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Abstract: We study the flow through fibrous media using homogenization techniques. The
fiber network under study is the one already used by M. Briane in the context of heat
conduction of biological tissues. We derive and justify the effective Darcy equation and the
permeability tensor for such fibrous media. The theoretical results on the permeability are
illustrated by some numerical simulations. Finally, the low solid fraction limit is considered.
Applying results by G. Allaire to our setting, we justify rigorously the leading order term in
the empirical formulas for the effective permeability used in engineering. The results are also
confirmed by a direct numerical calculation of the permeability, in which the small diameter
of the fibers requires high accuracy approximations.
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Approche par homogénéisation de la filtration a travers
un milieu fibreux

Résumé : Nous étudions, par des techniques de ’homogénéisation, la filtration au travers de
milieux poreux fibrés. Le réseau des fibres étudié est celui utilisé par M. Briane dans le cadre
d’une étude sur la conduction thermique des tissus biologiques. Nous dérivons et justifions
I’équation de Darcy ainsi que la forme du tenseur de perméabilité pour un tel milieu fibreux.
Les résultats théoriques concernant la perméabilité sont illustrés par quelques simulations
numériques. Finalement, nous considérons le cas ou le diamétre des fibres tend vers zéro. En
appliquant des résultats de G. Allaire & notre cas, nous justifions rigoureusement la forme
du terme dominant dans les formules de perméabilité efficace utilisées en ingénierie. Ces
résultats sont également confirmés par un calcul numérique direct de la perméabilité, dans
lequel la petitesse du diamétre des fibres rend nécessaire le recours & des approximations de
précision élevée.

Mots-clés : Homogénéisation, Filtration, Milieu Poreux Fibré, Quasi-périodique, Equa-
tion de Darcy, Perméabilité, Faible Fraction Solide.
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1 Introduction

Filtration through fibrous porous media is of considerable interest in various engineering
systems. Common examples of fibrous media include industrial filters, biological tissues,
certain polymer membranes and many materials produced in the paper industry.

In most applications, flow in porous media is modelled by using a generalized form of Darcy’s
law:

K

where u is the filtration velocity, p denotes the fluid pressure, v is the fluid viscosity and K
stands for the permeability tensor of the porous material.

Darcy equations can be derived by means of homogenization techniques starting from the
Stokes flow through an array of particles.

Ene and Sanchez-Palencia seem to be first to give a derivation of it, from the Stokes system,
using a formal multiscale expansion (see [16]). This derivation was made rigorous in the
case of a 2D periodic porous medium by L. Tartar in [43]. This result was generalized in
number of other papers. We mention the generalization to 3D by G. Allaire [2] and to a
random statistically homogeneous porous medium by Beliaev and Kozlov [9].

The knowledge of the permeability which expresses the flow resistance of a fibrous porous
medium is an important matter in the design of industrial filters and artificial porous me-
dia. Hence many works have been conducted to study the permeability of different fibre
distributions in the medium. These works can be divided into pure experimental ones, pure
theoretical ones, and works based on an analytical approach with elements of computational
methods for the determination of permeability. A comprehensive review of the literature
on permeability of fibrous media has been elaborated by Jackson and James [24]. These
authors discuss a variety of theoretical models and present a large collection of experimental
data for both natural and synthetic fibrous media. Predominantly, these models use two-
dimensional representations of fibrous media, and consider both parallel and transverse flow
through spatially periodic arrays of cylinders (for a detailed discussion we refer for example
to [15, 19, 31, 32, 38, 41]).

For two-dimensional sparse media, Howells [21] developed a theory for dilute random arrays
of parallel cylinders using an averaged-equation approach. Sangani and Yao [39, 40] con-
ducted numerical simulations of random arrays of parallel cylinders, finding good agreement
with the predictions of Howells at low concentrations.

While there is a large literature on two-dimensional models, relatively few papers have been
written that address three-dimensional, fibrous porous media.

For three-dimensional media, there are two studies cited by Jackson and James (see [23, 42]).
In [20], Higdon and Ford use a rigorous numerical technique, the spectral boundary element
formulation, to calculate the hydraulic permeability of ordered, three dimensional fibrous
media. In [28], the tensor of permeability of the fibrous porous media is determined based
upon a generalized cell model proposed by Neale et al. [35]. For three dimensional disordered
fibrous media we cite for example [14, 22].

