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" 0s�Ã=mqb3�vbE}��v§CaTb3oq^`tl�`m7^X�¬�vbc¶XbEb3w&�`}�tv�AtImqbE�´oqt´mqtv§��vbºoq^`x�m,Ânx�wX��tvz°�`}�tv¶�§�bEa�Ã®z±tv},x�w�m�o���w�r3bcoq^`b
§�x�w`bE�v},z±�`w�r�oqx�tvw��v§�actl�lb3§¦{mqb3b¥bI² uX²��  ¬¡N¢GÃ�� �v�N¢ Ã�� � %¬¢GÃ�� �1¢ Ã�� 9¬¢���w�� � �  �¢ß¯�Ã
z±��w�r;o�x�tIw���§��lx�mqr3}qx�acx�w��vw\o
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¶��ImpbN� z±�`w�r�oqx�tvw��v§
bNm�o�x�a.��oqtv}�mØmpbEb��  3��¢GÃ
�  N�¬¢
��w����  E�¬¢±¯;²
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x�w`�`�lo
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]�^`x�m�z±tv}�a�`§��.x�m�¶��ImpbN�Ktvw o�^`bT§�x�w`bE�v}sz±tI}qa
x 7→ w.x

²7³ ^`b3w
x = (g1, . . . , gs) ∈ Lp1(µ1) ×

. . .× Lps(µs)
ÃX�º§�x�w`bE�v}�z±tv}�a r3�vw�¶Ab�r�tIw�m�o�}q�Xr;oqbN�¥o�^���w�Ânm#o�t.x�w\o�b3uv}���§�mEÃIz±tI}+x�wXm�o���w�r3b �

(g1, . . . , gs) 7→
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l=1

∫
flgl dµl,

  N¯

¤+^�b3}�b
(f1, . . . , fs)
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��¼�� � �±��� À � ��� � z±�`w�r;o�x�tIw���§�w`bE�`}qtIwKtvw
E = Lp1(µ1) × . . .× Lps(µs)

x�m·�lb�¸Xw`bE� o�^���w�Ânmsoqt��
¸��nbN�K�vr�oqx��¬��oqx�tvw z±�`wXr;oqx�tvw

T
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R
oqt

R
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b
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N(g1, . . . , gs) = T
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∫
flgl dµl

)
.
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a��mpo�¶Abw`tIwK�XtI§�knw`tIacx��v§=��w��K�sx�bEac�vw`wKx�wIo�b3uI}��v¶`§�b,tIw´�.w`tIwl© �`b3uvbEw`b3}��1o�b

r3tvac���Ir;oCx�w\oqbE}q�1�v§\tvz
R
Ãv��}qtI�XbE}po�x�bNm=o�^��1o2�v}qb#tv¶n�nx�tI��mq§�k,m��1oqx�mp¸�bE�¶\k�XtI�`�`§���}W�vr�oqx��¬��oqx�tvwºz±�`w�r�oqx�tvw�m

mq��r�^ �vm
tanh

²
]�^`bKuIb3w`bE}��v§�x��3bN�¹¨Sª®| ��mqbE� x�w r3tv}�tv§�§��v}qk  ��mqbEm.§�x�w`bE�v}cz±tv}�acmcx�w

AV

��w��¹x�m.oq^`bE}qb3z±tv}�b �
z±��w�r;o�x�tIw���§#¨´ª®| ¤+x�oq^�¤°bEx�uI^Ioz±�`w�r;o�x�tIw�mr�^�tImqb3w0x�w

V
�´�lbEw�mqb�mp��¶�mpb3ot�z

Lq(µ)
²´�«w0�`}��vr;o�x�rE��§

mqx�oq����oqx�tvw®Ã£¤#b3x�uv^\o¦z±�`w�r;o�x�tIw�m,��}�bT}qbE�`}qbNmpbEw\oqbE�Koq^��vw`Âlm�o�t ����}���acb�o�}qx�r,z±��w�r;o�x�tIw�m.
F (w, .)

¯;².]�^`x�m
r3tvw�mpoq}���x�w\oc�`t\bNmcw`t�o.x�w\oq}�tn�`��r�bK��wnk0�`}�tv¶�§�bEa�Ã#�vmc§�tvw`u&�vmc¤#bKr�^`tntImqb������v}��vacb�oq}�x�r¥�`w`x��vbE}�m���§
�v�`�`}�t¬�lx�a.�1o�tv}�z±tI}

Lq(µ)
²¦]�^���w`Âlmsoqt�]�^�b3tv}�b3a  �tvzs�! �9¬¢GÃA¤#bºr3�vwK��mqb�z±tv}·x�wXm�o���w�r3b�tvw`b^`x����lb3w

§��¬kvbE}��Ab3}�r�bE�loq}�tvw�m#¶��ImpbN�.tvw��vr�oqx��¬��oqx�tvw�z±�`w�r;o�x�tIw
U
±xG² bI²�Ã

V = Sn
U

¯#�vm#§�tvw`uT�vm
U
x�m#acbE�vmq�`}���¶`§�bvÃ

¶Atv��w��lbE����wX��w`tIw�r3tvw�mpo��vwIo,{�Im
p > 1

Ã
q <∞

�vw���]�^`bEtv}�b3a  ,�����`§�x�bEm�¯;²�e�o�^`b3}�actl�lb3§�m+r3�vw�¶Ab
�XmpbN�� A°© mq�`§�x�w`bIÃ�¤��¬�vbE§�b3oEÃB"`tI�`}�x�bE}smpbE}qx�bEmEÃ`b�o�r�² ¯.¶`�`o�x�ac�`§�k�x�w uvbEw`b3}���§®�I�`�lx�oqx�tvw��v§®}�bEmpoq}�x�r�oqx�tvw�m�tIw
o�^`b�r�tIw�mqx��lbE}qbN�.z±�`wXr;oqx�tvwX��§=mq���vr3bv²

]�^`bc�`}�tnt�z�tvz°r�tI}qtI§�§���}�k  Tr3tv�`§��S¶Abcb��noqbEw��lbN�Koqt
p = 1

Ã
��w��´oq^`bE}qb3z±tv}�bvÃ£tvw�bºacx�uv^\o¦¤#tvwX�lb3}
¤+^nkKr�tI}qtI§�§���}�k��¥x�m·��mqb�z±�`§G²·�·m·�Atvx�w\oqbN�Ktv�lo¦x�w´oq^`bTx�w\o�}qtl�l��r�oqx�tvwKtvz�� �  ;¢ ÃAw�t

Sn
T

mpb3o·x�m·�lbEw�mqbx�w
L∞(µ)

²W]�^`bE}qb3z±tv}�bvÃvr3tv}�tv§�§��v}qk� sa.��x�w¥�vm�mp�`ac�lo�x�tIwK
V
x�m��lbEw�mqbsx�w

Lq(µ)
¯2rE��w`w�t�o2¶Ab·m��1oqx�mp¸�bE�T¶nk

¨Sª®|&¶��vmqbE�c�v�`�`}�t¬�nx�a.�1o�x�tIw®²=]�^`x�mW}�bE�l��r3bEmWuI}qbN�1o�§�k,o�^`b+x�wIo�b3}�bEmpo2t�z£r�tI}qtI§�§���}�k  �z±tv}
p = 1

²�]�^X�1o� m
¤+^nkSr3tv}�tv§�§��v}qkK��x�m7�Xmpb3z±�`§ ���Im7mp^`t1¤+wSz±tv},x�w�mpo���wXr�bc¶nkS]�^`b3tI}qbEa  ct�z·� ���1¢GÃ

