 10), (]1, 4]; 15), (]4, 5]; 20), (]5, 10]; 50)eokW|W|}� n~Y!m]�
([0, 4]; 30), (]4, 8]; 90), (]8, 10]; 100)

� Y5�Wn~eo|W�qx¸c�n~jQgiTWYy¨©su�~� s�£�n~jWw�g#x��W�~YygoTWY5±�x��~kWY/e]¨©sum
ρj(p)

x�j}�
O(p)

moY8e�|$Y/��gon~±uY/� cI�fY!«}jWY/��dc
Y8p0k}x�gin sCj}e (+=!� 5 x�j}�P(+=¸� 5 ¦

p ρ1(p) ρ2(p) ρ3(p) ρ4(p) ρ5(p) O(p)
p ∈ [0, 10[

� � � � � �
p ∈ [10, 15[

= � � = � �
p ∈ [15, 20[

� � � � � �

p ∈ [20, 23[
� � � � � =8�

é Û�Ü é á



���������
	���������������
	�������������������
����� ���"!#��� =��

SUTWYK|WmiY!±dn~suk}eyg#x��W�~YIe�TWs�£�eygiT}x�g�¨©sCmZx�|Wminq��Y
p
n~j

[15, 20[
ª�sujW�~c eokW|W|W�~n Y/mie

S1
ª
S3

x�j@�
S4�/x�j¯�Wmon~jWw�e�sCX5Y�|$sCeon¥gin ±CY�p0k}xujCgin¥ghc su¨]Y!�~Y/��gomin~�!n¥ghcC¦ SUTWY�gosugix��UX�x�¬fn~X�x��UpCk@x�j0gon ghc°goT}x�g��!x�j¯�@Y

|}mos�±dnq�fY/�®n~e
9
£�TWnq�#T n~e'e�gominq�¡go�~c�� s�£(Y!mOgiT}x�j�goT}Y��fY!X�xuj}�

d = 10
¦ � sumyxK|Wmonq��Y�n~j

[20, 23[
ª³£(Y

eoY!Y'goT}x�gOeokW|W|W�~n~Y!m
S2

�!xujx��qeos��Wmin jWw�e�sCX5Yy|@s0e�n gon~±uYypCk@x�j0gon ghcKs�¨ìY!�~Y/��gomin~�!n¥ghcCª@giTWY'gis�g#x���XZx�¬fn X�x��
p0k}xuj0gon ghc�nqeLgoTWY/j

15
£�T}n~�#TQnqeLTWn wCTWY!mLgoT@x�jIgiTWY5�WY!X�x�j}�³¦{SUTWY/jQ£(Yy��sCj}���~k}�fY�goT}x�g]giTWYy|}monq��Y

p∗�WY�«}jWY8�K�dc�Y/p0k}x�gon~suj\(M= D 5 nqe
p∗ = 20

¦"^QsumiY!s�±uY/m/ª
L2(ρ2(p

∗)) = L4(ρ4(p
∗)) = p∗

£�TWnq�#T�XZY8x�j}e
giT}x�g��]eieokWXZ|fgon~sujPD�nqe]j}s�g�eox�gonqeh«}Y8�²¦'[�sugonq��YygoT}x�gL¨©sCm{eokW|W|}� n~Y!m

S5
ª²£"Y5T}x¸±uY

L5(0) = 30 > p∗
¦

afkW|W|W�~n Y/m
S5

£�n~�~�ìjWs�gO�@YZx��}� YygosKe�Y/� �ìxuj0c0giTWn j}w�gos�goT}Y5X�xumo¢CY�g/ª7TWY/j}��YCª²£�T}x�giY!±CY!m{n¥g#eL�}n~�n~e/ª²£"Y
T@x¸±uY

q5 = 0
¦ � Y�e�kW|}|@s0e�YygoT}x�g��]eie�k}X5|Wgon~suj ��TWsu�q�We/¦5���/��sum#�fn~jWw�gosKr�misu|$sCeon¥gin sCj®�Wª £"YZT}x¸±CY

giTWYO¨©su�~�~s�£�n jWw5Y/p0kWn~�~n �WminqxW¦

u∗1 = (3, p∗1 ∈ [15, 20[), u∗3 = (2, p∗3 ∈ [15, 20[)
xuj}�

u∗5 = (p∗, q∗), p∗ ≥ L5(q)

gis°£�TWn~�#T giTWYIX�x�mi¢uY�gZmiY/xu��gieZ�dc �Wk}c0n~jWw°giTWYImoY8e�|$Y/��gon~±uYIp0k}x�j0gin¥gin Y8e
q1(u

∗) = 3
ª
q3(u

∗) = 2xuj}�
q5(u

∗) = 0
¦�SUTWYypCk@x�j0gon ghcK��moY/XZxun j@e�gos��@Y5e�T}xumoY8���@Y!gh£"Y/Y!j

S2
x�j}�

S4
xu�/��sCmi�fn~jWw5gos�goTWY

xC�W�fn gon~suj}xu�7mokW�~YOs�¨�goTWYOX�x�mi¢uY!g/¦ � sCm(Y!¬Wx�XZ|W�~YuªWeokW|W|$sCeoY]giT}x�gUgoT}Y�XZxumo¢CY�gU|WmiY�¨©Y!m#e
S2

gos�x��~�²s�giTWY!m
eokW|W|}� n~Y!m#e!¦ìSUTWY/j

u∗2 = (q∗2 ∈ [1, 5], p∗2 = 20)
xuj}�

u∗4 = (4, p∗4 ∈ [15, 20[).

gis�£�TWnq�#T�giTWYLX�xumo¢CY�g�miY/xC�¡gie"�dcZ�WkWcdn j}w
q2(u

∗) = 1
x�j@�

q4(u
∗) = 4

¦�´ñ¨ jWs�£ goT}YLX�x�mi¢uY!g�|WmiY�¨©Y/mie
S4

gos�x�jdc�sugoTWY/m/ªdgiTWY!j

u∗2 = (q∗2 ∈ [0, 5], p∗2 = 20)
x�j}�

u∗4 = (5, p∗4 = 20).

gisZ£�TWn~�#T�giTWY�X�x�mi¢uY�gUmiY/xu��gieU�dc��Wk}c0n~jWw
q2(u

∗) = 0
xuj}�

q4(u
∗) = 5

¦

� � � 
�
 ���!U��� ��
 ���!�����( 
 �<�����

´µj�giTWn~eLe�Y8�¡gin sCj³ªfgoT}Y'su�fthY8�¡gin ±CY�s�¨�goTWY�eokW|W|}� n~Y!m#e�nqeUgos�X�x�¬dn~XZn ¶/YOgoTWY/n m]|Wmosu«Wg/ª ��-
� - ¨©sCm]x�e�gom#x�goY/wuc
|}mosu«}� Y

u = (u1, · · · , uS)
ª
uj = (qj , pj)

ªfgoTWY/n m�Y/±�x��~k}x�gin sCj�¨©kWj@�¡gon~suj@e�x�miY

JSj
(u) = pjqj − Cj(qj),

(-�'= 5
£�T}Y!miY

Cj(·)
�fY!jWsugoY8e{eokW|W|}� n~Y!m

Sj

� e{|Wmosf�fk@�¡gon~suj���s0ehgL¨©kWj}�¡gin sCj³ª xuj}�
qj

nqeLgoTWY5su|Wgon~XZxu�<moY8xu�¡gin sCj
su¨�goT}YyX�x�mi¢uY!g/ª ��-
�.- giTWY5eosu�~kfgin sCjs�¨�r�mosC�W� Y/X (+=8� 5 gosuwCY�giTWY!m{£�n¥giT®xuj®xu�}�fn¥gin sCj}x��<�fY8��nqe�n~sujQmikW�~Yuª
¢djWs�£�j�0cIxu� ��goTWYZeokW|W|W�~n Y/mie/ª7n j��!xCe�Yys�¨�jWsCj'&-k}jWn~p0kWYZeosu�~kfgon~suj}e�(ÍeoY!YZ��Y!X�xumo¢I� 5 ¦'�]eL�@Y!¨©sumiYuª7£"Y
�Ws5j}s�g�jWY/Y/��gos�X�x�¢CY]giTWn~e�mokW�~Y�Y�¬f|W�~nq��n g/¦

´µj���suj0gimixCehg�gis'giTWYLX�xumo¢CY�g"eoT}x�miY�X�x�¬fn~XZn ¶8x�gon~suj ªC£(YL�fsyjWs�g(jWY!Y8��x'XZn~jWn~XZxu�7|Wmonq��Y]¨©kWj}��gon~suj}e
Lj

¦"[]Y!±uY/m�giTWY!�~Y/eieU£(Y{j}Y!Y/�Ix5X�x�¬fn~X�x��³kWj}n¥g]|}monq��Y
pmax

k}j}�fY!m]£�TWn~�#T�giTWY�eokW|W|W�~n Y/mie�xumoY�xu� �~s�£"Y8�
gis�eoY!�~� giTWY!n~m]Y/� Y8�¡gominq��n ghcu¦�SUTWnqe]X�x�¬dn~X�x���|Wmonq��Yy�!x�jIY/n¥giTWY!mL�@Y�«}jWn goY5x�j}�K«}¬dY8�K�dc�giTWY�X�x�mi¢uY!g]sum
�$Y�n~jf«}jWn goYC¦

� mosCX xu� �@goT}YL�]eieokWXZ|fgon~suj}e"|WmiY!±dn~suk}eo� c5X�xu�fYCªC£(Y]sCjW�~cymiY�g#x�n~j�n j�goTWnqe"eoY/��gon~suj��LeoeokWXZ|fgin sCjh=u¦
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= � � � ** ����� �������	��
 � *�6 ������K���'��� ���
� ���������������"�

�"º � � � l�� � 6 � .<�m� $
����������� .0� �
� �8!f�����,�

p ≥ 0 $ Q̂j(p)
� * � 	9� * �����+� %'���������
����� * � 	9���K���;3#��(

� ���.� * � 	9��%'���������
���
qp− Cj(q) $

��-
� -

Q̂j(p)
def
= arg max

q∈[0,d]
qp− Cj(q),

(2�C� 5

��� 6 �����H���".0���
� �	!f������
$

Q̂j(+∞) = min(Qj , d),
(2�u� 5

>q	����,�
Qj

� * � 	9�H���;33�
� ��� !m�"� 6 �����������P��,!9�#���
��� �+�
Sj

-
� � 	�� � �Z�����0.0� �
� � p $

Q̂j(p) = {0}
� �
C ′(0) > p,

Q̂j(p) = {d}
� �
C ′(d) < p,

Q̂j(p) = {q, C ′
j(q

−) ≤ p ≤ C ′
j(q

+)},
��� 	9���M>]� * � -

(-��� 5

� � ¾³¾�� � Y�|Wmis�±uYLgoT}Y��~xCehg�Y/p0k}xu� n ghc�su¨ (2��� 5 ¦ � sum�xujdc
q ∈ Q̂j(p)

ªW£(YOT}x¸±uYL¨©sumLx�jdc
ε > 0

ª

pq − Cj(q) ≥ p(q + ε) − Cj(q + ε),

¨©misuX £�TWn~�#T�£(Y'�fY/�fk@��Y{goT}x�g
Cj(q + ε) − Cj(q)

ε
≥ p,

xuj}��� Y!g�gin jWw
ε
goY/j}�WeUgis�¶!Y!mis}ªfn g�¨©su�~�~s�£�e(goT}x�g

C ′
j(q

+) ≥ p
¦�SUTWY�sugoTWY/m�Y/p0k}xu� n ghc�nqe�su�Wgix�n~jWY8��£�n goT

j}Y!wCx�gon~±uY
ε
¦

SUT}YQ«}m#ehg�gh£"s Y/p0k}x��~n gon~Y/e�s�¨8(2��� 5 ¨©su�~� s�£ �fn~moY8�¡gi� c ¨©misuX goTWY®¨Íxu��g�giT}x�g
C ′ nqeKe�k}|W|@s0e�Y8� gos �@Y

j}suj}�fY8��miY/xCe�n~jWw}¦
�[]s�goY{giT}x�g�n ¨

C ′(·)
nqe�xy�!suj0gon~jdkWsuk}eUxuj}��j}suj}�fY8��miY/xCe�n~jWw'¨©k}j}�¡gin sCj³ªfgoT}Y!jB(2��� 5 n~eUY8pCk}n ±�x��~Y!j0gUgos

giTWY'���qxueieon~�/x��$«}m#ehg�sum#�fY/mU�!suj}�Wn¥gin sCj�¨©sCmUgoTWY�Y/±�x��~k}x�gin sCj�¨©kWj}��gon~sujIsu¨ goT}Y'e�kW|}|W� n~Y!m8¦
�"º � � � j �f	9� �,�-�m���������

p→ max
q∈[0,d]

(qp− Ci(q))
� * ���� ����� ����� * ��� 6�* ����������� � ���m���"�� * ��� / -

� � ¾³¾�� � Y�miY/�!suwuj}n ¶/YLgiTWY � Y!wuY/j}�fmiY�& � Y/j}�#TWY!�³gom#x�j}e�¨©sumiX su¨�giTWY��!sujd±uY!¬�¨©kWj}��gon~suj
Cj

¦�SUTWY��!suj'&
gin jdkWn ghc�¨©sC� �~s�£�e"¨©mosCX ���qxueieon~�/x��7|Wmisu|$Y!mogon~Y/eUs�¨�goTWnqeUgimixuj}eh¨©sCmoXK¦

SUTWYK¨©k}j}�¡gin sCj nqe�e�gomin~��go�~c n~j}��miY/xCe�n~jWw}ª(e�n~j}�!Y�¨©sCm
p > p′

ª(n¥¨O£(YQ�fY!jWsugoYK�dc
q̃
x p0k}xuj0gon ghc n j

argmaxq∈[0,d](qp
′ − Ci(q))

ª}£(YOT}x¸±uY

max
q∈[0,d]

(qp− Ci(q)) ≥ q̃p− Ci(q̃)

> q̃p′ − Ci(q̃)= max
q∈[0,d]

(qp′ − Ci(q)).

