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spT�S�^nvRsR\¬T�a�c]iu^�speNvq^nSU��t=\�¥ cgPp��\#��\¬T=l`T�vGSUj`igT
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V`¢�\rm�j��§_RvR^nige|¥ _Rvp��SUj@m�TKt�_pm�^niE¦�i]TK^`tEcg��j@vR\
A → B �

zb¢�\rm�j��§£R��vR^`i]e*i]TK^`tEcg��j@vR\�jn�0^nv�e�cfe�oqT
A + B → C + D �

+p¢��9^`\rc £p��vR^nigeDigT=^`t�c]��j`vR\�j`��c]PRT¬cfeNo7T
A + B → A + B
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c]PpT�T�v�l���i]j@vpSUT�vNc=������c]P
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A+B →
A + B
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cgjncu^nm(T�vRT�ig�`��T=\X��vGcgPpT�m�T�� c�\]��sbTU��\�T��N_R^`m0c]j�c]PRT*\r_RS jn��c]j`cg^nm(T=vpT�ig�`��T=\¬��v1c]PpTDig���`PNc¬\]��sbT�jn��c]PpT
igT=^@tEcg��j@v*T��N_R^nc]��j`v ¢

dj��§��T�opi]jbt�T�T=sDc]j�ig���@j`igj`_R\�sbT��Rvp��c]��j`vR\=¢

����� ������������� � !�"�#$�&%('���)*#$��+-,
Cbe�\rc]T=S ��vª^
�qvp��cgT#l`j@m�_RS�T

Λ
��\ sbT��RvpTKs�^@\�� j`m�m�j�� \=¢ 7���vR��cgT#v�_pS
£7T�i

N
jn�0oR^`ircg��t�m�TK\�¥ SUj`m�T=t�_pm�TK\g¦

i = 1, ..., N
��T=^`tuP1T��N_p��opo7T=sG����cgP sbT��@i]T=T=\�jn��� i]T=T=sbj@S

j, T, K
��^nigT
cgPpigj���v1_pvR��� j@i]SUm�e|^nvRs1��vJ0

spT�o7T�vRsbT=vNc]m�e1��v.c]PpT�t�_p£7T
Λ
¢ªO'PpT*sbe�vR^`S���t�\�t�j@vR\r��\rcg\�j`��cf��jªopigjbt�T=\g\]T=\��#£R^`\]��t�}¡^nig�`j�l�kf_RS�o

oRi]jbt�TK\]\
MN (t)

�NspT=\gt�ig��£p��vp�¬cgPpT T�l@j`m�_bc]��j`v�jn�®��vNc]T�igvR^`mRsbT��@i]T=T=\0j`�7� igT�TKsbj`S��N^nvRs�� igT�Td\]oR^`t�T'S�j�l@T�0
SUT=v@cU��Pp��tuP�����m�m'£7T�sbT��RvpTKs � j`i�T=^@tuP.c]iu^�kfTKtEc]j@i]eGjn�

MN(t)
¢�O'PpT*oRi]jbt�TK\]\

MN(t)
PR^`\�\fcu^�cgT=\

{(ji, Ti), i = 1, ..., N}
^nvRsG����m�m�£qT�sbT��RvRT=s.j`v.cgPpT*\rcg^nc]T*\]oR^`t�T

I = ({1, ..., J} × R+)N ¢ªO'PpToq^ni]c]��t�m�T=\¬��v1cgPpT�opigjbt�T=\g\
MN(t)

^nigT�j`iusbT�igT=s®��£qTKt�^n_q\rT���vGc]PpTD\]oR^`t�T�sbe�vR^nSU��t�\Xc]PRT�e|����m�mIPR^�l`T
t�j�j`iusb��vq^�c]TK\�¢

.0/ S1.32
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� 	 �b� ±�� � 	 �  ´ � ° � � � �b����� ° �R�n��� ´ 	 ��� j@vR\r��sbT=i0�Rvp��c]Tdt�j`vNc]��v�_pj`_R\�cg��SUT�Ppj@SUj`�`T=vpT�j@_R\0}¡^nig�`j�l
tuPq^n��v�����c]Pª\rcg^�cgT�\roR^@t�T

I
^nvqs*iu^�cgT=\

ujj1 = ujj1 (T ), j 6= j1

��T�o7T�vqsbT�vRt�TIj`v
T
��\ l`T=i]ed��SUo7j`i]cg^nvNc cgj�£qT�t�j`SUoR^nc]��£pm�TI����cgP�T�vpT=i]�@e igT=sb��\fcgi]��£p_bcg��j@v1�©� j`i�T�ap^nSUopm�T`�

cgPpT'i]TK^`t�c]��j`v#S�^�e�vpj`c0o7j@\g\]��£pm�T�� j`i0m�j��%T�vpT=i]�@��TK\�¢�O'PRT�oRi]jbt�TK\]\���\0sbT��RvRT=s�^`\;� j`m�m�j�� \���^`vNe�oq^ni]c]��t�m�T
i
jn�0cfe�oqT

j
¥ ^nvRs�����vpT�cg��t�T=vpT�ig�`e

Ti

¦'�'^n��cg\�T�aboqj@vpT�vNc]��^nm c]��S�T
����cgPªc]PpT
ig^nc]T
uj =

∑

j1
ujj1(Ti)

�
��vRsbT=oqT=vRsbT=v@cgm�e|jn�IcgPpTUjnc]PRT�i¬oR^ni]c]��t�m�T=\=�®^nvRs|c]PRT�v|��c#tuPR^nvR�`T=\���cg\Xcfe�oqT

j → j1
����cgP1oRi]j@£R^n£p��m���cfe

ujj1
P

j1
ujj1

¢(O'PpTXig^nc]TK\�spj
vpj`c�spT�o7T�vRs*j`v
i
^`vRs*^`i]TX^`\g\r_RS�TKsD£7j`_pvqsbT=sD� _pvRtEcg��j@vR\�jn�

T
¢�dj`igS�^nm�m�e

_Rvp��SUj@m�TKt�_pm�^ni�igT=^@tEc]��j`vq\
A → B

^`i]T���v��9^`tEc
A + X → B + X

�b� j`i \]j`SUTD¥ T=v�=�e�SUTK¦
X
¢ 8 vR\rc]TK^`s

j`�
X
��T�����m�m�_R\]T�^Dig^`vRsbj`S SUT=tuPR^`vp��\rS��pcgPpT
iu^�cgT=\

ujj1

\]Ppj`_pm�s�£7T�tuPpjN\rT=v¡t�j`igigT=\]oqj@vRsb��vp�`m�e�c]j
cgPpT
^@tEc]��j`v�j`�

X
¢ 8 vª�@T�vpT=ig^`m �b_pvR��SUj`m�T=t�_pm�^ni igT=^@tEc]��j`vq\�^nigT#^nopopigj�ab��S�^nc]��j`vR\�cgj�£p��vq^nige*igT=^`t�c]��j`vR\

��PRT�v�\rj@S�T¬igT=^@tEcg^`vNcg\�^nigTX��vª^n£R_pvRsp^`vRt�T@¢
O'PpT¡c]iu^nvR\r� j`igS�^�c]��j`v

j → j1
��\D^@t�t�j`SUoR^nvR��TKs £�e�c]PRT¡T�vpT=i]�@e�igT=sb��\fcgi]��£p_bcg��j@v

(T, Kj) →
(T1 = T + Kj − Kj1 , Kj1)

�p���
T + Kj − Kj1 ≥ 0

¢O8 �
T + Kj − Kj1 < 0

cgPpT�vª��T�^`\g\r_pSUT¬cgPR^�c
ujj1(T ) = 0

¢O8 v�jncgPpT�i���j`iusp\=�N��T�^`\g\r_RS�T¬T=vpT�ig�`eDt�j`vR\]T�igl�^�c]��j`v
T1 + Kj1 = T + Kj

¢
� Tª^nm�\rj.^`\g\r_RS�T�c]Pq^�cUc]PpT�l@T�m�j�t���cfe

vj1

^�c�c]PpT�SUj`SUT�vNc�jn�dc]PpT�kf_pSUo £qTKt�j@S�TK\�_pvp��� j`igS�m�e
sp��\rc]ig��£R_bc]TKs�j`v�c]PpT�cf��j 0 sp��SUT�vq\r��j`vR^`m�\]opPpT=i]T�jn� iu^`sb��_R\

T1
�(Ppj���T�l`T=i
j@vpT�t�j`_pm�s�^`\g\]_pSUT*S
_qtuP

m�T=\g\=¢
O'PpT�\fcu^�c]T \]oR^@t�T'jn�©c]PRT�opi]jbt�T=\g\

MN(t)
��\(c]PpTd\]T��N_pT=vRt�T�j`�©^`i]iu^�eb\

Xi = {ji, ~vi} , i = 1, ..., N
¢

O'PRT�v
nj

��\�cgPpT�vN_RS
£7T�iUjn�
i
\r_RtuP%c]PR^nc

ji = j
�
N = n1 + ... + nJ

¢ 5 j���T�l@T�iK�Isb_pT�c]j.j`_pi
^`�`igT�T=S�T=vNc�^n£7j`_bc�l`T=m�jbt���c]��T=\���T�t�^`v�cu^n�`T*��vR\rc]TK^`s�c]PpT�\fcu^�cgT*jn�X^¡SUj`m�T=t�_pm�T�^`\

Xi = {ji, Ti}
¢

��T�vRjnc]T
H

(u)
N

cgPpT��`T=vpT�iu^�cgj`i'jn��c]PpT
N
0oR^`ircg��t�m�T¬opigjbt�TK\]\=�bsbT��RvRT=s�j`v�\]j`SUT�^nopopigj`oRi]��^�cgTd� _pvqtEc]��j`v

\]oR^@t�TUj`v
({1, ..., J} × R+)N

����Pp��tuP.��T�����m�m�vpjnc���i]��c]TDsbj���v.T�a�oRm���t���c]T=m�e@�;£7T=t=^n_R\]T���c#��\ �N_p��c]T
\rcg^`vRsp^`igs®¢

7Rj`i¬T�ap^nSUopm�T`�©� j@i¬j`vpT�oR^ni]c]��t�m�T���T�PR^�l`TUt�j@vNc]��vN_Rj`_R\dc]��SUTU}|^nig�`j�l�opi]jbt�T=\g\
M1(t)

����c]P1c]PpT
\rcg^nc]Td\]oR^@t�T

(j, T )
��Pp��tuP���\3spT��RvpTKs�£�e#cgPpTdiu^�cgT=\

ujj1

�@c]PpT
T (t)

t�j`SUoqj@vpT�vNc3��\I_Rvp���N_pT=m�eUsbT��RvpT=s
£�eD��vp��c]��^nm�t�j`vRsp��cg��j@vR\�^nvRs�£�eDcgPpT�\rT �@_RT�vRt�TXj`�;cfe�o7T¬c]iu^nvR\r� j`igS�^�cg��j@vR\�¢

� � ´�³ ��� 	 �b� ± � ° �p�`��� ´ 	 � 5 T=i]T�c]PRT�}|^nig�`j�l�kf_pSUo�opigjbt�TK\]\���\
cgPpT�� j`m�m�j�����vp�q¢�«�v%cgPpT*cg��SUT
��vNc]T=i]l�^nm

(t, t+dt)
T=^@tuP�¥9j`iusbT�igT=sq¦�oR^n��i

(i, i′)
jn�©S�j@m�TKt�_pm�T=\=�`����c]P�oq^niu^nSUT�cgT�iu\

(j, T ), (j′, T ′)
t�j@i20

igT=\]o7j`vRsb��vp�@m�e@�®PR^`\¬^ :�t�j`m�m���\r��j`v :¬����cgP.opi]j@£R^n£R��m���cfe 1
N

bjj′dt, bjj′ = bjj′ (T, T ′) = bj′j

¢UO'PpT�v.^�c
cgPpT SUj`SUT=v@c�jn�®t�j`m�m���\]��j@v�c]PpT oq^niu^nSUT�cgT�iu\0jn�©c]PpTdoR^ni]c]��t�m�T=\

i, i′
^�cIcg��SUT

t+0
£7T=t�j`SUTdt�j@i]igT=\]o7j`vRs 0

��vp�@m�e
(j1, T1), (j

′

1, T
′

1)
¢IO'PpT�sb��\rc]ig��£p_pc]��j`v�jn�;c]PpT�vpT=�§oR^`ig^`SUT�c]T=ig\���\�sbT��qvpT=s�£�e�c]PRT#t�j`vqsb��cg��j@vR^nm

spT�vR\]��cg��TK\
P (b)(j1, T1, , j

′

1|(j, T ), (j′, T ′))
cgPR^�c¬^nigT
sbT��RvpT=sª� j`i¬^nv�e

j, j′, T, T ′, j1, T1, j
′

1

�7cgPpT�v
T ′

1 = T + K + T ′ + K ′ − K1 − T1 − K ′

1

¢
O;jXkf_R\rc]��� eDc]PR��\ spT��Rvp��c]��j`v���c ��\d^`\g\r_pSUTKs�c]Pq^�c

P (b)(j1, T1, j
′

1|(j, T ), (j′, T ′)) = 0

SMSUT(VXW$Y$Z$Z
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T + K + T ′ + K ′ − K1 − T1 − K ′

