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∗ Î)ÏxÐ8ÏfÑ2ÒsÓÕÔ�Ö�×�ØÀÏfÒ�Ù8Ñ2Ú+Ïf×ÄÑqÙ�Ñ2×�Ø¦Ð8Ö�ÛÀÛlÜ+Ò�ÙÝÏfØ�Þ!ß#Ù8ÔÀÏ[àá×�ÐÝÙÝâ Ù8Ö�Ù�ã�ÑqÙ8âäÜ+×:Ñ2å>Ø�ÏzÎ)ÏxÓÕÔ�ÏxÒsÓÕÔ�ÏzÏx×�àá×Àæ�Ü+ÒÝçiÑqÙÝâäèVÖ�Ï[ÏéÙ�Ïx×ê ÖÀÙÝÜ+çiÑqÙ8âäèVÖ�Ï�ë�à�ãKÎ�à ê<ìÕí Î�Ü�ÓxèVÖ�Ïx×�ÓxÜ+Ö�ÒsÙ í@î Ò8Ñ2×�ÓxÏ+ï
† ð ÛlÏxÒÝÑqÙ8âäÜ+×ÀÐ¯Î�ÏxÐ8ÏfÑ2ÒÝÓ8Ô�ñFÏf×!ÙÝÏfÒ íOò Ñ2Ð8ÐÕÑ2Ó8Ô�Ö�ÐÝÏéÙÝÙÝÐ¯àá×�ÐsÙ8â ÙÝÖÀÙÝÏ°Ü2æ®óbÏxÓÕÔ�×�Ü+åäÜ+ô2ß í ñ�Ñ2ç�Þ�ÒsâäØ�ô+Ï í�ò êöõ+÷Àøfù+úÀí

ç[âäÚ+ÏxûKüKç[â Ùfï ÏxØ�Ö
‡ ã)Ügû¨ÑqÙ[ýoè�Ö�âäÛ�Ïzó ê ð¼þ à�ã�Î)à ê¨î ÖÀÙÝÖ�ÒÝÐ íFÿ Î�à�� � ÑqÙfï�� ú+õÀí�� ×Àâ �!ÏfÒsÐ8â Ù	�zØ�Ï�
TÑ2ÒsâäÐ��Ö�Ø íäø � õ�� ð ÒsÐÕÑxßÄñFÏxØ�Ï�� íî Ò8Ñ2×�ÓxÏ í Ñ2×�×�Ï+ï Ñ2Ö�ô+ÏxÒ8üKâä×�Òsâ ÑÀï æ�Ò þ æ�Ü+ÒÝç[ÏxÒså ßzÑqÙ�
oÒÝÜ��ÝÏéÙ î Ò8Ñ2ÓéÙ8Ñ2åäÏfÐ þ à�ãKÎ�à ê Î)ÜVÓxè�Ö�Ïx×�ÓxÜ+Ö�Ò�Ù
§ ã)Ügû¨ÑqÙ[ýoè�Ö�âäÛ�Ïzó ê ð¼þ à�ã�Î)à ê¨î ÖÀÙÝÖ�ÒÝÐ íFÿ Î�à�� � ÑqÙfï�� ú+õÀí�� ×Àâ �!ÏfÒsÐ8â Ù	�zØ�Ï�
TÑ2ÒsâäÐ��Ö�Ø íäø � õ�� ð ÒsÐÕÑxßÄñFÏxØ�Ï�� íî Ò8Ñ2×�ÓxÏ í Ñ2×�×�Ï+ï Ñ2Ö�ô+ÏxÒ8üKâä×�Òsâ ÑÀï æ�Ò þ æ�Ü+ÒÝç[ÏxÒså ßzÑqÙ�
oÒÝÜ��ÝÏéÙ î Ò8Ñ2ÓéÙ8Ñ2åäÏfÐ þ à�ãKÎ�à ê Î)ÜVÓxè�Ö�Ïx×�ÓxÜ+Ö�Ò�Ù
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µk+1 = (1− α)µk + α(µk
µ('*),+

+ µk-
.�/ µ('*),+ − µk0 ´213),+ ),�[RTW�ugW
µk
µ4'*)3+ Â

µk-
.�/ µ4'*)3+ |lmo~ µk0 ´213),+ |�uqW egRoW#¾:|����TW�czj�rKegRTW¦�DWÀcxeÀÂ>cgW�hVjlmo~,�>W�cfeª|�mo~��¿jlu2cfein�mo~Tn��¾dn¢~b�o|l��cÁ£��[n�egR,ugWÀcf}>W�h!e�eqj.eqRTWÁÍTegmoW�cqc�r��omoh+eqn�j@mD¤¿|:e�npeqWVu2|:egn�jlm
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cfeq|lmo~T|luq~�~bWV¾dn¢|:egn�jlmDc
σi, i = 1, . . . , n

n�c

σk+1
i = (1− α)σki + α

√∑K
j=1(µ̃ji − µ̃i)2

K
,

�[RTW�ugW
µ̃j , j = 1, . . . ,K

|�uqWzeqRTW
K
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µ̃
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K
n�cKh2RTj@cgWVm eqji�>W�Ro|l�prTjlrbegRTW�}Dj@}T�T�¢|:egn�jlm
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α
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yªc[r�jluzegRTW.���®±zy h!�¢|lcqc[jlr*��¡iyzc�ÂD�¿W#Ro|�¾@W#h2RTj@cgWVm,eqRTW.cgn�UX}T��W�cfe�Â>���®±ªyi²q³ ´qµV¶q³8ÂD�[RTn¢h2R®|��¢cgj
RD|lc¦kljdjb~·}Tu2|lh!egn¢hV|��¿}>WVugr�jluqUX|lmoh!W@Âv|lc¦}TuqW�cgWVmHegWÀ~ n�m7�ä�4�8«·Q�RoW,}DcfW��o~bj �éh!jb~bW-j�rieqRTn�cX��¡iy�n�cX|lc
r�j@����j:�ic�¥
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�l«[y¿e¦k@WVmTW�uq|�egn�jlm·�TÂ*�¿W-|�uqWÄk@n�¾@WVm·|½U¦�T�peqn�¾:|lugn¢|:eqW�\ |��ocqcgn�|lm·~bn�cfeguqn��T�begn�jlm¼j�riUXW�|lm
µ0 |�mD~h!j:¾:|�uqn¢|�mohVWªU�|:equgn�»

Σ0 «�\ÁWVmTW�uq|�egW�|�}Dj@}T�T�¢|:egn�jlm,j�r N n�mo~Tn�¾dn¢~b�o|��¢c�«
�b« 5Tj@u

k ≥ 0
Â

£s|H¤�y¿e klW�mTWVu2|:eqn�j@m
k + 1

Â�cfW���WÀh+eªegRTW��DWÀcxe
M < N

n�mD~bn�¾dn¢~b�o|l��cX£��[n�egR©ugWÀcf}>W�h!ezeqjÄÍTeqmTW�cqc
r��omoh+eqn�j@mD¤�r�ugj@U�k@WVmTW�uq|�egn�jlm

k
� c�}>jl}T�o��|�egn�jlm�«

£��>¤�5ojluqU'|ÄmTW�� U¦�T�peqn�¾:|lugn¢|:eqW�\ |��Dcgcgn�|lm�~bn¢cxequgn��T�beqn�j@m��ocgn�mTk-eqRTW�hV|l��hV�T��|�egWÀ~½UXW�|�m
µk+1|lmo~,h!j:¾:|�uqn�|lmoh!WÁU�|:equgn�»

Σk+1 jlr�eqRTW M cgWV��W�h!egWÀ~-n�mo~bn�¾dn�~b�D|��¢cV«
£shÀ¤,\ÁW�mTWVu2|:eqW�|¦moWV�M}Dj@}T�T�¢|:egn�jlm,j�r

N
n�mo~Tn�¾dn¢~b�o|��¢c�«

Q�RTWXuqW�cfeÁjlrvegRon�c uqWV}>jlugeÁn¢cÁjluqk@|lmTn�§�W�~®|@cªr�jl����j:�ic�¥in�m _dWÀh+eqn�j@m �-��WX~bn¢cghV�ocqcªn�UX}Dj@ufe2|�mHe ��n�UXn��
e2|:eqn�j@moc¿r�jl�TmD~�n�m,egRTW���n�egWVu2|:eq�TuqW��bn�m½_bW�h+eqn�j@m � �¿W#cgRTj:�°egRD|:e[egRoW�cgW���n�UXnpe2|:egn�jlmDcihV|l�ocfWÁeqRTW�}TuqWV¾dn��
j@�ocg��a,UXWVmHegn�jlmTWÀ~½��¡iyªcªegjÄrs|ln����Fn�mO_dW�h!egn�jlm®����W.~TWV¾lW���j@}½jl�TuÁmTW�����¡iy#ÂF�v��¡iy��Fn�m©_dW�h!egn�jlm©�
�¿W�}TuqW�cgWVmHez|Xuqn�k@jluqjl�oc�h!j@UX}T�beq|�egn�jlmo|l��h!j@U�}D|�uqn�cgjlm,j�r*���®±ªy ²q³ ´qµV¶q³ Âot�¸ �x¹ º |�mo~,�v��¡zy#ÂFcfRTj:� �
n�mTk½eqRTW�cfeguqWVmok�egRDc�j�r�egRoW-�¢|:efeqWVu��<n�m¯_dW�h!egn�jlm·�½�¿WÄ}TuqW�cgWVmHe¦hVjlUX}T�be2|:egn�jlmD|���cfeg�o~Tn�WÀc#j�ri����¡iy�� c
�>WVRD|�¾Hn�jlu[|@c[h!WVugeq|ln�m,}o|luq|lU�WVegW�uqc�|�uqWÁ¾�|lugn�W�~,|�mD~-�¿W#h!j@moh!���o~bW n�m½_bW�h+eqn�j@m��b«

� � ������/!	�� �V���2��� �K�!�#",�

¬OWiRo|�¾@W¿r�jl�Tmo~�egRo|�evegRTWz��¡iy°��npeqWVu2|:eq�TugWihVjlmHeq|ln�mDcvh!j@U�}o�beq|�egn�jlmo|l�ocxeq�o~bn�W�cvegRo|�e���|@h2Å¦|�hVjlUX}T��W!egW
~TW�cqh!uqn�}beqn�j@m�« � m�}o|lufeqn�hV�T��|lu�ÂdeqRTW�uqW!r�WVuqWVmDh!W�c[hVnpeqW�~�n�m,egRTn¢c[uqWV}>jlugez~bjXmTj�eª~TW!eq|ln���egRTW�n�mTn�egn¢|��)~bn¢cfeguqn��
�o�begn�jlmocv�ocfWÀ~Xn�mXeqRTWVn�u�hVjlUX}T�be2|:eqn�j@mo|��Tcfeg�o~Tn�WÀcV« � m�jl�ouvj:�[m�cxeq�o~bn�W�c�Â�egRoW�cgWi��¡iyªc�cg�ohVhVWVW�~TW�~�jlmT��a
�[RoWVm eqRTW-n�mTn�egn¢|���~bn�cfeguqn��T�begn�jlmDc.�¿WVuqWÄn�mTnpeqn�|l��n�§VWÀ~·cgaHUXUXW!equgn¢hV|l����a |�uqjl�Tmo~OeqRTW,jl}beqn�U�|��¿cfj@���Tegn�jlm�«
5ojlu#WV»T|�UX}T��WlÂKnpr�egRoW-jl}Tegn�UX|l��cgjl���begn�jlm �¿WVuqW�|:e#eqRTWÄ§VW�ugj½¾@W�h!egjluÀÂ�|®}DjHcgcgn��o��WÄcgadU�UXWVeguqn�h�n�mTn�egn¢|��
~Tn�cfeguqn��o�begn�jlm½�¿jl�T�¢~,�DW¦|X�TmTn�r�jluqU�~bn¢cfeguqn��T�Tegn�jlm½j:¾lW�u�egRTW.�TmTn�ez�o|�����£sj�rv|�}o}Tugj@}Tuqn�|�egW�~bn�U�W�mocgn�j@mD¤+Â
hVWVmHegW�ugWÀ~.|�eKeqRTW[§VW�ugjÁ¾lWÀh+eqjluÀ«)¬OW¿RD|�¾lW¿n�mHegW�mHegn�jlmo|l����a.cgÅlWV�¿W�~.jl�Tu<n�mTn�egn¢|��T~bn¢cfeguqn��T�Tegn�jlm¦egj }TuqW�h!���o~bW
eqRTn¢cicfn�UX}T��npÍDh�|:eqn�j@m�¥*r�jlu�eqRTW�W!»T|�UX}T��W�j�rKegRoW�§VWVuqj�¾lW�h!egj@u[�DW�n�mTk�j@}begn�U�|��8ÂT�¿WÁ�¿jl�o��~�n�monpeqn�|l��n�§VW�j@m
|¦�TmTn�e[�o|�����h!W�m@eqWVuqW�~�|:e[|.}>jln�mHe�rs|lu�r�uqjlUBeqRTW jluqn�k@n�m)« � e[�[n������>WÁcgWVW�mÄeqRo|:ei|lcgadUXU�WVeguqn�h�|��>n�monpeqn�|l���
n�§�|�egn�jlmoc[h�|��ocgWÁ��W�����ÅdmTj:�[m,��¡iyªc�egj�rs|ln��8«
yzmTj�eqRTWVu[£���W�cqcKcfW�ugn�jl�oc2¤���n�U�n�eq|�egn�jlm¦��W�Ro|�¾lW�mTj�eqn�hVW�~#n¢c)egRo|�e�eqRTW�U�|�wxjluqnpexa j�roegRTW�egWÀcxeKr��Tmoh!egn�jlmoc

n�m eqRTW-��¡zy���npeqWVu2|:eg�ougWÄRD|�¾lW�eqRTW-§�WVuqj®¾lWÀh+egj@u.|lc#egRTW�jl}beqn�U¦�TU�«�y¿e.eqn�UXWÀcVÂ<n�e�h�|�m·�>W-�TmDh!��W�|�u
�[RoW!egRoWVu�eqRTWv��¡zy·n�m%�H�TW�cfegn�jlm�|lh!eg�o|l����a cfj@��¾@W�~ªegRTW�jl}beqn�UXn�§�|:eqn�j@m�}Tuqjl�T��WVUMjlu�j@mT��a�wx�ocfe�hVjlmd¾lW�ugk@W�~
eqj�egRTW�§�WVuqj�¾lW�h!egj@uÄ£���W�|l~Tn�mTk�eqj®|,rs|��¢cfW�}>j@cgn�egn�¾lW�uq�TmD¤+«�Q)j½W���n�UXn�mo|�egW�eqRTn¢c�}DjHcgcgn��Tn���n�exalÂ)�¿W�Ro|�¾@W
UXjb~bn�ÍoW�~&hVjlUXUXjlm¯egWÀcxe�r��TmDh+egn�jlmDcÄcf�Dh2R¨eqRo|:e�eqRTW®cgjl���begn�jlm&n¢c�mTj:� |�e-|OmTjlmT§�WVuqj ¾�|l���oWl«6Q�RTW
r��omoh+eqn�j@moc�egRD|:e[��W#cgRo|l����W�U�}o��j:aÄn�m,jl�TuihVjlUX}T�be2|:egn�jlmD|���cfeg�o~bn�W�cz|�uqWl¥
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f1(x) =
100

10−5 +
∑n

i=1 |yi|
,
�[RTW�ugW

yi = (xi − i+ 1) + yi−1 (y1 = x1)

f2(x) =

n∑

i=1

(xi − i+ 1)2

f3(x) = 1 +

n∑

i=1

(xi − i+ 1)2 −
n∏

i=1

cos
(xi − i+ 1)√

i+ 1
.