RR n° 5277



4 M. Belhadj, E. Cances, J.-F. Gerbeau, A. Mikeli¢

In this work, we are concerned with studying the flow through a realistic class of fibrous
media using homogenization techniques. In section 2, we give a description of the locally
quasi-periodic fibrous medium, consisting of layers of parallel fibers. This particular fibre ge-
ometry corresponds to a description of a biological tissue and was first studied by M. Briane.
We note that our approach applies to other geometries studied in the papers of Briane from
1993-94. Next, we present our model problem (Stokes problem) and we homogenize it, using
a two-scale expansion. We derive the effective Darcy equation and the permeability. The
formal result, which differs significantly from the standard derivation of the Darcy law for a
filtration through a periodic rigid porous medium, is rigorously justified in the Appendix.
For computing the effective permeability tensor, we identify and solve a variational problem
called the cell problem. For a practical calculation of the permeability tensor, we introduce
and solve two generic cell problems described by a 2D Stokes problem and a 2D Poisson
problem respectively. Consequently, we obtain a new formula of the permeability tensor
which is function of the geometry of the above-mentioned generic cells. For the sake of
illustration, we present an example of numerical results that show the influence of the ori-
entation of the fibers in two cases: parallel fibers and variable orientations.

Our goal in section 3 is to present a rigorous theoretical analysis consisting in determining
formulae of the permeability in the low solid fraction limit. We show that the leading terms
of our formulae are consistent with empirical formulae given in the literature. Also, we
compare the predictions of asymptotic formulae with the results of numerical simulations.
As already said, we address in the Appendix the technical question of the error made,
when the physical velocity and the physical pressure are approximated by the homogenized
quantities introduced in section 2.

Our conclusion is that the homogenization approach allows to calculate the permeability
of fibrous media in a very efficient way. It also allows to confirm the validity, at the leading
order of the low fraction limit, of the empirical formulas used in engineering. Let us note that
the generalization to the determination of the dynamic permeability (see [1] and references
therein for the definition) of fibrous media is straightforward.

2 Permeability of a fibrous medium

2.1 Notations and geometry definition

One of the rare mathematical references on fibrous porous media is the work by M. Briane.
He considered homogenization of an elliptic 2nd order operator with oscillatory coefficients
in such setting. More precisely, he studied the behavior of fibrous materials with respect
to heat conduction. The conductivity matrix took different values in the fibres and in the
intersticial medium.

The assumptions on the fiber geometry were motivated by biomechanical applications
and Briane studied three cases. They all deal with tiny fibers, perpendicular to the x;-axis
and making locally an angle «v(x;) with the z»-axis.

INRIA



Homogenization approach to filtration through a fibrous medium 5

His first model was a stratified periodic structure and its drawback was that fibers were
not cylindrical. The drawback was rectified by the sophisticated third model, which is no
more locally periodic. For more details we refer to Briane’s papers [11, 12, 13]. The second
model was, according to Briane (see his Ph. D. thesis [11] , page 202) the closest to the
biomechanical models used in applications. In this case, the fibrous material was locally
periodic and its particularity was that the variations of the orientation function v did not
appear in the effective equation.

Motivated by its importance in the applications, we will deal with it.

To define the geometry of the porous medium, we follow the second case considered by
M. Briane in [12] (see also [11, 13]). Let Q2 be a domain in R® which consists of N layers,
denoted by Q%™ n = 1,..., N, perpendicular to the Ox; axis. The thickness along Oz,
of each layer is £", with 0 < r < 1. Let " be a given point in Q%" forn = 1,..., N,
and v a C(R) function. In the layer Q5" there are 1/e'~" rows of fibers of radius eR
which constitute a periodic network of cylinders whose axes are parallel, perpendicular to
Oz, and make an angle v, , = v(27"") with Oz,. This angle is constant inside a layer, but
changes from one layer to another. It is shown on Figure 1 a geometry with a function ~
which varies linearly with the coordinate x; of the layers. Figure 2 shows a magnified view
of this configuration.

Figure 1: Microscopic geometry of the fibers (the vertical is Oxy).
To be more precise, let R € (0,1), Y = [-1,1] x [-1,1] and let x be the Y— periodic
function defined on Y by:

x(y) =1 ifly| <R, andx(y)=0 if[yl>R.

RR n° 5277
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W

Figure 2: Microscopic geometry of the fibers (view along Oz;).

We denote by Vr the set {y € V,x(y) = 0} and by p the function defined on R x R?® with
values in R?:

p(¢, ) = (w1, 23 cos¥(() — z2 siny(C))

with = (z1, T2, z3). In the layer n, the fibrous domain is defined by

Q" = {."I: €N, x (7p($1; ,x)) = 1};

and the fluid domain Q%" by:
Q=" = Q\Q5".

We then defined Q¢ (resp. Q%) as the union of all the layers Q5™ (resp. Q™).

