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1 − tan2 (α−α0)

2

1 + tan2 (α−α0)
2

=
1− t2α
1 + t2α

ÿ�ø	ï(ÿ·ó
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[À_�gvs��/hescs`gi�G�pX _`h¢XE�igpW gi]Lb�_`X
λ2
bes�br] �G]nÑR]nh��)]¡�/X$_z��X�XE]¡_`UGX-s`XEd�hl]nt bl]nt�_`UGgpact XDÍR�nb�_cgihe]ns�o

br_)_`UGX��Ga`gvd$X�hl�	gp]nd�a`XDbls`gi]Gqj_cUGX�t�XEqlacX�X�hr�	_`UGX�a`XDs��G�i_`gp]Gq
�/hl�p§;]GhlW gvbr�>¤x[^]9_`UGX�qlX�]nX�ambr�Üd�bes�X�gi_|�)gp�i�
�/X
t�g �
d��G�i_Ë_chÄbl]nbr�p§�s�X*_`UnX*];�GW*�LXEa�hr��bet�W gpscs�gp�G�pXjs`hl�p��_cgihe]nsËhr��s`�ndmU b�s`X$_�hr���Lhe�i§;]GheWjgvbr�vs � � �>¤
Ò|�¦_cUGhl�nqlU-gp]-�nacbedf_`gvd$X�_`UGXDs�XË�Lhe�i§;]GheW gpbl�ps��)gi�p�C�LX�s`hl�p lXEt©�ns�gp]Gq*]R�nWjXEa`gvd�bl�LW X�_`UGh�tGsEo�s��ndmUÄblsH_`UGX
�|X���_chl]AW X$_cUGh�t¢��hea|¥n]Lt�gi]nq�ach;hr_cs|hr��s`X$_ms|hl�x�Lhe�i§;]GheW gpbl�psEoCg¦_�gpsËd$ac�nd�gpbl�=_ch-�/Xjbl�G�iX�_`hÄsz_mb�_`Xjgp]
bet� �br]nd�XË_`UGX�X�Ô�bedf_)];�GW��/X�a)hl���Gambld$_`gvd�bl�(s�he�i��_cgihe]nsE¤
Ì¡XÄtGX�]Ghl_`X�_`UGXDs�X9s�X�_cs*hr�Ês`hl�p��_cgihe]ns��;§

(α(i), β(i), λ(i))
¤¾T�UGXE§'bracX-gp]'_`UnX�gp]R_`X�ac �br�vs

[α0 −
π, α0 + π]

o
[β0 − π, β0 + π]

br]nt���X�W*�ns�_�Unb5 lX
λ > 0

¤ �;hj�²bra|��X�d$he]ns`gpt�XEa`XDt©_cUGX�W hes�_)qlX�]nX�ambr�
dEbls`Xl¤	Ì�X�br]Lbr�p§;s`X|gp]�tGX$_cblgi�Cbjs�gpW �G�igi¥nXDt©�nbl]�kS_cgi�i_)t�X� ;gvd$XÊbl]nt©��XÊs`UGh�� _cUnb�_�gi]-_`UGgvs�d�bes�X|_`UGXEa`XÊgps
bj�G]ngpÍR�GX�s`hl�p��_`gphl]=¤	Ì¡X�d$he]nd$�p�nt�XË_cUnb�_)_cUGX�qlXE]GX�ambr�Üd�bes�X�bl�ps`hjbet�W g¦_ms�bj�G]GgvÍR�GX�s�he�i�G_`gphl](¤

��� � � �
!$� ����� ��% � � � � � % ���
� � !$#�%&���

[^]-_`UGX�d�bes�XÊ�)UGX�acXÊ_`UGXË�nbr]Äbr]nt
_`gp�¦_�b�Ô�XDs�bla`XÊW���_c�nbr�p�i§
hea�_cUGhlqehl]nbl�G_cUGXÊÑ;gp]GX�W
br_`gvd|W h�t�X��Chl�(_`UGX
tGX� ;gpd�X gps�s`gpWj�n�igi¥nXEt(o�bls�tGXEscd$acgi�/XEt�gi]¾bl�G�LXE]nt�giÔ �Ë¤ �Ghea�_`UGX
�n�Ga`�/hes`X hr��br]¾br�pqlXE�Gacblgpd*br]nbl�i§�s`gps
bl]nt��)g¦_cUGhl��_��phescs�hr�	qlXE]GX�ambr�pg¦_z§eo;hl]GX�W
b5§©dmUGh;hes`X