¬OW½U�|:»bn�UXn�§VW
f1(x)

|lmo~¼UXn�mTn�UXn�§VW
f2(x)

|�mo~
f3(x)

«&Q�RTW�j@}begn�U.�TU j�rÁ|l����eqRTuqWVW�j�rªegRTW
|l�Dj:¾@W r��Tmoh!egn�jlmocªjbhVh!�ouqcª|:e

x∗ = (0, 1, . . . , n− 1)
«zQ�RTW.j@}begn�U�|��K¾:|����TW�czj�r<egRoW�cgW#r��Tmoh!egn�jlmocÁ|�uqW

f1(x∗) = 107 Â f2(x∗) = 0
|�mo~

f3(x∗) = 0
«

¬OW¦|@~T~buqW�cqc[egRoW�cgW#n�cqcg�TW�cª~b�TW#eqjÄeqRTW#rs|@h+ezeqRo|:eÁn�m�}Tuq|@h+eqn�hVWlÂTeqRTW�cgW¦|@cgcg�TUX}beqn�j@mocz|lmo~½cfn�UX}T��n��
Í>hV|:eqn�j@moci�¿jl�o��~�mTjleªRTj@��~�n�m®k@WVmTW�uq|l�Ý«iQ�RTW.UX|ln�m�U�jlegn�¾:|:egn�jlm½jlr<egRTn¢cªugW�}Dj@ufezn¢c[eqRo|:eÁ��W.�[n�cgR½egj
k@W!ei|�ugWÀ|���n�cfegn¢hÁ¾dn�W��6j�rKegRoW�}DW�ufr�j@ugU�|�mDh!WÁj�r*��¡iyzcz|�mo~,|�¾lj@n�~Ärs|��¢cfW�RTj@}DW@«

� � 3,	����#�!/!��(*	��#%¨��� � ��� ) Ë �K��) �#" �	��
 � ��

¬OW#Ro|�¾@W egWÀcxeqW�~,ex�¿j���¡iyzc�Â>���®±zyz²g³ ´qµV¶q³K|lmo~�t�¸ �x¹)º £Ý~bW!e2|�n���WÀ~�n�mO_dW�h!egn�jlm �À¤!ÂD�TmD~bWVu[eqRTW.k@WVm$�
W�uq|l��n�§�|�egn�jlmoc��¿WªRo|�¾@WzUXWVmHeqn�j@mTW�~�«<¬°Ron���WÁegRTW mTj@mT§VW�ugj¦jl}beqn�U�|���cgjl���beqn�j@m�~bn¢~bm � ez|�}T}>W�|lu�eqj�| &FW�h+e
eqRTWÄh!j@md¾lWVuqklW�moh!W@ÂFegRTWÄ|@cfadUXUXW!equgn¢hV|l�<n�mTn�egn¢|���n�§�|:eqn�j@m ugWÀcf�T��egWÀ~�n�m |�}TuqWVU�|:eq�TugW�hVjlmd¾lW�ugk@WVmohVW.eqj�|
mojlm$�Õjl}beqn�U�|l�i¾:|����TWl« � mo~TWVu�| cg��n�k@R@eÄ}>WVugeg�oug�o|�egn�jlm&j�r eqRTW®n�mTnpeqn�|l��n�§�|�egn�jlm�Â�����±zy ²q³ ´gµ�¶g³ rs|�n���W�~�«
¬°Ron���WªUXj@ugWªugj@�T�ocfe�ÂHt�¸ �x¹ º�|l��cgj#rs|ln���W�~Ä�Tmo~bW�u�|.UXjluqWz}TuqjlmTj@�TmohVW�~�cgRTnpráe[n�m�egRoWªn�mTn�egn¢|���~bn¢cxequgn��T�$�
eqn�j@m�«<tv��W�|@cfW�cgWVWÁegRTW#|l}T}>WVmo~bn�»Är�j@u�egRTW�¾:|���n¢~T|:eqn�j@m�jlrKj@�Tu�n�UX}T��WVUXWVmHe2|:egn�jlmDc�j�r*���®±zy ²g³ ´qµV¶q³ |�mD~
t�¸ �x¹ º<«
¬OW�ÍDuqcfe�WV»b|lUXn�mTW����®±zyz²g³ ´qµV¶q³Õ«Ã¬OW��>jluqugj:��r�uqjlU �ä�4�ªeqRTWO}o|�u2|�UXW!eqWVu2cXegRD|:e�ugWÀcf�T��egWÀ~°n�m

cg�oh�h!W�cqc.|lmo~ UXjb~bn�ÍoW�~ eqRTW,n�mTn�egn¢|���~bn¢cxequgn��T�beqn�j@m�« Q�RTW-}o|luq|lUXW!egW�uqc�egRo|�e��¿WVuqWÄmTjle�h2Ro|lmTklWÀ~ |�uqW
eqRTW.~bn�UXWVmocgn�jlm

n = 10
Âo}>jl}T�o��|�egn�jlm½cfn�§VW

N = 2000
ÂTcq|�UX}T��W.cfn�§VW

M = 1000
Âo|�mD~��TmHegu2|�mocg��|�egWÀ~

¾@WVu2cfn�jlmDc*j�r�r��Tmoh!egn�jlmoc
f1(x)

Â
f2(x)

Âb|�mD~
f3(x)

£��[RTW�ugW[eqRTWzj@}begn�U.�oU jbh�h!�Tu2cv|:e�egRTWª§VW�ugj�¾@W�h+eqjlu+¤+Â
�[Ron�h2R½�¿W¦~bW�mTj�eqW.�da

f̃1(x)
Â
f̃2(x)

Â�|�mo~
f̃3(x)

«Á¬©W¦n�mHequgjb~b�ohVW�~½|lm�|lcgadU�UXWVeguqn�h�|���n�mTn�egn¢|���n�§À|:egn�jlm
�da�h2RTjdj@cgn�mok

µ0 = (2, . . . , 2)
|�mo~

Σ0 = I,
egRTW¦n�~bW�mHegn�exa,U�|�eguqnp»�«zQ�RTW#egWVuqUXn�mD|:egn�jlm©h!uqnpeqWVuqn�|X��|lc

cgW!e�eqj �:�oÂ �@�l�-r��Tmoh+eqn�j@m WV¾:|����o|:eqn�j@moc�«Ä¬©W-}TugWÀcfW�mHeÁeqRTWÄUXW�~Tn�|lm |lmo~ cxe2|�mo~o|�u2~©~bW�¾dn�|�egn�jlmOj�r�egRTW
ÍDmo|��*¾:|����TWXj�r�egRTW�ÍTeqmTW�cqcÁr��Tmoh!egn�jlmOn�m |�mOjlu2~bWVuqW�~®}o|�n�uÁr�jluqUX|�eX£sUXW�~bn¢|�m�Â�cxe2|�mo~T|luq~©~bWV¾dn¢|:eqn�j@mD¤+Â
�[Ron�h2R�|�uqW�hV|��¢h!�o��|�egW�~-r�uqjlU �l�¦uq�Tmoc�«*tv��W�|lcgW�cfW�W�Q�|l�T��W��@«

n = 10 f̃1(x) f̃2(x) f̃3(x)����±zy ²q³ ´gµ�¶g³ £f�l« �o�À�TÂb�T« �@� � �@¤ £x���b« �l�@�TÂb�T« ��� �@¤ £x� �d« �l� � Âd�T« �l�@�@¤

QK|��o��W��@¥)t*WVugr�jluqU�|�mohVW�|lmo|���abcfn¢c�r�jluv���®±zyz²g³ ´qµV¶q³o�Tmo~TWVu�|lmX|@cfadUXUXW!equgn¢hV|l�bn�mTn�egn¢|���n�§�|:eqn�j@m�Âl~bW�UXjlm$�
cfegu2|:eqn�mok.rs|ln����TuqWl«
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¬OW�moj�egn¢h!WÄegRo|�e¦eqRTW-uqW�cg�T��eqc�r�j@u¦���®±zyz²g³ ´qµV¶q³¿|lugWÄmoj�e¦j@}begn�U�|��8«�¬°RTn���W�cgjlUXW-UXn�klRHe¦|�uqkl�oW
eqRo|:e¦��j@mTklW�u�ug�TmDc-£��[n�egR uqW�cg}>W�h+e.egj®|½�¢|�uqklW�u�mH�oU.�>WVu#jlr�W�¾:|����o|:eqn�j@moc#|�����j:��WÀ~o¤ªU�n�klRHe.uqW�cg�T��e.n�m
|¨jl}Tegn�UX|l��cfj@���beqn�j@m�Âª|lmda¯}ougj@��j@mTk@|�egn�jlm�jlr#egRTW cfeg�o~bn�W�c�uqW�cg�T��egWÀ~�n�m6md�TUXWVuqn�h�|�� WVuquqjlu2c-~b�TW©egj
eqRTWXh!j:¾:|�uqn�|lmoh!W¦U�|:eguqn�»½|l}T}Tuqj@|@h2RTn�mok�egRTWX§�WVuqj-U�|:equgn�»�« 5T�TugegRoWVuqU�j@ugW@Â>egRTW�ugW���|�egn�¾lW¦UX|lklmTn�eg�D~bW�c
jlriegRoW�eqWVuqUXn�mo|�egn�jlm¨¾�|l���oW�jlriegRTW,ÍTeqmTW�cqc¦r��Tmoh!egn�jlm&h!jlUX}o|lugWÀ~ �[n�egR·eqRTW,egW�ugUXn�mo|:eqn�j@m¨cfeq|�mD~T|�u2~
~TWV¾dn�|�egn�jlm·jlr[egRTWÀcfW,¾:|����TW�c¦}Tuqj:¾dn�~bW�WV¾dn¢~bWVmohVWÄeqRo|:e�egRTW,jl}Tegn�UX|l�[cfj@���beqn�j@m·�[n�����mTjle¦�>W�uqW�|@h2RTW�~�«
ZªmoWÄugWÀ|lcgjlmOr�jlu#egRTW�}TugW�U�|:eg�ougW-hVjlmd¾lW�ugk@WVmohVW¦jlri���®±ªy ²q³ ´qµV¶q³ n�c#egRo|�e¦n�e¦��|lc#cgn�UX}T��aOmTj�eXh!��j@cgW
W�mTjl�oklR,egj-hVjlmd¾lW�ugk@Wl¥*n�rv���®±zy ²g³ ´qµV¶q³ cfeq|lufe2cicf����hVn�W�mHeg��a-rs|luz|��¿|�aÄr�ugj@U�egRoW.cfj@���Tegn�jlm�ÂDW�|lh2R½cfegW�}
eqj:�¿|luq~�egRoW�cgjl���begn�jlm uqW�cg�T�pe2c#n�m·|®~bn¢cxequgn��T�beqn�j@m �[npeqR·��W�cqc#¾:|�uqn�|lmoh!W½£Ýcfn�moh!W-egRTW�~bn�cfeguqn��T�begn�jlmDc.|:e
WÀ|lh2R½n�egW�uq|�egn�jlm�|lugW�r�j@ugUXWÀ~�r�ugj@U |�ÍomTn�egWXcq|�UX}T��WÀ¤ ��n�mbr�j@ugU�|:eqn�j@m½n�cÁ��j@cfeÁ|�eªW�|@h2R®n�egWVu2|:eqn�j@m�«ªQ�Ron�c
��¡iycgn�UX}T��a�WV»bRo|��ocfeqcinpe2c[n�mTr�jluqUX|�egn�jlm £�n8« Wl«�ÂTegRoW.h!j:¾:|�uqn¢|�mohVWÁU�|�eguqnp»,}TugW�U�|:eg�ougW���a-hVjlmd¾lW�ugk@W�c�egj
eqRTW�§VW�ugj�U�|:equgn�»o¤�|lmo~�r��TugegRTW�u[}Tugj@kluqW�cqc�n¢c[n�UX}DjHcgcgn��o��W@«
¬OW©moW!»de�hVjlmocgn¢~bWVu,|¼cgn�UXn���|lu�}>WVugeg�Tuq�o|�egn�jlm&egj¯t�¸ �x¹)º |�mo~6cfRTj:�0eqRo|:e,npe½|��¢cgj rs|�n���c�«B¬©W

moj:� �>jluqugj:� r�ugj@U � � �vegRoWÄ}o|�u2|�UXWVegWVu2cªegRo|�e#ugWÀcf�o�peqW�~On�m·cg�oh�h!W�cqc�|�mD~O|lk@|ln�mOUXjd~Tnpr�a�egRTWÄn�mTn�egn¢|��
~Tn�cfeguqn��o�begn�jlm�«¯¬OW½ugWVeq|�n�mTWÀ~·eqRTW½~bn�UXW�mocfn�jlm

n = 100
Â�}Dj@}T�T�¢|:egn�jlm&cgn�§�W

N = 50
Â�cq|�UX}T��W,cgn�§�W

K = 25
Â<|�mD~ ��WÀ|�uqmTn�mok®uq|�egW

α = 0.01
«½¬OW,n�mHeguqjb~b�ohVW�~ |®UXjb~bn�ÍoW�~·n�mTn�egn¢|���~bn¢cxequgn��T�beqn�j@m �[npeqR

