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FHGJILK"M�N�OQPSRUTWVYX[Z\ILK"M;X^]
_`K"KbaJcJde]Lfgc=ZhX
ikjl_`m[M
Znio_`prqnjlZ

snfgpJp5_`jlZntYM.jlMD]hGJMLjh]hGJMuc?vowgx`y{z�R |=fgcW}Wd~MLjn�gy�y`��R�zDxbp�fg�`MDX

�@�/�;�L���J�`�`� ikjl_`ZlMLd~c{X���aJ�����Hf9G=a{�`M�cWaJKb��M;jb_`�(��a{c{]�Z\d�_�c{X�d~c�f`c=V��~d�}Wd~cJ��_�jl�=fgcJdeX�Kr��FHGJM�tYVWc{fgK"de]LX�_`��ZlGJM pJj\_gZlM;d�c
]L_`c{]LMLc=Zljhf�Z\d�_�c{X1d~c�f9]
M;����d~X�tYML�{cJM;t��=V�f�j\ML��aJ�~fgZl_�jlV9c{M
Z[�(_`j\����GJde]hG�a{Xla{fg�~�~V M;c{]
_�K�p�f`X\X�MDX�f�K�a{��Z\d�Z\a{tYM@_`��GJd���GJ�~V
]L_`K"pJ�~M
¡���M;M;tY�{f�]h���~_=_�p{X;��¢(MLd~cJ�1fg�J�~M(Zl_1K"_YtYML�Jf`c{t�fgc{f`��VW£LMHd�Z\X¤X�Zlj\a{]�Z\aJj\MHf`c{tb��M;G{f¥}Wd�_�j/deX¦]Ljla{]Ld~f`�=��_`j¤aJc{tJMLjhX[Zhfgc{tYd~cJ�
Z\GJM.��aJc{]
Zld~_`c{X�_`��Z\GJM1pJj\_gZ\MLd~c{XHfgc{t ZlG{MLd~j�d�c=ZlM;j\f�]�Z\d�_�c{XL�
§{_`j�fnK�_YtYM;��d~cJ�^��j\f`K�M;��_�jl�^Zl_n�5Mka�X�ML��aJ��d~c�pJjhf`]
Zlde]
M�¨;Z[�(_��©f�]�Zl_�j\X�fgj\Mk]
j\a{]
defg�«ª?ZlG{MkK"_YtYML�=K�a{X�Z��©f`d�Z\GY��aJ�~��V.j\MLpJj\M;XlMLc=Z

Z\GJMbf�]�Zla�fg���5MLG�f¥}=d~_`j^_g�¤ZlG{M�cJM
Z[�(_`j\�?¨�f`c{trd�ZQK�a{X�Z¬�5MbXlaJpJp5_`jlZlMDtr�WV�f`c{fg�~VYX�deXnfg�~�`_�jld�ZlG{K"X�ZlG{fgZQfgj\M1M
­�]Ld�M;c�ZQMLcJ_�aJ�`G
Z\_�]
_`p5M.��d�Z\G�]
_`K"pJ�~M
¡ K�_YtYM;�~X;¨{f`c{t X\]Lf`��M.aJpr�(ML�~�E�¤FHGJM;jlML��_`j\M`¨WZ\GJd~Xnp{fgp5MLj�K�fg��M;X�Z[�(_"tJd�®?MLj\MLc=Z^]
_�c=Zlj\d��JaJZld~_`c{X;�
§/d~j\X�Z;¨¯�(M�pJjlMDX�M;c=Z1f@��jhfgK"ML�(_`j\����_`j.K"_WtJML�~d�cJ�r��MLcJMLZlde]bj\ML��aJ�ef�Zl_�jlV�cJMLZ[��_�jl�YX¬d�c°f K�_YtYa{�~f`jQV�M
Z.�©fgd�ZlGJ��aJ�¦K�fgcJc{MLj

�{f�X�MDt�_�c�Z\GJM�K�f�Z\GJMLK�f�Z\d~];fg�~��V���M;����±E��_�aJc{tYMDt���_�jlK�fg�~deX�K²_`�(tYd�®?MLj\MLc=Zldefg�¤d~c{]
�~a{Xld�_�c{X;��³´c�_`a{j�fgpJpJj\_�f�]hG¯¨5ZlGJM�tJd�®?MLj\MLc=Z
]L_`K"p�_�cJMLc=ZhX�_g�1Z\GJM�XlVYX[Z\MLK¶µ�pJj\_gZ\MLd~c{X�_�j XlM
Z\X@pJj\_gZlM;d�c�X\·�f`c{t¸ZlG{M��Hf¥V�ZlG{MLV¹]
_�c{X[Z\j\f`d�cºMDf`]hG¹_gZ\GJMLjD¨nfgj\M�K"_YtYML�~M;t
XlMLp{f`j\fgZlM;��V�f`c{t�K�_YtYa{�~f`jl�~V`�
TWMD]
_�c{t»¨Y�(M1pJjl_�p�_=X�MQM
­�]Ld�M;c�Z^f`����_`j\d�Z\GJK�X�Zl_�fgc{f`��VW£;M¬Z\GJM1�5MLG{f¥}Wd~_`jH_g�/ZlGJM1K"_YtYM;�E�¦FHGJM1f`����_`j\d�Z\GJK�X�fgj\MQ]L_`K"p�_=X�d�±

Z\d�_�c{fg��d�c"Z\GJM¬XlMLc{XlM�Z\G{f�Z¦Z\GJMLV�}`M;jld���V���_Y]Lf`�JpJj\_`p5MLjlZld~M;X¤_�c"ZlGJM¬d�c�tYd�}WdetYa{f`��]
_�K"p�_�cJMLc=Z\X;�¤TWaY­�]
d~MLc=Z(]L_`c{tJd�Z\d�_�c{X¤_`c"Z\GJM;XlM
�~_Y]Lfg�»p{jl_�p�M;j�Z\d�MDX(f`c{t _`c ZlGJM�]L_`c{X�Zljhfgd~c=Z\X(��MLZ[��M;MLc ZlGJM�]L_`K"p5_`cJM;c�ZhX(ZlGJM;c�f`���~_��¹Z\_�M
­�]
d~MLc=Zl�~V�d~cY��MLj�p{jl_�p�M;j�Z\d�MDXH_g��Z\GJM
��GJ_���M�XlVYX[Z\MLKr¨JXla{]hG�f�XHjlMDf`]hG{f`�Jd~��d�Z[V�fgc{t M
¡YdeX[Z\MLc{]LM._g�oM;¼=aJd~��d~�Jj\d�aJK½X[Zhf�Z\M;X;�
F���_�];f`XlMQX�Zla{tJd�MDXnX�G{_��¾ZlG{M1p�_`ZlMLc=Z\d~f`�»_g�/ZlGJdeX�fgpJp{jl_=f`]hG¯�

¿�À=Á?ÂlÃbÄ ��Å/�`� ��MLcJM.cJMLZ[��_�jl�?¨YtYd�®5M;jlM;c=Zldefg�»d~c{]
�~a{Xld�_�c{XL¨YK"_YtYaJ�efgj\d�Z[V`¨J]
_�K"p�_=X�d�Zld~_`c{f`�¯fgc{f`��VYXld~X;¨WM;¼=aJd~��d~�Jj\d~f{¨YjlMDf`]hG{f`�Jd~��d�Z[V
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 MDX¬p{jl_`Z��Ld~cJMDXQf�XlXlaJj\MLc=Z¬a{c ��j\f`c{t�cJ_�K��Jj\MbtYM���_�c{]�Z\d�_�c{X.tJfgc{X¬Z\_`aYZ._`j\��f`cJd~XlK"M�}Wd~}¥f`c=Z;� 
 f tYVWc{f`K"d~¼=aJM
tYMDX1]
_�c{]
M;c�Z\j\fgZld~_`c{X.tYM"pJj\_gZ��Ld~cJM;X1t{fgc{X.aJc{M"]LML�~��a{��M"M;X�Z�t��L�{cJd~M�p�fgj1aJc�j��DX�MDfga j��;�`aJ�ef�Z\_`d~jlM"¼=aJd¦]
_�c�Z\d�M;c=Z1Xl_`a{}`MLc=Z1tYM
cJ_�K��Jj\MLa�X�MDXo��_�a{]
�~M;X¦tJM�j��LZlj\_�f`]
Zld~_`c�]
_`K"pJ�~M
¡YMDXL�/io_`aJj¦]L_`K"pJj\MLc{tYj\MH��MDXo��_`c�]�Zld~_`c�X¦tYM;X¦pJjl_`Z��;d�cJMDXoM
Zk�~MLa{j\Xod~c=ZlMLjhf`]
Zld~_`c{X;¨
d~�¯M;X�Znc��D]
M;X\X\fgd~jlM.tYM.K"_Wt��L�~d~XlMLj�MLZ^fgc{f`��VYXlMLj�Xlf"X�Zlj\a{]�Z\aJj\MQMLZnX�_�cr]L_`K"p5_`jlZlMLK"M;c�ZD�
io_`a{j�¼�a�� aJc°];f`tYj\M�tYM�K"_Wt��L�~d~X\f�Z\d�_�c�Xl_`d�Z1aYZld~��M@MLc�pJj\fgZlde¼=aJM`¨/tYMLaY¡ �©f`]
ZlMLa{j\X1Xl_`c=Z1pJj\d�K"_`jhtYdefgaY¡�ª���M"K"_YtYIL�~M�tY_`d�Z

j\MLpJj��;XlMLc=Z\MLjo��tYI;��M;K"MLc=Z¦��M¬]
_`K"p5_`jlZlM;K�M;c=Zoj��LM;�{tYa�j��;XlM;f`a¯¨gM
Z¦d~��tJ_`d�Z��
Zlj\MnXlaJpJp5_`jlZ���p{f`j¦tYM;X¦f`����_`j\d�Z\GJK"M;X¤t�� fgc�fg�~VWXlM�¼=aJd
Xl_`d~MLc=ZQf�XlXlML£bM
­�]Lf�]
MDX^p5_`aJj¬Zljhfgd�ZlM;jQtJM;X¬K�_YtYI;��MDX.]
_`K"pJ�~M
¡YMDX^MLZ.¼=aJdop{f�XlXlMLc=Z�� ��� �;]hG{ML�~��M����Qfgc�X¬]LM
Z._`�Ym[MD]�Zld��[¨»��� f`j�Z\d~]L��M
pJj\_`p5_�XlM1tYMLaJ¡ ]
_�c�Z\jld~�JaYZ\d�_�c{X;�

��� f`��_�j\t¯¨�cJ_�a{Xnp{j��DX�M;c�Z\_`c{X^aJc�];f`tYj\M�p5_`aJj¬�~f@K�_Yt��;��deX\f�Zld~_`c�K"_YtYaJ�efgd~j\M�tYM�j��;XlM;f`aY¡ � �LcJde¼=aJM;X¬¼=aJd�MDX[ZQ�{f`X���XlaJj^�~M
��_�jlK�fg�~deX�K"MQ�Jd�M;c@��_�c{t��1tYMDXHd�c{]L��a�X�d~_`c{XHtYd�®!�Lj\MLc=Zld~ML�~��MDXL���Qfgc�X�c{_gZlj\M1fgpJp{jl_Y]hGJM�¨=�~M;XHtYd�®!�Lj\MLc=Z\X�]L_`K"p�_=Xlf`c=Z\X(tYa�X�VYX�ZlILK"M
µ©pJjl_`Z��;d�cJMDX@_�a¾MLc�X�M;K��J�~M;X�tYM�pJjl_`Z��;d�cJMDX\·�M
Z��~f�K"f`cJd~ILj\M tY_�c�Z�d��eXrX�M�]
_�c�Z\j\f`d���cJMLc=Z@KbaYZla{ML�~��M;K�M;c=Z;¨¬Xl_`c=Z�K�_Yt��;��deX��;X
X��Lp{f`j��;K"MLc=Z�M
Z^tYMQ�©f#"L_`c�K"_WtJaJ�~f`d�j\M`�

$¦c�X�aJd�ZlM�¨�cJ_`a�X¯pJj\_`p5_�Xl_`c{X»tJM;X�f`����_`j\d�Z\GJK"M;X»ML­�]Lf`]LM;X»p5_`a{j�fgc�fg�~VWXlMLj���Mk]L_`K"p5_`jlZlMLK"M;c�Z/tYa�K"_YtYIL�~M`�¤N�M;X�f`����_`j\d�Z\GJK"M;X
Xl_`c=Z�]
_`K"p5_�Xld�Z\d�_�cJcJM;�~X�tJfgc�Xb�~MrX�M;c{X�_#%�d~�eXb} �Lj\d���MLc=Z�tYMDX�pJjl_�pJj\d&�LZ��;Xb�~_W];fg�~M;X"XlaJjb�~M;X"]L_`K"p�_=Xlf`c=Z\Xbd�c{tJd�}WdetYaJML�eX;�'�^MDX
]L_`c{tYd�Zld~_`c�X�X�aY­�X\fgc=ZlMDX"X�aJj�]LM;X"pJj\_`p{jld(�
Z\M;X���_Y];fg�~M;X�M
Z@XlaJj��~M;X�]
_�c=Zljhfgd~c�Z\M;XbMLc=Zlj\Mr��MDX�]
_�K�p5_�X\fgc=ZhXbp5MLj\K"M
ZlZlMLc=Z@f`��_�j\X
t�� d~cY�)�Lj\MLj�ML­�];f`]LMLK"MLc=Z^tYMDXHpJjl_�pJj\d&�LZ��;XHtYa�XlVYX[Z\ILK"M.�`�~_`�{f`�E¨WZ\ML�~��MDX�¼�a{M1��� f�ZlZlMLd~�`c�fg�Jd~��d�Z��.MLZn��� M
¡YdeX[Z\MLc{]LM.t*� �D¼�a{d��~d��{jlMDXL�

�¬MLaY¡��
Z\a{tYM;X�tJM�]Lf`XHK"_�c�Z\jlM;c=ZH�~M.p�_`ZlM;c�Z\d�M;��tYM�]LM
Z�Z\M�fgpJp{jl_Y]hGJM��
+uÄ �;� Â � , 	 � � j��DX�MDfga �#�Lc{d~¼=aJM�¨Yd�c{]L��a�X�d~_`c{X�tJd�®!�Lj\MLc=Zld~ML�~�~M;X;¨JK"_WtJaJ�~f`jld�Z���¨Jfgc{f`��VYXlMQ]L_`K"p5_�Xld�Z\d�_�cJcJML�~�~M`¨��
Zhf�ZhX�t�� MD¼=aJd��~d~�JjlM�¨
fgZ�ZlM;d���c{fg�{d��~d�Z��
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 ,E�Y� Ä � ÁA=/À � ÃbÄ ��B¯�DC i¦j\_gZlM;d�c�X���aJ�����¬f�GWaJ�`MrcWaJK��5MLj@_g�Q��aJc{]�Z\d�_�c{X�d~c¹fgcWV��~d�}Wd~cJ��_`j\��fgc{d~XlKr�ºq^cWV
pJj\_gZ\MLd~c�d~X�MLc�]
_YtYM;t"�WV"f1�`M;cJM`�/³´c�_�j\tYM;j¤Zl_�pJjl_YtYa�]
M�Z\GJM^pJj\_gZ\MLd~c¯¨�ZlGJM^]L_`j\jlMDX�p5_`c�tYd�c{�1�`MLc{MnG{f`X¦Zl_��5M&��28���E��,F2�	�GH�H�Hd~c=Zl_
K"M;X\XlMLcJ��MLj1s�I^q'µ©K�s�I^qQ·�¨���G{d~]hG�d~XQZ\GJMLcJ��28�������0���K�H��Z\_�_`�YZhfgd~c�Z\GJM"pJj\_gZlM;d�cML �Yz�N ��FHGJd~X�pJjl_YtYa�]�Zld~_`c�K"M;]hG{f`cJdeX�K'deX
j\ML��aJ�~fgZlMDt@�WV�Z\GJM�]
_�c{]
M;c�Z\j\fgZld~_`c _g��p{jl_`ZlMLd~c{X;¨Y��GJde]hG�];fgcO��,��5	�P����K��_�jQ	��>R>	�G�	��»Z\GJM1pJj\_WtJa{]�Z\d�_�c¯¨YM`� �{�¤�WV��Jd~c{tYd~cJ��Zl_"Z\GJM
��MLcJM�f`c{t9tYdeX\fg�J�~d�c{�"Zljhfgc{X\]
j\d�pJZld~_`c¯�nq(ZnZ\GJMbX\fgK"M1Z\d�K"M�¨�pJj\_gZ\MLd~c{X^f`jlMS���1
�2T�����H�g�¬FHGJM��5MLG�f¥}=d~_`j^_g�¦f���MLcJMLZlde]1cJM
Z[�(_`j\�
];fgcr��M.K"_YtYML�~M;t��WV@f�XlVYX[Z\MLK _`�/tYd�®5M;jlM;c=Zldefg�¯MD¼�a�f�Zld~_`c�X�_`��Z\GJM.��_`j\K