2.2 Homogenization

The flow in Q¢ is assumed to be governed by the Stokes equations:

—vAu +Vp* = f in Q°, (2)
divu® = 0 in Q°, (3)
u* = 0 on 00°. (4)

INRIA



Homogenization approach to filtration through a fibrous medium 7

Each layer is homogenized independently, which is justified by the difference of scales of the
fibers (g) and the layer (¢"). In order to homogenize the Stokes system (2)-(4) in Q5" the
functions u and p are supposed to have the following expansions (see [10]):

’U,E()—EZUO( M)+ (5)

3

p°(z) = p° (a:, @) + ept (:c, @) +... (6)

To perform the formal two-scale analysis, it is convenient to introduce a mapping ¢, , from
a reference configuration Q5™ onto Q5m. We define @ in the reference configuration by
ﬁ(i’l,lf)@,i’:ﬁ) = u($1,$2,$3), with ($1,.Z'2,.CL’3) = (pg,n(il,ni’27:i.3)- The functions ﬁ and } are
defined accordingly. The deformation gradient is given by

F= [&f"] .
Ok; i,j=1,2,3

The determinant of F is denoted by J and F~! is denoted by G. Using the following iden-
tities: Vp = GTV;p, Vu = V4G, div 3 (JV;4GGT) = Jdiv (Vu) and div 3 (JGT) = 0,
we obtain:

~

—vdiv;(JV4°GGT) + div ; (JpEGT) = Jf inQ", (7)
divy(JGa®) = 0 in 057, (8)
@ = 0  ondQom 9)
. : . 0A;j .
We note that for a matrix valued function A, (div A); = z Fr Thus, denoting by g;;
—~ Oz
the components of G and by h;; the components of GGT, we have for i = 1,2, 3:
LA, 6u 3 9(Jg;ip°)
_ z Y\J I ) A. . Ae,n
I/Z oz, l Z 7y Jfi in Q5™ (10)
j=1 k= j=1
2 O(Jg;i0;)
O\Jgjiti)  _ s DEn
Z:: 53, =0 inQ°" (11)
ui = 0  ondQ>" (12)

In the reference configuration QE*", the functions @ and p have the following expansions

ot (3) = e2a° (a: o m—“’) +.. (13)
3 g
~E (A ~Q (4 i’l Zi'2 A1 [ 4 i’l ~i'2
= ,—,—)te€ y— — 14
@) =62 2) et (2,2 + (1)

RR n° 5277
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with & = (1, &2, £3). We denote by 2 = (21, 22) = (£1/¢,42/€) the fine scale. First, putting
these expressions into (10), we obtain with the O(1/¢) terms:

0
0%

0 (gQiﬁO) = 07 i= 17273'

0
(gl‘bp )+ 622

The matrix G being regular, these relations yield 9;,p° = 8;,p° = 0, and thus
P’ = p°(%). (15)

Next, the O(1) terms in (10) and (11) give

0 ou? o4 0 oa? ou?
_1/26—21[Jh11 9%, + Jhi2 6223] — V6§2 [Jh21 9%, + Jhos 622] (16)
0 N 0
—(Jgrip") =T fi = > 2 (Jgrip°
+;62r( gri0") = J f ;6@( )
in Q5" x Yp, for i = 1,2,3, and
o ijglﬂg + 9 ing»@Q =0 (17)
0% = v 0%y P v
in 5" x Yp. We have moreover
(2, 51,2) =0 on O x dYp\dY, (18)
(@, p') is Y-periodic in(2;, 22), (19)
: 3’&? s s 3 5 5 i O
Z 9ji (2,21, 22) d21d2, = 0 in Q57 (20)
i,5=1 Vr 0 J
/ W&, 51,%) ndi1ds, =0  on 905", (21)
0Yr

For the mapping ¢, ,, we choose a rotation that transforms fibers parallel to the O3
axis on the fibers of the layer Q5™ (see Fig. 3). More precisely:

Z1

A A A —1 .
($1,$2,$3) = wa,n($17$27$3) = | —Z28M%Yen + 3 COSYe,n (22)
—Z2 COS Ye,n — T3 SIN Ve,

For this choice, we have

1 0 0
G=|0 —siny, cosyn |, J=1, GGT =1d
0 —cosven —sSinven |

INRIA
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%3

R Xq

Figure 3: The mapping ¢*"

and equations (16) and (17) simply read:

( o Op .o
—vA\ 21’2211/(1) + 6—21 = 1 — a—ﬁjl
. . op N . op° op°
—v\ 3, 5,09 — s1n75,n6—22 = fo— sm%,na—j:2 — COS%’"@T%
9 Al . ﬁO 6AO (23)
—vA 21’2212(3) + COS’}’E’T,,a—’g2 = f3 + COS’)/Em’a—:,E\2 — Sin’)/s’na—:i.3
a9 0 o 0
— + = (—ﬁ sin + 13 cos ) = 0.
L 821 6,22 2 '76,77. 3 7E,n

The scales cannot be separated in this system. Nevertheless, taking advantage of the fact
that the right-hand side does not depend on 2, we can obtain the solution by solving the
following “cell” problem: Let {w?, 77}, j = 1,2,3 the functions defined as the solutions to:

( D, 5w (21,51, 52) + 0,1 = & in Y,
— A, W@, 51, 80) — siny(21)8z,m0 = 8y in Vg,
< —N s, sowi(@, 51, 80) + cosy(x1)dz, = 3 in Vg, (24)
B, w! + s, (— siny(z1)wd + cos'y(xl)wg) = 0 inYp,
wi(z1,21,22) = 0 ondYr\0Y,
{ {w?, w3} is Y-periodic in (21, 22).

