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Over-constrained Welerstrass iteration and the nearest
consistent system

Résumé : On propose une généralisation de l'itération de Weierstrass pour les systémes
surcontraints et on prouve que la méthode proposée permet d’approcher le systéme le plus
proche ayant k racines obtenu par perturbation structurée. Dans le cas univarié, on connecte
notre méthode avec un probléme d’optimisation proposé pas Karmarkar et Lakshman pour le
PGCD approché. Dans le cas multivarié, on généralise la formule de Karmarkar et Lakshman
et on donne une méthode itérative trés simple pour approcher la solution optimale. On
aborde également les problémes de complexité arithmétique.

Mots-clés : Résolution de systémes algébriques surcontraints, PGCD approchés, méthode
de Weierstrass surcontraintes
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1 Introduction

In many physical and engineering applications one needs to solve over-constrained systems
of equations, i.e. systems with more equations than unknowns, such that the existence of the
solutions is guaranteed by some underlying physical property. However, the input system
may be given only with limited accuracy due to measurement or rounding error, therefore
the actual input may be inconsistent.

The work presented in this paper is concerned with the question of finding the “nearest”
system with at least & distinct common roots over C. We introduce a generalization of the
Gauss-Weierstrass method [24]. In the univariate case, the proposed iterative method allows
computation of the nearest GCD of given degree, and is closely related to the formula of
Karmarkar-Lakshman for the distance to the set of systems with at least & common roots
[19]. We show how to extend the iterative method to over-constrained systems of analytic
functions. Using this extended construction we generalize the Karmarkar-Lakshman formula
to the multivariate case.

More precisely, in the univariate case the problem we address in the paper is the following;:

Problem 1 Given f,g € Clz] and k € N, find a polynomial h of degree k such that there

exist polynomials f,§ € Clz] such that h divides both f and § and f—f and g—§ has
prescribed supports and minimal 2-norms.

The method proposed here is based on a generalization of the so-called Weierstrass
method (also called Durand-Kerner method [10, 20] or Dochev method [26, 13]) introduced
in [24] (the method was generalized successively [2, 23, 22]). We show a link of this method
to the work of Karmarkar and Lakshman [19]. Our main result in the univariate case is the
following theorem:

Theorem 2.10 Let f,g € Clz], k > 0, and I,J C N. For fized distinct z1,...,2z; € C we
can compute polynomials fr, g, € C[z] such that the generalized Weierstrass iteration
with supports I and J, defined by

e, e f )+ g()e() (1)
e 1f2(20)|? + 195 (20) 2 o
is the Gauss-Newton iteration for finding k roots of the nearest f,§ with at least k common

roots obtained from f, g by the perturbation of coefficients corresponding to I and J, respec-
tively.

In the multivariate case the problem we address is as follows:

Problem 2 Given an analytic function f = (fi,...,fn) : C* = C¥, N > n. Find
perturbations py,...,pn from a given finite dimensional vector space P such that (fy —
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D1,---, fN — pN) have at least k distinct common roots in C* and ||p1||3 + -+ + |[pn||3 is
minimal.

Using a generalization of the Lagrange interpolation we obtain the following result, gen-
eralizing the formula of Karmarkar and Lakshman for the univariate nearest GCD to the
multivariate case:

Theorem 3.7 Let f: (f1,---,fn) be as above and let By, ..., By be finite sets of analytic

functions. Define the set Qé’k(f) = {f: (i, IN) IV =k and Vi fi — fi € spanc(Bi)}.

-

Then the distance of f to the set Q5 ,.(f) equals

min £ MU (Z) + - + Myl fy (Z),
ZERE

assuming that the minimum exists. Here £;(Z) := (fi(21),..., fi(zx)) € C*, Mp, (Z) € Ck**
defined in (19), and Rz = {Z € (C")* : Virank(Mp, (Z)) = k}.