�� Y�jWs�£ miY/e�gominq�¡g�sukWm�x�g�giY!j0gon~suj�gosZgiTWYOgh£"sZeokW|W|W�~n Y/mie��W�!xCe�YCª ��-
� -
S = 2

¦
vLk}m�xun X nqe³gis{�fY!goY/moXZn~jWY�giTWY([LxueoT'Y/p0kWn~�~n �Wmin~kWX�n¥¨$e�k}�#Tyx�j'Y8pCk}n �~n �}mon~kWX�Y�¬fnqehg#e!¦ i�Y/j}��Y"£"Y"jWY!Y8��gos
«@j}��xy|}xun m

((q∗1 , p
∗
1), (q

∗
2 , p

∗
2))

eok}�#T�goT}x�g
(q∗1 , p

∗
1)
n~e"giTWYO�@Y8ehg�e�gom#x�goY/wucZs�¨<e�k}|W|W�~n Y/m

S1
n ¨�eokW|W|}� n~Y!m
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���������
	���������������
	�������������������
����� ���"!#��� = �

S2
�#T}s0s0e�Y8e

(q∗2 , p
∗
2)
ª@x�j}����sCj0±CY!m#e�Y/� cCª

(q∗2 , p
∗
2)
n~e(giTWYO�@Y8ehg]e�gom#x�giY!wCc�s�¨�eokW|W|}� n~Y!m

S2
n ¨<eokW|W|}� n~Y!m

S1�#T}s0s0e�Y8e
(q∗1 , p

∗
1)
¦ì§�p0kWn~±�x��~Y!j0go�~c�£(YLj}Y!Y/��gos5«}j@��xy|}x�n~m

((q∗1 , p
∗
1), (q

∗
2 , p

∗
2))

eok}�#T�goT}x�g(giTWY!miYOn~e(jWs
k}jWn �qx�giY!m#x��²|Wmis�«}gix��}� YO�fY!±dnqx�gin sCj�¨©sCm�x�jdc�eokW|W|W�~n Y/m

Si, i = 1, 2
¦

� Y�g<k}e<�fY�giY!miX5n~jWY"goTWY��!suj}�fn gon~suj@e £�TWnq�#TyxL|}xun m
((q∗1 , p

∗
1), (q

∗
2 , p

∗
2))

Xyk}ehgìeix�gonqe�¨©c�n jysum#�fY!m�gos{�@Y
x5[]xCe�T�Y/p0kWn~� n~�Wmin k}X�ª ��-
�.- jWs5|Wmis�«Wg#x��W�~Y{�WY!±dn~x�gon~suj�Y!¬fn~e�gie"¨©sum�xuj0c�eokW|W|}� n~Y!m8¦ � YO£�n~� �³eok}�!�!Y/eie�n~±uY/� c
Y!¬Wx�XZn j}YUgoTWY]�/xueoYU£�TWY!miY�£"Y]T}x¸±uY�x�jZY!¬f�!Y/eie��fY/XZxuj}� (

q∗1 +q∗2 ≤ d
5 xuj}�ygoTWYL�!xueoY�£�TWY/moY�£(Y�T}x¸±uY

xuj�Y!¬W��Y/eie�eokW|W|W�~c (
q∗1 + q∗2 > d

5 ¦

��� � º �8��¿ º � � � ¿ �
q∗1 + q∗2 ≤ d

´µjIgiT}x�g{�!xueoYOgoT}Y�X�x�mi¢uY!g��WkWcfe]xu� � goTWY�p0k}xuj0gon gon~Y/e�|}mosC|@s0e�Y8�
�dc�giTWY'eokW|W|W�~n Y/mie/ª ��-
�.-

q∗i = q∗i 6= 0, i = 1, 2
¦

=u¦�adkW|W|$sCeoY�goT}x�gy¨©sCm�x�gZ� Y8xue�g5sCjWY�eokW|W|}� n~Y!m8ª�eix¸c°eokW|W|}� n~Y!m
S1
ª�£(Y�T}x¸±CY

p∗1 < pmax
¦ SUTWY/j

e�k}|W|W�~n Y/m
S1

�/x�j�n~j}��miY/xCe�YUn gie"|Wmis�«Wg��dc5n j}�!moY8xueon j}w{n gie�|Wmin~�!Y�gos
pmax

¦�adn~j}��Y
q∗1 +q∗2 ≤ d

goTWY
moY8xu��gon~sujKs�¨�goTWY�XZxumo¢CY�g�gisZgoTWY'j}Y!£ |}x�n~m�su¨<e�gom#x�giY!wun~Y/e

((q∗1 , pmax), (q
∗
2 , p

∗
2))

nqe]e�gon~� �
q∗1 , q

∗
2

¦
i�Y/j}��YOgiTWY�jWY!£H|Wmis�«Wg�su¨

S1
nqe�jWs�£

q∗1pmax − C1(q
∗
1) > q∗1p

∗
1 − C1(q

∗
1)
¦

� Y�T}x¸±uYOY�¬fTWn~�Wn goY8�IxZ|Wmosu«Wgixu�W�~Y'�fY!±dnqx�gon~suj ª
(q∗1 , pmax)

¨©sumLe�kW|}|W� n~Y!m
S1
¦USUTWnqe�|Wmis�±uY/e(giT}x�g

xZ|}x�n~m�s�¨<ehgimix�goY/wun~Y/e�eok}�#T�giT}x�g
q∗1 + q∗2 ≤ d

£�n goTIx�g�� Y8xue�gUsCjWYO|Wmin~�!Y
p∗i < pmax

�/x�jWjWsug��@Y
xZ[]xueoTKY/p0kWn~� n~�Wmin k}X�¦

�f¦�adkW|W|$sCeoYOgoT@x�g
p∗1 = p∗2 = pmax

ªWx�j}��goT@x�g�goT}Y!miY{Y!¬fn~e�gieUx�g��~Y/xCehgUsuj}YOeokW|W|}� n~Y!m8ªWeox¸c�eokW|W|}� n~Y!m
S1
ª²eok}�#TKgoT@x�g

q∗1 = q∗1 6∈ Q̂1(pmax)
ª ��-
� - e�k@�#TKgoT}x�g]goT}Y'moY8xu��gon~sujIs�¨<giTWY�X�x�mi¢uY!gL�fsdY/e]jWs�g

X�x�¬fn XZn~¶!Y
S1
� e]|Wmis�«Wg�(2e�Y/Y��³Y!XZX�x = 5 ¦Uz"sCj}e�Y8p0kWY!j0go�~cuªWgoTWY'|}mosu«Wg�¨©sum

S1
ª}xCeoeosf��nqx�goY8��£�n goT

goTWY�|@x�n~m
((q∗1 , pmax), (q

∗
2 , pmax))

n~e�eok}�#T�goT}x�g

q∗1pmax − C1(q
∗
1) < max

q∈[0,d]
(qpmax − C1(q)).

adn~j}��Y
lim

ε→0+
max

q∈[0,d]
(q(pmax − ε) − C1(q)) = max

q∈[0,d]
(qpmax − C1(q)),
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$
>e�

	�� � ���
	��e�����
����>]��� / = � * 	 � %4�'�
� � 1 �����'���
23- � �

pmax < min{p ∈ I}
( ��� � º �8�(¿ º � � � ¿��C�W� º

$
��� � * ���"��� � /�� !f�"�7.e���

((q∗1 , pmax), (q
∗
2 , pmax)) $>]�
�
	

q∗1 ∈ Q̂1(pmax)
��� 6

q∗2 ∈ Q̂2(pmax)
� * � = � * 	\�,%'�'�
�:� 1 �����'� - �'�\�
	���� �,� * �:>e��	9� � �

q∗1 + q∗2 < d
-


 - � �
pmax = min{p ∈ I} $

����� !����
�
((q∗1 , pmax), (q

∗
2 , pmax))

>q	9���"�
q∗1 ∈ Q̂1(pmax)

��� 6
q∗2 ∈ Q̂2(pmax)

� * � = � * 	 �,%'�'�
�:� 1 �����'� - �'� � 	9��� �� * � >e�)� ���P	�� � � q∗1 + q∗2 ≥ d
���

q∗1 + q∗2 < d
-

� - � �
pmax > min{p ∈ I}

( � � � º �/�Z� �Xp p�& » �C�W� º
$
�����+!����
�

((q∗1 , p
∗), (q∗2 , p

∗)) $
* ���	 �
	����

p∗ ∈ I $ p∗ ≤ pmax
��� 6 >q	 ���	 ��� 6 ���� * � �"��3���������

(q1, q2) $
q1 ≤ q∗1 $ q2 ≤ q∗2 $

* ���	 � 	9���

 � �

q1 + q2 = d $

71 �

q1 ∈ Q̂1(p
∗) $ q2 ∈ Q̂2(p

∗) $

 � �

(d− q∗2)pmax − C1(d− q∗2) ≤ q1p
∗ − C1(q1),

(d− q∗1)pmax − C2(d− q∗1) ≤ q2p
∗ − C2(q2),

� * � = � * 	h�,%4�'�
� � 1 �����'� -
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���������
	���������������
	�������������������
����� ���"!#��� �u�

� Y�jWs�£ £Ux�j0gUgos�wCY!jWY/mixu� n~¶!Y]goTWY�|}moY/±0n~suk@eUmoY8e�kW� gUgos�x5X�x�mi¢uY!g(£�n goT
S ≥ 2

eokW|W|W�~n~Y!m#e!¦
� Y�g

((q∗1 , p
∗
1), . . . , (q

∗
S , p

∗
S))

�$YLxyehgimix�goY!wCcy|}mosu«}� YCª0xuj}���~Y�g
(q1, . . . , qS)

�$Y]giTWYLn~j}�fk@��Y/��moY8xu��&
gin sCjKs�¨�goTWY�X�x�mi¢uY!g/¦�SUTWnqe�e�gom#x�goY/wuc�|}mosu«}� YOnqe�xZ[]xCe�TKY/p0kWn~�~n �Wmin~kWXKªWn¥¨�¨©sumLx�jdc�gh£(sZeokW|W|}� n~Y!m#e!ª

Si

ª
Sj

ªugiTWYL|@x�n~m�s�¨ e�gom#x�giY!wCn Y8e
((q∗i , p

∗
i ), (q

∗
j , p

∗
j ))

nqe"xy[]xCe�T�Y8p0kWn �~n~�Wmon~kWX ¨©sum(x'X�x�mi¢uY!g�£�n goT�gh£(s�eokW|'&
|}� n~Y!m#e�(Í£�n¥giT�Y!±�xu� k}x�gon~suj�¨©k}j}�¡gin sCj��fY�«@jWY/���0cZ§�p0k}x�gon~suj (-�'= 5"5 xuj}���fY/X�x�j}�

d̃ = d−
∑

k 6∈{i,j} qk

¦
i]Y!j}�!Y�k}eon~jWwQgiTWY�xu�@s�±CY�r�misu|$sCeon¥gin sCj �}ªì£(Y�¢djWs�£ goT}x�g5j}Y/��Y8eoeix�min~� c�x�gyY8p0kWn �~n~�Wmon~kWX goT}Y�|Wminq��Y/e
|}mosC|@s0e�Y8���dc�goT}YyeokW|W|W�~n Y/mieLx�miY'Y/p0k}xu�2ª$x�j}�IgoTWY5pCk@x�j0gon gon~Y/e

q∗i
n~j}�fk}�!Yyx�moY8xu�¡gin sCjKs�¨ìgoT}Y�X�x�mi¢uY!g

eok}�#T�goT}x�g
qi ∈ Q̂i(p

∗)
¦

� Y�g�k}e�«}m#ehg�Y!¬0giY!j}� giTWYQ|WmiY!±dn~suk}e��WY�«}jWn gon~suj su¨OgoTWYeoY�g
I
�dc

I = ∅
n ¨ ∑S

j=1 Qj < d
ª�x�j}�

sugoTWY/mo£�nqeoYuª
I

def
= [I−, I+],£�TWY/moY

I− = min{p,
∑S

j=1 max(q ∈ Q̂j(p)) ≥ d},

I+ = max{p,
∑S

j=1 min(q ∈ Q̂j(p)) ≤ d}.

(-�C� 5

� Y�T}x¸±CY]giTWYO¨©su�~� s�£�n~jWw
n�o ºd¾ � º � l ���"! !�� * �*>e� 	9� � � S * �"!#!m� ����� * ���8� � ���"!#��� >]�
� 	 ���;3#�
�����"!m������ pmax

��� 6H6 ������� 6
d
-

23- � �
pmax < min{p ∈ I}

( ��� � º �8�(¿ º � � � ¿��C�W� º
$
��� � * ���"��� � /�� !f�"�7.e���

((q∗1 , pmax), · · · , (q
∗
S , pmax)) $>]�
�
	

q∗j ∈ Q̂j(pmax), j = 1, · · · ,S $
� * � = � * 	 �,%'�'�
� � 1 �����'� - �'� � 	9���8�� * � >e� 	�� � �

∑S
j=1 q

∗
j < d

-

 - � �

pmax = min{p ∈ I} $
����� * ���"��� � /���!f�"�7.e���

((q∗1 , pmax), · · · , (q∗S , pmax))
>q	9���"�

q∗j ∈

Q̂j(pmax), j = 1, · · · ,S
� * � = � * 	<�,%'�'�
�:� 1 �����'� - �M�h� 	9��� �� * �9>e��� ����	9� � � ∑S

j=1 q
∗
j ≥ d��� ∑S

j=1 q
∗
j < d

-
� - � �

pmax > min{p ∈ I}
( ��� � º �8�U���qpqp & » �u�W� º

$
����� * ���"��� � /��5!m�"�K.V���

((q∗1 , p
∗), · · · , (q∗S , p

∗)) $* ���,	 � 	9���
p∗ ∈ I $ p∗ ≤ pmax

��� 6 >q	'���,	)��� 6 ���� * �8�,�,�#���������
(q1, · · · , qS) $ qj ≤ q∗j , j =

1, · · · ,S $
* ���,	<�
	����


 � � ∑S
j=1 qj = d $


71 �
qj ∈ Q̂j(p

∗), j = 1, · · · ,S $

 � � ��������� �

j = 1, · · · ,S

(d−
∑

k 6=j

q∗k)pmax − Cj(d−
∑

k 6=j

q∗k) ≤ qjp
∗ − Cj(qj),

(-� � 5

� * � = � * 	h�,%4�'�
� � 1 �����'� -
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��� � � ** ����� �������	��
 � *�6 ������K���'��� ���
� ���������������"�

SUTWY�|WmoY/±dn sCk}e�miY/eokW�¥g#e�eoTWs�£ giT}x�g{x�[]xueoTKY/p0kWn~� n~�Wmin k}X xu� £Ux¸cfeUY�¬fn~e�gie�¨©sum�giTWYy�/xueoY{£�T}Y!miY�goTWY
|}mosu«Wg(nqe(k}eoY/���dcZgiTWY{eokW|W|}� n~Y!m#eUxueUx�j�Y!±�x��~k}x�gin sCj�¨©kWj}��gon~suj³¦ � sum���sCjd±uY!j}n Y/j}��Y�£(Y{T}x¸±uY{e�kW|}|@s0e�Y8�
giTWY�Y!¬fn~e�goY/j}��Y�su¨Wx�X�x�¬fn X�xu�u|Wmin~�!Y

pmax
¦<vLj�miY/x��CX�x�mi¢uY�g#e²£(Y�su�}eoY!mi±uY<giT}x�g8ª¸k}e�k@x��~� cLgoTWnqe�XZx�¬fn X�x��

|}monq��Y�nqe�n~jf«}j}n¥giYuªfe�n~j}�!Y�XZsCe�g"X�x�mi¢uY!gie��fs�jWs�g�n~XZ|@s0e�Y{x�X�x�¬fn~XZxu�}|Wminq��Y�sCj�Y!�~Y/�¡gimonq��n ghcu¦Ui�Y/j}��Y]goTWY
n~j0goY/moY8ehgin jWw��!xueoY�nqe]goTWYZ�!xCe�Yy£�TWY!miY

pmax > min{p ∈ I}
¦{SUTWY5�!xCe�Yy£�n¥giT

pmax ≤ min{p ∈ I}
ª

�/x�jK�$Y�n~jCgiY!mi|WmiY�goY8�Kxue]xZXZsCjWsu|$su�~n~e�gonq�'eon¥gik}x�gin sCj³¦USUTWY��fY/XZxuj}�Knqe]eos��~xumowCY���suXZ|}xumoY8��£�n¥giTIgoTWY
X�x�¬dn~X�x��²|Wminq��Y{goT}x�g�Y/xC�#T�eokW|W|W�~n Y/m]�!xuj��$Y!T@x¸±uY�xue(n ¨<n g�nqe�x��~sujWYOsuj�goT}Y�XZxumo¢CY�g8¦