Sn
U

rE��w�¶Xb.��mqbE�Soqt

�
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��}qt1�nx��lb�����`}qt¬�lx�a.�1oqx�tvw o�t�r3tvw\oqx�wn�`tv�Xmsz±�`wXr;oqx�tvwXm·tIw���r�tvac���Ir;o,mpb3oE²,]�^`bE}qb3z±tv}�bvÃAoq^`bcmqxyo����1o�x�tIw
z±tI}

p = 1
x�m �I��xyo�bºmqx�acx�§��v}soqt�oq^`bºtvw`boq^���o¦mpo��vw��`m�z±tv}

p > 1
ÃAb��`r3b3�lo·oq^���o·o�^`bacbE�Imp��}qb�^X�vm+o�t

¶Ab�r�tIac���vr�oq§�k�mp���`�XtI}po�bE�£²
]�^`x�m+acbE�vw�m�o�^��1o�¤+^�b3w

K
x�m��.r�tvac���Ir;osmq�`¶�mqb�ost�z2�

Lp(µ)
z±��w�r;o�x�tIw���§=mq���Ir�bvÃX��wnk.z±�`w�r�oqx�tvw

z±}�tva
C(K,R)

rE��w.¶Ab·�����`}qt¬�lx�a.�1oqbN��o�tº�,uIx��Ib3wc�`}�bEr3x�mqx�tIwc§�bE�vb3§X¶nkT�7z±��w�r;o�x�tIw���§V¨´ª®|5oq^���o���mqbEm
�º¸�w�xyo�b,w\��a¶Ab3}stvz
���v}��vaTb3oqbE}�m7±¶AbErE����mqb7§�x�w`bN��}�z±tv}�a.m+r3�vw�¶Ab�}�b3�`}�bEmqb3w\oqbN�.z±tI}+x�w�mpo��vw�r�b¦o�^���w`Âlm
o�tSwn�`acb3}�x�r3��§�¨´ª=|�m�¯�² 0�bNmp�`x�oqb�oq^�b�}��v�lx�r3�v§°r�^��vw`uvb�x�w0o�^`b�x�w`���locmq���Ir�b��`x�acb3wXmpx�tvw"±z±}qtIa

R
no�t���r3tvac���Ir;o·mq�`¶�mqb�o�tvz��cz±�`w�r�oqx�tvw��v§�mq���Ir�bN¯�ÃX¤#brE��wSmpoqx�§�§�b VbEr�oqx��vbE§�k ���`��}qt¬�lx�ac��oqb�r3tvw\oqx�wn�`tv��m

z±��w�r;o�x�tIw�m3²
� o�x�m��vbE}qk r�tvacactvw x�w " 0s�6oqt¹�Imqmq�`acbKo�^��1o m�o����lx�bE� z±�`wXr;oqx�tvwXm��v}qb´mqact\tvoq^®Ãsoq^���o�x�m��1o

§�bE�Im�o�r3tvw\oqx�wn�`tv��mE²T� z#¤#bctvw`§�kSr�tIw�mqx��lbE}�r�tIaT�X�vr;o,x�w`�`�lomq���Ir�bEm·z±tI}7oq^`t\mpbTz±�`w�r�oqx�tvw�mEÃ®o�^`b3x�}rE�vmqb
x�mcr�t1�Ib3}�bE�&¶nk5r�tI}qtI§�§���}�k  I²0�«w��lb3bN�£Ã�r3tvw\oqx�wn�`tv��mz±�`w�r�oqx�tvw�m {tv}cactv}�b�}�b3uv��§��v}�z±�`w�r�oqx�tvw�m�¯ºtvw��
r3tvac���Ir;o¦mq�`¶�mqb�o

Z
tvz

R
n
��}�btI¶n�\x�tv�Xmp§�k�bE§�bEacb3w\o�m·t�z

L∞(λ)
¤+^`bE}qb

λ
x�m�oq^`bT}�bEmpoq}�x�r�oqx�tvwKt�z�oq^`b

ª=b3¶AbEmquv�`bKacbN�vmq�`}qb o�t
Z
²h¨´tv}�b3t1�vbE}¥�0r�tIaT�X�vr;o�mp�`¶Xmpb3o

K
t�z��5mq���vr3bKt�z,}�b3uv��§��v}.z±�`w�r�oqx�tvw�m

Ør�tIw�mpx��lbE}qbN�S¤+x�oq^&o�^`b.�`w`x�z±tv}�a w`tI}qa¥¯¦x�m��Kr�tIac���vr�omp�`¶Xmpb3o�t�z
L∞(λ)

² ]�^`x�m,acbE��wXm¦oq^���oº��wnk
r3tvw\oqx�wn�`tv�Xm®z±�`wXr;oqx�tvwºz±}�tva

K
oqt

R
r3�vwº¶Ab+���`��}qt¬�lx�ac��oqbN�,¶nk��sz±�`wXr;oqx�tvwX��§`¨´ª=|��Im
§�tvw�u¦�Im

L1(λ)rE��w ��§�mptT¶Ab����`�`}�t¬�lx�a.��oqbE��ßo�^`x�m�r3��w ¶Ab��ltvw�b·o�^���w�Ânm#o�t
Sn

U

�! �9¬¢ß¯�²
(W�no�b3w�mqx�tIw¹tvz·�`}�tv�AtImqbE��r�tv}�tv§�§���}�x�bNm,oqt�a��§yo�x��`§�b z±�`w�r�oqx�tvw��v§�x�w`���lo�mcx�m.m�o�}��vx�uI^\opz±tv}�¤���}��£²&�«w

z{�Ir;oNÃvr�tI}qtI§�§���}�x�bNm=�v}qb°¶��vmqbE�tvwº�v�`�`}�t¬�lx�a.�1o�x�tIw�t�zX§�x�w`bE�v}�z±tv}�acm�tIw
X
o�^`b�x�w��`�lo2mp�X�vr�b#t�zAb��noqbEw��lbN�

w�b3�`}�tvw�mE²W³ ^`bEw
X = Lp1(µ1) × . . .× Lpr(µr)

ÃX�v�`�`}�t¬�nx�a.�1o�x�tIw�t�zCb3§�b3acbEwIo�m+t�z
X∗ x�m+tv¶`o���x�w`bN�o�^���w�Ânmsoqt��v�`�`}�t¬�lx�a.�1o�x�tIw�m�t�zWbE§�bEaTbEw\o�mstvz

(Lpi(µi))
∗ ÃA¶XbNr3���Xmpb�c§�x�w`bE�v}sz±tv}�a!tvw

X
x�m��.§�x�w�bE��}

r3tvaº¶`x�wX�1oqx�tvw�t�z=§�x�w`bE�v}°z±tI}qa.m#tvw
Lpi(µi)

ßo�^`x�m#z{�vr;o+¤��vm#��mqbE��oqtc�lb�¸Xw`b¦oq^`b¦z±�`w�r�oqx�tvw��v§£w`b3��}qtIwX¯;²

�  ����<=	�<®�
�+���°� ��/ ���������
	��������5���& ���+�,�C��	3���

����� � � � * � $�������� � �

�·m�b3�l�`§��vx�w�bE�Kx�w´o�^`bºx�w\oq}�tl�l��r;o�x�tIw®ÃVtv�`}¦uvt\��§
x�m�oqt�b��l�`§���x�wS�¥o���}�uvb3o��1��}�x��v¶`§�b
t ∈ R

o
o�^���w�Ânm�oqt

z±��w�r;o�x�tIw���§�tv¶XmpbE}q�1�1o�x�tIw�m
(g1, . . . , gs)