Finally, the main result of the paper asserts that a generalization of the Weierstrass
iteration gives an iterative method to solve Problem 2:
Theorem 3.11Let f = (fi,...,fn) and B = (By,...,Bn) be as above. For fized Z =
(21,...21) € Rz we can compute fz = (fzi--->fan) : C — CN such that if Jz(x) is
the N x n Jacobian matriz of fg(x), then the generalized multivariate Weierstrass
iteration, defined by

7 =2 — Ji(z) () i=1,...,k

is the Gauss-Newton iteration for finding k common roots of the nearest system f € B, L)

1.1 Related work

The computation of the GCD is a classical problem of symbolic computation and efficient
algorithms are known to solve it ([6] and [3] for instance). The first approach to a prob-
lem similar to Problem 1 was proposed by Schonage in [25] where the input polynomials are
known with infinite precision. Several later approaches were proposed where the polynomials
are known with a bounded error. In [11, 7] the authors compute upper bounds on the degree
of an e-GCD of two numerical polynomials using the singular values of a Sylverster resultant
matrix. In [12], the authors give the exact degree of the e-GCD together with a certificate
using a singular value decomposition of a subresultant matrix. In [18, 19, 5], the authors
present the problem as a real optimization problem and propose numerical techniques in
order to solve the optimization problem. Hinz et al. consider the nearest polynomial with
constrained or real roots in the /2 and [*° norms in [17]. For a survey on other work related
to the approximate GCD see [16, Section 2.12.3].

INRIA



Over-constrained Weierstrass iteration and the nearest consistent system 5

There are two main families of approaches in the literature to compute the solution of
near-consistent multivariate over-constrained systems. One type of algorithm handles over-
constrained polynomial systems with approximate coefficients by using a symbolic-numeric
approach to reduce the problem to eigenvalue computation via multiplication tables. The
first methods in the literature using reduction to eigenvalue problem include [1, 28, 21]. The
existing methods to compute the multiplication tables use resultant matrices or Grébner
basis techniques, with complexity bound exponential in the number of variables.include

The other type of approaches formulate over-constrained systems as real optimization
problems. Here we can only list a selected subset of the related literature. Giusti and Shost
in [14] reduce the problem to the solution of a univariate polynomial. Dedieu and Shub
give a heuristic predictor corrector method in [8]. They also prove alpha-theory for the
Gauss-Newton method in [9]. Stetter in [27] studies the conditioning properties of near-
consistent over-constrained systems. Ruatta in [24] generalizes the Weierstrass iteration
for over-constrained systems and gives a heuristic predictor corrector method based on this
iteration.

1.2 Notations

In all that follows, C denotes the field of complex numbers, x is an indeterminate and
we denote by x = (z1,...2,) the vector of n indeterminates for some n > 1. C[z] and
C[x] denote the rings of polynomials with complex coefficients in one and n indeterminates,
respectively. Clz],, is the subspace of C[z] consisting of the polynomials of degree less or
equal to m € N. For I C N a finite set, we denote C[z]; the set of polynomials with support
included in I, i.e.

Clz]; ={peCla] : p(z) =) pia’,pi € C}. (2)

iel

For F C C[x] and R C C* we denote by Vg (F') the set of common roots of F' in R. We
denote indifferently ||||2 or || || the /2 norm of complex vectors which we call the 2-norm. For
f € C[z] we denote by || f|| the 2-norm of the vector of its coefficients. For M € C**™ || M||
denotes the 2-norm of the vector of its entries. The 2-norm of a vector of polynomials is
the vector of all their coefficients. For a matrix M € C**™ we denote by M7 its transpose
matrix and M* the transpose of the conjugate of M, also called the adjoint of M. For
M € CF*™ such that rank(M) = m we denote M+ = M*(MM*)~! its Moore-Penrose
inverse.

2 Univariate case

In this section, we present a generalization of the Weierstrass iteration. First we present a
version of the classical Lagrange interpolation method which is needed for the construction
of the iterative method. Secondly, we show the link between this iteration function and the
distance function to a set of coherent systems. Finally, we prove a simple coordinate-wise
expression for the iteration function, and we give its arithmetic complexity.

RR n° 5215
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2.1 Generalized Lagrange interpolation

In this subsection we introduced an optimization problem which generalizes the classical
Lagrange interpolation problem and we give a solution to this problem using Moore-Penrose
pseudo inverses.

