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�3stX#qr���rY�f��5npq�s�h hjY�qr�mopY�o5hUnWopY��m¨r�M�[st}p}Wvzl1ÁgqrX#sthzqrlmo�smfjf deX#}ghzlmhzq��5npY�~gn¢v��Mf YMstn�l*}ghzqrX�st�À¨
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Ring star of 4−rings Star of 3−rings Star (of 2−rings) Clique

α=0.415α=0.290
/�qr�mnpvjY#�rC��RnWs*f q�¤Àl*}ghzqrX�st�.�3stX#qr��qrY�f�¨

qro*hjY�vjY�f hzqrop�R�Klmv,nWf,smoW~[fzl�hzTpY|fznp}p}.lmvzh>�Klmv�hzTWqrf,§eqrv hjnWst�eopY�hi��l*vz��q­f,~gY�oWf Y]smoW~[k��rs*fzfzq­k�st�gsm}p}pvjl*smk�TWY�f�nWf YM~
�]TpY�o�hzTWY�fznp}p}.lmvzh�opY�hi��l*vz��qrfOhzTWY�}pTedgfzqrk�st�5lmopY�2K�]Tpq­k�T�q­fOlm�×hzY�o9f }�stv�f Y�4�stvjYNoplmh�Yi1�k�q�Y�o5h�¨�SUTWqrf�}pvjlm�p�rY�X
k�smoJst�­f l���Y[§5qrY���Y�~�smfB5�oW~gqrop�ªhjTpY�}pTedgfzqrk�st�OoWYxhi��lmvj���]Tpq­k�T�k�smoJsmk�TpqrY�§*Y�st�r��vjY �5npYMfih�f|X#qropq�X#q:9�qrop��q�hjf
�m�rlm��st��kxl5fihM¡Wf Y�Y
| �q~O�Klmv|s9}�l*��deTpYM~gv�st�Äst}W}pvzl5smk�TÄ¨

6|o¯st��hzY�vzo�s�hzqr§mY9}pvjlm�p�rY�Xahjl¢lmnpv_hjTWs�h�st�­fzl�opY�Y�~�hzl¢�.Y�X9Y�o5hzqrlmopYM~�q­f�hzTpY�{]qrop�?zÄl5sm~gqrop�¢u,vjlm�p�rY�X
| 
�~Ð¨¯SUTWY�YMfzfzY�o5hzq­st�U~gq��.Y�vzY�oWkxY���qrY�f9l*o hzTpY¢kx�rl*fzY�23�pngh�oplmh9Y �*nWq�§�st�rY�o5h�4�opl*vzX�f#bgÎRÏ��tbel*opYxhM¨���lthzT¦lt�
hzTWY�X vzY���d�l*o#lm}ghjqrk�st�pvjq�oW�*f,�]TpY�vzYUYMsmk�T#��qrop�[qrf,X�s*~gY]�ed[s_}Wsmq�vNlm��5���Y�vjfNk�lmopoWY�k«hjq�oW�_hzTpY]hi��l_Y�oW~p}�l*q�o5hjf
�.lthzT���s1dgf�¨�SUTpY�bel*opYxh�hzTWsthChznWvzoWf�hjl��.Y�qroª�Klmv�kxY�Y�fjf Y�o*hjqrsm���rd#q�o Ì lmvzhzT 6|X#Y�vjqrk�sp¡5nWfzY�fChzTpY�}Wstqrv�fNqroªhzTWY
opl*X9qroWsm�OX#lg~gY��.lthzT���s1dgf�¡W~gY�sm��qrop�ª�]q�hzTJhzTpY��3smnp��hjfRq�oJs��.Y�f hRY��.l*v h��3smfzTpq�l*oÄ¨R\Ro¢hzTWY�lthjTpY�v�f q­~gYm¡�hzTWY
bgÎ�Ï7opl*vzX�n�f YMf�hzTpY�}Wsmq�v>win�fih|l*opY���s1d�qro�hzTpY�oWlmX#q�o�st�ÄX#lg~gYm¡ehjTpY�lmhzTpY�v]��Y�q�op�#nWfzY�~�l*op��dªhzl�}pvjY�§*Y�o5h
�3stqr�rnpvzYMf�¨�®¥o�k�s*f YUlmoWY�lm��hjTpY]�rq�op�gf>�3sm���­f�¡mst�r�ghzTWY]vzY�§mY�v�fzY 5W�.Y�v�f>lt�.hzTWY]vzY�X#smq�oWq�op�_�rq�oW�efCstvjY�n�f YM~�hjl�kxvjY�s�hjY
sto¢stvzhzq85�k�qrsm��vzY�}p�rs*kxY�X9Y�o5hU�rqrop�<¨

� � ���! �"%$���������� � � ���|�

®¥o±hjTpq­f�}�st}.Y�vM¡���Y��Usto5h�hjlö~gY�hzY�vzX#qropYQs´��l*�mq­k�sm��bgÎ�Ï opYxhi��lmvj�´lm��X#q�oWq�X[npX
kxl5fih��mqr§mY�o s¦fzYxh¢lt�
vjY �5npY�f hjfChzl#smk�TWq�Y�§mYm¨76�f�sto�q�X#}.lmvzhjsmo*h�}WstvzhUlt�ÄhjTpY�k�l*f h�lm��s��rq�oW��qrf�q�hjfU~gY�}W��l�deX#Y�o5h�¡e��YRk�lmoWfzqr~pY�v�hzTWsth
hzTWYªkxl*f h�lt�]s���l*�mq­k�st�>�rq�oW�J�Klm�r�rl��|f�s¢k�lmoWk�s1§mY9q�oWk�vzYMsmfzq�oW���Knpo�k«hzqrlmo¯lm��q�hjf�k�st}Ws*kxq�hidy�]Tpq­k�TI~gY�}�Y�oW~pf�l*o
hzTWY�X#sthzY�vzq­st�À¨�®¥oGbgÎRÏ �rlelm}Wf�¡O�]TWY�o s���l*�mq­k�st�>�rq�oW���]q�hzTGs��mqr§mY�oQv�s�hjY9q­f�YMfih�st�p�rqrfzTpYM~J�KvjlmXÍs¢oWle~pY��
hzlys�oplg~gY���¡ÄhzTpY#�rlm�mq­k�sm��fz}Ws*kxY#smfjf qr�mopYM~yhjl�q�h�qrf_vjY�fzY�vj§mYM~¢hzTpvjlmnW�mTpl*ngh�sm���>hjTpY#��lelm}O¨[SUTpY�oÄ¡��Klmv_YMsmk�T
Y�f hjsm�p�rqrfzTpY�~�kxlmoWopY�kxhzqrlmoÄ¡�hzTpY9�]Tpl*��Y[}pTedefzq­k�st��opYxhi��lmvj��qrf�k�TWstvj�mYM~��]q©hjTJhzTWY[�*q�§*Y�oyv�s�hzY*¨$6]k�kxlmv�~gqrop��hjl
hzTWqrf|k�lmoWfzq­~gY�v�s�hjq�l*oÄ¡e��Y�k�smo��Kl*vz�*YxhUhzTWY���lelm}�hzl*}�l*��l*�mdªsmoW~�lmop�rd�kxl*oWfzqr~gY�v�hzTpY��rlm�*qrk�st�<lmopY*¨

��� Æ  Ê � ! �m�� #" Æ � É�Ê �%$ q­f|vjY�}pvjY�fzY�o5hjY�~��5d�hzTWY�kxl*X9}W��Y�hzY�~gqrvzYMk«hjY�~¢�mv�st}WT��]q�hzT?A¯§mY�v hjqrk�Y�f'&)(�smoW~¢s
k�sm}Wsmk�q©hid9�Knpo�k«hzqrlmo+* °-, µ/. 021 l*oªhzTWY_smvjk�fClm�3&4(.¨�5 P &4( R �]q��r�Ä~gY�oWlthzYRhzTWY�fzYxhUlt�O§*Y�vzhzq­kxYMfClm�3&4(ªsmoW~, P &4( R q�hjf|fzYxh|lm��stv�k�f�¨

��� Æ � Ê ���+6 
3"��t� !KÊ " 7 °8. 021±µ9. 021 lm�ChzTWY9k�st}Ws*kxq�hid�lm��stoIstv�k�q­f_smfjf nWX9YM~¢hzl¢TWs1§*Y�hjTpY��Kl*���rl��]qrop�
}pvjlm}.Y�vzhzqrY�fuC