RR n° 5277
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Proposition 1 o
1. Problem (24) admits a unique solution (w’,77) € H*(Vr)3 x L?(Vr).

2. The function u° in (5) is given by
0 .
WOz, 21, ) z_j (50 - @) o1, (25)
3. The effective pressure p in (6) only depends on z and is solution to the Darcy problem:
K

W@ = S ovpE) wo,

divu? = 0, inQ, (26)

uP?-n = 0, ondQ.

where the permeability matrix K = [K; ;i j=1,2,3 is given by
1
|y| Yr

Note that formula (27) is not convenient from the numerical viewpoint since it depends on
the macroscopic variable ;. A more practical formula involving cell problems independent
of z; will be given in section 2.3.

Proof.

1. The analysis of (24) is rather straightforward. We postpone it until section 2.3 where
a constructive proof is given (see Remark 2.1).

2. The fact that p° does not depend on the fine scale has been established above (see

1/
(15)). Next, we multiply equations (24) by — (fj(A) - (GTV@ﬁO)j), for j =1,2,3. Then,

summing these equations, we obtain that (111, 43,43,p") defined by

K”(.’El) j(ml,zl,zz)dzldzz. (27)

3
. 1/ N ;
W0 =3 (7 = (GTV:);) ]
=17
and
3
=3 (F - (@"Vs");) v
7j=1
is solution to (23). Thus using the relation Vp° = GT V35°, we obtain (25).
3. Defining the Darcy velocity by:
1
|y| Vr

uP(z) = u®(z, 21, 2) dzy dzy

INRIA
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we straightforwardly obtain (26) with the definition (27) of the permeability tensor. <

The rigorous justification of the approximation is quite technical, but follows the general
ideas used in the homogenization of the Stokes system in a porous medium and in the study
of the interface conditions between two different porous media. We address it in some details
in the Appendix. In fact we will not only prove that our filtration velocity and the effective
pressure are the limits of the rescaled physical velocities and pressures, but we will also give
an error estimate in terms of e.

2.3 Cell problems

In order to address the effective computation of the permeability, we introduce the following
generic cell problems: let Ui (21, 22), Uj (21, 22), P?(21,22), j = 1,2 be the functions defined
as the solutions to the 2D Stokes problems:

AL, LUl +0,PF = 6 in Vg,
—A, LUl +0.,PF = &y in Vg,
0, Ul +0,U] = 0 in Vg, (28)
UI=U = 0 on 8Yr\dY,

{U?, Ui, Pi} is Y-periodic in z1, 2o,
and let V' (21, z2) be the solution to the 2D Poisson problem:

—AV =1 in yF,
V = 0 on 0Yr\0Y, (29)

V is Y-periodic in zq, 2o.
We introduce fl(ml, 21,22) = [w{]i,j:1,2,3 defined by
Az, 21, 22) = R (@) Q(21, 21, 22),
with Q(z1, 21, 22) = [w,{]i’j:]_’z’:g and

1 0 0
R(z1)=| 0 cosy(z1) —siny(z1)
0 sinvy(z1) cosvy(x1)

Combining the equations of system (28) and (29) we obtain:

; Ui (21, 22) 0 Uz (21, 22)
Q(ml,zl,z2) = 0 V(21,z2) 0 Ril(xl).
U21(21,22) 0 U22(21,22)

From which we finally deduce

K(z1) = R(z1)KoR *(z1) (30)

RR n° 5277
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with
ut 0 Ut
1 Vr Yr
Ky=— 0 / |4 0 (31)
|y| Vr
Uy, 0 U3
Yr YVr
The developed expression for the permeability is given by
Kn . —E12S_ . FEC
K(Z‘l) = —_I(218 .[9282_—{— Ve LV — .[(_-22)C3 (32)
K210 (V —K22)CS V82 +K2202
where the following notations have been used: ¢ = cosvy(z1), s = siny(z1),
V=l 1% d K ! Ut (33)
= — an ij = L
VI Sy Y e

Consequently, once solved the three generic cell problems (28) with j=1,2 and (29),
the permeability is obtained at any macroscopic coordinate z; by computing two simple
matrix-matrix products (30).

For example, Figure 4 shows the velocity and pressure fields for the generic cell prob-
lem (28) with j = 1.

Remark 2.1 Note that, the existence and uniqueness of (U j,Pj) and V' being obvious, the
relations

. Ui (21, 22) 0 U? (21, 22)
[w! (1, 21,22)] = R(z1) 0 V (21, 22) 0 R Y(z1)
U21(21,22) 0 U22(Z1,22)
and
= P!, 7% = —siny P?, 7% = cosy P?

give a constructive proof of the existence and uniqueness of the solution to (24).