� TWY/j
pmax

n~e��~xumowCYLY/jWsukWwCT³ªfr�misu|$sCeon¥gin sCj���xuj}��SUT}Y!sumiY!X ={Y!¬fTWn �}n¥g]eosuXZYO��suj@�fn¥gin sCj}e(¨©sum�x
e�gom#x�giY!wCc�|Wmosu«}�~YLgisZ�@Y'xZ[]xCe�TKY8pCk}n �~n �}mon~kWXK¦ � Y��/x�jKX�x�¢uYOeoY!±uY/mixu�7moY/XZxumo¢fe/¦
��º � �f�FE l�� = ��� � � 	9��� �,��� 6 �
������� *�
 
 � �B���"� * ����� * . � 6 �����

q∗j = d
- � �'�f�,��>e�)���� ����f��� � 6 �

� 	9���
$
!m�,� � � 6 � 6 �
	����8� 	9�\�����"!3��� �"��3��� * ��� * ���,	 � >e��� �
	���� qj ∈ Q̂j $

� 	9� * ���"��� � /3� !f�"�7.e���
((d, p∗), · · · , (d, p∗))

� * � = � * 	 � %4�'�
� � 1 �����'��- = � � ����� 	9����� ** $
�
	'� * �,%'�'�
�:� 1 �����'� � * �m�����"���� � * ����� -

� * ��������� ��� �+�X���#���
$
� ���
�8!m�������4���]� 	 � * � %4�'�
� � 1 �����'�

$
� 	9� * �"! !f� ����� * 	9� � � � �?!m�"�,!9� * ��� ���
	�� �����M(

!#������%4���������
���h�
	������ * 	'�:/.	���� �
	����@�
	��<� !f���
� ���*%'���������
���
$
��� 6 >q	 ���	 !9� *,* � 1 � � � ���)���� 6 � �)�

�f� /#����� � �?!m�"�K.V� 
 >q	9�4� pmax
� * � ����� ������/#� �3-��f	9� * ����� 6 � * !����� � 	9��� � ��� � !#!9������-���"���� � * �����C� *

� 	9�X���3���X� 	9���X� 	9� * �"!#!m� ����� * /�� � �?�"! �
	����
��!���>e�����+� 6 ���� * �����m- � * � � ����� �����+� ���#��� $
� 	9������� �f���-�m��

	'�:/.	 %4���������
����� *
$
* � � 	9��� 
�
 � ��� * * ����� * .Z� 6

$
��� 6 �����Z� 	9��� ���"!#���K�,	�� � * ��� 	9��� !#!m�"�,!m������� �

qj

-
� �����"�H�,�,��� � * ����� >e���_����� 
�
 � � � � 1 � * ����� * . � 6

$
� * � 	9���f����������� * �"! !f� �����

j $
∑

j 6=j ≥ d
-

��� � �Bp & º � Yy�!suj}eonq�fY!m�giTWY'X�x�mi¢uY!g/ª@£�n¥giT�fY!X�xuj}�
d = 10

x�j}�KX�x�¬fn~X�x�� |}monq��Y
pmax = +∞

ª
£�n goT goTWY®«}±CY®eokW|W|W�~n Y/mie�x��~miY/xu�Wc �fY8eo�!mon~�$Y/� |}xuwuY\=.Df¦ ´µj sCmi�fY/m�gis �$Y�xu�W� Ygos ��suXZ|}xumoYgoTWY
Y8p0kWn �~n~�Wmonqx�¨©sum��$s�goT �!mon goY/monqxWª²X�x�mi¢uY!gOeoT}xumoYZx�j}�®|Wmis�«Wg8ª £(Y5eokW|W|$sCeoY5goT}x�g�goTWY�X�xumowCn j}xu���!sCe�g�n~e
Y8p0k}x��7gisygiTWY�XZn j}n X�x�� |Wmonq��Y{¨©kWj@�¡gon~sujI�fnqeo|W�~x¸cCY/��n j�goT}YOgix��}� Y�|}xuwuY�= DWª ��-
� -

C ′
j = Lj

¦
SUTWY5¨©sC� �~s�£�n j}w�gixu�W�~YZ�Wn~eo|W�qx¸cde]goT}YZp0k}xuj0gon gon~Y/e

o(p)
def
=

∑5
j=1 min{q ∈ Q̂j(p)}

x�j@�
O(p)

def
=

∑5
j=1 max{q ∈ Q̂j(p)}

¦

p ∈ [0, 10[ = 10 ∈]10, 15[ = 15 ∈]15, 20[ = 20 ∈]20, 23[
o(p)

� � � � � � =¸�
O(p)

� � � � � =8� =¸�
� mosCX�goTWYIx��$s�±uY�gixu�W�~Y�£(Y��WY/�fk}�!Y�goT}x�g

I = {20}
ªìTWY/j}��Y�goT}Y�sCjW�~c |@s0eoeon �}� Y�Y/p0kWn~� n~�Wmin k}X

|}monq��Yyn~e
p∗ = 20

¦'�Le{x�X�x�gogoY!mOsu¨�¨Íxu��g/ª²£(YyT}x¸±CY
O(20) = 15 > 10 = d

ª³x�j@�I¨©sum�xuj0c
p < 20

ª
O(p) < 10 = d

ª(x�j}�
o(20) = 9 < 10 = d

ª(x�j}� ¨©sum�x�jdc
p > 20

ª
o(p) > 10 = d

¦ i]Y!j}�!Y
p∗ = 20 ∈ I

xue��fY!«}jWY8���dc�§"pCk@x�gon~sujB(-�C� 5 ¦
[]s�£���sCj}��Y/mojWn~jWw giTWY°pCk@x�j0gon gon~Y/e/ª�giTWY®Y8p0kWn �~n~�Wmon~kWX �fY/|@Y/j}� k}|@sCj goT}Y�xC�W�fn gon~suj}xu�{mikW�~Ysu¨'goTWY
X�xumo¢CY�g/¦ � Y�eokW|W|$sCeoY5goT}x�gOgoTWY�X�x�mi¢uY!gO�#T}s0s0e�Y8e

qi ∈ Q̂i, ∀i ∈ {1, · · · , 5},
x�j}�goTWY/j�gosKwun~±uY

|}moY!¨©Y!miY!j}�!Y]gis
S1
ªfgiTWY!j�gis

S2
ª ��� �.-

SUT}Y{Y8p0kWn �~n~�Wmon~kWX n~e
q∗1 ≥ 3, q∗2 ≥ 1, q∗3 ≥ 2, q∗4 ≥ 4, q∗5 ≥ 0.SUTWY¨Íxu��g�goT@x�g�giTWYX�xumo¢CY�g�£Ux�j0gie�gos¯�#T}s0s0e�YQp0k}xuj0gon gon~Y/e

qi ∈ Q̂i(20)
n~XZ|W� n~Y/e�goT@x�g

q1 ∈

Q̂1(20) = 3, q2 ∈ Q̂2(20) = [0, 5], q3 ∈ Q̂3(20) = 2, q4 ∈ Q̂4(20) = [4, 5], q5 = 0,

é Û�Ü é á



���������
	���������������
	�������������������
����� ���"!#��� �C�

xuj}�goTWYZ|WmiY�¨©Y/moY/j}��Yy¨©sum
S2

�!suXZ|}x�miY/�Igos
S5

n XZ|W�~n~Y/e{goT@x�g
q1 = 3, q2 = 1, q3 = 2, q4 =

4, q5 = 0.´ñ¨<goT}Y�|WmoY!¨©Y!miY!j}�!YO£"sCkW�~��T}x¸±CY{�$Y!Y/j
S5

goTWY/j
S4

goT}Y!j
S3

Y�g#��¦~¦ ¦�goTWY�Y8p0kWn �~n~�Wmon~kWX £"sCkW�~��T}x¸±CY
�$Y!Y/j�goTWY'eix�XZYuªf�}kfg�£"YO£(sukW�q��T}x¸±uYOT}xC�

q1 = 3, q2 = 0, q3 = 2, q4 = 5, q5 = 0.

� � �!���'�! 
 �<���"��'U�<� ��� � ���#��� 
 �� 
 �����( ��
���&'(��������
'��� �"
O�����'�

vLk}m<xun X�n jygoTWnqe�eoY/��gon~suj�nqe�gos�xuj}x��~cd¶!YUx�j}�5��sCX5|@x�miY(x{e�Y8��sCj}��|$sCeieon �W�~Y(sumiwCx�j}n ¶8x�gon~suj ¦³r�miY!±dn sCk}eo� c
£(Y�k}eoY/� xuj°sumiwCx�j}n ¶8x�gon~suj�X�x�mi¢uY!g/ª�moY!¨©Y!mimoY8�gisxue ���'� ��� !m�>� !m������ �����"!3���H����/ ��� ��� ��������� ª�£�T}Y!miY
giTWY�X�x�mi¢uY!g(|$sCeie�n~�W�~c��WkWcfeUgisZY/xu�#TKeokW|W|W�~n Y/m�x�g]xZ�fn ¤$Y/moY/j0gU|}monq��YC¦

´µjI|Wm#xu��gonq��YO£�TWY/jKgoTWY�jdkWXy�@Y/m�s�¨ìe�k}|W|W�~n Y/mie��$Y/�!suXZY/e��~xumowCYuª ��-
�.- £�TWY!jKgiTWY�X�x�mi¢uY�g#eU�@Y8��sCX5Y
XZsCmoY��@kWn~�³¦�´µjIgoT@x�g{�/xueoY'£(Y'su�}eoY!mi±uYOgiT}x�gLgoTWYyX�x�mi¢uY�g#e]�fY!goY/moXZn~jWY�x�eon~jWwu�~Y'|Wmin~�!Yuª$�}xueoY/�Kk}|@sCj
giTWY5s�¤7Y!m#e]su¨�goTWYZeokW|W|W�~n Y/mie/¦�´µjQgiTWnqe{eoY/��gon~sujQ£(YZ�fY/ei��min �$YZe�k}�#T®x�jsCmow0x�jWn~¶/x�gon~suj³ª@moY!¨©Y!mimoY8�KgosKxue
* ��� /����?!f�����,� � ���"!#��������/ ��� ��� ��������� ª7x�j}�K£(Y��!suXZ|}x�miY�n g�gos�giTWY ���'� ��� !m���8!f�����,� � ���"!#���K����/ �������.��(
������� ¦
[]s�giY5xu�~eos�giT}x�g�£�TWY/jQgiTWYZXZxumo¢CY�gO�@Y8��sCX5Y8e{X5sCmoY��}kWnq�²ª³n g�n~e{XZsumiY5� n~¢uY/� cKgiT}x�gyz"suj@�fn¥gin sCj (M= � 5
n~j0gomisf�fk}��Y8��n~jI��Y!X�x�mi¢ �5x�|W|W�~n~Y/e/ª ��-
� - giT}x�g�jWsCjWY{s�¨ giTWY'eokW|W|W�~n Y/mieU�/x�jK��miY/x�giY{x�«@��gon~±uY�e�T}sumogix�wCY
xuj}��goTWY/j�n~j}�!moY8xueoYLkWj}� n~XZn¥giY/�f�~c�giTWY�|Wmin~�!Yu¦

[]s�goY�goT}x�g�n~jOgoTWY�¨©su�~� s�£�n~jWw�£(Yì£�n �~�Cj}s�g miY/e�gomin~��g³sukWm�x�g�giY!j0gon~sujOgis�goT}Y %4���������
����()!m������ e�gom#x�giY!wun~Y/e
xCe��fY�«@jWY/���dc �LY�«}jWn gon~suj7=C¦

�KJML �KaMW�T<I+Q ��b�a"cfQ � RUb��VQ Y\deb9TVR]W�a
	 RqY9aMdeW
� YKe�kW|}|@s0e�Y�goT}x�g5Y8xu�#T eokW|W|W�~n~Y!mZ|Wmis�±0nq�fY8e�goT}Y�X�x�mi¢uY!gy£�n goT xQ|Wmin~�!Y�¨©k}j}�¡gin sCj¯e�gom#x�goY/wuc

pj(q)
¦

���/��sCmi�fn~jWwygosZgiTWY/eoY�s�¤7Y!m#e!ªdgiTWY�X�x�mi¢uY!gU�fY8�fk}�!Y/e�x5kWjWnqp0kWY�XZn j}n X�x�� |Wmonq��Y
ps
(2x�j}��p0k}x�j0gin¥gin Y8e

qjgisZ�WkWc�gisZY/xu�#TKeokW|W|W�~n Y/m 5 ªfgoT@x�g]eosu�~±uY/e"giTWY�su|fgin XZn~¶/x�gon~suj�|WmosC�W�~Y!X

ps = min
{qj}j=1,··· ,S

p,

eokW�fthY8�¡g�gos (-� � 5
qj ≥ 0,¨©sum

qj > 0, pj(qj) ≤ p < +∞,

x�j@� S∑

j=1

qj = d.