: 7 qrf]k�lmoWk�s1§mY*¡5qroWk�vzYMsmfzq�op��¡
: 7 P ¼ R E ¼9smoW~ 7 P ¾ R E�¾
: 7 P A R E<; P A R ¨
SUTpY�kxl5fih]lm�>s9opY�hi��l*vz��q­f�hzTpY�oJf qrX#}p�rd>=@?BADCFEHGJILK 7 P * PNM&R)R ¨

O�ÆDP " ! � !KÊ "RQ@S �S�i�NT � GVU P & ( Y * R �<�$�i	���N
�'�4W��YXDZB[]\_^a`DbHZ;Ls� G 	
�s�i� �ML G 	��=��N G ��gih&�������Yc � L;���J� G �>��(*�<�����
	��ph�� ��� ] 
����X�3�DN����ed�f �LTgT7�*��
s� 
�	�� 	r
s�*���i��� ����� G ��gsh&�s����� 	*
�
�� G N����JIF�=�����J� 
�	��f	r
i���ed
L�h��S
i������� *-h S
�S�i�NT � GVU P &4( Y * R �<�p�s	���Nx�=�iW��kjDlnmo^qpr[ b&Ls� G 7 	��SNsc � LK�����X
������ = ?%ADCFEHG I K 7 P * PNM�RcR �<�p�X���&���3	��U����� G	����7
�	��f	r
i���ed;L�h���
s�������&�2T7�*��
s�x�3	 U �>����Ls��	����eWs�8� Ls� G c h

ÕHt�ÔÄÕ×Ö



���������
	���
�����
�	����

������������������! �"$#%
����&�'�)(*� �

®¥o�hjTpq­f,kxlmo5hjYxÁeh�¡�l*npv,kxlmo�kxY�vjo�q­f�hzl�~gYxhjY�vjX#q�opY�hzTWYUk�TWY�st}.Y�f h�hzlm}.lm�rlm�*d�hzTWsth>k�sto[k�stvjvzd�sR�mqr§mY�o�hzv�s�1ªkm¨
� Y�k�sto��KlgkxnWf|lmo�hi��l�~gq��.Y�vzY�o5h]k�smfzY�fDC

: hzTpY�k�st}Ws*kxq�hzqrY�fUk�smo�h�st�mY�smo5d�}�l5f q�hzqr§mY_§�st�rnpYm¡
: hzTpY�k�st}Ws*kxq�hzqrY�fUstvjY�kxlmo�fihjvjsmq�opYM~�hjl9�.Y�qro¢s#~gY�hzY�vzX#qropY�~ 5pÁgY�~¢fzYxhM¡pf nWk�Tys*f��5¾ Y��&Y ¾�� Y � ��� ¨
� Yªkxlmo�kxY�o5hjvjsthzY9lmoQhzTpY
5Wv�f h�k�smfzYm¡�stoW~Q��Y#q­~gY�o5hjq©�KdQhzTpYªs*f deX#}ghjlthzq­k�sm�>lm}ghjq�X�st��kxl*f hjf��Kl*v�sto 6|�r�©¤

hzlm¤=6����,fzYxh_lt�CvjY �5npYMfih�f��]TWY�vjY9sm����vjsthzYMfRsmvzY[Y �5nWst��hjlQ�*¨	�|oW~gY�v�hzTpq­f_smfjf npX#}ghjq�l*oWf�¡<s��KY�s*f qr�p�rY[oWYxhi��lmvj�
�]qr���<�.Y_k�st�r��YM~�sKA�

� j]\_\_^ l��nZ m��2j���� ¨ � Y_�]q��r��st�rX9l5fih]st�r�Us1defCqr~pY�o5hzq��Kd�stoed���l*fjfzq�}ªoWYxhi��lmvj�9�]q�hzT�hzTWY
k�sm}Wsmk�q©hidªsm���rlgk�sthzqrlmo¢~gYs5WoWY�~�lmo�q©h�f|stv�k�f�¨
�yÊ ���g� !KÊ "»� ��qr§mY�o 7 ¡ehzTWY�lm}ghjq�X�st�Äk�l*f h|lt�>spA<¤���l*fjfzq�}�opYxhi��lmvj���]qr���Ä�.Y�~gY�oplthjY�~��5d���� P A R ¨

� � �! �B. yQ�����	���7	�� � 
,���]	�� �����Q���x�#"��x�]�7���������a
���������� ��������
�	��O�

®¥o�hjTpYRk�lmo5hzqroenplmnWf�k�s*f Y*¡mq�h�q­fC�.Y�opYi5�kxq­st�Whzl9f Y�hChzTWYRk�sm}Wsmk�q©hjq�YMf,lt��hjTpYRsmvjk�fCsthNhzTpY�q�v��rl*sm~?2KhzTpY�stX#lmnWo*h�lt�
@Wl��»}Wsmfjfzq�op�#hjTpvjlmnp�*TJstoystv�kD4UqroJstoyl*}ghzqrX�st��opYxhi��lmvj�<¨�SUTpY�vzY��KlmvjY_hzTpY9k�st}�smkxq�hid)* PNM�R lt�NsmoJstv�k M �]qr���
st�­fzl�vzY�}pvjY�fzY�o5hCq�hjf���l5sm~#qroªhjTpY�k�npvjvzY�o*h�kxlmof5W�mnpv�s�hjq�l*oÄ¨>SUTpYRk�smfzY��]TpY�vzY 7 P * R E±¸ * \%$ 23�]q©hjT�¸ Y $ 5WÁeYM~
vjY�st�­f�4Cq­f�hzTWY�kx�­smfjf q­k�sm�<lmopY_�]TpY�vzY�hzTWY�kxl5fih]q­f|s9��qropY�smvU�KnpoWkxhzqrlmo¢�]q©hjT�hzTpY�k�st}Ws*kxq�hidm¨>®¥o�hzTpY�k�smfzY $ E ¼p¡
hzTWY�lm}ghjq�X�st�Äfzlm�rnghjq�l*o�q­fUhzTWY�vzY �*nWY�f hU�*vjsm}pT�2?f Y�Y	& � q�ox5W�*npvzY_�J4«¨

O�ÆDP " ! � !KÊ "('*) O�Æ � � ÆeÆ�+-, �x
�	����/. Z102�%ZBZ_�cL 	0��� G �=��(F���J� �&h��4W�� G �cL[	 G 
��)T ����� �S���43q� G �F
�	���	*
s���Nd
�8��	��q���^I ��� h
�yÊ ���g� !KÊ "»�U� Y�~gY�oWlthzY��Kl*v|s[§*Y�vzhzY�Á ² ¹i5 P &)( R Y * 1 P ² R E = ?65 E87:9 ;�KNADCFEHGnIBK * PNM�R ¨

<CÆ � �¯�>=?)�@��BA !3Ê 
���� Ê 
3"�Ë�� +tA 7 P A W ¾ R�C � � P A R�C Ã�A 7 P A W ¾ R
D�EBFGFIHBJ zÄl���Y�v���l*npoW~ C�YMsmk�TG§*Y�vzhzYxÁ¯TWs*f�hzlIf Y�oW~GsJhzlth�st�H@Wl�� lt�;A W ¾m¡,�]Tpq­k�TGvjY �5npqrvzYMf�s�h9��YMsmf h
s¢f Y�h�lt�]stv�k�f_fih�stvzhzqrop���Kvzl*X%hzT�s�h�§mY�v hjYxÁ��]q�hzT kxnWX�np�­s�hjY�~Ik�st}�smkxq�hidylt� A W ¾#qÀ¨ Y*¨4* 1 P ² R!Z A W ¾9�Kl*v
st�r�,§mY�v hjYxÁ ² ¨}6�f�hzTWYªkxl*f h_�KnpoWkxhzqrlmo¯qrf�k�lmoWk�s1§mY*¡<hzTpY�kxl5fih�lm��hjTpY�fzY�stv�k�f�qrf�sth���YMsmf h 7 P A W ¾ R ¨K�|}p}.Y�v
�.lmnpoW~ CNq©h�k�lmX#Y�f��KvjlmX�hzTpY�Y�ÁpstX#}p�rY�lm��hjTpY�f hjstv]oWYxhi��lmvj�.¡g�]TWY�vjY_s�k�Y�o5hzv�st��§*Y�vzhzY�ÁªvzYMkxY�qr§mYMf]stoW~�fzY�oW~pf
hzTWY�vzY �*nWY�f hjf�hzl�sm���<hjTpY�lthjTpY�v�f!23fzY�Y!/�q��*npvjY����Kl*v]hzTpY_Y�ÁgsmX#}p��Y��]q�hzT AtE l*4«¨ L