ẋ = f(x,u) − g(x,u)x
µ[zD·

��GJM;jlMVU d~X¤f¬}`MD]�Zl_�jo_g�{pJj\_gZ\MLd~c�]L_`c{]LMLc=Zljhf�Z\d�_�c{X�jlM;pJjlMDX�M;c=Zld~cJ�nZ\GJM�]
aJj\jlM;c=ZoX�Z\fgZlM`¨ 
 d~X¤f¬}`MD]�Zl_�jo_g�W	�����./�J]
_�c{]
M;c=Zljhf�Zld~_`c�XL¨
f`c{tYXkfgc�tZ@�K"_YtYM;�»ZlGJM1p{jl_YtYa{]
Zld~_`c�j\fgZlMDXL¨Jf`c{t tJML�`jhf`t{f�Zld~_`c j\fgZlMDXL¨Yj\M;Xlp�MD]�Z\d�}�ML�~V[L�z�9�N �¦FHGJM�tYVWc{fgK"de]LXH_`��Z\GJM1pJj\_gZlM;d�c
]L_`c{]LMLc=Zljhf�Z\d�_�c{X/d~X�ZlGWa{XktYM
�{c{M;tb�=Vbf^j\ML��aJ�~fgZl_�jlV.cJMLZ[��_�jl�1��GJde]hG�a�X�a{f`���~V�M;c{]
_�K�p�f`X\X�MDX�fQK�a{��Z\d�Z\a{tYM�_g�5GJd~�`GJ�~V�]
_�K"pJ��ML¡
��M;M;tY�{f�]h����_W_�p{XL�.¢(MLd~cJ�rfg�J�~M�Z\_�f`c{fg�~VW£LM�d�Z\X.X�Zlj\a{]�Z\aJj\Mbfgc�t���M;G{f¥}Wd�_�j¬deX.]
j\a{]
defg����_`jQaJc{tJMLjhX[Zhfgc{tYd~cJ�@ZlGJMb��aJc{]
Zld~_`c{XQ_g�
Z\GJM1pJj\_gZlM;d�c�X�fgc{t ZlG{MLd~j�d�c=ZlM;j\f�]�Z\d�_�c{XL�

+uÄ Å À ,�? =\@�Ã ?��^]`_a? À � À=Ã ?©� À ,�? =�À �Y�9Åb?dc À � À>= �^?E��, À>e 
/�Y�^? Äf= ��C FHGJM�f`pJpJj\_�f`]hG�_`�"L~z^9�N¦]L_`c{Xld~tJMLjhX¬f`c�f`�{X[Z\j\f�]�Z\d�_�c
_`�»ZlGJMQ]
_`c=Z\d�cWaJ_�a{X¦X�Z\f�Z\M^Xlp{f`]LMnd�c=Z\_�f�XlM
Zk_`��¼=a{fg�~d�Zhf�Z\d�}�MnX[Zhf�ZlMDXL¨=d~c�M;f�]hG�_`�¯��GJde]hG9µ[zD·¦d~X�fgpJp{jl_¥¡Yd~K"fgZlMDtb��d�ZlG f�X�VYX�ZlM;K
_`�k��d~cJMDfgj¬tJd�®?MLj\MLc=Zldefg�oMD¼�a�f�Zld~_`c�XL�QP�_`j\M�pJj\M;]Ld~XlML�~V`¨�ZlG{M�X�Z\fgZlMbXlp{f�]
M�_`�¦ML}�MLj\V }�fgj\defg�J�~M

xi

deXQp{fgjlZld�Zld~_`cJMDt�d~c�Z\_ f X�MLZ¬_g�
d~c=ZlMLj\}�fg�eX

Dr
i = {[0, θ1

i )} ∪ {(θj
i , θ

j+1
i ) | 1 6 j < pi} ∪ {(θpi
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4\RE��28�

• X
	%�&�*>��f	��1�Q�F���q� 'QP���2�	���G��0�F�@?

• A
	%���A>���	��K�S�����g�('[�D,F��	������@B ./��	���� �('Y��46�n��	%�DC���	���� �F���5�

Au
�����

Ac
B&��R��Y�������[�('S�dRE��a{c{]
_�c�Z\jl_����efg�{��M �����

]
_`c=Z\jl_����efg�J�~M ��,���	����E�@B62T�������T,���	�P����
$�?

• G : A → P(X)
���T����,F	����1�F� 4j	��dR���P���2�$ ��,��5	����i	��5�H�`a{f`j\tk�����T,�	 'H$�	���
Z4\R��F�i��R�� �D,F��	����O,H���i��,H,F./2@?

• F : A →
(

X → X
) ���H���^,�	����K��� 4j	��dRi�FP��F2�$ �D,F��	����i	����HZ\j\f`c{X�d�Zld~_`c ��aJc{]
Zld~_`c	E

F^c{]
_�c�Z\jl_����efg�{��M@f�]�Z\d�_�c{X�f`jlM�a�X�MDt°Zl_ jlM;pJj\M;XlMLc=Z�d~cJpJaYZ"ML}�MLc=Z\X�ZlG{fgZ"];fgcJcJ_`Zb�5M�Z\jld~�`��MLj\M;t�cJ_�j�pJj\ML}�MLc=ZlMDt°�WV Z\GJM
K"_YtYML�~M;trXlVYX[Z\MLKr�¦§J_�jn]
_`cW}�MLcJd~MLc{]LM`¨W�(MQ��j\d�ZlM

Ga
f`c{t

F a
��_�j

G(a)
fgc{t

F (a)
¨�jlMDX�p5M;]
Zld~}`ML�~V`�

4�À65b= ?���? Ä�=HGI9KJ¯À ��� = �^?©��� Ä�X � �L��� = �^?©�^? Äf= � Á �L� À �=<  �52T���E��	���	���� ��$����1���
B = (X, A, Ac B G, F )

���L>����F�q��Z\j\f`cY±
Xld�Z\d�_�crjlM;�~fgZld~_`c

→: X × A ×X
��.�,HRY�dRE���NM

∀x,x′ ∈ X ∀a ∈ A . x
a
→ x′ ⇐⇒ Ga(x) ∧ x′ = F a(x)

E

O�Ä �;�Y��? Ä�= ��� f`XHa{Xla{f`�E¨���M1��j\d�Z\M
x → x′ ��_`j ∃a ∈ A . x

a
→ x′ ¨�f`c{t →∗ ��_�j�ZlG{M1Zljhfgc{Xld�Zld~}`M1fgc{t�j\MFo{ML¡Yd�}�M.]L��_=X�a{jlM

_`�
→
�QPQd�}�MLc

B = (X, A, Ac, G, F )
¨=fgc�f`]
Zld~_`c

a ∈ A
d~X+2T�T�D,TR���G��0�o��j\_`K X�_�K"MHX�Z\fgZlM+U�d��

∃x′,x′′ . x →∗ x′∧x′ a
→ x′′ �

p�M1jlM;pJj\M;XlMLc=Z��=V
G(B)

Z\GJM1tYdeX�m[aJc�]�Zld~_`cr_`�/d�Z\X���a{fgjhtJX;¨=ZlG{fgZnd~X
G(B) =

∨

a∈A Ga
�

4�À65b= ?���? Ä�=IRH90S � À Å À � À �D� Ä ����< )V	�P������ ��28�����H	���	����Y��$����K�F�
B = (X, A, Ac, G, F )

����� �m��28�H��	�,H���1�
P ∈ P(X)

Bb�dRE�
pJj\M;tJM;]
MDXlXl_`jhXZ� '

P
G�$i�D,F��	����

a
	%� �dRE� ��28�H��	�,T���1�

prea(P ) = Ga ∧ P [F a(X)/X ]
4\R��F2T�

P [F a(X)/X ]
	%�S�DGF�K��	��#�H�

'H28���
P
G�$h./��	 'F��2�� ��.�GF���5	���./�5	����i�('

X
G�$

F a(X)
E

N��~M;f`jl�~V`¨
prea(P )

]hG�fgjhf`]�Z\MLj\d�£;M;X(fg�~�?ZlGJM�X�Z\fgZlMDX(��jl_�K ��GJde]hG�ML¡YM;]
aJZld~_`c�_g�
a
��MDf`tJX(Z\_�X�_�K"M.X�Z\fgZlM1X\f�ZldeX���V=d~cJ�

P
�

TVU\r"TDW



���������
	���
�������������������	���	��������! "�#���
$���	%�&�('*)+��������	�,"-"��
�./�0���1��2�$&3&���546��287�� w

4�À65b= ?���? Ä�=�� 9��bÄf= �;� Ä , ,E�Y� , À _�� À Å À � À �;� Ä ��� < )V	�P����
B = (X, A, Ac, G, F )

���#�
P ∈ P(X)

Bj�dRE�+��28�H��	�,H���1�
pre � c(P ) =

∨

a∈Ac prea(P ) ∧ ¬
∨

a∈Au prea(¬P )
,HRE��28��,��K�F2�	����F�&��R��n]L_`c=Zlj\_`�~�~f`�J�~M¬pJj\M;tJM;]
MDXlXl_`jhX&� '

P
	��i���#�Q���K�1� E

�\�F�
pre � c0(P ) = P

B"�����
pre � ci+1(P ) = pre � c

(

pre � ci(P )
) GH� �dRE�Z,T������28����� ��G��0� �#28�H���H,H���H����2H�*�('

P
	��

i > 0���K�1��� E
�\�F�	�j-�


(P )
GH�Z�dRE� �0�H����� �F���
./��	���� �('

Y = P ∪ pre � c(Y )
B"�dRE��� 	%�@B ��R��Z,H���f�52T�����0�DGF�0�&�#28�H���H,H���H����2H�Y�('

P
	�� ���

��2�GF	���28��2�$ ��./�hGT��2 �(' ���K�1��� E
³´c=Zla{d�Z\d�}�ML�~V`¨

P
]Lf`c �5M1jlMDf`]hGJMDt���j\_`K

pre � c(P )
�WV@Xl_`K"M1]
_`c=Z\jl_����efg�J�~M1f`]
Zld~_`c¯¨Yd~c{tYM;p�M;c{tYMLc=Z^_`��Z\GJM�_Y]L]LaJjlj\MLc�]
MQ_g�

aJc�]
_`c=Z\jl_����efg�J�~M.f`]�Z\d�_�c{X;�

4�À65b= ?���? Ä�=�
I9��F=�� �Y��?©� = ��< )V	�P����
B = (X, A, Ac, G, F )

�����[� �#28�H��	�,H���K�
P ∈ P(X)

B
P
	%�h����d�cW}�fgj\d~f`c=Z*� '

B
	 '

P =⇒
∧

a∈A ¬prea(¬P )
E+ "�[	���P���2�	������

P 6=
'F��� ��� 	%�&,T�����0�H��tJM;f`tJ��_Y]h�=±E��j\MLMh	 '

P =⇒ G(B)
E

p�M�tYM
��cJM.Z[��_�_�p�M;j\fgZld~_`c{X(_�cr]L_`K"p5_`cJM;c�ZhXLª¦]L_`K"p5_�Xld�Z\d�_�c�f`c{t�jlMDX[Z\jlde]�Z\d�_�c¯�¦FHGJM1j\M;X�Zlj\d~]
Zld~_`c�_g�¤f�]L_`K"p5_`cJM;c�ZndeXnf
]L_`K"p�_�cJMLc=Z^f`��fgd~c¯¨Yfgc�t Xl_"d~XHZ\GJM�]
_�K"p�_=X�d�Zld~_`c�_g�o]
_`K"p5_`cJM;c=Z\X;�

4�À65b= ?���? Ä�=��H9��bÄ �O_ Ä ��?���? Ä�= < �\�F�
Bi = (X1, Ai, Gi, Fi)

B
i = 1, 2

B�4j	��dR
X1 ∩ X2 = ∅

�����
A1 ∩ A2 = ∅

E
B1‖B2	%�&���L>��#�H� ���Q�dRE�&�52T���E��	���	������H$����K�F�

(X1 ∪ X2, A1 ∪ A2, G1 ∪ G2, F1 ∪ F2)
E

FHGJdeXHdeXHZlGJM�X�Z\f`c{tJf`j\t f`XlV=c�]hGJjl_�cJ_`a�XkpJj\_YtYa{]
Z;�

��� � �I "%,#.- /�� #./0���
s�MDX[Z\jlde]�Z\d�_�c{X�fg�~�~_��¾Zl_�]L_`c{X�Zljhfgd~c�Z\GJM1��M;G{f¥}Wd�_�jH_g�¤f�Z\j\f`c{Xld�Z\d�_�c�XlVYX[Z\MLKr�

4�À65b= ?���? Ä�=��I9KJ �D�Y� À � Ä�= �;�L���E? = ��< )V	�P���� � ��28�����H	���	���� ��$����1���
B = (X, A, Ac, G, F )

B ��X�Z\fgZlM�]L_`c{X�Zljhfgd~c=Z�	%�i�
�#28�H��	�,H���K�

P ∈ P(X)
E

4�À65b= ?���? Ä�=��H9 �"�g�^? Äf= � Äf= �;�L���E? = � < )q	�P����i� ��28�����H	���	����Y��$����K�F�
B = (X, A, Ac, G, F )

B ����f�]�Z\d�_�c ]
_�c{X�Zljhfgd~c�ZQ	%� �
��.����0�g�('V��28�H��	�,H���1�F�

V = (Ua)a∈Ac

E

4�À65b= ?���? Ä�=��H9 �@À �;�L��?©�`�^? Ä�= <�� RE�.j\M;X�Zlj\de]�Zld~_`cM�('
B = (X, A, Ac, G, F )

4j	��dRk�*���K���K� ,T���E����28��	��f�
P
���#�����O��,��5	����

,H�������528��	����
V = (Ua)a∈Ac

	%� �dRE�g��28������	��5	�������$����1���
B/(P, V ) = (X, A, Ac, G′, F )

4\RE��28�V'F��2 ���f$
a ∈ Ac

B
(Ga)′ =

Ga∧Ua∧prea(P )
	%�q�dRE���128������2�	�,F�K�H� ��
�.���28� � '

a
	��

B/V
E � RE�q
�.���28���m�('V./�#,H������28�����0��G��0� ��,��5	����E�+28��� ��	��*./��,HRE����
��T�,E

O�Ä �;�Y��? Ä�= ��� p�M���j\d�ZlM
B/V

��_`j
B/(

��2�.��
, V )
� 
 MLZ

blocked(a) = Ga ∧ ¬(Ga)′
¨1fgc�t¾�~M
Z

EA(x) = {a ∈
A | (Ga)′(x)}

��M�ZlGJM X�MLZ@_g��f`]
Zld~_`c{X�ZlG{fgZ�fgj\M�MLc�fg�J�~M;t¹fgZ U¤� PQd�}�MLc¾f°pJj\M;tJd~];f�ZlM
P
_�c¾fgc

n
±´tYd�K"M;c{X�d~_`c�fg�^tY_`±

K�fgd~c
D
fgc{t

i ∈ {1, ..., n}
¨.��MLZ

inci(P ) = P [xi − 1/xi]
¨�fgc�t

deci(P ) = [xi + 1/xi]
tYMLc{_gZlM�Z\GJM�pJj\M;tYde]LfgZlM

P
� XlGJd�� Z\M;t6���WVº_`c{M�fg�~_`cJ��ZlGJM

i
±EZ\G&tYd~K�M;c{Xld�_�c¯¨�Zl_��HfgjhtJX@GJd���GJMLj�fgc{t¾��_��(MLj }¥f`��a{M;X;¨njlMDX�p5M;]
Zld~}`M;��V�� §J_�j ML¡JfgK"pJ�~M`¨

inc1(x1 = 2 ∧ x2 > 3) = (x1 = 3 ∧ x2 > 3)
�

q¬X�f�Xlp�MD]
defg��]Lf�X�M _g�¬f�]�Zld~_`c¸]
_�c{X[Z\j\f`d�c=ZD¨¤pJjld~_`j\d�Zld~M;XbG{f¥}`M ��M;MLc XlGJ_���c°Z\_ �5Mn,H���m�E���F�DGF� �����H�D�>�0��,T7"!
'H28�H�i,H������28���
	��fP���2�	������5��L~z�N � ³´c _gZlG{MLj@�(_`jhtJX;¨�ZlG{MLV¹fg�~��_��½Z\_�MLc�X�aJj\M X\f���MLZ[VºpJjl_�p�M;j�Z\d�MDX�d~c f°K"_YtYaJ�efgj��Hf¥V`¨n��GJd~�~M�pJj\M;XlMLj\}Wd�cJ�
tYMDf`tY�~_Y]h����j\MLM;tJ_`Kr�

4�À65b= ?���? Ä�=87$#I9 S ��? Ä ��?�� Á <  pJj\d~_`j\d�Z[V ���k�h���F�V�('&�D,F��	������
A = Ac ∪ Au

	%�&�h28���0����	����
≺ ⊆ Ac × A

E
O�Ä �;�Y��? Ä�= ��� ��_`j

A′ ⊆ A
¨/��MLZ

A′/≺ = {a ∈ A′ | ¬∃a′ ∈ A′ . a ≺ a′}
��M"Z\GJM@XlM
Z�_g�HK�f�¡Yd~K"f`�¦f`]
Zld~_`c{X.d~c

A′ �
PQd~}`M;crXlM
ZhXH_g�¤f`]
Zld~_`c{X

A1
¨
A2
��M.��j\d�Z\M

A1 ≺ A2
��_`j

∀a1 ∈ A1 ∀a2 ∈ A2 . a1 ≺ a2
�

q ��$������g	�,���2�	���2�	��5$.deXnfb��aJc{]�Z\d�_�c�f`X\X�_Y]
def�Z\d�c{��f�pJj\d�_�jld�Z[V���d�ZlGrML}�MLj\V�X[Zhf�ZlM1_`�
B
�

4�À65b= ?���? Ä�=87 7 9 4 Á = � �n?©�S_/��? Ä ��?©� Á <  #tYVWc{fgK"de]@p{jld~_`j\d�Z[V ��� ����28���E��	��5	����J��$��H�K���
B = (X

B
A, Ac, G, F )