��º � �f�FE lml = ��� � � 	9�����
	��<� �����
� ��� ��������� !f�"� 1 ����� 
�
�� �P� ��� �f��� 	�� � �)����� * ��� �'�������m- �m	'� *
>e���'� 691 � �
	��K�� * � � �Z�
	�� 6 ������� 6

d
� * � �.�K	 �:/A	 ����8!9���"� 6 � � * ��� � ���;3#�
�����4!f�"� 6 ����������� %'���������
����� *

�M�H� 	9� * �"! !f� ����� * - �M�P�
	������� * �
$
� * !m�"� � ����� * � � $

>e� * �"! !�� * � �
	����K� 	9��� ���"!#��� 1 �'� * � * ����������������
���
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 � *�6 ������K���'��� ���
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�
� ����P��� * ���������;3#�
����� /�� � �4� !f�����,�.-
� �e�
	������
	������ 3#���"��� ��� 	9������� �
�����.��������� !m�"� 1 �>��� � ����	9� � � * � � ���"��� * ��� �'������� * - �M� �
	����K�,� * �&>e�
���"� ���m��������"�����#�� 6 � � �
	�� �f��,� ** �
��� � �<�������"� 6 ����8���@� 636 �
�������f��� 6 ���� * ����� �M�'���8� � 6 ��� ����� ���m�
� 	9� � 3 �#���P%'���������
����� * 1 ���3/A	 � 1 � � 	9�������"!3��� � ����#�,	 * �"! !m�:������- � �,� ���������"! � -

§�p0kWn~±�x��~Y!j0go�~cuª$£(Y��!xujIk}e�Yye�kW|}|W� c�¨©kWj}��gon~suj}e
qj(p)

n~j}e�goY/xC�Ks�¨<goT}Y'|Wmin~�!Y�¨©kWj}��gon~suj
pj(q)

¦ � sum
xZwCn ±CY!jI|Wminq��YO¨©kWj}��gon~suj

pj(·)
s�¨
Sj

ª$£(Y��fY�«@jWY�goT}Y���sCmomiY/eo|@sCj}�fn~jWw�e�k}|W|W�~c�¨©kWj@�¡gon~suj®xueUgiTWY�min wCT0g
�!suj0gon~jdkWsuk@e"n~jd±uY/mieoY]¨©k}j}�¡gin sCj�su¨

pj(·)
ª ��-
�.-

qj(p) = max{q ≥ 0, pj(q) ≤ p},

xuj}��goTWY�|Wmisu�}� Y/X (2� � 5 s�¨�goTWY�X�xumo¢CY�gU�@Y8��suXZY8e!ª

ps = min{p |
S∑

j=1

qj(p) ≥ d}.
(Í�C� 5

´ñ¨@goTWYU|Wmin~�!Y�¨©k}j}�¡gin sCj�nqe�e�gominq�¡go�~c�n~j}��miY/xCe�n~jWw}ª¸giTWY!jysu�d±dn sCk}eo� c{goT}YUeokW|W|}� cO¨©kWj@�¡gon~suj5nqe�n gie�n~jd±uY!m#eoY
¨©k}j}�¡gin sCj³¦ì´µj�goT}x�g]�!xueoYLgoTWY�n~jWY/p0k}xu� n ghc (2�u� 5 �$Y/�!suXZY/e�xuj�Y8p0k}x��~n¥ghcCªWx�j}��£(Y�T}x¸±uY

qj = qj(p
s)
¦

�KJ�I �Pd � ��RUb�aMW�T Y9O�Q Y��7d � RUb��eQ Y\dVb9TVR]W_a 	 R Y9a+deW_[
i]Y!miYO£"Y�eoTWs�£ goT@x�g�goT}YOgh£"s5X�x�mi¢uY�g�sCmow0x�jWn~¶/x�gon~suj}e(x�miYLj}s�g�Y/p0kWn~±�x��~Y!j0g/¦�^IsCmoY{|WmiY/�!n~eoY!�~cuªf£(Y�x�miY
wCsun~jWw�gis�eoTWs�£�sCj®x�e�n~XZ|W� Y5Y�¬WxuX5|}� YCª7goT}x�gLgiTWY�pCk@x�j0gon gon~Y/e{s�¨"Y!�~Y/�¡gimonq��n ghcIe�sC�~��dcKgoTWY�eokW|W|W�~n Y/mie
xumoYO�fn ¤$Y/moY/j0g�¨©mosCX�sujWYOsCmow0x�jWn~¶/x�gon~suj�gis5goTWY�sugoTWY/m�sujWYC¦
�Le�xZX�x�g�giY!m�su¨ ¨Íxu��g/ª}eokW|W|$sCeoYO£"Y�T@x¸±uYLgh£"s�eokW|W|W�~n Y/mie/¦ � Y'eoTWs�£ goT}x�g(¨©sCmUgoTWYOgh£(sZwun~±uY/j�su¤$Y/mie/ª

p1(q) = α1q + β1
x�j}�

p2(q) = α2q + β2, α1 ≥ 0, α2 ≥ 0,

giTWYKmoY8xu��gon~suj su¨LgiTWYKX�x�mi¢uY�g�nqe��fn ¤$Y/moY/jCg8ª�n~j goY!miX�eZs�¨{|Wmonq��Y8e�x�j}� p0k}x�j0gin¥gin Y8eZ�@sCkWwuT0gZgos°Y/xC�#T
eokW|W|}� n~Y!m8¦

� sumLgoTWYygh£"s�� n~jWY/xum{e�gom#x�giY!wCn Y8e
p1(·)

xuj}�
p2(·)

su¨�goT}YyeokW|W|W�~n Y/mieLn g{nqe]Y8p0kWn ±�xu� Y/jCgLgos���suj@e�nq�fY!m
giTWY!n~m�eokW|W|W�~c�¨©kWj@�¡gon~suj@eH(ðgiTWY�n jd±CY!m#e�YL¨©kWj}��gon~suj}e�su¨ giTWY�|Wmin~�!YL¨©k}j}�¡gin sCj}e 5 ª}j}xuXZY!�~cuª

q1(p) =
1

α1
p−

β1

α1

xuj}�
q2(p) =

1

α2
p−

β2

α2
.

� Y�g�k}e��!suXZ|WkfgiY{goTWY�miY/xC�¡gon~suj�s�¨�goTWY�X�xumo¢CY�g(¨©sum�giTWY{gh£"sZX�x�mi¢uY!gUsCmow0x�jWn~¶/x�gon~suj}e/¦
��� r ��� & º p���rÍ� º � �f�FE º � ¾ � � � � r��u�f�.r ¾�� SUT}YX�x�mi¢uY!g�moY8xu��gie��0c eosu�~±dn jWw |WmosC�W�~Y!X (Í�u� 5 ª
j}x�XZY/� c�«}j}�

ps
e�sC� kfgin sCj�su¨�giTWY�XZn j}n XZn~¶/x�gin sCjK|WmosC�W�~Y!XKª

ps = min
q1,q2

p,
(2�9= 5

eokW�fthY/��g�gos
p1(q1) + p2(q2) ≤ p, q1 + q2 = d.
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����� ���"!#��� �0�

adkW|W|$sCeoY�giT}x�g
d
nqe�eok ���n~Y!j0gi� c��~xumowCY (

p1(0) < p2(d)
xuj}�

p2(0) < p1(d)
5 ¦ �(Y/�!xuk}eoY�£"Y

T}x¸±uYL�#TWsCeoY!j��~n j}Y/x�m(ehgimix�goY/wun~Y/e�( ��-
� - e�gomin~��go�~cyn~j}��miY/xCe�n~jWw'e�gom#x�giY!wun~Y/e 5 ª0n g"nqe�Y/p0kWn~±�x��~Y!j0g�gis'«}j@�
ps e�k@�#T�giT}x�g8ª

q1(p
s) + q2(p

s) = d.´ñg]��sCX5Y8e(goT}x�g
ps =

α2β1 + α1β2 + α1α2d

α1 + α2
.

� Y'�WY/�fk}�!YOgoT}x�g�goTWY'p0k}xuj0gon gon~Y/eU�$sukWwCTCgUgis�Y/xu�#T�e�k}|W|W�~n Y/mie/ª
qs

j = qj(p
s)
ª}x�miYOmoY8e�|$Y/��gon~±uY/� c

qs
1 =

β2 − β1 + α2d

α1 + α2
,
xuj}�

qs
2 =

β1 − β2 + α1d

α1 + α2
,

x�j}��giTWY'��s0ehg�|}xun~���dc�goTWY�X�xumo¢CY�gUgos�eix�gonqe�¨©c�n gie��fY/XZxuj}��n~e/ª

Cs =
d(α2β1 + α1β2 + α1α2d)

α2 + α1
.

� % ��&©� r�p�& º p���rÍ� º � �f�FE º � ¾ � � � � r �C�f� r ¾ � k SUT}Y�X�x�mi¢uY!gLmiY/xu��gie]�0c�«W¬fn~jWw�giTWYZpCk@x�j0gon gon~Y/e
q1

x�j}�
q2

giT}x�g�eosu�~±uYO|Wmisu�W�~Y!X (2� 5 (2� 5 ª ��-
�.-

min
q1,q2

p1(q1)q1 + p2(q2)q2.

´ñg]��sCX5Y8e�ehgimixun wCT0g�¨©sumi£Ux�m#�f� cygoT@x�g/ªW¨©sum�x��fY/XZxuj}�
d
�~xumowCYLY/jWsuk}wuTP(2e�Y/Y�x��$s�±uY���sCj}�fn gon~suj}e 5 ª

q1 = qs
1 +

β1 − β2

2(α1 + α2)

xuj}�
q2 = qs

2 −
β1 − β2

2(α1 + α2)¨©mosCX £�TWnq�#T�£"Y��fY8�fk}��YOgiT}x�g�giTWY�kWjWn g�|Wmin~�!Y{¨©sum�Y/xC�#T�eokW|W|}� n~Y!m#e�x�miY

p1 = p1(q1) = ps +
α1(β1 − β2)

2(α1 + α2)

xuj}�
p2 = p2(q2) = ps −

α2(β1 − β2)

2(α1 + α2)
.

x�j}��giTWYOgosugix��³�!sCe�g�n j}�!kWmimoY8���dc�giTWY�X�x�mi¢uY�gUgisy¨©k}�¥«}�~�³n gie��WY!X�x�j}��nqe

C = Cs −
1

4

(β1 − β2)
2

α1 + α2
.

[]s�g]eokWmi|Wmonqeon jWwC� ch(2��sCj}e�nq�fY/mon~jWwygoTWY'�fY/wumiY!YOs�¨�¨©moY/Y/�fsCX�s�¨�goT}Y�XZxumo¢CY�g 5 ªf£(Y{sC�}eoY!mi±uYLgoT}x�g/ªWkWj}� Y8eoe
β1 = β2

ª@goTWYy|Wmin~�!Y'|}x�nq�K�dc�giTWY'X�x�mi¢uY!g]nqe��~s�£"Y/m�£�TWY!jQn g]nqeLxu� �~s�£(Y/��gos�eoY�gO�fn¥¤7Y!miY!j0g]|}monq��Y8eU¨©sum
�Wn¥¤7Y!miY!j0g�e�k}|W|W�~n Y/mie/¦

��º � �f�FE l9j = ��� � � 	9���
βj

�"�D!m�"� * �'� � * �
	��5.A3 � 6 !9����� �M�_� 	9�P!m������.- � �'�f�� >q	9�4� 1 ��� 	&!m�"� 6 ������ *
	�� � � �
	�� * ������.A3 � 6 !������ $

� 	9�_� >e������/ �������.��������� * 
�* ��� /3���0!m������ �������'� ��� !m���0!f�����,� � ���"� � %4�'� � �����4���

�* ��� �9!m������ *

$
* ������%4���������
����� * �3-� q��� * �����@.A3 � 6 � ��� ��� * �+� α1

��� 6
α2
� 	9� 6 � 6����"�4�m�� �+���� * �

1 ���/>e��4�B�
	���� >e�<����/ ��� ��� ���������C���f���"�� * � * � * � 	9� 6 � 6����"�4�m��8�M�	.�3 � 6 !������ 1 ��� >e��'�7� 	9� * �"!#!m� ����� *
(β2 − β1)

���f���"�� * � * -
= � � �����
	������ ** �
	'� * !f�"� !�������� 6 � � * �m���]	���� 6 >q	9�4� � 	9���"� ���"�������"���
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 � *�6 ������K���'��� ���
� ���������������"�

�KJ�� � R][ O Q �PJ�aKI"a7N_b�aKJ � LdVb Y9O�Q Y��7d�� RUb��VQ YCdeb9TVR]W�a
	 RqY9aMdeW�[ �

SUT}Y'x�n~X n~j�giTWnqe]eokW�}eoY/�¡gin sCj�nqeUgis�Y�¬Wx�XZn~jWY�n jK£�TWnq�#TI�!xCe�YOgiTWY�X�x�mi¢uY�g#eU£�n¥giT�goTWY�gh£(s��fY/ei��min~�@Y8�
sCmow0x�jWn~¶/x�gon~suj}eZ�/x�j �$Y®e�gix��}n �~n ¶/Y/� £�n goT x []xueoT Y/p0kWn~�~n �Wmin~kWXKª�£�TWY!j giTWY®eokW|W|}� n~Y!m#e�k}eoYeokW|W|W�~c
¨©k}j}�¡gin sCj}e�xue�e�gom#x�giY!wCn Y8e!¦ � Y'�!suj}eonq�fY!m(goT}Y'�!xueoYOs�¨�|Wmosu«Wg�X�x�¬fn~X5n~¶/x�gon~suj³¦

� k � k�l � r ��� & º p���rÍ� º¾ � � � � r��u�f�.r ¾��
afkW|W|$sCeoYUgoT}x�g�goTWY]XZxumo¢CY�g�x�j}jWsukWj@��Y/e�xO|Wmonq��Y

p
BoeoXZxu� � C¡ª�goTWY/j�n¥g"n~e��!� Y8x�m<giT}x�g�giTWY]eokW|W|W�~n~Y!m#eìmoY8xu��g

�dcIeoY�g�gin j}w�giTWY5p0k}xuj0gon gon~Y/e
Q̂j(p)

goT@x�gOXZx�¬fn XZn~¶!Y/e]goT}Y5|}mosu«WgLsu¨(adkW|W|}� n~Y!m
Sj

n~j®x�XZsujWsC|@sC� nqe�gonq�
eon gok}x�gon~suj³ª ��-
�.- goT}Y'pCk@x�j0gon ghc�wun~±uY/j��dc�giTWY'eokW|W|W�~c�¨©kWj@�¡gon~sujI�fY!«}jWY8���dc�§"pCk@x�gon~sujB(-�u� 5 �

Q̂j(p) = max
q∈[0,d]

pq − Cj(q).

i]Y!j}�!Y�¨©sCm
p
«W¬fY/�²ª7giTWY5±uY/��gosCm

(Q̂1(p), · · · , Q̂S(p))
n~e{x�[LxueoTY8pCk}n �~n �}mon~kWX (©|}mos�±dnq�fY/��giT}x�g

p
nqe

eoX�x��~�²Y!jWsCkWwuT ª ��-
� - nqe�eok}�#T�goT}x�g ∑
j Q̂j(p) ≤ d

5 ¦
[]s�£ n ¨�giTWY�X�x�mi¢uY�g�eoY�gUgoT}Y�|Wmonq��Y

pw
�fY!«}jWY/���dc

pw = min{p s.t.

S∑

j=1

Q̂j(p) = d},
(Í�C� 5

£�T}Y!miY
d
nqe(goT}YL«}¬dY8���WY!X�x�j}�³ªfgoTWYO±CY/�¡gisumUs�¨<p0k}x�j0gon gon~Y/e

(Q̂1(p
w), · · · , Q̂S(pw))

nqe�x5[LxueoT�Y8pCk}n:&
�~n~�Wmon~kWX x�j}��¨©kWmogoTWY/moXZsumiYLgoTWY'�fY/X�x�j}��nqe(¨©kW� �~c�eix�gin~e�«}Y8�²¦
[]s�giY�goT}x�g�giTWY/eoY�Y/p0kWn~�~n �Wmin~kWX T@x¸±uY��$Y!Y!j�ehgik}�fn~Y/��n~j<; ��?-ªdx�j@�Zn j�|}xum�gin~�!kW�qx�m�eosuXZY�Y!¬0giY!j}eon~suj�£�TWY/j
(2�u� 5 �Ws0Y8eUjWs�g�T@x¸±uYOx�jdc�eosu�~kfgon~suj7(Í�fk}YOgos�e�sCXZYO�Wn~ei��sCjCgin jdkWn gon~Y/e(¨©sCm�Y�¬Wx�XZ|W�~Y 5 ¦

� mosCX goTWY�xu�@s�±CYymiY/xCe�sCjWn~jWw}ª7suj}Y5£(suk}�~�®�@YZgiY!XZ|fgiY/�®gosI�fY8�fk}��Y5giT}x�g�giTWY�e�kW|}|W� c¨©kWj}��gon~suj}e
(Q̂1(·), · · · , Q̂S(·))
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��º � �f�FE l � = ��� ��� 	9���Z�
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�:� 1 �����'� �����
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��� 6 �
	����
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p0k}xC�fm#x�gonq�L|Wmosf�fk@�¡gon~sujK��s0ehg8ª ��-
� -

Cj(q) = cjq
2.