D

4

BA

4

C

4
4

E

44
4

4

routing of requests from D
arc of Kn of non−zero capacity c

/�qr�mnpvjY���CNSUTpY�f hjstv]oWYxhi��lmvj�.¨

®¥oyhjTpY��rl���Y�v��.lmnpo�~ylt�HzOY�X#X�s + ¡<��Y|winWf h�h�st�*Y�qro*hjl�s*k�kxl*npo5h|hzTWY>5Wv�fih_stv�k�lt�NYMsmk�TJ}�s�hzTQfih�stvzhzqrop�
�KvjlmX�s9§*Y�vzhzYxÁ�¨Y��ngh�q��>Y�smk�T�§mY�v hjYxÁ�T�smf|s9Tpqr�mTy~gY��mvjY�Ym¡gq�h��]qr���O��Y�oplmh|Ys1ªkxqrY�o5h�s*fUhzTpY�k�l*f h]�KnpoWkxhzqrlmo¢qrf

ÔOÔ£Ú��f�����q�




 � �J���S�o������� 	��o����� G����
	iG �i�&�����

kxl*oWk�s1§*Ym¡ghjTpY�oJhzTpY[o5nWX��.Y�v�lm�N§mY�v hjqrk�Y�f]�]q�hzTJTWq��*T�~gY��*vzY�Y�TWsmf|hzlª�.Y[fzX�st�r��smoW~¢hzTWY�o�fzlmX#Y�s*~p~gq�hzqrlmoWsm�
k�sm}Wsmk�q©hid9�]qr���.��Y�vjY �5npqrvzYM~�¨�/�qrvjf hC��Y�vjY�X�stvj�[hzTWsth�¡eq�o�stoªl*}ghzqrX�st�&A<¤���l*fjfzq�}�opY�hi��l*vz�<¡mhzTpY�vzYRYxÁgqrf h�� P A R
§mY�v hjqrk�Y�f�hzT�s�h|qrog�KlmvjX�� P A R §*Y�vzhzq­kxY�f]sm��l*op�#~gq�}�s�hzT�fUlt�>��Y�op�thjT¢sth]��YMsmf h|Ãp¨

<CÆ � �¯����� ��� G �p��(*�<���B	3���s�NT � GVU �ML>���������
	���
������ T �����x���&�'�=I G 	��-fB�_T ����� G 	����{�����p	 G 
�� h
D�EBFGFIHBJ benW}p}�l5f Y*¡C�Kl*v#q�oWf hjsmoWkxY*¡Cqroösmo¦l*}ghzqrX�st�]opY�hi��l*vz�¯lt�_k�sm}Wsmk�q©hid�*�¡Chi��l¯~gq­fihjq�o�k«h�~gqr}Ws�hjTWf��
	
sto�~�� d stvjY��.lthzTInWfzY�~�hzl¢k�smvzvjdys}@Wl�� lt��sth��rY�s*fih
� j�¼��.Yxhi��Y�Y�oQs¢f l*npv�kxY[smoW~�s�~gYMfihjq�oWsthzqrlmoÄ¨XzÄY�h�UP ��� R 2×�Kl*v��7E�¾ Y Ãr4x¡g��Y_hjTpY_�KnpoWkxhzqrlmo�hzTWsth|Y �5nWsm�rf_�_lmo�hjTpY�stv�k�f�lt�����NstoW~��#lthjTpY�vj�]q­f Y*¡pstoW~�kxl*oWf q­~gY�v*�� E * \ � �UP �
	 R�W � � P � d R sto�~ *�� � E * \ � �UP � d R�W � � P ��	 R ¨s��lthjT *��,smoW~ *�� �,smvzYpA<¤ ��l5fzfzq�}QopYxhi��lmvj�gf
sto�~�l*}ghzqrX�st�Ofzq�o�kxY 7 q­f|kxl*oWk�s1§*Ym¨ L
�yÊ ���g� !KÊ "»����� ~gY�oWlthzYMf�hzTpY�oenpX[��Y�v]lt�>§mY�v hjqrk�Y�f��]q©hjTy~gY��*vzY�Y�sth|X9l5fih���¨

<CÆ � �¯����� �i� � P A R E! Ã�A 7 P A R � ���J�i�0��� 	��]d ���S�����3	�� A ] � ������� �F���s�NT � GVU � � L � � E ( K �<�>���J�p�&h��4W�� G
�ML>��� G ����
��s�K�ML>Nr�=I G ���p	��H�3����� � P A R �YT �>�J	���� � � E ( K Z A W � P A R h
D�EBFGFIHBJ A W � � §*Y�vzhzq­kxYMfNlt�O~pY��mvjY�YRs�h��rY�s*fih�� \ ¾�qroW~gnWk�Y�s�kxl*f h�lm�Os�h���YMsmf h P A W � � R)P � \ ¾ R 7 P ¾ R E
P A W � � R)P � \ ¾ R 23s*f zOY�X#X�s���fzTpl��¦hjTWs�hChzTpY;@Wl�� qrfCq�o5hzY��mv�st��4«¨�6�f zÄY�X#X�s + �*q�§*Y�f � � P A R�C Ã�A 7 P A R ¡
��Y�T�s1§mY P A W � � R � C Ã�A 7 P A R ¡pfzl9q��"� P A R E  Ã�A 7 P A R hjTpY�o � � E ( K Z A W � P A R ¨ L
��Æ �¯�g�B$I� 6�f 7 P A R E ; P A R 2K�ed�~gYs5�opq©hjq�l*o�4«¡�qro[smo�lm}phzqrX#sm� ��l5fzfzqr}Ä¡#� P A R E@; P A R stoW~�fzl � � E ( K E A \; P A R ¨

S�l[qrX#}pvzl�§*Y�hjTpY��rl���Y�v��.lmnWoW~�¡ehzTWY�stvj�mnpX#Y�o5hU�]q��r�Ä�.Y�hzl�f }W��q�h]hzTpY�}�s�hzT�fUq�o5hzl9hi��l[}�stvzhjf�¡psto�q�opq�hzq­st�
}Wsmv h��]TWqrk�T kxl*oWfzqrf hjf�q�o hjTpY?5Wv�fih�stv�k¢lt��Y�s*k�Tö}�s�hzT stoW~öqroW~gnWk�Y�f�s k�st}�smkxq�hidG�KnWoWk«hjq�l*o@*�$t¡|smoW~öhzTWY
vjY�X�stqropqrop��}Wsmv h��]Tpq­k�T�kxl*oWf q­f hjfRq�oyhjTpY9lthzTWY�v_stv�k�fRlt�,hzTWY[}WsthzTWf�sto�~JqroW~gnWk�Y�f�s�k�sm}Wsmk�q©hid��Knpo�k«hzqrlmo * 	 ¨
SUTpY�q�oWq©hjqrsm�.}�stvzh�2 *%$q4Cqrf�fznWk�TªhjTWs�h��KlmvUstoed ² ¡�* 1$ P ² R Z A W ¾m¡5�]Tpqr��YRhzTpY�vjY�X�stqropqrop��}Wsmv hUst�r��l��|f�st�rX#l*f h
hzl�}�Y�v �Kl*vzX s#��l*fjfzq�}Ä¡*q�o�~gY�YM~4* 	 qrog�Kl*vzX�st�r�rd[st�r�rl��|f,Y�s*k�T�§mY�vzhzY�Á�hjl�q�op�KlmvjX sm���WhzTpYRlthjTpY�v�fNf hjstvzhzqrop�_�KvjlmX
fzlmX#Y�f np��f Y�h_lm� 5£�]Tpl5f Y#fzq89�Y9q­f�s�h�X#l5fih�q�hjf�~gY��mvjY�Ym¨9®¥o¯lmv�~gY�v�hjl¢k�st}ghjnpvjY[hjTpl*fzY9hi��l�}pvjlm}.Y�vzhzqrY�f���Y
~gYi5WopYs�RnWs*f q�¤ ��l5fzfzqr}ªopYxhi��lmvj�gf�¨