	%���
��.����0�Z�('"�#28�H��	�,H���K��� �#2

= (Cij)ai∈Ac,aj∈A

E � RE�S��,���	����M,H���E���52T��	���� ���L>����H�[G�$g��2@B
V (B,

��2
) = (Ua)a∈Ac

	%�
Uai =

∧

aj∈A ¬(Cij ∧ Gaj )
E

FHGJM�p{jlMDtYd~];f�Z\M;X
Cij

Xlp�MD]
d���V�pJj\d�_�jld�Z[V1�5M
Z[�(MLMLc�f�]�Zld~_`c�X
ai

f`c{t
aj

�/³ �
Cij

d~X¤Zlj\aJM�f�ZkXl_`K"M�X[Zhf�ZlM�¨�ZlG{MLc"d�c�Z\GJMnX�VYX�ZlM;K
j\M;X�Zlj\d~]
ZlMDt1�WVm�#2»ZlG{M(f�]�Zld~_`c

ai

]Lf`cJcJ_`Z��5M�ML¡WMD]
aYZ\M;t1d��
aj

deX�M;c{fg�{��MDt»�Wp�M���j\d�ZlM
Cij 7→ ai ≺ aj

Z\_^M
¡YpJj\M;X\X»Z\GJM��©f`]�Z/ZlG�f�Z
ai

deXktJ_`K"d�c�f�ZlMDt��=V
aj

��GJMLc
Cij

G{_`�etJXL�(PQd~}`MLc�f�tYVWc{fgK"de]HpJjld~_`j\d�Z[VQ��2¤f`c{t�f1X[Zhf�Z\M�U¤¨��~M
Z���2
(x) = {ai ≺ aj | Cij(x)}�5M.ZlGJM1p{jld~_`j\d�Z[V�tJM
�{cJMDt��=V*��2Hf�Z+U¤�¦q tYVWc{f`K�de].pJj\d�_�jld�Z[V�deX 	�2�28�&%+��'D	�P��nd��

Cij =⇒ ¬Cji

��_`jnfg�~�
(ai, aj) ∈ Ac × A

�

r\rts�u�v�w�x�y



� )V28�1
D��2h)����H�H� �F2

4�À65b= ?���? Ä�=87�G 9 ; ��� = ��?���? �5À �#, Ä ��
�� À < )V	�P���� �Q��2�	���2�	��5$
≺
46�g�D�F�#���K�gG�$

≺+ �dRE�&��28�����H	���	�P��g,��0���H./2T� � '
≺
Eg)V	�P����

����$������g	�, �#2�	���2�	���$g��2
= (Cij)ai∈Ac,aj∈A

46�*�D�F�#���K�*G�$ �#2 + �dRE� � �T�����"��$��#���g	�,"��2�	���2�	��5$Y��.�,HR[�dRE���
∀i, j, k . Cij ∧

Cjk =⇒ Cik

E

4�À65b= ?���? Ä�=87.RI9��bÄ �O_ Ä �^?©�^? Ä�=
⊕
ÄfX _/��? Ä ��?��^? À ��< � R��Z,H����������	���	����M� ' �546� �#2�	���2�	���	����

≺1 �����
≺2 	%�

≺1 ⊕ ≺2=
(≺1 ∪ ≺2)+

E � R��Z,H����������	���	���� � ' ��46�[��$������g	�, �#2�	���2�	���	���� �#2 1 ���#�&��2 2 4j	��dR �#2
k = (Ck

ij)ai∈Ac,aj∈A

B
k = 1, 2

B+	%�
�#2 1 ⊕ �#2 2 =

(

(C1
ij ∨ C2

ij)ai∈Ac,aj∈A

)+ E

����� �����������! "�$#���� &(%, 	)�� ��)! 
	�/0������
��I "�* �#�/����8 �#�� �Q-���%
p�MnK�fg��M�Z[�(_Q��aJc{tJf`K"MLc=Z\f`�{tYdeX[Z\d�c{]
Zld~_`c{X¦_`c�f`]
Zld~_`c{X¤f`c{tbZlGJM^X�Z\fgZlM�}�fgj\defg�J�~M;X�ZlG{MLV�K�_YtYd���V`�o§/d�jhX�Z;¨gZ\GJMLj\M�deX¦f.p{fgjlZld�Zld~_`c
d~c=Zl_�]
_�c{X�Zljhfgd~cJM;t fgc{t aJc{]L_`c{X�Zljhfgd~cJM;t }�fgj\d~f`�J�~M;X;�¤TYM;]
_�c{t»¨Y�5_gZ\Grf`jlMQp{f`j�Z\d�Z\d�_�cJM;t�f`];]
_`jhtYd~cJ�bZl_"ZlG{MLd~jn]
_`c=Z\jl_����efg�Jd~�~d�Z[V��

�bÄ�= �;�L���E? =�À Å � �DC 
 = � Ä�= �;�L���E? =�À Å � �Y��?E�Y��, À ��C Fnc�]
_`c�X[Z\j\f`d�cJMDt"µ�_`j�d�cJp{aYZh·¯}¥f`jldefg�{��MDX¯fgj\MocJ_gZ�XlaJ�Ym[MD]�Z¯Z\_nM;¼=aJd~�~d��Jj\defJ�
FHGJM;V¾]Lf`c&�5M�]L_`c{Xld~tJMLj\M;t¾f�X ]L_`c{X�Z\f`c�Zrf`X d�c L�z¥��N ¨^d~c&��GJde]hG ];f`XlM9Z\GJMLV¾];fgc&�5M�ML�~d�K"d~c{f�Z\M;t¾�5M
��_�jlM�fgp{pJ��VWd~cJ��Z\GJM
}�MLj\d���];f�Z\d�_�c fg�~�`_�jld�ZlG{K"X;�ap M�f�XlXlaJK"M.GJMLj\MQZlG{fgZ�aJc{]
_�c{X�Zljhfgd~cJM;t }�fgj\d~f`�J��MDX(K"f¥V@ML}`_���}�M¬�~d~�`M1]
_�c{X[Z\j\f`d�c{M;t }¥f`jldefg�{��MDXL�

�bÄ�= �L� Ä ,�,©�Y�a? ,5?�� Á C FHGJM�tYd~X�Zld~c{]
Zld~_`c1�5M
Z[�(MLMLc�]L_`c=Zlj\_`�~�efg�J�~M¦fgc{t.a{c{]
_�c�Z\jl_����efg�{��M¤f`]
Zld~_`c{X�fg�~��_��nX?Z\_^]
_�c{Xld~tYM;j»ZlG{MkX�VYX�ZlM;K
f�X�fk�546�"! ���0��$��F2 
����h�1�5M
Z[�(MLM;c°fn,T������28����� �F21fgc�t9Z\GJMi����P�	�28���f� �����«� Fnc�]
_`c=Z\jl_����efg�J�~M"f`]�Z\d�_�c{X�f`jlM�Zlj\d~�`�`M;jlMDt9�WV9Z\GJM
M;c=}Wd~jl_�cJK"MLc=Z/f`c{t�];fgcJcJ_`Z��5M�M;cY��_`jh]
MDt1_`j�pJjlM;}`M;c�Z\M;t1�WVQZlG{M�]
_�c=Zlj\_`�~��M;j;¨D��GJMLj\M;f�X�]L_`c=Zlj\_`�~�~f`�J�~Mkf`]
Zld~_`c{X�]Lfgc���M�Zlj\d����`M;jlMDt
_�jntYd~X\fg�{��MDt@�WV f"]L_`c=Zlj\_`�~��M;j(Xl_�f`X(Z\_�XlfgZldeX[��V@Xl_`K"M.pJj\_`p5MLjlZ[V9µ ��_�j�d�c{X�Z\f`c{]
M�¨Jj\M;f`]hG�X�_�K"M.X�Z\fgZlM¥·��¤³ �/ZlGJM�]L_`c=Zlj\_`�~��M;j�]Lfgc
X\f�Z\d~X���V�ZlG{M1pJjl_�p�M;j�Z[V@GJ_���M;}`M;jkZ\GJM1MLcW}Wd�j\_`c{K�M;c=ZH�5MLG�f¥}`M;X;¨Wd�ZnG�f`X�fS4j	����f	���
*�H��28���1�1
�$��
FHGJdeX.p{f`j�Z\d�Z\d�_�c�deX._`jlZlGJ_��`_`c�fg�¯Z\_�ZlGJM"p{f`j�Z\d�Z\d�_�c d~c=Zl_r]
_`c�X[Z\j\f`d�cJMDt�f`c{t�a{c{]
_�c{X[Z\j\f`d�c{M;t�}�fgj\defg�J�~M;X;�&p¹GJde]hG�f`]�Z\d�_�c{X

f`jlM�]hG{_�XlMLc�Zl_��5M µ©aJc�·�]
_`c=Z\jl_����efg�J�~M�tYM;p�M;c{tJXn_�crZlGJMbpJj\_`p5MLjlZ[V�Zl_@��Mb}`MLj\d��{M;t»��§{_`jnd~c{X�Z\fgc�]
M`¨5d~c�_`jhtYMLj�Z\_@fgc�X��(MLj�Z\GJM
¼=aJMDX[Z\d�_�c � GJ_��¹Zl_"]
_�c=Zlj\_`�5d�cJp{aYZn]
_`c�]
MLc=Z\j\fgZld~_`c{X�d�c _`jhtYMLj�Zl_"j\M;f�]hG@X�_�K"M¬X�Z\f�Z\M ��¨Y_`cJ�~V�ZlGJM.aJc�]
_`c�X[Z\j\f`d�cJMDt@f�]�Zld~_`c�X�f`jlM
]L_`c{Xld~tJMLj\M;t�f`X¬]
_�c�Z\jl_����efg�{��M���³ �¤Z\GJM�pJj\_`�{��M;K,deXn��GJMLZlGJM;jQXl_`K"M�X�Z\fgZlM�deXnj\M;f�]hG{fg�{��M�fgZ¬fg�~�E¨�ZlG{MLc�f`���/f`]�Z\d�_�c{X^XlGJ_�aJ�~tr�5M
]L_`c{Xld~tJMLj\M;t"f`X¤]L_`c=Zlj\_`�~�~f`�J�~M`��³ �»�(Mnfgj\MHd�c=ZlM;jlMDX[Z\M;t�d~c���GJM
Z\GJMLjkXl_`K"MnX�Z\fgZlM�deX¤jlMDf`]hG{f`�J�~M(d~c�f.GJ_�X�Zld~�~MnMLcW}Wd�j\_`c{K�M;c=Z;¨�Z\GJMLc
ML¡Yf�]�Z\��V�Z\GJM1d~cJpJaYZ¬f�]�Z\d�_�c{XHfgj\M¬Z\_"��M�]L_`c{Xld~tJMLj\M;t�f`XHaJc{]L_`c=Zlj\_`�~�efg�J�~M`�

G C R C 7 S ? À � À=Ã ?©� À ,�? =/À �Y�@� Á �L� À ���
4�À65b= ?���? Ä�=87 �H9 4�Ä ���E? = ��< �����E��	��D�F2 � ����2��1�F��	������#28����.�,��

θ = θ1 × ... × θn

4j	���R
θi = {θ1

i , ..., θ
pi

i }
��� ��28����28�H�

�����V� '(ZlGJj\M;XlGJ_`�etJX Ba�H.�,HRY�dRE���
0 < θ1

i < ... < θpi

i

E �W���

Dr
i (θ) = {[0, θ1

i )} ∪ {(θj
i , θ

j+1
i ) | 1 6 j < pi} ∪ {(θpi

i ,∞)}

�����
Ds

i (θ) = {θj
i | 1 6 j 6 pi}

E��g�m���g	�� ��R��m��25
�./�h�����
θ
4\RE���*	�� 	%�V,��0�H��2!'H28��� �dRE��,H���f�1��'D� E �W���

Di = Dr
i ∪D

s
i

E � R��
���K���K�V���E�D,H�

IRn
>0

	%�V�dR>.>�\�E��2��5	���	����#�T� 	����K��tY_�K"f`d�c�X
D = D1×D2×...×Dn

E � RE� ����� ��	��E��	��
Dr = Dr

1×Dr
2×...×Dr

n��28� ,H�����0�H��j\ML��aJ�~fgZl_�jlV �����h��	����@B6��R�� �D���h��	����
Ds = D r Dr

��28� ,H�����0�H��Xl��d�Zh]hGJd~cJ��tY_`K�fgd~c{X�E

4�À65b= ?���? Ä�=87 
 9 S ? À � À=Ã ?E� À ,5? =/À �Y��� Á �;� À �=< �W���
M = (X, U, Y, θ, µ, ν)

4j	��dR

• X = {x1, ..., xn}
�h���F�V�(' 28�H��� !KP����
.��H��X�Z\f�Z\M.}¥f`jldefg�{��MDX&���#�

U, Y ⊆ X
��R��Q�����q� '�]
_`c=Z\jl_����efg�J�~M ���#�1]
_�c{X�Zljhfgd~cJM;t

P���2�	���G��0���@BV28�F�5���H,F��	�P��F�
$ E�� �Q��.����������&��R����
Y = {x1, ..., xm}

?

• θ = θ1 × ... × θn

B 4j	��dR
θi = {θ1

i , ..., θ
pi

i }
��.�,TR[��R����

0 < θ1
i < ... < θpi

i

B����H���^,�	����K�F�&4j	���Rk��P���2�$���	��h�F���H	����n���
��28�D�F28�H�*���F�V�('HZ\GJjlMDX�G{_`�etJX ?

• µ : Dr(θ) → IRm
>0

���T����,F	����1�F� 4j	��dR[��P���2�$*28�1
�./�0���K��2�$ �D���h��	��O�hP��T,��K��2&�('Hp{jl_YtYa{]
Zld~_`c�j\fgZlMDX ?

• ν : Dr(θ) → diag(IRm
>0)

���H���^,�	����K��� 4j	��dRi�FP��F2�$h2T��
�./�0���1��2�$ �����h��	��O� ��	���
����#���b� ���52�	 'Y�('�tJML�`jhf`t{f�Zld~_`c j\fgZlMDX E
FHGJM¬X�MLZ

X
d~Xkp{fgjlZld�Zld~_`c{M;t"d~c�Z\_�f�XlM
Z

U
_`�6,T������28����� ��G��0�(fgc{t�f�XlM
Z

X rU
_g��./�#,H������28�����0��G��0�k}¥f`jldefg�{��MDXL��³´c�f`tJtYd�Zld~_`c�¨

�(M¬XlaJpJp5_�XlM
X
Z\_��5M^p{f`j�Z\d�Z\d�_�cJM;t�d~c=Zl_�f�X�MLZ

Y
_g� ,H�����H��28��	����H�nf`c{t�f�XlM
Z

X rY
_`��./��,H�����H��28��	����H��_�jm	����#./�{}�fgj\defg�J�~M;X;�

¢(_gZ\G�p{fgjlZld�Zld~_`c�X^fgj\M1d~c{tYMLp5MLc�tYMLc=Z;�¬§J_`j
D ∈ D

¨5�~M
Z
R(D) ⊆ Dr

�5M1ZlG{MbXlM
Z^_`�oj\ML��aJ�ef�Zl_�jlV tY_`K�fgd~c{XnZlG{fgZ^G{f¥}`M
D
d�c

Z\GJMLd~jn�5_`aJc{t{fgj\V`¨JXla{]hG@Z\G{f�Z
R(D) = {D}

��_�j
D ∈ Dr

�
³´c�j\ML�`a{�~fgZl_`j\V�tY_`K�f`d�c{X;¨¯Z\G{f�Z�deX.��_�j�X[Zhf�ZlMDX

x ∈ D
��_�j�Xl_`K"M

D ∈ Dr
¨�ZlGJM��5MLG{f¥}Wd~_`j1_`�

M
d~X1��d�}�MLc��WV�µE��·���³´c

Xl��d�Zh]hGJd~cJ�°tY_`K�fgd~c{X;¨���G{MLj\M�µ«�`·�deX"cJ_gZ@tYML�{cJMDt»¨(§/d~��d~pJp5_�} L~z;��N^tJM
�{cJMDX"ZlG{M�p�_=XlXld��{��Mr�5MLG{f¥}Wd~_`jhX��WV�Z\GJM9tYd�®5M;jlM;c=Zldefg�
d~c{]
�~a{Xld�_�c

ẋ ∈ H(x)
��d�ZlG

H(x) = c̄o
(

{µ(D′) − ν(D′)x | D′ ∈ R(D)}
)

TVU\r"TDW



���������
	���
�������������������	���	��������! "�#���
$���	%�&�('*)+��������	�,"-"��
�./�0���1��2�$&3&���546��287�� �

��GJM;jlM
c̄o(E)

deX¬ZlGJM�XlK�fg�~��MDX[Z1]
�~_�XlM;t9]L_`cW}`ML¡�G=VWp5MLjl±«j\M;]
Z\f`cJ�`�~Mb]L_`c=Z\f`d�cJd~cJ�@ZlGJM�XlM
Z
E
L~zD�Y¨¤z^9�N ��FHGWa{X;¨?��_`j

x ∈ D
��_`j

Xl_`K"M.jlM;�`aJ�ef�Z\_`j\V�tY_`K�f`d�c
D ∈ Dr

¨
H(x) = {µ(D) − ν(D)x}

�

4�À65b= ?���? Ä�=87$�I9�J�À ��� = �^?E�`� < � R��&��28� C��T,��K��2�	��F� � '
M

��28�&�dRE� �F���
./��	����E�&� '
ẋ ∈ H(x)

E
p¹d�ZlGJd~cºf9j\ML�`a{�~fgZl_`j\V tJ_`K�fgd~c

D
��d�Z\G

ẋ = µD − νDx
¨¦ZlG{M pJj\_gZ\MLd~c�]
_�c{]
M;c=Zljhf�Zld~_`c�X�ML}�_`�~}`M�Z\_��(f`j\t{X�fn�K��2�
D���

����./	��
	�GF2�	�./��¨�Xl_`�~aYZ\d�_�c _`�
0 = µD − νDx

ª

4�À65b= ?���? Ä�=87 � 9
φ
<�� ��2 ����$

D ∈ Dr
Bj�0���

φ(D)
���������1� ��R��HZhfgj\�`M
Z(M;¼=aJd~��d~�Jj\d�a{K � '

D
�H.�,HRZ�dRE���

φi = µi(D)/νi(D)'F��2
i = 1, ..., m

�1��R�� ,H�������528��	����H�hP���2�	��DGF� ��� � E

�rÁ _ Ä �^] À �^?E� 7 � R/28��.�
�RE��./�*��R/	%� ���T����2k46�O� ��7��n��R��n���H��./���#�5	���� �dRE���"'F��2n���f$ 28�1
�./�0���K��2�$ �D���h��	��
D
B
∃D′ ∈

Dr . φ(D) ∈ D′ B���R����q	%�@Bq����� �K��2�
D���V����./	��
	�G�2�	��*�
	�� 4j	��dR>	��i28�1
�./�0���1��2�$ ����� ��	��E�@BV��� 	������
	�� E

G C R C G 
 
/��,�?©�;�Y��? ��À � Ä Å À ,
³´c�ZlG{d~XnXlM;]
Zld~_`c���M1XlGJ_`jlZl�~V�pJj\M;XlMLc=ZHZlG{M�¼�a�fg�~d�Zhf�Zld~}`MQK"_YtYML�¯_`�of���d�}�MLc�pJd�MD]
M;��d~XlM.��d~cJM;f`jnX�VYX�ZlM;K�¨Jf�X�tYM
��cJM;t�d~ckL~z^9�N«�

4�À65b= ?���? Ä�=87$�I9
eq
< )q	�P����

θ = θ1 × ... × θn

B�46�*���L>��#� �#28�H��	�,H���K���
eq#

i

���
D
B
i ∈ {1, ..., n}

B
# ∈ {<,6,>, >}��.�,HRY�dRE���

•
	 '

xi ∈ Y
�dRE���

eq#
i (D) ⇐⇒

∨

D′∈R(D)

∀xi ∈ D′
i . φi(D

′)#xi

'F��2
# ∈ {<, >}

�����S���f$
D = (D1, ..., Dn) ∈ D

Bq�����
eq6

i = ¬eq>
i

B ���#�
eq>

i = ¬eq<
i

?