Problem [Generalized Lagrange interpolation] Consider distinct complex numbers z1, ...,z €
C and some arbitrary complex numbers fi1,...,fr € C. Fiz I C N such that |I| > k. The
generalized Lagrange interpolation problem consists of finding the minimal 2-norm polyno-
mial F' € Clz]; with support I that satisfies:

F(z)=fifori=1,... k. (3)
We will need the following definition:
Definitions 2.1 Let I = {i1,...,ip} C N such that p > k.
o Forz=(z,...,2) € C* we define the k x k matriz My (z) by:

M (2) = (Z (Zszt*)i> : (4)
s,t=1 k

i€l

Jgd=1,...,

o Letz = (21,...,2;) € C*. We define the Vandermonde matriz associated with z and
I as following k x p matric:

Viiz):==| o | (5)

e For I C N we define Ry := {(z1,...,2) € C* | rank(V;(z)) = k}. For I,J C N we
define R[,J =RINRy.

e For I,J CN and f,g € Clz] we define the set

Qi(fo9) = {(F,9)1f = F € Clals,g - g € Clals and |V, ,(F,9)] > k}.

Informally, Qr 5x(f,g) is the set of systems with at least k common roots which are
obtained from (f,g) via perturbation of the coefficients corresponding to I and J, re-
spectively. We may omit (f,g) from Qr sx(f,9) if it is clear from the context.

Next we introduce a family of polynomials which can be viewed as the generalization of
the Lagrange polynomials.

INRIA



Over-constrained Weierstrass iteration and the nearest consistent system 7

Definition 2.2 Letz € R and let Vi (z) be the generalized Vandermonde matriz associated
with z and I. Define x; = (a:"1 ey xil’) and denote by {ey, ... ,e.} C C* the standard basis
of C*. We define the generalized Lagrange polynomials with support in I as follows:

Lii(z,x):=x/Vi(z)te; i=1,... k. 6)

Note that if I = {0,...,k — 1} then {L;;(z,2) |1 <i <k} are the classical Lagrange
interpolation polynomials.

The following propositions assert that the generalized Lagrange polynomials allow us
to find the minimal norm polynomial with prescribed support I satisfying (3). We also
highlight the connection between the 2-norms of the interpolation polynomials and the
results of Karmarkar and Lakshman in [19].

Proposition 2.3 Let I C N withp > k and z = (21,...,2k) € Ryr. Then for all 1 <4,j <
k. L1:(2,zj) = 6i,5.

Proof From (6) we get that L;(z,z;) = e] Vi(z)Vi(z)*e; for all i,j € {1,...,k}. Then
we use that V7(z) has rank k to get that V;(z)T is the right inverse of V(z). O

Proposition 2.4 Let ICN, z€ Ry and f = (f1,..., fr) € C*. Define

k
F(z):=Y_ fiL1i(z,2). (7)
i=0
Then we have F(x) € Clz]r and
F(Zj)ij,VjE{l,...,k}. (8)
Moreover,
IF|I? = £ M (2)7" £ (9)

is minimal among the polynomials in Clz]r satisfying (8).

Proof Let F(z) be asin (7). If we denote by F = (F;);cs the vector of coefficients of F(z)
then by the definition of the generalized Lagrange polynomials we have F = Vi(z)*f. It
is easy to check that |F||2 = £* M, 'f using the fact that M, ' = V;(z)**V;(z)*. On the
other hand, F is the minimal 2-norm vector satisfying Vi(z)F = f, which follows from the
properties of the Moore-Penrose pseudo inverse (see [15]). Finally, we note that Vi(z)F = f
is equivalent to (8). O

The above propositions allow us to state the main result of the subsection:

Theorem 2.5 Let (f,g) € Clz]?, I,J C N and z € R;,;. We define the following polyno-
mials in Clz]; and Clz],, respectively:

k k

Fi(z,2) =Y _ f(zi)Lri(2,3), Gy(z,2) = 9(2:)Lsi(2 ). (10)

=1 1=1
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Then
(f(x) — Fr(z,x),9(x) — G;(z,2)) € Qrsx(f,9)-

Moreover, if min,eg, (f* Mr(z) f4+g*My(z)™" g) exists and is reached at ¢ € Rr, g
then we have

IFr(G )P + GGl = min  {If = FII” +1lg =3I}

£8)€Qr1 5k

Here f = (f(z1),...,f(2)) € C* and g = (9(21),...,9(z)) € C*.
Proof The proof can be deduced easily from the proposition 2.4. d

2.2 Generalized Welerstrass iteration

In this section we give a generalization of the univariate over-constrained Weierstrass it-
eration of [24]. As with the Weierstrass iteration, our generalized version comes from the
Gauss-Newton method applied to the so called Weierstrass map w.r.t. a pair (f, g) € C[z]?.