² A��Impx�r3�v§�§�kvÃW¤#b��Imqmq�`acb¥o�^��1ocoq^�b3}�b�x�mT�´z±�`w�r�oqx�tvw��v§#}�b3§��1©
o�x�tIw�mq^`x��0mq��r�^�oq^���o

t ' F (g1, . . . , gs)
�vw���¤°bco�}qk´oqtKactl�lb3§

F
o�^���w`Âlm¦o�t´��z±�`w�r;o�x�tIw���§°¨´ª®|C²

]�^X��w`Âlm#oqt.��w`x��Ib3}�mq�v§£���`�`}�t¬�lx�a.��oqx�tvw�}�bEmq�`§�o�m�uIx��Ib3w�x�w o�^`b,�`}�b3�nx�tI��m�mpbNr;o�x�tIw®Ã`¤#b,Â\w�t1¤ oq^X�1o���wnk
}�b3uI�`§���}

F
rE��w´¶Abc���`�`}�t¬�lx�a.��oqbE��¶nk´�.z±��w�r;o�x�tIw���§C¨´ª®|C²!�sbE�vbE}po�^`b3§�bEm�m3ÃV��wSx�ac�Atv}qo���w\o7�`}�tv¶`§�b3a

}�b3a.�vx�w�m��
F
x�m+tv¶n�nx�tv��mq§�kc�`w�Â\w�t1¤+w��vw�� �Tr3tv}�}qbNr;o+���`��}qt¬�lx�ac��oqx�tvw��Im#oqt.¶Ab,r�tvwXm�o�}q��r�oqbN�¥o�^���w`Âlm

o�t.�º§�x�aTx�oqbN� wn�`a¶Ab3}+tvz
b��`�vaT��§�bNm�t�z�oq^`x�m+a.���`��x�w`uX²

���(� � *��	�� 
� ��" ��+ ����� ! *� � ) � ��*��
� � ���+� � � � �v�5� À � �'+�Á
�l�N�
ª=b�o���m#w`t1¤ �lbNmqr3}qx�¶Xb·oq^�b·�`}�tv¶X��¶`x�§�x�mpoqx�r+z±}���acb3¤#tv}�Âºtvz=tv��}°�`}�tv¶�§�bEa�²W��§�§V}���w��ltIa �I�X��w\oqx�oqx�bEm#¤+x�§�§
¶Ab��lb�¸�w�bE�ºtvwº�·uvx��vbEw��`}�tv¶��v¶`x�§�x�o�k,mp���Ir�b

(Ω,A, P )
²�"`tI}=o�^`b+mq�vÂvb�tvzXmqx�ac�`§�x�r3xyo�kIÃ1¤°b�r�tIw�mqx��lbE}
tIw`§�k

o�^`b¥r3�Impbctvz��vw���w`x&�\�`bcz±��w�r;o�x�tIw���§2x�w`�`�`oE²�¨KtI}qbc�`}�bEr3x�mqb3§�kvÃ
¤°bca.��ÂIbToq^`b.z±tI§�§�t1¤+x�w`u ^\kn�At�o�^`bEmqx�m

Hb

¯ �

9
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 v²
Z
x�m+�Tr3tvac���Ir;osmp��¶�mpb3ost�z

R
u

�l²
(Gi, T i)i∈N

x�m+��w�xØ² xØ² �£²2mqb��\�`bEw�r�b¦t�z=}���wX�ltva b3§�b3acbEwIo�m�¤+xyo�^��1�v§��`bNm#x�w
C(Z,R)×R

o
{xØ² bv²�Ã

bE�Ir�^
Gi

x�m¦�¥acbE�Imp�`}���¶�§�b,z±��w�r;o�x�tIw´z±}�tva
Ω
oqt
C(Z,R)

r3tvw�mqx��`b3}�bE� ¤+x�oq^Sx�o�m A#tv}�b3§�mpx�uva.�
��§�uvbE¶`}��T��wX��bN�vr�^

T i x�m+�T}���w��`tva �IbEr;o�tv}�x�w
R

o Ã`��w���o�^`b�mpb �\�`b3w�r3b7x�m�xG² xG² �£² ¯
��kn�Xtvoq^`bNmpx�mCtvwºoq^`b+tI¶�mqb3}��vbE��z±�`w�r�oqx�tvw�mW�v}qb �\�`x�oqb+�lx�AbE}qbEwIoWz±}�tva oq^`t\mpb�t�zVr�tI}qtI§�§���}�x�bNm	 +�vw��T� �=tIw
o�^`btIw`b^X��w��

Hb

��}�bmpoq}�tvw`uIb3}�oq^��vwSr�tI}qtI§�§���}�x�bNm�^nk\�At�o�^`bEmqx�m·�Imso�^`b3kKr�tIw�mqx��lbE}�tIw`§�kKr3tvw\oqx�wn�`tv��m
z±��w�r;o�x�tIw�m2�lb3¸�w`bE�ctIw.�,r�tvac���Ir;o�mqb�oNÃvtvwTo�^`bst�o�^`b3}�^���w��ºo�^`b3kc��}�b�¤°bN��ÂvbE}W�vmWtI¶�mpbE}q�IbE�z±�`w�r�oqx�tvw�m
�`tTw�t�os¶Ab3§�tvw`uToqt.�cr�tIac���vr�o+mq�`¶�mqb�ostvz

C(Z,R)
²

� � ��� � ���l�1�'� ¼ �E� �Ø� � À Á ¼ +
³�b¦oq}�kcoqtTactn�`b3§Voq^�b·}�b3§��1o�x�tIw�mp^�x���¶Xb3o�¤°bEb3w

Gi �vw�� T i o�^���w`Âlm°oqtc�Tmp�AbEr3x��v§AÂnx�w���t�z=���v}��vacb�oq}�x�ractl�lbE§2{�c���v}��vaTb3oq}�x�r�z±�`w�r�oqx�tvw��v§=¨´ª=|°¯°oq^���os^��vm#o�^`b7z±tv§�§�t1¤+x�w`uºz±tv}�a �

H(w, g) = U

(
w0,

∫
F1 (w1, x) g(x)dµ(x), . . . ,

∫
Fk (wk , x) g(x)dµ(x)

)
,

G¡�¯

¤+^�b3}�b
w = (w0, w1, . . . , wk) ∈ W = W0 ×W1 × . . .×Wk

Ã\oq^�b
Fl

��}�b����v}��vacb�oq}�x�r�aTtl�lbE§�m#�vm°x�w
�X��}���acb�o�}qx�r�w�b3�`}�tvw�mEÃ

U
x�mW�¦}�b3uI�`§��v}�z±�`w�r;o�x�tIw.��w��

µ
�¦¸�w�xyo�b+�Xt\mpx�oqx��vb�A#tv}�b3§nacbE�Imp�`}�b7{�lb3¸�w`bE�TtIw

Z
¯;²W]�^`x�m2�X��}���acb�o�}qx�r#z±tv}�a x�m$�I��xyo�b�mpx�acx�§���}�oqt,o�^`b�tIw`bs�`}�tv�AtImqbE�cx�w.o�^`b�r�tIw\oqb��no�tvz
in§�x�r3b��«wn�vbE}�mqb

�sb3uv}�bEm�mqx�tIwº¶nk��  5%1¢G²�e·�`}2a.�vx�w.act�o�x��1��oqx�tvwc^`b3}�b+x�mWoqt��mpbs��uvb3w�b3}���§nz±tv}�a o�^��1o#r�t1�vbE}�m�z±��w�r;o�x�tIw���§
aº�`§�oqx�©G§��¬kvbE}��Ab3}�r�b3�`oq}�tvw�m�¤+xyo�^`tv�lo�a.��Ânx�w`u�o�t\tºa��r�^�^\kn�At�o�^`bEmqx�m°tvw¥oq^`bEx�}+��}�r�^`x�oqbNr;oq��}qb{wn�`a¶Ab3}
tvz
§��¬kvbE}�mEÃl�vr;o�x��1��oqx�tvw�z±�`w�r;o�x�tIw�mEÃ`§�x�w`bN��}�oqbE}qa.mEÃlb�o�r�² ¯;² "`tI}+x�wXm�o���w�r3bvÃ`x�z