&�')( *,+�-�.0/2143657.0.0/98
®¥o�l*vj~pY�vÄhjl�~pY�vjq�§*Y�s|�rl���Y�vO�.lmnWoW~���Y�f hznW~pd�s|vjY��­s�ÁgY�~�oWYxhi��lmvj�.¡MhjTWs�h>��Y�k�sm����: h&	���� ] � ������� � ¨>®¥og�KlmvjX�st�r��d
s>�Rn�smfzq©¤���l*fjf qr}yopY�hi��l*vz��qrf�hzTWY9fznp}.Y�vj}�l5f q�hzqrlmoJlm�Nhi��l�k�sm}Wsmk�q©hid��KnpoWkxhzqrlmoWf�* $ sto�~i*;	t¡ * $ q­f_f nWk�TJhzTWsth
Y�§*Y�vjd §mY�v hjYxÁGTWs1§*Y�smo´l*nghz�*lmqrop�Ik�st}Ws*kxq�hid lt��A W ¾ysmoW~ *<	�sm���rl��|f[hzl¯}.Y�vz�KlmvjX f l*X#Y 23�rsmvz�*Yq4[f Y�h�lt�
�pvjl*s*~pk�s*fihz¤À�rq��*Y[l*}�Y�vjsthzqrlmoWf�¨ � Yª�]qr����f Y�Y��rsthzY�v�hzTWsth��RnWsmfzq©¤���l*fjfzq�}IopYxhi��lmvj�gf�kxl5fih�X#lmvjY#hzTWsmo ��l*fjf qr}
opY�hi��l*vz�gf�¨�/�qrvjf h|��Y�~gYi5WopY�s�= ]?> G �D	*Nr
�	���� C
O�ÆDP " ! � !KÊ "A@ ) =ÀÈCB � Ê �pË��m�p��� + S P & ( Y * R ���s�NT � GVU �<�p
�	����8��N 	 =1
ED �%j [B.GFB[]\Lm��S�i�eT � GVU � L>�����X
�	���	*
s���NdL�h��S
i������� * 	����8�LT7�X�'�K��� G Ls� G � 	�f �LT�T ������	 �i�s�;�cL = N��<�������S
i� ����� U � �;��	r
s�t����� U}G ��
��i���D���JI0���S�Xh��&���;�cL
fB�_TJ� 	��SN 	
�i�s� �MLu�i��h G 
����>N��<�������S
i�SL G ��� ���J�>����� U � h
��Æ �¯�g�B$ ��Ì lthjY�hjTWs�hM¡eq�o�s�=À¤q��vzl5sm~pk�smf h�¡�hjTpY�k�st}Ws*kxq�hidk*�k�smo�st��hzY�vzo�s�hzqr§mY���d9�.Y�fzY�Y�o�smf�s!@�l�� �Kvzl*X smo
Tede}�lmhzTpY�hzq­k�st�Wnpopq��*nWY�f Y�oW~gY�vC§mY�v hjYxÁ�hjl�hzTWY�f qrop�gfN�ed[nWf qrop��hjTpY�fzYxhClm�<fzlmnWvjk�Y�fNs*f,q�o5hjY�vjX9YM~gq­stvjd�§mY�v hjqrk�Y�f�¨

O�ÆDP " ! � !KÊ "IH*)KJ	
O�W� !­È�L�Ê �M� !NM + S P &)( Y * R �S�i�NT � GVU �<��
�	����8��N}	 P A YCOrY = R)] : h&	���� ] � ������� �t� L$����� G �!��(*�<�����* $ 	��SN *;	 ��h&
s� ���J	��
] *BE * $ \ *;	
] * 1$ P ² R Z A W ¾ Ls� G 	��8d�² h

ÕHt�ÔÄÕ×Ö



���������
	���
�����
�	����

������������������! �"$#%
����&�'�)(*� �

] *;	BE =��� 5 	 *;	 9 � T7��� G � *<	 9 � �<� �����u
�	���	*
s���NdHL�h���
s�������?�ML�	 = ]?> G �q	rN*
�	���� h�� ����� *;	 
�	�� W���Nr��
����$�����s��N
��� O = ]?> G �q	rN*
�	���� h �

�yÊ ���g� !KÊ "»��� Y_~pY�oplmhzY	�	& � P A YEO*Y = R hjTpY�X#q�oWq�X[npX�k�l*f h�lm��s P A YCOrY = R ¤ �RnWsmfzq�¤ ��l5fzfzq�}�opYxhi��lmvj�9�KlmvUhzTWY
kxl5fihU�Knpo�k«hzqrlmo 7 ¨

<CÆ � �¯��
 � ���p
������B�MLp	������������
	�� A ] � ������� �F���s�NT � GVU �<�K	�� �8��	���� �#& � P A YK� � Y A W ¾ W � R h
� � P A RUZ �	& � P A YK� � Y A W ¾ W � R

D�EBFGFIHBJ ®¥oIsxA<¤���l*fjf qr}�opY�hi��l*vz�<¡Äsm��� ��� §mY�v hjqrk�Y�f ² lt��~pY��mvjY�Y#�rY�fjfRhzTWsmo � q�oW~pnWkxYªs = 7 ¤Ð�pvjl*sm~Wk�smf h
�]q�hzT = 7 Z A W ¾ W ��¨UzÄY�h�hjTpY�* 	 9 7 �.YRhjTpY_opY�YM~gY�~�k�sm}Wsmk�q©hid9�Kl*v�YMsmk�T = 7 ¤À�Wvzl5sm~pk�smf h�stoW~>*�$�hzTpY_opY�Y�~gYM~
k�sm}Wsmk�q©hidª�Klmv]hjTpY!@Wl�� f Y�o5h|hzTpvjlmnW�mT�hzTpY�q�vRopY�qr�mTe�.lmv�fU�]Tpqrk�T¢TWs*fUhzl���Y�* 1$ P ² R Z A W ¾_�Kl*v�st�r� ² ¨�SUTpY�o
hzTWY�kxl*f h]lt�,sXA<¤ ��l5fzfzq�}�opYxhi��lmvj��q­f]X#lmvjY�hjTWsto��	& � P A YE� ��Y A W ¾ W � R ¨ L

&�'�
 ��57.��,5�� - *,+�-
.0/ 1 3 57.0. /)8
O�ÆDP " ! � !KÊ "�� , �;�i	_dX���J	�� 	
N�� G ��
s�'��N)� G 	��&�}�<��	 X j��%ZD\Lm � L ��� �<��	*
 dr
i�o��
p	��SN Ls� G ��	r
s�}��� G �'�)( � �7����� G �
�<�K	�� �
����� �����p	 G 
 P � Y � R N�� G ��
i�'��N[�'� � h