UXWÀ|�m
µ0 = (25, . . . , 25)

|�mo~�cfeq|lmo~T|luq~&~bW�¾Hn¢|:eqn�j@moc
σ0
i = 1, ∀i «Q)j·�>W©|l�ocgjl���begW���a¯cf�TuqW®jlreqRTW�rs|�n����TuqW-jlrit�¸ �x¹ ºM|�mo~·WV��n�UXn�mo|:eqW-eqRTW-}>j@cqcfn��Tn���n�exa egRD|:e¦�¿W�~bn�~¼mTj�e���WVe¦eqRTW�|���kljluqn�egRTU
ug�om

r�j@u[|�cg���Äh!n�WVmHeq��aÄ��jlmok.eqn�UXWlÂo��WÁRo|�¾lWÁW!»deqWVmo~bWÀ~ÄeqRTW egW�ugUXn�mo|:eqn�j@m�hVugn�egW�ugn¢|#eqj��lÂ �l�l�oÂ �@�l�Ár��TmDh+egn�jlm
W�¾:|����o|:eqn�j@mocV«KyikH|�n�m�Â��¿W¿}ougWÀcfW�m@e*eqRTW[UXW�~bn¢|�mX|�mo~�cfeq|�mD~T|�u2~¦~TWV¾dn�|�egn�jlm�n�m�|lm¦j@uq~bW�ugWÀ~#}o|ln�u*r�j@ugU�|�e
£sUXW�~bn¢|�m�Â@cxe2|�mo~T|luq~.~bWV¾dn¢|:egn�jlm>¤+Â��[RTn¢h2R¦|lugW¿hV|l��hV�T��|�egWÀ~�r�uqjlU �zug�TmDcV«K¬©W[|l��cgjz}TuqW�cgWVmHe<h!j@U�}D|�u2|��T��W
uqW�cg�T��eqc�ÂdugWVeq|�n�mTn�mTk¦egRTW U�|:wxj@ugn�exaXj�r)eqRTW�|��>j:¾lWª}o|�u2|�UXW!eqWVu2c�|lmo~�jlmT��aÄh2Ro|�mokln�mTk#eqRTW ��WÀ|�uqmTn�mok¦u2|:eqW
eqj

α = 0.1
« 5ojluXeqRTn�c�h�|lcgWlÂ���W���j:��W�u.eqRTW�egW�ugUXn�mo|:eqn�j@m¨h!uqn�egWVuqn¢|®eqj¼���l�oÂ �@�l�½W�¾:|����o|:eqn�j@mocX|�mo~

}ougWÀcfW�m@e�eqRTW#cxe2|:eqn�cfegn¢hVc¿r�j@uz�.uq�Tmoc�«*tv��W�|lcgW#cgWVW�Q�|l�T��W��T«

n = 100 f̃1(x) f̃2(x) f̃3(x)t�¸ �x¹�º £
α = 0.01

¤ £Ý�T« �l�l� � Âb�o« �@�l�T��¤ £��l�H���D«�� �dÂ>� ��� « �o�À�@¤ £��l�d���o« �@�TÂH�l�o«ä�l� ��¤
t�¸ �x¹ º&£

α = 0.1
¤ £s�T« �l�l�oÂb�T« �l�@� � ¤ £Ý���H���o« �D�lÂ>���@�T« � ��� ¤ £8���o�À�b«ä� � Â � �l�o« �@�l�@¤

QK|��o��Wª�T¥�t*W�ufr�j@ugU�|�mDh!Wz|lmo|���abcfn¢c*r�jlu�t�¸ �x¹ º��Tmo~bW�u�|�m�|lcgaHUXUXW!equgn¢hV|l�Tn�mTnpeqn�|l��n�§�|�egn�jlm�Âd~bW�U�j@mocfegu2|:e"�
n�mTk�rs|�n����TugW@«

¬OW[cfW�W�eqRo|:e*t�¸ �x¹ º,|��¢cfjªrs|�n���W�~�eqjÁhVjlmd¾lW�ugk@W<egjÁjl}Tegn�UX|l��n�exa��Tmo~TWVu<cfn�UXn��¢|�uÀÂ:�T�be<UXjluqW�WV»deguqWVUXWlÂ
n�mTn�egn¢|��vhVjlmo~bn�egn�jlmDczeqj,egRTjHcfW¦egRo|�e���WX�ocgW�~©n�mOn�mTnpeqn�|l��n�§Vn�mTk,���®±ªyi²q³ ´qµV¶q³Õ«X\Án�¾lW�m�eqRTWX¾lW�uga���n��>WVu2|��
eqWVuqUXn�mo|�egn�jlm#hVjlmo~bn�egn�jlm)Â�eqRTWVuqWvn¢c�mTjÁ~bjl�o�be�egRD|:e�t�¸ �x¹�º Ro|@c�rs|�n���W�~�«*Q�RTW�~bn &FWVuqWVmohVW�c�n�m#U�|�k@mTn�eg�o~bW
�>W!ex�¿WVW�m egRTWvÍomo|��lÍTegmoW�cqcFr��Tmoh!egn�jlm#¾:|����TW�|lmo~ªegRTW¿h!j@uguqW�cg}Dj@mo~bn�mTk�cxe2|�mo~T|luq~ ~bW�¾dn�|�egn�jlmoc�|lugW*r��oufeqRTWVu
W�¾dn�~bW�moh!WzegRo|�eicf�oh�h!WÀcgc�n�c¿mTjle¿}>j@cqcgn��T��Wz�omo~bWVu¿eqRTW�cgWªn�mTn�egn¢|���h!j@mo~bn�egn�jlmoc�«*¬©W ~bj�mTj�eqWzeqRo|:e�t�¸ �x¹)º
n¢cÁUXjluqW¦uqjl�T�DcxeÁegRo|lm�����±zyi²q³ ´gµ�¶g³���k@n�¾@WVm½eqRTWXn�mTn�egn¢|��vhVjlmo~Tnpeqn�j@mocªegRo|�e�h�|��ocgW�~����®±ªyi²q³ ´qµV¶q³*egj
rs|ln��8Â<t�¸ �x¹)º W�|@cfn���a hVjlmd¾lW�ugk@W�~©egj©egRTW�jl}beqn�U�|l��cgjl���beqn�j@m�«©y }T�¢|��ocgn��o��W�ugWÀ|lcgjlm r�jlu¦egRon�c�kluqW�|�egW�u
uqjl�o�ocxeqmTW�cqc<n¢cveqRo|:e�egRTWª�T}>~o|:egWªug�o��WÀc<r�jlu�t�¸ �x¹)º hVjlmHeq|ln�m�UXW�U�j@uga��H�[RTn���WzegRTWimoWV��cq|�UX}T��WiUXn�k@R@e
RD|�¾lWv��npegeg��W�¾:|lugn�W!exa@ÂVeqRTW�j:¾@WVu2|�����¾:|�uqn�|lmoh!W�n�c�U�|�n�m@e2|�n�mTW�~�r�ugj@U eqRTW�}ougW�¾Hn�jl�Dc�klW�mTWVu2|:eqn�j@m�«)Q�RTW¿cfU�|l���
¾:|l���TW�j�r�egRTWX��W�|lugmTn�mTk,uq|�egW

α = 0.01
r��TugegRTW�u#|l~T~Tcªeqj�eqRTWXugj@�T�ocfegmTWÀcgc�«  zj:��W�¾lWVuÀÂ>egRTWX��W�|lugmTn�mTk
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u2|:eqW�jlmT��a¦~bW���|�a@W�~¦egRoW[}TugW�U�|:eg�ougWihVjlmd¾lW�ugk@WVmohVW�eqj#| mTjlm$�Õjl}Tegn�UX|l�ocgjl���begn�jlm �@�[RTn���Wi¾:|lugadn�mTk
α
Â@egRTW

hVugn�egn¢hV|l��}o|�u2|�UXWVegWVu2c�j�rKegRTW�n�mTn�egn¢|��)~bn¢cfeguqn��T�Tegn�jlm�r�jlu�rs|�n����TugW uqWVU�|�n�mTWÀ~ÄeqRTW#cg|lUXW��Th�« rx«�QK|��T��W#�b«
y^cgn�UX}T��W�cxe2|:egW�UXWVmHe[�ocfWVr��T�Fr�jlu��TmD~bWVu2cxe2|�mo~Tn�mTk¦egRoW�cgWªrs|ln����TuqW�c¿n¢c¿egRTWÁr�jl����j:�[n�mTkD¥ � rKegRoWÁn�mTn�egn¢|��

~Tn�cfeguqn��o�begn�jlmÄn¢c�h!W�m@eqWVuqW�~�UXj@ugWzegRo|lm-|�r�W��6cxe2|�mo~o|�u2~Ä~bWV¾dn¢|:eqn�j@mocvr�uqjlU eqRTWªj@}begn�U�|��Fcfj@���Tegn�jlm�£�egRTW
md�TU¦�DW�u�j�rKcfeq|lmo~T|luq~Ä~TWV¾dn�|�egn�jlmoc¿¾:|�uqadn�mok.�daÄ��¡iyÁ¤+Âbrs|ln����TuqWª�[n�����jdh�h!�TuÀ«<Q�RTWVuqWÁn�c¿mTjXUXW�h2Ro|lmTn¢cfU
r�j@u)�>jdj@cfegn�mTkz¾:|�uqn¢|�mohVWl«�¬OW¿~TjzmTjlegWlÂÀeqRo|:eKr�jluK�DjlegR#���®±zy ²g³ ´qµV¶q³ |lmo~�t�¸ �x¹ ºvÂ:n�rT��W�n�mTn�egn¢|���n�§VW��[n�egR
|.~bn�cfeguqn��T�begn�jlm-egRo|�e�Ro|@c�|.cf���ÄhVn�W�m@eq��aX�¢|�uqklWi¾:|lugn¢|�mohVWzh!j@UX}Dj@mTWVmHe�Â@egRoW�cgWz��¡iyªc¿�[n����>cg�oh�h!W�cqcfr��T����a
hVjlmd¾lW�ugk@Wl«�¬OWªcgRo|l���D}Tugj:¾dn¢~bWicgjlUXWzh!j@UX}T�beq|�egn�jlmo|l�TuqW�cg�T�pe2c�hVjlmohVWVuqmTn�mok��TmTW��H�o|l�on�mTn�egn¢|���n�§À|:egn�jlmDcvn�m
j@�Tu�hVjlUX}o|�u2|:eqn�¾@Wicxeq�o~ba�n�m,_dW�h!egn�jlm-�b« � m�}Tu2|lh!egn¢h!W[eqRTWin¢cgcg�TWz|l��cgj.|lugn¢cfWÀcvh!j@moh!W�ugmon�mTk eqRTW��H�TWÀcxeqn�j@m
jlr<�[Ro|:ezn¢cz|-cf���ÄhVn�W�m@e �@�D|�mHegn�exa-jlr*¾:|lugn¢|�mohVW��[npeqR®�[RTn¢h2R�egjÄn�mTn�egn¢|���n�§�W�egRoW#��¡iy.« � m�eqRTW.cgW��H�TW��ÝÂ
�¿W �[n����)cgWVWÁegRD|:eijl�ou[mTWV� ��¡iy��[n�����moj�ei�>W�WVmohV�TU.�>WVuqW�~��da�|�mdaÄcg�oh2R½~bWV��n��DW�uq|�egn�jlmoc�«

� � 3,	
�6�!1#	[",����� ��	 ��� ���½����� �

yªcÁ�¿|@cz}TuqWV¾dn�jl�ocg��a,UXW�m@eqn�j@mTW�~�Â>���®±zy ²g³ ´qµV¶q³ �[n����<h!jlmd¾@WVuqklW#}TuqWVU�|�eg�TuqWV��a�npr¿n�mTn�egn¢|���n�§VW�~��[npeqR©|lm
|@cfadUXUXW!equgn¢hV|l�D~bn¢cxequgn��T�beqn�j@mÄ�[n�egR-uqW�cg}>W�h+e�egj.egRTWÁjl}beqn�U¦�TU�«� ij:�¿WV¾lW�u�ÂH|:e�|#kln�¾lW�mÄn�egWVu2|:eqn�j@mXegRTW�ugW
n¢c[n�mbr�jluqU�|:eqn�j@m-eqRo|:ezh�|�m,�DW#WV»b}T��j@npeqW�~�«vQ�RoW�mo|:eq�TugW�jlr)eqRTn�czn�mTr�jluqUX|�egn�jlm,n�ci�DWÀcxeiWV»d}o��|ln�mTWÀ~-�[n�egR
|lm�WV»T|�UX}T��W |lmo~,npe2c[h!j@uguqW�cg}Dj@mo~bn�mTk�n������Dcxequq|�egn�jlm�Â 5Kn�kl�TuqWX�l«
_d�o}T}DjHcfW��¿W���|�mHe�egj UXn�mon�UXn�§VW,egRTW½cfeq|lmo~T|�u2~¼cg}TRTW�ugW�r��Tmoh!egn�jlm