U
x�m+�lb�¸�w�bE� �vm#z±tI§�§�t1¤sm �

U(w0, o1, . . . , ok) =

k∑

l=1

alT (bl + ol),
{�I¯

¤+x�oq^
w0 = (a1, b1, . . . , ak, bk)

Ãnoq^�b3w
H(w, g)

x�m#b��`�vr�oq§�kcoq^`b7tv�`oq�`�lostvz
�z±�`w�r;o�x�tIw���§£tIw`b¦^`x����lb3w
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∗) = 0

�v§�act\m�omq�`}�b3§�kv² �sactvw`u´oqbEr�^�w`x�rE��§2^nkn�At�oq^�bEmqx�mw`b3bN�lbE��o�tKb3w�mq�`}�b.oq^`x�m
}�bEmq�`§�oEÃ+¤#bS�v�����lo����ltvacx�w��1o�x�tIw ^nkn�At�oq^�bEmqx�m¥oqt0o�^`b´z±�`wXr;oqx�tvwX��§sz±}���acbE¤°tI}qÂµ±^nkn�Xtvoq^`bNmpx�m

Hd

¯ �
c(T i, H(Gi, w))

^��ImCoqt,¶Ab��ltIacx�w���oqbN�£Ãvx�wcoq^`b·mpbEw�mpb#o�^��1o2o�^`b3}�b+x�m2�7�Xt\mpx�oqx��vb�z±��w�r;o�x�tIw
cmax

z±}�tva
R

o
o�t

R
mq��r�^�o�^��1o �

 v²
∀w ∈ W, g ∈ C(Z,R)

�vw��
t ∈ R

o
Ã
c(t,H(g, w)) ≤ cmax(t)

�l²
E(cmax(T1)) <∞

"�tv}Tz±�`w�r�oqx�tvw��v§�¨´ª=|�ÃW^nkn�At�oq^�bEmqx�m
Hd

�v}qb �\�`xyo�b w��1o��`}��v§Ø² �«w��lbEbE�£Ã#^nkn�Xtvoq^`bNmpx�m
Hc

±�n¯a.�vÂvbEm
H(g, w)

¶XtI�`w��lbN�"��wX� oq^`bE}qb3z±tv}�bS�ltIaTx�w���oqx�tvw o��`}qwXm�x�w\oqt ��w ^nkn�Xtvoq^`bNmpx�m�tvw
T1

��w��
c
² "`tv}

x�w�mpo��vw�r�b·xyz
c
x�m�oq^�b (2�Xr�§�x��lbN��w��lx�mpo��vw�r�b¦x�w

R
o Ãno�^`b3w��ltvacx�w��1o�x�tIw¥x�m°tv¶`o���x�w`bN�¥x�z T1

^��Im°�TmpbNr�tIw��
tI}��`b3}�actvacb3w\oE²

d°tIaT�X��}�bE�&o�t´oq^�b�wn�`acb3}�x�r3��§#r3�ImpbIÃW¤°b�^��¬�vb.o�¤#t��I�`�lx�oqx�tvw��v§°�lx��¥r��`§�oqx�bEmTx�w5o�^`b�z±��w�r;o�x�tIw���§
z±}���acbE¤°tI}qÂ��£¤#b��v}qb#¤#tv}�Â\x�w`u¦¤+xyo�^c}��vw��ltva'bE§�bEacb3w\o�mC¤+x�oq^c�1��§��`bEmCx�wc��z±��w�r;o�x�tIw���§�mq���Ir�bvÃ1¤+^�b3}�bE�vm
� �I�¬¢l�Imqmq�`acbEm
o�^��1oWtv¶XmpbE}q�1�1o�x�tIw�m®¶Ab3§�tvw�u�o�t7��¸�w`x�oqb+�lx�acb3w�mqx�tvw��v§nmq���Ir�b �1actI}qbEt1�vb3}NÃN�XbE}pz±bNr;oWÂnw`t1¤+§y©
bN�luvb#t�zXtv¶�mqb3}��vbN�7z±�`w�r�oqx�tvw�mCx�mCmpbE§��ltIahoq^`b+rE�vmqb#�vw���¤#b�^��¬�vb�oqt·o���ÂIb°x�w\oqt7�vrEr�tv��wIo�oq^X�1oCz±�`w�r�oqx�tvw�m
�v}qb¦acbE�Imp�`}�bE���1os�T¸�w�xyo�b,w\��a¶Ab3}+t�z�tv¶�mqb3}��1�1o�x�tIw��Atvx�w\o�mE²

� � ���!� � � � �v�5� À � À ��� ¼ ��*`�`�5� À � �
�«w7�`}��vr�oqx�r3�v§vmpx�oq�X�1oqx�tvwXm3ÃEbE�vr�^7tI¶�mpbE}q�IbE��z±�`w�r�oqx�tvw,x�m®�lbEm�r�}�x�¶XbN�·¶nk¦�#¸�w`x�oqb2wn�`aº¶XbE}®t�znx�w��`�lo  1tv�lo��`�lo
�X��x�}�mEÃ1mp��r�^T�vm

(xj , g(xj))j∈{1,...,m}

²
³�b�r�^`tntImqb2o�^`b�z±tI§�§�t1¤+x�w`u�a.�1o�^`b3a.��oqx�r3��§\actl�lb3§£±^nkn�At�oq^�bEmqx�m
He

¯ �
 v²

(X i
j)i∈N j∈N

x�mc��mqb��\�`bEw�r�b�t�z�x�w��lbE�XbEw��lbEwIo¥mqb��\�`bEw�r�bNmºtvz�}���w��ltIa �1��}�x��v¶`§�bNmº�`b�¸�w`bN�5tIw
(Ω,A, P )

��w���¤+x�oq^ �1��§��`bEm�x�w
Z
²

�l²+�s§�§
X i

j

��}�b�x��lb3w\o�x�rE��§�§�k��lx�mpoq}�x�¶`�`oqbE�T��wX�,oq^�b°x�w��l��r3bE�º�`}�tv¶��v¶`x�§�x�o�k¦acbN�vmq�`}qb°tvw
Z
x�m
µ = PX

²
�`²

(E i
j)i∈N j∈N

x�m��0mpb �I��b3w�r3bKt�z,x�wX�lb3�Ab3w��`b3w\o�mqb��\�`b3wXr�bEm¥t�z7}��vw��ltva �1��}�x��v¶`§�bNm.�lb�¸Xw`bE� tIw
(Ω,A, P )