•
	 '

xi ∈ X r Y
��R��F�

eq#
i =

��2�.��1E
³ Z^];fgcr��MbX�M;MLc�ZlG{fgZ�ZlGJM�pJjlMDtYde]Lf�Z\M;XH_�crXl��d�Z\]hGJd~cJ��tY_�K"f`d�c�Xnfgj\M.jlMD]
aJjhX�d~}`M;��V�tJM
�{cJMDtr��d�Z\G�jlMDX�p5M;]
ZHZl_��~_���M;j�± _`jhtYM;j

Xl��d�Zh]hGJd~cJ��tY_`K�f`d�c{X;�¹³´c=ZlaJd�Zld~}`M;��V�¨(ZlGJM�pJj\M;tJd~];f�ZlMDX
eq#

i

� d�c=ZlM;jlp5_`�ef�Z\M �@Z\GJM9j\ML�ef�Z\d�}�M p5_�Xld�Z\d�_�cº_g�QZ\fgj\�`MLZ�M;¼=aJd~��d~�Jj\d~f�_g�
Z\GJM�f`t¥m�f�]
MLc=Z.jlM;�`aJ�ef�Z\_`j\V�tJ_`K�fgd~c{X;��FHGJM�pJjlMDtYde]Lf�Z\M;X

eq<
i (D)

f`c{t
eq>

i (D)
X�p5M;]Ld���V���GJM;c�Xl_`K"M"f`t¥m�f�]
M;c�ZQjlM;�`aJ�ef�Z\_`j\V

tY_�K�fgd~c G{f�XHd�ZhX�M;¼=aJd~�~d��Jj\d~aJK#�~M
� Zn_`�
Di

fgc�t@j\d���G=ZH_`�
Di

¨YjlMDX�p5M;]
Zld~}`ML�~V`�

 M
Z

regi

fgc{t
switchi

��MbZlGJMbpJj\M;tYde]LfgZlM;XQ]hG{f`j\f�]�ZlM;jld~£Ld~cJ��ZlG{Mbj\ML��aJ�~fgZl_�jlV�fgc{t9Xl��d�Z\]hGJd~cJ� tJ_`K�fgd~c{Xn_`�
Di

¨?j\M;Xlp�MD]�±
Z\d�}�ML�~V`��§{_`j

D ∈ D
¨���MLZ

switching(D) = {xi | switchi(D)}
��M.Z\GJM�XlM
Zn_`�oXl��d�Zh]hGJd~cJ��}�fgj\d~f`�J��MDXHd�c

D
� 
 MLZ

succi

fgc{t
preci

��M.Z\GJM�X�a�]L]
MDXlXl_`jHfgc�t p{jlMDtYM;]LM;X\X�_�jk��aJc�]�Zld~_`cr_�c Z\GJM1_`jhtYM;jlMDt@XlM
Z�_g�¤tY_`K�f`d�c{X
Di

�

4�À65b= ?���? Ä�=87$�t)V	�P���� � �#	��T,H��4j	%���Y�
	����H��2*��$����1���
M = (X, U, Y, θ, µ, ν)

� 'Z��	�� ���E��	����
n
B �dRE���F.����
	��K����	�P��S�h�^�D�F�

Q(M)
	%�m���L>��#�T�&���+��R��+���K���K� !K��28���E��	��5	���� 
�28�T��R

Q(M) = (D,→)
4j	���Rh�52T���E��	���	������

→⊆ D×D
��.�,HR �dRE���

∀D, D′ ∈ D
B

D → D′ ⇐⇒ switching(D) ⊂ switching(D′) ∧ not � tr(D)∧
∧

i=1,...,n

(

D′
i = preci(Di) ∧ eq<

i (D) ∨ D′
i = succi(Di) ∧ eq>

i (D) ∨ D′
i = Di

)

∨

switching(D′) ⊂ switching(D) ∧ not � tr(D′)∧
∧

i=1,...,n

(

D′
i = preci(Di) ∧ eq6

i (D′) ∨ D′
i = succi(Di) ∧ eq>

i (D′) ∨ D′
i = Di

)

4\R��F28�
not � tr(D) =

∧

xi∈Y

(

regi(D) ∨ min
D′∈R(D)

φi(D
′) < Di < max

D′∈R(D)
φi(D

′)
)

³´c=Zla{d�Z\d�}�ML�~V`¨¥]
_`c�tYd�Z\d�_�c
not � tr(D)

deX¯X\f�ZldeX��{M;t.d��JtY_`K�fgd~c
D
d~X�cJ_gZ���28���E��	��F�f�E¨Dd~c.ZlGJM(X�M;c{X�MoZ\G{f�Z�d�Z�deX¯d~c{X�Z\f`c�ZhfgcJM;_`a{Xl�~V

]Ljl_=XlXlM;t��WV�fgcWV Zljhf�m[MD]�Zl_�jlV�_g�
M
jlMDf`]hGJd~cJ�

D
��§J_�j�Z\GJMr]Lf`XlM@��G{MLj\M

Y = X
¨
Q(M)

]
_`j\j\M;Xlp�_�c{tJX�ML¡Jf`]�Z\��V Zl_ ZlG{M
¼=a{f`��d�Z\fgZld~}`MQZljhfgc{Xld�Zld~_`c��`jhfgpJG�tYM
�{c{M;t�d�c L~z^9�N �

r\rts�u�v�w�x�y



x )V28�1
D��2h)����H�H� �F2

G C R C R ��Ä �O_ Ä�=/À�= � +uÄ Å À ,©�
p�M"cJ_�� pJj\_`p5_�XlM1ZlGJM�]L_`c{X�Zlj\a{]�Z\d�_�c9_g�(f�p{f`d�jQ_g��]L_`K"p5_`cJM;c�Zl±«��f`XlM;t�K"_YtYML�eX^��jl_�K²f�pJd~M;]LML��deX�M���d~cJMDfgj.X�VYX�ZlMLKr�1FHGJM;V
f`jlM^XlVWK��5_`�~d~]`¨�d~c�Z\GJMQXlMLc�X�M�Z\G{f�Z�ZlGJM.X�Z\f�Z\M^Xlp{f`]LM^fgc{t@X�aJ��X�MLZ\XkZlGJM;jlM;_g�¯fgj\Mnj\MLpJj\M;XlMLc=ZlMDt�f`XkpJjlMDtYde]Lf�Z\M;X;¨�jhf�Z\GJMLj¦ZlG{f`c��WV
M;c=a{K�M;j\fgZld~cJ��ZlGJM�X�Z\fgZlMDXL�

S � Ä _ Ä ��?���? Ä�= 7
not � tr =

∧

i=1,...,n

(

regi ∨ inci(eq
6
i ) ∧ deci(eq

>
i ) ∨ eq<

i ∧ eq>
i

) E

 M
Z

P(X)
tYM;cJ_gZ\MQZlGJM�XlM
Zn_`��pJj\M;tYde]LfgZlMDXH_`c

X
�

4�À65b= ?���? Ä�=HG #I9
C(M)

< )V	�P����[�+�#	��H,T��4j	%��� �
	��#�T��2���$����1���
M = (X, U, Y, θ, µ, ν)

Bb46�Q�D��>6���"�dRE�Q,H���m�E���������a�h�^�D�F�
C(M) = (

�
evels, A, Ac, G, F ) = (B1‖B2‖...‖Bn)/V

����'F�����0��4a� E

• ∀i = 1, ..., n . Bi = counter(Di)
B ���#�

• V : A → P(D(θ))
��.�,TR���R����

V (Bi.inc) = V >
i

�����
V (Bi.dec) = V <

i

4j	��dR

V <
i =regi ∧ not � tr ∧ eq<

i ∨
µ59�·

switchi ∧ inci(not � tr ∧ eq6
i )

µ � ·

V >
i =regi ∧ not � tr ∧ eq>

i ∨
µ«w`·

switchi ∧ deci(not � tr ∧ eq>
i )

µE��·

4\R��F28�����������	��

(Di)

	%�&�ZGT��./���D�T�Z,H��./���K��2Q�D��>6���H� ���
Di(θ)

G�$h�dRE�&�528���E��	���	����[��$����K�F���
�������	��

(Di) =

(

{leveli},

{inci, deci}, {Ginci = leveli 6 θpi

i , Gdeci = leveli > θ1
i }, {F

inci = succi(leveli), F
deci = preci(leveli)}

) 4\R��F2T�
{inci, deci}

��28�g,H������28�����0��G��0� �128�F�5� E",H���E���52T��	����H� �*�D,F��	������ 	 '
xi ∈ U

�128�F�5� E
xi ∈ Y

� E
�\�F�

(Q, )
GT�&�dRE� �F���h������	�,F� � '

C(M)
E

q�]
Zld~_`c{X
inci

µ
deci

·�]
_�jlj\M;Xlp5_`c{t Zl_�fgc°d~c{]
j\M;f�X�M µ©tYMD]
j\M;f`XlMD·1�=V�_`c{M@_g�HZ\GJM tYdeX\]
j\M
Zld~£LMDt�]
_�c{]
M;c=Zljhf�Zld~_`c
leveli

_g�
pJj\_gZ\MLd~c

i
�QIn_`Zlde]
MbZlG{fgZQ�(M�tJ_@cJ_`Z.f�XlXlaJK"M�aJc�]
_`c�X[Z\j\f`d�cJMDt�}�fgj\d~f`�J�~M;X^Zl_@�5M�]
_�c{X[Zhfgc=Z;�1FHGJM�pJj\M;tYde]LfgZlMDX

V <
i

fgc{t
V >

iXlp�MD]
d���V���GJM;c�f¬Z\j\f`c{X�d�Zld~_`c�tYM;]LjlM;K"MLc=Zld~cJ�
xi

f`c{t�d~c{]LjlM;K�M;c=Zld~cJ�
xi

¨gjlMDX�p5M;]
Zld~}`M;��V�¨�d~XoM;c{fg�J�~M;t¯�/P�_�jlM(pJj\M;]Ld~XlML�~V`¨g�~d~cJM;X
(
9
)f`c{t

(
w
)
Xlp5M;]
d���V.ZlG�f�Z/ZlGJM;jlM�d~Xof�Z\j\f`c{Xld�Z\d�_�c1��jl_�K fn�~_���M;j�± _`jhtYMLj?Z\_¬f^GJd���GJMLjl± _`jhtYMLj�Xl��d�Z\]hGJd~cJ�¬tJ_`K�fgd~c�d~c1ZlG{M(tYd~j\M;]�Z\d�_�c�_g�

Z\GJM^Zhfgj\�`MLZ¦M;¼=aJd~��d~�Jj\d�aJK _`�»ZlGJMQX�_�aJj\]LM^tY_�K"f`d�c�� 
 d�cJMDX
(
�
)
fgc{t

(
�
)
��d�}�M�ZlG{M¬]
_�c{tYd�Zld~_`c{Xk��_`jkZljhfgc{Xld�Zld~_`c{X�tYM;]LjlMDf`Xld�cJ�.Z\GJM

_�j\tYM;j;ªoZ\GJMLV�K�a�X[Zn�5M�]
_�K"p{f�Z\d��J�~M1��d�ZlGrZlG{M�jlM;�~fgZld~}`M.p5_�Xld�Z\d�_�c�_`��Z\GJM1Zhfgj\�`M
Z�MD¼�a{d��~d��{jld~aJK½_g�/ZlGJM�tJM;X�Zld~c{f�Z\d�_�crtJ_`K�fgd~c¯�
N�_�c{tYd�Zld~_`c

not � tr
K�fg��M;XbX�aJj\M�Z\G{f�Z�ZlG{MLj\M@deXbf�Zljhfgc{Xld�Zld~_`c���j\_`K f Xl��d�Z\]hGJd~cJ� tJ_`K�fgd~c

D ∈ Ds
Z\_�f�GJd~�`GJM;j�± _`jhtYMLj

Xl��d�Zh]hGJd~cJ�9tY_`K�f`d�c�_`cJ�~V�d��
D
d~X1c{_gZ1Zljhfgc�X�d~MLc=Z.��_`j�f`cWV�tYd~K�M;c{Xld�_�c��/ZlGJM;jlM�deX1f�Zljhfgc{Xld�Zld~_`c Zl_9fr�~_���M;j�± _`jhtYMLj.tY_�K"f`d�c

D
_`cJ�~Vrd��

D
d~XQcJ_`Z^Z\j\f`c{X�d~MLc=Z¬��_`j.fgcWV�tYd�K"M;c{X�d~_`c�� I^_gZ\d~]LM�Z\G{f�Z

V <
i ∧ V >

i

deXQcJ_gZ.cJM;]LM;X\Xlf`jld~�~Vg'F��� ���L¨»Xld�c�]
M"X���d�Z\]hGJd~cJ�
tY_�K�fgd~c{XHK�f¥V�G{f¥}`MQK"_`j\MQZlG{f`c�_�cJMQZ\f`jl��M
Z�M;¼=aJd~��d~�Jj\d�a{K��

� À ���Y��B 7��f	���,H�
‖
	%� ���H�F��,�	�����	�P�� B���R��h��GH��P�� �D��>6��	���	���� �0�H��P��F� �T�����iRE��4`�dRE�g��$����1��� 	%�g�D,F��.������
$ ����2���	��5	������H�S	����K�

,H���m�����������5� E � RE�S��46����'���28��� �Z,H�������Z��28�Z��R����Q�H��,HR
Bi

	%�Z,H���E��	�����28�H�i��� �����Y,H���m�����������LB ��2*�dRE���
B1‖B2‖...‖Bn	%��,T���E��	�����28�H�O���Y�����Z��	��>
��0��,T���������#�F�f� E � R/	%��,HRE��	�,T��4j	����q.>��.������
$ �D�1�������O���J�dRE���D��
�28�H���('Z	����K��28��,��5	���� GT����46�T���

�dRE�g�h�^�D�F� �T�&�#28���K��	��E� E �q./�5��	���
Y�����E�#28���K�F	����&	��n���#�h,T���������#�F�f�����h��./���5� �K�S� ����� !K�h�^��./�0��2 � �������b�0�H����	��>
Y�K� �#��� !
,H���m������	��5	������������#���
$���	%� Eq-m�K��28�F���F�f�5	��>
 �H��,HR"��2T���K�F	��*4j	��dRh�Q�F�K����28���1�",T���������#�F�f�W�h��$ �0�H��� �1�Q� �1����RE�H��P^$&�DG�����28��,��5	����
� '"�dRE�QGH�HRE��P^	���2 E� 
����^�h,HRE��	�,T� � ��$ 
����dRE��2Q,F�0�����F�
$ 	��f�1��28��,���	���
m��2T���K�F	����KBE'F��2"	����H�K���#,H�6��28���1��	��E� 	�����R��"�F��� �&,T����� Bj	��
�����g,T���������#�F�f��B�4\R/	��0� � �������
	��>
 �#�F	 
�REGH��2�	���
�,H�F���
� ��� �F�K����28���1�g,H���m�E���������5� E

p�M�tYM
��cJM�f"X�MD]
_`c�t ]L_`K"p�_�cJMLc=Z�K"_YtYML�¯_�}�MLjl± f`pJpJj\_¥¡Yd�K�f�Z\d�c{�.ZlGJM.Z\j\f`c{X�d�Zld~_`c�j\ML�ef�Zld~_`c _g�
Q(M)

�

4�À65b= ?���? Ä�=HG 7 9
Ĉ(M)

< )V	�P����M�h��	��H,H�F4j	%���Z�
	��#�T��2h��$����1���
M
B"46�Z�D��>6���Z��R��Z,H���������#�F�f�"�h�^�D�F�

Ĉ(M) = (D, A
B

Ac, G, F ) = (B1‖B2‖...‖Bn)/V
����'F�����0��4a� E

• ∀i = 1, ..., n . Bi = counter(Di)
B ���#�

• V : A → P(D)
��.�,TR���R����

V (Bi.inc) = V >
i

�����
V (Bi.dec) = V <

i

4j	��dR

V̂ <
i =regi ∧ not � tr ∧ eq<

i ∨ switchi ∧ inci(eq
6
i )

V̂ >
i =regi ∧ not � tr ∧ eq>

i ∨ switchi ∧ deci(eq
>
i )

TVU\r"TDW
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�./�0���1��2�$&3&���546��287�� �

�\�F�
(Q,  ̂)

GH�&��R��Q����� ������	�,��&� '
Ĉ(M)

