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∣

∣

∣

∣

∣

∣

px qx rx

py qy ry

1 1 1

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

qx − px rx − px

qy − py ry − py

∣

∣

∣

∣
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(

−M M −7M/8
1 3 −17/16

)

H lBUg�Trbcen��$�qp%rts"£�nom�mw�Ttelb�brT{&V¸|w��r$�$tyV&�$tyVfaeV&�Zcy|wj$m�V��¤|wmorTV
2M

§�~¥a�|�{�lw�NadVhpBrTV&�T{&V�ceR$V¸�.|�tyn�|wj$moV
£�n�m�m�{�lB�Bc)|�n��

+∞
§ !�lw�$V�lw +ceR$V�lwceR$Vfti�.|�tyn�|wj$moVha��$lwtup%rtvxwBp%yts�£�nom�m�{&lw�Zcy|wno�»|��(n��b³T�$noceV��¤|wmorTVw§

z�V&�T{&V
cyR$Vkn��b³T�Tn¯cyVk�.|�m�r$VW{�lB�Bc)|�n��$Vf�(n��Np{rts�£�nom�m+�$telB�T|��Z|.cyV�cen�mom3ceRTV�³T�N|�m+�.|�tyn�|wj$moV|l}n8o(|��T�6ceR$V
�TteVh�bn�{f|.cyVK£�nom�m`|��Tae£¸Vft!~��t�j�M���6�}�G§4ki�b «lBtdcyr$�T|.cyV&m�_�cyR$V�teVh|�mw�.|wmor$V¸l� bcyR$V¸�bV&ceVfteUWn��T|��Zc�nqa3|��$V&�Z|.cyno�BV
�`r$UkjNVft I

−M/8
§

Q�R$nqagV�¢$|�UW�$m�V(adR$l.£ia�ceRN|.cgceR$V�mon�UWn¯cyVf� ty|w�$�wV�l� i®TlZ|.cyno�$�w�:�<lwn��Zck�`r$UkjNVftyaW{&|w�ªm�Vf|w�ªcel%ceR$V
£�tylw�T�%aeno�B�D§ Q�R$V(mon�UWn¯cyVf�ª�TteVh{�nqadn�lw�?{f|�� |�mqadl%moVh|w� cyl�|¬£�telB�$�%|w�Tae£¸Vftf­�Vhad�<Vf{&n�|wmom�_ £�R$V&� ceR$V
�<lwn��Zcya+|�tyV¸|wmoUWlZaxc+|�m�no�B�$Vf�¶§3~ aeU¦|�m�m`telBr$�T�bn��$��Vftetylwt�£�nom�m$ae�NlBnomZVf|B{)R
®TlZ|.cen��$�w�:�<lwn��Zc3{�lBUW�$rbcy|�cen�lw�Ta
|w�T��ceR$V
{&lwUW�$rbcyVf���.|�m�r$Vfa�U¦|¤_�aemol.£�m�_±�btyn¯ øc�|¤£�|¤_W «tylwU cyR$V�teVh|�m¶�.|�m�r$Vha&§

Ë«Ê3ÈDËøÇ



����������	
	���
�������� ���������������
��� �"!#�$�
�%�&�'	(�)�*��+-,��$�/.#�$�0�1�2�*�3���$45+����������������6
�!3�7���$�6
1�$�8��+ �


�� 
 � ��' �&#{��"����M� '�� "�#���'$"	�}��
 �
�{�&#{� '�"��

Q�RTVk¨)Y'Y Y�� cw�.�(axc)|��T�T|�t)�VRo��9UTK{�l.�BV&t)aij<l�ceR%ceRTVg�$|�cy|� «lwtyU¦|.cya"|��N�»ceRTVk�$tyVf{&n�aeVgjNVfRT|¤�`nolBt�l� ¸ceR$V
|wtenoceRTUgV&cenq{�lB�NVfty|�celBtyaf§�¨©�%�T|wtdcyn�{&r$mq|�th­<noc��bVfay{�tynoj<Vfa"R$l.£�telBr$�T�bn��$��|w�T�6m�n�UgnoceVh���$teVh{�nqadn�lw�%|�]GVf{
c
cyR$V�lw�<V&t)|.cylwt)a&§