1 < 0
�p^nvRs

P (b)(j1, T1, j
′

1|(j, T ), (j′, T ′)) ≥ 0
���

T + K + T ′ + K ′ − K1 − T1 − K ′

1 ≥ 0
¢I}ªj`igT�j�l@T�iK�n� j@id^nv�e

(j, T ), (j′, T ′)

∑

j1,j′
1

∫

dT1P
(b)(j1, T1, j

′

1|(j, T ), (j′, T ′)) = 1

� T�^`\g\r_pSUTdc]PpT¬\]^`SUT�^n�@i]T=T�SUT�vNc'^n£7j`_bc�vpT�� l@T�m�jbt���c]��T=\=�@cgPR^�c'��\�TK^`tuPDj`�®c]PpT=S ��\�sp��\rc]ig��£R_bc]TKs
��vRsbT=oqT=vRsbT=v@cgm�e�^nvRs�_pvp��� j`igS
e*j`v�c]PpT#t�j`igi]TK\ro7j`vqsb��vR�
T�vRT�ig�`eD\]opPpT�igT`¢
��T�vpj`c]T

H
(b)
N

c]PRT#t�j`igigT=\]oqj@vRsb��vp�
�@T�vpT=ig^nc]j`iK��j`v�c]PpT#\g^nSUTX� _pvRt�c]��j`vª\]oR^`t�T`¢

� �p�=�1��� 	 �b� ± � ° �p�n��� ´
	 � O'PpT���i�spT��Rvp��c]��j`v���\U\]��SU��m�^`i#cgjG\]m�j���£R��vR^`i]eGigT=^`t�c]��j`v�oRi]jbt�TK\]\=�0£p_bc
cgPpT�oR^ni]c]��t�m�T=\¬sbj�vpjnc�tuPR^`vp�`T
cfeNo7T=\¬^`vRs|\]m�j��wT=vpT�ig�`��T=\=�®\rj�j`vRm�eªigT=sb��\rc]ig��£p_pc]��j`v¡j`�3c]PRT���iX����vpT�cg��t
T=vpT�ig�`��T=\3jbt�t�_Rig\=�Nc]PR^nc���\

T, T ′ → T1, T
′

1

¢IO'PpT¬^n�@i]T=T�SUT�vNc�t�j`vRt�T�igvp��vp�
l@T�m�j�t���cg��TK\3PRj`m�sp\'^`\�^n£7j�l`T`¢
� TI��ig��cgT(c]PRT3t�j@m�m���\]��j`v¬opigj`£R^`£p��m���c]��T=\ ^@\ 1

N
fjj′dt, fjj′ = fj′j

����TI^`\g\r_pSUTI^`m�\]j'c]PR^nc;��v¬c]PpT3i]TK^`tEcg��j@v
j, j′ → j, j′

c]PpTUT�vRT�ig�`eªt�j@vR\rT=i]l�^nc]��j`v
T + T ′ = T1 + T ′

1

Ppj@m�sR\�¢ � T�^`\g\r_RS�T�c]Pq^�c
fjj′

sbj�vpjnc
spT�o7T�vRs�j@v

T
^nvqs

T ′
¢ / \I� j@i3cgPpT�t�j`vRsp��cg��j@vR^nm7sb��\rc]ig��£p_bc]��j`v

P (f)(T1|T, T ′)
����Td����m�m7_R\]T cgPpTdj@vpT`�

��vNc]igjbsb_Rt�TKsD��v ? z
@ �b��PpT=i]T
T1
��\�cg^`�`T�v�_pvp��� j`igSUm�eDsb��\rc]ig��£p_pc]T=s�j`v�c]PRTX��vNc]T=i]l�^nm

[0, T + T ′]
�R^`vRsDj`�

t�j`_piu\]T
T ′

1 = T + T ′ − T1
¢ ��T�vpj`c]TXc]PpT#t�j`igi]TK\ro7j`vqsb��vR���@T�vpT=ig^nc]j`i

H
(f)
N

¢
A�_bcX��vª�9^@tEcK�7^`vNe���^`t�cfeNo7T#SUjbsbT�m0t�j@_pm�s�£qT�_R\rTKsª���I��c¬\]^nc]��\f�RTK\�cgPpT#� j@m�m�j�����vR�Dt�j`vqsb��cg��j@v1�

TPq^`\'T�abo7j`vpT=vNc]��^nm sb��\fcgi]��£p_bcg��j@v���v�c]PpT�m�^nig�`T�c]��SUT�m���SU��cd� j`i���vb�Rvp��c]T�oR^`ircg��t�m�T�\]eb\fcgT�S�¢

�ª° �b�U�=��� 	 ��� ° � � T�SUjbsbT=m ��cd\]��S���m�^nigm�e�cgj�c]PpT¬�9^@\fc £p��vR^`i]e�igT=^@tEc]��j`vq\��p^@\'ig^`vRsbj`S :�t�j@m�m���\]��j`vR\
:
����c]P.j@_bcg\]��spT�SUj@m�TKt�_pm�T=\¬��vG^`v1��vb�RvR��cgTD£R^�cgP � ��Pp��tuP.��\¬�@T�obc#^nc
t�j`vq\fcu^nvNc�cgT�SUo7T�iu^�c]_Ri]T

β
¢DO'PpT

T=vpT�ig�`e�jn��T=^@tuP j`_bcu\r��sbT¡SUj`m�T=t�_pm�T¡��\�^`\g\r_RS�TKs�c]j�£7T¡T�abo7j`vpT=vNc]��^nmd����c]P§oR^niu^nSUT�cgT�i
β
¢&}¡j`igT

T�ap^`tEcgm�e@��� j`i(TK^`tuP
SUj@m�TKt�_pm�T
i
c]PpT=i]T'��\;h0j@��\g\rj@v
opigjbt�TK\]\�����c]PU\rj@S�T'iu^�cgT

h
¢ ��T�vRjnc]T

tik.k = 1, 2, ...
�

��cg\�kf_RS�o SUj@S�T=vNcg\=� ��PpT�v.��c#_pvRsbT=i]�@j�T=\¬t�j@m�m���\]��j`vR\X����c]P.j`_bcu\r��sbT�SUj`m�T=t�_pm�T=\=¢ / c�cgPp��\¬S�j@SUT�vNcg\
cgPpTD����vpT�cg��t�T=vpT�ig�`e

T
j`��cgPpTDSUj`m�T=t�_pm�T

i
��\�cgig^`vR\f� j@i]SUTKs1^@\¬� j`m�m�j�� \=¢�O'PRTDvpT�� ����vRT�c]��t�T=vpT�ig�`e

T ′
^n� c]T�i�c]iu^nvq\f� j@i]S�^�cg��j@vª��\XtuPpjN\rT=v¡_pvp��� j`igSUm�e�j`v¡c]PpT���vNcgT�igl�^`m

[0, T + ξik]
�®��PRT�igT

ξik

^`i]T#�¢ � ¢ s®¢
iu^nvqsbj`S l�^nig��^`£pm�TK\DPR^�l���vp��T�a�o7j`vRT�vNc]��^nmXsb��\rc]ig��£p_bc]��j`v§����cgP sbT=vR\r��cfe

β exp(−βx)
¢ �dT=vpjncgT|cgPpT

t�j`igi]TK\ro7j`vqsb��vR��t�j`vRsb��c]��j`vq^nm(T�abo7T=t�cg^�cg��j@v.£Ne
P (β)(T1|T )

¢�8 v.�9^`t�c=��c]Pp��\#opigjbt�TK\]\�^`S�j@_pvNcg\Xcgj
N��vRsbT=oqT=vRsbT=v@c j@vpT�0 oR^`ircg��t�m�TXopigj�t�T=\g\rTK\��bsbT=vpjncgT¬c]PpT#t�j`igi]TK\ro7j`vqsb��vR�
�`T=vpT�iu^�cgj`i

H
(β)
N

¢

� � � �®µ ±1	 �  � �`� djnc]T�c]Pq^�c0£qj`c]P#� j@i;_RvR^nige�^nvRs�\rm�j�� £p��vR^nige¬i]TK^`tEcg��j@vR\®cgPpT�vN_RS
£7T�iu\
nj

j`�pcfe�oqT
j
SUj`m�T=t�_pm�T=\X^nigT#vpjnc¬t�j@vR\rT=i]l@T=s�£p_pc�cgPpT#cgjncg^`m;v�_pS�£qT=i�j`�3SUj`m�T=t�_pm�TK\

N =
∑

j nj

��\¬t�j@vR\]T�igl`T=s ¢
«�vGcgPpTDt�j@v@cgig^`i]e@�©�9^`\rc#i]TK^`t�c]��j`vR\�t�j`vR\]T�igl`T

nj

¢*O'PpT�opigjbt�TK\]\
MN(t)

��\#sbT��RvpT=sG£�e¡cgPpTD\]_pS�j`�
�@T�vpT=ig^nc]j@ig\

H(sf , sβ) = H
(u)
N + H

(b)
N + sfH

(f)
N + sβH

(β)
Nj@v
\]j`SUT�^`opopigj`opig��^nc]T(� _RvRtEcg��j@v�\]oR^`t�T3j`v

({1, ..., J}×R+)N
����PpT�igT

sf , sβ

^nigT�\]j`SUT�m�^`i]�@T3\]t=^nm���vR�
�9^@tEcgj`iu\�����Pp��tuPUT�l@T�vNc]_R^`m�m�e�����m�mbcgT�vRs�cgj���vb�qvp��cfe@¢(O'Pp��\0oRi]jbt�TK\]\|£qT=m�j@vp�@\�cgj#^¬t�m�^`\g\0jn�q��T�m�mR\rc]_Rsp��TKs
t�m�^@\]\]��t�^nm©opigjbt�TK\]\]T=\=¢
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O'PpT�\fcu^�c]T�\roR^@t�T j`�©c]PpT�� _Rm�m7opigj�t�T=\g\(��\0c]PpTX\rT �N_pT�vRt�T�jn� ^nigiu^�e�\
Xi = {ji, ~xi, ~vi} , i = 1, ..., N

�
cgPpT�v

nj

��\�cgPpT�v�_pS
£7T�i(j`�
i
\]_RtuP�c]PR^nc

ji = j
SUj`m�T=t�_pm�T=\=�

N = n1+ ...+nJ

¢O5 j���T�l`T=i=��sb_RT'c]j¬j`_pi
^`�`igT�T=S�T=vNc�^n£7j`_pc�l@T�m�j�t���cg��TK\�¢0��TXt=^nv*cg^n�@T���vR\rc]TK^`s�cgPpT�\fcu^�cgT�j`��^�S�j@m�TKt�_pm�T¬^`\

Xi = {ji, ~xi, Ti}
¢

7Rj`iITK^`tuP�c]iu^�kfTKtEc]j@i]e
ω
j`�

MN (t)
��TdspT��RvpT'cgPpTdm�jbt�^`mR\roq^`t�T speNvq^nSU��t=\I^`\(� j`m�m�j�� \=¢ 8 c3��\ �N_p��c]T

\]��S�oRm�T �I��cdspjNTK\�vpj`cdtuPR^nvp�@TXcfeNo7T=\=�pT=vpT�ig�`��T=\=�bl`T=m�jbt���c]��T=\=�b£p_bc�j`vpm�e�t�jNj@igsp��vR^nc]TK\�¢I8 �I^�c�cg��SUT
t
c]PpT

oq^ni]c]��t�m�TXPq^`\'l`T=m�jbt���cfe
~v(ω) = ~v(t, ω)

^nvRs�t�j�j`iusb��vR^�cgT
~x(t, ω)