E

�"U ���O_ , À�7 �\�F� .>� ,H���E��	�����2 ��� ��'>�����#�0� �('Q��46� �#28���K�F	����
a
�����

b
	��>R>	�G�	���	���
��H��,HR�����R��F2�� �V�#28����.�,��5	���� ��� 	�� E � R��F	�2

28�F���E�H,��5	�P�����28����.�,���	�����2T���K��� ��28� �D��>6���H� G�$

µa =

{

20
	 '

0 6 xa < θ2
a ∧ 0 6 xb < θ1

b

0
���dRE��2�4j	%���

µb =

{

20
	 '

0 6 xa < θ1
a ∧ 0 6 xb < θ2

b

0
���dRE��2�4j	%���

4j	��dR
θ1

a = θ1
b = 4

�����
θ2

a = θ2
b = 8

E � R��h���1
�2T�������5	����O28���K�F� �(' GT����Rh�#28���K�F	���� ��28�h���
46��$��
2
E � 	 
�./28� �*�87D�F�K,HRE�F�&��R��

��$������g	�,F� �('���R��"�H$����K�F� Bb�����&�8RE��4a�"��R�� ,H��2�28���������#��	���
 ��.���� 	��1���5	�P�� � �������
Q(M)

���"���L>��#�H� 	�� ���
	�� E � 	 
�./28��� �8RE��4a�
�dRE� ���F�h���f�5	�,F�&�('

C(M)
���#�

Ĉ(M)
E

θ2
b

θ1
b

θ2
aθ1

a

xb

0 xa

θ2
b

θ1
b

θ1
a θ2

a xa0

xb

§/d~�`aJj\Mnz`ª»ikG{f`XlM¦X�p�f`]
M¤_`�WZlGJM�pJd�MD]
M;��d~XlM¤��d~cJMDfgj�XlVYX[Z\MLK ��d�Z\G1jlM;�~fgZld~}`M¤p5_�Xld�Z\d�_�cQ_`�WZ\fgj\�`MLZ¯M;¼=aJd~��d~�Jj\d~f1µ©��ML� Zh·�fgc{tQZ\j\f`c{X�d�Zld~_`c
XlVYX[Z\MLK#_`��Z\GJM�¼=a{fg�~d�Zhf�Z\d�}�MQK"_YtYM;�

Q(M)
µ�j\d~�`G=Zh·
�

xb

θ2
b

θ1
b

θ1
a θ2

a xa0

xb

θ2
b

θ1
b

θ1
a θ2

a xa0

§/d~�`aJj\M��YªkN�_`K"p5_`cJM;c�ZnK"_YtYM;�~X
C(M)

µ©��ML� Zh·�f`c{t
Ĉ(M)

µ©jld~�`G=Zh·
�

G C R C � +uÄ Å À , �bÄ �O_o�Y��?©� Ä�=
FHGJMb��_`�~�~_���d�cJ��Z[��_@ZlGJM;_`j\MLK�X^XlGJ_�� ZlG�f�Z

C(M)
�©f`d�Z\GY��aJ�~��V�K"_YtYML�eX

Q(M)
¨5a{p�Zl_ ZlGJMbK"d~X\X�d~cJ��tYd~f`�`_�c{fg��Zljhfgc{Xld�Z\d�_�c{X;�

§{jl_�K fQ�Jd~_`�~_`�`de]Lf`�Yp�_�d�c=Z¦_`�5}Wd~ML�1¨�Z\GJd~X�fgpJp{jl_¥¡Yd~K"fgZld~_`c�]Lfgc��5M¤m[a{X�Zld��{M;t��WV�Z\GJMH�©f`]
Z¤ZlG{fgZkpJj\_WtJa{]�Z\d�_�c�f`c{t"tYML��j\f�tJf�Z\d�_�c
_`�bpJj\_gZ\MLd~c{X f`jlM�cJM;}`MLj�pJj\M;]Ld~XlML�~V¹K"M;f`XlaJj\M;t¾f`c{t¾j\MLp{jlMDX�M;c�Z\M;t&�=VºZ\GJM°tYd�®5M;jlM;c�Z\d~f`�.M;¼=a{f�Z\d�_�c{X;¨^cJ_�j�f`jlM ZlGJM;VºZlj\aJ�~V
]L_`c=Zld~cWaJ_`a{X;¨¯�JaJZ@µ�_`c�f�K"_`�~M;]
a{�~f`jQ�~ML}�ML� ·.tYdeXl]LjlMLZlM���aJc{]
Zld~_`c{X;��FHGJMLj\M
��_�jlM�¨�fgcWV9]
_�jlj\M;]
Z"µ�ZlG{fgZ�d~X;¨��{d�_���_��`de]Lfg�~�~VrXl_`a{c{t{·
K"_YtYML����d��~�¯�5M1jl_��Ja{X�ZHM;cJ_`a{�`GrX�_�f`X�Z\_�fg�~��_��¹��_�j�d�c=Z\MLj\��MDf¥}=d~cJ�bZljhfgc{Xld�Zld~_`c{XHd~c{X�ZlM;f�t@_`�oXlVWc{]hGJj\_`cJ_�a{X(X[Z\MLp{X;�

; ] ÀWÄ � À � 7���'
D  D′ 'F��2 D, D′ ∈ D

B���R��F�
D → D′ E

r\rts�u�v�w�x�y



zDy )V28�1
D��2h)����H�H� �F2

FHG{fgZ�d~X;¨Jd��
C(M)

];fgc�K�fg�`M1Xl_`K"MQZljhfgc{Xld�Zld~_`c¯¨WZ\GJMLc
Q(M)

];fgcrK�fg�`M¬ZlG{M�Xlf`K�MQZ\j\f`c{X�d�Zld~_`c��

�q2T�^� ' E TWa{pJp�_=X�MkZlG{fgZ
D  D′ �o§JaJjlZlG{MLjoX�aJp{p�_=X�M�¨D��d�ZlG{_`aYZ/��_=XlX�_g�J��MLcJM;j\f`��d�Z[V`¨;ZlG{fgZ D′

k < Dk

¨gf`c{t
∀i 6= k . D′

i = Di

�
p�M�tYdeX[Z\d�cJ��aJdeX�G�Z[�(_"];f`XlM;X;�
³ �

switch(D′
k)
ZlGJM;c@�WV �^ML�{cJd�Zld~_`cr�gyY¨

V <
k (D)

fgc{t"Z\GWa{X
(not � tr ∧ eq<

k )(D)
�¦¢�V�tYML�{cJd�Zld~_`c�_`�

→
d�Z(��_`�~��_��nX¦ZlG{fgZ

D → D′ �
³ ��_`c�Z\GJM�_gZ\GJMLj1G�fgc{t»¨

switch(Dk)
¨�ZlG{MLc (

inck(eq6

k )
)

(D)
¨¤fgc�t�Z\GWa{X

eq6

k (D′)
���¬M
�{c{M

D′′ Xla{]hG�ZlG{fgZ���_`jbfgcWV

i = 1, ..., n
¨
D′′

i = preci(Di)
d�� (

switchi ∧ inci(eq
6
i )

)

(D)
¨
D′′

i = succi(Di)
d�� (

switchi ∧ deci(eq
6
i )

)

(D)
¨(fgc{t

D′′
i = Di

_gZ\GJMLj\��d~XlM`� p M�G{f¥}�M
D′

k = D′′
k

fgc{t
∀i . regi(D

′′) ∨
(

inci(eq
>
i )

)

(D′′) ∧
(

deci(eq
<
i )

)

(D′′)
�rFHGWa{X.�WV

tYML�{cJd�Zld~_`c _g�
eq<

i

f`c{t
eq>

i

¨
∀i . regi(D

′′) ∨ (eq>
i ∧ eq<

i )(D′′)
¨¯f`c{t

not � tr(D′′)
�.¢(V�tYML�{cJd�Zld~_`c9_`�

→
¨?d�Z¬��_����~_��nX

Z\G{f�Z
D → D′′ �kTWd~c{]
M not � tr(D′)

¨Jd�Z���_`�~��_��nX(Z\G{f�Z
D → D′ �

; ] ÀWÄ � À � G
∀D, D′ ∈ D . D → D′ =⇒ D  D′ 	 ' ∃k . Dk 6= D′

k ∧ ∀j 6= k . D′
j = Dj

E
³´c=Zla{d�Z\d�}�ML�~V`¨=d��

Q(M)
]Lf`c�K"f`�`MnXl_`K"M�Z\j\f`c{X�d�Zld~_`c�]hG�fgcJ��d�cJ�1_�cJ�~V�ZlG{M^}�fg�~aJMn_`�¯_`cJM�}�fgj\defg�J�~M`¨`ZlGJM;c

C(M)
];fgc�K�fg��M

Z\GJM�Xlf`K"M¬Z\j\f`c{Xld�Z\d�_�c¯�

�q2T�^� ' E TWa{pJp�_=X�MbZlG�f�Z
D → D′ �1§JaJjlZlGJM;j1X�aJp{p�_=X�Mb��d�Z\GJ_`aYZ1�~_�X\X^_`�k�`M;cJMLjhfg�~d�Z[V@Z\G{f�Z ∀i . D′

i 6 Di

�Qp M"tYdeX[Z\d�cJ��aJdeX�G
Z[�(_�];f`XlM;X;ª

switching(D) ⊂ switching(D′)
µ�d~c{]
j\M;f�X�d~cJ� _`jhtYMLj�·^f`c{t

switching(D′) ⊂ switching(D)
µ©tYMD]
j\M;f`Xld~cJ�

_�j\tYM;jh·
��³´cbZlGJM(�{jhX�Zo];f`XlM`¨
(not � tr∧eq<

k )(D)
GJ_`�etJX/�WV��^ML�{cJd�Zld~_`c�z1�J¨`fgc{t�ZlGWa{X

V <
k (D)

�o³´c�Z\GJM�X�M;]L_`c{t�]Lf`XlM`¨
eq6

k (D′)f`c{t ZlGWa{X (

inck(eq6

k )
)

(D)
¨{f`c{t

V <
k (D)

�¤³´cr�5_gZ\Gr];f`XlM;X;¨�Z\GJM1d~K�p{��de]LfgZld~_`c���_`�~��_��nX;�
p¹GJM;c�X�_�K"MntYd~f`�`_�c{fg�¯µ©_`jhtYMLjl±«d~c{]LjlMDf`Xld�cJ�¬_`jo±´tYM;]LjlMDf`Xld�c{�=·�Zljhfgc{Xld�Zld~_`c"d~X¦p�_=XlXld��{��M�d~c

Q(M)
¨gZlG{MLc�Xl_`K"M�d�c=Z\MLj\��MDf¥}=d~cJ�

deX�p5_�X\X�d~�J�~MQd~c
Ĉ(M)

�¦§{_`j\K�fg�~��V?ª

S � Ä _ Ä ��?���? Ä�=IG ��'
D → D′ ����� switching(D′) ⊂ switching(D)

Bj��R��F�
D ̂∗D′ E

�q2T�^� ' E TWa{pJp�_=X�M¬��d�Z\GJ_`aJZ��~_�X\X¤_g�¯��MLcJM;j\f`��d�Z[V�Z\G{f�Z
∀i . D′

i 6 Di

¨Wfgc{t"�~M
Z
I = {i | Di 6= D′

i}
�/³ Zk��_����~_��nX¤�WV �^ML�{cJd�Zld~_`c

z ��ZlG{fgZ ∧

i∈I eq6
i (D′)

� 
 M
Z
(i1, i2, . . . , ik)

��M�Xl_`K"M�p5MLj\K�aYZhf�Zld~_`c�_`��Z\GJM�d�c�tYd~]LM;X�d�c
I
��N�_`c{XldetYMLj.Z\GJM@XlM;¼=aJMLc�]
M"_g�

tY_�K�fgd~c{X
Di0 , Di1 , Di2 , . . . , Dik = D′ X�a�]hG@Z\G{f�Z Di0 = D

¨{fgc{t ��_�jnfgcWV
j ∈ {1, ..., k}

¨
Dij

tYd�®?MLjhXH��j\_`K
Dij−1

_`cJ�~V
d~c�ZlGJM"�©f�]�Z1ZlG�f�Z�}�fgj\d~f`�J�~M

xij

deX1X���d�Z\]hGJd~cJ�rd~c
Dij−1

fgc{t jlM;�`aJ�ef�Z\_`j\V�d�c
Dij
��¢(V�tYML�{cJd�Zld~_`c�_g�

V̂ <
d�Z1��_����~_��nXQZlG�f�Z

D ̂Di1 ̂ . . .  ̂Dik−1
 ̂D′ �

FHGJdeX�pJjl_W_`�¯ML}`M;c@XlGJ_��nX¦Z\GJM¬X�Zlj\_`c{�`MLj�jlMDX�a{��Z�ZlG{fgZQ����$nd~c=ZlMLj\�~M;f¥}Wd�c{��_g��f`c@_`jhtYM;j�±´tYM;]LjlMDf`Xld�c{�¬Z\j\f`c{Xld�Z\d�_�c�_g�
Q(M)

deX
p5_�X\X�d~�J�~M1d�c

C(M)
�

G C R C 
 �Z= Å À � Â �E_\_/� Ä>U ? ���Y��? Ä�=
q¬X�f�Xld�K"pJ�~d��5]Lf�Z\d�_�c°_g�HZlG{M@]
_�K�p5_`c{MLc=Z�K"_WtJML�«¨/�(M�pJj\_`p5_�XlM�f�jlMDX[Z\jlde]�Z\d�_�c�Z\_9j\ML�`a{�~fgZl_`j\V9fgc�t��{j\X�Z�± _`jhtYM;j�X���d�Z\]hGJd~cJ�
tY_�K�fgd~c{XL�oq^X/�(MH��d��~�JX�G{_��1¨¥ZlGJMHaJc{tJMLjl± f`pJpJj\_¥¡Wd~K�f�Z\d�_�c1d~Xo_`� ZlMLc"X�Zld~���YpJj\M;]Ld~XlM(MLcJ_�aJ�`G�Zl_1]hGJM;]h�1j\M;f�]hG{fg�{d��~d�Z[V.pJj\_`p5MLjlZld~M;X;�

4�À65b= ?���? Ä�=HG G 9
D01 < �\���

D01 ,HRE��28��,��1��2�	����g��R��Q�����q� 'Q28�1
�./� ��2 ����� ��	��E� ���#�*>62H��� ! ��28����2 �H4j	��K,HR>	���
Y�D���h��	��E� M

D01 = D ∧
∨

i∈{1,...,n}

∧

j∈{1,...,n}r{i}

regj

F^c{tYMLjl±´fgpJpJj\_¥¡Yd�K�fgZld~_`c1deX/f�]hGJd~ML}`MDt1�WV1jlMDX[Z\jlde]�Z\d�c{�nZlG{M(K"_YtYM;�=��d�ZlGbZlG{MHX�Z\fgZlMH]
_�c{X[Z\j\f`d�c=Z
D01 �oFHG{f�Zod~X;¨��(M(]L_`c{Xld~tJMLj

C(M)/D01 d~c{X[Z\M;f�t�_g� C(M)
�¦FHG{d~X(deX(]L��MDfgj\��V�f`c@aJc{tJMLjl± f`pJpJj\_¥¡Wd~K�f�Z\d�_�c�_g�¯Z\GJM.��M;G{f¥}Wd�_�j(tYML�{cJMDt��WV"ZlGJM1¼=a{f`��d�Z\fgZld~}`M

K"_YtYML�«�

� ������� ����	h��	L��� 
����"!�� � ���
	
)+�½��
���!���	
�

³´c�Z\GJdeX¬XlM;]
Zld~_`c��(M�tYdeXl]La{XlX^jlMDX�a{��ZhXHZl_�]
_`K"p5_�Xld�Z\d�_�c{fg�~�~V ]hGJMD]h�@j\M;f`]hG�fg�Jd~��d�Z[V@p{jl_�p�M;j�Z\d�MDXnfgc{t9M
¡Yd~X�ZlM;c{]
M�_g�¤M;¼=aJd~��d~�Jj\d�a{K
X�Z\fgZlM;X;�o§J_`j¤MDf`]hG�_g��ZlGJMDX�M�pJj\_`p5MLjlZld~M;X;¨gf.X�aJ­�]Ld�M;c=Zk]
_`c�tYd�Z\d�_�cbdeX¤tYML�{cJM;tbZ\G{f�Z¦d~K"pJ��d~M;X¤ZlGJM�pJj\_`p5MLjlZ[V`��³´cb_�j\tJMLj/Zl_1M;c{X�a{jlM
ML­�]Ld�M;c{]
V���d�ZlGJ_�aYZk�5MLd~cJ�.Zl_W_�]
_�c{XlMLj\}¥fgZld~}`M�¨�ZlGJM¬X�aY­�]Ld�M;c�Zk]L_`c{tJd�Z\d�_�c{X¤a{XlMn�5_gZlG"Z\GJM�aJc{tJMLjl± f`pJpJj\_¥¡Wd~K�f�Z\d�_�c

C(M)
f`c{t

Z\GJM1_�}`M;j�±´fgpJp{jl_¥¡Yd~K"fgZld~_`c
Ĉ(M)

_`��Z\GJM1pJd~M;]
M;��d~XlM.��d~cJMDfgjnXlVWX�ZlM;K
M
�

TVU\r"TDW



���������
	���
�������������������	���	��������! "�#���
$���	%�&�('*)+��������	�,"-"��
�./�0���1��2�$&3&���546��287�� z`z

����� �I & ���!& � / 	0/N#��
FHGJM.��_����~_���d~cJ��tJM
�{cJd�Zld~_`c�Xnfgc{t j\M;XlaJ��Z^f`��_�aYZ�jlMDf`]hG{f`�Jd~��d�Z[V�fgj\MQZ\fg��MLc ��jl_�K L~z;x�N �
³´c°Z\GJM XlM;¼=aJM;���(M ]L_`c{XldetYMLj�f X�VYX�ZlM;K