��w���¤+x�oq^ �1��§��`bEm�x�w
R
²

��²�"`tI}s��§�§
i
Ã
(E i

j)j∈N

��wX�
(X i

j)j∈N

��}�b¦x�w��lbE�XbEw��lbEwIoN²
�l²
E
(
E i

j

)
= 0

�vw��
E
(∣∣E i

j

∣∣q) < ∞
Ã¦¤+^`bE}qb

q
x�m�o�^`b0r�tvw�~��`uI��oqbSb3�l�XtIw`b3w\o�oqt

p
��mqbE�"x�w

^nk\�At�o�^`bEmqx�m
Hc

Ø�1© rN¯;²
"�tv}�bE�Ir�^

i
Ãnoq^`b,mqb��\�`bEw�r�b

(X i
j)j∈N

r�tI}q}�bEmq�Atvw��`m2oqtctv¶XmpbE}q�1�1o�x�tIw¥�Atvx�wIo�m°z±tv}#oq^`b¦z±�`wXr;oqx�tvw
Gi ��wX�

o�^`b·mqb��\�`bEw�r�b
(E i

j)j∈N

r�tv}�}�bEmq�XtIw��`mWo�tacbE�Imp��}qbEaTbEw\o�b3}�}qtI}�mWz±tv}2o�^`bEmqb�tI¶�mqb3}��¬��oqx�tvw.�Atvx�w\o�mE²C¨´tv}�b
��}qbNr�x�mpbE§�kIÃlxyz

gi
Ã
xi

j

�vw��
εi

j

��}�b7}qbNmp�AbEr�oqx��vbE§�k¥}�bE�v§�x��E��oqx�tvw�m#tvz
Gi
Ã
X i

j

�vw��
E i

j

Ã`¤°b��Imqmq�`acb¦oq^���os¤°b
tI¶�mqb3}��vb#oq^`b·mpb �I��b3w�r3b �

yi
j = gi(xi

j)+εi
j

²W¨KtI}qbEt1�vb3}NÃ¬¤°b·�vm�mp�`acb�o�^��1o�¤#b+Ânw`t1¤ tvw`§�ko�^`b
mi

¸�}�m�o
�1�v§��`bNm�t�z
oq^`x�msmqb��\�`b3wXr�bv²

��k\�At�o�^`bEmqx�m
He

��}�b.w���oq�`}���§2x�w0o�^`x�mz±}���acb3¤#tv}�ÂVÃ=bEmq�AbEr�x���§�§�kSx�w��lb3�Ab3wX�lb3w�r3bv²S]�^�b¥a.��x�w5^nkI©
�At�o�^`bEmqx�m,x�m

He

G�v¯;Ã�¤+^`x�r�^0mq�¬klm¦oq^X�1o,oq^�b¥¤#�¬kStv¶�mqb3}��1�1oqx�tvw��Atvx�wIo�m���}�bc}��vw��ltIaT§�kSr�^`t\mpbEw {xØ² bv²�Ã

 N�



� ��� ��� � ��� � ��� � � � ������� � � ��� � ���
��� � ������� � �!������� � � � � ��0� � �
	i� �����

PX

¯ºr3tv}�}qbNmp�AtvwX�`m,o�t�o�^`b�¤#�¬k0x�w\oqb3uI}��v§�mº��}�b�rE��§�r��`§��1o�bE� 
µ
¯;² e·w �vw�x�wIo��`x�oqx��vb��XtIx�w\o.t�z��nx�b3¤,Ã

o�^`x�m°acbN��w�m°oq^X�1o+¤+^`b3w���w�x�w`���lo�z±�`w�r;o�x�tIw�x�m#a.�1o�r�^�bE�.o�tz±��w�r;o�x�tIw���§£¤#b3x�uv^\o�m�oq^X��w`Âlm°oqtTx�w\o�b3uv}���§
rE��§�r��`§��1o�x�tIw®Ã���}qtI¶���¶`§�b�tI¶�mpbE}q�1��oqx�tvwK�Atvx�wIo�ms^��¬�Ib�actv}�b�¤#b3x�uv^\osoq^X�1o7§�bNmqm��`}qtI¶���¶�§�b�tIw`bEmE²�]�^`x�m·x�m
�\�`x�oqb,wX�1oq��}��v§Ø²

�·m7z±�`w�r�oqx�tvw�mº��}�bTtIw`§�k´Ânw`t1¤+w�oq^��vw`Âlm¦oqtKtv¶XmpbE}q�1�1o�x�tIw�mEÃ®¤°b¥rE��w`w�t�o�r�tIaT���loqb¥�vw\knactv}�bToq^`b
x�w\oqbEuv}���§�m�¤+^`x�r�^���}�b��v�`�`}�t¬�lx�a.�1o�bE��o�^���w`Âlmoqt�b3ac�`x�}qx�r3�v§°acbE�vw�mE²�¨KtI}qb��`}�bEr�x�mqb3§�kvÃW¤#b�}�b3�`§��vr3b
∫
Fl (wl, x) g

i(x)dµ(x)
¶nk��

1

mi

mi∑

j=1

Fl(wl, x
i
j)y

i
j .

   N¯

]�^�b3}�b�z±tv}�bvÃ\o�^`b,b3ac�`x�}qx�r3�v§£b3}�}qtI}
λ̂n(w)

uvx��vbEw�x�w b��\���1o�x�tIw  N�x�ms�v�`�`}�t¬�nx�a.�1o�bE�¥¶nk.o�^`b7z±tv§�§�t1¤+x�w`u
bEac�`x�}�x�r3��§£bE}q}�tv} �

λm
n (w) =

1

n

n∑

i=1

c


ti, U


wo,

1

mi

mi∑

j=1

F1(w1, x
i
j)y

i
j , . . . ,

1

mi

mi∑

j=1

Fk(wk , x
i
j)y

i
j




 ,

  N�v¯

¤+^�b3}�b
ti
x�ms�T}�bE��§�x��E�1o�x�tIw�tvz

T i
�vw��

m = inf1≤i≤nm
i
²

]�^`x�mcb3ac�`x�}�x�rE��§+b3}�}�tv}NÃ2¤+^`x�r�^¹x�mc¶��vmqbE�¹tvw�¸�w`x�oqbKwn�`aº¶XbE}.t�z·wn�`acbE}qx�r3�v§+�¬�v§���bEmEÃ�x�mcbE�vmqk&oqt
bE�1��§����1o�b�x�w��`}��vr�oqx�r�b·�vw��¥rE��w�¶Ab¦��mpbN�coqtTtv¶`o���x�w¥bEaT��x�}�x�rE��§Atv�lo�x�a.�v§A�X��}���acb�o�b3}�m3Ã

wm
n

²2e·��}°uItI��§
x�m�o�tcmq^`t1¤"oq^���o

wm
n

x�ms�cr�tIw�mpx�mpoqb3w\osbNm�o�x�a.�1o�tv}+tvz���w tI�loqx�a.��§®���v}��vacb�oqbE}��vbEr�oqtI}EÃlxG² bI²�r�tIwn�vb3}�uvbNm
o�t
W ∗ ²

����� � ����+ ��+ �')������

d°tIw�mqx�mpoqbEw�r�k¹t�z7oq^`b��`}�tv�AtImqbE� bEmpoqx�a.�1oqx�tvw tvz,tv�lo�x�a.��§·����}���acb3oqb3}�m.x�m¥uIx��Ib3w ¶nk�o�^`b´z±tI§�§�t1¤+x�w�u
o�^`b3tI}qbEa �
� < ¼nÀ � ¼ � ���
	�-JIf%G;�LAEF2	3C'1L0%646/d4

Hb a Hc a Hd
)�-
I

He a,b %TL	)�8�% P e )�=]>?3546'^46@A;<%G=oE��

lim
n→∞

lim
m→∞

d(wm
n ,W

∗) = 0.
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A(g)
x�m,tI¶lo��vx�w�bE��oq^��vw`Âlm,o�t´��oq}��`w�r3��oqbN��¶X�vmqx�m,b3�l����w�mqx�tvw®Ã�� �vb3}�k

r3tvacactvwS�v�`�`}�tI�Ir�^�x�w " 0s� oq^�tv}�tv�`uI^`§�k�x�§�§���mpoq}��1oqbN�Kx�w�� � %¬¢W��w��Sactv}�b�}qbNr�bEwIo�§�k x�w�� �1¢ ² "�x�}�mpo·tvz
�v§�§GÃ£¤#bºw`bEbE�´oqt �vm�mp�`acbºoq^���o7mpoq�X�lx�bN�´z±��w�r;o�x�tIw�m7¶XbE§�tIw`u¥o�t

L2(µ)
²³�b.r�^`tImqbº��z±}qbEbTmqklm�o�b3a tvz

L2(µ)
Ã
(φi)1≤i≤p

²W]�^`bEwcbE�vr�^T§�x�mpoWt�zVtv¶�mqb3}��1�1oqx�tvwXm
(xj , g(xj)+εj)j∈{1,...,m}

x�mC}�b3�`§��vr3bE�º¶nk
A(g)o�^`bT�`}qtv~�bEr�oqx�tvwKt�z

g
tIwKoq^`bT�vbNr;o�tv}�x��v§
mq���vr3bºmq����w`w�bE�K¶nk

φ1, . . . , φp

Ã£�lb3w`tvoqbN�
span(Φp)

²e·wS�
��}��Ir;oqx�r3�v§V�XtIx�w\ost�z��nx�bE¤,Ã`¤°b,mqx�ac�`§�k�rE��§�r��`§��1o�b7w\��aTbE}qx�r3�v§V����}���acb�o�b3}�m

αi(g)
oq^���o�acx�w`x�aTx��3b

m∑

j=1

(
g(xj) + εj −

p∑

i=1

αi(g)φi(xj)

)2

.