SUT}YLsu¤$Y/m"su¨ Y/xC�#T�e�k}|W|W�~n Y/m(sCj�giTWYLX�xumo¢CY�g"nqeUxyeokW|W|}� cZ¨©kWj@�¡gon~suj
qj(·)

goT@x�gUwun~±uY/e�¨©sumUx�jdc�|Wminq��Y
pgiTWY�p0k}x�j0gon ghc�s�¨�Y!�~Y/�¡gimonq��n ghc�adkW|}|W� n~Y!m

Sj

��sCX5XZn gieUn gieoY!� ¨ gisy|Wmis�±dn~�WYLsCj�goT}Y{X�xumo¢CY�g/¦<SUTWYOX�x�mi¢uY!g
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|}monq��Y
ps

moY8e�k}�¥gin jWw�¨©misuX giTWYK|}x�n~m�s�¨{s�¤7Y!m#e
(q1(·), q2(·))

nqe5goTWYIXZn~jWn X�xu��|Wmonq��YIeok}�#T¯goT}x�g�goTWY
(Ín j}Y!�qxue�gonq� 5 �WY!X�x�j}�

d
nqe�¨©kW� �~c eox�gonqeh«@Y/�²ª ��-
�.- eok}�#T goT@x�g

q1(p
s) + q2(p

s) = d
¦�SUT}Y�|Wmis�«Wg�¨©sum

afkW|W|W�~n Y/m
Sj

n~e(giTWY!j
JSj

(q1(·), q2(·)) = psqj(p
s) − cjqj(p

s)2.
[]s�£°£"Y�Y!¬Wx�XZn j}Y<goTWY(e�kW|}|W� cL¨©kWj}��gon~suj�giT}x�g�wun~±uY8e7¨©sum�x�jdc]|Wminq��Y

p
giTWY�|}mosf�fk}��gon~sujOgiT}x�g�XZx�¬fn XZn~¶!Y/e

giTWY]Y/±�x��~k}x�gin sCj�¨©kWj}��gon~suj�su¨²goTWYOeokW|W|W�~n Y/m (Í§�p0k}x�gin sCj��u� 5 ¦�^IsCmoY�|}moY8��nqe�Y/� cCªu¨©sCm�Y/xC�#T�«W¬fY/��|Wmonq��Y
p
ª

giTWY�su|Wgon~XZxu�³p0k}x�j0gon ghc�gis��Wmon~jWw5suj�goT}Y�XZxumo¢CY�g(¨©sum]adk}|W|W�~n Y/m
Sj

nqe

Q̂j(p) = argmax
q

pq − cjq
2 =

p

2cj
.

� sum�goTWY�e�gom#x�giY!wucO|Wmis�«@� Y
(Q̂1(·), Q̂2(·))

ª�giTWYUXZxumo¢CY�g�|Wmonq��Y(nqe
pw

eok}�#T'giT}x�g
Q̂1(p

w)+Q̂2(p
w) = d

ª
��-
�.-

pw =
2dc1c2
c1 + c2

.

´ñg�¨©sC� �~s�£�e"goT}x�g�goTWY'p0k}xuj0gon gon~Y/eUs�¨<Y!�~Y/��gomin~�!n¥ghc�e�sC�~���dc�e�k}|W|W�~n Y/mie�xumoY

qw
1 =

dc2

c1 + c2

xuj}�
qw
2 =

dc1

c1 + c2
,

�~Y/xC�fn~jWw5gos5goTWY�|}mosu«Wgie/ª

Jw
S1

=
d2c22c1

(c1 + c2)2
x�j}�

Jw
S2

=
d2c21c2

(c1 + c2)2

� Y�e�T}s�£�jWs�£�goT@x�gOgoTWYZ|}xun m
(Q̂1(·), Q̂2(·))

n~e{jWsug'x�[LxueoTY/p0kWn~�~n �Wmin~kWX�n~jgiTWY����qxueie]su¨(eokW|W|W�~c
¨©k}j}�¡gin sCj}e!¦LS s�giT}x�gOx�n~XKª$eokW|W|$sCeoY�goT@x�gOafkW|W|W�~n Y/m

S1
e�gonq�#¢de]sujIn gie{�#TWsunq��Y

Q̂1(·)
¦ � Y5e�T}s�£+giT}x�g

giTWY!miY�nqe�xI|}mosu«Wgixu�W� Y��WY!±dn~x�gon~suj�¨©sumZadkW|W|}� n~Y!m
S2
ª ��-
�.- xujWs�giTWY!m�eokW|W|}� c®¨©kWj}��gon~suj³ªìeok}�#T°goT}x�g

S2n~j}�!moY8xueoY/e(n¥g#e�|Wmis�«Wg8¦
� n~mie�gì� Y!g<k@e�¢CY!Y/|�n~jyXZn~j}�'giT}x�g�x�gì�!� Y8x�min j}w�goT}YUeokWX su¨WgoT}YUp0k}xuj0gon gon~Y/e<e�sC�~�ynqe�Y!¬Wxu�¡gi� c�Y8p0k}x��0gos

giTWY��fY!X�xuj}�
d
¦�SUTWnqe�eon¥gik}x�gin sCj��/x�j��@Y�eoY!Y!jKxue�eokW|W|}� n~Y!m

S2
�!suXZ|W�~Y�goY8e(goTWY�p0k}xujCgin¥ghc�s�¨�eokW|W|}� n~Y!m

S1
gos5¨©kW� «}� �³goTWY'�fY/X�x�j}�²¦
� sum�x�jdc

p
ª}�fY/jWs�giY/e

ψ2(p)
ªfgiTWY'p0k}x�j0gin¥ghc

ψ2(p) = p(d− Q̂1(p)) − c2(d− Q̂1(p))
2.

ψ2(p)
miY!|}moY8e�Y/jCg#e"goTWY'|}mosu«Wg�s�¨ìe�k}|W|W�~n Y/m

S2
ªWn¥¨<giTWY'|Wmin~�!Y{«W¬fY/�K�dc�goT}Y'X�x�mi¢uY�g�nqe

p
x�j@��eokW|W|}� n~Y!m

S1
ehgin~�#¢fe(suj�goT}Y'ehgimix�goY!wCc

q̂1(·)
¦

�LY!±CY!�~su|Wn~jWw
ψ2(p)

n¥g]�!suXZY/e(giT}x�g

ψ2(p) =
1

4c21
(2dc1 − p)(2pc1 − 2c1c2d+ c2p).

[]s�giYLgiT}x�g
ψ2(p

w) = JS2
(Q̂1(·), Q̂2(·))

¦ì´ñ¨�£"YOY/±¸xu� k@x�goY{n~j
p = pw

giTWY��fY!min~±¸x�gon~±uY{s�¨
ψ2(p)

£�n goT
miY/eo|$Y/�¡gUgis

p
ªf£(Y{sC�fgixun j�goT@x�g/ª

dψ2

dp
(pw) =

dc1

c1 + c2
> 0.
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� mosCX goT@x�g]£(Y��fY/�fk@��YOgoT@x�gLadkW|}|W� n~Y!m
S2

£(sukW�q���$Y'�$Y�gogoY!m]s�¨ì�fY!±dnqx�gon~jWw5¨©misuX�giTWY'e�gom#x�goY/wuc
q̂2(·)gisZn j}�Wk}��Y'xuj�TWn~wuT}Y!m�|Wmin~�!Yu¦ � Y'�!xuj�eoY!Y{goT@x�g

ψ2(·)
x�g�gixun j@eUn¥g#e�X�x�¬fn XykWX�¨©sCm

p∗ =
2dc1(c1 + c2)

2c1 + c2
.

i]Y!j}�!Y�x�jdc�e�kW|}|W� c®¨©kWj}��gon~suj
q2(·)

eok}�#T�goT@x�g'giTWY�eosu�~kfgon~suj su¨
q̂1(p) + q2(p) = d

wun~±uY8e
p = p∗�!suj}e�gon gokWgoY/eOx��@Y8ehg�miY/eo|@sCj}eoYysu¨(adkW|W|}� n~Y!m

S2
gos�giTWY5eokW|W|}� cI¨©k}j}�¡gin sCj

Q̂1(·)
s�¨(adk}|W|W�~n Y/m

S1
¦y´µj

|@x�mogonq��kW�qx�m8ª}£(Y��!xuj�#TWsdsCeoYOgoT}Yy��sCj}e�gix�j0gLeokW|W|}� c�¨©kWj}��gon~suj
q∗2(·) = d − Q̂1(p

∗)
¦{SUTWn~e]su�d±dn sCk}eo� c

nqe�xZ|Wmis�«Wg#x��W�~YO�fY!±dnqx�gon~suj�¨©sCm]adkW|W|W�~n~Y!m
S2
¦��]e�x5X�x�gogoY/m�s�¨�¨Íxu�¡g8ªfgoT}Y'���~Y/x�min~jWwy|}monq��Y{¨©sum�goTWY�|}xun m

su¨(e�gom#x�giY!wun~Y/e
(Q̂1(·), q∗2(·))

n~e
p∗
ª²goTWY�p0k}xuj0gon gon~Y/eOe�sC�~��x�miY5moY8e�|$Y/��gon~±uY!�~c

q̂1(p
∗)

xuj}�
d − q̂1(p

∗)
ª

xuj}��¨©mosCX�giTWY'|WmiY!±dn~suk}e��/x��q��kW�qx�gin sCj}e/ªfgoTWY�|Wmosu«Wg�s�¨�adkW|}|W� n~Y!mO�5n~e]TWn~wuTWY/m�goT}xujKn¥¨ìTWY'£(suk}�~��T}x¸±CY
eosu�q��goTWY'p0k}xujCgin¥ghc

d− q̂1(p
w)
¦

� sum�Y�¬WxuX5|}� YCªfn¥¨<£"Y'eoY�g
d = 1

x�j}�

C1(q) = q2,
x�j@�

C2(q) = 2q2,

£(YOsu�fg#x�n~j�giTWY�su|Wgon~XZxu�²XZsujWsC|@sC� nqehgin~�Op0k}xujCgin¥gin Y8e

Q̂1(p) =
p

2
, Q̂2(p) =

p

4
.

´ñ¨�goT}Y�e�k}|W|W�~n Y/mieUk}eoYOgoT}Y�|Wmonq��Y'e�gom#x�giY!wCn Y8e(�WY�«}jWY8�K�dc
qj(p) = Q̂j(p)

ªfgiTWY'miY/eokW� gon~jWwZ|Wmonq��Y�sCj�goTWY
X�xumo¢CY�gU£�n �~�³�$Y

ps
e�k}�#T�goT@x�g

Q̂1(p
s) + Q̂2(p

s) = d = 1,
giT}x�g5n~e5eok}�#T°goT}x�g p

2 + p
4 = 1

giT}x�gZn~e
ps = 4

3

ª<¨©misuX £�TWnq�#T n¥gy¨©su�~� s�£�e'goT}x�g�giTWY�p0k}xujCgin¥gin Y8e�su¨
Y/� Y8�¡gimonq��n ghc�eosu�q���dc�eokW|W|W�~n~Y!m#e�x�miY

qs
1 = 2

3

x�j}�
qs
2 = 1

3

¦�SUTWnqe��Wmin jWw5giTWY!X goTWY�miY/eo|@Y8�¡gin ±CYL|Wmis�«}gie

JS1
(
2

3
,
1

3
) =

4

9
,
x�j@�

JS2
(
2

3
,
1

3
) =

2

9
.

[]s�£�ª0eokW|W|$sCeoYLgoT}x�gUadkW|}|W� n~Y!m
S1

e�gonq�#¢de"suj�n¥g#e(�#T}sunq��Y
Q̂1(q) = p

2

ªfx�j}��eokW|W|$sCeoYLgoT}x�g
S2

k}eoY/e"goTWY
�!suj}e�gixuj0g�eokW|W|}� c�¨©k}j}�¡gin sCj

q̃2(q) = 1
4

¦
[]s�£ giTWY'���~Y/xumon~jWw5|Wmonq��Y

ps
nqe�e�k@�#T�giT}x�g

ps

2
+

1

4
= 1,

giT}x�g�nqe
ps = 3

2

¦
SUT}Y�pCk@x�j0gon gon~Y/e'eosu�q��moY8e�|$Y/��gon~±uY/� cQ�dc

S1
x�j@�

S2
x�miY

Q̂1(
3
2 ) = 3

4

x�j@�
q̃2(

3
2 ) = 1

4

ª £�TWn~� Y�goTWY/n m
|}mosu«WgieU�$Y/�!suXZY

JS1
(Q̂1(·), q̃2(·)) =

9

8

xuj}�
JS2

(Q̂1(·), q̃2(·)) =
2

8
>

2

9
= JS2

(Q̂1(·), q̃2(·)).