f̃2(x)
n�m¼ex�¿jO~Tn�UXWVmDcfn�jlmoc�«

Y�j@mocgn�~bW�uK|zU.�T��egn�¾:|�uqn�|�egW¿mTjluqU�|��H~bn�cfeguqn��T�begn�jlm�h!W�m@eqWVuqW�~#rs|�u�r�ugj@U^egRTW¿jl}beqn�U�|l�dcgjl���beqn�j@m �:n�m 5Kn�k@�TuqW
�@ÂdegRTW j@}begn�U.�TU�n�c[|�e�£Ý�TÂ �@¤¿|�mD~-�¿WÁhVjlmocgn¢~bWVu[|�mTjluqU�|���~bn¢cxequgn��T�beqn�j@m,hVWVmHegW�ugWÀ~-|�e�£8�bÂä�l¤��[n�egR,egRTW
n¢~bW�m@eqnpexa�U�|�eguqnp»Ä|lc�n�eqc�h!j:¾:|�uqn¢|�mohVW[UX|�eguqnp»�«*¬OWÁhVugWÀ|:egWÁ|#}>jl}T�o��|�egn�jlm�r�uqjlUBeqRTn�c�~bn¢cfeguqn��T�Tegn�jlm�£�egRTW
�[RonpeqW�|lmo~¨�T��|@h2Å¼h!n�u2h!��W�c�n�m¨egRoW�Íokl�TuqWÀ¤¦|�mD~¨cgWV��W�h!e�eqRTW®cq|�UX}T��W�jlrzegRoW½�DWÀcxeÄn�mo~bn�¾dn�~b�D|��¢c¦�[n�egR
uqW�cg}>W�h+eÁegj�egRoW�cg}TRTW�ugW¦ÍTegmoW�cqczr��omoh+eqn�j@m¯£�egRTWX�T�¢|lh2Å½h!n�u2h!��W�c2¤+«�¬OW�moj�egn¢h!W¦egRD|:eÁegRTW�cgRo|�}>W¦jlrvegRon�c
cq|�UX}T��Wzn¢c�cfÅ@WV�¿W�~ �dn�e¿n¢c�egRTn¢c¿n�mTr�jluqUX|�egn�jlm�eqRo|:e��¿Wª�[n����FWV»d}o��j@npeÀ«*±zj�eqWzeqRTW ��W�¾lWV�FcgW!e[h!�Tuq¾lWÁ|lc���W����
|@cÁnpe2c ��n�mTW�|lu�|�}T}Tuqj�»bn�U�|�egn�jlm½n�m�eqRTW�Íokl�TuqWl« 5T�TugegRoWVu mTj�eqW�egRo|�eÁeqRTW�cg|lUX}T��W�n¢c WV��jlmTkH|:egWÀ~®|���jlmok
eqRTWÄ��n�moW�|�u¦|�}T}Tuqj�»bn�U�|�egn�jlm�jlr�egRTWÄ��WV¾@WV��cgW!e�h!�Tuq¾lW@«�yzc.��WÄ~Tj®mTj�e#��|�mHe�eqj½egu2|lhVWXegRTWÄ��WV¾@WV��cgW!e
|lmo~Ä�¿WÁ��j@�T��~Äuq|�egRTW�u�~TW�cqh!WVmD~-|�kH|�n�mocfe�n�e�ÂdegRoWÁ~bn�uqW�h+eqn�j@m-n�m-eqRTW cg|lU�}o��WÁ�[RTWVuqWªegRTW�ugWÁn�c�eqRTWª��W�|@cxe
¾:|lugn¢|�mohVWÁhVjluqugWÀcf}>jlmD~Tc�egjXegRoW#~bn�uqW�h!egn�jlm,}DW�ug}>WVmD~bn�hV�T�¢|�u�egjXeqRTW���WV¾lW���cfWVe �-|�~TW�cqh!WVmHez~bn�uqW�h+eqn�j@m�jlr
hVj@cfei~bW�hVugWÀ|lcgWlÂd�[RTn¢h2R�n�m,egRTn¢cihV|@cfW n¢c¿egRTW�moWVk@|�egn�¾lW j�r�egRTW�k@uq|@~bn�WVmHe¿jlr�eqRTW ÍTeqmTW�cqc¿r��Tmoh!egn�jlm�«
¬°RTn���WXegRTWX}TuqW�hVW�~bn�mTk,W!»T|�UX}T��W¦��|lc |,cfn�UX}T��npÍoWÀ~®ex�¿j�~bn�UXW�mocfn�jlmD|��<|��ocfegu2|lh!egn�jlm�ÂFeqRTWXn�~TW�|�n�c

�DcfWVr��T�Dn�m�|lug�onpequq|luga�~bn�UXW�mocfn�jlm)« � m�~bn�UXW�mocfn�jlm
n
ÂH�¿Wª|lk@|ln�mÄ|�efeq|ln�m�|.cq|�UX}T��Wz�[RTn¢h2RÄ�¿WzW!»b}>W�h!e�egj

�>W#cgÅlWV�¿W�~�n�m�eqRTW#cgWVmocgWÁegRo|�e[egRTW�ugW�n¢c���n�efeq��W.¾�|lugn¢|�mDh!WÁn�m½|�~bn�ugWÀh+eqn�j@m�jlr*hVj@cfe[~TW�h!uqW�|@cfW@«<y�cfn�UX}T��W
��|�a�egj�Íomo~O|�ÍomTn�egW�cgW!eÁj�r�h�|�mo~bn¢~T|�egWX~bn�uqW�h!egn�jlmocª�[n�egR��[Ron�h2R�egj�h2RTjdj@cgW¦|-~TW�cqh!WVmHe�~bn�ugWÀh+egn�jlm�n�c
eqj�h�|��¢h!�T�¢|:eqW�|�m-W�n�k@WVmd¾:|����TW ~bW�hVjlUX}DjHcfn�egn�jlm�j�r�egRTW�h!j:¾:|lugn¢|�mohVWzU�|:equgn�»Äj�r�egRTW�cq|�UX}T��W j�r�eqRTW��DWÀcxe
M
n�mo~bn�¾Hn¢~b�o|l��c�«<Q�RTWVm)Â@�¿Wzcgn�UX}T��a�h2RojHjHcfW¿eqRTWzW�n�k@WVmd¾lWÀh+egj@u<�[npeqRXegRTWªcfU�|�����W�cfe�WVn�klW�mH¾:|l���TW ����� 	#� �

�  � ��� � �����%��� �*	%� ���,�
��� �	� 	%� � Â�eqRTWÄW�n�k@WVmd¾lWÀh+egj@u �[npeqR egRTWÄcgU�|�����WÀcxe#W�n�k@WVmd¾:|����TW��[n�����hVjluqugWÀcf}>jlmo~�egj
eqRTW�~Tn�uqW�h!egn�jlm n�m·egRoW�cq|�UX}T��WÄRo|�¾dn�mok½egRTW,��W�|lcfe.¾:|�uqn¢|�mohVWl«®¬OW�h2RTjdjHcfW�eqRTn¢c.W�n�k@WVmd¾lWÀh+egj@u#|lc¦jl�Tu
~TW�cqh!WVmHei~bn�ugWÀh+eqn�j@m�«
� mOegRoW�klWVmoWVu2|��<cfWVefeqn�mTkDÂ�eqRTn�c.~bn�uqW�h!egn�jlmOUXn�k@R@e#moj�e#h!j@uguqW�cg}Dj@mo~½eqj�egRTW�moWVk@|�egn�¾lW�klu2|l~bn�WVmHe#|lc

j@�Tuzcgn�UX}T��W.WV»T|�UX}T��W.~bn¢~ �oeqRTW¦~Tn�uqW�h!egn�jlm�egRD|:ez�¿W#�[n����K�ocgW#�[n����Kn�m½k@WVmTW�uq|l���DW�~bn &>W�ugW�m@ezegRo|lm½egRTW
moWVk@|�egn�¾lW j�r*eqRTW#klu2|l~Tn�W�m@eÀ«¿_dn�UX}T��W.h!j@U�}o�beq|�egn�jlmo|l�)cxeq�o~bn�W�czRo|�¾lW�h!j@mbÍouqUXW�~�egRTn¢czcfeq|�egW�U�W�mHe�«�¬©W
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Direction of 
cost decrease

Level set curve

Linear approximation of the
            level set curve

= Selected individual

= Unselected individualfitness function = sphere function

Optimum = (0,0)

5Kn�k@�TugWX�@¥*y� �Õ~Tn�UXWVmDcfn�jlmo|l�Fn������Dcxequq|�egn�jlm,j�rKegRTW#hVWVmHegu2|��Fn¢~bW�|��>WVRTn�mo~��v��¡zy#«

RD|�¾lW.WV»T|�UXn�moW�~½�v��¡iyBn�mO~bn�U�W�mocgn�j@moc
n = 2

|lmo~
n = 10

Â�cfeq|�ugegn�mTk-r�ugj@U
µ0 = (100, . . . , 100)|lmo~

Σ0 = I
«*¬©WÁ}TuqW�cgWVmHeveqRTWzUXW�~Tn�|lm�ÂdU�WÀ|�mÄ|lmo~XegRoWÁcfeq|lmo~T|�u2~X~bWV¾dn¢|:eqn�j@mÄj�r�eqRTWª|lmTkl��Wi�>W!ex�¿WVWVm

eqRTW�cgWvex�¿jª~Tn�uqW�h!egn�jlmoc���egRTWÀcfW¿cxe2|:eqn�cfegn¢hVcK|�uqWve2|�ÅlW�m�r�uqjlU���[uq�Tmoc�Â:W�|@h2R�j�ro�[Ron�h2R.hVjlmocgn¢cxeqW�~�jlr����TÂ �l�@�
r��omoh+eqn�j@m©W�¾�|l���D|:egn�jlmDcV«¦¬©W�hV|l��hV�T�¢|:egW¦egRoWX|lmTkl��W��DWVex��W�WVm®eqRTW�cgWX¾lWÀh+egj@uqcª�ocgn�mok�eqRTW�~bW!ÍDmTnpeqn�j@m©jlr
eqRTWX�v�ohV��n¢~bW�|lm©n�mTmTW�u }Tugjb~b�Dh+e�¥

x · y = ‖x‖‖y‖ cosθ,
�[RTWVuqW

θ
n¢cÁegRTW�|�mokl��W¦�>W!ex�¿WVW�m�¾lWÀh+eqjlu2c

x|lmo~
y
«<t���WÀ|lcgW cgWVW�QK|��T��W � «

n = 2 n = 10UXWÀ~bn�|lm �T« � �l� �T�@« � � �
UXWÀ|�m �l�@« �H��� �@�T«������

cxe2|�mo~T|luq~,~bW�¾Hn¢|:eqn�j@m �À�T« �l� � ���o« � �H�

QK|��o��W � ¥X_deq|:eqn�cfegn¢hVc#r�jlu.egRTW,|�mTk@��W��>W!ex�¿WVW�m egRTW-WVn�klWVmDcf}o|@h!W�WV»HeqWVmocgn�jlm·~bn�ugWÀh+eqn�j@m·|�mo~OeqRTWÄequg�TW
k@uq|@~bn�WVmHe�«

¬OW mTj�eqWªeqRo|:e¿egRoWÁ�omo~bWVuq��aHn�mTk�}Tuqn�mohVn�}o��W j�r�jl�Tu[~bW�¾lWV��jl}oU�W�mHe¿n¢c�egRo|�e��¿WÁjlmT��a�mTWVWÀ~Äeqj.ÍDmo~�|
~Tn�uqW�h!egn�jlm�j�r<h!jHcxez~bWÀh!uqW�|@cfW �bÍomo~bn�mTkXeqRTW#W!»T|@h+eiklu2|l~Tn�W�m@ei�¿jl�o��~,�ocg�o|�����a-�>W�egjdjÄh!jHcxeq��a�jlu[n�UX}DjHc �
cgn��T��W@«
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eqn�j@m½�da,UXjb~bn�r�adn�mTk-���®±zyz²g³ ´qµV¶q³*n�m½j@uq~bW�uieqj-h!uqW�|�egW�eqRTW.�vn�klW�mocg}o|lhVW���¡iy�£��v��¡zyª¤+«�¬OW.uqW!e2|�n�m
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 ��) 
 Ç���Q�RTW ÍDmo|��)~TW�cqh!uqn�}beqn�j@m�jlrK����¡iy�n¢c[}TuqW�cgWVmHegWÀ~
n�m,egRTW r�j@����j:�[n�mTk¦}DcfW��o~bj �éh!jb~bW@¥
�l«[y¿e¦k@WVmTW�uq|�egn�jlm·�TÂ*�¿W-|�uqWÄk@n�¾@WVm·|½U¦�T�peqn�¾:|lugn¢|:eqW�\ |��ocqcgn�|lm·~bn�cfeguqn��T�begn�jlm¼j�riUXW�|lm

µ0 |�mD~h!j:¾:|�uqn¢|�mohVWª¾@W�h+eqjlu
Σ0 «�\ÁW�mTWVu2|:eqW�|¦}>jl}o�T��|�egn�jlm,j�r N n�mo~bn�¾dn�~T�o|��¢cV«

�b« 5Tj@u
k ≥ 0

Â
£s|H¤�y¿e klW�mTWVu2|:eqn�j@m

k + 1
Â�cfW���WÀh+eªegRTW��DWÀcxe

M < N
n�mD~bn�¾dn¢~b�o|l��cX£��[n�egR©ugWÀcf}>W�h!ezeqjÄÍTeqmTW�cqc

r��omoh+eqn�j@mD¤�r�ugj@U�k@WVmTW�uq|�egn�jlm
k
� c�}>jl}T�o��|�egn�jlm�«

£��>¤�Y¿|l��hV�T�¢|:egWªegRoW�U�WÀ|�m
µk+1 |�mD~�hVj:¾�|lugn¢|�mDh!WzU�|�eguqnp» Σk+1 j�r)eqRTW M cgWV��W�h!egW�~�n�mo~bn�¾Hn¢~ �

�D|��¢cV«
£shÀ¤ � ��)Ý�*
)s�b� Ç � �½Ç � � Ç���
 ��) 
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Σk+1 =
V ΛV T

�
£s~D¤��ªÇ � �ÕË � � � ��Ç � � Ç�� � � Ë�� �T�[Ì Ç����KÇ Ì,�b� Ë�
>Ç �

Σk+1 = V ΛV T+(λmax−λmin)vminv
T
min

�
£�W�¤,\ÁW�mTWVu2|:eqW�|¦moWV�M}Dj@}T�T�¢|:egn�jlm,j�r

N
n�mo~Tn�¾dn¢~b�o|��¢c�«

¬OW�hV|�����egRTWXmTW�� cxeqWV}oc |lm�WVn�klW�mocg}o|lhVW#W!»degW�mocgn�j@m©|�mD~½egRoW�|l��k@jluqnpeqRTU�egRTWX�vn�klW�mocf}D|lh!W¦��¡iy
£s�v��¡iyÁ¤+«�yz��cgjoÂ��daªuqW�cgW!egegn�mTkieqRTW�UXn�mTn�U.�TU^WVn�klW�md¾�|l���oW<egjzegRTW�¾�|l���oW�j�rbeqRTW�U�|�»dn�U.�oUMW�n�k@WVmd¾:|����TWlÂ
�¿W�cxeqn�����Ro|�¾@WÁ|¦r�u2|�UXWV�¿jluqÅXr�jluihVjlmd¾lW�ugk@WVmohVWl«

� � � �¦� �,��(*� ���! #	 � ��� �#"

¬OW�mTj:�}TuqW�cgWVmHeÁ|lm©hVjlUX}T�be2|:egn�jlmD|��*h!jlUX}o|luq|�egn�¾lW.cfeg�D~ba½j�r�����¡iy#Â)t�¸ �x¹)º Â�|lmo~®����±zyi²q³ ´gµ�¶g³Õ«
¬OW�~bW!ÍomoW,j@�Tu¦egWVuqUXn�mD|:egn�jlm¯h!j@mo~bn�egn�jlm¨|@c