~ ®NlB|.cyno�T�����NlBno�Zc�lw�<V&t)|.cynolB�
c̃← ã⊕ b̃
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|w�¬Vftetylwt¥£�nom�m�|��$�<Vf|wtf§
Q�R$V¦{&lwUW�$rbcyVf�6�.|wmor$V

z̃
n�a"�$lwc¥cyR$VWV�¢$|w{�c¥�.|�m�r$V

z
­D|w�T�»cyR$V&n�t�adn��w�Ta"U¦|¤_

j<V±�bn^]<VfteVf�Zc�no 
z
n�a�{&molZadVgV&�$lBr$�wR%cel

0
§¦[»lBteVfl.�wVftf­<ceRTV¦no�$�Trbcya

s̃
­
t̃
­
ũ
­3|��T�

ṽ
U¦|¤_¬|�m�teVh|w�b_»j<V

ae�<lwn�moVh��j`_±tylwr$�N�bno�T�gVftetylwt)a�|��T�(�bn^]<Vft� «tylwU cyR$V�teVh|�mGn��$�$rbc)a
s
­
t
­
u
­$|w�T�

v
§

z = s · v − t · u

z̃ = (s̃⊗ ṽ)	 (t̃⊗ ũ)

¨� KcyR$V�n��$�$r$cya"£¸VfteV�jNlBr$�T�bVh�¶­¶|�aenoUW�$m�V
 «lBte£�|�t)�(V&tytelBt�|��N|�m�_`aenqa�£¸lBr$mq�6adr#\¦{&V
cyl�j<lwr$�T�6ceR$V
|wjTaelwm�rbceV�V&tytelBt�j<V�cx£�V&V&�

z
|w�T�

z̃
§ªQ�RTV�tyV&mq|.cen��wV�V&tytelBt�nqa��Tl�cWrTae|wj$m�V�aeno�T{&V�cyR$V�teVhadr$mocyakl� �ceR$V

{&lwUW�$rbc)|.cynolB�Ta�|�tyVW�NlwceV&�Zcyn�|wmom�_¬aer$j$�$lBteU¦|�m:§�X`l(£�V±|�teceno³N{�nq|�m�mo_»j<lwrT�T�%ceR$V±n��$�$r$cya�j`_6n��`�wlwm��`no�T�
cyR$V��.|�m�r$Vfa

m = max(|s̃|, |t̃|)
|��N�

n = max(|ũ|, |ṽ|)
§

¨� 
m
lwt

n
nqa¦µ&VftelN­KceRTV6{�lwUW�$r$ceVf� �.|�m�r$V

z̃
£�n�momij<V»V�¢$|B{
cem�_ªµfV&tylT§ Q�RT|��T°`agcylªadrTj$�$lwtyU¦|�m

�`r$UkjNVftyaf­.cyR$VityVfaer$m¯c�lw G|�aer$jbcyty|B{
cen�lw�gnqa�µ&Vftel�lw�Tmo_
no GceR$V�cx£�l�®TlZ|.cen��$�w�:�<lwn��Zc+lB�NVfty|w�T�$a+|�tyV�VfpZrT|wm9§
H lB�TaeVfpZr$V&�Zcymo_B­�no 

m
lwt

n
nqa�µ&VftelN­�noc�UWVf|w�Ta�cyRT|.c
cyR$V±tyVf|wmu�bV�cyV&tyUWno�T|w�Zc�|�mqadl»RT|Ba
|»{�lBmorTUg� lw 
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µfV&tylBaf­D|��T�%nqa"ceR$Vf�%VhpBrN|�m+cel(µfV&tylT§kQ�RTVW|wmo�Blwtyn¯cyR$U2{&|w���$notyVf{�cem�_¬|��Tae£�V&t¥ceRT|�c�ceR$VgceRTteVfVg�<lwn��Zcya
|wteV�|�m�n��w�$Vh�¶§