Remark 2.2 Multiplying the first two equations of (28) by Ui and Ui respectively and
integrating by parts, we obtain:

VU"- VU’ = | U'-e;.
Yr YVr

Vectors U' and U? being independent, the matriz [fyF VU’ - VUY); j=1,2 is invertible. In
view of the definition of Ko and relation (30), this implies that K (1) is reqular.

INRIA
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Figure 4: Velocity and pressure field for a cell problem

RR n° 5277
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2.4 Numerical simulations

The numerical methods that we used to solve the various problems are reliable and stan-
dard, so we just sketch their description. The generic cell problems (28) are solved using Q2
finite element for the velocity and discontinuous P1 for the pressure. This pair of elements
is known to satisfy the inf-sup condition ([17]), and is elementwise mass preserving. The
Darcy equations (26) are also solved by mixed finite elements: the velocity is approximated
in the lowest order 3D Raviart-Thomas finite element space (see for example [36]), and the
pressure is constant by element. This choice ensures the continuity of the normal component
of the velocity and an exact elementwise mass balance. Moreover, we adopt a mixed-hybrid
formulation: a symmetric definite positive system is first solved by a preconditioned con-
jugate gradient method to compute the trace of the pressure on the faces on the elements;
next the pressure and the velocity are recovered by a local procedure.

2.4.1 Parallel fibers: influence of the orientation

In this experiment, we impose a pressure drop between two opposite faces of a unit cube.
The fibers are parallel and we investigate the influence of the angle between the fibers and
the flow (which is mainly directed along Ozs). We report on Figure 5 the curves of the
flux through a face of the cube versus the angle for three different sizes of the fibers. As
expected, the flux is maximal (resp. minimal) for a flow parallel (resp. orthogonal) to the
fibers, and is greater for smaller fibers.

0.9
08 |- E

0.7 i

06 e g

flux

05 - R

01 1 1 1 1
0 10 20 30 40 50 60 70 80 920

angle fibers/flow (in degrees)

Figure 5: Influence of the angle between the fibers and the flow, and of the radius of the
fibers.

INRIA
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2.4.2 An example with non-parallel fibers

In this experiment, we still impose a pressure drop between two opposite faces of a unit
cube, but now the angle between the fibers and Oz, is variable: y(z;) = 27z,. Figure 6
shows the influence of the orientation of the fibers on the velocity vectors.

Figure 6: Velocity obtained with fibers making an angle v(z;) = 2wz with Oz, (on this
picture Oz, is horizontal and Oz, vertical).

3 Low solid fraction limit

In the applied literature (see e.g. [24] or [28] and references therein), the permeability in the
low solid fraction limit is often assumed to be scalar and is searched of the form k = a?f(¢),
where a is the diameter of the fibers and ¢ the volume fraction of the solid material. More
sophisticated models provide a homogeneous permeability tensor of the form

K. 0 0
K=(0 K, o0 (34)
0 0 K.

where K| (resp. K ) corresponds to the permeability in the direction parallel (resp. or-
thogonal) to the fibers. The following expressions are derived in [18] in the case of fibers

RR n° 5277
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with circular section:

a2 (p2
K, =—/{ log(1 —1. 20 — — 35
I 4(p(0g( /#) —15+2p 2>> (35)
a® p? -1
K, = —1 log(1 . 36
1 Sw(og(/¢)+<p2+1) (36)

Many other expressions have been proposed in the literature and compared to experi-
ments. Although they present slight differences, most of them share the same leading order
terms. We refer to [24] and the references therein for a review of the most commonly used
formulae and to [28] for some recent developments. In [30], these formulas were obtained by
solving analytically approximated cell problems where periodicity were replaced by conve-
nient boundary conditions.

Our expression for the permeability (32) with v(z1) = 0 is:

K1 0 K12
K=[0 7 o (37)
Ky 0 Kg

where K;; and V are defined in (33). The purpose of this section is to compare this formula
with (34). More precisely we shall compare K| with V' and

En Elz with K, 0
Ky K 0 K.)°
In section 3.1, it is shown that the leading terms of our formulae are consistant with (35)

and (36). In section 3.2, we compare the predictions of the asymptotic formulae with the
results of numerical simulations of the model proposed in section 2.