10, 000
r��TmDh+egn�jlm¯WV¾:|l���o|�egn�jlmoc�« 5Tj@u�WÀ|lh2R·��¡iy0|�mo~

cgW!eijlrK}D|�u2|�UXW!eqWVu2cVÂb�¿W�Ro|�¾lWÁeqRTW#~T|:e2|�r�jluª�l��n�mo~TWV}>WVmo~bW�mHezug�omocV«�¬©W#}ougWÀcfW�m@e�eqRTW � � ��� � � ¾:|l���TW
jlr�egRTW-ÍTegmTWÀcgc.r��Tmoh!egn�jlm·j:¾@WVu eqRTW,�l�½ug�omoc.|�e#egRTW-egW�ugUXn�mo|:eqn�j@m j�r[egRoW-h!j@U�}o�beq|�egn�jlm¼|@c���W�����|lc
eqRTW�h!jluquqW�cg}Dj@mo~bn�mTk�cfeq|�mD~T|�u2~ ~bWV¾dn¢|:eqn�j@m·n�m¼egRTW,r�j@ugU j�rÁ|�m·j@uq~bW�ugWÀ~ }o|�n�uÀ¥�£�UXW�~Tn�|lm�Â�cfeq|�mD~T|�u2~
~TWV¾dn�|�egn�jlmD¤!«v¬OW.h2RTjdj@cgWÁegRTW#}>jl}o�T��|�egn�jlm½cgn�§�W

N = 40 $ |�mD~,cq|�UX}T��W#cgn�§�W�c K = M = 20
«v¬OW.cgW!e

eqRTW¦~Tn�UXWVmDcfn�jlm
n = 10

«zQ�RTW�n�mTnpeqn�|l�KhVj:¾:|�uqn�|lmoh!W�U�|:equgn�»
Σ0 r�j@uª����¡iy |�mo~½���®±zy ²g³ ´qµV¶q³ n¢cªegRTWn¢~bW�m@eqnpexa U�|:equgn�»

I
|lmo~ t�¸ �x¹ º � c¦n�monpeqn�|l�¿~bn¢cfeguqn��T�Tegn�jlmoc.Ro|�¾lWÄ�omTnpe�¾:|�uqn�|lmoh!W@«®t�¸ �x¹ º � c¦��WÀ|�uqmTn�mok

u2|:eqW
α
n¢c�Ío»dWÀ~-|�e

0.1
«*¬OWª¾:|�uqa�egRTWªÍTeqmTW�cqc�r��Tmoh+eqn�j@m�|@c��¿WV���>|@c�egRTWÁn�monpeqn�|l�>UXWÀ|�m

µ0 «*tv��W�|lcgWªcgWVWQK|��o��WÀc��X|lmo~�� �beqRTW �DWÀcxeiuqW�cg�T��eqc[|�uqW n�m��>jl�¢~�«
yzm

F
cg�T}>WVu2cghVugn�}be®~bWVmoj�egWÀc½uqW�cg�T�pe2c½h!j@m@e2|�UXn�mo|:eqW�~ �Ha md�TUXWVuqn�h�|���}Tuqjl�T��WVU�c��.eqRTW�cgW }Tuqjl�$�

��WVU�c�jbhVhV�TuguqW�~·W!»Th!���ocgn�¾@WV��a©r�j@u¦���®±zy ²g³ ´qµV¶q³ «·Q�RoW,uqW�|@cfj@m r�jlu�egRoW�cgW�md�TUXWVuqn¢hV|��¿WVuquqjlu2c#n¢c.eqRo|:e
% ��Ü+ç[Ï¿ç[âäô+ÔVÙ�Ñ2Òsô+Ö�Ï[Ù8Ô�ÑqÙ�ý ò ã ê�&(' )(*,+(' ÒsÏfèVÖ�âäÒsÏxÐ�ÑÁå Ñ2Òsô+ÏxÒ�Û�Ü+Û�Ö�å ÑqÙÝâäÜ+×¦ÙÝÜ æ�Ö�×�ÓéÙ8âäÜ+×¦Û�ÒsÜ+ÛlÏxÒså ß!ï.-�Üfû�Ï��!ÏxÒ í ÙÝÔ�âäÐ

Ü+Þ �sÏfÓéÙÝâäÜ+×�âäÐKç[ÜVÜ2Ù í Ñ2Ð�û�ÏvÔ:Ñ �!Ï¿Ñ2åäÒÝÏfÑ2ØÀß�ÐÝÔ�Ügû)× ÙÝÔ�Ïvæ¢Ñ2âäåäÖ�ÒsÏvÜ2æ�ý ò ã ê�&(' )(*,+(' û)â Ù8Ô#Ñ[å Ñ2Òsô+Ï�Û�Ü+Û�Ö�å ÑqÙÝâäÜ+×�Ö�×�ØÀÏfÒKåäÏfÐÝÐ
Ï �VÙÝÒÝÏxç[Ï<âä×�â ÙÝâ Ñ2åHÓxÜ+×�Ø�â ÙÝâäÜ+×�Ð0/:Ó+ï æÝïTÙÝÔ�Ï<Ð8ÏxÓéÙ8âäÜ+×ÁÏf×!ÙÝâ Ù8åäÏxØ21só)ÔÀÏ î Ñ2âäåäÖ�ÒÝÏ<Ü2æDý ò ã ê &(' )(*,+(' Ñ2×�Ø 
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µ0 = (10, . . . , 10) f1(x) f2(x) f3(x)�v��¡zy £ �l�T« � �@�TÂ>�l�À�T« � � �H¤ �����������oÇ@É��
	 �������
	
DÇ@É������ ���������
t�¸ �x¹)º ����
 �����
 ����	 ���
�	�� £s�T« �l�@�T�@Â �b« ���@�lW'�é�@�l¤ £s�o« �@�l�@�TÂH�o« �@�l�lW'�é�@�l¤

����±zy ²q³ ´gµ�¶g³ £s�o« �l�@�TÂd�o« �@�l�H¤ F £ � �V�D« � � �TÂ>�À� �T«ä���o�À¤ £Ý� �@�T« �o�V�oÂ>�À�l�T« ���@�l¤

QK|��o��WÁ�o¥<t*WVugr�jluqU�|�mohVWª|lmo|���abcfn¢c�r�jlu��v��¡iy.Âot�¸ �x¹�º |lmo~Ä���®±zyz²g³ ´qµV¶q³�n�m½~bn�UXWVmocgn�jlm��À���Tmo~bW�u�|
cg��n�k@R@ei|@cfadUXUXW!eguqn¢hV|��Fn�mTn�egn¢|���n�§À|:egn�jlm)«

µ0 = (100, . . . , 100) f1(x) f2(x) f3(x)�v��¡iy ��	���	��
� �� �������� ����������	DÇ@É����������������oÇ@É������ ��������������DÇ@É����
�
t�¸ �x¹)º £s�T« �@���oÂb�T« �l�@� � ¤ £Ý� ��� � �d« �dÂ>�À�l�@�b«ä�l¤ £8�l� � ���o« �oÂD�À�l�@�T«ä�l¤

���®±zy ²g³ ´qµV¶q³ £Ý�T« �T� �TÂ � «ä� �l�:W'�é�@�@¤ F £ �l�@� � �T« �oÂH�l�@�@�@�T« �H¤ £s�TÂb�d���l�o�l« �����@¤ F

QK|��o��W��b¥<t*WVugr�jluqU�|�mohVWª|lmo|���abcfn¢c�r�jlu��v��¡iy.Âot�¸ �x¹ ºO|lmo~Ä���®±zy ²g³ ´qµV¶q³ n�m½~bn�UXWVmocgn�jlm��À���Tmo~bW�u�|
}ougj@mTjl�TmDh!W�~�|lcgadU�UXWVeguqn�h�|���n�mTnpeqn�|l��n�§�|�egn�jlm�«

���®±zy ²g³ ´qµV¶q³ � c�h!j:¾:|�uqn¢|�mohVW#U�|:eguqn�»®}TugW�U�|:eg�ougW���a®hVjlmd¾lW�ugk@W�~,egj,§VW�ugjDÂ�|�mo~®egRTW�cg�T�ocgW��H�TW�m@e n�egWVu2| �
eqn�j@moc#W�moh!j@�TmHegW�ugWÀ~©W�uguqjlu2c�«,Q�RTWÀcfW-WVuqugj@uqc�|lugW�n�mocgn�k@mTnpÍ>hV|�mHe¦cgn�moh!W�eqRTWVa j@mT��aOuqW�cg�T�peqW�~ |�ráegWVu.egRTW
��¡iy�h!j@mH¾@WVuqklWÀ~�egj�|�mTj@m$�8j@}begn�U�|���cgjl���begn�jlm)«
¬OW#mTj:� W!»b}T��jluqWªeqRTW.~bW�}DW�mo~bW�moh!W�j@m�~Tn�UXWVmDcfn�jlm�Âo�Ha�ugW�}DWÀ|:eqn�mTk�eqRTW.|��>j:¾lW WV»d}>WVuqn�U�W�mHe��[n�egR

|Ár�W��°UXn�mTj@u�h2Ro|lmTklWÀcV¥���W[W�mT��|lugk@W�egRTWiegWVuqUXn�mD|:egn�jlmÄhVugn�egW�ugn¢|ªegj
50, 000

r��Tmoh!egn�jlm�WV¾:|l���o|�egn�jlmoc�|�mo~
W�mT�¢|�uqklW�egRoWª~bn�UXWVmocgn�j@mXegj

n = 30
«K¬©Wª|��¢cfj#W�mT�¢|�ugk@W�egRTWª}Dj@}T�T�¢|:eqn�j@mÄcfn�§VW[eqj

N = 80
|�mo~�cq|�UX}T��W

cgn�§VW�cªeqj
K = M = 40

«#yz���<jlegRTW�u }o|�u2|�UXW!eqWVu2czuqWVU�|ln�m�egRTW�cq|�UXWl«#t���WÀ|lcgW�cgWVWXQ�|l�T��W�c ��|lmo~ � �
|lk@|ln�m�ÂHeqRTW��DWÀcxeiuqW�cg�T��eqc[|lugW n�m,�>jl�¢~�«

µ0 = (10, . . . , 10) f1(x) f2(x) f3(x)�v��¡iy £��o« �l�H�bÂF�l«����@�@¤ £Ý�T« �l�@�@�l�TÂH�o« �@�T�À�@¤ £Ý�T« �l�o�À�bÂb�o« �@�@���H¤
t�¸ �x¹ º ��� �����
������� �������� ������� ��>ÇlÉ�������	 �����!>Ç@É"��	�� �����#�
� �HÇ@É�������	 ������oÇ@É"��	��

���®±zyz²g³ ´qµV¶q³ £s�o« � ���bÂb�o« �@�l� � ¤ F £Ý�l�l�@�T«�� � Âb���o« �o���H¤ F £Ý�l�@� �T« �dÂF���o« �H�l¤ F

QK|��o��W �T¥<t*WVugr�jluqU�|�mohVWª|lmo|���abcfn¢c�r�jlu��v��¡iy.Âot�¸ �x¹�º |lmo~Ä���®±zyz²g³ ´qµV¶q³�n�m½~bn�UXWVmocgn�jlm � ���Tmo~bW�u�|
cg��n�k@R@ei|@cfadUXUXW!eguqn¢hV|��Fn�mTn�egn¢|���n�§À|:egn�jlm)«

$$��� � ��,�% �'&"
(& � � #�)�*�&)�+*-,/.$#%,.#+
� ��,0% (+*�&�.1% #�&

¬OWX�DW�kln�m©�da®|lmo|���ad§Vn�mTk-eqRTWXugWÀcf�o�pe2czr�j@u#~bn�U�W�mocgn�j@m¼���o«.�v¾@WVmO�[RTWVm©egRoW�n�mTn�egn¢|��v~bn¢cfeguqn��T�Tegn�jlmOn�c
hVWVmHegW�ugWÀ~ |:e.mTWÀ|�uq��a®egRTW�jl}beqn�U�|���cfj@���beqn�j@m°£

µ0 = (10, . . . , 10)
¤!Â�����¡iy�}>WVugr�jluqUXW�~ �¿WV���ÝÂK�>WVn�mTk

j@�beg}>WVugr�jluqUXW�~�jlmT��a-�daÄt�¸ �x¹�º jlm
f1(x)

«�Zªm,egRTW�jlegRTW�u[ex�¿j¦r��omoh+eqn�j@mocVÂo�v��¡iy kluqW�|:eq��a�j@�beg}>WVu��
r�j@ugUXWÀ~,egRTW�j�eqRTWVuzex��jÄ��¡iyzc�«ª¬°Ron���W#eqRTW¦j@}begn�U�|��Kcfj@���beqn�j@m®��|lcz|�efe2|�n�mTW�~ £s�[npeqRTn�mO|Ämd�TUXWVuqn¢hV|��

à�ãKÎ�à ê



���������
	������������� �@�

µ0 = (100, . . . , 100) f1(x) f2(x) f3(x)�v��¡iy �(� ����� ����� �����
��� �(� ��� ������� ������ � �(� ���
�
� ��� �����
���
t�¸ �x¹�º £Ý�T« �l�l�oÂb�T« ��� ��W'�é�@�@¤ £������ � �T« �dÂb���T�À�T« �@¤ £ ���l���l�o« �oÂd� � � �d«���� �l¤

���®±zy ²g³ ´qµV¶q³ £s�o« �@�@� � ÂD�@« �@���lW'�é�l�@¤ F £8�b���@�l�@�TÂb��� � « �l� � ¤ F £8�b�À� �@� �TÂb���@�T« � �l�@¤ F

QK|��o��W��d¥<t*WVugr�jluqU�|�mohVWª|lmo|���abcfn¢c�r�jlu��v��¡iy.Âot�¸ �x¹ ºO|lmo~Ä���®±zy ²g³ ´qµV¶q³ n�m½~bn�UXWVmocgn�jlm � ���Tmo~bW�u�|
}ougj@mTjl�TmDh!W�~�|lcgadU�UXWVeguqn�h�|���n�mTnpeqn�|l��n�§�|�egn�jlm�«

W�uguqjlu+¤��da-�>j�egR½����¡iy |lmo~,t�¸ �x¹ º j@m
f2(x)

|�mD~
f3(x)