²�Vk{f|��(terTmoV
lBrbc�ceRTn�a"{&|BadV
|w�T���$l.£�{�lw�Nadnq�bV&t�j<l�cyR
m
|w�T�

n
cel±j<V
�<lBaen¯cyno�BVw§

|s̃/m|
­
|t̃/m|

­
|ũ/n|

­<|��T�
|ṽ/n|

|wteV
|wmom�jNlBr$�T�bVh��j`_
1
§ � V�cirNa�{&|wmom

δ
cyR$V
j<lwr$�T�(lB��ceR$V�|wjTaelwm�rbceV�Vftetylwt�l� +cyR$V

j<lwrT�T�bVf���$tylwjTmoVfU�§ H |w��£�V��$l.£A�bVh�brT{&V
|k�TtelB�NVftdcx_�aen�Ugn�mq|�t�cel

|z̃ − z| ≤ m · n · δ ?

��� 
 �t"$��'����u� "��
δ

Q�RTV
lwjbvxVh{
cyno�BV�n�aicel�n��T�brN{
cen��wVfmo_({�lBUW�$rbceVk|¦�$tylw�<V&tecx_�lw�
z̃ − z

lw +ceR$V� «lwtyU
x ∈ f(m, n) · I

§
Inqa"|�{�m�lBaeVf�¬|��T�¬jNlBr$�T�bVh�»no�ZcyV&ty�¤|wm�lw KceRTVktyVf|wm��`r$U�j<V&t)a

R
­DadrT{)R6ceRT|�c"noc�{&lwr$mq�»j<VklBjbcy|wno�TVf�»j`_

{&lw�Taenq�bV&tyno�T�WceR$VgjNlBr$�T�bVh�»�$tylwj$m�V&U(§�~��T�
f
nqa�|��NlZadnocen��wV
 «r$�T{
cynolB�D­¶Vf|Badn�m�_�{&lwUW�$rbc)|�j$m�Vw§i¨©�¬ceR$V

{f|waeV�lw 
z̃ − z

­GceRTn�a¥ «r$�T{�cen�lw��n�a�aen�Ug�Tmo_(cyR$VW�$telb�brN{
c
m · n

­D|w�T�6£�VgV�¢b�NVh{
c�cel�³T�T��|���n��BcyV&ty�.|�m
{&molZadV"cyl

[−δ, δ]
§

²�V�£�nom�mDVf�T{�m�lBaeV�V�¢b�$tyVfayadn�lw�Ta��bVh|�m�no�T�k£�noceR»tyVf|wm<�`r$UkjNVftyaf§�Q�R$VfaeV�V�¢b�$tyVfayaenolB�Ta¸|wteV�j$rTnomocil� 
Rtyn��$��lw�<V&t)|.celBtya��9|w�$�$n¯cynolB�W|w�T�gU�r$mocen��$m�n�{f|.cynolB����|��N�g|�tylwrT�T�bn��$��lw�<V&t)|.cylwt

◦ : R→ F
§3Q�RTn�aur$�T|�ty_

 «rT�T{
cynolB� V&¢b�$teVhaeaeVfagcyR$V( «lwm�m�l.£�no�$� �$tylw�<V&tecx_&I»no�´�$lBteU¦|wmiadnocerT|�cen�lw�D­�|�®TlZ|.cen��$�w�:�<lwn��ZcWlB�NVfty|�celBt
aeRT|wmom+j<V&RT|¤�BVg|Ba¥no ucyR$V¦{�lBUg�Trbcy|�cen�lw�¬£�|wa¥³Tt)adc��$lw�$Vg£�n¯cyR�|w�%n��b³T�Tn¯cyVg�TteVh{�nqadn�lw��|��T�6ceR$VWtyVfaer$m¯c
£�|wa�cyR$V&�»tylwrT�T�bVf��cel±ceR$V�£�lwty°`no�$�W�$tyVf{&n�aen�lw�D§K~¥a�|¦{�lB�TaeVfpZr$V&�N{�Vw­$|w�(V�¢b�$tyVfayadn�lw��mon�°wV

s̃⊗ ṽ
{f|��

j<V�tyV&£�tyn¯ceceV&�(|wa
◦(s̃ · ṽ)