Informally, for (f, g) € C[x)? the Weierstrass map W in [24] is a map defined on C* with
the property that W(z1,...,2;) = 0 if and only if f(z;) = g(z;) = 0for 1 <4 < k. Applying
the Gauss Newton method to the map W allows us to compute the solution z € C* where
[[W(z)||2 is minimal.

The main contribution of this paper is the observation that the norm ||[W(z)||2 is closely
related to the distance defined by Karmarkar and Lakshman in [19] and its generalization
in Theorem 2.5 (see Remark 2.8 below). Using this observation, it is straightforward to
generalize the Weierstrass map ¥/ so that its least square solution corresponds to the k
common roots of the closest system (f,§) which is obtained from (f, g) via the perturbation
of a prescribed subset of their coefficients.

First we give the definition of the generalized Weierstrass map using the generalized
Lagrange polynomials defined in (6).

Definition 2.6 Let (f,g) € C[z]%, k > 1 and I,J C N such that |I|,|J| > k. For a fized
z € R1,j, let Fi(z,z) € Clz]; and G5(z,x) € Clz]s be the interpolation polynomials defined
in (10). Then the map defined by

Wr.j:

)

{(C’c — Clz]; ® Clz], (1)

z — (F(z,z),G (2, 1))

is called the generalized Weierstrass map with supports I and J.
We also define the vector of coordinates of Wy, j(z) in the bases of generalized Lagrange
polynomials for I, J and any fized z € C*:

WI,J(Z) = (f(zl)v c '7f(zk:)7g(zl)v te 7g(zk:)> € (C2k (12)

INRIA
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In the next proposition we prove that the least square solution of the Weierstrass map
and the optimization problem posed by Karmarkar and Lakshman in [19] are closely related.

Proposition 2.7 Let z = (z1,...,2k), (f,9), and Wy, be as in Definition 2.6. Then
i. Wr,y(z) =0 if and only if (21, ..., 2r) are common roots of f and g.
ii. Using the notation of theorem 2.5, for all z € C* we have

Wrs@)|? = £ M7 + g" Mg

iti. minger, , Wi ()2 = min g 5 cq, ,, {Ilf = FI2 +llg = 3112}

Proof (i) Wy s(z) = 0 if and only if Fi(z,z) = G/(z,2) = 0 for all z € C. This implies
that f(z;) = Fi(z,2;) = 0 and ¢(z;) = Gr(z,2;) = 0 for all 1 <4 < k. On the other hand,
assume that z;,...z; are common roots of f and g. Since F; and G; are the minimal
2-norm polynomials interpolating (f(z1),..., f(zx)) = 0 and (g(z1),...,9(2x)) = 0, Fr and
G ; must both be the zero polynomial.

(ii) follows from the definition of Wy s in (11), the definition of F7(z,z) and G(z,z) in (10)
and from (9).

(iii) follows from (ii) and from Theorem 2.5. O

Remark 2.8 As a special case of the above proposition, we get that the least squares
solution of the univariate over-constrained Weierstrass map W defined in [24] gives the
common roots of the closest system with & common roots, and obtained via the perturbation
of the coefficients corresponding to I = J = {0,1,...,k — 1}, i.e. the terms of f and g of
degree less than k.

We will use the Gauss-Newton method to find a least square solution of Wy, ;(z). Each
iteration of the Gauss-Newton method is defined by

z =z — DWf,J(Z)WI,J(Z% (13)

where Wy ;(z) € C?* is defined in (12) and DWy,;(z) is the Jacobian matrix of Wy, ; at z.
To be more precise, in order to make the expression in (13) well defined, we need to restrict
the image space of DWy ;(z) to a subspace of Clz]; @ C[z]; depending on z, so that this
restriction makes DWy ;(z) a 2k x k matrix and its pseudo-inverse a k x 2k matrix. This
restriction is defined in the next proposal.

The rest of this subsection is devoted to the coordinate-wise expression of the Gauss-
Newton iteration map in (13), using the basis of generalized Lagrange polynomials. We
will define the generalized Weierstrass iteration to be the coordinate-wise expression for this
map.