�bcgPpT�vª^�c'cg��SUT
t + s

~x(t + s, ω) = ~x(t, ω) + ~v(ω)s
¥rVK¦

_Rvpm�TK\]\
c]PRT�vpT�a�c�T=l`T�vNc�¥ kf_pSUoq¦���t�j@vRt�T=i]vR��vp�¡c]Pp��\�oR^ni]c]��t�m�T`�(j`� c]PpT�c]iu^�kfTKtEcgj`ige
ω
jbt�t�_piu\#j`v%c]PpT

cg��SUT���vNc]T�igl�^nm
[t, t + s]

¢ � T ^`\g\]_pSUT�o7T�ig��j�sp��t'£7j`_pvqsp^nige
t�j@vRsb��c]��j`vR\=�nj@i=��cgPR^�cI��\0cgPpT \]^`SUT`�nT=m�^@\fcg��t
igT��qT=tEcg��j@v*� igj`S c]PpT�£7j`_pvqsp^nige`¢

� T
sbT=vpjncgT¬c]PpT#igT=\]_pm�c]��vp�Uopigj�t�T=\g\
XΛ,N (t)

¢�8 cXsbT�o7T�vRsR\�jn�It�j@_piu\rT�^nm�\]j�j@v�c]PpT���vp��c]��^nm;t�j`vRsp�L0
cg��j@vR\�^nvqs�j@v

sf , sβ

¢
/ vpjncgPpT�i�o7j@\g\r��£p��m���cfe���j`_pm�sD£7TXc]j�t�j@vR\r��sbT=i���\]jnc]igj`oR��t�sb��¨©_R\]��j@v

w(t)
����cgP ==T�igj�spi]��� c ^nvRs*op_bc

~x(t + s, ω) = ~x(t, ω) + w(s)

��vR\rc]TK^`s¬jn��¥rVK¦�¢M8 vR\rc]TK^`s¬j`�bc]PpT�l`T�m�jbt���cfe
~v
� j`i�j`vpT�0oq^ni]c]��t�m�T(S�j`c]��j`v�j@vpT3��j`_pm�s¬PR^�l@T(c]PpT�t�j�l�^nig��^nvRt�T

σ2 jn�bcgPpT�sp��¨©_R\]��j@v ¢(«�vRT3\rPRj`_pm�s�j`vRm�eX�pa#\]j`SUT�Ppj��1c]PRT�sbT=oqT=vRsbT=vRt�T T (σ2)
¢0}ªj@\rc�t�j`vR\]��spT�iu^�c]��j`vq\

£7T�m�j��§^@sbSU��c�cgPp��\'�@T�vpT=ig^`m��>==^nc]��j`v ¢I5 j���T�l@T�i���c t�j`_pm�s*£7T�vpTKt�T=\g\g^nige�cgj�cg^n�@T���vNc]j�^`t=t�j@_pvNc'sbT=T�o7T�i
igT=\]_pm�cg\�t�j`vRt�T�igvp��vR��igT=^@tEc]��j`v�0 sb��¨©_R\r��j`v�T��N_R^nc]��j`vR\=�p\rT=T ? � @

��� � � ��� ��� � ����)
	 � ��+-!���%�'(��)�# ��+-,
8 v�c]PpT���vb�qvp��cgT*oR^`ircg��t�m�T*m���SU��cU��T�sbj¡vpj`c��`T�c���v��`T=vpT�iu^nm�}¡^nig�`j�l¡oRi]jbt�TK\]\=�0£p_bc�j`vpm�eG\]j|t=^nm�m�TKs
vRj`vpm���vRT=^ni�}¡^`i]�@j�l�opigj�t�T=\g\�¢

� 	 �  ´ � ° �����9�p�1� ° �p�n��� ´
	 � �dT=vpjncgT
pt(j, T ), j = 1, ..., J

�(cgPpT�spT�vR\]��cg��TK\�jn� cgPpT�j@vpT�0 oR^`ircg��t�m�T
oRi]jbt�TK\]\

M1
^nc'c]��S�T

t
J
∑

j=1

∫

pt(j, T )dT = 1

����c]P1i]TK\ro7T=t�c�cgj N�T�£7T=\]�`_pT�SUT=^`\]_pigT
dT
¢ 8 ��c]PpT=i]T�^nigT
j@vpm�e¡\]m�j��5_RvR^nige�i]TK^`tEcg��j@vR\=�qcgPpT�vGsb_pT�c]j

cgPpT�T�vpT=i]�@e t�j`vq\rT=i]l�^�cg��j@v �(� j@i
M1

cgPpT�igT�T�ab��\rc¡¥ _pvqsbT�iUSU��m�s t�j@vRsb��c]��j`vR\�j`v
ujj1

¦�cgPpT�m���SU��cg��vp�
spT�vR\]��cg��TK\

π(j, T ) = limt→∞ pt(j, T )
�©sbT=oqT=vRsb��vp�*j@vªc]PpT���vR��cg��^`m�t�j`vRsb��c]��j`vq\��q£qTKt�^n_q\rT
c]Pp��\dtuPR^`��v

��\�\rc]igj`vp�@m�e�igT=sb_qt���£pm�T@¢
��T��RvRT1��vb�Rvp��c]T1oR^ni]c]��t�m�T|sbe�vR^`SU��t=\

Xp0
(t)

^`\Dc]PpTGt�j`m�m�T=tEcg��j@v¤jn�#��vRsbT=oqT=vRsbT�vNc�j`vpT�0oR^`ircg��t�m�T
cgig^nkfT=t�c]j`ig��T=\=�q��PpT=i]T

p0
��\Xc]PpT���vR��cg��^`mIsb��\rc]ig��£p_bc]��j`v|� j`i¬T=^@tuP|oR^`ircg��t�m�T@¢ 7pj@iX��vb�RvR��cgT�oq^ni]c]��t�m�T�t=^`\]T

j@vpT'oR^ni]c]��t�m�T�c]iu^�kfTKtEc]j@i]��T=\�^nigT�sbT��qvpT=s�T�ap^@tEc]m�e#^`\0��v�^��Rvp��c]T�l`j@m�_RS�T@�nj`vRm�e�cgPpT�igT�^nigT'vpj¬£qj@_pvRsp^`i]e
t�j`vRsp��cg��j@vR\��p^`vRs*c]PpT�oR^`ircg��t�m�T¬SUj�l`TK\���v�c]PRT���Ppj`m�T�\roR^@t�T@¢
��T��RvRT¬c]PpT¬m���SU��c]��vp��t�j`vqt�T�vNcgig^nc]��j`vR\

cj(t) = limΛ→∞ Λ−1 < nj(t >= pt(j)c
�b��PpT=i]T

pt(j)
��\

cgPpT�opigj`£R^`£p��m���cfeUc]PR^ncd^�c'c]��SUT
t
^�SUj`m�T=t�_pm�T�PR^`\�cfe�o7T

j
¢

SMSUT(VXW$Y$Z$Z
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�ª° �b������� 	 � � ° � 5 T=^ncDc]iu^nvq\f� T=iD��\�^nm�\rj�^�j`vpT�0oR^`ircg��t�m�TªoRi]jbt�TK\]\*^nvRs ��v c]PpT1��vp�Rvp��c]T|oq^ni]c]��t�m�T
T=l`j@m�_bcg��j@v*��\ sbT��RvpT=s�\]��SU��m�^`i]m�eUc]jUcgPpT�opigT�l���j`_R\�j`vRT`¢O8 c ����m�m ^`m�\]jU£qT#}¡^`i]�@j�l©¢

� � 	 �b� ± � ° �R�n��� ´ 	 � O'PpT�t�^`\]TU����cgP�£p��vR^nige¡igT=^@tEc]��j`vq\���\#S�j@i]T���v�l`j@m�l@T=s1£qTKt�^n_q\rT�j@vpTDt�^`vpvpjnc
spT��RvpT�SUTK^nv��RT�m�s�sbe�vR^nSU��t�\�sb��i]TKtEcgm�e*� j`i���vb�Rvp��c]T�oR^`ircg��t�m�T#\]eb\fcgT�S�¢  T=l`T=ircgPpT�m�T=\g\�����T#sbT��qvpT¬c]PpT
\]j¡t�^`m�m�T=sGvpj@vpm���vpTK^ni
}|^nig�`j�lªopigjbt�T=\g\=¢ 8 c�t�j`vR\]��\rcg\#jn� sbT�cgT�igSU��vp��\rc]��tUT�l`j@m�_pc]��j`v.jn�'c]PRT*sbT�vq\r��c]��T=\
pt(j, T )

�NsbT��RvpTKsU£NeU\]j`SUT A�j`m�c�==SU^`v�cfeNo7T T �@_q^�c]��j`v��N^`vRsU��vp�Rvp��c]Tdv�_pS�£qT=iIjn�®��vRsbT=oqT=vRsbT�vNc���vpPRj�0
SUj@�`T�vRT�j`_q\�}¡^`i]�@j�l3kf_pSUo�opigj�t�T=\g\rTK\®� j@i;��vNc]T�igvR^`m�spT��`igT�TK\ j`�p� i]T=T=sbj@Swjn�bcgPpT'��vRsp��l���sb_R^nm�oR^`ircg��t�m�TK\�¢
O'PRT=\]T#cf��jDT�l@j`m�_bc]��j`vR\�^nigT
t�j@vRt�T=ircgT=s�����c]P1T=^`tuPªj`c]PpT=i���vªcgPpT�\]T�vq\rT���T#T�abopm�^`��v|£qT=m�j���¢ 8 v¡c]PR��\
\]T�vq\rT�SUT=^`v��RT�m�s�sbe�vR^nSU��t�\���v�c]PpT���vb�RvR��cgT#m���SU��cX£qTKt�j@S�TK\'m�jbt=^nm¢�8 vªjncgPpT�i���j`iusp\=�b���(��T#^nigT�j`£J0
\]T�igl���vR�#\rj@S�T�m�jbt=^nmRigT��@��j@v �`��TdvRT�l`T=i�\]T�Td\]��S
_pm�cg^`vpT�j@_R\®kf_pSUoR\�j`�®cf��j#oq^ni]c]��t�m�T=\=�`£p_bc'j`vRm�e�kf_pSUoR\
j`�;j@vpT¬oR^ni]c]��t�m�T 0Ic]PpT�oq^ni]c]��t�m�TX����c]P���Pp��tuP���c�:�t�j`m�m���sbTK\&:d��\ ^p¢ \�¢0��vb�Rvp��c]T=m�e*�9^ni'� igj`S�cgPp��\�i]T=�`��j`v ¢

7Rj`i��9^@\fc £p��vR^`i]e�i]TK^`tEcg��j@vR\���T#t=^nm�m®c]PRT#��vp�Rvp��c]T#l@j`m�_pSUT¬speNvq^nSU��t=\'c]PRT¬c]��S�T
T�l`j@m�_pc]��j`v�jn�0c]PpT
spT�vR\]��cg��TK\

pt(j, T )
��sbT��RvpT=sU£�eU\rj@SUT A�j@m�c=�S�^nv�cfe�o7TdT��N_R^nc]��j`vª¥ ��T sbT��RvpT�cgPp��\�T��N_R^nc]��j`vU£7T�m�j��d¦E�

cgj`�@T�c]PRT�iD����c]P ��vb�RvR��cgT¡v�_pS
£7T�i�jn����vqsbT�o7T�vRspT�vNc*cg��SUT|��vpPpj@SUj`�`T=vpT�j@_R\�}¡^`i]�@j�l�opigj�t�T=\g\rTK\�� j`i
��vNc]T=i]vR^`m sbT��@i]T=T=\�jn�;� i]T=T=sbj@S jn�0��vRsb��lN��sb_R^`m SUj`m�T=t�_pm�TK\�¢

/ \]\]_pSUT¬c]PR^nc ��T¬��vpj��
pt(j, T )

¢IO'PpT=v�op_bc

Pj(t; T1|T ) =
∑

j′

∫

P
(f)
jj′ (T1|T, T ′)2fjj′pt(j

′, T ′)dT ′
¥ z`¦

� TUPR^�l`T�^�\reb\rc]T�S j`����j`m�SUj`�`j@i]j�l�T��N_R^nc]��j`vR\X����c]PG�NvRj���v
pt(j, T )

��spT��Rvp��vp�ª}¡^`i]�@j�l�opigjbt�TK\]\
����c]Pªsb��\rc]ig��£p_pc]��j`vR\

pt(j, T )

∂pt(T1, j)