3.1 Rigorous determination of the leading order terms

It has been seen in section 2, that the computation of the permeability tensor requires the
solution of the auxiliary 2D Stokes problems

-A, U/ +V, Pl =¢; inYp (38)
div,U? =0 inYp (39)
U’ =0 ondYr\0Y (40)
{U?,P7} is Y — periodic (41)
and the auxiliary 2D Poisson problem
—A.V=1 inYp (42)
V=0 ondYr\3oYy (43)
V' is Y — periodic (44)

INRIA
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Let us now suppose that the size of B = Y \ Vr is of order 7, i.e. that B = nBy where the
radius of By is of order 1. We would like to know what happens with the averages of U7
and V when n — 0+4. This is the low solid fraction limit. We assume that 7 and € go to
zero in such a way that

1
n> ge—1/€2, (45)
so that at the limit the effective flow is described by the Darcy law. For smaller obstacles,

different limit regimes occur (Brinkman or Stokes equations).
Following [5], where this problem was studied rigorously, we set

—Aw* +V.¢"=0 inR?\ B, (46)
div,wfF =0 inR?\ By (47)

w* =0 on dBy (48)

w® = (logr)ey in infinity, = = |z|. (49)

Then (46) -(49) has a unique solution being the sum of the special solution for the case
of the unit circle and of the solution for a "difference" problem, where the velocity has a
logarithmic asymptotic behavior at infinity. For details we refer to [6], [3], [4] and [5]. The
asymptotic behavior is given by the following result:

Proposition 2 ([5])
We have

{PI(). U ()} =~ (), (1) (50)

weakly in L7 (R? \ By)/R x H}, (R?* \ By)?. Furthermore

loc

. Sin
lim —— [ U dy = 2. (51)
n—0 [logn|[Y| Jy, * m

This result shows that the 2x 2 matrix (K ;) is asymptotically a scalar matrix, confirming
the observations from [18, 24, 28]. It also shows that

— — 1
K=Ky~ ;|10g77|-

Formula (36) is therefore consistant with our result at the leading order with a = 7 and
o =mn?/4 (mn? is the solid surface in the cell and 4 is the cell surface [-1,1]?) .

We now discuss the low solid fraction limit for V. A detailed mathematical article
on the computation of dispersive media is [29]. It concentrates mainly on the Neumann
boundary conditions. In such a case, simple asymptotic formulas of Rayleigh type have a
high accuracy. In the case of Dirichlet boundary conditions, this kind of asymptotic formulas
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18 M. Belhadj, E. Cancés, J.-F. Gerbeau, A. Mikelié

is unfortunately much less accurate. The case of low solid fraction for the Dirichlet problem
in a perforated domain has been addressed in [27] but only in 3D. In 2D we establish the
following result.

Proposition 3

We have
2
Viny) = == weakly in Hj, (R? \ Bo) (52)
0
where v is the unique solution for the problem
—Av=0 inR?\B, (53)
v=0 ondBy (54)
v=Ilogr at infinity, r=]|y|. (55)
Furthermore 1 9
lim —— Viy) dy = —. (56)
=0 |lognl|V] Jy, m

Proof. It is a simplified version of the corresponding result for the Stokes system in [5] and
we give only an outline.
First we introduce the sequence V%" defined by

(VO =0 in B,

2 .
Jvon = ;logr in By, \ By (57)

2 .
\VO’" = —;logn in R? \ By/y

where B, is the ball of radius 1/n and V" (z) = V(nz) — V®"(z). Then it is easy to see
that VV17 is uniformly bounded in L?(n~') \ By) and pass to the limit n — 0. As in [5] ,
we establish the a priori estimate in L? with the weight (r + 1) log(r + 2) for V7. Tt leads
to the conclusion that (52) holds true.

Next we have )

m Yr
where V(z) = V(nz) and the proposition is proved.$

2 1 1
V(y) dy =~ 10g5 + O(|log 5|1/2) (58)

The above result shows that the leading term in V' is %| log n| which shows that our result

is asymptotically consistent with formula (35) (taking as before a = and ¢ = n?r/4).
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Homogenization approach to filtration through a fibrous medium 19

3.2 Numerical results

In order to assess the previous results, the cell problems (38)-(41) and (42)-(44) have been
numerically solved for fibers with circular sections, with a solid fraction ranging from 0.2 to
0.002. Equations (35) and (36) have been plotted with a = 7 (the radius of the inclusion)
and ¢ = 7?/4. The agreement of K; with formula (36) is reasonable and both curves
have the same asymptotic behavior (Fig. 7, left). The agreement of V with formula (35) is
excellent on the whole range of solid fraction (Fig. 7, right).

K11 or k22 —— T v——
Formula (35) ------- Formula (34) -------

L L L L L L L L L L L L L L L L L L
0 0.02 0.04 0.06 0.08 0.1 012 014 0.16 0.18 0.2 0 0.02 0.04 0.06 0.08 0.1 012 014 0.16 0.18 0.2
phi phi

Figure 7: Fibers with a circular section. Left: comparison between K;; and Formula (36).
Right: comparison between V' and Formula (35).