RR n° 5215
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Proposition 2.9 Let f, z, I, and Fi(z,z) be as in Definition 2.6. For a fived z € C*,
define the linear subspace

Lr:=(Lra,...,Lrx) CClz]r, (14)

generated by the generalized Lagrange polynomials. Let w be the projection w : Clz]r — Lr.
Then for all 1 <1i < k we have

o (PE2I) — () = i, 20) L), (15)

Proof Implicitly differentiating the equations
FI(Z7Z]') = f(Zj> ] = 17...,]{5

by z; we get
OF(z,x)

| OF(z,7)
521' e

of (@)
+ 6i1] oz |z:Zj

= 51,] |z:zJ' .

ox

(

This proves that the projection of Méizzi’m) to Ly is equal to the expression in the claim. O

Proposition 2.9 implies that the Gauss-Newton method applied to the generalized Weier-
strass map Wy, ; can be given coordinate-wise. The following theorem, the main result of
this section, summarizes the above results and defines the generalized Weierstrass iteration
by the coordinate-wise expressions for the Gauss-Newton method.

Theorem 2.10 Let (f,9), k, z = (21,...,2x), I, J, Fi(z,z), and G ;(z,x) be as in Defini-
tion 2.6. Define

fa(z) = f(z) = Fi(z,z), g4(z) :=g(x) — G(z,z).
Assume that none of the z;’s are common roots of the derivatives f.(z) and g.(x). Then the
generalized Weierstrass iteration with supports I and J, defined by

o=y fa(20)" f(2i) + 94 (2:)"9(2) . _ ok (16)

' £2(2) + 95(2:) 2

is the Gauss-Newton iteration for finding k common roots of the closest system to (f,g) in
Qr,k(f,9)-

2.3 Arithmetic complexity of the iteration

In this subsection we are interested in the arithmetic complexity of doing one iteration of
the generalized Weierstrass iteration. In all that follows £(d, k) denotes the multi-point
evaluation of degree d at k points (see [4]).

INRIA
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Proposition 2.11 Let I = {i1,...,in}, D = max(I U {deg(f)}), J = {j1,.--,Jm'}, and
D' = max(J U {deg(g)}). Then the number of arithmetic operations needed to compute the
value of the iteration function (16) at a point in C* is O (k* x (m +m'))+0O (m = € (D, k) + m’ x € (D', k)).

Proof The matrix V; (z) can be computed in m*&(D, k) operations. The matrix V;' (z) can
be computed in O (k2 * m) arithmetic operations using classical linear algebra. Then the
k polynomials L} ;(z,z), i € {1,...,k} can be computed in O (m) arithmetic operations,
using (6). Finally, we need a constant number multi-point evaluation to get the expression
on the right hand side of (16) using O (€ (D, k) + £ (D', k)) arithmetic operations. Putting
it all together, we have the estimate given in the proposition. d

Remark 2.12 For numerical stability, it is better to use the singular value decomposition
of V7 (z) to find the Moore-Penrose pseudo inverse V; (z)*, instead of the algebraic formula.
It doesn’t change the number of arithmetic operations used in the above process.

The following is a simpler bound if the polynomials are dense:

Corollary 2.13 If I = {1,...,m} and J = {1,...,m'}, then the number of arithmetic
operation used to compute the iteration function (16) is O (k? x (m +m')).

3 Multivariate Case

In this section, we describe the generalization of the results of the previous section to the mul-
tivariate setting. In the multivariate case we extend our construction to over-constrained sys-
tems of analytic functions as input, not only polynomials. Since the set of over-constrained
systems of analytic functions with at least & common roots is infinite dimensional, we will
restrict our objective to find the closest such system which is obtained via some perturbation
from a finite dimensional “perturbation space", given by a finite basis of analytic functions.
For our general construction we will need to generalize the Lagrange interpolation to finding
elements in the perturbation space with prescribed evaluations and minimal 2-norms.

Definition 3.1 We denote by C° the set of analytic functions C* — C. Let f: (fi,---,fn) €
(C)N for some N > mn. For eachi=1,...,N let B; := {b;1,...,y---,bim,} CC lin-
early independent over C. We call P := @fil spanc(B;) the perturbation space with
basis B := (By, ..., By).

We address the following problem:

Problem: Given f = (f1,---,fn) and B= (Bi,...,Bn) as above. Find (p1,...,pn) € P
such that (fi — p1,..., fx —pn) has at least k distinct common roots in C* and ||p1||%, +
--|lpn %, is minimal. Here ||pi||, denotes the 2-norm of the coefficients of p; in the C-
basis B;.