SUT}n~e'eoTWs�£�eLgoT@x�g'giTWY�|}x�n~m
(Q̂1(·), Q̂2(·))

nqe�jWs�g'xI[LxueoT�Y8p0kWn �~n~�Wmon~kWX e�n~j}��YZ�dc®�WY!±dn~x�gon~jWw�¨©mosCX
giTWnqe�|}x�n~mU|Wmisd�Wk}��Y/m

S2
n j@��miY/xueoY/e(n gie�|}mosu«Wg/¦
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��º � �f�FE l � = ��� �)�
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$� * �����
� ��� 	9�������"!3��� *�6 ��� ����� ���m��� 	9������� ** �+� * ���"��� � /���� * � 	9����>]�
�
�X�#��,�D!m�m��"��� �
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adk}|W|@s0e�YOgiT}x�g�Y8xu�#T�e�kW|}|W� n~Y!m
Sj

�#TWsds0e�Y8e�giTWY��~n jWY8x�m�|Wmisf�fk}��gon~suj�¨©kWj}�¡gin sCj

qj(p) = ajp− bj , aj > 0, bj > 0,

eos�xue(gis5X�x�¬dn~XZn ¶/Y{goTWY�|Wmis�«}gUwCn ±CY!j��dcuª

psqj − cjq
2
j ,

£�T}Y!miY
ps

nqeygoTWY�|Wmin~�!Y�«W¬fY/� �dc®giTWY�XZxumo¢CY�g8ª<xuj}�
qj

giTWYKpCk@x�j0gon ghc°�@sCkWwuT0gy�dc�goT}Y�X�x�mi¢uY!g'gos
afkW|W|W�~n Y/m

Sj

¦
SUTWY�X�xumo¢CY�g�moY8xu��gie"gosZgiTWY�|}x�n~m

(q1(·), q2(·))
sCm�Y/p0kWn~±�x��~Y!j0go�~c�gos

((a1, b1), (a2, b2))
�0c�«W¬fn jWw

giTWY'���~Y/xumon~jWw5|Wmin~�!YLgis
ps

e�k}�#T�giT}x�g
q1(p

s) + q2(p
s) = d

¦ì´ñg]�!suXZY/e(giT}x�g

ps =
b1 + b2 + d

a1 + a2
.

z"sCj}eoY/p0kWY!j0gi� cZgiTWY�|Wmis�«Wg�¨©sCm�Y/xu�#T�e�k}|W|W�~n Y/m�n~e�(2xue�xy¨©kWj}��gon~sujKs�¨
(a1, b1, a2, b2)

5 ª

psqj(p
s) − cjqj(p

s)2,
(2��� 5

giT}x�g�nqe

JS1
(a1, b1, a2, b2) =

(b1 + b2 + d)(a1b2 + a1d− b1a2)

(a1 + a2)2
−
c1(a1b2 + a1d− b1a2)

2

(a1 + a2)2
,

(2�C� 5

xuj}�

JS2
(a1, b1, a2, b2) =

(b1 + b2 + d)(a2b1 + a2d− b2a1)

(a1 + a2)2
−
c2(a2b1 + a2d− b2a1)

2

(a1 + a2)2
,

(2�3D 5

� sum³giTWY�|@x�n~m³s�¨f|Wmisf�fk}�¡gin sCjO¨©kWj}��gon~suj}e
(q∗1(·), q∗2(·))

sum�£�n¥giT�x�eo� n~wuT0g xu�Wk}eoY�s�¨fjWsugix�gin sCj³ª8¨©sum goTWY
|@x�n~m

((a∗1, b
∗
1), (a

∗
2, b

∗
2))

gis'�@Y{x'[]xCe�T�Y/p0kWn~� n~�Wmin kWXKªCgoTWY]«}m#ehg�sCmi�WY!m"�!suj}�Wn¥gin sCj}eì¨©sCm�X�x�¬fn~X5n~¶/x�gon~suj³ª
Xyk}e�gUT}su�q��gimok}YuªWeosy¨©sCm

j = 1, 2
ªf£"YOX�k@ehg�T}x¸±CY

∂JSj

∂aj

(a∗1, b
∗
1, a

∗
2, b

∗
2) = 0,

x�j}� ∂JSj

∂bj
(a∗1, b

∗
1, a

∗
2, b

∗
2) = 0.

(Í�d� 5
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SUT}n~e��/x�j��@Y�miY!£�min¥gogoY/jKxCe

A(d + b∗1 + b∗2)

(a∗1 + a∗2)
3

= 0

A

(a∗1 + a∗2)
2

= 0

B(d+ b∗1 + b∗2)

(a∗1 + a∗2)
3

= 0

B

(a∗1 + a∗2)
2

= 0

£�T}Y!miY
A
xuj}�

B
xumoYO�fY!«}jWY/���dcuª

A = 2b∗1a2 + 2b∗1c1a
∗2
2 − a∗1b

∗
2 + a∗2b

∗
2 + a∗2d− a∗1d− 2c1da

∗
2a

∗
1 − 2c1b

∗
2a

∗
2a

∗
1,

B = 2b∗2a
∗
1 + 2b∗2c2a

∗2
1 − a∗2b

∗
1 + a∗1b

∗
1 + a∗1d− a∗2d− 2c2da

∗
1a

∗
2 − 2c2b

∗
1a

∗
1a

∗
2.

S�x�¢dn~jWw5n j0gos�xC�!�!sukWj0g(goT}x�g
a∗j > 0, b∗j > 0

giTWY'eocde�goY/X (2�0� 5 �/x�j��@Y�miY!£�min g�goY/j�xCe

A = 0
x�j}�

B = 0.

SUT}n~e(wun~±uY8eìgiTWY{¨Íx�XZn �~cZs�¨�eosu�~kfgin sCj}e!ª ��-
�.- s�¨³|$sCeie�n~�W�~Y{[LxueoT�Y/p0kWn~�~n �Wmin~kWXKªf|}x�m#x�XZY�gimon~¶!Y8�Z�dc
aj > 0xuj}�

bj > 0

a∗1 = a1, a∗2 = a2,

b∗1 =
(1 + 2c2a1)(a1 + 2c1a2a1 − a2)d

2c2a2a1 + 2c1a2a1 + a1 + a2
,

(2� � 5

b∗2 =
(1 + 2c1a2)(a2 + 2c2a1a2 − a1)d

2c1a1a2 + 2c2a1a2 + a2 + a1
.

[]Y!±uY/m�giTWY!�~Y/eie�xL�!� s0e�Y/m��~sdsu¢'x�g�goT}YUeoY/�!suj}�'sum#�fY!m<��sCj}�fn gon~suj}e�¨©sum�X�x�¬fn~X5n~¶/x�gon~suj5e�TWs�£�e goT@x�g<goTWY
i]Y/eie�nqx�j�s�¨

JSj
(a1, b1, a

∗
1, b

∗
1)
Y!±�x��~k}x�goY/��x�g�xuj0c�|@sCn j0gie�eix�gin~e�¨©cdn j}wygiTWY{«}m#ehg�sCmi�fY/m���suj@�fn¥gin sCj}e"¨©sum

[LxueoTIY/p0kWn~� n~�Wmin k}X�ª (Í� � 5 ª$T}xCe�x�jWY/wCx�gin ±CY'�fY�giY!miXZn j}xuj0g��¸¦�SUTWnqe�|}mos�±CY/e(goT@x�g�giTWY�|$sun~j0gie]eix�gin~e�¨©cdn j}w
§"pCk@x�gon~suj7(Í� � 5 xumoY{jWs�g][LxueoT�Y8p0kWn �~n~�Wmon~kWXK¦

�]�~eos�£(Y]T}x¸±CY]�#TWY8�#¢uY/�5giT}x�g"goTWY/moY{�!xujWjWs�g(�@YOx�jdcZ[]xCe�T�Y8p0kWn �~n~�Wmon~kWX x�g"goTWY{�$sukWj}�}x�micysu¨³goTWY
�WsuX�x�n~j³ª ��-
�.- e�k@�#T�giT}x�g�sCjWYOs�¨

a1, a2, b1
sum
b2
nqeUjdkW�~�2¦

i]Y!j}�!Y�£"Y��fsZjWsug�T}x¸±uYO[]xCe�TKY/p0kWn~�~n �Wmin~kWX ¨©sumUgiTWnqe�wCxuX5YOn~j�goTWY'�!�~xCeoe(s�¨<�~n jWY8x�m�e�gom#x�giY!wun~Y/e/¦
��º � �f�FE l � = ��� ���
	����K� 	9������8!��'� ���������\� 1 � � � 6 �.� * �m��� � � !#������� � �3�����-� �K�������"! !���� 1 ���-� 6
�������
	��	!f�����,�Z�,�-�m��������� * ���,	h� * ��� �"!#!9��� 1 ���-� 6 �����

ai

��� 6 � �>��>e��� 1 ���-� 6 �����
bi
����� ���;33�
� ���

!f������e����� * ��� �_/3� � �4� %'���������
��� 
 ������� 3 ���8!m��� d ��-� * ��� � 	9�?!m�"� � ����� * !������ 
 ������%4����� ���
����()!m������ * ���,��� ��/3��� * � � 	9���������"� 6 �����������7�M� * ��� �����;33�
� ���
!f������H� ��� 	���� !7� � * � � 1 �
�:��� ��� 	9�������"!3��� -
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� k � k j % ��&Í� r�p�& º p���rÍ� º � �f�FE º � ¾ � � � � r �C�f� r ¾ �
�Le�|WmiY!±dn~suk}eo�~cuªu£(Y���sCj}eon~�fY/m��~n jWY8x�m(ehgimix�goY!wCn Y8eìx�j}��eokW|W|$sCeoY�giT}x�g�giTWYLeokW|W|}� n~Y!m#eìn~j}��kWm(x'p0k}xu�Wmix�gonq�
�!sCe�g/¦
i]Y!miY'n¥g{n~eLXZsumiY'��sCj0±CY!jWn~Y!j0g�gis�£(sumi¢�£�n goTQ|Wminq��Y�¨©kWj@�¡gon~suj@e!ª ��-
� - ¨©kWj}��gon~suj}e

pj : q → pj(q) =
αjq + βj

ªW£�n¥giT
αj > 0

x�j@�
βj ≥ 0

¦

SUTWY5X�x�mi¢uY!gLmiY/xu��gie�gosKx�|}xun m
(p1(·), p2(·))

s�¨�|Wminq��Y'¨©k}j}�¡gin sCj}e!ª²�dcIeosu�~±0n~jWw�x�jQsC|fgon~XZn ¶8x�gon~suj
|}mosC�W� Y/XKª"£�TWY/moY

q1
xuj}�

q2
x�miY�goTWYIsC|fgon~XZn ¶8x�gin sCj ±�xumonqx��W�~Y/e/ª�giTWYIgis�gixu�]��s0ehg�nqeZgoT}YQsu�fthY8�¡gin ±CY

¨©k}j}�¡gin sCj�£�n goT�giTWY'��sCj}ehgimixun j0g(goT}x�g�goTWY'�WY!X�x�j}�
d
Xyk}ehg��$YO¨©kW�~� c�eox�gonqeh«}Y8�²ªdgoT@x�g�nqe

min
q1≥0

p1q1 + p2(d− q1), q2 = d− q1.

´ñg]�!suXZY/e(giT}x�g
q1 =

1

2

β2 − β1 + 2α2d

α1 + α2

q2 =
1

2

β1 − β2 + 2α1d

α1 + α2adk}�}ehgin¥gikfgon~jWw�goTWY8e�Y'±�xu� kWY8e�n~jCgisZgoTWY�|Wmosu«Wg�¨©kWj@�¡gon~sujQxuj}�K�fY!min~±0n~jWw�£�n goTImiY/eo|@Y8�¡g�gisZgoTWYy��sdY�¨
&
«$��n~Y!j0g

αj , βj

£"YOsu�Wgix�n~j�goTWYO¨©sC� �~s�£�n j}wZeoY�g�su¨�«}m#e�gUsCmi�WY!m���sCj}�fn gon~suj}eU¨©sCmUgoTWY'[LxueoT�Y8p0kWn �~n~�Wmon~kWXKª

(β1 − β2 − 2α2d)( (β2 + 2α2d)(α1 − α2) + β1(3α2 + α1) − 2c1(α1 + α2) ) = 0

β1(α1 + 2α2) − α2(β2 + 2α2d) − c1(α1 + α2)) = 0

(β2 − β1 − 2dα1)( (β1 + 2α1d)(α2 − α1) + β2(3α1 + α2) − 2c2(α1 + α2) ) = 0

β2(2α1 + α2) − α1(β1 + 2α1d) − c2(α1 + α2)) = 0

���!� s0e�Y/m�� sdsC¢ gos°giTWn~e�e�cfe�goY/X eoTWs�£�e5goT}x�g�n¥g�T}xueZjWs eosu�~kfgin sCj³¦ i]Y!j}�!YI£�n¥giT goTWnqe�X�x�mi¢uY!g
sCmow0x�jWn~¶/x�gon~suj�giTWY!miYOn~e�jWs�[]xueoT�Y/p0kWn~� n~�Wmin kWXK¦
��º � �f�FE l � � * !m�"� � ����� * � � �
	�� � 1 � � ������>�'�'�����������C���"� 6 ���f� >]�
�
	����'������� �"!#!9��� 1 ���-� 6 ���7� 	9�
!f������ -:�f	9���������"� 6 �����������P�M� * ����� �"! !���� 1 ���-� 6 ����� ���� 6 � � * � � 1 �
� ���.���������B�+�H�
	��H� ���"!#��� -

� � ���� ���#��� 
 �! ��
���&'(� �(
'��

´µjKgiTWnqe]�qxue�gLeoY/�¡gin sCjI£"Y�|WmoY8e�Y/j0gLx�XZsf�fY!��n jsum#�fY!m�gis�e�gok}�fc�giTWY��!xCe�Y�s�¨ìX�kW� gon~|W�~Y�X�x�mi¢uY!gie/¦ � Y
eoTWs�£�giT}x�g'�!suj}eon~�WY!min jWw�XZsumiY�giT}x�j�suj}Y5X�xumo¢CY�gO� Y8xu�WeLgosIx�XZsf�fY!�<giT}x�g�nqeOX�k}�#T�XZsumiY5�!suXZ|W�~n:&
�/x�giY/�²ªf�$s�giT�¨©misuX�goTWY�XZsf�fY!�~n~jWwZ|@sCn j0g�s�¨�±dn Y/£+x�j@��giTWY'�!xu�~�!kW�~x�gon~suj�|@sCn j0g�s�¨<±dn Y/£�¦�z"suj}�!Y!mijWn j}w
XZsf�fY/� n~jWw}ª@xZwCx�XZY'xu|W|@Y8x�m#e�x�g�giTWY'�~Y!±uY/�³s�¨�goT}Y'X�x�mi¢uY�g#e�x�j}��giTWY�e�gomik}�¡gikWmoY�su¨�giTWY�e�gom#x�giY!wun~Y/eUsu¨
giTWY'eokW|W|W�~n Y/mie�xumoY{XZsumiY���suXZ|W�~Y�¬²¦

´µjZe�k}�}e�Y8�¡gin sCj�DW¦>=(£"YU�fY/ei��min~�@YUx]XZsf�fY/�dgos{T}x�j}�W� Y(goT}Y"XykW�¥gin |}� YUX�x�mi¢uY!g<�/xueoYu¦ ´µjygoT}Y"XykW�¥gin |}� Y
X�xumo¢CY�g��/xueoY"��sCj}e�gom#x�n~jCg#e miY/eokW� gon~jWw�¨©misuX n~j0goY!m#��sCjWjWY8�¡gon~sujyx�j}���~n~jWY(�/x�|}xC��n ghc��fY/�!moY8xueoY/e²giTWYU�fY!wCmoY/Y
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su¨d¨©moY/Y/�fsCX+su¨fgoTWY(e�kW|}|W� n~Y!m#e0�³goTWY/c{�/x�jWjWsug�eoY!j0g�xCe³X�k@�#T�Y!�~Y/�¡gimonq��n ghcOxue²giTWY!cO£�nqe�T�sCjOgoTWY"X�x�mi¢uY�g#e!¦
� Y��fnq�Z�fs�g<gixu¢uYUn~jCgis�xu�!�!sukWj0g<goT}Y/eoYU�!suj}e�gom#x�n~j0gie�n~jygiTWY�XZsf�fY!�W£(YUT}x¸±uYU�fY8eo�!mon~�@Y8�²¦<[�Y!±CY!mogoTWY/� Y8eoe
giTWY!c°X�x¸c�� Y8xu�°gisxeon XZ|W�~Y/e�gyXZsf�fY/�2ªì£�TWY/moY�e�sCX5Y�XZxumo¢CY�g#e'X�x¸c®�$Yuªìn~j «}m#e�g5x�|}|Wmos¸¬fn~X�x�gon~suj ª
�!suj}eonq�fY!miY/��xueUmiY!XZs�giYu¦