¥ Vv K
0.196299 | 0.167123 | 0.079633
0.125631 | 0.267833 | 0.131824
0.070667 | 0.417707 | 0.208051
0.031407 | 0.651478 | 0.325558
0.007851 | 1.077900 | 0.538937
0.001962 | 1.515430 | 0.757714

Table 1: Numerical values corresponding to Figure 7.

All the previous computations have been done with circular section fibers. An interesting
property given by Propositions 2 and 3 is that the leading term of the asymptotic behavior
is independent of the shape of the solid inclusion. To illustrate this fact, we present on Fig. 8
the results given by (56) and (51) compared to numerical simulations with square section
fibers. The good agreement is striking.
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- —_

or K22 j v —
Formula (50) ------- h Formula (55) -------

Figure 8: Fibers with a square section. Left: comparison between K;; and Formula (51).
Right: comparison between V' and Formula (56).

7 Vv Ky
0.5 | 0.427491 | 0.208525
0.4 | 0.554049 | 0.270007
0.3 | 0.724945 | 0.353740
0.2 | 0.974281 | 0.477150
0.1 1.409805 | 0.693221
0.05 | 1.848851 | 0.911036

Table 2: Numerical values corresponding to Figure 8.
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Appendix

In this appendix we discuss the error made, when the physical velocity and the physical
pressure are approximated by the homogenized quantities, introduced in section 2.

In the case of a periodic porous medium, the Darcy law was justified by L. Tartar in the
late seventies. The proof that the Darcy velocity is the weak limit of u®/e? is in [43] . For
more details and generalizations to 3D geometries, one can consult the review chapter by
G. Allaire in [7] . In fact, in the absence of external boundaries, it is possible to prove that
u®/e? — u® and p° — p° have L2—norms of order e. This confirms the formal asymptotic
expansions. Nevertheless, the rigorous mathematical proof, which can be found in [34] ,
requires also to correct the compressibility effects, coming from u*. In fact, it is optimal to
work in the Hilbert space, having finite L?-norms of both the velocity field and its divergence.

Presence of outer boundaries complicates seriously the estimates. It was established in
[33] that in the presence of an outer boundary, where physical velocity is zero, u®(x,z/e)
is a L2-approximation of order £/3™) where m = 2 in the 2D case and m = 3 in 3D. For
Laplace operator, such an approximation is known to be of order 4/e.

In our particular situation, we have also the interfaces. Namely, u° is constructed using
(25) and it reads

u®(z P(»’Cin li O( ) ) w (@1, 21, 22)
b v — 6$‘7 ) ) b
j=1
21 = %, 29 = % cosy(z®") — Z—z siny(z*"™) (59)
p(z7", ) 2 op°
1 ) — (x) — 22 j
pm—7ﬂ—;OM)Mﬁ0M%mm (60)

where {w/ 77} are defined by (24). Clearly, it depends on the parameter z5", saying in
which layer we are.
Thus, inside every layer the differences

p xe,n,x p 5 n,x
wf = uf /el POy g m g ) -t AT (e
satisfy the system
2 € 0 € € : g,z
—veAw; + ¢ =-9; in Q°",i=1,2,3, (62)
655','
c,n
div w® = —div,u’(z, M) in Q%" (63)
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with
d ® . 90? d
e _ 2711 7 z
= S o (21150
j=1 k=1 Jj=1
B 3. 8a? 3
Y5 [ X amhu] - Yo, | o
j=1 k=1 =1
After [34], we have
[ ¥ dol < C2¥lzngonn (65)

for every ¢ € H'(2™), being zero at the fibres boundaries.
Then one corrects the compressibility effects, by introducing the auxiliary problem

LainQ = 0Q1 + — | —siny(z1)Q2 + cos'y(xl)Q3> =div; (JG4®) in Yp (66)
32!1 62
Q@ is Y — periodic in (21, 22). (67)

Using the decomposition from section 2, we see that
divz/ u®(z, 21, 20)dz1dzy = div,u? =0
Yr

is the necessary and sufficient condition for existence of at least one solution for (66)-(67).
Clearly, there is no uniqueness and we can choose a smooth solution @ for (66)-(67).
Now, as in [34], we have

0 e’ ;"
qsz—\Il?——AQ(m p( 1 ))

—ve? A(wi + ;Q(az, M)) +

Ox; oy ’ €
in Q" i=1,2,3, (68)
div (w® + SQ(Q}, @)) = %divw Q(z, M) in Q" (69)

This means that {w® 4+ £Q(x, @)7(15} satisfies the Stokes system (68)-(69) with the
force and the source terms of order €2 in appropriate norms.

In the situation without external boundary one could proceed as in [34] and conclude
that the L?-norms of {w® + £Q(x, @)} and ¢° are of order ¢.