RR n° 5215
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Let us define the generalized Vandermonde matrix and determinant associated with a
set of basis functions B:

Definition 3.2 Let Z = (z1,...,2) € (C*)*. For B = {b1,...,b,,} C C* we define the
generalized Vandermonde matrix associated with B to be the k x m matriz with entries

VB(i)ij = bJ(Zl)

>

We denote
Ry = {7 € (C")" |rank (Vs () =k }

and for B= (Bi,-...,Bn) we we use the notation Rz := ﬂfvzl RB;-

Remark 3.3 We can choose the bases By, ..., By of the perturbation space freely as long
as the set R 5 is open and everywhere dense, or it includes the possible roots we are searching
for.

Now we can define the generalized multivariate Lagrange polynomials :

Definition 3.4 Let B = {b1,...,bm} C C. For x € C" denote xg = [b1(X),-..,bm(X)].
Lete; ... ex be the standard basis of C*. Let Z € Rp. We define the generalized Lagrange
polynomials associated with B as Lp ;(Z,x) :=xpVg(Z)Te; fori=1,...,k.

Remark 3.5 If m = k and B = {x*!,...,x*} for some a; € N", then the generalized
Vandermonde matrix is a square matrix and the above formula is the one given by Ruatta
in [24] for the Lagrange interpolation basis.

The following proposition is a straightforward generalization of Propositions 2.3 and 2.4.
Proposition 3.6 Let f € C, B C C?, |B| = m linearly independent over C, and let

P = spang(B). Fiz Z € Rp. Then L ;(Z,z;) = 6;; for alli,j = 1,...,k. Furthermore,
k

for any f:= (f1,..., fx) € C*, define p(Z,x) = ZfiLB,i (Z,x) € P. Then
i=1
p(Z,z;) = f; forall j € {1,...,k}. an
Moreover, .
Ipl% = £*Mp (2)” f (18)

is minimal among the polynomials in P satisfying (17). Here

beB

Mg (2) :=Vp (@) Vs (@) = (Z b(zi)b(zj)*> . (19)
i,5€{1,...,k}

INRIA



Over-constrained Weierstrass iteration and the nearest consistent system 13

The next theorem gives a generalization of the expressions of Karmarkar and Lakshman
in [19] for the multivariate case. This is one of the main results of the paper.

Theorem 3.7 Let N >n €N, f=(fi,...,fn) € (C)N, B=(By,...,By) and P be as
in Definition 8.1. Define £;,(Z) := (fi(z1), ..., fi(zx)) € C* and let Mp,(Z) be as in (19) for
1=1,...,N. Then, when

min ff Mgy (2) + - + £ M5 Ly (2) (20)
ZE€R 5
exists, it is equal to

_min_|fi = fills, +- v = Pl (21)

Here the minimum is taken within the set Qé,k(f) defined by

-

(1) = {J = (s ) + [Vry (D) > k and ¥i f; = [i € spanc(Bi)}

Proof For a fixed Z € Ry define p;(Z,x) := Ele fi(z;)Lp, ;j(Z,x) € spang(B;) for all
i=1,...,N. Assume that the minimum in (20) exists and is taken at = (CiyevvhCr) ERE.
Note that for all s € {1,..., N}, if f; vanishes on (;,...,( and f; — f; € spanc(B;), then,
by Proposition 3.6, || fi — fill > ||p:({,x)||. This implies that

(10) = p1(C3), o fv(x) = P (E%)) € 25, ()

must minimize (21). The equality of (20) and (21) follows from

o2 (&)1, + -+ + llew (E %), = £ Mg 1(C) + - + £ Mt v ()

Next we define the multivariate generalization of the Weierstrass map :

Definition 3.8 Let f1,..., fn € C>, B= (B1,...,Bn) and P be as above. The generalized
Weierstrass map is defined as follows:

Rg — P
n (Z,X)
Wsid - . : (22)
pn (Z,%)

where

pi(Z,x) ==Y _ fi(z;)Lp, ;(Z,%) i=1,...,N.

j=1
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The next proposition is a straightforward generalization of Proposition 2.7 :

Proposition 3.9 Let f = (f1,...,fn) € (C®)N, B = (By,...,By) be as above. Then for
all Z € Rz we have W (Z) = 0 if and only if {z1,...,2} are common roots of fi,..., fn.
Moreover, using the notation of Theorem 3.7, we have

min [Wg @)= min _|fi = fils, +- +1fx = fylly (23)
ZE€R 5 FeQs 1 (f)

Similarly to the univariate case, we propose to compute the least square solution of
Wg using Gauss-Newton iteration. Again, we will restrict the image space of the Jacobian
DWjy to the subspace of the perturbation space P generated by the generalized Lagrange
polynomials. Thus, the size of the restricted Jacobian matrix is (Nk) x (nk). The rest of
the section is devoted to the proof that this Jacobian matrix and its pseudo-inverse both
have block diagonal structure, with block size N x n and n x N respectively. Once this is
proved, we define the generalized multivariate Weierstrass iterator for each z; separately.