§
Q�R$V�n��T�brN{
cen�lw�(£�n�mom�jNV
�blB�$V�lw��ceR$V
adcetyrT{�cer$tyV�l� 3ceR$VhadV�V�¢b�$tyVfayaenolB�Ta&§
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� V�c�rTa"no�Tn¯cyn�|wmon�µ&VkceR$VWn��T�brT{�cen�lw�D§kQ�R$VkV&¢b�$teVhaeaen�lw�Ta

s̃
|w�T�

t̃
|�tyV�j<lwrT�T�bVf�¬j`_

m · [−1, 1]
­G|��T�

ũ|w�T�
ṽ
jZ_

n · [−1, 1]
§

²�V¬£�n�mom�|�mqael �$V&Vh�´celªj<lwrT�T�´ceRTV»³Tt)axc�telBr$�T�bn��$� V&tytylwt)a&§ � lBt�V�¢$|wUg�TmoVB­i|wa±V&¢b�$m�|wno�TVf�´n��
XbVf{
cynolB�¬�b§Ð�b­bcyR$V
Vftetylwt

s̃ − s
£�n�mom�jNV
j<lwrT�T�bVf�(j`_

(m · [−ε0, ε0]) ∪ [−η0, η0]
§�Xbl±n¯ 

m · ε0 ≥ η0

­
cyR$V&�

s̃− s ∈ m · [−ε0, ε0]
¨©�´j<l�ceR {f|waeVfaf­KcyR$V»no�ZcyV&ty�¤|wm�a¦{&lwr$mq� jNV»lBjbcy|wno�TVf� jZ_ axcyrT�b_`n��$� ceR$V»�TtelBj$moVfU tyVfadcetyn�{�ceVf�?cel

n��$�$r$cya�j<V�cx£�V&Vf�
−1

|��T�
1
§�!�l.£P£�V�{&|��(adcy|�tec�ceR$V
adcetyrT{�cer$t)|�m¶n��T�brT{�cen�lw�D§

��� � � � �gÀ3À&*«�-* ¿ 	 ��	�À � 
 (¡�-*�
�( *¡�w�$�-* ¿ 	
� V�c

a
|w�T�

b
j<V�cx£¸lgtyVf|�m¶V&¢b�$teVhaeaen�lw�Ta�tyVfae�NVh{
cen��wVfmo_¦j<lwrT�T�bVf��j`_

f(m, n) ·A
|��T�

g(m, n) ·B
§

a + b ∈ (f(m, n) · A) + (g(m, n) · B)

∈ max(f(m, n), g(m, n)) · (A + B)

∈ f(m, n) · (A + B) when f = g

a · b ∈ (k · l) · (A ·B)

È�È Û�z%{
Ý)Ü
Ü
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Q�R$V¸no�ZcyV&ty�¤|wm�a
A+B

|��N�
A·B

U�rTadc��BV&tyn¯ «_¥ceR$V¸no�N{�m�rTadn�lw���TtelB�NVftdcx_¥l� $n��BcyV&ty�.|�mw|wtenoceR$UWV&cenq{�R��f�UT�§
[a + b, a + b]

nqa�adrN{)R�|w��n��ZceV&ty�.|�mG «lBt
A + B

aeno�T{&V�n¯c�{&lw�Zcy|wno�Ta�|wmomGcyR$V��<lBayadn�j$m�V"tyVfaer$mocya
x + y

 «lwt
x ∈ A

|��N�
y ∈ B

§
X¥�T{&V"|w�B|wno�D­BceRTV¥n��ZceV&ty�.|�mqa¸{f|��±j<V�{�lwUW�$r$ceVf��j`_±adn�UW�$mo_±{&lw�Taenq�bV&tyno�T��ceR$V"�$tylwj$m�V&U tyVfadcetynq{
ceVh�

cylWjNlBr$�T�bVh��n��$�$r$cyaf§
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	3À *�	 ( º �¤� ¿ �
Q�RTV±m�|BaxckV�¢b�$tyVfayadn�lw�%ceRT|�c��$VfVf�$a
cel6j<V�j<lwr$�N�bVf� nqa�cyR$V±tylwr$�T�$no�$�»Vftetylwt