B = (A, X, G, F ) = (B1‖ . . . ‖BN)/V
��d�Z\G

Bi = (Ai, Xi, Gi, Fi)
¨
i ∈

K = {1, . . . , N}
¨�f`c{t

V
f�jlMDX[Z\jlde]�Z\d�_�c¯�nFHG{f�Z¬d~X;¨��(MbXlaJpJp5_�XlM1Z\GJM

n
pJj\_gZ\MLd~c{X�Z\_@�5M�K"_YtYML�~M;t���d�ZlG

N (1 6 N 6 n)]L_`K"p�_�cJMLc=ZhXL¨�f�]L]L_`jhtYd�c{��Zl_�s�M;K"f`jl�°z`��§{_`j
c ∈ P(X)

f�]
_`cgm[aJc{]�Z\d�_�c _`���~d�Z\MLjhfg�eXQ_`c
X
fgc{t

k ∈ K
¨»�~M
Z

c|k
�5MbZ\GJM

pJj\_gm[MD]�Z\d�_�c�µ©fg��X[Z\j\f�]�Zld~_`c5·(_g�
c
_`c

Xk

µ�ZlGWa{X;¨
c =

∧

k∈K c|k
·
�n§J_�j

P ∈ P(X)
f�pJj\M;tJd~];f�ZlM1_�c

X
¨5��MLZ

P• = {a ∈ A |

∃x .
(

P ∧ Ga(x)
)

∧ ¬P
(

F a(x)
)

}
�5M.ZlGJM�XlM
Zn_`�/f`]
Zld~_`c{XH�~M;f¥}Wd~cJ�

P
¨{fgc{t �~M
Z

c(P )
�5M1Z\GJM�X�MLZ�_g�opJjld~K"M1d�K"pJ�~de]Lfgc=ZhXH_g�

P
µ Z\G=a�XL¨ ∨

c∈c(P ) c = P
·
�


 M
Z
sk : P(Xk) × P(Xk) → 2Ak

�5Mbf ��_Y];fg��X\]hGJMDtYaJ�~MLjQ_g�
k
Z\ML�~��d~cJ����GJde]hG�f`]
Zld~_`c�Z\_�Z\f`�`Mbd�c�_�j\tJMLjnZ\_@��M
ZQ��jl_�K

Xl_`K"Mr]
aJj\jlM;c=Z"X�Z\fgZlM Zl_��HfgjhtJXbf�tYMDX[Z\d�c{fgZld~_`c¸X[Zhf�ZlM���FHGJdeX�Xl]hG{M;tYaJ�~MLj�];fgc��5M�]
_�K�p{aYZlMDt��~_W];fg�~��V?ª@��_`j�fgcWV°pJj\M;tYde]LfgZlM
P ∈ P(X)

fgc{t�X�Z\f�Z\M U�Xla{]hG ZlG{fgZ ( �j-�

k(P )

)

(x)
¨���MLZ

sk(x, P ) =

{

∅
d��

P (x)
{a ∈ Ac

k |
(

prea(pre � cj−1)(P )
)

(x)}
_`ZlGJM;jl��deX�M

��GJM;jlM
j = min{i |

(

pre � ci(P )
)

(x)}
deX¬ZlGJM"cWaJKb��M;j1_g�(X�ZlM;p{X¬Zl_�X�ZlMLM;j

B
��j\_`K U�Zl_

P
� 
 M
Z

dk(x, P ) = j
tYM;cJ_gZ\M

Z\GJd~X1tJd~X�Z\f`c{]
M�¨¯fgc{t ��MLZ
d(x, P ) = Σk∈Kdk(x, P )

��³´c�Z\aJd�Zld~}`ML�~V`¨
sk(x, P )

deX^Z\GJM�X�MLZ1_g��f�]�Zld~_`c�X^Z\G{f�ZD¨¯��GJM;c�M
¡YMD]
aYZ\M;t
d~c X�Z\fgZlM&U¤¨?�Jj\d~cJ�

Bk

]
�~_�XlMLj^Zl_
P
¨5��G{d��~Mb��MLM;pJd�c{��ZlGJM"]
_�K"p�_�cJMLc=Z¬��d�ZlG{d�c�ZlGJM�]
_`c=Z\jl_����efg�J�~M�pJj\M;tJM;]
MDXlXl_`jhX �j- 


k(P )
�

³´cr]
_�K�p{aYZld~cJ�
sk

��M.f`X\X�a{K�M^ZlG{fgZH]L_`K"p5_`cJM;c�ZhXHfgj\M¬XlaY­�]
d~MLc=Zl�~V�X�K�f`����Zl_"fg�~��_��¹�~_Y]Lf`�5]L_`c=Zlj\_`�~��M;j�XlVWc�Z\GJM;XldeX �W_gZ\GJMLj\��deX�M
�efgj\�`M.]
_�K�p5_`c{MLc=Z\XHG{f¥}�MQZl_"��M.��a{j�Z\GJMLj^tJM;]
_�K"p�_=X�MDt»¨Y_`j�fgc�f`�{X[Z\j\f�]�Z\d�_�c@�5M1a{X�MDt�Z\_�]
_�K�p{aYZlMQZlG{M�Xl]hGJMDtYaJ�~MLjhXL�


 M
Z
s : P(X) × P(X) → 2A

��M�ZlGJM � a{cJd�_�c���_g�oZlG{M��~_W];fg�/Xl]hGJMDtYaJ�~MLjhXnXla{]hGrZlG{fgZ
s(x,y) =

⋃

k∈K{sk(x|k ,y|k)}
�


 M
Z
sk(P ) =

⋃

x
sk(x, P )

¨�fgc{t
s(P ) =

⋃

x
s(x, P )

��M.Z\GJM�X�MLZn_g�¤fg�~�¯f`]
Zld~_`c{XHa{XlM;t �WV
s
Z\_�j\M;f�]hG

P
�

4�À65b= ?���? Ä�=HG RI9 �S= ��, Ä ��B ? =b@°Ä ��Å À � < � ��2
a ∈ A

B
c ∈ P(X)

�Z,H���1C�./��,��5	����i���i�
	��1��28��� �Q	��
X
B �����

k ∈ K
B��0���

��2 a,c,k
sched =

⊕

i>1

(

C 7→ {a ≺ b | a, b ∈ Ac
k ∧ prea(¬C ′) ∧ preb(C

′) 6=
'F��� ���

}
)

4\R��F28�
C = blocked(a) ∧ pre � ci

k(c|k)
�����

C ′ = pre � ci−1
k (c|k)

E

FHGJMbaJcW�J�~_W]h�Wd~cJ�@_�j\tJMLj+�#2 a,c,k
sched

jlMDX�_���}�M;X¬]
_`cEo{d~]
Z\X¬��d�Z\GJd~c ]
_�K"p�_�cJMLc=Z
Bk

¨?�WVr�`d~}=d~cJ��p{jld~_`j\d�Z[V Zl_�f`]
Zld~_`c{X¬��MDf`tYd~cJ�
Z\_��(f`j\tJX

c
_�}`M;j(f�]�Z\d�_�c{XH��MDf`tYd~cJ��f¥�Hf¥Vb��j\_`K

c
¨Yd�cr_�j\tYM;j(Zl_�aJcW�J�~_Y]h�

a
�

4�À65b= ?���? Ä�=HG �H9 �S= ��, Ä ��B ? =b@ �;��] À Å 
�, À < )V	�P����
a ∈ Ac

4j	��dR
(Ga)′ 6= Ga

B�46�g,H�����

unblock(a) =
{(

c,
(

blocked(a) 7→ c • ∪{a} ≺ s(c)
)

⊕
⊕

k∈K

�#2 a,c,k
sched

)

| c ∈ c
(

(Ga)′
)

∧ c• ⊆ Ac
}

�dRE� ���F�+�('HaJcW�J�~_Y]h�Wd�cJ��X\]hGJM;tJaJ��MDX � '
a
E

q^c aJcW�J�~_Y]h�Wd�cJ��X\]hGJM;tJaJ��M¬��_`jnXl_`K"M1f`]
Zld~_`c
a
d~X(Z\G=a�Xnf�Z\aJpJ�~M1_g�of�µE]
_�c=}�M
¡{·kpJjlMDtYde]Lf�Z\M.d�c���GJde]hG

a
deXHMLc�fg�J�~M;t»¨Jf`c{t

f�tYVWc{fgK"de]^p{jld~_`j\d�Z[V��¤FHGJM¬�ef�ZlZlM;j(deXH]
_�K�p5_�XlM;t@_g��f`c@aJcW�J�~_Y]h�Wd�cJ��_`jhtYM;jk��_�j�MDf`]hG ]L_`K"p5_`cJM;c�ZD¨Yfgc{t�f�tYVWc{f`K"d~]QpJj\d�_�jld�Z[V
��d�}Wd~cJ�"pJjld~_`j\d�Z[V"Zl_�X\]hGJM;tYa{��M;jHf�]�Z\d�_�c{XH��MDf`tYd~cJ��Zl_��HfgjhtJX

c
_�}`MLj�f�]�Zld~_`c�XH��MDf¥}=d~cJ�

c
�

q^ck./�#GF� �^,H7�	��>
Z�D���h��	��@Xlp5M;]
d��{MDX(ZlGJM�X�Z\fgZlM;X(��_�j���GJde]hG�a{c=�{��_Y]h�Wd�c{�"X\]hGJMDtYaJ�~M;XHfgj\M1tYM
�{c{M;t»ª

4�À65b= ?���? Ä�=HG 
 9 �S= ��, Ä ��B ? =b@ Å Ä ���E? = < )V	�P����M�i,T��� C�./�#,F��	����
c
���

X
B�� �F�

reach(c) =
∧

k∈K

�j-�

k(c|k)

GT�*��R��
aJcW�J�~_Y]h�Wd�cJ��tY_�K�fgd~c �('

c
E

��, @5Ä ��?���] � 7�qn�~�`_`j\d�ZlGJK M;c{fg�{��d~cJ��f`]
Zld~_`c
a
�

��GJd~�~M
¬(Ga)′(x)

tY_
a′ ª��u]hGJ_�d~]LM (

s∗(x, a)A
) �

Uºª��
F a′

(x)_Yt

N�_�c{X�detYM;j�X�_�K�M�f�]�Zld~_`c
a ∈ Ac

�@F�_�M
®?M;]
Zld~}`ML�~V�j\M;f�]hG f�X�Z\fgZlM���GJM;jlM
a
deX1MLc�fg�J�~M;t»¨���M�]L_`K"pJaYZ\M`¨���_`j�fr]
a{jlj\MLc=Z

X�Z\fgZlM+U¤¨Wf1X�MD¼�a{MLc{]LM�_g�»Xl]hGJMDtYaJ�~d�c{�.tJM;]
deXld�_�c{XoZlG�f�Zk]
_�cW}`MLj\�`MDX�Zl_��HfgjhtJX�ZlGJM^]hG{_`de]
MH_g�»fgc�f`]
Zld~_`c�ZlG�f�Z¦�Jj\d�c{��XoZ\GJMnX�VYX�ZlM;K
]L��_=X�M;j�Z\_�f"X[Zhf�ZlM.M;c{fg�J�~d~cJ�

a
�¤FHG{fgZnd~X;¨Yd��

a
deX�cJ_`ZHM;c{fg�{��MDt»¨W�{j\M.Xl_`K"M1f`]
Zld~_`c

a′ K"_�}Wd�cJ�bZlG{M�X�VYX�ZlMLK Zl_��HfgjhtJX�f"X�Z\fgZlM

r\rts�u�v�w�x�y



z¥� )V28�1
D��2h)����H�H� �F2

��GJM;jlM
a
deX�MLc�fg�J�~M;t �5d��¤cJ_ X�a{]hG

a′ d~X^MLc{f`�J��MDt»¨J��jlM�Xl_`K"M a′′ �Jj\d~cJ�`d~cJ�"ZlG{MbXlVWX�ZlM;K,]L��_=X�M;j�Zl_ a′ ¨�f`c{t�X�_�_�c¯�H³´c9tY_`d~cJ�
Z\GJd~X;¨=��M�G{f¥}�M(Zl_�tYdeXlf`�J�~Mnf`]�Z\d�_�c{X¤d~c{]
j\M;f�X�d~cJ�QZlG{M^tYdeX[Zhfgc{]LM�_g�»fgcWVb]L_`K"p�_�cJMLc=Z¤��j\_`K

c
�/FHG{d~Xkd~X¤��G�f�Zkfg�~�`_�jld�ZlG{K zntY_WM;X;�

s∗(x, a)A d~XnZlGJM1�{¡WMDtW± p�_�d�c=Z^_`�kf�X�MD¼�a{MLc{]LM [si(x, a)A]i>0
¨���G{MLj\M�fgcWV@M;��M;K"MLc=Z

si(x, a)
deX^fY��,HRE�H��./� 	���
����H,�	%��	����{�¬³ Z

deX�fbZlaJpJ�~M
(ci,≺i, Ai)

]
_�c{Xld~X�Zld~cJ�"_g�of�pJj\M;tJd~];f�ZlM¬Zl_"�5M1jlMDf`]hGJMDt»¨Yf�p{jld~_`j\d�Z[V"Z\_�]
_W_`jhtYd~c{f�Z\M¬XlVWX�ZlM;K M
¡YMD]
aYZ\d�_�c�Xl_�f�X�Zl_
f¥}�_`det�]
_�c/o{de]�ZhX.��d�Z\G pJj\ML}Wd~_`a{X.X\]hGJM;tJaJ��d~cJ�rtYM;]Ld~Xld~_`c{X

sj(x, a)
��d�ZlG

j < i
¨�fgc{t�frX�MLZ._`�(f�]�Zld~_`c�X^Z\_r��M�X\]hGJM;tYa{��MDt�d~c

_�j\tYM;j�Z\_Qf`pJpJj\_�f�]hG
ci
�oFHGJMHX�MD¼=aJMLc{]LM�_`��X\]hGJM;tYa{��d~cJ�.tYM;]Ld~Xld�_�c{X�d~XotYML�{cJM;t�f`X���_`�~�~_��nXL�

s0(x, a) =
(

c,
��2

(x), s(x, c)
) ��_`j

Xl_`K"M
(c,
�#2

) ∈ unblock(a)
Xla{]hG@ZlG{fgZ

reach(c)(x)
f`c{t

∀(c′,
��2 ′) ∈ unblock(a)

��d�ZlG
reach(c′)(x)

¨
d(x, c) 6 d(x, c′)µ�ZlG{fgZnd~X;¨{]hGJ_W_�XlM.X�_�K�M._�pYZld~K�fg�¯aJcW�J�~_Y]h�Wd�cJ�"X\]hGJM;tYa{��M¥·��¦§J_�jnfgcWV

i > 0
¨Y�~M
Z

si+1(x, a) =

{

si(x, a)
d��

legal � enabled(a, i,x) 6= ∅
(

s0(x, a′)c,≺, s0(x, a′)A
) _gZlG{MLj\��d~XlM

��GJM;jlM
legal � enabled(a, i,x) = EA(x)/si(x, a)≺∩si(x, a)A

¨�deX¯Z\GJM�XlM
Zo_g�{f�]�Z\d�_�c{X»Z\_^�5M�X\]hGJM;tYa{��MDt.ZlG{fgZ/f`jlM¦M;c{fg�{��MDt»¨
a′ = choice(A/si(x, a)≺ ∩ si(x, a)A)

¨
≺= si(x, a)≺ ⊕ s0(x, a′)≺

¨?fgc{t
choice

deX^f`c�fgj\�Jd�Zljhfgj\V�µ��{aYZ.tJM
ZlM;jlK"d~cJdeX[Z\d~]D·
]hGJ_�d~]LM`�

� À ���Y��B G � R��S�#28�H��	�,H���K� ∨

(c, ��� )∈unblock(a) reach(c)
./������2 ! �T�D��28� 'D	�� ���1�F�i�dRE��]L_g± jlMDf`]hG{f`�J�~Mn���F� � '[���K���K��� 'H28���

4\R/	�,TR ����$n� 'Z�dRE����,��5	����E�[,T��� GH��28�H��,HRE�H�,E  �H.��J,�	��F�f� ,H������	��5	���� 
�.���28�����K�T��	���
O28�H��,HRE��G�	��
	���$ �('S�����h�S���K���K�[,H���
GH� 'F��./���*	�� ����� � E
³´c�f`tJtJd�Z\d�_�c�Z\_�f�p{fgZlG ��jl_�K²fgc�d�cJd�Zldefg�oZ\_�f��{c�fg�¦X�Z\f�Z\M`¨»Z\GJM"cJM;X�Zld~cJ��_g��ZlGJM"a{XlM;t aJcW�J�~_W]h�Wd~cJ�rXl]hGJMDtYaJ�~M;X.]Lf`c �5M

a{XlM;t Z\_�pJjl_�}WdetYM1tYdefg�`c{_�X�Zlde]LXHfg�5_`aYZ�Z\GJM�];fga{X\fg�~d�Z[V��5M
Z[�(MLM;c�ZlGJM1ML¡WMD]
aYZ\M;trf`]
Zld~_`c{X;�kq^c�ML¡JfgK"pJ�~M1d~XH��d�}�MLc�d�crZ\GJM�]Lf�X�M
X�Zla{tJV@�5ML�~_��1�

� À ���Y��B R �\���
P ∈ P(X)

GH� � ��28�H��	�,T���1�g���32 E
P
	%�Q28�H��,HRE�DGF� �g	 ' ���k�DG�����2�P���2 ,H���m�����������

o(P ) = (∅, {alive},
{Galive =

�52�.��
}, {F alive = id∅})

4j	���R�28�F���52�	�,��5	����
Ualive = P

	%�g�D�H���>�0��,H7 !
'H28�H�*	�� (

B‖o(P )
)

/Ualive
E ����28�H��P��F2@Bm�

��,HRE�H��./�0��2 ,H�������52�.�,��1�H�*���&��GH��P�� ,T������28���
� �dRE� ��$��H�K��� ���h�dRE���
P
	%�&���m�H,F��	�P����
$*2T�T�D,TR��H� E