/pvjlmX hjTpq­fª~gYs5�opq©hjq�l*oÄ¡���Y¢fzs1d¯hjTWs�h�sQ§mY�v hjYxÁG�]q�hzT opl stv�k�~gq�vjY�kxhzYM~GhjlIq�h02K�WnghªY�§*Y�o5hznWsm���rdGfzlmX#Y
�rY�s1§eq�oW�[q�h�4Uq­f]sxG �q��� ¨
<CÆ � �¯� Q�� � �J� G �K��(*�<�����!	 P A YCOrY = R)] : h&	���� ] � ������� � T �����[�X���&���3	��{
������YT7��� G �K	���� ���J� = ] W G �q	rN*
�	������>	 G ����J�>�s	��
� �U�3� G ������� G �����p
�	�� 	�����h��
�>����	�� ������W G �q	rN*
�	����H�<� �f� G Ls� G �
��N hJ�����^I[	;Ls� G �s��� h
D�EBFGFIHBJ Z�lmoWfzqr~pY�v P &4( Y * R sto¢lm}ghjq�X�sm�J�RnWs*f q�¤ ��l5fzfzqr}�opY�hi��l*vz��stoW~ P * $rY *;	 R s�~pY�kxl*X#}�l5f q�hzqrlmo¢lt�Y*�s*f
~gYMfzk�vzqr��YM~¢q�oJÎRYs5�opq©hjq�l*o � ¨ ��d�~pYs5Wopq�hzqrlmo{C * 	 E * 	 9 	 \ * 	 9 d \ Â�Â�Â \ * 	 9 � �]TWY�vjY�Y�smk�T¢�KnWoWk«hjq�l*oi* 	 9 � qrf�s
=À¤q��vjl*s*~pk�s*fihM¨RbeqroWkxY9�edy~gYs5WoWq©hjq�l*oJhzTWY[k�sm}Wsmk�q©hid * 	 lt��s+�RnWsmfzq�¤ ��l5fzfzq�}¢opY�hi��l*vz��opY�Y�~pf�lmoW��d�hzl���Y[hzTWY
fznpX%lt� O =À¤ ��vjl*sm~Wk�smf hjf�¡.��Y9oplthjY9hzTWsth_smo5di*%$ \ O * 	 9 � ¡Ä�Klmv �BE�¾ Y ÃUÂ�Â�Â O ¡Äq­f�s �RnWs*f q�¤ ��l5fzfzqr}Ä¡�f l+*�q­f_s
kxl*oe§mYxÁ�k�lmX[�pq�o�s�hzqrlmo[lt��hzTpY �RnWs*f q�¤ ��l5fzfzqr}Wf3*%$ \ O * 	 9 � ¨,beq�o�kxY�hzTpY]k�l*f h��KnWoWk«hjq�l*o9q­f>kxl*oWk�s1§*Ym¡���Y�k�lmoWk���nW~pY
hzT�s�h�¡ehjTpY�vjY_YxÁgq­fih�f]sto�lm}ghjq�X�st� �RnWs*f q�¤���l*fjf qr} P & ( Y * R ¡p�]TpY�vjY�* 	 qrf O hjq�X#YMfUhzTpY�fjstX#Y =À¤ ��vjl*sm~Wk�smf h�¨ � Y
opY�Á5h�k�lmoWfzq­~gY�v]fznWk�Tys[}�stvzhzq­kxnp�­stvUlm}phzqrX#sm� P A YCOrY = R ¤ �RnWsmfzq�¤ ��l5fzfzq�}O¨�6RfzfznpX#Y_hzTWsth]hzTpY�nWoW~gqrvzYMk«hzYM~��*vjsm}pT
fznp}p}.lmvzhzqrop�ªhjTpY>@Wl��g*<	�~gleY�fRoplmhRqroW~gnWk�Y[s��Kl*vzYMfihM¡WhjTpY�o�hzTpY�vzY[YxÁgq­fih�f��3j»¼�fznWk�TyhzT�s�h�fzlmX#Y[§mY�vzhzY�Á>�
vjY�kxY�q�§*Y�f_s[@Wl�� �ªsm��l*op�¢s�h���YMsmf h_hi��l¢~gq­fihjq�oWkxh�~gqr}Ws�hjTWf
�
	9smoW~ � d ¨
zOYxh �UP ��� R 2×�Kl*v
�;E�¾ Y Ã*4«¡Ä�.Y#hzTWY
�KnpoWkxhzqrlmo[hzTWsth,Y �5nWst�­f���l*o�hjTpY]stv�k�f�lt� ����sto�~���lthjTpY�vj�]qrfzYm¡�smoW~[k�lmoWfzq­~gY�vJ*��SE * $ \ *;	 \ � � P ��	 R�W � �UP � d Rsto�~ *�� � E * $ \ *;	 \ � �UP � d R�W � �UP �
	 R ¨'��lthjTi*�� Y *�� ��stvjYs�RnWsmfzq©¤���l*fjfzq�}Wf�¡psto�~ *_qrf|hzTpY�q�v�X#Y�stoO¡�fzlW¡�s*f ¬
q­f]kxlmo�k�s1§mY*¡e��Y�kxl*oWkx�rnW~gY_hjTWs�h'* � stoW~+* � � smvzY_st�­f l#l*}ghzqrX�st�3�RnWs*f q�¤ ��l5fzfzqr}Wf�¨ L

� Y�opl�� Y�§1sm��n�s�hzY9hjTpYªkxl5fih�lt�]stoIlm}phzqrX#sm� �RnWs*f q�¤ ��l5fzfzqr}Jlt��hzTpYªsm��l�§*Y��Kl*vzX¢¨ Ì lthzY#hjTWs�h�fzqroWkxY ¬
q­fUq�oWk�vzYMsmfzq�oW�[��Y�k�sto¢smfjf nWX9Y�hjTWs�hUhzTWY�k�st}�smkxq�hidªkxl*vzvjY�fz}.lmoW~pfChzl9hjTpY�k�st}�smkxq�hid�opYMkxY�fjfjstvjd#hzl#�pvjl*sm~Wk�smf h
fzlmX#Y_q�og�Kl*vzX�sthzqrlmo�hzl =C§*Y�vzhzq­kxYMf�n�f qrop��s9�KlmvjY�f h�¨
<CÆ � �¯� Q]Q � �J�p�X���&���3	���
������ �ML P A YEO*Y = R�] : h&	���� ] � ������� �8� �	& � P A YCO*Y = R �U�<�K	��H�8��	����

=�� ��� b� 5 	 9 d 9������ 9  
Ã 7 P�! O R�\ = � 5 �#" 	� 5 	 7 P � O R

!
D�EBFGFIHBJ � Y|k�lmoWfzqr~pY�vNsto#l*}ghzqrX�st� P &4( Y * R �RnWsmfzq©¤���l*fjfzq�}[�]q©hjT�* E@* $ \ *<	N�]TWY�vjY'*;	�~gY�fjkxvjqr��YMfNs��KlmvjY�f h
$ smf�q�otzOY�X#X�sy���W¨ 6RfzfznpX#Y�hjTWs�hRlmopY��eopl��|f * 	 ¡�hzTpY�o *�$�q­f�sm��X#l5fihRk�lmX#}p�rYxhjY��rd�~gY�hzY�vzX#qropY�~�¡.qroW~gY�YM~
hzTWY�l*op��d�k�lmoWf hzv�stqro�l*o�*�$�qrf�hjTWs�hn* 1$ P ² R Z A W ¾N�Klmv,smo5d ² ¹ 5�¨,beqroWkxY ¬ q­f�k�lmoWk�s1§mY,hjTpY]k�TpY�sm}�YMfihY�RnWsmfzq�¤��l*fjfzq�}�q­f�lm�gh�stqropY�~��ed�k�Tplel*fzq�op��*�$ P ² Y&% R E A W ¾��Klmv,stoed�stv�kN�rY�s1§eqrop� ² f n�k�T�hzT�s�hn* 	 P ² Y&% R q­f�X�stÁeqrX�nWX�¨
Ì lmhzY�hzTWsth�hjTpY�vjY�X�s1d9YxÁgqrf h�fzY�§*Y�v�st�.f nWk�T�stv�k�fN�Wngh�qro�hjTpqrfUk�smfzY�st�r�WhjTpY_k�Tplmq­kxYMfCstvjY|Y �*nWq�§�st�rY�o5hM¡5smoW~�lmoWY
k�smoªkxl*X9}WnghzY�hzTpY�kxl*f hClm�Ostoedk�Rn�smfzq©¤���l*fjf qr}#f qrX#}p��d#�rlelm�eq�oW��s�h * 	 ¨ � Y�kxl*oWf q­~gY�vClmoWY]hzvjY�Y|lm��hzTpY��KlmvjY�f h

ÔOÔ£Ú��f�����q�



� � �J���S�o������� 	��o����� G����
	iG �i�&�����

�]q�hzT�vjlelth��5¨,®Ð�OhzTpY�vzYRYxÁgqrf hjfUs�§mY�vzhzY�Á��k2?~gqrf hzqroWkxh��KvjlmX hzTWYRvjlelth�4C�]q�hzT�~pY��mvjY�Y��mvjY�s�hjY�vChzTWsmo��g¡5lmoWYRk�smo
s�hzhjs*k�T#sm����lt��q�hjf�f np�phzvjY�Y�fC~gq�vjY�kxhz�rd�hjl�hzTWY|vzlelmh�¡mY�ÁpkxY�}phzY�~#l*opY|�]q�hzTªX�stÁeqrX�nWX *;	 P � Y � R �Klmv�st�r��� � f�¨,SUTpqrf
lm}.Y�v�s�hjq�l*oy~gY�k�vzYMsmfzY�f�hzTWY�kxl5fihRfzqroWkxY_hjTpY[k�st}Ws*kxq�hid��KnpoWkxhzqrlmo�~gYMkxvjY�s*f YMfUq©�,lmoWY�kxl*oWf q­~gY�v]hzTWsthRs�k�sm}Wsmk�q©hid
�KnpoWkxhzqrlmo+*|q­f��mvjY�s�hjY�v�hzTWsmo�s9k�sm}Wsmk�q©hid4*��.q��i¡gnp}�hzl#s�}.Y�vjX�ngh�s�hjq�l*oÄ¡ * W *�� Z ¼x23fzY�Yu/�q��*npvzY + 4x¨>®¥o�lmv�~gY�v

C

B

root

D

(n−1,0) (n−1,0)
C

A

(0,ns)

 (n−1,0)

(n−1,0)

(n−1,0)

(n−1,ns)

 (0, 3ns) 

(n−1,0) (n−1,0)

 (n−1,0)

(n−1,0)

 (0,ns) (n−1,0)

A

 (0, 3ns) 

root

D
(0,ns)(n−1,ns) (n−1,ns) (0,ns)