∂t
=

∫

(Pj(t; T1|T )pt(j, T ) − Pj(t; T |T1)pt(j, T1))dT
¥ +@¦

7Rj`i sb��¨©T�igT�vNc�S�j@m�TKt�_pm�T=\�cgPpT=\]T�opigjbt�T=\g\]T=\'^nigT���vRsbT=oqT=vRsbT=v@c�£Ne�sbT��RvR��cg��j@v ¢
/ cIcgPpT \g^nSUT'c]��SUT'c]Pp��\3\]eb\fcgT�S&��\0c]PRT T��N_R^nc]��j`v�����cgP�i]TK\ro7T=t�c(c]j

pt(j, T )
¥ j`��A�j`m�c�==S�^nv�cfeNo7TK¦��

���3��T
\]_p£R\rc]��c]_bcgT�¥z`¦d��vNc]jG¥�+N¦E¢ 8 cX����m�m0\]T�igl`T#_R\dc]j�opigj�l`T#T�a���\rc]T�vqt�T�^`vRsª_pvR���N_pT=vpT=\g\dj`�
pt(j, T )

¢
/ vRs�c]PpT=v �p_R\]��vp�Uopi]j@£R^n£R��m���\rc]��tX��vNcgT�igopi]T�cg^nc]��j`v �Nc]jDspT�c]T=i]SU��vpTXc]PpT�m�^nig�`T�c]��SUT#£7T�PR^�l���j`_piK¢

� PpT=vª^nm�m®� j`_pi'cfe�o7T=\'j`��igT=^@tEc]��j`vq\�^`i]T¬opigT=\]T�vNc�c]PpT�T �N_R^�cg��j@v���\

∂pt(j1, T1)

∂t
=

=
∑

j

∫

(P (t; j1, T1|j, T )pt(j, T ) − P (t; j, T |j1, T1)pt(j1, T1))dT

��PRT�igT
P (t; j1, T1|j, T )

��\XcgPpTD\r_RS�jn��� j`_pi¬cgT�igS�\
P (m), m = 1, 2, 3, 4

� t�j`igi]TK\ro7j`vqsb��vR�Dc]j�� j@_pi
igT=^@tEcg��j@vDcfe�oqTK\��R��vNc]igjbsb_Rt�T=s�^n£7j�l`T`�

P (1) = ujj1(T )δ(T + K − K1 − T1),
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P (2) =
∑

j′ ,j′
1

∫

dT ′dT ′

12bjj′P
(b)(j1, T1, j

′

1|(j, T ), (j′, T ′))

pt(j
′, T ′)δ(T + K + T ′ + K ′ − K1 − T1 − K ′

1 − T ′

1),

P (3) = Pj(t; T1|T )δjj1 ,

P (4) = hδjj1P
(β)(T1|T )

� j@vR\r��sbT=i�vpj�� ��vb�Rvp��c]T¬oR^`ircg��t�m�T�\reb\rc]T�S ��v
R3 ����PpT=i]T�T=^@tuP�oR^ni]c]��t�m�TdPR^@\3��vNc]T=i]vR^`mqoq^niu^nSUT�cgT�iu\

(j, v)
¢ ��T�vRjnc]T

M
cgPpT�\]eb\fcgT�S jn�3^`m�m�opigj`£R^`£p��m���cfe�SUT=^@\r_Ri]TK\�� j`i�c]PR��\X\reb\rc]T=S ����c]P|c]PpT
� j`m�m�j�����vp�

oRi]j@oqT=ircg��TK\��

� t�j�j`iusb��vR^�cgT=\�jn�(cgPpT=\]T�oq^ni]c]��t�m�T=\X^nigT
sb��\fcgi]��£p_bcgT=s|^@\ cgPpT�Ppj`SUj`�@T�vpT=j`_R\dh0j`��\]\]j`v¡o7j`��vNc��qT�m�s
jn�0oR^ni]c]��t�m�T=\'j@v

R3 ����c]Pª\rj@SUT¬spT�vR\]��cfe c
�

� T=^@tuP|oR^`ircg��t�m�T�PR^`\¬^�l`T=t�c]j@i�j`�3oR^niu^nSUT�c]T�iu\ j, T
sb��\rc]ig��£p_pc]T=s�¥ ��vRsbT=oqT=vRsbT�vNcgm�e¡j`�5��cg\¬t�jNj@i20

sb��vR^�cgT#^nvRs�jn�;c]PpT�j`c]PpT=i�oR^ni]c]��t�m�T=\u¦�lN��^U\rj@SUTXt�j`SUSUj`v�sb��\rc]ig��£p_bc]��j`v
p(j, T )

��c]PpT#\g^nSUT�� j`i
^nm�m oR^`ircg��t�m�TK\�¢

� j@vR\r��sbT=iI^�\rT �@_RT�vRt�T�j`�7oRi]jbt�TK\]\]T=\
XΛ,N (t)

����c]P
N = N(Λ), Λ → ∞

\]jXc]PR^nc N(Λ)
Λ → c > 0

¢
O'PRT�v�^�c'c]��SUT

0
cgPpT�sb��\rc]ig��£p_bc]��j`v�j`�

XΛ,N(0)
t�j@v�l`T�ig�`TK\(cgjU\]j`SUT¬sb��\fcgi]��£p_bcg��j@v�£7T�m�j`vp�@��vR��cgj�c]PpT

\]T�c
M
¢
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�(	 �X�)	 �����$ %�&�('()�!( *��� � �  ���	
Xc(t)

�2�*	 �X� �<�������		���	
XΛ,N (t)

��� � 	�	 	%!�)<�
����1�()��(	+	 �

M
!&	 ��!���,	 �  �9 %�� %��) 	

t
�

hIigj�jn�f¢'O�j�oRi]j�l@T�T�a���\rc]T�vqt�T�jn�0cgPpT�c]PRT�igS�jbsbe�vR^`SU��t¬m���SU��cd��T�opi]jbt�T�T=s���v�cf��jD\rc]T=oR\�¢�«�v�c]PpT
�qig\rcd\fcgT�oª��T
sbj�vpj`c�t�^`i]T#^`£qj@_bcdt�j�j@igsb��vR^nc]T=\=¢�8 �(cgPpT�igT#^nigT�j`vRm�e�_pvR^nige*igT=^@tEcg��j@vR\��pc]PpT=i]T#^`i]T�vpj
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m���SU��cK¢�A�_bcX� j`i¬£p��vR^nigeªigT=^`t�c]��j`vR\dj`vpT
\]Ppj@_pm�s ¢

djnc]T|c]PR^nc���T|t�^`v¤i]T�� j`igS
_pm�^�cgTª£p��vR^nige�t�j`m�m���\]��j@vR\���v§^.�Rvp��c]T1l`j@m�_pSUT|^@\�� j@m�m�j�� \�¢ / \*^`v
T�ap^nSUopm�T���T�cg^`�`T��9^`\rc#£p��vR^nige|t�j@m�m���\r��j`vR\=¢ / v�e|oq^ni]c]��t�m�T

i
jn��cfeNo7T

j
_RvRsbT�ig�`j�TK\%:�t�j@m�m���\]��j`v|����c]P

Cq«X}%- S�j@m�TKt�_pm�T¬jn�OCR«X}%-�cfe�oqT
j′
:

dt
∑

j′

(fjj′ + fj′j)
nj′(t)

N
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dt
∑

j′

(fjj′ + fj′j)
cj′(t)
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Λ
^`vRs.t�j@vR\r��sbT=i�j`vpT�oR^`ircg��t�m�T@� cgPpi]j���v.^�c

cg��SUT
0
����c]P�_pvp��� j`igS sb��\fcgi]��£p_bcg��j@v�j@vNc]j

Λ
¢ / \]\]_pSUTXc]PR^nc�c]PpT¬oR^`ircg��t�m�T¬SUj�l`TK\���v�c]Pp��\ t�_p£qT¬����c]P

\]j`SUT
\]o7T�T=s
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0�^nig£p��c]iu^nige*iu^nvRsbj@S � _RvRtEcg��j@v|jn�(cg��SUT@¢¬O'PRT
j`vRm�eªt�j@vRsb��c]��j`v¡��\dc]PR^nc
v(t)

spjNTK\
vRjnc
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��v�l�^nig��^`v@cK¢�O�^n����vp�

N
��vRsbT�o7T�vqsbT�vNc�oR^ni]c]��t�m�T=\'^`vRsDo7T�i]� j`igSU��vp�
c]PpT=i]SUjbsbe�vR^`S���t�m���SU��c���T��@T�c'c]PpT

^@\]\]T�i]c]��j`v�¢
/ vpjncgPpT�iXoqjN\]\]��£p��m���cfe���\�cgjD_R\]T ��jNj@£J0 �dj@£pi]_q\rPp��v�c]PRT�j`igT�S j`vªcgPpT
��v�l�^nig��^`vRt�T�j`��cgPpT
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8 v�j`_Ri
cgPpT 3X��£p£q\�\fcu^�c]T�����m�m'£7T�c]PpTª\]e�\rc]T=S jn����vRspT�o7T�vRsbT=vNcDoR^ni]c]��t�m�T=\�¥ ��sbT=^`m��@^@\g¦�¢ 5 T=i]T���T
�@��l@T�^�\]T�m��9t�j@vNcg^n��vpTKs*opigT=\]T�vNcu^�c]��j`v.¥ �Ra���vp�UcgPpT�vpjncu^�cg��j@v���T¬_R\]T�PpT�igTK¦�j`��S�^n��v�� j`igS
_pm�^`\�� j@i�c]PpT
t�m�^@\]\]��t�^nm���sbT=^`m��@^`\]T=\0^`vRs
SU��a�c]_pigT=\=�n����c]PUj`vpT'��SUoqj@ircu^nvNcIsb��¨©T�igT�vqt�T ��c]PpT��9^@\fcIsbT=�`igT�T=\�j`�R� igT�T=spj`S
^`i]TX�@^`_R\g\r��^nv�^nvRs�\]m�j��§spT��`igT�TK\�jn��� i]T=T=sbj@S ^nigT�t�j`vq\fcu^nvNcg\

Kj

�psbT=oqT=vRsb��vp��j`vRm�eDj@v
j
¢

/ ��T�m�mL0 ��vpj���v*T�ap^nSUopm�TXj`����vNc]T=i]vR^`m®T�vpT=i]�@eU� _pvRt�c]��j`vR^`m ��\�cgPpT �N_R^`spig^nc]��t 5�^nSU��m�cgj`vp��^nv

Ij =

dj−3
∑

k=1

mj,kw2
j,k

2

��PRT�igT
mj,k, k = 1, ..., dj−3

��^nigT0\]j`SUTIt�jNT�KDt���T�vNcg\ ^`vRs�c]PpT3l`T=t�c]j@i
yj = {wj,k, k = 1, ..., dj − 3} ∈

Rdj−3 ¢*O'PpT=v dj − 3
��\�c]PpT�v�_pS�£qT=i#jn�'��vNcgT�igvR^nmIsbT=�`igT�TK\¬jn�3� igT�TKsbj`S�jn��c]PpT�SUj@m�TKt�_pm�T�jn��cfe�oqT

j
�
dj

��\dc]PRT�v�_pS�£qT=iXj`�3^nm�m�spT��`igT�TK\ j`�I� i]T=T=sbj@S�¢XO'Pp��\X��\3kf_R\rc]���RT=s �©� j`iXT�ap^nSUopm�T`�©��PpT=v|��v@cgT�igvR^nm
jN\]t���m�m�^�c]��j`vq\�^`i]T¬\]SU^`m�m�R\]T�T ? �(@¢ � T�����m�m�t=^nm�m©c]Pp��\'cgPpT93¬^n_R\g\]��^`v�t=^`\]T`¢

O'P�_R\�TK^`tuP�S�j@m�TKt�_pm�T�jn�;cfe�oqT
j
Pq^`\�c]PRT�T�vpT=i]�@e

Ej = Tj + Ij + Kj

� TXt�j`vR\]��sbT�i�^¬�Rvp��c]TXv�_pS
£7T�i
nj

jn� oR^`ircg��t�m�TK\Ijn�®cfe�o7T=\
j = 1, ..., J

��v*^��qvp��cgT�l@j`m�_pSUT
Λ
¢O7Rj`i

cgPpTd��sbTK^nm7�@^`\3jn� cgPpT
j
cfe�o7TdoR^`ircg��t�m�TK\(cgPpT��@ig^`vRsUoR^`ircg��cg��j@v�� _pvRt�c]��j`vDj`� c]PpT 3X��£R£R\'sb��\rc]ig��£p_bc]��j`v*��\

Θ(j, β) =

∞
∑

nj=0

1

nj !