First we prove that the partial derivatives of the interpolation functions have simple
structures in the multivariate Lagrange basis.

Proposition 3.10 Let f € C*, B C C, P, Lp(Z,x) and p(Z,x) be as in Proposition
3.6. For a fized Z = (21, ..,2x) € RE, we define the linear subspace

Lp = <LB,17---7LB,k> cP (24)

generated by the generalized Lagrange polynomials. Let w be the projection w : P — Lp.
Then for all1 <i<k and 1< j <n we have

T (M) = [ﬁ(zi) - 6_?(2’ z;)| Lp,i(Z,x),

62’1',]' 8.’1,']'
where z; = (2i1, .-, Zin)-
Proof Implicitly differentiating the equations

p(Z,z) = f(z) 1=1,...k

we get
> ar dp (= .
Ip(Z,x) oz = aTj(Zl) - aTZ;(Zle) i=1 .
821”' 0 1 £
This implies the claim, using the fact that the evaluations at zi, ..., 2z, uniquely determine
the coordinates of the elements of Lp in the generalized Lagrange basis. O

In the next theorem we define the generalized multivariate Weierstrass iteration and
summarize the results above.

INRIA
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Theorem 3.11 Let f = (f1,..., fn) and B = (By, ..., By) be as above. Let (p1(Z,x),...,pn(Z,%)) €
P be as in Theorem 3.7. Fix Z = (2z1,...2r) € R. Define

fa() = (f1(x) = pL(@ %), .., fv(x) = pn(Z,%)) -

Let J3(x) be the N x n Jacobian matriz of fz(x). Assume that rank(Jz(z;)) = n for all
i=1,...,k. Then the generalized multivariate Weierstrass iteration, defined by

-

7, =2z, — Jz(z:) T f(z:) i=1,...k, (25)

-

is the Gauss-Newton iteration for finding k common roots of the closest system f € Q5 ,.(f)
to f

In the next theorem we give the arithmetic complexity of each step of the generalized
multivariate Weierstrass iteration.

Theorem 3.12 Let £,(D) be the arithmetic complezity of an evaluation of a polynomial of
degree less or equal to D in n variables. Assume that the degree of the input polynomials
is less or equal to D € N, then the number of arithmetic operations used to compute one
iteration of the above algorithm is O (k*nx N x &, (D)) + O (kxn%* N).

Proof The first term come from the computation of the k specialized “restricted Jacobian”
matrices (which are n x N) and the computation of the generalized Lagrange polynomial
(see the approach of the univariate case). The other term comes from the computation of
the Moore-Penrose pseudo-inverses in (25). O

References

[1] W. Auzinger and H. Stetter. An elimination algorithm for the computation of all zeros
of a system of multivariate polynomial equations. In Proc. Intern. Conf. on Numerical
Math., Intern. Series of Numerical Math., 86, pages 12-30. Birkhauser Verlag, Basel,
1988.

[2] A-M. Bellido. Construction of iteration functions for the simultaneous computation
of the solutions of equations and algebraic systems. Numerical Algorithms, 6:313-351,
1994.

[3] W. S. Brown and J. F. Traub. On euclid’s algorithm and the theory of subresltants.
Journal of A.C.M., (18):505-514, 1971.

[4] A. Biirgisser, M. Clausen, and Shokrollahi. Algebraic Complexity Theory. Number 315
in Comprehensive Studies in Mathematics. Springer-Verlag, 1997.

RR n° 5215



16 Ruatta € Sciabica € Szanto

[5] P. Chin, R. M. Corless, and G. F. Corliss. Optimization strategies for the approximate
ged problem. In Proceedings of the 1998 international symposium on Symbolic and
algebraic computation, pages 228-235. ACM Press, 1998.

[6] G. E. Collins. Subresultants and reduced polynomial remainder sequences. Journal of
the ACM, 14(1):128-142, 1967.