◦(a) − a
§»Q�RT|��T°`a�cel

cyR$V±�$tylw�<V&tecx_%�$Vfay{�tynoj<Vf� n��?X`Vf{�cen�lw�?�$§ �$­�no 
|A|

nqa�ceRTV±U¦|��w�Tn¯cyrT�bV
max(|a|, |a|)

l� �ceR$V�no�ZcyV&ty�¤|wm
A = [a, a]

­T|��T��no 
f(m, n) · |A| · ε0 ≥ η0

­bcyR$V&�

◦(a)− a ∈ f(m, n) · [−|A| · ε0, |A| · ε0]

Q�R$nqaKVftetylwt�n��ZceVfte�.|�m
[−|A| · ε0, |A| · ε0]

nqau|w�gn��ZceVfte�.|�mNV&�T{&molZadn��$�
◦(a′)−a′

 «lwt
a′ ∈ A

­Zj$rbc�n¯cunqa
�BV&�$Vfty|wmom�_g�$l�c�ceR$V�aeRT|�ty�NVhaxch§�Q�R$n�a�£�nq�bV&�TVf�±n��ZceVfte�.|�m<nqa¸�TVf{�Vhaeay|�ty_gno��lwt)�bV&tu «lwt�noc¸cylkj<V¥rNae|wj$moV"n��
cyR$V��wVf�$V&t)|�mbrT�Zj<lwrT�T�bVf�¦{f|waeVw§3~�au|�{&lw�TaeVfpZr$Vf�T{�VB­�£�R$V&�±{&lwUW�$rbcyno�T�

δ
lB�kcyR$Vij<lwr$�N�bVf�g�$tylwj$m�V&U(­

£�V�{&|��T�$l�c�adVh|�t){)RW «lwt�ceRTV"j<Vfadc�no�ZcyV&ty�¤|wm9§3²�V"RN|¤�wVicylktyVfadcetynq{
c�lwr$t)adVfmo�BVfaKcelgceR$V¥ceRTV&lwtyV&U¦a�aeR$l.£��
RTV&tyVw§

¨©�%jNlwceR�telBr$�T�bn��$��Vftetylwt"{�lBUg�Trbcy|�cen�lw�Taf­¶|�{&lw�T�bnocen�lw�
r · ε0 ≥ η0

RT|Baicyl�j<Vk�BV&tyn¯³NVf�6ael�cyRT|.c
cyR$V¦n��T{�m�rTaenolB�%�$tylw�<V&tecen�Vfa�|wteVW�.|�m�n��D§±Q�R$n�a�{&lw�T�$n¯cynolB�%nqa
�bn�teVh{
cymo_6n��T{&morT�$Vf��no� ~�mo�Blwtyn¯cyR$U �b§ ��_
cyVfadcen��$��no  ��� s}s �«ceR$V�aeU¦|�m�moVhaxcKlw 

m
|��T�

n
�3nqaKj$n���V&�Tlwr$�BRD­�£�V��wV&tyno «_
ceRN|.cKcyR$V��wm�lwjT|wm$V&tytylwt n]p��¥n�a

�Tl�cir$�T�$V&tyVfadcen�UW|�ceVh�¶§u¨� +ceRTn�aiceVfadc� ¡|�n�mqa&­N£¸V
�bnqay{&|�t)��ceR$V�®NlB|.cyno�T�����NlBno�Zci�bV�cyV&tyUWno�T|w�Zc�|��T�(ae£�n¯c){)R
cyl¦|��$lwceR$Vft�UgV&ceR$lb�� «lwt�Vf�.|�m�rT|.cyno�$�Wnocya�aeno�B�D§

��� � ��� 
�ºZ¾ �6*¡�-*�	 (�� ¿ � � 
 (9�$�
Xbno�T{&V��Tlw�$V�l� icyR$V��TteVf�Zn�lwrNa�tyr$m�Vfag|��$�$m�n�Vfa�cel