(0,3ns)(0,3ns) (0,7ns)
 (0, 4ns) 

B

(n−1,ns)

(n−1,3ns)

(n−1,ns) (0,ns)

(n−1,3ns)

(n−1,ns)
 (0,ns)

(n−1,0) (n−1,0)

/�q��*npvjY + C�^¢l�§eq�oW�JsJf nW�ghzvjY�Y�hjlyhzTWY�vjl5lmh[~gYMkxvjY�smfzY�f�hjTpY�k�l*f h�¡>Y�s*k�T stv�k M q­f��­st�.Y��rY�~G�]q©hjTGsJkxl*np}p�rY
P * $ PeM�R Y *;	 PeM�RcR ¨
hzlªfzqrX9}W��q��KdªhjTpY�kxl*npo5hzqrop����Y_�]qr���OopY�§*Y�vUhjsm�mY_qro*hjlªsmk�kxlmnWo*hUhjTpY�k�sm}Wsmk�q©hid)* $ �Klmv|stv�k�fU�rY�s1§eqrop�9hzTpY�vjlelthM¨
Z�lmo�f q­~gY�v�s��pv�sto�k�T��]q�hzT¯��Y�op�thjT��¥¡�hjTpY���l5sm~QlmoQhzTpYªsmvjk#sth hjs*k�TpY�~�hzl�hjTpY�vzlelmh_q­f�� O ¡�hjTpY��rl*sm~Qlt��hzTWY
stv�k9s�h�~gqrf hjsmoWkxY���j�¼ª�KvjlmXahjTpY#vzlelmh�q­fuA W ¾ \ P � W � R O Z P � W � \ ¾ R O ¨9bel�hzTpY9hjlthjsm�Nkxl5fih_q�o�~gnWkxYM~
�ed#hzTpY_�pv�sto�k�TªqrfUsth��rY�s*fih 7 P � O Rf\ = � 5��� 5 	 7 P � O R E Ã 7 P � O R�\ = � 5�� " 	� 5 	 7 P � O R ¨NbeqroWkxY�hjTpqrf��pv�sto�k�T�kxl*o*h�stqroWf��
fzq�op�gf�¡e��YR}Ws1d 	 � P Ã 7 P � O R�\ = � 5�� " 	� 5 	 7 P � O RcR }�Y�vUfzqrop�<¨7zOYxh
;
	 = P OrY = R E ��� b � 5 	 9 d 9������ 9  d

� E � � K 1���
��������
���� � E � � K��.Y�hzTpY�X#qropqrX�npX kxl5fih�}.Y�v9f qrop��lm�Us¢�WvjsmoWk�TÄ¡ÄhjTpY�k�l*f h_lm�|stoedJ�pv�stoWk�T¯�]q�hzT��Ufzq�op�gf�q­f_hjTpY�oGsth���YMsmf h� � ;
	 = P OrY = R ¡.f qroWkxY�hzTpY�vzY�smvzY =�f qrop�gf�¡�sto�~�fzqroWkxY_hjTpY�kxl5fih|lm�>hzTpY��Rn�smfzq©¤���l*fjf qr}�q­f]hjTpY�fznpX�lm�>hzTpY�k�l*f h
lt��hzTWY��WvjsmoWk�TpY�f�¡g��Y_k�lmoWk���n�~gY�hzTWsth �	& � P A YEO*Y = RUZ = �>;
	 = P O*Y = R ¨ L

��� ÆeÊ � Æ � Q�' � �i�>¬ P A R E A W ¾ W � P A R �

��� P A RHZ ¬ P A R ��� b� 5 	 9������ 9 �_E ( K � Ã 7 P�! ¬ P A RcR�\ = � 5 �#" 	� 5 	 7 P � ¬ P A R)R
! �

D�EBFGFIHBJ 6|}p}W��deqrop�}zÄY�X9X�s � stoW~yZ�lmvjlm�r�­stvjd��*�_��Y_TWs1§*Y
��� P A RUZ P A W ¾ W � R ��� b� 5 	 9 d 9������ 9 ( " 	 " �

� Ã 7 P ! � � R�\ = � 5 �#" 	� 5 	 7 P � � � R
! �

st}W}p��deqrop�#q©h|�]q�hzT � P A R ¡&zÄY�X#X#sª�[�*q�§*Y�f�hzTpY�vjY�fznp��h�¨ L
��Æ �¯�g�B$��9Ì lmhzY[hzTWsth��Kl*vzX[np�­s�lm��SUTpY�l*vzY�X��M��k�smo��.Y#k�lmX#}pnghjY�~Qq�oI}.lm�rd5oWlmX#qrsm��hzqrX9Y*¡ÄX#lmvjY�l�§*Y�v�q��
lmoWY��]q­fzTpY�f��Kl*v]Y�f hzqrX#sthzYMf�¡pl*opY�k�smo��Kl*v]�rsmvz�*YR§�st�rnpYMf ! n�f Y_hjTpY_�3smkxh]hzTWsth� 7
5 �#" 	7�5 $ 7 P ¬ P A R ² R�� ² C = � 5 	 9 d 9������ 9 � 7 P ¬ P A R ² R*C � 7
5 �7�5 	 7 P ¬ P A R ² R ¨

&�'�� � � 5"8
57.�!�" . 5�#)+ � /95�$ .% � Ê MCÊ � ! � !3Ê " Q = ��� P A R C P A W ¾ R ��� b 	'&�()& ( " 	 ( 1 	( 7 * A QpW ( E ( 1 	 Kd +
ÕHt�ÔÄÕ×Ö



���������
	���
�����
�	����

������������������! �"$#%
����&�'�)(*� �

D�EBFGFIHBJ 6 f l*��nghjq�l*o¢�]TpY�vjY_hzTpY�~pq��*vjsm}pT¢lt�>oplmog¤=9�Y�vzl�k�st}Ws*kxq�hid�stv�k�fUq­f]�Kl*vzX#Y�~��ed�k�dgkx�rY�f]lm��hjTpY�fjstX#Y
fzq89�Y�k�lmopopYMk«hjY�~G�ed l*opY�§*Y�vzhzYxÁGfzY�Y�X#f[hjlQ�.YysJ�mlelg~¦k�lmoWf hzvjnWkxhzqrlmoÄ¨ ®¥o¦hzTpq­f#f l*��nghjq�l*oÄ¡Nvjlmnghjq�oW��nWfzq�oW�
Y��rY�X#Y�o*h�stvjd�}�s�hzT�f|q­f�npoWq �5npY�smoW~Jfzl�hzTWY[k�sm}Wsmk�q©hid�lt�,YMsmk�TJstv�k�q­f]hjTpY[fjstX#Y�smoW~¢hzTWY�oyhjTpY[k�l*f h�lt�,hjTpqrf
opY�hi��l*vz�Ik�sto �.Y�YMsmfzq��rdIY�f hzqrX#sthzYM~ C9�rYxh Q3\ ¾ª�.YªhjTpYª�rY�op�mhzTGlm�]Y�smk�TGk�dgkx�rY023fznp}p}.l*fzYªhjTWs�hXA W ¾ªqrf
X�nW�©hjq�}p�rY_lt� Q 4«¡ehjTpY�o�hzTWY��rl*s*~ªl*o�YMsmk�T�k�dgkx�rYRq­fUnpopq��KlmvjX�stoW~�q­fUY �5nWst�.hjlXA Q>WFQ�P=Q�\ ¾ R'e Ãg¨,SUTpY�o�YMsmk�T
kxdgk���Y�k�l*f hjf P�QB\ ¾ R 7 P A Q;W?Q�P�Q \ ¾ R'e Ã R smoW~�smfChzTpYRoenpX��.Y�v�lt�Okxdgk���Y|q­f P A W ¾ R'e�Q ¡thzTWY|hzlmhjsm�.k�l*f hClt��hjTpqrf
opY�hi��l*vz��q­f P A W ¾ R ( 1 	( 7 * A QpW ( E ( 1 	 Kd + ¨U/�q��*npvjY��#�*q�§*Y�f]fzlmX#Y_YxÁpstX#}p�rY�f�lt��hzTWqrf|k��rs*fzf�lm�>fzlm�rnghzqrlmo�f�¨>®Ð�7 P * R E@* · �]q©hjT9¼ C ¸ C ¾m¡1hjTpY]kxl*f h>qrf�X#q�oWq�X�st�e�]TpY�o�¾ e ¸�E P�Q�\ ¾ R�P ¾ W (

d ( " ( " 	 R ¡tq?¨ Ym¨��Klmv Q E ¾ e ¸ W ¾*¨6�f Q�\ ¾Rq­f�hzTpY_�rY�op�mhzT�lm��YMsmk�T�k�dek���Y*¡ Q TWs*fChjl[�.Y_�mvjY�sthzY�vChzTWsmoQ�_sto�~�hzTWY�oªhjTpY_lm}ghjq�X�sm�<k�lmoWf hzvjnWkxhzqrlmo
lt�OhzTWsth�hide}.Ym¡eq©��¸ Z ¾ e Ãp¡*q­f�hzTpY_fih�stv�opYxhi��lmvj� 23st�r�<kxdgkx�rY�f�lt�Ä�rY�oW�thzT¢�r4x¨>SUTWY�oªhjTpY�X9qropqrX�st��kxl5fih�lt�ÄhjTpqrf
�eq�o�~�lm��k�lmoWf hzvjnWk«hjq�l*o�q­f 		 " ·�� 	 " ··�� · A 	 1 · \ ; P A 	 1 · R ¨ L