I^_gZlde]
M�ZlG{fgZb]
_�K�p5_�Xld~cJ�9��d�ZlG°_`��X�M;jl}�MLj
o(P )

fgc{t�j\M;X�Zlj\d~]
Zld~cJ����d�ZlG
Ualive

tY_9cJ_`Zb]hG{fgc{�`M"ZlG{M@�5MLG{f¥}Wd~_`j�_`�(Z\GJM
_`ZlGJM;j^]
_�K�p5_`c{MLc=Z\X;��O^�¦]
_`a{j\XlM`¨Wd��¤Xl_`K"M1f`]
Zld~_`c

a
f`��j\M;f�tYV�G{f�XH�`a{f`j\t

(Ga)′ = P
¨{cJ_"_��{X�M;jl}�MLjHcJM;M;tJXHZ\_���M�f�tJtYMDt@Z\_

]hGJMD]h����_`j�j\M;f�]hG{fg�{d��~d�Z[V�_`�
P
fgc{t�]
_�c{X�Zlj\a{]�Znf"Xl]hG{M;tYaJ�~MLjD�

N��~M;f`jl�~V`¨Wj\M;f`]hG�fg�Jd~��d�Z[V�d~c Z\GJM1aJc{tJMLjl± f`pJpJj\_¥¡Wd~K�f�Z\d�_�c�d�K"pJ�~d~M;X�j\M;f�]hG{fg�Jd~�~d�Z[V�d~c@Z\GJM1M
¡Jf�]�Z�K"_WtJML�«ª

S � Ä _ Ä ��?���? Ä�= R � ��2&����$QU B
x′ B x D01 x′ =⇒ x x′ E

FHGJM;jlML��_`j\M`¨�j\M;f�]hG{fg�Jd~�~d�Z[V1]Lf`c��5Mn]hGJM;]h��M;t1ML­�]
d~MLc=Zl�~V�_`cbZlG{M(a{c{tYMLjl±´fgpJpJj\_¥¡Yd�K�fgZld~_`c¯�»³ �?cJ_Qp{f�Z\GbdeX/��_`aJc�t»¨�ZlG{MnX�MDfgjh]hG
];fgcr��M.j\M
�{c{M;t��WV@]hGJM;]h�Wd~cJ����d�Z\G Z\GJM1M
¡Jf�]�Z�K"_WtJML�«�

��� � 	�

�*/ 	0/ �*- /��*� � #.&	#. "%
$k¼=aJd~�~d��Jj\d~aJK X[Zhf�Z\M;Xb_g�¬f�pJd�MD]
M;��d~XlM@�~d�c{M;fgj"XlVWX�ZlM;K fgj\M@X[Zhf�Z\M;Xbd�c ��GJd~]hG � Z\GJM XlVYX[Z\MLK�K�f¥V�jlM;K"f`d�c.�h��³´c�j\ML�`a{�~fgZl_`j\V
tY_�K�fgd~c{XL¨�M;¼=aJd~��d~�Jj\d�a{K½X�Z\fgZlM;Xn_g�¦f"pJd~M;]
M;��d~XlM��~d�c{M;fgj¬X�VYX�ZlMLK

M = (X, U, Y, θ, µ, ν)
_`�¦tYd�K"M;c{X�d~_`c

n
f`jlMQ�J¡YM;trp5_`d~c=Z\X

_`�Hµ«�`·��¤³´c�Z\GJM1�`M;cJMLjhfg�~d�£Df�Z\d�_�c�_g�¤§/d��~d�p{p�_�}[L~z;��N«¨YZ\GJM�XlM
Zn_g�/M;¼=aJd~��d~�Jj\d�a{K,X�Z\f�Z\M;XHdeX�tYM
��cJM;trf`X

{x ∈ IRn
>0 | 0 ∈ H(x)}

p�M^pJj\_�}Wd~tJMnfgc�M
­�]Ld�M;c�Z��(f¥V�Zl_�]L_`K"pJaYZ\M�ZlGJM¬X�MLZk_g�»M;¼=aJd~�~d��Jj\defJ¨�f`c{t�fgp{pJjl_¥¡Yd~K�f�Zld~_`c�X/��_`j¦Z\GJM^XlM
ZhX¦_g�¯X�Z\f`�J��M^M;¼=aJd~��d~�Jj\d~f
f`c{t�aJc{X�Z\fg�{��M.M;¼=aJd~�~d��Jj\def�f�X�tYM
��cJM;t�d~ckL �^N �

4�À65b= ?���? Ä�=HG �I9 
 
���,5?��D�Y�^? ��À9À>e 
b? ,�?©����?E� < � � �D��>6���O�dRE� �F.����
	��K����	�P��J���F./	�� 	�GF2�	�./� ���1���1�F�
EQ

BY���K��G��0� ����./	��
	�GF2�	��
EQs B ���#�h./�E���K��G��0�&����./	��
	�G�2�	�./�t���K���K���

EQu G�$

EQ =
∧

xi∈Y

(

regi ∧ eq=
i ∨ switchi ∧ inci(eq

6
i ) ∧ deci(eq

>
i ) ∨ eq<

i ∧ eq>
i

)

EQs = D ∧ ¬
∨

xi∈Y

(

V̂ <
i ∨ V̂ >

i

)

EQu = EQ ∧ ¬
∧

xi∈Y

(

regi ∧ eq=
i ∨ switchi ∧ inci(eq

>
i ) ∧ deci(eq

<
i )

)
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I^_gZlde]
M�Z\G{f�Z
EQs d~X1]L_`K"pJaYZ\M;t _`c ZlGJM"_�}�MLjl± f`pJpJj\_¥¡Wd~K�f�Z\d�_�c¯¨{��GJM;jlMDf`X^ZlGJM"_`ZlGJM;j1M;¼=aJd~��d~�Jj\d~f�fgj\M�]L_`K"pJaYZ\M;t���jl_�K

Z\GJM¬a{c{tYMLjl±´fgpJpJj\_¥¡Yd�K�fgZld~_`c¯�/FHGJM^pJj\M;tJd~];f�ZlM
EQ

]hG{f`j\f�]�ZlM;jld~£LMDXoM
¡Jf`]
Zl�~V�ZlGJM.X�MLZ�_`��tY_`K�fgd~c{X(]
_�c�Zhfgd~cJd~cJ��fgc@M;¼=aJd~��d~�Jj\d�aJK
X�Z\fgZlM`¨{��GJMLj\M;f�X

EQs f`c{t EQu aJc�tYMLjl± f`pJpJj\_¥¡Yd�K�f�Z\M^Z\GJM�XlM
Z\XH_`�/X�Z\f`�J��M�f`c{t aJc{X�Z\fg�{��M.M;¼=aJd~�~d��Jj\defJ¨Yj\M;Xlp�MD]�Zld~}`M;��V?ª

4�À65b= ?���? Ä�=HG � 9
Ψ
< � ��2&���f$ ��4j	��1,HR>	��>
Z�D���h��	��

D ∈ D
� ' ��28�D�F2

k
B�� �F�

Ψ(D) = C ∩ rect
(

{φ(D′) | D′ ∈ R(D)}
)

4\R��F28�
C
	%�"�dRE�

(n− k)
! ��	��h���E��	����#��� �dR>28�F�8RE���0�&R>$T����2����0����� ,H�����K��	��f	���


D
B������

rect(E)
���������K�F� �dRE� ���h�����0�F���q,��0�����H�

R/$T�E��2 !K28�H,F�K���>
�� �g,H�����K��	���	��>
*�dRE� ���F�
E
���
	�� E

§{_`jnf"tY_`K�f`d�c
D ∈ D

¨
Ψ(D)

deX�f�XlM
Zn_�}�MLjl± f`pJpJj\_¥¡Yd�K�f�Z\d�c{�.ZlGJM�XlM
Zn_`��_g�/Z\f`jl��M
ZHM;¼=aJd~��d~�Jj\d~f�_`�
D
�

; ] ÀWÄ � À � R
∀D ∈ D .

(

EQ(D) ⇐⇒ Ψ(D) ∩ D 6= ∅
)

�q2T�^� ' E
EQ(D) ⇐⇒

∧

xi∈Y

(

regi ∧ eq=
i ∨ switchi ∧ inci(eq

6
i ) ∧ deci(eq

>
i ) ∨ eq<

i ∧ eq>
i

)

⇐⇒ ∃x ∈
D .

∧

xi∈Y minD′∈R(D) φi(D
′) 6 x 6 maxD′∈R(D) φi(D

′) ⇐⇒ Ψ(D) ∩ D 6= ∅
�

�bÄ�=��DÀ �g��
�� À'7
∀D ∈ D . EQ#(D) =⇒ D ∩ EQ# 6= ∅

'F��2
# ∈ {s, u}

Ba4\RE��28�
EQs

�����
EQu
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M

��� � E
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	��K����	�P��g����./	��
	�G�2�	�./� �H�K���K�F�KB
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	�G�2�	�./� E � R>	%�Y	%�Z�dRE�[��'>��,��Q28����./�
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����./	��
	�GF2�	��Y�DGF�K��	��#�T�SG�$h.>�H	��>
h�dRE�g,F2�	��K��2�	��Z� ' ��� � E

θ2
b

θ1
b

θ2
aθ1

a

xb

0 xa

§/d~�`aJj\MQ9Jª $k¼=aJd~�~d��Jj\def�µEtY_`a{�J��M�]Ld�jh]
�~M;Xh·(fgc{t�X�Z\fg�{��M.M;¼=aJd~�~d��Jj\def�µ��©f�Z^tY_�aJ�J�~M�]
d~j\]L��MDX\·
�

����� �8 "%,#. ")�� -����� -.#�/  "%
q�];]
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pJj\_`p5MLjlZld~M;XH�~d~�`M.jlMDf`]hG{f`�Jd~��d�Z[V�_g�/M;¼=aJd~��d~�Jj\d�aJK½X[Zhf�Z\M;X;��$¦¡Yf`K"pJ��MDXnfgj\M.]
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¡JfgK"pJ�~M`¨gZlGJMHd~cJd�Z\d~fgZld~_`c
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_`c�X[Z\j\f`d�cJMDt9d~cJpJaYZhXL��FHGJM
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Z\_�X�p5M;]Ld���V�Z\GJMnZhfgj\�`M
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¨`Z\GJMQd�c=ZlM;jl}�f`�~X�d�c

Di

j\MLpJj\M;XlMLc=Z\d�cJ��ZlGJM.tYdeXl]LjlMLZld~£LM;t���M;}`ML�5_g�
xif`jlMbc=a{K��5MLj\M;tr��j\_`K

0
Z\_

|Di| − 1
·
�Qq^���¤f`]
Zld~_`c{XQfgj\M�XlaJpJp5_�XlM;t9Zl_@�5M"]
_`c=Z\jl_����efg�J�~M1��_�j^Z\GJd~X¬M
¡Jf`K�p{��M��Q§{_`j¬ZlGJdeX.]Lf`XlM

X�Zla{tJV��(M"XlaJpJp5_�XlM�fg�~�¤d�c{pJaYZ�]
_�c{]
M;c=Zljhf�Zld~_`c�XnZ\_��5M"�J¡YM;t¯¨�Xl_�f�XQZl_r��M�f`�J�~MbZ\_�]
_`K"p{f`jlM���d�ZlG�ZlGJM"j\M;XlaJ��Z\X._g��P I^q��
$kf�]hGrpJjl_`ZlM;d�c�d~XHK"_YtYM;��MDt�f�XH_`cJM1]L_`K"p�_�cJMLc=ZD�
³´c��5_gZlG

C(M)
fgc{t ZlG{M�aJc{tYM;j�±´fgpJp{jl_¥¡Yd~K"fgZld~_`c

C(M)/D01 j\M;X�Zlj\d~]
ZlM;t�Zl_�j\ML��aJ�ef�Zl_�jlV9f`c{t �{jhX[Zl±«_�j\tYM;j1X���d�Z\]hGJd~cJ�
tY_�K�fgd~c{XL¨�ZlGJM Xlf`K�M�p�f�ZlG�_`�H�~MLc{�gZlGºz¥w���j\_`KSZlGJM@d�cJd�Zldefg�kZl_rZ\GJM��{c{f`�kX�Z\f�Z\M�d~X1��_`aJc{t¯ª =f=g.�� 
�0 H &��	� .�� 
�0 H &�� � C
� �$L ThH � � � � �SL TeH � � �ji�� � . H � � �jiY� � . H � � �ji�� � . H � � �Ei�� � . H � � � = T %�
 H &�� � T %�
 H &�� � C3� � � 1 H � � � � � � 1 H � � �
� % � a . H � � � � % � a�. H � � � C3� �$L < H � � �W�¯FHG�f�Z¤d~X;¨�Z\GJM���M;}`M;�Y_g� .�� 
�0�tYM;]LjlMDf`XlM;X;¨¥��GJd~]hG�MLc�fg�J�~M;XopJj\_YtYa{]
Zld~_`c�_g� � �$L T �;Z\GJM
tYMD]
j\M;f�X�d~cJ��]
_�c{]
M;c=Zljhf�Zld~_`c�_`� T %�
�MLc{f`�J�~M;X¤Z\GJM^p{jl_YtYa{]
Zld~_`c�_`� � � � 1 ��§/d~c{fg�~��V�¨ � �$L < deXkp{jl_YtYa{]LM;t»�oFHGJdeXkp�f�ZlG@d~X(X��~d~�`G=Zl�~V
�~_`cJ��MLjbZlG{f`c�Z\GJM�XlGJ_�j�Z\M;X�Zbp{fgZlG{X"tYMLZlMLj\K"d�c{M;t��WV:P I¬q�¨¤��GJde]hG�]
_�c{Xld~X�Z�_`��z^9 X[Z\MLp{X;�°FHGJdeXbdeX���MD]Lf`a{X�M P I^q#Z[��de]
M
d~c{]
j\M;f�X�MDX.��_`ZlGEi�� � . f`c{t � %	� a�. d~c Z\GJM�X\fgK"M"Zljhfgc{Xld�Zld~_`c¯¨¯��G{MLj\M;f`X.d~c

C(M)
¨/�5_gZlG°f�]�Zld~_`c�X.G{f¥}`M�Zl_��5M�XlMLj\d~f`��d~£LMDt»�

FHGJM;jlML��_`j\M`¨WZ\GJM1p{f�Z\G@��_�aJc{t��WVk���������
	��
�����¬d~Xnf"XlGJ_`jlZlMDX[Z�p{fgZlG�d�c
C(M)

�

 M
Z1a{X.cJ_�� M
¡JfgK"d~cJM�Z\GJM�M;¼=aJd~�~d��Jj\def@_`�kZlG{M�K"_YtYM;�E��q�]L]L_`jhtYd~cJ�@Z\_ �^ML�{cJd�Zld~_`c°�g�Y¨�ZlGJM;jlM�M
¡YdeX[ZhX._`cJM�X�Z\fg�{��M"M;¼=aJd�±

�~d��{jld~aJKr¨���G{d~]hG�]
_�jlj\M;Xlp�_�c{tJX¬Zl_�f�X�Z\fgZlM"_g�HcJ_`cJ± Xlp�_�jla{�~fgZld~_`c�_`�H¢Q�¯XlaJ�YZ\d��~d~X;� I^_�a{c{X[Zhfg�J�~M�M;¼=aJd~�~d��Jj\d~aJKSdeXQ��_`aJc�t»�@q
]L_`K"p{fgj\deX�_�c���d�ZlG P I^q X�GJ_��nX¦ZlG{fgZkZ\GJMLj\M^d~c{tYM;M;t�f`jlMnc{_�_gZ\GJMLj�M;¼=aJd~��d~�Jj\d~f{�\p�M.]Lfgc�c{_��¸a�X�Ml�����:�d�
	��
���:�HZl_���c{t@f
p{fgZlG���j\_`K ZlG{M^d~cJd�Z\d~f`��X�Z\fgZlM�Z\_1ZlGJMQX[Zhfg�J�~MnMD¼�a{d��~d��{jld~aJKr�¤FHGJd~XkjlMDX�a{��ZkdeX(]
_`c�X�deX[Z\MLc=Z¦��d�ZlG�Z\GJM^ML¡Wp5MLj\d~K�M;c=Z\fg��_`�{XlMLj\}�f�Z\d�_�c
Z\G{f�ZH��_`jHZ\GJM1Xlf`K"M¬d~cJpJaYZhXL¨WZ\GJM1�{f�]�ZlM;jldef�];fgc�ML}�_`�~}`M^d~c Z[��_"tYd�®5M;jlM;c�Z��Hf¥VYXL¨=MLd�ZlGJM;j�d�c{d�Z\d~fgZld~cJ��X�p5_`j\aJ�ef�Zld~_`c@_`jHMLc=ZlM;jld~cJ�
f�X�Z\f`�J��M.cJ_�cY±´X�p5_`j\aJ�ef�Zld~cJ�"X[Zhf�Z\M`�

C(M)
MD¼=aJd��~d~�Jjldef aJcW�J�«�¦X\]hGJM;tYa{��MDX p�f�ZlG

¢Q�JX�a{�YZld~��deX�µ©aJc{tYM;j�±´fgpJp{jl_¥¡»� ·
< 10

K�X
0.01

X
0.06

X
0.03

X
¢Q�JX�a{�YZld~��deX�µ©M
¡Jf`]
Zh·

0.08
X

0.01
X

8.1
X

0.34
X

$n�{]L_`�~d¦µ�aJc�tYMLjl± f`pJpJj\_¥¡»� ·
< 10

K�X
0.01

X
0.04

X
< 10

K�X
$n�{]L_`�~d¦µ�ML¡Yf�]�Z�·

0.03
X

< 10
K"X

2.7
X

0.04
X

�¬ML��Z\f�±KIn_`Z\]hG�z1�rµ�a{c{tYMLjl±´fgpJpJj\_¥¡»� ·
< 10

K�X
0.14

X
1.3
X

1.3
X

�¬ML��Z\f�±KIn_`Z\]hGY96� µ�a{c{tYMLjl±´fgpJpJj\_¥¡»� ·
0.05

X
2.7
X

7.7
X

5.0
X

§/d~�`aJj\M � ª¦¢(MLc{]hGJK�f`jl�YX���_`jHZ\GJM�tYd�®5M;jlM;c�Znf`����_`j\d�Z\GJK�XL�

F/fg�J�~M � ��znXlGJ_��nXoZ\GJM^ML¡WMD]
aYZ\d�_�c"Zld~K"M;X¤��_�j¦Z\GJM^K"_YtYML�eX¦_`�¯¢¬�=X�a{�YZld~��deX(fgc{t�f`cJ_gZ\GJMLj¦ML¡JfgK"pJ�~M`¨�ZlGJM¬c=aJZlj\d�Z\d�_�c{fg�{X�Zlj\M;X\X
j\M;Xlp�_�c{XlM^_g�*$^�W]L_`�~dE¨W��GJde]hG@deXkZ\fg��MLc���j\_`K L w�N �¤FHGJM¬�5MLc�]hGJK�fgj\�WX�X�a{�`�`MDX[ZkZlGJMQa{XlM¬_`�¯aJc{tYM;j�±´fgpJp{jl_¥¡Yd~K"fgZld~_`c�f`X��~_`cJ��f`X

TVU\r"TDW
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Z\GJM¬K"_YtYM;�5j\MLK�f`d�c{XkpJj\M;]
deXlM^MLc{_`aJ��G�Zl_b}`MLj\d���VbZ\GJM¬tJM;Xld�j\M;t�p{jl_�p�M;j�Z\d�MDXL�oFHGJdeX�deXkZlGJM.]Lf�X�M���_�j(f`���5_g��ZlGJM.]Lf�X�M^X�Zla�tYd�MDX(��M
tYdetrX�_��©f`j;��I^_gZlde]
M.Z\G{f�Z�Z\GJM1aJcW�J�~_Y]h�=d~cJ��X\]hGJM;tYa{��MDXHG{f¥}`M¬Zl_��5M1pJj\M
±´]
_`K"pJaJZlM;t _`c{��V�_�c{]
M��¤³ Znd~X(Z\GJMLj\M
��_�jlM.p5_�X\X�d~�J�~MQZl_
_��YZ\f`d�c��©f`X�Z�jlMDX�p5_`c�X�MDXkZ\_�fgcrfgj\�Jd�Zljhfgj\V�cWaJKb��M;jn_g�/jlMDf`]hG{f`�Jd~��d�Z[V�pJj\_`�J�~MLK�XH_g��ZlGJM1K"_YtYM;�E�

�!� � �  
	N#.& � �8�(# � � �  
	 	�� /��  -� "�$#�/ & #�/ ���
q^cJ_gZ\GJMLjo�(ML�~��±´X[Z\a{tYd~M;t�M
¡JfgK"pJ�~M�_`��f¬�`MLc{M
Zlde]�cJM
Z[�(_`j\�.d~Xo]
M;���YtYd�®?MLj\MLc=Zldef�Z\d�_�c��WV�tYML��Z\fg±«c{_gZ\]hGb�~fgZlM;j\f`��d~cJGJd~�Jd�Zld~_`cSL ���W¨Wz��^N �
N�M;���5tYd�®?MLj\MLc=Z\d~fgZld~_`c�deXkfgc�d~K"p�_�j�Zhfgc=ZkX�ZlMLp�d~c�M;K��Jj\V`_�cJd~]HtYM;}`M;��_�pJK"MLc=Z;¨=f`X¦d�Z�];fga{XlM;X¤d~cJd�Zldefg�~��V�aJcJd���_`j\K ]
ML�~�eX¤Zl_bf`X\X�aJK"M
tYd�®?MLj\MLc=Z���aJc{]
Zld~_`c{X;�
§{_`jQM;f`]hG�]
M;���o�(M�]L_`c{Xld~tJMLj¬ZlGJM�]
_�c{]
M;c=Zljhf�Zld~_`c�Xn_g�kZ[��_ Zljhfgc{X�± K�M;K��Jjhfgc{M�pJj\_gZlM;d�c�XL¨��g�F� �1�bfgc{tk3&���1,HRW��§{_`�~��_���d~cJ�

Z\GJM�K"_YtYML�/pJj\_�}Wd~tYMDtrd�c L ����N«¨5GJd~�`G9]L_`c{]LMLc=Zljhf�Z\d�_�c{X�_g���g���
�1��fgc{t[3 ���K,TR�d�c{GJd��{d�Z.M;f�]hG�_`ZlGJM;j � Xnp{jl_YtYa{]
Zld~_`c9��d�ZlG{d�c�Z\GJM
X\fgK"M�]
M;���«¨ofgc{t�GJd~�`G��g�F�
�K�"�~ML}�ML�eX�f`]
Zld~}¥fgZlM"��aJjlZlG{MLj��g�F� �1��pJj\_YtYa{]
Zld~_`c¯��§JaJjlZlGJM;jlK"_�jlM�¨�frGJd~�`G��g�F�
�K�"�~ML}�ML�kf�]�Zld~}�f�Z\M;X
3 ���K,TRbpJj\_YtYa{]
Zld~_`c�d�c�ZlG{M1cJMLd~�`GW�5_`j\d�cJ�"]
M;���eX;�¦§�d~�`a{jlM�wbd��~�~a{X[Z\j\fgZlMDX(ZlGJMDX�M.d~c�Z\MLjhf`]
Zld~_`c{X;�

Notch Notch Notch

Delta Delta Delta

§/d~�`aJj\M�wYªo³´c=ZlM;j\f�]�Zld~_`c���d�ZlGJd~c�fgc{t ��MLZ[��M;MLcrcJM;d���G=�5_`j�]LML�~�~X;�

§{_`j._`aJj1];f`XlM�X�Zla{tJV`¨¯�(M�]L_`c{XldetYMLj1f cJM
Z[�(_`j\��]
_`c�X�deX[Z\d�c{� _`�¬z1��]
M;���eXQ��d�Z\G�Z\GJM"�~f¥V�_`aYZ1XlGJ_���c�d~c�§/d~�`aJj\M"�Y¨�fgc�t f
cJMLZ[��_�jl��_`�a9��b]
ML�~�eXH��d�Z\Grf"Xld�K"d~�~f`j��~f¥V�_`aYZD�

(∆1, N1) (∆2, N2)

(∆4, N4)

(∆3, N3)

(∆5, N5) (∆6, N6) (∆7, N7)

(∆8, N8) (∆9, N9) (∆10, N10)(∆11, N11)(∆12, N12)

(∆13, N13)(∆14, N14)(∆15, N15)(∆16, N16)

(∆17, N17)(∆18, N18)(∆19, N19)

§/d~�`aJj\M1�Jª¤P�_YtYML��_g��z �"]
_`K"KbaJcJde]Lf�Z\d�c{�"]LML�~�~X;�

§{_`jnMDf`]hGrpJj\_gZlM;d�c��(M1p{f`j�Z\d�Z\d�_�c Z\GJMb]L_`c=Zld~cWaJ_`a�X�X[Zhf�ZlMbX�p{f�]
M1d~c=Zl_�Z[�(_�d�c=Z\MLj\}¥f`�~X^fgc{tr_�cJM.ZlGJj\M;XlGJ_��~t�}�fg�~aJM`ª
D∆ =

{[0, θ∆), {θ∆}, (θ∆, max∆]}
f`c{t

DN = {[0, θN), {θN}, (θN , maxN ]}
�(N�M;���eX���d�ZlGr�~_��	�g�F� �1�.f`c{t�GJd���G[3&���K,HRb��M;}`ML�eX

µ
∆ < θ∆

¨ 3 ���K,TR
> θN

·@f`jlM aJc{tYd�®5M;jlM;c=Zldef�ZlMDt»¨n��GJM;jlMDf`X ]
ML�~�eX ��d�ZlG&GJd���G
�g�F� �1��fgc{t&��_�� 3&���1,HR�]
_`c�]
MLc=Z\j\fgZld~_`c{X
µ
∆ > θ∆

¨ 3&���1,HR
< θN

·Hf`jlM.tYd�®5M;jlM;c�Z\d~fgZlMDt»��p�M�fgj\MQc{_gZnd~c�Z\MLj\M;X�ZlMDt@d~c�ZlGJM�f�]�Zla�fg�»pJj\_YtYa{]�Z\d�_�c�fgc{t�tYML��j\f�tJf�Z\d�_�c@jhf�Z\M;X
_`��Z\GJM1pJj\_gZlM;d�c�XH�JaYZ^f`X\XlaJK"M¬Z\GJM.Z\f`jl��M
ZHM;¼=aJd~��d~�Jj\d~f

φ∆i

fgc{t
φ �
�������

i

Z\_�XlfgZldeX[��V

φ∆i
< θ∆

d��k3 ���K,TR
i > θN

θ∆ < φ∆i
6 max∆

d��k3 ���K,TR
i < θN

φ �
�������
i
< θN

d��
max{∆j | j ∈ neighbors(i)} < θ∆

θN < φ �
�������
i
6 maxN

d��
max{∆j | j ∈ neighbors(i)} > θ∆

r\rts�u�v�w�x�y



zD� )V28�1
D��2h)����H�H� �F2

O¬aJj�K"_YtYM;�»ZlGWa{XntJd~X�Zld~cJ�`a{d~XlGJM;X(Z\GJj\MLM�tYdeXl]LjlMLZlM1X�Z\f�Z\M;XH��_�j�M;f�]hG pJj\_gZ\MLd~c�]
_`c�]
MLc=Z\j\fgZld~_`c¯�¤FHGJdeXnfg��X[Z\j\f�]�Zld~_`c jlMDtYa{]LM;X
Z\GJM�j\MLpJj\M;XlMLc=ZlMDt�d~c=ZlM;j\f�]�Zld~_`c�XQZl_9frcJM;��f�Z\d�}�M���MLM;tJ�{f`]h����j\_`K 3&���1,HR Zl_ �g���
�1����d�ZlG{d�c�Z\GJM@X\fgK"M�]
ML�~�«¨/f`c{t�frp�_=X�d�Zld~}`M
��M;M;tY�{f�]h����j\_`K �g�F� �1�bZ\_ Z\GJM 3&���1,HR@pJj\_WtJa{]�Z\d�_�c d~c�cJMLd~�`GW�5_`j\d�cJ�r]
M;���eX;¨�f`X.d~c�ZlGJM"��_�jlK�fg�~d~£;f�Z\d�_�c�_`�"L~z��^N ��q^X1�(M"��d��~�
XlMLM�¨�_�aJjkK"_YtYML�5deXkX�Zld~���5pJj\M;]
deXlMnMLcJ_�aJ�`G"Z\_�j\MLpJj\_YtYa{]
MnZlGJM¬_`�{XlMLj\}`MDtb�5MLG�f¥}=d~_`jD¨gZ\G{f�Z(d~X;¨�ZlGJM¬M
¡Yd~X�ZlM;c{]
M^_g�¯M;¼=aJd~�~d��Jj\def1fgc{t
Z\GJMLd~jnj\M;f`]hG�fg�Jd~��d�Z[V`�

p�Mb]hGJ_W_=X�M1Z\_@j\MLpJj\M;XlMLc=Z^MDf`]hG9]LML�~���WVr_`cJMb]
_`K"p5_`cJM;c=Z;�.N�_�c{Xld~tYM;jld~cJ��_�cJ�~V j\ML��aJ�~fgZl_�jlV�fgc{tr��j\X�Z�± _`jhtYMLj¬X���d�Z\]hGJd~cJ�
tY_�K�fgd~c{X»��_�j�fnXlVYX[Z\MLK _g�

n
]
_�K�p5_`c{MLc=Z\X;¨DZlGJM

2n
± tJd�K"MLc�X�d~_`c{f`�g�`�~_`��fg�`X�Z\fgZlM�Xlp{f�]
M¤MLc�]
_`K"p{f�XlXlM;X

4n
j\ML��aJ�~fgZl_�jlV^tJ_`K�fgd~c{X

f`c{t
2n× 22n−1 ��j\X�Z�± _`jhtYMLjHXl��d�Zh]hGJd�c{��tY_�K�fgd~c{XL¨=Z\G{f�Z�deXL¨ 5.5× 1012 X�Z\f�Z\M;X���_`j.z �b]LML�~�~X;¨Yfgc{t 7.2× 1023 X[Zhf�ZlMDX���_`j+96�

]LML�~�~X;�
�d�Y�����
	��
�!�:�H��c{tJX�ZlG{fgZHX�Z\f`�J�~M¬MD¼�a{d��~d��{jldef�ML¡WdeX�Z;�¤FHGJMLV�]L_`j\jlMDX�p5_`c{t�Z\_�Z\GJM.�`x`�{znp5_�X\X�d~�J�~MQ]L_`cY�{��aJjhf�Zld~_`c�Xnµ�d~c@Z\GJM

];f`XlMQ_`�a9���]LML�~�~Xh·(��GJM;jlM

•
fg�~�¯]
M;���eX�fgj\M.MLd�ZlGJM;jntYd�®?MLj\MLc=Z\d~fgZlM;t�_�j�cJ_gZntYd�®5M;jlM;c=Zldef�ZlMDt»¨

•
fgcWV@tYd�®?MLj\MLc=Zldef�Z\M;t�]
ML�~�¯G{f�XH_`cJ�~V�cJ_�cY±´tYd�®?MLj\MLc=Z\d~fgZlM;t�tYd~jlMD]�Z�cJM;d���G=�5_`jhX;¨Wf`c{t

•
fgcWV�cJ_�cY±´tYd�®?MLj\MLc=Z\d~fgZlM;t ]
M;���¯G�f`X�f�Zn�~M;f�X[Z�_�cJM1tYd�j\M;]
Z�cJMLd~�`GW�5_`jHZlG�f�ZndeX�tYd�®?MLj\MLc=Z\d~fgZlM;t¯�

§/d���aJjlM �Yª $¤¡JfgK"pJ�~MQ_`�of"X�Z\f`�J��M.MD¼�a{d��~d��{jld~aJK,X�Z\fgZlM.d~c=}�_`�~}Wd�cJ� 96�b]LML�~�~X1µEtJfgj\�@]
M;���eX�fgj\M1tYd�®5M;jlM;c�Z\d~fgZlMDt{·��

I^M
¡WZ;¨��(Mk]hGJMD]h�¬j\M;f�]hG{fg�Jd~�~d�Z[V¬_g�WZlGJM(X[Zhfg�J�~M�X�Z\fgZlMDX¯��d�ZlG �ntYd�®?MLj\MLc=Z\d~fgZlM;t1]LML�~�~X/f`X�X�G{_���c1d�c�§/d~�`aJj\M �=¨¥��j\_`K ZlG{Mkd~cJd�Z\d~f`�
X�Z\fgZlM���GJM;jlM fg�~�k]
M;���eX�f`jlM�aJc�tYd�®?MLj\MLc=Z\d~fgZlM;t¯� F^Xld�cJ� fg�~�`_`j\d�ZlGJK z�¨5�����:�d�
	��
���:�b��c{tJX�f9p{f�Z\G°_g����M;cJ�gZ\G��gx���d�ZlG{d�c
�{}�M XlM;]L_`c{tJX;�9FHGJM�j\M;XlaJ��Z\X�jlM;p�_�j�Z\M;t��WVE�d�Y������	��:���:��f`jlM ]
_`c�X�deX[Z\MLc=Z���d�ZlG°Z\GJM f�]�Z\a{fg�«¨oM
¡Yp�M;jld~K"MLc=Z\f`���~V�_`�{XlMLj\}`MDt
�5MLG{f¥}Wd~_`j L �`��N �

� � 	
��)�-�����	
���

p�M¬G�f¥}`M�pJj\M;XlMLc=ZlMDt�f1cJ_�}�ML�5fgpJpJj\_�f�]hG���_`jH]
_`K"p5_`cJM;c=Z�± �{f`XlM;t�K"_YtYML�~d�c{�bfgc�t�X�VWKb��_���de]nfgc�fg�~VWXldeX¦_g�¯��MLcJMLZlde]�j\ML�`a{�~fgZl_`j\V
cJMLZ[��_�jl�YX;�&FHGJM9K"_YtYM;�^tYdeXl]LjlMLZld~£LM;X�ZlGJM9c{M
Z[�(_`j\��tYVWc{fgK"de]LX�tJM
�{cJMDtº�WV f°XlVWX�ZlM;K _`�.p{d�MD]
ML��deXlM���d~cJM;f`j@tYd�®5M;jlM;c=Zldefg�
MD¼�a�f�Zld~_`c�XL��³ Z�deX.ZlG{MLc�p�_=XlXld~�J��M�Z\_9]
_`K"p5_�Xld�Z\d�_�c{fg�~�~V�}`MLj\d���V9jlMDf`]hG{f`�Jd~��d�Z[V�pJj\_`p5MLjlZld~M;X1fgc�t�f`aYZl_�K�f�Zlde]Lf`���~V9]
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j\d~pYZld~_`c{f`�¥jlM;�`aJ�ef�Z\_`j\VncJM
Z[�(_`j\�
_`��M��{]
_���d«� � 28�������Q	�� )��F�#�F��	�,F�h¨5�Yz�µ�zD·
ª�zD���Y�`yJ¨W�gy`y=wY�

TVU\r"TDW



Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)��������� �	��
�


���������� ��� ���

ISSN 0249-6399


	Introduction
	Component-based Modeling
	Components and Constraints
	Restriction
	Component-based Modeling of Genetic Networks
	Piecewise linear systems
	Qualitative model
	Component Models
	Model Comparison
	Under-approximation


	Compositional Symbolic Analysis
	Reachability
	Equilibrium States
	Nested Properties

	Case Studies
	The Sporulation of Bacillus subtilis
	Delta-Notch Cell Differentiation

	Discussion