◦(a)
­u£¸V�£¸lBr$m��?�$V&�BV&tk³T�T� |6j<lwr$�T�?lw�

z̃ − z
§

¨©�N�bV&Vh�¶­bceRTn�a� «lBteUkr$mq|g{f|���lw�$m�_±j<V�ae�$monocij<V�cx£�V&V&�
z̃
|��N�

z 	
|��T�(|wm¯cyR$lwr$�BR�cyR$V�tyno�BRBc�RT|w�T�(adnq�bV

z{f|���jNV�j<lwrT�T�bVf��cyRT|��$°ba�cylWceR$V�tyr$moVha�£¸V
�$Vfay{�tynoj<Vf�¶­`cyR$V�m�V� øciRT|w�T�(adnq�bV�{&|w�$�$l�ch§
Q�l¬|¤�wlBn��¬ceRTn�a��$telBj$m�V&U(­�£�V¦tyV&£�tyn¯cyV

z̃ − z
adrN{)R ceRT|�c�£¸V¦RN|¤�wV±|�� V&¢`�TteVhaeaenolB�¬cyRT|.cg{&|�� j<V

j<lwrT�T�bVf�Wj`_gno�N�brT{
cynolB�D§+¨©�¦�T|�tecenq{�rTm�|wtf­waen��T{�V�cyR$V¥|B�$�bnocen�lw�Wn��¦ceR$VhadVi «lwtyU�r$mq|wa+nqau|Baeaelb{�nq|.cen��wV �¡n¯c�n�a
cyR$V�|B�$�bnocen�lw�Wl� 

R
­w�Tl�c¸|"®TlZ|.cyno�$�w�:�<lwn��ZcK|w�$�bnocen�lw� �
­Z£¸Vi{f|��WteVf�$mq|w{�V

z̃−z
£�n¯cyR

(z̃−z′)+(z′−z)
­

|w�T�
z′ = s̃⊗ ṽ− t̃⊗ ũ

§�Q�R$Vim�V� øcuRN|��T�Waen��bV�l� <ceR$V�|B�$�bnocen�lw�¦nqa��$l.£´|�telBr$�T�bn��$��Vftetylwt �
z̃ = ◦(z′)

�
§
Q�RTV�ten��wRZciRT|w�T�(adnq�bV
{&|w�$�$lwcijNV��$notyVf{�cem�_�j<lwr$�T�$Vf��ceR$lBr$�wR�­Naelgnoc�£�n�mom�jNV�tyV&£�tynocdceVf��cel`lT­T|w�T�»ael
lB�D§

����� 
H'�������#{� "�� ��"�
 �	�{' �u��"��
δ

²�V¬rNadV¬ceR$V¬cel`lwm�z�|��$�N|��VR �$T"cel �wV&�TV&t)|.ceV»j<l�cyR ceRTV%�.|�m�r$V6lw 
δ
|��T�P|  «lwtyU¦|�m��Ttel`l� 
lw �ceR$V

{&lwtyteVh{
cy�$VfayaWl� "ceR$nqa±�.|wmor$VB§ z"no�BV&� | m�lw�wnq{&|wm��$tylw�<V&tecx_?n��Z�Blwm��`no�$� tyVf|wmiV�¢b�$tyVfayadn�lw�Na¦{�lw�Zc)|�n��$no�T�
tylwrT�T�bn��$�±lw�<V&t)|.cylwt)a&­Gz�|��$�N|¦cetyn�Vfa�cel�{&V&teceno «_(n¯ch§"[»lBteVk�$tyVf{�nqaeV&m�_w­<£¸Vk£�nom�m3|Bad°6z�|w�$�T|Wcyl�j<lwr$�N�
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1�$�8��+ d

cyR$VWV�¢b�$tyVfayadn�lw�
z̃ − z

°`�$l.£�no�T��cyRT|.c�ceRTVk «lBr$t"®TlB|�cen��$�����<lwn��Bc"V&m�V&UWV&�Zc)a�l� ucyR$V¦�bV�cyV&tyUWno�T|w�Zc�|wteV
j<V�cx£�V&Vf�

−1
|��N�

1
§

��()( ¿ �+*¡�-,�� � z�|��$�N| � a�|wmo�Blwtyn¯cyR$U-�bVhae{&ten��bcynolB�D§
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	 A��}D ��� %�
�:2K6G S Z�	 A��%D ��� AUW
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