α0 = β0 = 0
¤8T�UGX�W
b�_ca`gvd$XDs��LXDd$hlW X �

�
1 =







cosβ 0 sin β t11
0 1 0 t12

− sinβ 0 cosβ t13
0 0 0 1







Î>���DÏ

�
2 =







1 0 0 t21
0 cosα − sinα t22
0 sin α cosα t23
0 0 0 1







Î>�l�lÏ

[À_)��he�i�ph���s�_`Unbr_�XEÍ/¤(ÎS�l�eÏ��/XEd$heW XEs��




cosβ 0 sin β
0 1 0

− sinβ 0 cosβ









p1

p2

p3



 +





t11
t12
t13





+





1 0 0
0 cosα sin α
0 − sinα cosα









t21
t22
t23



 =





0
λ2 sin α
λ2 cosα





�)UGgvdmU9§;giXE�ptGs�_cUGX���hl�p�ph��)gi]Gq XDÍe�Lb�_`gphl]Ls�gp]
tan β

2 = tβ
o
tan α

2 = tα
onbr]Lt

λ = λ2
�

(t11 + t21 − p1) t2β + 2p3 tβ + (t11 + t21 + p1) = 0

(t12 − t22 + p2) t2α + 2(t23 − λ) tα + (t12 + t22 + p2) = 0

(1 + t2α)((t13 − p3) t2β − 2p1 tβ + p3 + t13) +

(1 + t2β)((λ − t23) t2α − 2t22 tα − (λ − t23)) = 0

ï�ï�ý�� �"!�#%$
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T�UGXË¥nams�_�XEÍR�nbr_`gphl]�Unbls�_z��h�acXEbr�Cs`hl�p��_`gphl]nsH��hla
tβ
¤�[^]nt�XEXEtÜo�gi_cs�t�gvscd$acgiW gp]nbr]R_�gps��

∆ = (p3)
2 +

(p1)
2 − (t11 + t21)

2 ¤H}Ê�; Rgphl�Ls��p§�_cUGX�d$h;hlamt�gp]nb�_cXEsxhl�= lXDdf_chla p
ULb5 lX|�vbracqlXEax �br�p�GXEsH_`ULbr]

t11 + t21
¤8Ì�X

acXEdEbr�p��_`ULb�_� eXEd$_`hla
p
acX��na`XDs�XE]e_ms�_`UnX|d$h;hlamt�gp]nb�_cXEs8hl�C_`UGXÊhl�ns`X�ac lXDt*�/hlgp]R_

M
gi]©_`UGX�¨EX�achrkÀa`X���X�acX�]nd�X

dEbrW X�amb-��acblWjXe¤
T�UGX�acX$��hea`X
∆ > 0

br]LtA_cUGX�acX
bracX*_z��h¢s�he�i�G_`gphl]nsË��hea
β
gp]¡_`UGX
gp]R_`XEa` �br�

[−π, π]
¤

}Ê]n�i§ hl]nXÊhl�(_`UGXDs�X�s`hl�p��_`gphl]ns�d�bl]-�/XËbedmUGgpX� lXDt
gp]-�Gambld$_`gvd$XloRg>¤ Xe¤io��)UGXE]©_cUGXÊhe�ns`X�ac lXEt©�Lhegi]R_��igpXEs�gp]
��achl]R_Ëhr�x_cUGXjdEbrW X�ambG¤�T�h�d$he]nd$�p�nt�Xeo/_`UGX*¥namsz_�XEÍR�nbr_`gphl]£bl�i��b5§�s�blt�W gi_csÊ_z��h�s`hl�p��_`gphl]nsËbr]Lt¢hl]G�p§
he]GX�s�he�i�G_`gphl]Ägps)bedmUGgiXE �br�G�pX�gi]9�Gambld$_`gvd$Xl¤
T�UGXÄs�XDd$he]nt XEÍR�nbr_`gphl]¾Unbes�_z��hAacXEbr��s�he�i��_cgihe]ns���hea

tα
bls���XE�i�>¤A[^]nt�XEXEt¾gi_csjt�gvs`d�a`gpW gi]Lbr]R_�gvs��

∆ = (t23 − λ)2 − (p2)
2 + (t22 − t12)

2 ¤Ë��XEd�bl�i�=_`Unbr_ λ
acX��GacXEs`X�]R_cs�_`UGXjt�X��G_`UA��achlW�_cUGX*dEbrW X�amb _`h