(

nj
∏

i=1

∫

Λ

∫

R3

∫

Ij

d~xj,id~vj,idyj.i

)

expβ(µjnj−

nj
∑

i=1

(
mjv

2
j,i

2
+Ij(yj,i))−Kj) =
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=
∞
∑

nj=0

1

nj !
Λnj β−

dj
2

nj B
nj

j exp β(µj − Kj)nj = exp(Λβ
−

dj
2

j Bj exp βj µ̂j)

��PRT�igT

Bj = (
2π

mj

)
3

2

dj−3
∏

k=1

(
2π

mj,k

)
1

2 , µ̂j = µj − Kj

3XT=vpT�iu^nm®SU��a�c]_pigT�sb��\rc]ig��£p_bc]��j`v�j`�
J
cfe�o7T=\'��\ sbT��RvpT=s�£�e�cgPpT¬� j`m�m�j�����vp��oR^ni]c]��c]��j`v�� _pvRt�c]��j`v

Θ =

J
∏

j=1

Θ(j, β) = exp(Λ
∑

j

λj expβµ̂j), λj = β−
dj
2 Bj

��T��qvpT¬c]PpT��@ig^`vRs�cgPpT�igSUjbsbe�vR^nSU��t�o7jncgT�vNc]��^nm

Ω = ΩΛ = −β−1 ln Θ = −β−1Λ
∑

j

λj expβµ̂j

O'PRT|m���SU��c]��vp��\]oR^`t�T|sb��\fcgi]��£p_bcg��j@v§j`�Xcfe�o7T
j
oR^`ircg��t�m�TK\D��\DcgPpT|h0j@��\g\rj@v sb��\fcgi]��£p_bcg��j@v ����cgP§iu^�cgT

¥ t�j@vRt�T=v@cgig^nc]��j`vq¦
cj

�R^`vRs

cj =
< nj >Λ

Λ
= β−1 ∂ ln Θ

∂µj

= λj exp βµ̂j = exp(βµj − βµj,0 − βKj)

h3_bc
c = c1 + ... + cJ

¢(O'PpT�v

µj = β−1 ln(
< nj >

Λ
λ−1

j ) = µj,0 + β−1 ln cj + Kj ,
¥ y`¦

��PRT�igT
µj,0 = −β−1 ln λj = −β−1(−

dj

2
ln β + ln Bj)

¥�F@¦
��\(cgPpT�\]j
t=^nm�m�TKs�\fcu^nvRsp^`igs�tuPRT�SU��t=^nmqoqj`c]T�vNcg��^`m �N��c't�j@i]igT=\]oqj@vRsp\�cgj#c]PRTd_pvp��c�t�j`vRt�T�vNc]iu^�cg��j@v

cj = 1
¢

O'PpT¬��vNc]T�igvR^`m®T�vpT=i]�@e���v�c]PpT=i]SUjbsbe�vR^`S���t�\���\�sbT��qvpT=s�^`\�c]PRTXSUTK^nv�jn��cgPpT�\r_RS jn��T�vpT=i]�@��TK\�j`�
^`m�mboq^ni]c]��t�m�T=\=¢�O'PpT�t�j`vRsb��c]��j`vq^nmbSUT=^`v�T=vpT�ig�`eD¥9�`��l`T=v
cfe�o7T

j
¦�oq^ni]c]��t�m�T���\ ¥ c]PpT�m�^��%j`�7T �@_R��oR^`ircg��cg��j@v

j`�;T=vpT�ig�`ep¦

< Ej >=
dj

2
β−1 + Kj

^`vRs
U =

∑

j

< nj > (
dj

2
β−1 + Kj)

O'PRTXoRi]TK\]\]_pigTX��\�sbT��RvpT=s�^@\

P = −
∂Ω

∂Λ
= Λ−1β−1

∑

j

< nj >= β−1
∑

j

cj =
∑

j

pj
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pj = β−1cj

^nigT�c]PRT�oR^`ircg��^`m;oRi]TK\]\]_pigT=\=¢ 8 vªcgPpT
cgPpT�igSUjbsbe�vR^nSU��t#m���SU��c�cgPp��\X��\dT �N_p��l�^`m�T=v@c
cgj�c]PpT#sbT��Rvp��c]��j`v

βP = lim
V →∞

1

Λ
ln Θ

O'PRTX��T�m�m10��vpj���v�T��N_R^nc]��j`v*j`�0\rcg^nc]TX� j`m�m�j�� \

PΛ = β−1
∑

j

< nj >
¥ �n¦

7Rj`i�j@vpTXcfeNo7T
j
cgPpT�T�vNc]igj`o�e���\ sbT��RvpT=s�^@\

Sj = −
∂Ωj

∂(β−1)
= Λλj exp(βµ̂j)(

dj

2
+ 1 − βµ̂j) =< nj > (

dj

2
+ 1 + βKj − βµj)

¥ Cb^`tu��_pi�0 O�T�c]igj�spTd� j@i]S�_pm�^N¦E¢O7pj@i'c]PpT�SU��a�c]_pigT¬��c ��\�c]PpT#\]_pS jn��c]PpTK\rT

S =
∑

j

Sj = Λ
∑

j

λj exp(βµj)(
dj

2
+ 1 + βKj − βµj) =

∑

j

< nj > (
dj

2
+ 1 + βKj − βµj)

O;j`�@T�cgPpT�i'����c]P�c]PpT���vNc]T=i]vR^`m®T�vpT=i]�@e
U
c]PpigT�T¬jncgPpT�i���SUoqj@ircu^nvNc'c]PpT=i]SUjbsbe�vR^`S���tXoqj`c]T=v@cg��^`m�\d^nigT �

T=v@cgPR^nm�o�e

H = U +PΛ =
∑

j

(< nj > (
dj

2
β−1 +Kj)+β−1 < nj >) = β−1

∑

j

< nj > (
dj

2
+1+βKj),

¥ � ¦
3X��£p£R\�� i]T=TXT=vpT�ig�`e

G = H − β−1S = β−1
∑

j

< nj > (
dj

2
+ 1 + βKj − (

dj

2
+ 1 + βKj − βµj)) =

∑

j

µj < nj >,

^`vRsD5 T�m�SUPpj`m�c�=¬� igT�T¬T=vpT�ig�`e
F = U − β−1S

� T¡t�^`v�sbT��RvpTª^nm�\]j|cgPpTªsbT�vR\]��c]��T=\�j`�dc]PRT�T�a�c]T�vq\r��l`T ¥ cgPR^�c���\�^`\]e�S�opc]jncg��t=^nm�m�e m���vpT=^`i���v
Λ
¦

cgPpT�igSUjbsbe�vR^nSU��t#l�^nig��^`£pm�T=\���v|c]PpT�c]PpT=i]SUjbsbe�vR^`S���t#m���S���c=¢ 7Rj`i¬T�ap^`S�oRm�T���T�sbT��RvRT
cgPpTUm���SU��cg��vp�
3X��£p£R\�� i]T=TXT=vpT�ig�`eU� j@i�_pvp��cdl`j@m�_RS�T¬^`\

g = lim
Λ→∞

G

Λ
=
∑

µjcj

^`vRs*c]PpT�T=v@cgi]j@o�eDsbT�vR\]��cfe

s =
∑

j

cj(
dj

2
+ 1 + βKj − β(µj,0 + β−1 ln cj + Kj)) =

∑

j

cj(− ln cj +
dj

2
+ 1 − βµj,0)
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7Rj`i��@��l@T�v|iu^�cgTUoR^niu^nSUT�cgT�iu\
u, b, f, h

cgPpT���vNcgT�igvR^nmIsbT=�`igT�TK\�j`�3� igT�TKsbj`S j`��cgPpT�oR^`ircg��t�m�TK\�^nigT���vJ0
spT�o7T�vRsbT=vNc�^nvqs ��spT�vNc]��t�^`m�m�eGsp��\rc]ig��£R_bc]TKs ig^`vRsbj@S�l�^nig��^n£pm�T=\=¢�8 v�jncgPpT�i���j@igsR\��;c]PpT�sb��\fcgi]��£p_bcg��j@v
£7T�m�j`vR�@\Xc]j

M
¢�5 j���T�l`T=i=�7cgPpT�����vpT�c]��tUT�vpT=i]�@��TK\XSU^�e|PR^�l`T�vpjnc�T�a�o7j`vRT�vNc]��^nmIsb��\rc]ig��£p_pc]��j`vR\=¢ � T

����m�m®� j`iut�T�c]PpT�����vpT�cg��t¬T=vpT�ig�`��T=\�cgj�£qTKt�j`SUT¬T�abo7j`vpT=vNc]��^nm®_R\]��vR��cgPpT�m���SU��c
sf → ∞

¢
��T�vpj`c]T�3X��£p£R\�\rcg^�cgTUjn�IcgPpT

j
0 cfe�o7T���sbT=^`m0�@^`\¬^@\

Gj = Gj(β, µj)
¢ ��T��RvRT

M0 ⊂ M
c]PpT�\]T�c

j`�X^`m�m�SUT=^@\r_Ri]TK\
×jGj(β, µj)

� j@iU^`v�e
β, µ1, ..., µJ

��^`vRs
M0,β

0#��cu\D\]_p£R\]T�c�����cgP%�Ra�TKs
β
¢ 8 v

oRPNeb\]��t=^nm ^`vRs £p��j`m�j`�@��t=^nm®£7j�j`�b\'j`v�vpj@vJ0T �N_p��m���£pi]��_pS c]PpT=i]SUjbsbe�vR^nSU��t�\=�bc]PRT�igT#^nigT¬\]j`SUT¬�`T=vpT�iu^nm
\rcg^nc]T=S�T=vNcg\=�d\rT=T¡� j@i�T�ab^`SUopm�T ? V ��@ �d��Pp��tuP Ppj@m�s � j`i*S�^`vNe¤t�j`vRt�i]T�c]T|T�ap^nSUopm�T=\=� ��v§oR^ni]c]��t�_pm�^ni
cgPpT�e�����m�mdPRj`m�s���v j`_pi*S�jbsbT=m ¢ 7���iu\fcgm�e@�3cgPpT�igTª��\D^ \r_R£pS�^nvp��� j`m�s���v cgPpT¡\roq^`t�Tªj`�XoRi]j@£R^n£p��m���cfe
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t
� ���(��� �
������	 ���D !()R� ���(�1�

M0
� 	 � ) �(!(�$��!�) 	
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j < nj >¥ � j`i��Rvp��c]T
Λ
¦�^nvqs ∑

j cj
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sbT��qvpT=s�£�e�c]PRT�T��N_R^�cg��j@v
∑

j
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∑
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µ

(1)
j (t)

^nvRs
µ

(2)
j (t), j = 1, ..., J

�qj`v
M0,β
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T > 0

µ
(1)
j (0) = µ

(2)
j (0), µ

(1)
j (T ) = µ

(2)
j (T ), j = 1, ..., J
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H
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∆H = H(∞)−
H(0) < 0
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1 � 2
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µ1 = µ2
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∂X
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c2
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A = −
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^nvRs
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A = 0

�nc]Pp��\0�`��l`TK\
µ1 = µ2

¢ 7Ri]j@S ¥ y@¦���c0� j`m�m�j�� \
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o7j@\]��c]��l`T'SUT=^`\]_pigT
p = (p1, ..., pJ)

igT�m�^�cg��l@T3cgj¬c]PpT�\rcg^�cg��j@vR^nige�SUT=^@\r_pigT
π = (π1, ..., πJ )

��\IsbT��RvpTKs
^@\

SM =
∑
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∑
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cj ln
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∑
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∑
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��\¬�NvRj���v|cgj�sbTKt�igT=^@\rTUsb_pig��vR��}¡^`i]�@j�l�T�l`j@m�_pc]��j`v � \]T�T ? y&@��c]PpT�\]T=t�j`vRs1^`\g\rT=ircg��j@v|jn��c]PpT
cgPpT�j@i]T=S�� j`m�m�j�� \�^@\'��T=m�m¢

N�T�c�_R\�\]Ppj��&vpj���c]PR^ncXcgPpT�igTU��\¬_Rvp���N_pT�tuPpj@��t�T�j`��sbe�vR^`SU��t=\��®cgPR^�c���\Xc]PpTUiu^�cgT=\
vjj′