]�^�x�m¥�v�`�`}�tI�Ir�^¹^��Imco�¤#t&�I�l�1��w\o��vuvbNmct1�vb3}co�^`bKuvbEw`b3}���§+w�tvw §�x�w`bN��}.}�b3�`}�bEmqb3w\o��1oqx�tvw¹oqbNr�^`w`x��\�`bv²
"�x�}�mpo7xyo,x�m�z{�Im�o�b3},�vm

αi(g)
x�m7tI¶lo��vx�w`bN�´�Ib3}�k�b �¥r�x�b3w\oq§�k oq^��vw`Âlm·oqt mptIaTbcmqx�ac�`§�bº§�x�w`bE�v}7�v§�uIb3¶`}��`²

ilbEr�tIw�� x�o¦r3�vwK§�bN�v��o�t��¥mqx�ac�`§�xyz±k w`bE�`}���§=actl�lbE§Ø²+�«w��`b3bE�´¤°brE��w´mq�`¶`acx�o�oq^�bwn�`acb3}�x�rE��§®�IbEr�oqtv}
o�^��1o#}qbE�`}�bEmqb3w\o�m2��z±�`w�r�oqx�tvwS

(αi(g))1≤i≤p

oqtT�,wn�`acb3}�x�rE��§X¨Sª®| {b3�Ib3w.x�z®oq^`b·tv¶�mqb3}��1�1o�x�tIwT�Atvx�w\o�m
�`b3�Ab3w���tvw�oq^�b7z±�`w�r;o�x�tIw®Ã`¶AbErE����mqb

p
x�m#o�^`b�mq�vacb·z±tI}s��§�§£z±�`w�r�oqx�tvw�m�¯;²

e·w �ºoq^`bEtv}�b�oqx�r3�v§£�XtIx�w\o+t�z��nx�bE¤,Ãnoq^`x�msmqtv§��loqx�tvw�x�m�x�w�z{�vr�o+�T���v}po�x�r3�`§���}+r3�Impb¦t�z�tv�`}s�v�`�`}�tI�vr�^=²
�«wX�lb3bN� tv�`}��v�`�`}�tI�Ir�^�x�ms¶��ImpbN� tvw´rE��§�r��`§��1o�x�w`u¥�vwK���`�`}�t¬�lx�a.��oqx�tvw t�z ∫

fgdµ
²��«w

L2(µ)
ÃXoq^`x�msx�m

o�^`b,mqrE��§���}��`}�tl�l��r;oN²Wª®b�os�Xm+r�tvwXmpx��lb3}#o�^`b,mp�AbEr3x��v§®r3�vmqb¦¤+^`b3}�b7¤°b,r�tIw�mpoq}���x�wIo#¤°bEx�uI^\o#z±��w�r;o�x�tIw�m
fo�tc¶XbE§�tIw`uToqt

span(Φp)
Ã�xØ² bv²�Ã

f =
∑p

i=1 βi(f)φi

²W³�b,^X�¬�vb¦tv¶n�nx�tI��mp§�k

∫
fgdµ =

p∑

i=1

βi(f)

∫
gφidµ.

� z¥¤#b�Ânw`bE¤ oq^�b�}�bE��§T�`}�t�~�bNr;oqx�tvw'tvz
g
tIw

span(Φp)
Ã

Π(g)
Ãº¤#b�¤#tv�`§��'¶Ab �v¶`§�b5oqt }qbE�`§��vr�b

∫
gφidµ

¶nk ∫
Π(g)φidµ

² ]�^`x�m�x�m�w`tvo�o�^`b&r3�vmqbvÃ·¶`�lo ¤°b&r3�vw"mpoqx�§�§��Imqmq�`acb´o�^��1o ∫
gφidµ

x�m
�v�`�`}�t¬�lx�a.�1o�b3§�k b��\����§�o�t ∑p

j=1 αj(g)
∫
φjφidµ

²º]�^`bE}qb3z±tv}�b ∫
fgdµ

x�m7�����`}qt¬�lx�a.�1oqbE§�k b �I�X��§�oqt
∑p

i=1

∑p

j=1 βi(f)αj(g)
∫
φjφidµ

²Cª®b3o
��m��lb3w�t�oqb
M
oq^`b#a.�1oq}�x��

Mij =
∫
φiφjdµ

²
�·m
(φi)1≤i≤px�m+�ºz±}qbEb�mpklmpoqbEa�Ã

M
x�m��z±��§�§®}���w�Â¥a.�1oq}�x��V²C� zC¤°b,�lbEw`t�o�b

γ(f) = Mβ(f)
Ã`¤°b7^��¬�Ib

∫
fgdµ '

p∑

j=1

γj(f)αj(g).

 N�



� � ��� � � � � � �
���

¨´tv}�b3t1�vbE}EÃ\uvx��vbEw��T�vbNr;o�tv}+t�zCr�tnb �¥r3x�bEwIo�m
c
Ã`¤#b,r3��w �lb3¸�w`b��ºz±�`w�r�oqx�tvw

t
¶nk

t =

p∑

i=1

diφi,

¤+x�oq^
d = M−1c

mq��r�^�oq^���o
∫
tgdµ '

p∑

j=1

γj(t)αj(g) =

p∑

j=1

cjαj(g).

]�^�b3}�b�z±tv}�bvÃ1�·§�x�w`bN��}Wr�tIa¶`x�w��1o�x�tIw�t�zXoq^`b,Ø���`�`}�t¬�lx�a.��oqbN¯=r�tntv}��lx�w��1o�bEm
t�z
g
tIw
span(Φp)

ÃIx�mC�v§�¤��¬klm
�v�`�`}�t¬�lx�a.�1o�b3§�k�b �I�X��§�oqt�oq^`bcmqrE��§���}·�`}qtl�l�Xr;o7t�z

g
¤+xyo�^���¤°bE§�§Cr�^`tImqb3wS¤°bEx�uI^Io·z±�`w�r�oqx�tvw

f
²e·�`}

acb3oq^`tl�´�v�`�`}�t¬�nx�a.�1o�bEm ∫
fgdµ

¶nk��vw`t�o�^`b3}�z±tv}�a�`§��`²�� o¦x�mstI¶\�nx�tv��msoq^���o�z±tI}�o�^`b§�x�acx�o7rE�vmqbvÃX¤°b
bEw����`� ¤+xyo�^Kx��`b3w\oqx�r3�v§®�1��§��`bEm+�vw���oq^`bE}qb3z±tv}�b·o�^��1ostI�`}��v�`�`}�tI�vr�^�r�tIwIo���x�w�m+�vm+�.mq�AbEr�x���§®rE�vmqb7oq^`b
}�b3��}qbNmpbEwIo��1o�x�tIw�¶��ImpbN� ���`�`}�tI�Ir�^®²°�·msx�w oq^`b�`}qbE�nx�tI��msmqbEr;o�x�tIw®Ã`o�^`x�msacx�uI^\o�¶Xbb3�vbEwKr�§�bE��}�b3}+¤+x�oq^
�ºmpx�ac�`§�b·tIw`b·^�x��`�`b3w�§��¬kvbE}��Ab3}�r�bE�loq}�tvw�¤+xyo�^���w��`w`x��\�`b·}�bE�v§XtI�loq���loE²W]�^`b¦}qbE�`}�bEmqb3w\o���oqx�tvw¥¶��ImpbN�
�v�`�`}�tI�Ir�^¥a.����m

g
o�t

V (g) =

k∑

i=1

aiT

(
bi +

p∑

l=1

cilαl(g)