We are in presence of many layers 25" and the geometry differs from one layer to another.
Consequently, the coefficients in problem (24) change with n and they depend on z=™. Thus,
there is a jump of u® at the interface between different layers. Furthermore, the layers are
of size " and this fact could also influence the estimates. By " gluing together " the layers,
this difficulty will be avoided.
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Homogenization of problems containing several different subdomains, is closely linked
with the determination of the effective flow conditions at the interface between two different
porous media. At mathematically rigorous level, these problems were considered by W.
Jager and A. Mikeli¢ in a number of papers. The general theory of the corresponding
boundary layers is in [25]. Our particular situation, with layers of fibres which should be
glued together, has a lot of similarities with the determination of the transmission conditions
at the interface between two porous media with different pore structures. The transmission
conditions, involving continuity of the pressure and of the normal velocities, were rigorously
established in the article [26]. We will follow the approach from [26].

Let us suppose that the interface between the layers Q™ and Q5"+ is at z; = c.
Because of (22), the interface is stable under the mapping ¢, and, following [26], we
introduce the boundary layer problem which corrects the jump of u®. We denote by Lg
the Stokes operator corresponding to system (24). We denote the operator Lg when the
parameter in the coefficients is °"*!, and by L5 otherwise (i.e. when the parameter is
z%™). Analogously, {w?, 75} (resp. {w’~,7n%~}) is the solution for (24) for z = z="+1
(resp. for z = z°™). Then the boundary layer problem reads

LE{W,7"}) =0 in Z* = Urenuio} (yF + ké’l) (70)

Ls{w™", 77"} =0 in  ZT =Upen (yF —~ k€1> (71)

W] = Wit — K@ e — (@~ Ki@Me) etz =0 (72
6w{’bl J bl 8w{’+ it 6wf’_ j—

[a—zl — T (512] - 821 - (51, - ( 621 — (51,) at 21 = 0 (73)

{wPP 738y s periodic in 2. (74)

We note that the normal component of the jump [wj*bl] at the interface z; = ¢ has a zero
mean.

Then by slightly generalizing the theory from [26], we get the solvability of problem
(70)-(74) and the Saint-Venant principle saying that

|V | + [wi | < cgec1¥1l | for some positive constants ¢o and ¢ (75)
|V ¥| 4 |73t — H(21)C0) — H(=21)C)| < coe™1 111, (76)
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Consequently, in the neighborhoods of the separating planes x; = ¢ between two adjacent
layers, our asymptotic expansion reads

£ £,1 e,n+1
u 7" T , T
Y = (e, A e ) o, ATy, oy
S op° ,
;( fi— %)(x)wj’bl + ( compressibility corrections + higher order terms) (77
j=1 J
e,n e,n+1
v =@ + 0 @, PO b e ) e o, AT Dy ey
3 2 On° )
6—(fj - L)(m)w“’l + ( higher order terms) (78)
= v 8.’L’j

Let us check that the jump of %; at 1 = c is zero.
First, in the tangential direction we have continuity of traces, by construction.
Next, in the normal direction we have

S (i) - Koy - A =0 w
82 = 1j T - 15 T f] - 81'] |:c1=c — Y ( )

i=1

since we imposed at the interfaces the continuity of K(f — Vp°)é;, as the transmission
condition. We note that it follows from those considerations that the continuity of the
normal components of the filtration velocity is one of the necessary and sufficient conditions
for having the correct order of approximation.

For this new approximation, we write an analogue of the system (68)-(69). Then, it
is used for obtaining the estimate for the L?-norm of the difference between {‘;—;, p°} and
the correction. Calculations are analogous to the ones from [26] and we have the following
conclusions:

e a) The pressure is continuous at the layer interfaces. We note that the absolute value
of the pressure jump is one of the leading terms in the error estimate and it should
be set to zero in order to get an approximation. It is the second (and last) necessary
and sufficient condition for obtaining the correct order of approximation. For detailed
calculations we refer to [26] .

o b) wht is of order coexp{—ci1e" "'} at the other interfaces and we can simply ignore
it there.

e ¢) Using that p € C', we get that the boundary layer terms are of order "+3/2. Since
we have e~" boundary layers, this means a contribution of order £3/2.

e d) Keeping K(z°") and K (2°"*!) deteriorates significantly the regularity of p° . For
this reason, K (x1) should be used. This introduces an approximation error of order &”.
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For small r, a possible solution is to take several intermediate values of ™. Attempts
to work with less regular K lead to weaker error estimates and give raise to a global
error of order £'/8 (see [26]).

To conclude, in analogy with the results from [26] , we have

Theorem 1
Let B,, be the n'* layer, containing fibres. Then we have

3

° 0 r1T T
”U_ - Z XBn (5’3)l Z (fj(m) - %(@) wl(z1, = ?3 cos y(z®™)—

2
€ over layers v j=1
2 siny(a”")pz(o) < Cemn/o, (80)
Ip* — %Il 3y < Ceminl1/er}, (81)

With an appropriate choice of layers, the estimates (80)-(81) imply an interior estimate of
order /e.
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