ÂoegRoW�cgW#|���kljluqn�egRTU�c¿rs|�n���W�~,egjÄ|�efe2|�n�m�egRTW
j@}begn�U�|��vcgjl���begn�jlm�r�jlu

f1(x)
«ÄQ�RTWXugWÀ|lcgjlm�r�jlu egRon�c n¢c�cfn�UX}T��a®egRoWXhV�begj*&¼j�r

10, 000
WV¾:|����o|�egn�jlmoc��

k@n�¾@WVm�|z�¢|�uqklW�u�h!�Tegj &-hVugn�egW�ugn¢|TÂ:�omo~bWVuKeqRTW�cgW[h!�TuqugW�mHe*hVjlmo~bn�egn�jlmDcVÂ:�>j�eqR�|l��k@jluqnpeqRTU�c)W�¾lWVmHeq�o|�����a#hVjlm$�
¾@WVuqklWÀ~ egjÁegRoW¿j@}begn�U�|��bcgjl���begn�jlm,£�t�¸ �x¹ º,UXjluqW �@�on�h2Åd��a egRo|lm¦�v��¡iyª¤!«�¬©W[moj�egW�egRD|:e<���®±ªy ²q³ ´qµV¶q³
rs|ln���W�~®�Tmo~bW�uÁ|l���)egRTuqWVW.r��Tmoh+eqn�j@moc��DeqRTn¢czn¢cª|l��cgj�eqRTW¦h�|lcgW#npr���W#W�mT�¢|�uqklW�eqRTW¦hV�begj*& hVugn�egW�ugn¢|T«i¬°n�egR
W�¾lW�m,|Xcg��n�klRHei~bn¢cxeq�Tug�D|�mohVWªr�uqjlU |�cgadUXU�WVeguqn�h�|���n�mTn�egn¢|���n�§À|:egn�jlm)Âb���®±zyz²g³ ´qµV¶q³�rs|ln��¢cV«

� mo~bWVuiegRTW�UXjluqW W!»deguqWVUXW n�mTnpeqn�|l��n�§�|�egn�jlm,j�r
µ0 = (100, . . . , 100)

Âb�¿W�cfW�WÁegRo|�ei�v��¡iyhV��WÀ|�uq��a
j@�beg}>WVugr�jluqU�czWÀ|lh2R®jlrvegRoW�jlegRTW�uzex�¿j-��¡iyzcÁr�j@uÁWÀ|lh2R½r��omoh+eqn�j@m�«.¸¿j�eqR®���®±ªyi²q³ ´qµV¶q³v|�mD~®t�¸ �x¹)º
rs|ln���W�~¼�Tmo~bW�u�egRTWÀcfW½h!j@mo~bn�egn�jlmoc�ÂvW�¾lWVm¨nprÁUXjluqW-WV¾:|l���o|�egn�jlmoc��¿WVuqW�|l����j:��WÀ~�« ¬OW,hV��WÀ|�uq��a·cgWVW�egRTW
�>WVmoW!ÍTeijlrK�v��¡iy�n�m-eqRTW�cgW#hV|@cfWÀcV«
¬OW#mTj:� W!»T|�UXn�mTW egRTW�uqW�cg�T��eqc[n�m½~bn�U�W�mocgn�j@m � �T«<¬°RTW�m�egRTW�n�mTn�egn¢|��)~Tn�cfeguqn��o�begn�jlm�n¢c[ugW���|�egn�¾lW���a

hV��jHcfWXeqj½egRoWÄjl}beqn�U�|l��cgjl���begn�jlm°£
µ0 = (10, . . . , 10)

¤+ÂK�v��¡iy�n�c.jlmT��a cf��n�k@RHeg��a�jl�Teg}>WVugr�jluqU�WÀ~O�Ha
t�¸ �x¹ º,r�jluv|l���beqRTuqWVW�r��Tmoh!egn�jlmoc��@egRTn¢cvcgRTj:�icKegRo|�ev�v��¡iy ~bjdW�c<moj�evmTW�W�~¦egj��>W[n�monpeqn�|l��n�§VWÀ~�rs|�u*r�uqjlU
eqRTW�jl}Tegn�U.�TU eqj��DW�W &>WÀh+eqn�¾@Wl«vyikH|�n�m�Âb�Tmo~TWVu�egRon�cicg��n�k@R@ei~bn¢cfeg�Tuq�o|�mDh!WlÂb���®±zy ²g³ ´qµV¶q³ rs|�n��¢cV«
ZªmohVW ��W�h!j@mocgn�~bW�u[|¦UXj@ugW cfÅ@WV�¿W�~-n�mTn�egn¢|���n�§�|:eqn�j@m�Âb�¿W |lk@|ln�m,cfW�WªeqRo|:e[�v��¡iy�kluqW�|�eg��aXjl�beq}DW�u"�

r�j@ugU�cvegRTWÁj�eqRTWVu�ex��j.��¡iyzc¿j@m-|����oeqW�cfe�r��omoh+eqn�j@mocV«�ZªmohVWª|lk@|�n�m�ÂlegRTWÁj�eqRTWVu�ex��j.��¡iyzc�hVjlmd¾lW�ugk@W�~
eqj�|�mTj@m-j@}begn�U�|���cgjl���begn�jlm�«*¬OW mTj�eqWzeqRo|:e[WV¾@WVm,�v��¡iy^n¢c¿mTj�e[�TmD~bWVmTn¢|��o��a-|�e�eqRTW jl}beqn�U�|l��cfj@���$�
eqn�j@moc��degRTn¢c�n�c¿j@mT��aÄ~T�TWÁegj�egRTW md�TU¦�DW�u¿jlr�W�¾�|l���D|:egn�jlmDc¿hV�begj*&KÂb�[Ron�h2R�npr*n�mDh!uqW�|lcgW�~�ÂH|l����j:�ic¿�v��¡iy
eqjXklW!ei�[n�egRon�m�UXjluqW�cfn�klmTn�ÍDh�|�mHe�~Tn�k@npe2c[j�r�egRTW�j@}begn�U�|���cgjl���begn�jlm�«
¬OWªhVjlmohV���o~TW[egRTn¢c�cgW�h!egn�jlm��[n�egRXex�¿j#}T��j�e2cvj�rFeqRTWiu2|:egWÀc<j�r�hVjlmd¾lW�ugk@WVmohVW¿jlrFegRTWªU�WÀ~bn¢|�moc<jlr�egRTW

eqRTuqWVW���¡iyªcVÂFh!j@uguqW�cg}>jlmo~bn�mTk�egjÄr��Tmoh+eqn�j@m
f2(x)

ÂDn�m®~bn�UXW�mocfn�jlm
n = 10

ÂT�[n�egR
µ0 = (10, . . . , 10)

«
5Kn�kl�TuqWÁ�.~bW!e2|�n���c�egRoWÁcfeg�o~Ta���WªRo|�¾lW<wx�Dcxe[h!j@U�}o��WVegW�~�ÂH�[RoWVuqWiegRoWªn�mTn�egn¢|���n�§À|:egn�jlmDc�|lugWin¢~bW�m@eqn�h�|��Dr�jlu
WÀ|lh2RX��¡iy.« � m 5Kn�kl�TuqW � Âl�¿Wz|:egegWVUX}be�egj#}ougWÀcfW�m@e�|#U�j@ugW[W �H�Tnpe2|��T��WzhVjlUX}o|�uqn¢cfj@m�Â��da�~Tn�&FWVuqn�mok�egRTW
n�mTn�egn¢|���n�§À|:eqn�j@mocÁr�jlu�����±zyi²q³ ´gµ�¶g³�|�mo~©t�¸ �x¹)º n�m©eqRTWVn�u rs|�¾lj@u�« 5Tj@u����®±ªyi²q³ ´qµV¶q³ÕÂ��¿W�WVmT�¢|�uqklW¦egRTW
}>jl}o�T��|�egn�jlmXcfn�§VW�eqj

N = 2000
Â�cq|�UX}T��W[cfn�§VW�eqj

M = 1000
|�mo~¦n�mTnpeqn�|l�oh!j:¾:|lugn¢|�mohVW�U�|�eguqnp»#eqj

Σ0 =
100I

« � mo~TWVuÁegRTWÀcfWXh!j@mo~bn�egn�jlmoc�Â����®±ªyz²g³ ´qµV¶q³<n�cÁn�m�rs|@h+e#cf�DhVh!WÀcgcfr��T�8Â�h!j@mH¾@WVuqkln�mTkXegj�egRoW�j@}begn�U�|��
cgjl���beqn�j@m�« 5ojlu�t�¸ �x¹ º�Âv��W�jlmT��a WVmT�¢|�uqklWÄegRTW,n�monpeqn�|l��cfeq|lmo~T|luq~·~TWV¾dn�|�egn�jlmoc#egj

σ0
i = 10, ∀i Â*egjhVjluqugWÀcf}>jlmD~¦�[n�egRÄegRTWÁn�monpeqn�|l��n�§�|�egn�jlm�j�r����®±zy ²g³ ´qµV¶q³ «*¬OWzmTjlegWzegRo|�e��[RTn���Wªt�¸ �x¹ º½��|lc�cf�DhVh!WÀcgcfr��T�

n�m·�>j�eqR¨hV|@cfWÀcVÂKeqRTW,h2RD|�mTk@WÄn�m·egRTW,n�monpeqn�|l��cfeq|lmo~T|luq~ ~bW�¾dn�|�egn�jlmoc¦~bn�~Tm � e�| &FW�h!e¦eqRTW�hVjlmd¾lW�ugk@WVmohVW
u2|:eqW[¾lW�uga#U¦�oh2R �Hn�mXrs|@h+eÀÂleqRTWiu2|:egWicg��n�k@R@eq��a�~bW�hVugWÀ|lcgW�~�Â@cf�T}o}Dj@ufeqn�mTk eqRTWzhV��|ln�UÃegRo|�e�| �¢|�uqklWVu<n�mTn�egn¢|��
¾:|lugn¢|�mohVW��[n����D~bW���|�aXh!j@md¾lWVuqklW�moh!W@«)Q�RTWiuqW�|@cfj@moc*�¿W[Ro|�¾lW[UXjb~bn�ÍoW�~�eqRTWin�mTnpeqn�|l��n�§�|�egn�jlmoc�|lcv�¿W[Ro|�¾@W
|lugW |lc[r�jl����j:�ic�¥[£x�À¤�����±zyi²q³ ´gµ�¶g³�n�c[egW�cfegWÀ~,n�m,egRoW���n�egW�uq|�eg�TuqWzr�j@ui�¢|�uqklWÁ}Dj@}T�T�¢|:egn�jlm�cgn�§�W�c[|�mD~���|lc
��n�ÅlWV��a ~bW�cgn�k@mTW�~ �[n�egR·egRTWÀcfW,cfn�§VWÀc#n�m·UXn�mo~ �vr�jlu.egRTn¢c¦ugWÀ|lcgjlm�ÂK��W-Ro|�¾lWÄW�mT�¢|�uqklW�~On�eqc¦}Dj@}T�T�¢|:eqn�j@m
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cgn�§VW��Ä£8�l¤Än�mTn�egn¢|���n�§�|:eqn�j@moc�j�r.�>j�eqR6���®±ªyi²q³ ´gµ�¶g³�|�mD~�t�¸ �x¹)º n�m6egRTWO��npeqWVu2|:eg�ougWO|�uqW®¾:|�kl�oW©|�mD~
cgjlUXWVegn�U�WÀc#j@mT��aOUXWVmHegn�jlm � �TmTn�r�jluqU
n�mTn�egn¢|���n�§�|:eqn�j@moc�� �,egRd�oc.|®��|lugk@W�n�mTn�egn¢|��¿¾:|�uqn�|lmoh!WÄhVjlUX}>jlmTW�m@e
�[n�����}Tuqjd~T�oh!W.|X}>jl}o�T��|�egn�jlm½h!j:¾@WVuqn�mok�|X�¢|�uqklW�u[}Dj@ufeqn�j@m,jlr�eqRTW.cgW�|luqh2R�cf}D|lh!WÄ£Ý|�}T}ougj�»bn�UX|�egn�mTk�egRTW
� �TmTn�r�jluqU n�mTnpeqn�|l��n�§�|�egn�jlm��f¤�|�mo~�Âb�omo~bWVu¿eqRTW#h!�TuquqWVmHe¿hVjlmo~bn�egn�jlmDcVÂb�¿jl�T�¢~Ä}ougjb~b�ohVWÁcgjlUXWÁn�mD~bn�¾dn¢~b�o|l��c
moW�|�u�eqRTW#j@}begn�U�|��)cgjl���begn�jlm,�[n�egR½RTn�klR�}Tuqjl�o|l�Tn���n�exal«v¬OW#cfeguqW�cqc¿egRo|�ez�v��¡iyugW�UX|ln�moW�~,n�monpeqn�|l��n�§VWÀ~
�[n�egR

Σ0 = I
«�Q�RoW#}Dj@n�mHe[eqjÄmTj�eqW�n�c[egRo|�ezWV¾@WVm��da-kln�¾dn�mok����®±zy ²q³ ´qµV¶q³ |lmo~,t�¸ �x¹ º U¦�oh2R�UXjluqW

n�mTn�egn¢|��d¾:|�uqn�|lmoh!Wª£s|�mD~#�¢|�uqklWVu�}Dj@}T�T�¢|:eqn�j@moc)n�m#eqRTW�hV|lcgW�jlro���®±ªy ²q³ ´gµ�¶g³ ¤+Â:����¡iy°cfegn����djl�Teg}>WVugr�jluqU�WÀ~
eqRTWVU�«

function evaluations

fi
tn

es
s
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5Kn�kl�TuqWÁ�T¥*�v¾lj@���beqn�j@m-jlr�h!j@mH¾@WVuqklW�moh!Wiu2|:eqW�c�j�r)����¡iy#Âbt�¸ �x¹�º |lmo~Ä���®±zyz²g³ ´qµV¶q³��Tmo~bW�u¿n¢~bW�m@eqn�h�|��
n�mTn�egn¢|���n�§À|:eqn�j@mocV«

� � � ��� �#" �#%¯����� �

¬OWOmTj:�'cfj@��W���a&cfeg�o~ba&eqRTWO�DW�Ro|�¾dn�j@u-j�r¦�v��¡iy
�[n�egR6uqW�cg}>W�h+e�egj¨egRTW cgn�§�W�j�r.egRTWO�Tmo~bW�ug��adn�mok
}>jl}o�T��|�egn�jlmoc[|@c���W�����|@c¿egRTW#~TWVkluqWVWÁj�r<cgÅlWV�[moW�cqc�jlr�eqRTW�n�mTnpeqn�|l��~bn¢cxequgn��T�beqn�j@m�«