)
,

  N�v¯

¤+^�b3}�bE�vm#tI�`}+actn�`b3§®uIx��IbEm

H(g) =

k∑

i=1

aiT


bi +

1

m

m∑

j=1

(g(xj) + εj)

(
p∑

l=1

di
lφl(xj)

)
 .

  5%I¯

�+rEr�tI}��lx�w`u�o�tsoq^�b°�`}�b3�nx�tv��m
�lx�mqr3��mqmqx�tvw®ÃEoqt·tv¶lo���x�w�w`bE�v}q§�k¦x��lbEw\oqx�r3��§\�1��§��`bEmEÃ¬¤°b=~���mpo
^��¬�IbWoqt¦r�^`tntImqb
d
mq��r�^¥o�^��1o

di = M−1ci
Ã\z±tI}#�v§�§

i
²2e�z�r�tv��}�mqbvÃItvw��w\��aTbE}qx�r3�v§X�Atvx�w\o°tvz=�nx�bE¤,ÃI}�bEmq�`§�o�m°aTx�uv^\o�¶Xb

mq§�x�uI^Io�§�k.�lx�Vb3}�b3w\o¦Ø�vm°¤+x�§�§V¶Xb¦x�§�§���m�o�}���oqbN�.x�w�oq^`b·z±tv§�§�t1¤+x�w`uTmpbNr;o�x�tIwX¯;Ã\¶`�lo�oq^�bsoq}��`w�rE�1o�bE�¥¶X�vmqx�m#���l©
��}qt\�vr�^rE��wºmpoqx�§�§\¶Ab+r�tIw�mpx��lbE}qbN���vmC�¦�lx�Vb3}�b3w\oWx�aT��§�bEaTbEw\o��1o�x�tIwtvzX�·mq�AbEr�x���§lrE�vmqb°tvz�tv�`}W�v�`�`}�tI�vr�^=²
¨´tv}�bºmqtv�`^`x�mpoqx�r3�1o�bE� o�}q��w�r3��oqbE�´¶��vmqx�m¦�����`}qt\�vr�^`bNm3ÃAx�w\�Itv§��nx�w`u¥z±tv}¦x�w�mpo��vw�r�bc�¥}�tv��uv^`w`bNmqm��XbEw���§�o�k
�Im2x�wK� �1¢GÃn�lbE����}qo�actv}�b+z±}�tva oq^`b¦mptI§��lo�x�tIw.�`}�tv�AtImqbE�c^`bE}qb��vw��.mq^`tv�`§��c¶Ab·mpoq���lx�bE�¥x�w��`b3�Ab3w��lbEw\oq§�kv²

� � �.$����C	 � �+�º�
<

����� � � � * � $�������� � �  #��$ ) �[� )�* ��� )�� �' #" + ) � �������

�«w�o�^`b��`}�bEmqb3w\osmpbNr;o�x�tIw®Ã`¤#b,x�§�§��Xm�o�}���oqb7oq^�b,�`}qtI�Xt\mpbN���v�`�`}�tI�Ir�^�tIw�o�¤#t¥mp���XbE}q�nx�mpbN��r3§��Imqmqxy¸Ar3�1o�x�tIw
b3�l�XbE}qx�acb3w\o�mE²�]�^`b¸�}�mpo¦���1o��Impb3oEÃAm�o����lx�bE�´x�wSmqbEr�oqx�tvw %`² �lÃVr�tIw�mqx�mpo�m�x�wKo�^`b�o�}��I�lx�oqx�tvw��v§=¤��¬�vb�z±tI}qa
���1o��ºx�wIo�}qtl�l�Xr�bE��x�w��ê¡N¢ ²W�«w�o�^`x�m+mqknw\oq^`b3oqx�r�b3�l�vac�`§�bIÃnoq^`b7uItI��§Ax�m#oqt.r�§��vm�mpx�z±k.b��`�vaT��§�bNm°x�w\oqtºoq^`}�b3b
r3§��ImqmqbEmE².]�^`b¥mqbEr�tIw����`�1o��vmqb�oEÃ�m�o����lx�bE��x�w5mpbNr;oqx�tvw %`² �`Ã
r�tvwXmpx�m�o�m7x�w5��}�bE�v§W¤°tI}q§���mq�AbEr;o�}qtIacb�oq}�x�r
��}qtI¶`§�bEa:x�w�¤+^`x�r�^Sw`bN��}¦x�wlz±}���}�bE����¶�mqtv}�¶��vw�r�bmq�AbEr;o�}�����}�b��mqbE�Soqt�}�bEr�tIuvw`x��3b^`x�uI^´z{��o,�vw��´§�t1¤
z{��osacbE�1osm���ac�`§�bEmE²
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A#t�o�^5�`�1o��vmqb�o�m7^��¬�vb.¶Ab3bEw0��mpbN��x�w �  N�N¢°oqtKx�§�§���mpoq}��1o�bcoq^`b¥b �¥r�x�b3w�r3k�tvz°o�^`b¥w`tIwl©G�X��}���acb�o�}qx�r
z±��w�r;o�x�tIw���§�ÂvbE}qw`bE§
¶X�vmqbE� actl�lb3§C�`}�tv�AtImqbE� x�w´o�^`bºr3tv}�}qbNmp�Atvw��`x�w`u������Ab3}c{�vw��´��§�mqt¥x�w¹�! E�1¢±¯;²7³�b
¤+x�§�§�oq^`bE}qb3z±tv}�b�r�tIac����}�b�}�bEmq�`§�o�mTtv¶lo���x�w`bE��oq^X��w`Âlmºoqt�w`b3��}qtIw���§+�����`}qt\�vr�^`bNm,o�tSz±�`wXr;oqx�tvwX��§s��wX�
r3§��Imqmqx�r3��§Wacb3oq^`tl�`m,�XmpbN�&x�w �  N�N¢ ²�]�^�tImqb.aTb3oq^`tl�`mx�wXr�§����lb.o�^`b���¶At1�vbcacb3w\o�x�tIw`bE��ÂvbE}qw�b3§2¶��ImpbN�
actl�lbE§®�vm�¤#b3§�§=�vm#o�^`b,§�x�w`bN��}�actn�`b3§GÃ`|W��}qoqx���§®ª®bN�vmpo�i �\����}�b¦�sb3uv}�bEm�mqx�tIw®Ã�d#���C]7Ã`b�o�r�²