´µj¯afY/�¡gin sCj\DW¦ �I£(Y�n jd±CY/e�gon~wCx�giY�n j¯xIXZsumiY�x��}e�gom#xu��g���sCjCgiY�¬dg'giTWY�|$sCeie�n~�Wn~� n ghc®gosQk}eoY�n~jd±uY!m#eoY
adgixu�#¢CY!�~�@Y/mow5Y/p0kWn~�~n �Wmin~kWXK¦

�KJML � Q HeQgb�R I � RUb��VQ Y TVR � Q � dK^�Q I
� k�lmk�l � &Í� »@º ����� � ¿ �!�/�¸�W� º � r º �
i]Y!miYZ£"Y���sCj}eon~�fY/m{goT}x�g�goTWY

S
e�k}|W|W�~n Y/mie

Sj

|Wmisu|$sCeoYyY/� Y8�¡gimonq��n ghcQsuj
M

�Wn¥¤7Y!miY!j0g�X�x�mi¢uY�g#e!ª
Mi

¦
� Y�e�k}|W|@s0e�Y(giT}x�gìY/xC�#TyX�xumo¢CY�g

Mi

T}xueìxO�fY/XZxuj}�
di

n~jWY!�qxue�gonq�"gosO|Wmin~�!Yu¦�SUTWY�x�n~X s�¨$Y/xC�#T�X�x�mi¢uY!g
nqe(gosZ¨©k}�¥«}�~�³n gie��WY!X�x�j}��x�g�XZn~jWn~XZxu�³|Wmin~�!Yu¦

� �qpqp &�r º �������!�/���f� º �@» k � ehgimix�goY!wCc�¨©sumOx�eokW|W|W�~n Y/m
Sj

��sCj}e�nqe�gieLs�¨�x�±uY/��gosCm]s�¨"|Wmonq��Y�¨©kWj}��gon~suj}e
pj(·) = (pj1(·), · · · , pjM(·))

(
pji(·)

moY/|WmoY8e�Y/j0gie]goTWY�su¤$Y/m{su¨(eokW|W|W�~n~Y!m
Sj

sCj®X�xumo¢CY�g
Mi

5 ¦5SUTWY
X�xumo¢CY�gie(miY/xC�¡g��dc�e�Y!g�gin jWwZgiTWY'p0k}x�j0gin¥gin Y8e

(qj1, · · · , qjM)
�@sCkWwuT0g�gis5Y8xu�#TKe�k}|W|W�~n Y/m/¦

�Le]¨©sCm]giTWYZ|Wmin~�!Y'¨©kWj}��gon~suj®£"YZ�!xujIgoTWn~jW¢KgiT}x�g{¨©sum�x�eokW|W|}� n~Y!m
Sj

ª7goT}Yysu¤$Y/m{sCjQY/xC�#TQX�x�mi¢uY!g
pji(·)

ª²X�x¸c�T@x¸±uY�xCeLxumowCkWXZY!j0g�goT}Yy±CY/�¡gisum
(q1i, · · · , qMi)

¦O[]Y!±CY!mogoTWY/� Y8eoe/ª}giTWnqe{�Ws0Y8e]j}s�gLmiY �@Y/�¡g
giTWY�xu��gok}xu�ìsumiwCx�j}n ¶8x�gon~sujs�¨"miY/xu�ìY!�~Y/��gomin~�!n¥ghcIX�x�mi¢uY!gie/¦5�Le�x�XZx�g�giY!m�s�¨(¨Íxu��g/ª x�X�x�mi¢uY!g{£�n~�~��jWs�g
xC�!�!Y!|fg�x�j�s�¤7Y!m���sCj}�fn gon~sujWY8���dc�giTWY�pCk@x�j0gon gon~Y/e

qji

s�¨�Y!�~Y/��gomin~�!n¥ghc��$sukWwCT0gU�dcZgiTWYOs�goT}Y!mUX�x�mi¢uY�g#e!¦
� sum���sCjd±uY!j}n Y/j}��YCª0£(Y{£�n �~�²jWY!±CY!mogoTWY/� Y8eoe(k}eoYLgoTWY8e�Y�e�gom#x�goY/wun~Y/e(�qx�goY/mUsuj)(-adY/��gon~suj DW¦Å� 5 gos5n~� �~k}e�gom#x�goY
eosuXZY�xueo|$Y/�¡g#eUs�¨�goTWY�XZsf�fY!�-¦

��X5sCmoY�miY/xu� nqe�gonq�O£(x¸c�gis��fY!«}jWY�x�|}monq��Y�¨©k}j}�¡gin sCjQehgimix�goY!wCc�n~jKgoT}x�gL�!xCe�YCªWnqe�gos�e�kW|}|@s0e�Y�giT}x�g
Y8xu�#T5e�kW|}|W� n~Y!m

Sj

eo|W� n gie<n gie<X�x�¬dn~X�x��f|Wmisf�fk}��gon~sujy�/x�|}xC��n ghc�n jZX�x�¬fn~X�x��f�!xu|}xu�!n¥ghc�sCjyY8xu�#T�X�xumo¢CY�g/¦
^QsumiY'|WmiY/��nqeoY!�~cuª$£"Y5e�kW|}|@s0e�Y�giT}x�g{goT}Y�X�x�¬fn~XZxu���/x�|}xC��n ghc�eokW|W|W�~n~Y!m

Sj

n~eLmiY/xu�Wc�gis��Wmin j}w�gos�goTWY
X�xumo¢CY�g

Mi

n~e
Qji

ªWeok}�#T�goT@x�g
M∑

i=1

Qji ≤ Qj ,

£�T}Y!miY
Qj

miY!|WmiY/eoY!j0gie(n gie�X�x�¬dn~X�x��²|Wmisf�fk}��gon~sujK�!x�|@xu��n ghcu¦
� |Wminq��Y{¨©kWj}��gon~suj

pji(·)
¨©sum�eokW|W|}� n~Y!m

Sj

suj�X�x�mi¢uY!g
Mi

£�n~�~�³�@Y'eok}�#T�goT}x�g

∀q > Qji, pji(q) = +∞.

´µjQgoTWY5�!xueoY�£�TWY/moY�giTWYZe�kW|}|W� n~Y!m#e�£Ux�j0g�gis�X�x�¬fn~X5n~¶!Y'goTWY/n m{X�x�mi¢uY�g{e�T}xumoYCª}£(Y'T}x¸±CYOgos�eoY�gOe�sCXZY
�!suj}�Wn¥gin sCj®giT}x�g'|}moY/±uY!j0g#e{goTWY/X`gisK«W¬�xK|Wminq��Y�x�mi�Wn gom#x�min �~cI�~s�£`(2e�Y/Y��]eie�kWXZ|fgin sCj ��¨©sum�giTWY�e�n~j'&
wC� Y�X�x�mi¢uY�g5�!xueoYu¦�[�sugoY�giT}x�g5¨©sumygoT}Y�X�k}�¥gin |W�~Y�XZxumo¢CY�gZ�!xueoY�giTWY�|}monq��Y�«}¬dY8� �dc�goTWYKeokW|W|W�~n Y/mie
Xyk}e�g]n j@���~k}�fY'eosuXZY�gom#x�j@e�|$sumogix�gon~sujK��sCe�gie��WY!jWsugoY/�K�dc

δji

(ðgoT}Y�gom#x�j}eo|$sumogix�gin sCj��!sCe�g�|@Y/m]kWj}n¥g]su¨
Y/� Y8�¡gimonq��n ghc 5 ¦ � Y�eokW|W|$sCeoYOgoT}x�g�¨©sumLxZ� sf�!xu�³|Wmisf�fk}��Y/m�goT}Y�gom#x�j}eo|$sumogix�gin sCj��!sCe�g�n jK¶/Y!mish(

δii = 0
5 ¦

i]Y!j}�!YuªfgiTWYO|WmiY!±dn sCk}e���sCj}�fn gon~suj�X�x¸c��@YOgisZ|WmoY/±uY/jCgUgiTWY'e�k}|W|W�~n Y/mie/ª
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� gos�eoY!�~�²�@Y/� s�£ goTWY�X�xumowCn j}xu�²��sCe�g/¦ì´µj�goT@x�g]�!xCe�Y�x5|Wmin~�!Y{¨©kWj}�¡gin sCjKT}xue(gis�eox�gonqeh¨©cCª

∀i = 1, · · · ,M, ∀j = 1, · · · ,S ∀qji ≤ Qji, min
i=1,··· ,M

pji(qji) ≥ C ′(

M∑

i=1

qji) + δji.

� sumUgis5T@x¸±uY�x5jWY!w0x�gon~±uY{|Wmis�«Wg8¦ì´µj�goT}x�g��/xueoYuªdgiTWY�|Wmin~�!YL¨©k}j}�¡gin sCj�T@xue(gos�eix�gin~e�¨©cuª

∀i = 1, · · · ,M, ∀qji ≤ Qji,

M∑

i=1

pji(qji)qji ≥ Cj(
M∑

i=1

qji) +
M∑

i=1

δjiqji.
(2� � 5
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����� *
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3(α1 + α2)
,
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 � *�6 ������K���'��� ���
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|}mos�±dnq�fY/�¯goT@x�g�xu� �{pCk@x�j0gon gon~Y/e���suj@��Y!mijWY8�¯�~n~YQn j goTWYQn~j0goY/mon~sum�su¨OgoTWY/n m�n j0goY/mo±�xu�~e�x�j}� T}x¸±CYKgoTWY
xu|W|Wmisu|Wminqx�goY�eon wCj}e/¦�r��~Y/xCe�Y]jWs�giY�goT}x�g�giTWY/eoY]xueieokWXZ|fgon~suj}e�XZx¸c5jWsug��@YL±�x��~n~�Zn~j�X�x�jdc5�/xueoY/e�(2e�k@�#T
nqe
α1 + α2 = 0

Y�¬W���~k}�fY8��¨©sCm�n~j}ehg#x�j}�!Y 5 ¦����qe�s@ªfgoTWY'eoY/�!suj}�'&-sCmi�fY/m���suj@�fn¥gin sCj}e�(©|}�~x¸cCY!m#e"XZn~jWn~X5n~¶!YCª
��-
�.- eoY/�!suj}�°�fY/mon~±�x�gin ±CY�X�k}e�g��$Y�|$sCeon¥gin ±CY 5 Xyk}ehgy�@Y�eox�gonqeh«}Y8�²¦ISUTWsuk}wuT°jWs�g5�fY!min ±CY/�°Y!¬d|}� nq��n go�~cuª
giTWY/eoY�e�Y8��sCj}� &ñsum#�fY!mU��sCj}�fn gon~suj}e�xumoY

α1 + α2 > 0
¦

��º � �f�FE l � = ��� � � 	9���Z�
	�� %4����� ���
����� *
β1
��� 6

β2
�,! !��,������� � � ���)������ 1 ���m� 6 >e��� � *

β1 − β2
-

�f	'� * � ���� * �
	����_� ��� = � * 	 * ��� �'�������B� * �����-� 6 �����
β∗

1

��� 6
β∗

2

* ���
$
� 	9�4�C��� 	9��� = � * 	 * ��� �'������� *

� 3#� * � �����
β∗

1 +γ
��� 6

β∗
2 +γ

>]�
� 	
γ
��� 1 �
���,�����3- �M�h��� 	9���8>e��� 6A*

$
�
	�� = � * 	 * ��� �'������� � * �f��� �-��� %4���

��� 6 �
	��H� >e� * �"! !f� ����� * >]�
�
� !m�"� 1 � 1 � � �4� 6 �"!7�,	�� � * ��� / � 	9���
�
β1
��� 6

β2
��� 1 �
���"�����
� � 	 �:/A	9-

SUT}YLgis�g#x��³|Wmisf�fk}��gon~suj�¨©sum
S1
ª
S2
ª}moY8e�|$Y/��gon~±uY!�~c�nqe

q11 + q12 =
−2β1 + 2β2 + 3α2.(d1 + d2) + δ22 − δ12

3(α1 + α2)
,

q21 + q22 =
2β1 − 2β2 + 3α1.(d1 + d2) + δ12 − δ21

3(α1 + α2)
.

afTWsumogM&ñT}x�j@��jWsugix�gin sCj}e(¨©sumUgiTWY/eoYOgh£(s5Y8p0k}x�gin sCj}e (ðgos��$Y�k}eoY/��n jIx5XZn jdkfgiY 5 xumoY

x =
n1

3d
, y =

n2

3d
.

� T@x�gUmoY/XZxun j@e�nqe"gos5n jd±uY8ehgin w0x�giY�goTWY{misu�~Y/e"s�¨³giTWY{eokW|W|}� n~Y!m#e!¦ìSUTWY{|Wmis�«Wg8ªd£�n¥giT��~n jWY8x�m(|Wmisd�Wk}�¡gin sCj
�!sCe�g/ªd¨©sCmUgoTWY'eokW|W|W�~n~Y!m#e�x�miY

(α1(q11 + q12) + (β1 − C1))(q11 + q12), (α2.(q21 + q22) + (β2 − C2))(q21 + q22),

miY/eo|$Y/�¡gin ±CY!�~cuªWn~jI£�TWnq�#TKgoTWYyx��$s�±uYOY/p0k}x�gon~suj}eU¨©sCm
q11 + q12

x�j}�
q21 + q22

X�k}e�g]�$Y�e�k}�}ehgin¥gikfgoY8�²¦
� n goT�giTWY�jWs�g#x�gin sCj�thk}e�g�n~jCgimosf�fk@��Y/�³ªfgoTWY8e�YO|Wmis�«}gie��!xuj��$Y�£�min¥gogoY!jIxCe

α1x
2 + (β1 − C1)x, α2y

2 + (β2 − C2)y.