� ��Pp��tuP
�@��l@T'T��N_p��m���£pig��_pS t�j@vRsb��c]��j`v

µ1 = µ2
¢ -3^`tuP�}¡^`i]�@j�l#tuPR^n��vU����cgPUcf��j�\rcg^nc]T ��\(igT�l`T=ig\]��£pm�T@��£qTKt�^`_R\rT

igT�l@T�iu\r��£p��m���cfeDt�j@vRsb��c]��j`v
π1v12 = π2v21

� j`m�m�j�� \���S�SUTKsb��^nc]T=m�e*� i]j@S �dj@m�SUj@�`j`igj�l�T��N_R^�cg��j@v

dπ1

dt
= π2v21 − π1v12

O'PRT�v
π1

π2
=

c1,e

c2,e

¥rV�+@¦

8 v��9^@tEc'� i]j@S
π1

π2
=

v21

v12^`vRs.¥fV&+@¦���cd� j`m�m�j�� \�cgPR^�c
vjj′

^nigTX_Rvp���N_pT=m�e�sbT��qvpT=s�_po�cgjD\rj@S�T�t�j`vR\rcg^`v@c
C
�R��Pp��tuPªsbT�c]T=i]SU��vpT=\

\]j`SUT�t�j@S�SUj@v c]��SUT�\gt�^`m�T.¥9\]o7T�T=s�jn��£qj`c]P�i]TK^`tEcg��j@vR\u¦#^nvqs���\���igi]T=m�T=l�^`vNc
c]jGcgPpT�igSUj�speNvq^nSU��t=\�¢
O'PRT�j`igT�S���\�opigj�l`TKs®¢

dj�� ��T1�`��l`T1^`v T�ap^`S�oRm�T1jn��\]_RtuP opigjbt�TK\]\*��v j`_pi�t�^@\rT@¢ / \g\]_pSUT
K1 < K2

¢ / \g\r_RS�T
vRj��&c]PRTD\r��SUopm�TK\fc#o7j@\g\]��£pm�T�sbT�o7T�vqsbT�vRt�T�jn�

ujj′
j`v

T
�

ujj′ (T )
T �@_q^nm�\�\rj@S�T�t�j`vR\rcg^`v@cu\

wjj′
���

Tj + Kj − Kj′ ≥ 0
��^nvRs

ujj′(T ) = 0
j`c]PpT=i]����\]T`¢%O'PpT=v%cgPpT�opigj�t�T=\g\

Oc,β(t)
t=^nv%£7T��`��l`T=v

T�abopm���t���c]T=m�e@¢ �dT=vpjncgT
gβ(r) = P (|ξ| > r)

� j@i
cgPpT��N^n_R\g\]��^`v�i=¢ l©¢
ξ
����cgP�SUTK^nv

0
^nvRs ��v�l`T=ig\]T

cgT�SUo7T�iu^�c]_Ri]T
β
¢

8 cX��\�T=^@\re�c]j*\]T�T#c]PR^ncdc]PRT
opigjbt�T=\g\
Oc,β(t)

t�^nvª£7T
igT=sp_Rt�TKs�c]j�cgPpT�}|^nig�`j�l*tuPR^`��v|j`v
{1, 2}����c]P�iu^�cgT=\

v21 = w21, v12 = gβ(K2 − K1)w12Y�T=m�^nc]��j`v�����cgP1«�vR\g^n�`T=i3cgPpT�j@i]e*��v�j`_Ri�T�ap^nSUopm�TX��\'cgPpT¬� j`m�m�j�����vp�q¢0O'PRT �q_ba���\�sbT��qvpT=s�^`\

J1 = Ẋ1

j@i'��v�c]PRT¬c]PpT=i]SUjbsbe�vR^nSU��tXm���SU��c

J1 =
dc1

dt/ vRs�� i]j@S�c]PRT�T��N_R^�cg��j@vR\
dc1

dt
= c2u21 − c1u12, c2 = c − c1

��T¬PR^�l`T

J1 =
1 − exp(−βA)

u−1
21 + u−1

12 exp(−βA)

.0/ S1.32
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� 	�° ��� ± � ° µ �9�=�����9���;��� ´ 	 / \]\]_pSUT
cgPR^�c�^�c�c]��SUT
t = 0

^nvG^nig£p��cgig^`i]e�sb��\fcgi]��£p_bcg��j@v
p0(j, T )

j`�
cgPpT�l`TKtEcgj`i

(j, T )
��\��`��l`T=v ¢(O'PpT�vª^nc�^`v�e

t > 0
c]PpT#sbT=vR\]��cg��TK\

pt(j, T )
� j`i ^`vNe*oR^ni]c]��t�m�T¬����m�m®£qT

β exp(−βT )pt(j)
¥fV=�N¦

� j@i \rj@SUT
pt(j)

¢�O'PR��\ t=^nv�£qT#\]Ppj���v�^`\'� j@m�m�j�� \=¢ / \'c]PRT#��vNcgT�igvR^nm sbT=�`igT=\g\�jn��� i]T=T=sbj@S jn�0��vp�Rvp��c]T
v�_pS�£qT=i�jn�0oR^ni]c]��t�m�T=\'^`i]T¬�¢ �¢ s ¢(ig^`vRsbj`S l�^`i]��^n£Rm�TK\��Nc]PRT�v�c]PpT=i]T¬T�a���\rcd^p¢ \�¢�c]PRT�m���SU��cu\

T̄ (t) = lim
Λ→∞

1

Λ

∑

i:xi∈Λ

Ti(t), K̄(t) = lim
Λ→∞

1

Λ

∑

i:xi∈Λ

Kji
(t)

T�ab��\rc ^�cd^nv�eUcg��SUT
t
¢O8 v�oR^ni]c]��t�_Rm�^`i=�b^p¢ \=¢0� j`i ^nv�eU�pabTKs�l�^`m�_pTK\'jn�

Kji
(t)

c]PpT�m���SU��cg\

T̄ (t) = lim
Λ→∞

1

Λ

∑

i:xi∈Λ

Ti(t, ~K(t))

T�ab��\rc ^nvRs�^nigTXT��N_R^nm¢O5 T=i]T ~K(t) = {Kji
(t), i = 1, 2, ...}

¢
}ªj@i]T=j�l`T=i3� j@i ^nv�eD�`��l`T=v ~K(t)

c]PpT=i]T���\�^U\rT �N_pT�vRt�T¬jn�7kf_pSUo�SUj@S�T=vNcg\

t1 < t2 < ... < tn < ...

j`�q�9^@\fcI£R��vR^`i]e�t�j`m�m���\]��j@vR\(^nvqs�PRT=^�c(cgig^`vR\r� T�iK�n��Pp��tuPUspj�vpjnc3tuPR^`vp�`T'oR^`ig^`SUT�c]T=ig\
ji

¥ ^nvRs�c]P�_R\
Kji

¦
j`�0c]PpT�S�j@m�TKt�_pm�T=\=¢#8 �

sf

^nvqs
sβ

¢ c]T=vRs�cgjD��vp�Rvp��cfe���T#PR^�l@T#^p¢ \�¢�cgPpT�igT#����m�m�£qTD:E��vb�Rvp��c]T :¬v�_pS
£7T�i
j`���9^@\fc
t�j`m�m���\]��j@vR\�^nvRsGPpTK^�c�cgig^`vR\f� T=ig\¬£7T�cf��T�T=v ^nv�eªcf��j�_RvR^nige|igT=^@tEc]��j`vq\�¢ 8 c�� j@m�m�j�� \Xc]PR^nc�^nv�e
cg��SUT

t
��T�PR^�l@TX^�opigjbsb_Rt�c S�TK^`\]_pigT�¥rV��N¦�¢

� T�����m�m0\rc]_qsbe�c]PpTU\rT �N_pT�vRt�T
K̄(t)

¢ / \X^nv�e�c]��SUT�SUj@S�T=vNc
t ≥ 0

��T
Pq^�l`T
T̄ (t) = β−1 op_bc^`m�\]j

T̄ (0) = β−1 � j`i t�j@vNc]��vN_R��cfe@¢  j�� cgPpT�igTXcf��jUo7j@\g\r��£p��m���c]��T=\��

V`¢
K̄(0) < K̄(∞)

��c]PR��\�SUT=^`vR\IcgPR^�c�c]PRT�����vpT�cg��t�T�vpT=i]�@e`�Nop_pSUo7T=s�_poDcgj
cgPpTX\]eb\fcgT�S ����c]P�c]PpT
PpT=^nc=�p��\�c]iu^nvq\f� j@i]SUT=s*c]j�cgPpT#tuPpT�SU��t�^`m®T�vpT=i]�@e �

zb¢
K̄(0) > K̄(∞)

�'c]PR��\�SUTK^nvR\UcgPR^�c�cgPpT|tuPpT=SU��t=^nm�T�vRT�ig�`e���\Uc]iu^nvq\f� j@i]SUT=s%c]j.cgPpT¡����vpT�cg��t
T�vpT=i]�@e`�b��Pp��tuP��`j�T=\'j@_bc ^`\�c]PRT�PpT=^nc=¢

8 vNc]T=i]TK\fcg��vR�U\]��c]_R^nc]��j`vR\�^`opoqTK^ni'� j@i
J > 2

�p£p_bc ��T¬����m�m vpj`c�t�j`vR\]��sbT�i'cgPpT=\]T�t�^`\]T=\'PRT�igT`¢

� � ����.����'��� ��������� �!	

O'PR��\�oq^no7T�i
��\#^ª����vRs.jn��^`spl`T�i]c]��\]T�SUT�vNc�� j`i
S���abT=s sbe�vR^`SU��t=\�¢�hI_pigTDm�j�t=^nm3speNvq^nSU��t=\��;T�l@T�v ��v
j@vpT¬sb��SUT=vR\r��j`v��bm�TK^`sp\���S�SUTKsb��^nc]T=m�e�cgj
cgj�jUsp�LKDt�_Rm�c�opigj`£pm�T�S�\=¢(}ª��abTKs�sbe�vR^`SU��t=\���\�\]��SUopm�T�i�^nvqs
S�^`vNe�\]��cg_R^�cg��j@vR\0t�j@_pm�s
£qT'SUjbsbT�m�m�T=s#����c]P���c=�nTK\ro7T=t���^`m�m�e¬��v�£p��j`m�j`�`e@¢ 8 c(��\ �N_p��c]T�vR^�cg_piu^nm@c]j¬sb��\gt�_q\]\
PRT�igTXo7j@\g\]��£pm�T¬i]T=m�^nc]TKs*opigj`£Rm�T=SU\=��c]PRT�igT¬^`i]T¬S�^nv�e@¢

SMSUT(VXW$Y$Z$Z
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\rc]ig_Rt�c]_pigT`�q� i]j@S c]PpT�jncgPpT�iX\r��sbT�c]Pp��\�\rc]ig_Rt�c]_pigT
��\d£q^`\]T=sªj@v|\rj@SUT�^noRopi]j�ab��S�^�c]��j`vq\�¢�«�_piXSUjbsbT�m
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j`��c]PpT�^noRopi]j�ab��S�^�c]��j`vq\�¢G}ªj`igT�j�l@T�iK� c]PRT�igT�^`i]T�� _RvRsp^nSUT=v@cu^nm �N_pT=\rc]��j`vq\�¢ � T��`j|vpj�� c]jGSUj`igT
spT�cg^`��m�T=s�sb��\]t�_R\g\r��j`v1�

� � PpT�SU��t�^`m�c]PpT=i]SUjbsbe�vR^nSU��t�\�m�^nig�`T�m�e�_R\]T=\���sbT=^`mb�@^`\�� j`igS
_Rm�^@\���� j@i(T�ap^nSUopm�T�\]T�T�� j@i]S�_pm�^�¥ y@¦E¢
7pj@i'c]Pp��\�igT=^`\]j`v*c]PpT#t�j`igi]TK\ro7j`vqsb��vR��T�a�oRi]TK\]\]��j@vR\�t�^nv�£7T�j`vpm�e�^`opopigj�a���S�^�cgT �

� - �N_p��m���£pig��_pS t�j`vqsb��cg��j@vR\�opm�^�e�cgPpT¬t�T�vNcgig^`mqigj`m�Td��v*cgPpT¬tuPpT�SU��t�^nm©����vpT�cg��t=\�¢I8 vD�9^@tEcK��c]PpT=eD^nigT
£R^`\]T=s�j`v
c]PpT�^@\]\]_pSUobc]��j`v�c]Pq^�c0c]PpT�tuPpT=SU��t=^nm�T��N_p��m���£pig��_RS�t�j@i]igT=\]oqj@vRsp\�c]j�c]PpT�SU��vp��S
_pS&j`�
c]PpT 3X��£p£R\�� igT�TXT�vpT=i]�@e`����v�^�\]_JKDt���T�vNcgm�eDm�^nig�`T�t�m�^`\g\�j`��SUT=^@\r_pigT=\=��\rT=T / opoqT=vRsb��a®¢O8 c'��\�vpjnc
^�c�^nm�m�t�m�TK^ni�� j`iXSUT���PpT�c]PpT=iXc]Pp��\¬\rPpj@_pm�sª£qT�t�j`vR\]��spT�igT=sª^`\X^*� _pvRsp^`S�T=vNcg^nm0T�a�o7T�ig��S�T=vNcg^nm
�9^`t�cDj`i���c*\rPpj@_pm�s%£7T¡sbT=sp_Rt�TKs%� igj`S S���t�igj@\gt�j@op��t�sbe�vR^`SU��t=\�¢ / o7j@\g\r��£pm�T��@T�e%t�j`_pm�s�£qT
c]PpTªt�j`��vRt���sbT�vqt�T�jn��\]j`SUTDcgPpT�igSUjbsbe�vR^nSU��t*o7jncgT�vNc]��^nm'����c]P N e@^`oqj@_pvpj�l1� _pvRt�c]��j`v�� j`i�c]PpT
sbe�vR^nSU��t�\=�p\rT=T¬c]PpT#^`£qj�l@T�T�ap^nSUopm�T`¢ C�T�T#^`m�\]j ? FR� �&@ �

� O'PpT�sbe�vR^nSU��t�\�� j`i�^�\reb\rc]T=S�����cgP�tuPpT=SU��t=^nm©i]TK^`t�c]��j`vR\���\'^`S
£p���`_pj@_R\���cu\rT=m��f¢IO'PpTXigT=^`t�c]��j`vR\
t�^`v#£qT���vRt�j@i]o7j`iu^�cgT=sX��vNcgjdPR^`S���m�c]j`vR��^`v
sbe�vR^nSU��t�\;j`vpm�e¬l���^�\rj@S�T3opi]j@£R^n£R��m���\rc]��t(SUT=tuPq^nvp��\rS�¢
8 cX��\���PR^�cd��T�spj*PpT=i]T@�q_R\]��vp�*^nvRjnc]PRT�i �qT�m�s¡jn�IoRPNeb\]��t=^nm�tuPpT�SU��\fcgi]e 0'\rc]jbtuPR^@\fcg��t
tuPpT�SU��t�^nm
����vpT�c]��t�\=¢�O'Pp��\¬sbe�vR^`SU��t=\�t=^nvpvpj`c�£7T�^`i]£R��cgig^`i]e 0�cgPpT�t�j`vR\rc]iu^n��vNcg\dj`v|��cX^`i]T�oqjN\rTKsª£�e�c]PpT
T��N_p��m���£pig��_RS�t�j`vRsp��cg��j@vR\��(�@��l@T�v�^`opi]��j`ig�¢|O'PpT;:Ec]PpT=i]SUj�:�sbe�vR^nSU��t�\�\rPRj`_pm�s.PR^�l`T�^¡opig��j@i]�
�`��l`T=v�T �@_R��m���£Ri]��_pS SUTK^`\]_pi]T@¢

� O'PpT�igTU��\¬^`m�\]j�^�sbT=T�o7T�i�igT=^`\]j`v¡� j`iXc]PpT�sbe�vR^`SU��t=\�^nS
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\fcu^�cgT=\=¢ 7pigj`S j`vRT�\]��sbT@�©£qj@_pvRs¡\rcg^nc]T=\�^nigT
t�j@vR\]��sbT=i]TKs ¥ ��v1tuPpT=SU��t=^nm cgPpT�igSUjbsbe�vR^nSU��t�\u¦ ^`\
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� O'PpT�\g^nSUT(opigj`£Rm�T=SU\;^nig��\]T0� j`i��N_R^nvNc]_RS PR^`SU��m�c]j@vp��^`vR\®����c]P
tuPRT�SU��t=^nm@i]TK^`tEcg��j@vR\=����v�c]T=i]S�\ j`�
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i]T=opigT=\]T�vNcg^nc]��j`vUt�^nvU£7T j`£pcg^n��vpTKsUvpj���ig���`j`igj`_q\rm�e�j`vpm�e#� j@i3\]j`SUT��`igj`_pvqs�\rcg^nc]T SUjbsbT�m�\=�@^nvqs
j`vpm�eG� j`i�T��N_p��m���£pig��_RS�speNvq^nSU��t=\��I\]T�T ? VK{
@ ¢.O'PR��\�^nopoRi]jN^`tuP.£pig��vp�N\
_q\#cgj1^nvRjnc]PRT�i 	 !���J�1!
��!
	�! �Dt�j@vR\r��sbT=i�3X��£R£R\#SUT=^@\r_Ri]T���PpT=i]T*T�m�T�SUT�vNcg^`i]e1oR^ni]c]��t�m�T=\�^nigTD^�cgj`S�\���vpj`c�SUj`m�T=t�_pm�TK\�¢
O'PpT�v|��T�^nigT#��v¡c]PpT
� ig^`S�T=��j@i]��jn�Iop_Ri]T=m�e�5d^`SU��m�c]j@vp��^`v¡\reb\rc]T=S�¢�«�vpT�\]Ppj@_pm�s�£7T�^`£pm�T#c]j
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\rPRj��%cgPR^�c�c]PpTd\]_popo7j`i]c3j`�7cgPp��\ISUT=^@\r_pigT���\Ij`v�cgPpT�t�j`vb�R�@_piu^�c]��j`vq\0��PpT�igT�SUj@\rc�^�cgj`S�\0� j`igS
£qj@_pvRs�\rcg^�cgT=\ 03SUj@m�TKt�_pm�T=\=¢

�ª´
	 �9µ ° � ��� ± �=� ° �� O'PpTªsbT�cgT�igSU��vp��\rc]��t*oR^`ircUjn�dc]PpT�c]PRT�j`ige jn�XtuPpT�SU��t�^nm'vpT�cf��j@i]�b\
��\UopigT�0
\]T�vNcgT=s1��v ? V�y&@ ����vGt�j`SUopm�T�c]T=m�e|i]���`j@i]j@_R\d£7T=^`_bc]��� _pm(� iu^nSUT=��j@i]�©¢�5dj���T=l`T=i=�7c]PRT�igT��'^`\Xvpj�T=vpT�ig�`e
t�j`SUo7j`vpT=v@cK�bvpjUopigj`£R^`£p��m���cfe*^nvRs�vpjUSU��t�i]jN\]t�j`op��tXsbe�vR^nSU��t�\=¢

O'PpT�m�j`�`��t�^`m3� iu^nSUT=��j@i]�Gjn� ? VKy
@ ��\�c]PRT*� j@m�m�j�����vR� �*sbT�c]T=i]SU��vp��\rc]��t�tuPpT�SU��t�^nm'����vpT�cg��t=\���\�oqjN\G0
cg_pm�^�c]TKs¤cgj`�`T�c]PpT=i�����cgP \]j`SUT1igT=\rc]ig��tEc]��j`vq\*j@v c]PRTG��v�l�^nig��^`v@c�S�^nvp��� j`m�sp\=�digT�m�^�c]TKs¤cgj%cgPpT¤¥9^nm�\]j
o7j@\rc]_Rm�^nc]T=sq¦63X��£p£q\�� i]T=T�T�vpT=i]�@e

G
¢O8 c ��\�oRi]TK\rT=v@cgT=s�^`\

∂G

∂cj

= µj = µj,0(β, P ) + β−1 ln γj(c)cj

��PRT�igT
γj(cj)

^`i]T¬\rj@SUT�_pvR�NvRj���vD� _pvRt�c]��j`vR\'j`�
cj

¢O8 �
γj(cj) = c−1 � j`i�^nm�m j ��c]PpT=v*cgPpT�\reb\rc]T=S���\

t=^nm�m�TKsU��spT=^nm¢ / \3� j`iIcgPpT vpj@vp��sbT=^`mq\]e�\rc]T=S�\��NSU��t�i]jN\]t�j`op��t'SUj�spT�m�\3\]Ppj`_pm�sU�`��l`T���vb� j@i]S�^�cg��j@vD^n£7j`_bc
γj

¢
5dj���T=l`T�iK��T�l@T�v�� j`i�vpj@vp��sbT=^`m \reb\rc]T�S c]PpT#\g^nSUT �N_pTK\fcg��j@v�^@\ ^n£7j�l`TX����m�m £7T¬c]PpT
SU^`��v�T=vp���@S�^

j`��cgPpT#tuPpT�SU��t�^`m©c]PpT=i]SUjbsbe�vR^nSU��t�\=¢

��´ � ° � � ° �  ´ µ ±1	 �  �9�`� ����� ´ � ° �=� ° � � T#sp��s�vpj`cdt�j`vq\r��sbT�i tuPRT�SU��t=^nm©cgPpT�igSUj�speNvq^nSU��t=\�� j`i
£R��vR^`i]e1i]TK^`t�c]��j`vR\¬��v.c]Pp��\#oq^no7T�iK¢D5dj���T=l`T�iK� ��c
��\#t�m�T=^`i�c]PR^nc
��c�t�^`vG£7T*sbj@vpT`��£7T=t�^`_R\]T|¥9^@\���c���\
\]Ppj���v���v�\]T=t�c]��j`v*z`¦3��cg\���vp���Rvp��c]TXoR^`ircg��t�m�TdspeNvq^nSU��t=\3��\ �@_R��cgTX\]��SU��m�^`iIcgj
_pvp��SUj`m�T=t�_pm�^`i�sbe�vR^`SU��t=\�¢
/ m�\]j*igT=^@tEcg��j@vR\���Pp��tuP|sbj�vpjnc�t�j@vR\rT=i]l@T

N
^nigT#j`�I��vNc]T=i]TK\fcK¢ 8 v|oR^ni]c]��t�_pm�^niK�qspT=t�^�eª^`vRs¡\]eNvNcgPpT=\]��\

cgPR^�c ��\
A → B + C

^`vRs
A + B → C

¢ 5dT�igTX� j`i'c]PRT¬�Rig\rc igT=^`t�c]��j`v�j`vpT#\]Ppj`_Rm�s�^`\g\r���`v�\rj@SUT�Ppj��
cgPpT�t�j�j`iusb��vR^�cgT cgj

B
^`vRs

C
¢O8 c t�^`v*£7T#sbj`vRT���v*cgPpTX� j`m�m�j�����vp����^�e ��j`vpT¬SUj`m�T=t�_pm�T`�N� j`i'T�ap^`S�oRm�T

B
�`����c]PUopigj`£R^`£p��m���cfe 1

2

����m�mbPR^�l@T�c]PpT t�jNj@igsp��vR^nc]T�jn�
A
�ncgPpT�v

C
��\(oR_bcIig^`vRsbj@S�m�e���v@cgj

Λ
¢ 8 cI\rT=T�S�\

_RvpvR^�cg_piu^nm®��v�^��qvp��cgT�l`j@m�_pSUT@�p£p_bc ��v�c]PpT#��vb�RvR��cgT�l`j`m�_pSUT`�R��c ����m�m�R^@\'� j`i \]m�j�� £p��vR^nigeDigT=^`t�c]��j`v �
^�m�jbt�^nm®oRi]jbt�TK\]\�� j@i�oR^ni]c]��t�m�T=\=¢(O�j@�`T�cgPpT�i�����c]P�T=l`j`m�_bcg��j@v*jn�(sbT=vR\r��c]��T=\=¢

� T�^`i]T�m�^@tu����vp�*S���t�igj@\gt�j@op��t�SUj�spT�m�\dT=l`T�v¡� j`i¬\r��SUopm�T=iX\]��c]_R^nc]��j`vR\���v1vpj`v�0T �@_R��m���£Ri]��_pS c]PpT=i20
SUjbsbe�vR^`S���t�\��#m�jbt�^nm3S�jbsbT=m�\ �@_R��tu��m�e|£7T=t�j@SUTUc]j�j|sb�1KDt�_pm�c#c]jª£7TD_R\]T�� _Rm ¢B5 j���T�l@T�i�SU��a�cg_pi]T�j`�
m�jbt�^`m�SUjbsbT�m�\d����c]P|S�TK^nv��RT=m�s1sbe�vR^nSU��t�\dm�j�j`�b\ �@_R��cgT
opigj`SU��\r��vp�R�7^nvRsªc]iu^`tEcu^n£pm�T`¢ 7Rj`i�T�ap^nSUopm�T`�
j@vpT�t�j@_pm�s�t�j@vR\]��sbT=i�T�aptuPR^`vp�`TXjn��SU^ncrcgT�i�����c]P�c]PpT�T=v�lN��igj`vpSUT�vNcK�b��j@i]�D^`vRs*T�KDt���T�vRt�eDopigj�sp_Rt�TKs
£�eDSUTKtuPR^nvpjbtuPpT=SU��t=^nm®^nvRs�tuPpT=SUj�tuPRT�SU��t=^nm©S�^`tuPp��vpTK\��bT�cgtn¢��R\]T�T ? �
@¢