[7] R. M. Corless, P. M. Gianni, B. M. Trager, and S. M. Watt. The singular value
decomposition for polynomial systems. In International Symposium on Symbolic and
Algebraic Computation, pages 195-207, 1995.

[8] J. Dedieu and M. Shub. Newton and predictor-corrector methods for overdetermined
systems of equations. Technical report, IBM Research Division, 1998.

[9] J. P. Dedieu and M. Shub. Newton’s method for overdetermined systems of equations.
Math. Comp., 69(231):1099-1115, 2000.

[10] E. Durand. Solutions numériques des équations algébriques, volume 1. 1968.

[11] I. Z. Emiris, A. Galligo, and H. Lombardi. Numerical univariate polynomial GCD. In
J. Renegar, M. Shub, and S. Smale, editors, The Mathematics of Numerical Analysis,
pages 323-343, 1996.

[12] I. Z. Emiris, A. Galligo, and H. Lombardi. Certified approximate univariate GCDs. J.
Pure Appl. Algebra, 117/118:229-251, 1997. Algorithms for algebra (Eindhoven, 1996).

[13] A. Frommer. A unified approach to methods for the simultaneous computation of all
zeros of generalized polynomials. Numer. Math., 54:105-116, 1988.

[14] M. Giusti and E. Schost. Solving some overdetermined polynomial systems. In ISSAC
’99, pages 1-8. ACM, 1999.

[15] G. H. Golub and C. F. Van Loan. Matriz computations. Johns Hopkins Studies in the
Mathematical Sciences. Johns Hopkins University Press, Baltimore, MD, third edition,
1996.

[16] J. Grabmeier, E. Kaltofen, and V. Weispfenning, editors. Computer Algebra Handbook:
Foundations, Applications, Systems. Springer, 2002.

[17] M. A. Hitz, E. Kaltofen, and Y. N. Lakshman. Efficient algorithms for computing the
nearest polynomial with a real root and related problems. In Proceedings of the 1999
international symposium on Symbolic and algebraic computation, pages 205-212. ACM
Press, 1999.

[18] N. Karmarkar and Y. N. Lakshman. Approximate polynomial greatest common divisors
and nearest singular polynomials. In Proceedings of the 1996 international symposium
on Symbolic and algebraic computation, pages 35-39. ACM Press, 1996.

INRIA



Over-constrained Weierstrass iteration and the nearest consistent system 17

[19] N. K. Karmarkar and Y. N. Lakshman. On approximate gcds of univariate polynomials.
Journal of Symbolic Computation, 26(6):653-666, 1998.

[20] I. Kerner. Ein Gesamtschrittverfahrenzur Berechnung der Nullstellen von Polynomen.
Numer. Math., 8:290-294, 1966.

[21] H. M. Moller and H. J. Stetter. Multivariate polynomial equations with multiple zeros
solved by matrix eigenproblems. Numer. Math., 70(3):311-329, 1995.

[22] B. Mourrain and O. Ruatta. Relation between roots and coefficients, interpolation and
application to system solving. Journal of Symbolic Computation, 33(5):679-699, 2002.

[23] O. Ruatta. A multivariate weierstrass iterative rootfinder. In issac, London, Ontario,
2001. ACM press.

[24] O. Ruatta. Dualité algébrique, structures et applications. PhD thesis, Université de la
Meéditérranée, 2002.

[25] A. Schonage. Quasi-ged computations. Jounal of Complezity, (1):118-137, 1985.

[26] B. Sendov, A. Andreev, and N. Kjusrkiev. Handbook of Numarical Analysis, volume
I11, chapter Numerical Solution of Polynomial Equation, pages 628-777. Elsvier, 1994.
Solution of Equations in R* (part 2).

[27] H. J. Stetter. Condition analysis of overdetermined polynomial systems. In E. V.
V.G. Ganzha, E-W. Mayr, editor, Computer Algebra in Scientific Computing - CASC
2000, pages 345-366. Springer, 2000. http://www.math.tuwien.ac.at/"stetter/
listealg.html.

[28] K. Yokoyama, M. Noro, and T. Takeshima. Solutions of systems of algebraic equations
and linear maps on residue class rings. J. Symbolic Comput., 14(4):399-417, 1992.

RR n° 5215



/<

Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopdle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lés-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhone-Alpes : 655, avenue de I’Europe - 38334 Montbhonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http:/ /www.inria.fr

ISSN 0249-6399