SUT}Y]«}m#e�g(Y!¬d|}moY8eoeon sCj�X�k}e�g��@Y{X�x�¬fn~X5n~¶!Y8��£�n goT�moY8e�|$Y/��g"gis
β1

xuj}�
α1

x�j}��goTWYOeoY/��sCj}��sCjWY]£�n goT
miY/eo|$Y/�¡g]gos

β2
xuj}�

α2
¦]SUTdk}e]sujWYysu�fg#x�n~j}e]xuwCx�n~jIx�[]xCe�TY/p0kWn~� n~�Wmin kWXKª$�Wkfg{jWs�£ sujIgiTWY��~Y!±CY!� su¨

giTWY��~Y/xu�WY!m#e (©goTWY'eokW|W|}� n~Y!m#e 5 ¦�SUTWnqeU� Y8xu�We(gis

x2 + 2α1x
∂x

∂α1
+ (β1 − C1)

∂x

∂α1
= 0, 2α1x

∂x

∂β1
+ x+ (β1 − C1)

∂x

∂β1
= 0.

xuj}�
y2 + 2α2y

∂y

∂α2
+ (β2 − C2)

∂y

∂α2
= 0, 2α2y

∂y

∂β2
+ y + (β2 − C2)

∂y

∂β2
= 0.

afn j}�!Y
∂x

∂α1
=

n1

−3d2
,

∂x

∂β1
=

−2

3d
,

∂y

∂α2
=

n2

−3d2
,

∂y

∂β2
=

−2

3d
,

é Û�Ü é á
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sCjWYOsu�fg#x�n~j}e
n1((n1 − 3β1)d− 2α1n1)

9d3
= 0,

−4α1n1 + 3d(n1 − 2β1)

9d2
= 0,

n2((n2 − 3β2)d− 2α2n2)

9d3
= 0,

−4α2n2 + 3d(n2 − 2β2)

9d2
= 0,

n~j�£�T}n~�#T��fY!min ±�x�gon~suj�n g�T}xue"�$Y!Y!jKxueieokWXZY/��giT}x�g
d = α1 +α2 6= 0

¦�adsC� ±dn~jWwygoTWY8e�Y{Y/p0k}x�gon~suj}e (ÍxC��&
gik}x��~�~cuªfe�Y!g�gin jWwZx��~�$j0k}X5Y/mix�gosCmie�Y/p0k}x��$gis�¶!Y/mos 5 ªdTWs�£(Y!±CY!m8ªCx��~£Ux¸cde�� Y8xu�We�gos

d = 0
¦�ads}ªfx�|}|}x�miY!j0go�~c

giTWY'[]xCe�TKeosu�~kfgon~sujK�fsdY/eUjWsug�Y�¬fnqehg8ªWe�n~j}��Y�£(YOmoY8p0kWn miY/��goT}x�g
αi > 0

¦

�KJ�� NPO�Q a"W<HZQgb�[ Q � Y'RUc �VQ IKN�Qgb9T [ d<I JKY9a+dZW�LdVb@Y9O�Q Y��7d Y��7d
´µj goTWnqeZe�Y8�¡gin sCj goTWY/moYKx�miY�gh£(s®eokW|W|W�~n~Y!m#e

S1
xuj}�

S2
£�TWs°x�jWjWsCkWj}�!Y�goT}Y!n~m5�fY8��nqe�n~suj@e

uPj

xCeyx
¨©k}j}�¡gin sCj�s�¨7goTWYLpCk@x�j0gon gon~Y/e

uMi

def
= qji

goT}x�g�goT}Y�X�x�mi¢uY�g#e
M1

xuj}�
M2

£�n~� �@�WkWcC¦<SUT}Y/eoY�¨©kWj}��gon~suj}e
£�n~�~�$�$YOn j@�fn~�/x�giY/��xue

uPj
= γj(uM1

, uM2
), j = 1, 2

¦ìSUTdk}eUx�j�n jd±CY!m#e�YOa0gixC�#¢uY!�~�$Y!miw�|Wmisu�W�~Y!X T@xue
�$Y!Y/j�¨©sumiX�kW�qx�giY/�²¦ìSUTWY���s0ehg�¨©k}j}�¡gin sCj}e!ªdgis��@Y�XZn~jWn~X5n~¶!Y8�²ªW£�n~� � �@YO¨©sCmoX�x��~�~c�£�mon g�giY!jIxue

JM1
(uM1

, uP1
, uP2

), JM2
(uM2

, uP1
, uP2

), JS1
(uM1

, uM2
, uP1

), JS2
(uM1

, uM2
, uP2

).
(Í�u� 5

� Y]£�n~�~�$Y/XZ|WT}xueon~¶!Y�giTWYL|@x�mogonq��kW�qx�m(ehgimok}��gokWmiY]su¨²goTWY8e�Y]¨©kWj}��gon~suj}e"mix�goTWY/m�giT}x�j�goTWY/n m(|Wmis¸¬dn~XZn¥ghcygos
miY/xu� n ghcu¦�SUTWY�n~j0goY!mi|WmiY�g#x�gon~suj�su¨

JM1
(uM1

, uP1
, uP2

)
¨©sum n~j}e�gixuj}��Y�nqe goT}x�g goT}Y�±�x��~kWY�su¨fgoTWY(��min¥giY!min sCj

nqeU�fY�giY!miXZn jWY8���dcZgoT}YLgis�g#x��²x�XZsuk}jCgUs�¨�Y!�~Y/�¡gimonq��n ghcZmoY8p0kWY/e�goY8��x�j@��goT}n~eU£�n~� �²�fY/|@Y/j}��suj�giTWY{|Wmonq��Y
eoY�gogon~jWw�s�¨�goT}Y�gh£"s�eokW|W|W�~n~Y!m#e!ª

uPj
= γj(uM1

, uM2
), j = 1, 2

¦�´µjK|Wm#xu��gonq��YuªWgoTWY�X�x�mi¢uY!g�£�n �~� �Wk}c
xuj�xuXZsukWj0g

u1i

¨©misuX e�kW|}|W� n~Y!m
S1
ªW£�n goT

u13
+ u14

= uM1

ª}e�k@�#T�xCe�gis�wuY!g(giTWY�Y!�~Y/��gomin~�!n¥ghc�x�g�goTWY
�~s�£(Y/e�g'|Wmonq��YC¦QSUTWY��!sCe�g'¨©kWj}��gon~suj

J1
�fsdY/e�jWs�gy�Wn miY/��go�~c��fY/|@Y/j}� sCj goTWY�x�XZsukWj0g�su¨�Y!�~Y/��gomin~�!n¥ghc

miY/p0kWn~miY/���0c�goTWYye�Y8��suj@��X�xumo¢CY�g/¦ � sum
JM2

(uM2
, uP1

, uP2
)
x�eon XZn~�~xum�Y�¬f|W�qx�j}x�gon~sujI�!xujK�@Y'wCn ±CY!j³¦

SUT}YZ�!sCe�gO¨©kWj}�¡gin sCj°s�¨�giTWYZ«}m#ehg'eokW|W|W�~n~Y!m8ª³n2¦ Yu¦
S1
ª��fY/|@Y/j}�We�sCjgiTWY5gosugix��"x�XZsukWj0gOs�¨UY!�~Y/��gomin~�!n¥ghc

eosu�q�²ªdn-¦ YC¦ìsuj
uM1

xuj}�
uM2

ªfn gieUs�£�j�|}monq��YOe�Y!g�gin jWw@ªf�Wkfg�jWsug��fn miY/��go�~c�suj�goTWYO|Wminq��YOe�Y!g�gon~jWwZs�¨�goTWY
sugoTWY/m�e�k}|W|W�~n Y/m/¦ì��eon XZn~�~xum�moY/XZxumo¢�Y!¬f|W�~xun j@e(goTWY'xumowCkWXZY!j0gie(s�¨

JS2
(uM1

, uM2
, uP2

)
¦

´µj�goTWYOmiY!X�x�n~j}�fY/mUs�¨ giTWnqe�e�Y8�¡gon~suj ªf£"Y{£�n �~�³��sCj}eon~�fY/m(gh£"sZe�k}�}e�Y8�¡gin sCj}e!ªdsCjWYO£�n¥giT�sCjWY{eokW|W|}� n~Y!m
xuj}�Igh£(s�XZxumo¢CY�g#e!ª³xuj}�QgiTWYZs�giTWY!mOsuj}Y5£�n goT�suj}YyX�x�mi¢uY!gOxuj}�gh£"sKe�k}|W|W�~n Y/mie/¦y[]s�miY/xu� nqe�gonq����s0ehg
¨©k}j}�¡gin sCj}e'x�miYZY!jd±dn~eix�wCY/�²¦ �(Y8�!x�k@e�YZs�¨"goTWnqe/ª�£(Y�£�n �~�ìg#x��~¢®x��$sukWg'� Y8xu�fY/mieOm#x�giTWY!m{goT@x�j eokW|W|W�~n Y/mie
xuj}� xu�@sCkfg�¨©sC� �~s�£"Y/mie�mix�goTWY/m'giT}x�j X�xumo¢CY�gie/¦°vLj}� c°±uY/moc°�~n XZn goY8� miY/eokW�¥g#e�xumoY�¢0j}s�£�j³¦Q¨©sCm5eix�¢CY
su¨{eon XZ|W�~nq��n ghcuª�£(YK£�n �~����sCjf«}jWYKsCkWmieoY!�~±uY8e'gis ��sCe�gZ¨©kWj}��gon~suj}e�xCeZn j0gomisf�fk}�!Y/� xu�@s�±CY�£�n goT ei�!xu�~xum
�WY/��nqeon sCj�±�x�minqx��W�~Y/e(suj}� cC¦

� k � k�l � ��º & º �W¿ º ����� ½�¾ �ñ¾ & & ¾d½�º ���
SUT}YO�!sCe�gU¨©kWj}�¡gin sCj}e�xumoY�eoc0Xy�@sC� nq�!xu� �~c�wun~±uY/j��dc

JM1
(uM1

, uP1
), JM2

(uM2
, uP1

), JS1
(uM1

, uM2
, uP1

).

Ü�Ü ×�s}õ¡è�tiî
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adk}|W|@s0e�Y{giT}x�gUgoT}Y{xu�}e�sC� kWgoY{X5n~jWn~X�kWX s�¨
JS1

nqe(wun~±uY/j��dc
u∗M1

, u∗M2
, u∗P1

¦ìSUTWn~e�eosu�~kfgin sCj�£�n~� �
�$Y�xC�#TWn Y/±uY8��n ¨<xu� � goTWmiY!Y�|}�~x¸cCY!m#e"£(suk}�~��TWY/� |IXZn~jWn XZn~¶!Y

JS1

¦"SUT}Y�� Y8xu�fY/m�£�n �~�²gimoc�gos�sC�fgixun j�goT}n~e
giY/xuX�e�sC� kfgin sCj��dc�Y!jf¨©sCmi�!n j}w'goT}Y]gh£(s'¨©sC� �~s�£"Y/mie�|W�qx¸c5n~jKe�k}�#T�x�£Ux¸c�giT}x�g�£�TWn~�~YLXZn~jWn XZn~¶!n~jWwygoTWY/n m
s�£�j��!mon goY/monqxWªugoTWY/c�e�n~X�k}�¥g#x�jWY/suk}eo� c5TWY/� |�giTWY]�~Y/xC�fY!m"su�fg#x�n~j�TWnqe�giY/xuX XZn~jWn~X�kWXK¦ �³Y!g"k}e(e�k}|W|@s0e�Y
giT}x�g�giTWnqeUn~e�|$sCeieon �W�~YO£�n¥giTIxy�~n~jWY/xumU¨©kWj}�¡gin sCj

uP1
= γ1(uM1

, uM2
) = α1uM1

+ α2uM2
+ α3.

´ñ¨<|@s0eoeon~�W� YCªfgoT}YO�!sdY ���n~Y!j0gie
αi

Xyk}ehg]eix�gin~e�¨©c (ÍjWY/�!Y/eieoxumoc��!suj}�fn gon~suj@e 5

u∗P1
= α1u

∗
M1

+ α2u
∗
M2

+ α3,

∂JMi
(u∗Mi

, γ1(u
∗
M1
, u∗M2

))

∂uMi

= 0, i = 1, 2.

SUTdk}e5£(Y�T@x¸±uY�giTWmiY!YKY/p0k}x�gon~suj}ey£�n¥giT giTWmiY!Y�kWjW¢djWs�£�j}e/¦ ´µj ; �A?�n g�n~eZeoTWs�£�j giT}x�g5goT}n~e�eocfehgiY!X
su¨�Y8p0k}x�gin sCj}eUX�x¸c��$Y'e�sC� ±�x��}� Y�x�j@��giT}x�g]goTWY'eosu�~kfgon~suj�giT0k@e�su�fg#x�n~jWY/�Keix�gin~e�«}Y/e(giTWY�eoY/�!suj}��sum#�fY!m
eok ���n~Y!j@��c��!suj}�fn gon~suj@e!¦<SUTWnqe�x�|W|}mos0xu�#T�nqe��fn~miY/�¡gi� c�Y�¬dgoY/j}�fn~�W� Y8e<gos�sCjWY�e�k}|W|W�~n Y/m�x�j}�yX�x�jdc (ÍXZsumiY
giT}x�j�gh£(s 5 X�x�mi¢uY!gie/¦

� k � k j n ½�¾ & º �W¿ º ��� � ¾���º �-¾ & & ¾d½�º �
SUT}YO�!sCe�gU¨©kWj}�¡gin sCj}e�jWs�£+T}x¸±uY{giTWYO¨©su�~� s�£�n~jWwZ�fY!|$Y!j@�fY!j}�!Y

JM1
(uM1

, uP1
, uP2

), JS1
(uM1

, uP1
), JS2

(uM1
, uP2

).

vLj}Y�X�x�¢CY/e�goTWY�¨©su�~�~s�£�n jWw o » p ¾ � o º �.rÍ� ¦°´ñ¨�goT}Y
γ
¨©kWj}��gon~suj s�¨�suj}Y��~Y/xC�fY!m5n~eZeokW|W|$sCeoY/� gos��@Y

wCn ±CY!j³ªugoTWY/j�¨©sum�goTWY]s�goT}Y!m��~Y/xC�fY!m(xOgh£(s�|@Y/mieosuj�w0x�XZY�moY/X�x�n~j}e�£�n goT�giTWnqe��~Y/xu�WY!m"xuj}�5goT}Y�¨©su�~�~s�£"Y/m
xCe�|W�qx¸cuY/mie/¦ �(cK|Wmisu|$Y!mi� cK�#TWsdsCeon~jWw�n gieLs�£�j

γ
¨©k}j}�¡gin sCj³ª7goTWYy�~x�g�goY/mL�~Y/xC�fY!mO�!xujQsu�Wgix�n~jQTWnqe]goY/xuX

XZn~jWn~X�kWX ( ��-
�.- xCe�n¥¨�xu� �²giTWmiY!Y'|W�qx¸cuY/mie(TWY/� |$Y/��giTWnqe�|}xum�gin~�!kW�~xum��~Y/xu�WY!m�n~jIsu�fg#x�n~jWn j}w�TWn~eLx��}eosu�~kfgiY
XZn~jWn~X�kWX 5 ¦{SUTWnqe]Tdcd|@sugoTWY8e�nqe�nqeL¢0j}s�£�jKgos�wCY!jWY/monq�!xu� �~c�T}su�q�I£�TWY!jQgoTWY/moY5x�miY�jWs��!suj}e�gom#x�n~j0gie�sCj
giTWY'�fY8��nqe�n~suj�±�x�min~xu�W� Y8e!¦

[]s�£�ª�n ¨"giTWY��~Y/xC�fY!m#eO£"sCkW�q�®miY/xC�¡g'x�� goY/moj@x�goY/� cgosIsCjWY�x�jWsugoTWY/m/ª�x�� goY!mij}x�goY!�~cQgiTWY�eosu�~kfgon~suj�gos
giTWY]|}mosC�W� Y/X £"sCkW�~���!sun~j}��nq�fYL£�n¥giT�goT}YLx��@e�sC� kfgiY�XZn j}n XykWX s�¨³sCjWY]�~Y/xC�fY!m(x�j}��£�n goT�goTWYOx��}eosu�~kfgiY
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