��° �p�n��� ´
	 � � 	 µ ° � ��� ° � �9� ��� ´ 	 µ �9��� ´ 	 � 8 v �@_q^nvNc]_pS t�^@\rT�c]PRT�igT¡t�^nv�£7T¡jncgPpT�iD\rcg^nc]��\fcg��t=\��
7RT�igSU�N^`vRs A�j@\]T`�Ki]TK^`t�c]��j`vR\�����cgP#c]PRT�Sw^nigTI��v@cgT�igT=\rc]��vp� cgjdt�j@vR\]��sbT=i=¢ / m�\rj�j`vpT�t�j`_Rm�s¬cgi]eXcgjdSUjbsbT�m
igT=^@tEcg��j@vR\���vª\]j`m�_bc]��j`vR\'j@i�i]TK^`t�c]��j`vR\'����c]P�m�^nig�`T

P
�pv�_Rt�m�T=^`i'i]TK^`tEcg��j@vR\'T�cutn¢ Cbj`SUT�\r_p£q\fcg��cg_bc]TK\'� j`i

� m�^n_q\r��_R\'T�vNcgi]j@oNeD^`i]T¬_R\]T=s���v�v�_Rt�m�TK^ni'opP�eb\r��t�\=��� j`i���PR��tuP�c]PRT�igT¬^`i]T¬vpj�sbe�vR^`SU��t=^nm®SUjbsbT�m�\�¢

� � ´ � ´ � ± 8 v £R��j@m�j@�`eX��c0��\���vpj���v#PRT�_pig��\rc]��t�^`m�m�eXc]PR^nc;cgPpT'tuPpT�SU��t�^nmNvpT�cf��j@i]�b\ S�^�eXPR^�l`T�sb��¨7T=i]T=v@c
cg��SUT�\]t=^nm�T=\=¢�7���iu\fcU\]t=^nm�TD��\#cgPpTD� _pvqsp^nSUT�vNcu^nm�S���t�igj@\gt�^`m�T@�;��c���\
c]PpT*�9^`\rc]T=\rc�\gt�^`m�T@�0��PpT�igT*m�jbt�^nm
T �N_p��m���£pi]��_pS&TK\fcu^n£pm���\rPpTK\�� j`iI\]j`SUT�c]PpT=i]SUjbsbe�vR^`S���t�oR^niu^nSUT�c]T�iu\�¥ � j`i3j`_pi0SUjbsbT�mp��cI�'^`\;c]PpT��@m�j@£R^nm

SMSUT(VXW$Y$Z$Z
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T �N_p��m���£pi]��_pSD¦E¢ C�TKt�j@vRs�\gt�^`m�T ¥ t�^nm�m���cDS���t�igjGvpj`vJ0 T��N_p��m���£pig��_pSD¦E����\�cgPpT¡\]t=^nm�T�j`�XS�^`��v t�j@vRt�igT�cgT
igT=^@tEcg��j@vR\�¢

8 �0c]PRT#tuPpT�SU��t�^nm�vpT�cf��j`ig�D��\�m�^`i]�@T�T=vpj`_R�`P�c]PpT=i]T#t=^nv�£7T#^nm�\rjUjncgPpT�i�\]t=^nm�T=\=�bT�l`T=vª\rm�j���T=i�c]PR^`v
cgPpTD\]T=t�j@vRs1j`vpT@¢�7pj`i�T�ap^nSUopm�T`���@T�vpT�c]��t�vpT�cf��j`ig�b\Xt=^nvG£qT�SUjbsbT=m�m�T=s.^`\¬���'c]PpT�m���\fc#j`��igT=^`t�c]��j`vR\
tuPq^nvp�@T=\�����cgP�c]��S�T@�R\]m�j���T�i�c]Pq^nv�c]PpT#\gt�^`m�T¬jn��c]PRT�i]TK^`tEcg��j@vR\=¢

8 c�\rT=T�S�\Il@T�ige���SUoqj@ircu^nvNcIcgj
_pvRspT�iu\fcu^nvRs�^`vRsDt�m�^`\g\]��� e�c]PpTK\rTX\]t=^nm�T=\I^`vRs�SUjbsbT�m©^nm�m7SU^`��vUcg��SUT
\gt�^`m�TK\�¢3«�vpT�t=^nvpvpj`c�e`T�c�T=l`T�v�o7j@\]TXT�ap^`tEc�S�^�cgPpT�S�^nc]��t�^nm�m�eDi]TK^`\]j`vR^`£pm�T �N_pTK\fcg��j@vR\'PpT�igT`¢

/ vpjncgPpT�i �N_pT=\rc]��j`v���\I��PpT�c]PpT=i�^`vRsU��PpT=vD£p��j`m�j`�`e�vpT=T=sp\�sbe�vR^nSU��t�\(�9^`iI� igj`S vpj@vJ0T �N_p��m���£pi]��_pS
cgPpT�igSUjbsbe�vR^nSU��t�\=¢*O'Pp��\���j@_pm�s1iu^n��\]TUt�j`v�l`T=i]�@T�vRt�T�oRi]j@£pm�T=S�\¬c]j�cgPpTD��vNl�^`i]��^nvNc�S�^nvp��� j`m�s®��������T
\rcg^`irc'� igj`S \]j`SUT¬o7j`��v@c vRjnc�j`v�c]Pp��\�S�^nvR��� j@m�s®¢

8�c]PR^`vp� � Ppig��\fcg��^`v�}¡^`T=\�� j@i��N��vRs�^�c]c]T=v@cg��j@v �b� ig_p��cr� _pm igT�S�^`i]�b\'^nvRs�\rc]��S
_pm�^�cg��vp��sb��\gt�_R\g\r��j`vq\�¢

� � �G��+������

� �b��� �b��� ´ 	 � � �;��� 	 � � � � ° / \]\]_pSUT¬c]PR^ncd\rj@SUT#\reb\rc]T�S PR^`\ \rcg^nc]TK\
1, 2, ...

����c]P�T�vRT�ig�`eDm�T�l@T�m�\
εkj`��cgPpT#\fcu^�cgT

k
¢ 3X��£p£q\ sb��\fcgi]��£p_bcg��j@v�j@v*cgPpT#\]T�c

{1, 2, ...}
��\dsbT��RvRT=s�^`\

pk = Z−1 exp(−βεk), Z =
∑

k

exp(−βεk)

O'PRT�v|��c���\X��vpj���vG^nvRs|T=^`\]e�c]j�\]Ppj��wc]Pq^�c 3X��£p£q\¬T��N_p��m���£pig��_pS \rcg^nc]TU��\dcgPpT�\fcu^�cgT�j`�3S�^�ab��S�_pS
T=vNc]igj`o�e

S
� j@i'�pabT=s�SUT=^`v�T=vpT�ig�`e

U
¢0O;jD\]T�TXc]Pp��\���T�^nigT�m�j�j`����vR��� j@i�T�a�c]igT�S�^�jn�

S = −
∑

k

pk ln pk + λ
∑

k

εkpk

����c]P�cf��j�t�j`vq\fcgig^`��vNcg\
U =

∑

k

εkpk = c,
∑

k

pk = 1

O'P�_R\'��T�^nigT¬m�j�j`����vp��� j`i�T�a�cgi]T=SU^�j`�

−
∑

k

pk ln pk + λ
∑

k

εkpk + γ
∑

k

pk

����¨7T=i]T=v@cg��^nc]��j`v��`��l`TK\
− ln pk + 1 + λεk + γ = 0

O'Pq^�c���\
pk = C exp λεk

��PRT�igT
λ < 0

� j`i t�j`v�l`T=i]�@T�vRt�TdigT=^`\]j`v�¢
C���SU��m�^nigm�e`�bT��N_p��m���£pig��_pS \fcu^�cgT���\�c]PpT�\rcg^nc]TXjn��SU��vp��S�_pS SUTK^nv*T=vpT�ig�`e

U
� j`i��pabT=s�T�vNc]igj`o�e

S
¢

5dT�igT¬��T�sb��¨7T=i]T=vNc]��^�c]T

U + λS + γ
∑

k

pk =
∑

k

εkpk − λ
∑

k

pk ln pk + γ
∑

k

pk
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3Xiu^nvqs�t=^nvpj@vp��t�^nmdT�vR\]T�S�£pm�T|��\*��vRt�m�_qsbT=s�cgj c]PpT|opi]T=l���j@_R\D\gtuPpT�SUT`¢ 8 v �9^@tEc=� t�j`vR\]��spT�iD�@ig^`vRs
t=^nvpj@vp��t�^nm©T=vR\rT=S
£pm�T

∞
∑

N=0

exp β((µN −
∞
∑

k=1

εNk)

��PRT�igT
εNk

^`i]T3c]PpT'T�vRT�ig�`��T=\;m�T=l`T�m�\�jn�pcgPpT�\reb\rc]T=Sw����cgP
N
oR^ni]c]��t�m�T=\=¢;O'Pp��\(t�^@\rT�t�^`v
£7T�igT=sp_Rt�TKs�c]j

cgPpT opigT�l���j`_R\Ij`vpT����
µN

��\�t�j@vR\r��sbT=i]TKs�^`S�j@vp�¬c]PRTdT�vRT�ig�`e#m�T�l@T�m�\��`c]PR^nc���\(��vNcgi]jbsb_Rt�T
εN0 = −µN

¢
O'PpT 5 T�m�SUPpj`m�c�=D� i]T=T�T�vpT=i]�@e

A = U − β−1S
��\
sbT��RvpTKs|� j@i
^nv�e1S�TK^`\]_pigT`� cgPR^�c���\¬� j@i
^nv�e

\]eb\fcgT�S
{pk, εk}

¢O8 v�j`_pi t=^`\]T
P
^nvRs

Λ
^nigT¬t�j`vq\fcu^nvNc=�p^@\

P = β−1c

O'P�_R\�cgPpT 3X��£R£R\0� igT�T'T�vpT=i]�@e
G = A+PΛ

��\(^nm�\]j¬spT��RvpTKs#� j@iI\rj@SUT�t�m�^@\]\0j`�qSUT=^@\r_pigT=\=����vRt�m�_Rsb��vp�
j@_pi S�^nvR��� j@m�s

M0
¢ 8 c�t�j@_pm�s�£7T#��vNc]T�igT=\rc]��vp�UcgjD��vpj��§cgPpT#����sbT=\rc�t�m�^@\]\'j`�0SUTK^`\]_pi]TK\��R��PpT�igT

G
��\

spT��RvpTKs�^nvRs���\d^*N�e@^`oqj@_pvpj�l�� _pvRt�c]��j`v�� j`id^`v�^`opopigj`opig��^�c]T :ucgPpT�igSUj<:�sbe�vR^nSU��t�\=¢

� � � ������� ���0"����)

� �����'�0��+�����	

? V�@ ��j`£Ri]_R\]Pp��v1Y�¢ «�vªcgPpT�h0j@��\g\rj@v¡m�^�� � j@idcgPpTUsb��\rc]ig��£p_bc]��j`v1jn�IoR^`ircg��t�m�TK\d��v|\]oR^`t�T`¢�� ��iu^n��vp��^`v
}|^�c]P�¢��R¢�� V �@y�FR�@l©¢ � �  jq¢Rzb� V&+`{(0uV�+`�R¢

? z(@ 3�¢<7R^�e@j`m�m�T@����¢q}¡^`m�eb\]PpT�l©�XC©¢RhI��igj`�@j�l©¢DCNcgj�tuPq^`\rc]��t�tuPpT�SU��t�^nm®����vpT�cg��t=\�����c]PªT�vRT�ig�`e�oR^`ig^`S�0
T�c]T=ig\=¢pY ^noRoqj@ircu\�sbT#Y�T=tuPRT�iutuPpT`� 8�dY 8 / � djR¢Ry`{`{ � �pzn{`{�+p¢

? +�@	�q¢R�¬T=�1==T�iK¢JC�cg^�cg��\rc]��t�^`m®c]PRT�igS�jbsbe�vR^`SU��t=\'jn�;vRj`vpT �@_R��m���£Ri]��_pS opigjbt�TK\]\]T=\=¢�C�opig��vp�@T�iK¢®V�� � ��¢
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