A

B

C D

E

1
1

1
1

1

1

1
1

1

1

1
11

1

1

1

1
1

10

10

10

10

10

A

B

C D

E

D E

B

C

A

77

7 7

77

G4G3G2
arc with non−zero capcity 
routing of a request

/�q��*npvjY9��C#&�Ã¢stoW~ &��&C�kxlmo�fihjvznWkxhzqrlmoWf_n�f qrop�ykxdgkx�rY�f�lt��fjstX#Y��rY�op�mhzTÄ¨ & � C�lm}phzqrX#sm�Ckxl*oWf hzvjnWk«hjq�l*o��Kl*v
7 P A R E A,¨

Ì l�� ��Y|lmoW��d#kxl*X9}�stvjY|lmnpv���l*npoW~��]TWY�o 7 P A R qrf�lt��hjTpY|�Kl*vzX A · �]q�hzT�¸¦¹¯º ¼ Y ¾x¿Ð¡t�Kl*vChjTpqrf���Y�fihjnW~gd
Tpl�� §1smvzqrY�f�hjTpY�Ys1ªkxqrY�o�kxd�lm��s9�pv�stoWk�TO¨

&�'N& 3 57.0. /)8 $ ! ����5 �
	�� 57.��
� / �
���������������
��� ��� Q <�ÊeÉ�Æ ��� Ê 
3"�Ë
� TpY�o�hjTpYªkxl5fih��KnpoWkxhzqrlmo¯qrf 7 ° A ³µ A · ��Y9TWs1§mY d � E � �BE ( KHK 1���
��������
���� � E � �_E ( KHK

� E ¬ · P A R d ��� 1���
 � �����
 � � � �� ¡
fzq�X#}p�rY�sto�st�rdefzq­f#lt� d � � 1�� 
 � �����
 � � � �� fzTpl��|f9hjTWs�hªhjTpYJ§�st�rnpY ! $ �Klmv��]Tpq­k�T hzTWYJX#q�opqrX�nWX!q­fªs�hzhjsmq�opYM~
qroWkxvjY�s*f YJ�]TWY�o ¸ ~gYMkxvjY�s*f Y*¨ /pl*v�¸ ¹Íº `! #" d P%$ d R Y ¾�¿_hzTpYQX9qropqrX�npX qrf¢�g¡�sth h�stqropY�~±�Klmv ! E ¾'&��Kl*v
¸ ¹Gº ¼pÂ � Ã Y `! #" d $ d)( ¼pÂml�nt¿À¡ehjTpY�X#q�opqrX�nWX�q­f d �+* � 1 	d ¡Ws�hzhjstqropYM~ª�Kl*v ! E Ã9stoW~�smfU�rlmoW�#s*f�hzTpY_X#qropq�X[npX
q­fUoplth�sth hjsmq�oWY�~��Klmv ! E,�p¡g�]Tpq­k�T�T�st}p}.Y�oWf]�Klmv|¸ ( ¼pÂ � Ã-&Wsto�~�fzl9lmoÄ¡WS�st�W��Y#�_�mqr§mYMf�hzTpY_qro*hjY�vj§�st�­fUlt�
¸GsmoW~�q�hjf�kxlmvjvjY�fz}�l*oW~gqrop�[l*}ghzqrX�st��§�st�rnpY ! $m¨

��� ���8' . M�MNÆ ��� Ê 
3"�Ë
� Y[k�smo�~gl�hjTpY#fzsmX9Y[kxlmX#}pnphjs�hjq�l*o¢�KlmvRhzTpY[np}p}.Y�v���l*npoW~JsmoW~ 5Wo�~¢hzTpY9�.Y�f h�fzq89�Y�lt�,hjTpY9k�dgkx�rY���Y�op�thjT
2 Q>\ ¾q4�s*k�kxl*vj~pq�op�[hzl9hjTpY�§�st�rnpY�lt�>¸C¨NS�st�p�rY��[�mqr§mYMfChjTpY�qro*hjY�vj§�st�­fUlt��¸G�Klmv 5Wv�f hU§�sm��npYMfUlt� Q ¨

ÔOÔ£Ú��f�����q�



��� � �J���S�o������� 	��o����� G����
	iG �i�&�����

¸ ! $
º ¼pÂml�n � Â�Â�Â Y ¾x¿ �

º ¼pÂ � Ãp¾NÂ�Â�Â Y ¼WÂ lrn � Â�Â�Â ¿ �
º ¼pÂ �*Ãp¾NÂ�Â�Â Y ¼WÂ � Ãg¾NÂ�Â�Â ¿ +
º ¼pÂâÃrl*lUÂ�Â�Â Y ¼WÂ �5Ãg¾NÂ�Â�Â ¿ �
º ¼pÂâÃg¾M¼]Â�Â�Â Y ¼WÂ Ã*lrlUÂ�Â�Â ¿ �
º ¼pÂr¾�����Â�Â�Â Y ¼WÂ Ãp¾�¼]Â�Â�Â ¿ 

º ¼pÂr¾ql �]Â�Â�Â Y ¼WÂ�¾�����Â�Â�Â ¿ �
º ¼pÂr¾%� � Â�Â�Â Y ¼WÂ�¾�l��]Â�Â�Â ¿ �

¨�¨�¨ ¨�¨�¨

S�sm�p��Y#�*C,®¥o*hjY�vj§�st�­f�lm�>¸ �Klmv]�]Tpq­k�T�hjTpY�§�st�rnpY ! $ X#qropq�X#q:9�YMf d �
� 1 ��
 � �����
 � � � �� ¨

¸ Q
º ¼pÂ � ¾�lUÂ�Â�Â Y ¾x¿ �

º ¼pÂâÃ��*¼]Â�Â�Â Y ¼WÂ � ¾qlUÂ�Â�Â ¿ �
º ¼pÂâÃmÃ � Â�Â�Â Y ¼WÂ Ã��m¼]Â�Â�Â ¿ +
º ¼pÂr¾Dn#�]Â�Â�Â Y ¼WÂ Ã*Ã � Â�Â�Â ¿ �
º ¼pÂr¾ql���Â�Â�Â Y ¼WÂ�¾qn �]Â�Â�Â ¿ �
º ¼pÂr¾%� � Â�Â�Â Y ¼WÂ�¾�l���Â�Â�Â ¿ 

º ¼pÂr¾m¾qn]Â�Â�Â Y ¼WÂ�¾+� � Â�Â�Â ¿ �
º ¼pÂr¾�¼^lUÂ�Â�Â Y ¼WÂ�¾*¾Dn]Â�Â�Â ¿ �

¨�¨�¨ ¨�¨�¨

S�st�W��Y���C,®¥o5hjY�vj§1sm�rf�lm�>¸¯�Kl*v]�]Tpq­k�T�hjTpY�§�st�rnpY Q X#qropqrX9q:9�YMf ��� b 	'&�()& ( " 	 ( 1 	( Q · ¨

��� ��� = % � ÊGMNÊ � Æ Ë � Ê  
O� !KÊ "�� A Æ �1��
��  ÊeÉ�Æ ��� Ê 
 "OË
6�f ¬ P A R E A · \ ; P A · R hjTpY���l���Y�v��.lmnpoW~�q­f

A E 	 1 · K ��� b	
& � & �_E ( K Ã ! · \ = � 5 � " 	� 5 	 � ·
! \ ; P A E 	 1 · K R

sto�~ªhjTpY�np}p}.Y�v|�.lmnWoW~�¡p�]Tpq­k�T¢qrf P A W ¾ R ��� b 	
& ( & ( " 	 ( 1 	( * A QKW ( E ( 1 	 Kd + · ¡gq­f]�rY�fjf�hzTWsmo
A E 	 1 · K ��� b(	� 	 Q>\ ¾Q Q · \ ; P A E 	 1 · K R