_cUGX©he�ns�XEa` eXEt��Lhegi]R_�bl]nt gi] �Gambld$_`gvd�bl�Hd$he]�¥nql�nacbr_`gphl]ns
λ >> t23

br]Lt
λ >> p2

¤�T�UnX�acX$��hlacX _`Ungps
XDÍR�nb�_cgihe]¡bet�W g¦_ms�_z��hAs`hl�p��_cgihe]ns�bls���X��p�xbr]Lt��)gi_`U _cUGX-scbrW X a`XDbls`hl]Ggp]Gq9bls�bl�Lh� eX ��X
d$he]nd$�p�nt�X
_cUnb�_�he]G�p§©hl]GX�s`hl�p��_`gphl]Ägvs)bldmUGgpX� �br�n�iX�gp]Ä�nacbedf_`gvd$Xe¤

� � ���)�*��� �9��
��
!��	��%�� � #=���9���	�����$���

[^] _cUGX-�na`XE Rgphl�Ls�s�XDdf_cgihe]¾��X-tGXEscd$acgi�/XEt¡_cUGX-qeX�hlW X�_`acgpd
bl]nt¾W XEdmUnbl]Ggvd�br��d$hl�n�G�igp]Gq£bl�i�ph��)gp]Gq9_`UGX
bedf_cgi eXÊd�blW X�amb�_`hjachr_cbr_`XËs��ndmU-_`Unbr_�bl]-XE lX�]R_)t�X$_cXEd$_`XEt�br]nt©_`ambldmÑeXEt
�)gi_`U-_`UGX�s�_cb�_cgpdËd�blW X�amb�d�bl]
�/X| ;gvs��Lbr�pgi¨EXEt
b�_�b�UGgpqlUnX�aHacXEs`hl�p��_cgihe](¤�[^]-hlamt�X�a8_ch��/XÊbl�G�iX|_`hjbr]nbl�i§�s`X�_`UGgvsHXE lXE]e_�gi]-Wjhea`XÊt�X$_mbrgp�So
he]GX�W��ns�_��Gachl�/X�ac�i§
gvs`hl�vb�_`X�gi_)��a`heWÆ_`UnX��nbldmÑ;qlachl�n]ntÜ¤
T�UGX�XE lX�]R_ 
5�nbedmÑRqea`he�G]nt s`X��nblacbr_`gphl]©W X$_cUGh�t-gvs��nbls`XEt-hl]-_z��hj�nbls`gvd|blscs`�GW ��_`gphl]nsE¤ �	giamsz_Do;_`UGX

bedf_cgi eXÊd�blW X�amb�gps�s`�G�G�/hes`XEt _ch*achr_mb�_`XÊbrachl�G]nt-br]-brÔ;gvs��nblscs�gp]Gq�_cUGachl�GqeU
_`UGX�d$XE]R_`X�a�hr�(�na`hlyzXEdf_cgihe]
hl�=gi_cs�blscs�h�d�gpbr_`XEt �ngi]GUnhl�pXÊacX��GacXEs`X�]R_mb�_`gphl]=¤ �;XDd$he]ntÜo;g¦_�gvs�bes`s`�GW XEt
_`Unbr_�_cUGXÊ�LbldmÑ;qlachl�G]Lt gps�s�_cb�_cgpd
�)Ungi�pXA_cUGX£XE lX�]R_-W h� eXEs©�)gi_`UÁa`XDs��/XEd$_-_`h'_`UGX¡sz_mb�_`gvd£scd$XE]GX£he��yzXEd$_csE¤�T�UGXEa`X���hlacXlo�_`UGX�W X$_`Unh;t
tGXEscd$acgi�/XEt�gi]Ä_cUGgps|s�XDdf_`gphl]9s`hl�p lXEs���hea)�nbldmÑ;qlachl�n]nt-s`�G�ns�_`ambld$_`gphl]-�)gi_`U¢bjachr_cbr_`gp]Gq
d�blWjXEacbn¤
ÌÇUGXE]
bÊ�/X�ams`�LXDdf_`gp lX)dEbrW X�amb��G]Lt�X�acqlh;XEs�bËachr_cbr_`gphl]nbl�;Wjhl_`gphl]*�)g¦_cU*_cUGX)gp]nsz_mbr]R_cbl]GX�he�ns�b�Ô�gvs�hl�

achr_mb�_cgihe]��nbes`s`gi]nqÊ_cUGachl�GqeU�_cUGX�d$XE]e_cX�a8hl�L�GachryzXDdf_`gphl]=o�_`UGXEa`X�gvsxb��5k � �GachryzXEd$_`gp lX�W
br�G�ngi]Gq��/X$_z��X�XE]
_cUGX�blscs`h;d�gpbr_`XDt-gpW
brqlXDs�o��/X$��hea`X�bl]nt9b��·_cX�a)_cUGX�W hr_`gphl] �p�E���À¤�T�Ungps)�na`he�LXEa�_z§
gvs�s�_`ambrgpqlUR_���hea`��bramt
gi�
he]GX�bl�G�G�pgiXDs=XDÍR�nb�_cgihe]nsHÎSYeÏ�br]nt©Î²�RÏ(_`h|_`UGX�W hr_`gphl]�hr��_`UnX�s`XEd�hl]nt�dEbrW X�amb�bl]nt��)gi_`U�_cUGX�UR§;�/hr_cUGXEs`gps
_cUnb�_)_cUGX�_`ambr]Ls��vb�_cgihe]- lXDdf_chla

t
gvs)];�G�p�So�XDÍL¤�ÎS�lÏ��)acgi_`XEs�gp]Ä_`UGgvs)d�bes�X �

mt =
Õ

2
	 t,t−1 Õ −1

2 mt−1 Î>�rYeÏ

�)UnX�acX
mt−1 br]Lt mt

t�XDs`d�a`gp�LX�_`UGXËUGhlW heqlX�]nX�hl�LsHd$h;heact�gp]nbr_`XEsHhr�=bl]©giW
blqlX��/hlgp]R_�br_H_`gpW XEs
t− 1bl]nt

t
o=W
b�_ca`giÔ�	 t,t−1 t�XDs`d�a`gp�LXDsË_`UGX
achr_mb�_cgihe]�hl��_cUGX©d�blWjXEacb���achlW t − 1

_`h
t
o�br]nt¡��X
t�X�]Ghl_`X

� t,t−1 =
Õ

2
	 t,t−1 Õ −1

2

¤
T�UGX�achr_mb�_cgihe]-�G]ntGX�acqlhl]nXÊgp]9�LX�_z��XEX�]

t − 1
br]nt

t
gvs�s`W bl�i�ÜXE]Ghl�nqlU9s��ndmU�_`ULb�_�_`UGX�¥Lacs�_)hlamt�X�a

T	b5§;�ihea�X�Ô��nbr]ns`gphl]jhr�LXDÍ/¤nÎz�5�lÏ�UGhl�vtGsE¤�T�UGgvs8XDÍe�Lb�_`gphl]j�)acg¦_cXEs 	 t,t−1 =
�
3×3 +φR̂t,t−1 ¤8{¢hlacX�h� eX�aDogi_�gvs�blscs��GW XDtj_`Unbr_�_cUGX���h�d�bl�L�pX�]nqr_`U-gps�d$he]nsz_mbr]R_H�/X$_z��X�XE]

t− 1
bl]nt

t
¤ ��gp]nbl�i�p§loR_`UnX|UGheWjheqlambr�GU;§

ÿ�ø	ï(ÿ·ó
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dEbr]Ä�LX��LbrambrW X$_cX�acgi¨EXEt-bes��

� t,t−1 =





1 −φt,t−1
z f tφt,t−1

y

φt,t−1
z 1 −f tφt,t−1

x

−φt,t−1
y /f t φt,t−1

x /f t 1



 =





1 −h5 h1

h5 1 h2

h3 h4 1




Î>���RÏ

[À_�gvs���hea�_cU;�)UGgi�pXË_`h ]Ghl_`gvd$XË_`Unbr_)_`UGX�scd�bl�pblacs
φx

o
φy

onbl]nt
φz

bracXÊ_cUGX��GachryzXDdf_`gphl]Ls�hl�
φk
hl]R_ch

_cUGX*_`UGacX�X d$h;hlamt�gp]nb�_cX*brÔ;XDs|hl�8_`UGX
dEbrW X�amb ��ambrW XloÜ�)UGXEa`X
k
gvsÊ_`UGXj�G]Ggi_�t�gpa`XDdf_`gphl]£ lXEd$_`heaÊhl�x_`UGX

gp]ns�_cbl]e_mbr]GXEhl�ns�brÔ;gvs�hr��a`hl_cbr_`gphl]�bl]nt
φ
gvs�_`UGX�gp]nsz_mbr]R_cbl]GX�he�ns�br]Gqe�iX�hl��achr_cbr_`gphl](¤8T�UGX��vb�_`_`X�a)gvs�_`h