�$��� �0��,/. %�, #+
�� � &"
�� *

¬OW �DW�kln�m-eqRTn¢cicfWÀh+eqn�j@m-�[n�egR½|Xcxeq�o~ba-hVjlmohVWVmHegu2|:eqn�mTk¦jlm�egRTW��>WVRD|�¾Hn�jlu¿j�rK�v��¡iy�[npeqR�uqW�cg}DWÀh+e�egj
eqRTWÄ}>jl}T�o��|�egn�jlm·cgn�§�Wl«�¬©W�h!jlmDcfn¢~bWVu#egRTW-r�jl����j:�[n�mTk®cgnpeq�o|:eqn�j@m�¥¦~bn�UXWVmocgn�jlm

n = 10
Â�eqWVuqUXn�mo|�egn�jlm

hV�begj*&�j�r����@�TÂ �l�@�¿r��Tmoh+eqn�j@m¦W�¾:|����o|:eqn�j@moc�j@m.W�|@h2R#j�rD�l�iuq�Tmoc�Â�|�m#n�mTn�egn¢|��dUXW�|lm
µ0 = (100, . . . , 100)

Â
|lmo~·|lm·n�monpeqn�|l��hVj:¾:|�uqn�|lmoh!W�U�|:equgn�»

Σ0 = I
« ¬©W,¾:|�uqa�eqRTW,}Dj@}T�T�¢|:egn�jlm¨cfn�§VW@Â�h!j@mocfn¢~bW�ugn�mTk

N ∈

à�ãKÎ�à ê
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function evaluations
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5Kn�kl�TuqW � ¥*�v¾lj@���Tegn�jlm-jlrKhVjlmd¾lW�ugk@WVmohVWiuq|�egWÀc�jlr��v��¡iy#ÂTt�¸ �x¹�º |lmo~����®±zyz²g³ ´qµV¶q³��Tmo~bW�ui~bn &>W�ugW�m@e
n�mTn�egn¢|���n�§À|:eqn�j@mocVÂdk@n�¾dn�mTk¦�>j�eqR�t�¸ �x¹)º |�mo~����®±ªyi²q³ ´gµ�¶g³��¢|�uqklW�u¿n�mTn�egn¢|���¾:|�uqn¢|�mohVW�c¿|�mo~����®±ªyi²q³ ´qµV¶q³
|��¢|�uqklW�u¿}>jl}o�T��|�egn�jlm�«

{40, 400, 4000} «>Q�RTWÁcg|lUX}T��WÁcfn�§VW M n�c�ÍT»bW�~Ä|�e�j@mTWzRo|l�pr�jlr�egRTWÁ}>jl}T�T�¢|:eqn�j@mÄcfn�§VW@Âdn�m-|@hVhVjlu2~T|�mohVW
�[n�egR�}TuqW�hVW�~bn�mTk�egWÀcxe2cV«*tv��W�|@cfW#cgWVW�QK|��T��W �¦r�jlu[UXW�~bn¢|�mDci|�mo~,cfeq|�mD~T|�u2~-~bW�¾dn�|�egn�jlmoc�«

�v��¡iy
f1(x) f2(x) f3(x)

(N = 40,M = 20)
£ � �T«ä� � �TÂT���l�@�T« �l�H�l¤ £s�TÂD�T« ���H��W'� � �H¤ £s�TÂD�@¤

(N = 400,M = 200)
£f�l« ���l�bÂF�l« �@� � ¤ £x�@« �H���lW'�x� � ÂD�l« �l� ��W'�x�l�@¤ £s�TÂD�@¤

(N = 4000,M = 2000)
£Ý�T« �@�l� �dÂb�b« � �l��W �Õ�H�l¤ £��:�o�V� � « � Â � � � « �@�@�@¤ £ �:�@� �l�o« �oÂd�l�@�T« � �l�@¤

QK|��o��W �T¥Kt*WVugr�jluqUX|lmoh!WÁ|�mo|l��abcgn�c�r�jlu¿�v��¡zy^n�m,~bn�UXW�mocfn�jlm©���¦|lc¿|#r��TmDh+egn�jlm,j�r��Tmo~bW�ug��adn�mTk¦}Dj@}T�$�
�¢|:eqn�j@m,cgn�§VWl«
¬OW.mTj:�MW!»T|lU�n�mTW eqRTW.uqW�cg�T��eqc[jlrKeqRTW.hVjlUX}T�be2|:egn�jlmD|��)cfeg�o~Ta�j@m�egRTW#�>WVRD|�¾Hn�jluzj�r<�v��¡iyÃ|lci|

r��omoh+eqn�j@m©jlr�egRoW��Tmo~bW�ug��adn�mTk,}>jl}T�T�¢|:eqn�j@mOcgn�§VWl«¦¬©WXÍDuqcfe�mTj�eqW.eqRo|:e#�v��¡iyBugW �H�Tn�uqW�c |�ugW���|�egn�¾lW���a
cgU�|����ª}>jl}o�T��|�egn�jlm°eqj·r��TmDh+egn�jlm }Tuqjl}>WVuq��a@« yi�¢cfjDÂieqRTW©cgU�|�����W�u-}>jl}T�T�¢|:eqn�j@moc�ugWÀcf�T��egWÀ~°n�m6�>W!efeqWVu
}>WVugr�jluqU�|�mohVWl« � mOegRoWVjluqalÂ)��W�j@mT��a©mTWVWÀ~©egRTWÄcq|�UX}T��W�j�r�egRTn¢c#}>jl}T�o��|�egn�jlm©egj½}Tuqj:¾dn�~bWX�oc#�[npeqR |
uqW�|@cfj@mo|��o��WªW�cfegn�UX|�egW�jlr)egRoW���W�¾lWV��cgW!eijlr)eqRTW ÍTegmoW�cqc�r��Tmoh!egn�jlm�«
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¬OWXmTj:� }ougWÀcfW�m@e#|,cxeq�o~ba©j�r�eqRTW�}>WVugr�jluqUX|lmoh!W�j�r¿�v��¡iy�|lcªegRTW�n�mTn�egn¢|��v~bn¢cfeguqn��T�Tegn�jlmOn�c�¾:|lugn�W�~�«
¬OWÄh!j@moh!W�mHegu2|:egWXj@m©eqRTWÄcgÅlWV�[moW�cqc j�r¿egRTW�n�mTn�egn¢|���~bn¢cfeguqn��T�Tegn�jlm �*n8« W@«�ÂK��WX¾:|�uqa½eqRTW-~bW�kluqWVWXj�r¿egRTW
|@cfadUXUXW!equga�jlr�egRTW�n�mTn�egn¢|���UXW�|lm�«*¬©W uqW!e2|�n�mÄegRoW�n�mTn�egn¢|���n¢~bW�m@eqnpexaÄhVj:¾:|�uqn�|lmoh!WªUX|�eguqnp»

Σ0 = I
|�mo~

¾:|lugaOegRoW�n�mTn�egn¢|���UXW�|�m
µ0 = (10m, . . . , 10m)

Âv�[RTW�ugW
m ∈ {1, 2, 3, 4, 5, 6} «½¬©W�h!j@mo~b�oh!e¦eqRTn�ccfeg�D~ba®n�mO~bn�UXWVmocgn�jlm

n = 10
�[n�egR |�egWVuqUXn�mD|:egn�jlmOh!j@mo~bn�egn�j@m�jlr����oÂ �@�l�Är��Tmoh+eqn�j@m©W�¾:|����o|:eqn�j@mocÁn�m

WÀ|lh2R,j�r<����ug�omocV«*tv��W�|@cfW�cgWVW#QK|��T��W��¦r�jlu[UXW�~bn¢|�mDc[|�mo~�cfeq|�mD~T|�u2~-~bW�¾dn�|�egn�jlmoc�«
����¡iy

f1(x) f2(x) f3(x)
µ0 = (101, . . . , 101)

£�� ���o« � � � Âb�:�d���T« � �@�l¤ £Ý�T« � � ��W'�2��� �oÂ � « �l�l�:W � � � ¤ £Ý�TÂT�@¤
µ0 = (102, . . . , 102)

£ � �T« � � �dÂ��l�o« � � �@¤ £ � «����@�lW'�2�V� � ÂH�T« � �:��W � � � ¤ £Ý�TÂT�@¤
µ0 = (103, . . . , 103)

£ � « �@� �dÂb�T« ���:�H¤ £ �o« � � ��W'�2�l�À�TÂo�@« �l����W � � � ¤ £Ý�TÂT�@¤
µ0 = (104, . . . , 104)

£s�T« � � � Âb�T« �@���H¤ £ � « �@�l�T�À��W � �l�bÂo�@«��À�l�lW'� � �l¤ £Ý�TÂT�@¤
µ0 = (105, . . . , 105)

£s�T« � � �TÂb�T« � �H�l¤ £ �o« �H�l� � W'� � �@Â �o« �o�À�:W �é�l�@¤ £Ý�TÂT�@¤
µ0 = (106, . . . , 106)

£s�T« �l�H�bÂb�T« �l�H�l¤ £ � « � � ���@��W �é�@�bÂ � «�� � �lW'�2���@¤ £Ý�TÂT�@¤

QK|��o��W,�T¥-t*W�ufr�j@ugU�|�mDh!W-|lmo|���abcfn¢c#r�j@u¦����¡iy0n�m¨~bn�UXWVmocgn�j@m6�À��|lc�|½r��omoh+eqn�j@m¨jlriegRTW�~bW�kluqWVW-jlr
|@cfadUXUXW!equga�jlr�eqRTW�n�monpeqn�|l�)~bn¢cxequgn��T�beqn�j@m�«

¬OWªhVjlmohV���o~TW[�HaX|�mD|���aH§�n�mok egRTWi�>WVRD|�¾Hn�jlu�j�r��v��¡iy |lcv|�r��Tmoh+eqn�j@m�j�rFegRoWzn�mTnpeqn�|l�D~bn¢cfeguqn��T�Tegn�jlm�«
Zªm r��omoh+eqn�j@moc

f2(x)
|lmo~

f3(x)
Â<�v��¡iy�}>WVugr�jluqU�c#W!»ThVWV����W�m@eq��a@Â*WV¾lW�m r�jlu�|�m·WV»HequgW�UXWV��aOcgÅlW���WÀ~

n�mTn�egn¢|��)~Tn�cfeguqn��o�begn�jlm�«<¬OW#~bjXmTjlegW egRD|:ei�v��¡zy~bjdW�c[moj�e[U�|�n�m@e2|�n�m,egRTW#cq|�UXW!�H�o|���npexa-j�r<cfj@���beqn�j@m
j@m

f1(x)
«¨y�}T�¢|��ocgn��T��W,uqW�|lcgjlm·r�jlu�egRTn¢c�n�c�eqRTW�r�jl����j:�[n�mTko¥�t*jl}T�T�¢|:eqn�j@moc¦rs|�u¦r�ugj@U egRTW�j@}begn�U�|��

cgjl���beqn�j@m®j�r
f1(x)

~bj-mTjle hVjlmHeq|ln�m®U¦�oh2R��DcfWVr��T�*n�mbr�j@ugU�|�egn�jlm�|@c
f1(x)

� c ��W�¾lWV�*cgW!eqc |lugW#¾@WVuqa��D|:e
rs|lu�r�ugj@U egRoW�jl}beqn�U�|���cgjl���beqn�j@m �b�v��¡iyRo|lc[|�~bn �Äh!�T��e[egn�UXW#|�}T}ougj�»bn�UX|�egn�mTk¦egRTW ��WV¾lW��)cgW!eqc�«

� � �#" ��/!�,�)�V�#"

� m©egRon�c�uqWV}>jluge ��WXRo|�¾@W�|@~T~buqW�cqcfWÀ~®|�cfW�ugn�jl�ocÁ��n�UXn�eq|�egn�jlm©egRo|�e#��W�Ro|�¾lW¦r�jl�omo~On�m©egRTW���n�egWVu2|:eq�TuqW
hVjlmohVWVuqmTn�mTk,egRTW�n�mTn�egn¢|���n�§�|:eqn�j@m j�r[��¡iyªcV«½¬°RTn���W�cgjlUXW�UXn�k@R@e�h!jlmDcfn¢~bWVu#egRTn¢c#n¢cgcg�TW�equgn�¾dn�|l�ÝÂ*|lc.npe
n¢cXmTjleXW�¾lW�m¨~bWVeq|�n���W�~¨n�m¯egRoW,}D|�}>WVu2c¦�¿W�Ro|�¾lW,uqW!r�WVuqWVmDh!W�~�ÂvnpeÄn¢cXn�m¼rs|@h+e �H�TnpeqW�n�UX}>jlugeq|�mHeÀ«¯¸¿a
¾:|lugadn�mTk�egRoW.n�mTnpeqn�|l�<~bn�cfeguqn��T�begn�jlm�j�rv���®±ªy ²q³ ´gµ�¶g³ |�mD~½t�¸ �x¹ º�Â>�¿W.~bW�UXjlmocfegu2|:eqW#egRoWVn�uzrs|ln����TuqW¦|lc
eqRTWVa,h!j@mH¾@WVuqklWÀ~XegjXmTj@m$�8j@}begn�U�|���cgjl���begn�jlmDcV«