��lthjTylt�,hzTWY�fzY�X#q�oWq�X[npX%~glªoplmh�~gY�}�Y�oW~Jlm�UA q©�UA q­fR�rsmvz�*Y�Y�opl*np�mTO¨RbelW¡��Klmv�Y�s*k�Ty§�st�rnpY�lm�C¸C¡.hzTWY
smfzdeX#}ghzlmhzq­k�st��v�s�hjq�l#�.Yxhi��Y�Y�o¢hzTpY�np}W}�Y�vRsto�~�hjTpY��rl���Y�v]��l*npoW~¢q­f]��l*npoW~gYM~¢�ed�s#kxl*oWfih�sto5h�¨ Ì npX#Y�vzq­k�sm�
sto�st�rdefzq­f�qro?/�q��*npvzY��[qroW~gq­k�s�hjY�f�hjTWs�h]hjTpqrf|vjsthzqrl9q­fU�rY�fjf�hzTWsmoI�*¨��1�g¨


 � �[��
U� ���������

®¥o#hzTWqrfC}Wst}.Y�vN��Y]TWs1§*Y�qroe§mYMfihjq��5s�hzYM~#sto#q�X#}.lmvzhjsmo*hCfz}.Y�kxq­st�.k�s*f YUlt��opY�hi��l*vz�[~gY�fzq��*o#�]q©hjTªkxlmo�k�s1§mY]k�l*f hjf�¨
SUTpY_vjY�fznp�©h�f�lm�gh�stqropY�~�f Tpl��±hzTWsth�hjTpY_�mY�opY�v�st�<f T�st}.YRlm�OhzTWY�l*}ghzqrX�st�<opY�hi��l*vz�#§�stvjq�YMfUf qr�mopq85�k�sto5hz�rd��]q©hjT
hzTWY�hide}.Y�lt��kxlmo�k�s1§eq©hid9��YRf hznW~gd*¨>®¥oªhzY�vzX�f�lt�ÄopY�hi��l*vz�#~gYMf qr�moÄ¡5hjTpqrf�vjY�fznp��h�qrX9}�smk«h�fNhjTpY�npoW~gY�vjf hjsmoW~gqrop�
lt�_X�n�k�TöX#l*vzY¢hjTWstoöhzTWYQbgÎ�Ï opYxhi��lmvj�gf�¨ \���kxl*npv�f Yys¯oWsthznpv�st� �5npYMfihjq�l*o k�lmoWk�Y�vjoWf#lthjTpY�vªhid5}.Y�fªlt�
~gY�X#smoW~pfRhzT�stoQsm����¤Àhzlt¤¥st�r�OvjY �5npYMfih�f�¡�smoW~ylthjTpY�v�hide}.Y�fRlt��k�l*f hjf�hzTWsmo�npopq��KlmvjX%kxl5fih�f�l�§*Y�v�st�r��hjTpY9Y�~g�*Y�f�¨
/pnWv hjTpY�vUqroWf qr�mT5hUq�o�hzTWsth 5WY��­~ª��lmnp�­~ª�*vzYMs�hj��d#TpY���}�hzTpY�hzY���YMkxl*X9X[npopq­k�sthzqrlmoªl*}�Y�vjsthzlmv�fCsmoW~ªlmhzTpY�v]smk«hjlmv�f
qro�hjTpY_hzv�sto�f }.lmvzhjsthzqrlmo�qroW~gn�fihjvzd�hjl�TWs1§mY_s9X#lmvjY�Yi1ªkxqrY�o5h]X#smoWst�*Y�X#Y�o5h]lt��hzTWY�qrv]vzYMf l*npvjk�Y�f�¨

ÕHt�ÔÄÕ×Ö



���������
	���
�����
�	����

������������������! �"$#%
����&�'�)(*� �*�

 0.98

 1

 1.02

 1.04

 1.06

 1.08

 1.1

 1.12

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

(u
pp

er
 b

ou
nd

)/
(lo

w
er

 b
ou

nd
)

α

asympotical ratio

/�q��*npvjY��fC 6�fzd5X#}ghjlthjqrk�st�Äv�s�hjq�l 2Knp}W}�Y�v|��l*npoW~&4 ��23��l���Y�vU�.lmnpoW~�4Usmk�k�lmv�~gqrop��hjlª¸C¨

w �����B.��|��
��]�

|r�s~�Î�¨ ��q�Y�oWf hzlgk��<¡�b<¨<Z�TWlm}pv�sp¡�\[¨����pop���p�<¡.smoW~�ZR¨ ¤��9¨�S�fzsmq?¨]^¢qropq�X[npX kxl5fih�k�st}Ws*kxq�hid�qroWfih�st�r�rsthzqrlmo¢�Kl*v
X�np��hzq­kxl*X#X9lg~gq�hid�oWYxhi��lmvj�
@Wl��|f�¨�� 	����J�i�3	�����
�	�� � G �)I G 	��X�X���^I ¡ � �*C�� � �
	 � �#� ¡p� � � � ¨

|â��~ ��¨8��vzlgk��eX��p���rY�vM¡W\[¨2���pop���p�<¡Wsto�~ zC¨ 6�¨ � l*�rfzY�d*¨NÎ�YMf qr�moWq�op��u,vjqr§1sthzY!zÄqropY Ì Yxhi��lmvj�ef�¡<� �#� � ¨
| + ~
��¨I�_sm�pvzY���smoW~Q^ ¨O^¢q�oWlmngÁ�¨>zOsmvz�*Y9bgk�st�rYpz�u {]Y��rstÁps�hzqrlmo�f|�Kl*v_^¢qropqrX�npX Z�l*f h�^¢nW�©hjqrk�lmX#X#le~pq©hid

/���l�� u,vjlm�p�rY�X�f��]q©hjT¦b5hzY�}G®¥oWkxvjY�s*f qrop�QZ�l5fihK/WnpoWk«hjq�l*oWf9stoW~¦Z�l*X9}WnghjsthzqrlmoWsm�C{]Y�fznp��hjf�¨JSOYMk�Tpopq­k�sm�
{]Y�}.lmvzh � 
 �e� � ¡�zOst�.lmv�s�hjlmqrvzY_^?6Rbg®«¡2�|opqr§mY�vjfzq�h���u>stvjqrf

W¡f/pv�stoWk�Ym¡�� �#� 
W¨

| ��~>6�¨�\Rnpl*vzl*nÄ¡eu�¨W^JstTpY�dm¡gstoW~��p¨ ¤¥u�¨��Rqrsm�?¨76»f npvj§mY�d#lt��sm���*lmvjq©hjTpX�fN�Kl*v]kxlmoe§*YxÁ#X�np��hzq­kxl*X9X#lg~gq�hid3@Wl��
}pvjlm�p�rY�X�f�¨�� 	��S	iI^�i�
�i�&�H �
i���s��
��>����� h ��� ��� ¡p}�st�mYMf��M�L
 	 ��� � ¡e�t�*�m�p¨

|â��~�^¯¨1u,vzd5h�9m¨*z�st�*vjsmop�mq­sto_~gY�k�lmX#}.l*fzq©hjq�l*o��Klmv��mY�oWY�v�st�mf hzY�}�kxl5fih>f qrop�m�rYN}WsthzT�oWYxhi��lmvj�R~gYMf qr�moÄ¨5SOYMk�Tpopq­k�sm�
{]Y�}.lmvzh|S]{]®iS�6]¤i^?6,S�¤¥�m�m�5�1¤ \_bg� + ¡5{]l�d5st�<®¥oWf hzq�hznghjY�lt�>SOYMk�Tpoplm�rlm�*dm¡pbe��Y�~gq­fzTÄ¡��t�*�*�p¨

| 
�~>6�¨�bgk�Tpvjq wi§*Y�vM¡Mu�¨�beY�deX#lmnWv�¡�sto�~�u�¨ � qrop�e��Y�v�¨*SUTpYCvjq�oW�|��l5sm~gqrop�]}pvjlm�W��Y�X�¨  �� S ��� ��h G ��	��f���>"K�<�s
 G �i�=�
� 	����J�i�
	�����
s� ¡O�m�^2i��4�Cr� 	 ���W¡.� �#� � ¨

ÔOÔ£Ú��f�����q�



Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)

Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)

Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)��������� �	��
�


���������� ��� ���

ISSN 0249-6399