�/X*bed�d��Gacbr_`XE�i§©XDsz_cgiW
br_`XEtAgi]¢heact�XEa)_`hÄbr�pgiqe]Ä_`UGX*giW
brqeXEsE¤�[À_Êgvs)_`UnX�acX$��hlacX�t�g 
CX�acX�]R_�_`ULbr]9_`UnX��nbl]
bl]nt-_`gp�¦_Êbl]Gql�pXEs��)UGgvdmU9bracXËhe��_`�n��_cs)hl�=_cUGX�d�blWjXEacbjd$he]R_`achl�(t�XE Rgvd$Xe¤
T�UGX)acX��vb�_cgihe]ns`UGgi� �/X$_z��X�XE]

mt−1 br]Lt mt
br�/h� lX�gvs8 �br�pgpt*��heaxsz_mb�_`gvd)scd$X�]nX)�Lhegi]R_csE¤	[^] _`UGX)�nbesz_

_cUGgvs���bls��Ls�XDt gi]Åd�hlW*�Ggi]Lb�_`gphl] �)gi_`UÅbl]¾hl��_c�igpX�a*a`X�yzXEd$_`gphl] _`XDdmUG]GgvÍR�GX©gp]'hlamt�X�a�_`h£s`X�qeWjXE]R_�_`UGX
gpW
brqeX*gp]R_`h�_z��h9�vb5§lX�ams��|b9sz_mb�_`gvd*�pb5§eX�a�d$hlacacXEs`�Lhe]nt�gp]Gq©_ch9bÄs�_cb�_cgpdj�nbedmÑ;qlachl�G]nt£br]nt¡b�tG§R]LbrW gpd
�vb5§lXEaHd$hea`acXEs`�/hl]nt�gp]GqË_`h*W h� Rgp]Gq�he��yzXEd$_cs �
b���hlacX�qea`he�G]ntÜ¤	È�h���X� eX�aDols��LdmU-b�s�_`amb�_`XEql§*gps�qlXE]GX�ambr�p�i§
�Lbls`XEt�hl]Äa`he�G�ns�_)s�_cbr_`gvsz_cgpdEbr�ÜW X$_cUGh�tGs�bl�G�G�pgiXDt©_ch©bjs`gp]Gql�pX�a`hl_cb�_cgi]nqjdEbrW X�ambG¤
ÌÇgi_`UÅ_`UGXÄd�brW XEacbAd�hl]�¥Lql�Gamb�_cgihe]¡�/X�gp]Gq��ns�XDt¾UGXEa`X-_`UGXÄs�XEqlW X�]R_cbr_`gphl]'bl�iqehlacg¦_cUGW gvs�qea`XDb�_c�i§

s`gpWj�n�igi¥nXEt(¤�[^]nt�XEXEtÜo/W h� Rgp]Gq©he��yzXEd$_csÊbracX�t�X$_cXEdf_cXEtAbes�XE lX�]R_ms�gp]¢_`UGX*giW
blqlX�blscs`h;d�gpbr_`XDt9�)g¦_cU¢_`UGX
s�_cbr_`gvd*dEbrW X�ambG¤*T�UGXjdEbrW X�amb-d�hl�G�n�igp]Gq9br�p�ih���sÊ_`hÄ�GacXEt�gvdf_�_cUGX W blgi]�X� eX�]R_Ë�n]nt�X�a�gp]; lXDsz_cgiqRb�_`gphl]=o
_ch �G�pbed$XÊ_`UGX�s`XEd�hl]nt�d�blWjXEacbno�br]nt-_`h
blt�yz�nsz_)gi_cs)s`X$_`_`gp]GqesEoGs��LdmU-_cUnb�_�_`Ungps)XE lXE]e_�gvs)d$X�]R_cX�acXEt©�)gi_`U
acXEs`�/XEdf_*_`h�_`UGX9bld$_`gp lXÄd�brW XEacbAd�h;hlamt�gi]Lb�_`X-��acblW Xl¤¾T�UGX�acX$��hea`Xeo8b£W
b�yzhea*bet� �br]R_cblqlX-bes`s`h�d$gvb�_`XDt
�)gi_`UÄ_cUGgps)_z��hlkÀdEbrW X�amb�d�hl]�¥nqe�Gamb�_`gphl]�gps�_cUnb�_|bjachl�G�Lsz_�s�_cb�_cgps�_`gvd�bl�ÜW X$_`Unh;t¡°v¿�´C¬�®H¯c« ��¸�°·¯`«mµ�¤xT�Ungps
gvs��/XEs�_|s�UGh��)]Ähl] �	giqe�GacX��G¤
T�UGX
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hl�=¥n eX-+x�nd$�pgvt�XEbl]���ambrW XDs)br]nt���hl�na)a`gpqlgvt©_cacbl]ns���hlacW br_`gphl]ns��/X$_z��X�X�]Ä_cUGXEs`XË��acblWjXDs�oGs`X�X �	gpql�GacX�� �
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�
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
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
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
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