� cfn�mTk·j@�ocfW�ug¾:|�egn�jlmocXr�uqjlU egRTW�rs|�n����ougWÀc�j�r egRoW�}TuqWV¾dn�jl�oc���¡iyzc�Âi�¿W®Ro|�¾lW®~TW�cgn�k@mTW�~&| mTW��
��¡iy6�[Ron�h2RÄ�¿WzRD|�¾lWz~bW�mTj�eqW�~XeqRTWÁ�vn�k@WVmocg}o|@h!Wi��¡zyÃ£s�v��¡iyÁ¤+«b¬OWªRo|�¾@Wzh!j@UX}o|�uqW�~X�v��¡iy6�[n�egR
eqRTW.}ougW�¾Hn�jl�Dcf��a�UXW�m@eqn�j@mTW�~®��¡iyzc |lmo~½Ro|�¾@W.cfRoj:�[m�egRo|�eÁn�eqcª}DW�ufr�j@ugU�|lmoh!W@ÂD�[n�egR©ugWÀcf}>W�h!ezegj-egRTW
jlegRTW�uX��¡iyzc�Â¿n�UX}Tuqj:¾lWÀc�|@c¦egRTW½cgÅlWV�[moW�cqc¦jlrzeqRTW�n�mTn�egn¢|���n�§�|:eqn�j@m¨n�mohVugWÀ|lcgW�c�«¼¬OW�hVjlmohV���D~bW�~¨jl�Tu
hVjlUX}T�be2|:eqn�j@mo|���cfeg�o~Tn�WÀc��Ha�cfj@��W���a-|lmo|���ad§Vn�mTk��v��¡iy|@c[|¦r��Tmoh+eqn�j@m�j�r*¾�|lugn�jl�Dc�}D|�u2|�UXW!eqWVu2cV«
Q�RTW�U�|ln�m cfeguqWVmTklegROj�r¿egRTn¢c�mTW�� UXW!eqRTjb~ n�cÁex�¿j�r�j@��~�¥Ä£f�À¤Á¬OW�W!»b}T��jln�e�n�mbr�j@ugU�|�egn�jlm |:e#W�|@h2R

n�egW�uq|�egn�jlm�n�m6j@uq~TWVuÄeqj·ÍomD~6|¯~bn�uqW�h!egn�jlm�n�m6�[Ron�h2R°eqj¨}ougjbh!W�W�~�|lmo~£8�l¤-��W©Ro|�¾lWO|�m�n�mTRTW�ugW�m@e
UXWÀh2Ro|�mTn¢cgUr�jlu��Djdj@cfegn�mTk eqRTWi¾:|�uqn�|lmoh!W[jlrFegRTWi�omo~bWVuq��aHn�mTk#~bn¢cfeguqn��T�Tegn�jlm�n�r>eqRTWVuqW[n¢c�cfegn����>|�~bn�cfeq|lmoh!W
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eqj�}TugjbhVWVW�~�egj�eqRTW�jl}Tegn�UX|l�vcfj@���Tegn�jlm�«ÄQ�RTWÀcfW�ex�¿j�}Tugj@}DW�ufeqn�WÀc U�|�ÅlWX�v��¡iy �H�Tn�egW�uqjl�T�ocfe�n�m n�eqc
}>WVugr�jluqU�|�mohVWl« � m&}o|�ugegn¢h!�o��|lu�Â�npe-cg�ohVhVWVWÀ~TcXn�m¯ÍomD~bn�mok©eqRTW½jl}Tegn�UX|l�zcgjl���begn�jlm¯�Tmo~bW�u-h!j@mo~bn�egn�jlmoc
�[RoWVuqW¦eqRTWXj�eqRTWVu���¡zyzc��¿WXW!»T|�UXn�mTW�~�rs|�n���WÀ~�«�yB}DjHcgcgn��Tn���n�exa�r�jlu r��TugegRTW�u�ugWÀcfWÀ|�u2h2R��¿jl�T�¢~®�>WXegj
n�md¾lWÀcxeqn�kH|:egWÁUXjluqW�cfj@}TRTn¢cxeqn�h�|:egWÀ~�|l��k@jluqnpeqRTU�c�egRo|�ez|�n�U egjXn�U�}ougj:¾@Wª�v��¡iy�� ci�o|@cfn¢h cxequgW�mTk�eqRoc�«

� � ���X",�i��/V	���1#	i��	["¦���

Q�RoWiÍou2cxe�|��beqRTjlu��¿|@c�¾dn¢cfn�egn�mTk¦tvugjlwxW!e�5Tu2|lh+e2|���W�cv|�e � ±ª{ � y6{ijdh��H�TWVmohVjl�Tuge¿~T�Tugn�mTkX_d�TUXUXWVu[���l� �
�[RoWVmÄeqRTn¢c���j@ugÅXRo|@c��>WVW�m,~TjlmTW@Âd|lmo~Ä�[n¢cgRTW�c�egj�eqRo|�mTÅXeqRTW�� � Q � � ±z{ � y^h!j@���¢|��>jlu2|:eqn�j@m�}Tuqjlklu2|�U
eqRo|:ei}D|�ugeg��a�r��Tmo~bWÀ~�egRTn¢c[n�m@eqWVuqmocgRTn�})«

�	[%:	�(*	["��¿	[�

��� �._F«�¸¿|l����wf|T«&yim&WVUX}Tn�ugn¢hV|l�[h!jlUX}o|lugn¢cgjlm¼jlrÁcgWV¾@WVm¯npeqWVu2|:egn�¾lW�|�mD~¼W�¾ljl���beqn�j@mo|�uqa r��Tmoh!egn�jlm&jl}$�
eqn�UXn�§�|:eqn�j@m¼RTW��Tuqn�cfegn¢hVc�«OQ�W�h2RomTn�h�|��[{[W�}Dj@ufeÄY¿� � �fY�_ �é�@� �2��� � ÂvY¿|�uqmTWVk@n�W��½WV����j@m � mTn�¾@WVu2cfn�exalÂ
�À�l�@�T«

�ä�(��t*W�~Tugj ¹ |lugu2|#"D|�k@|-|�mo~��ljHcfWXy#« ¹ jl§À|�mTjD« � � �	� �
� �	� 	%� 	�� � � ��� � � �  �	� 	%� ��� � 	#� �,�  � � «
	 ���H�¿WVu
y[h�|l~bW�U�n¢hÁtv�T�T��n¢cfRTW�uqc�ÂD�l�l�@�T«

� � �#�½n¢h2R�����W _dWV�D|�k&|�mo~ yimHegj@n�mTW ¡ª�oh!j@�T��j@U.�Tn�WVuÀ«��<»deqWVmo~bn�mTk&}>jl}T�T�¢|:eqn�j@m$�Õ�o|lcgW�~°n�mohVugW�U�W�mHeq|��
��W�|lugmTn�mTk eqj¨h!j@mHegn�mH�ojl�ocÄcgW�|luqh2R°cg}o|lhVW�c�« � m6Q�R�«�¸�|�W�h2ÅFÂi\�«¿�vn��>WVm)Âª� «[_bh2RTjdWVmD|��TW�u�Â[|�mD~
 .« �Õt*«F_bh2Rd�¿W!r�W��ÝÂDW�~bn�egj@uqc�Â�� �2	�� � ��� �,� � � 	�� �  ��%� �� 	%��� ���
����� �$	%� � � � � ��� ��� � �
	 ��� � � ��	 	�� � �,� �
� �
	 ��� � �  �
� Âb}o|�k@W�c¿�o� � �H�d� �bÂD�À�l� �o«

� � � �©	[" �,�������M�#/V�'�������!�#"$�#%¨��3,	
�6��� �V� �,/V	i��	[".�K� ���!�#"

� m,eqRTn�c[|l}T}>WVmo~bn�»�ÂT�¿WÁ¾:|l��n¢~T|:eqW�jl�Tu�n�UX}T��W�UXWVmHeq|�egn�jlmoc[jlr�����±zyi²q³ ´gµ�¶g³K|�mo~�t�¸ �x¹)º «
Q�RTW[}o�T�T��n�cgRTW�~�h!j@UX}T�beq|�egn�jlmo|l�bugWÀcf�o�pe2cKr�jlu*���®±ªyi²q³ ´qµV¶q³D~TjÁmoj�ev~bW!e2|�n��Th!j@U�}o��WVegWV��a�eqRTW[n�monpeqn�|l���

n�§�|�egn�jlmÄjlr)eqRTWÁ|l��k@jluqnpeqRTU�«�t<|lufeqn�hV�T��|lug��alÂ@egRoWÁn�mTn�egn¢|���~bn¢cxequgn��T�beqn�j@m�n¢c¿mTj�e�W!»b}T��n¢h!n�eg��aÄh2Ro|�u2|lh!egWVuqn�§VW�~�«
¬°Ron���WÄÅlW�WV}Tn�mTk½W�¾lWVuqaHegRTn�mTk½W���cgW-h!j@mocfeq|�mHeÀÂ��¿W�Ro|�¾lW�n�mTn�egn¢|���n�§�W�~ ����±zyi²q³ ´gµ�¶g³¿�[n�egR

µ0 = 0
|�mo~

Σ0 = 100I
Â>�[RTn�h2R�}DjHcgcgn��o��a,U�|:eqh2RoW�czegRTW � u2|�mo~TjlU�klWVmoWVu2|:egn�jlm½}ougjbh!WÀ~b�TuqW#�o|@cfWÀ~�jlm�|-�TmTn�r�jluqU

~Tn�cfeguqn��o�begn�jlm��,ugWVr�WVuqugWÀ~ egjOn�m7�ä�4�8« � mo~TWVu�egRTn¢cXn�mTnpeqn�|l�[~bn�cfeguqn��T�begn�jlm)Â��¿W,|@h2RTn�W�¾lW�ugWÀcf�T��eqcXhV��jHcfW���a
U�|�eqh2RTn�mTkÄ}T�o�T��n¢cgRTW�~½uqW�cg�T��eqc�« ¹ |lcfeg��alÂ>��W#moj�egW.egRo|�eª�¿W.Ro|�¾@W�jlUXn�efegWÀ~½eqRTW#r��TmDh+egn�jlm

f̃3(x)
cfn�moh!W

eqRTW�}T�T�o��n¢cfRoW�~�ugWÀcf�T��eqc��Tegn���n�§VWÀ~,|�¾:|�uqn¢|�mHe�eqRo|:ei�¿W�~bn¢~�moj�e[�ocgWl«vQ�RTW }o|luq|lU�WVegW�uqc�egRD|:e[��W�ugW }TuqW'�
cgWVmHeqW�~�n�m �ä�4�)�¿WVuqW ÅlWV}Te[egRTW#cq|�UXW egjX¾:|���n¢~T|:eqW�jl�Tu[n�UX}T��W�UXWVmHeq|�egn�jlm�j�r*���®±ªy ²q³ ´qµV¶q³ ¥v~bn�U�W�mocgn�j@m
n = 10

Â*}Dj@}T�T�¢|:egn�jlm·cgn�§VW
N = 2000

Â*cq|�UX}T��W-cfn�§VW
M = 1000

ÂK|l}T}Tuqj�»dn�U�|:eqWV��a
192, 000

r��Tmoh �
eqn�j@m½WV¾:|����o|�egn�jlmoc�r�j@u

f̃1(x)
|�mo~�|�}T}Tuqj�»bn�U�|�egWV��a-�H�bÂ �l�l�¦r�j@u

f̃2(x)
n�m½WÀ|lh2R½jlr��À�Xug�omocV«  zWVuqWlÂD��W

hVjlUX}o|lugWÁUXW�|�mDc¿egjÄ|lh�h!j@U�UXjb~T|�egWªegRTW�}T�o�T��n¢cgRTW�~,uqW�cg�T�pe2cV«
±zW!»de�ÂK��WX¾:|���n¢~T|:eqW�t�¸ �x¹ ºv«-_dn�mohVWXegRTWÄ|l�begRTj@uqc jlr � � ��~Tj,moj�e#n�mH¾@W�cfegn�k@|�egW¦egRTW�}>WVugr�jluqU�|�mohVW

jlr
f̃2(x)

Âi�¿W®hV|lm¯j@mT��a¨¾:|���n¢~T|:eqW�egRTn¢cÄ��¡zy jlm
f̃1(x)

|�mo~
f̃3(x)

« ZªmohVW®|�k@|ln�m)Â�n�e-n¢cÄ�TmohV��WÀ|�u
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�[Ron�h2R½n�mTn�egn¢|��K}o|�u2|�UXW!eqWVu2ci|�uqW#�ocgW�~�« � cgn�mok-n�mTnpeqn�|l��cfeq|lmo~T|�u2~½~bW�¾Hn¢|:eqn�j@mocijlr 1
2

£Ý|�mo~½§�WVuqjÄUXW�|lmD¤+Â
�¿W-|�efeq|ln�moW�~OugWÀcf�o�pe2c#�[RTn¢h2R·|�kH|�n�m hV��jHcfW���a©U�|:eqh2R }o�T�T��n�cgRTW�~ uqW�cg�T��eqc�«�¬©W�UX|�eqh2RTWÀ~OegRTW�~bW!e2|�n���c
}ougWÀcfW�m@eqW�~¼n�m � � �8¥�~bn�U�W�mocgn�j@m

n = 100
Â<}>jl}T�T�¢|:eqn�j@m¯cgn�§VW

N = 50
Â�cg|lU�}o��W�cfn�§VW

K = 25
|�mD~

200, 000
r��omoh+eqn�j@m¦W�¾�|l���D|:egn�jlmDc)r�j@u*�DjlegR

f̃1(x)
|�mo~

f̃3(x)
n�m¦WÀ|lh2R.jlrF�l�zuq�Tmoc�«�yzk@|�n�m�Â��¿W�h!jlUX}o|lugW

UXWÀ|�moc¿eqjX|@hVhVjlUXUXjd~o|:egWÁeqRTW�}T�T�T��n¢cfRTWÀ~,ugWÀcf�T��eqc�«
¬OWi}TuqW�cgWVmHevjl�ouvugWÀcf�o�pe2cv|lc*�¿WV���D|@c*egRTW[}o�T�T��n�cgRTW�~XuqW�cg�T��eqc*r�j@u�h!j@UX}o|�uqn�cgjlm)Â�n�mXeqRTW�r�jluqU � UXW�|lm

± cxe2|�mo~o|�u2~�~bW�¾dn�|�egn�jlm��+«�t���WÀ|lcgW#cfW�W QK|��o��WX���o«
tv�T�T��n¢cfRTWÀ~ Y��TuqugW�m@e

���®±zy ²g³ ´qµV¶q³ j@m
f̃1(x)

�l�l�@�l�o��� ± ���T« � �l�@� ���l��� ± � � �l�À�T« ����®±zy ²g³ ´qµV¶q³ j@m
f̃2(x)

�b« ��� �:W �Õ�@� ± �b«ä�:�lW �Õ�@� �b«��l�l��W'�é� � ± � « �@�T�VW �Õ� �
t�¸ �x¹ º jlm

f̃1(x)
�o« �@� ± �o« �H� �D« � � � ± �T« � � �t�¸ �x¹�º jlm

f̃3(x)
�@�VW'�é�l� ± �VW'�é�l� �T« �@�T� ± �T« �l�o� �

QK|��T��WX���T¥��v|l��n¢~T|:eqn�j@m�jlr�eqRTW#h!�ouguqWVmHe�n�UX}T��WVUXWVmHe2|:egn�jlmDc[j�rKt�¸ �x¹)º |�mD~-����±zyi²q³ ´gµ�¶g³Õ«

Q�RTW©~bn�cqh!uqWV}D|�mohVa·n�m&eqRTW½¾:|���n�~o|:egn�jlm&jlr t�¸ �x¹�º jlm
f̃3(x)

n¢cÄ��n�ÅlWV��a¼~b�oW½egj·| ~bn &FWVuqWVmohVW®n�m
n�mTn�egn¢|���n�§À|:eqn�j@m �

f̃3(x)
cfWVW�U�c�egj��>W#UXjluqW#cfW�mocgnpeqn�¾@Wªeqj�egRoW�n�mTn�egn¢|��K~bn¢cxequgn��T�beqn�j@m�eqRo|�m

f̃1(x)
Â>�[RTn�h2R

U�|�eqh2RTWÀc¿egRTW�}T�o�T��n¢cgRTW�~,uqW�cg�T�pe2c[h!��j@cgWV��al«
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