³�bc^��¬�vbTr�tvwXmpx��lb3}�bE�´oq^`}�b3bT�1��}�x���oqx�tvw�m·t�z�oq^`b.¨K�`§�oqx2ª
�¬kvbE}·|Cb3}�r�bE�loq}�tvw �soq^�bTr3§��Imqmqx�rE��§C¨´ª®|
�v�`�`§�x�bN� oqt�}��¬¤ �`��o��`Ã�o�^`b´z±��w�r;o�x�tIw���§7���`��}qt\�vr�^ �`}�bEmqb3w\oqbN� x�w"oq^`x�m��X���Ab3}��vw�� o�^`b��v§yo�b3}�w��1o�b
x�ac�`§�b3acb3w\o���oqx�tvw tvz¦o�^`b´z±��w�r;o�x�tIw���§¦���`�`}�tI�Ir�^¹¶X�vmqbE� tvw ��}qtv~�bEr;o�x�tIw tvw � A°©«mp�`§�x�w`b´¶��Impx�m´{mqb3b
mqbEr�oqx�tvwK�l² �v¯�²

�«w0��§�§Wtv��},b��l�XbE}qx�acb3w\o�mEÃ=¤#bc^��¬�vbT��mqbE�&� r�tIw1~��`uI��oqbcuv}��v�`x�bEwIo¦oq}���x�w`x�w`uK��§�uvtI}qx�oq^`a Ã®¤+x�oq^  N�
�`x�Vb3}�b3w\o�}���w��`tva x�w`x�oqx���§�x��N�1o�x�tIw�m3²+]
t¥�¬�vtIx���t1�vbE}p©G¸`oqoqx�w`u�Ã`¤#b,��mqbE�K�.¤#b3x�uv^\o��lbNr3�¬k��XbEw���§�x��N�1o�x�tIw
o�b3}�a ²
]
t¦mqb3§�bEr�o�¶At�o�^�oq^�b��v}�r�^�xyo�bEr;o��`}�b�t�z�oq^`b�¨´ª®|&��wX�,oq^�b°�1��§��`b#t�z`o�^`b#¤°bEx�uI^IoW�lbNr3�¬k,r�tIw�m�o���w\oEÃ
¤#b#^��¬�vb2�XmpbN�

k
©Gz±tv§��r3}qt\mqmp©G�1�v§�x��`�1o�x�tIw¥±¤+x�oq^

k = 5
¯;² "�x�wX��§�§�kIÃ1�XbE}pz±tI}qa.��wXr�bEm
t�z�oq^`b�mpbE§�bNr;o�bE�¨Sª®|

^X�¬�vb¦¶XbEb3w b3�1��§�����oqbE��tvwK�ºoqbNm�o�m���ac�`§�bv²

���(� � * )����  #� �  q��)	+
=�� ���+� 2 +Ø�`�N�5� � �I�l�5� À � � ¼ ����+±�N�
³�b°mpo��v}po�tv�`}
b��l�Ab3}�x�acb3w\o�m=¤+x�oq^mqknw\oq^`b3oqx�r��`��o��`Ã1actI}qb2��}qbNr�x�mpbE§�k¦¤+xyo�^¤��¬�vb3z±tv}�a �`��o��+x�w\oq}�tn�`��r�bN�
x�w �ê¡N¢ ² ]�^`x�m x�m���oq^�}qbEb�©«r�§��vm�m¥�`}�tv¶`§�b3a)x�wµ¤+^`x�r�^ bE�Ir�^ r�§��vm�m�x�m�tv¶`o���x�w`bN� oq^X��w`Âlm�oqt r�tIw\�Ib��
r3tvaº¶`x�wX�1oqx�tvw7tvzloq^`}�b3b�mq^`x�zßoqbN�,oq}�x���w`uI�`§��v}®¤��¬�vb�z±tI}qa.mE²£]�^`b�uIb3w`bE}���oqx�w`u+¤#�¬�Ib�z±tI}qa.m£��}�b�r3tvw\oqx�wn�`tv��m
r3�`}��vbEm��lb3¸�w`bN��tIw

[1, 21]
¶nk��

h1(t) = max(6 − |t− 11|, 0),
  ¬¡�¯

h2(t) = h1(t− 4),
  N�I¯

h3(t) = h1(t+ 4).
  �9I¯

"��`w�r�oqx�tvw�m�o�t.r�§��vm�mpx�z±k¥^��¬�Ib�o�^`b7z±tv§�§�t1¤+x�w`ucuvbEw`b3}���§Az±tI}qa.m��

x(t) = uh1(t) + (1 − u)h2(t)
z±tI}sr�§��vm�m  vÃ Ø�v�I¯

x(t) = uh1(t) + (1 − u)h3(t)
z±tI}sr�§��vm�ms�lÃ Ø�B N¯

x(t) = uh2(t) + (1 − u)h3(t)
z±tI}sr�§��vm�m+�`Ã Ø�I�v¯

¤+^�b3}�b
u ∈]0, 1[

²´�«w �ê¡N¢�bE�vr�^&z±��w�r;o�x�tIw5x�moq}���wXm�z±tI}qacbE�&x�w\oqtS�S�vbNr;oqtI},z±}�tva
R

21 oq^X��w`Âlm,o�t��vw��w`xyz±tI}qa mq�vac�`§�x�w`u0tIw
[1, 21]

²µ�sw x�w��lb3�Ab3wX�lb3w\o�mpo��vw��`�v}�� f7����m�mqx��vw w�tvx�mpbKx�m��I�`�lbE�¹o�t5bE�Ir�^
tI¶�mqb3}��¬��oqx�tvw®²
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¨Ktv}�b3t1�Ib3}NÃ1oq^`b
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�Im,o�^`b)A#}�b3x�a.��w5¤��¬�vb.tI}T���lb3}�x��1��oqx��vb�rE��§�r��`§��1o�x�tIw0z±tv}cmpactnt�o�^��`��o��Smq��r�^��Im,o�^`b��v¶�mqtv}�¶���w�r3b
mq�AbEr;o�}���² A#�lo¦bE�vbEw´oq^�tImqbºacx��nbN�S�v�`�`}�tI�vr�^�bEm��`t�w`tvo,�XbE}pz±tI}qa �vm¦¤#b3§�§W�vm�oq^`bTz±�`w�r�oqx�tvw��v§W¨´ª®|C²
��w`t�o�^`b3}#x�aT�Atv}qo��vw\o#�`}��vr�oqx�r3�v§X�`}�tv�Ab3}qo�kcx�m°o�^`b¦mqa.��§�§Vw\��a¶Ab3}#t�z=wn�`acb3}�x�r3��§A���v}��vaTb3oqbE}�m���mpbN�¥¶nk
o�^`bsz±��w�r;o�x�tIw���§Xw`b3�`}���§Xacb�oq^�tn��m �
oq^`x�m#��§�§�t1¤sm2�vw.bE�Impx�b3}2x�ac�`§�b3acb3w\o���oqx�tvw.tIw¥�lb3�nx�r�bEm�¤+xyo�^¥§�x�acx�oqbE�
}�bEmqtv��}�r3bEm#mp��r�^ �vm�| 0s��ÃAr�b3§�§£�`^`tIw`bEm���w���actv}�b¦uIb3w`bE}��v§�§�k.b3aº¶XbN�`�lbN���`b3�nx�r3bEmE²

e�z,r�tI�`}�mqbvÃ#�v�`�`xyo�x�tIw���§+b3�n�Ab3}�x�aTbEw\o�m.tIw¹}�bE�v§+¤°tI}q§��¹���1o��&�v}qb w`bEbE�lbN�5o�t&z±�`§�§�k���w��lb3}�mpo���wX�
�I�l�1��w\o��vuvbNm·�vw��&mp^`tI}po�r�tIaTx�w`u\m·tvz�o�^`b.�`}�tv�AtImqbE�Sz±�`w�r;o�x�tIw���§2¨Sª®|C²=³ ^`x�§�bcoq^`b.actl�lb3§�^��vm7¶Ab3bEw
r3tvac���v}qbN��o�t0oq}��v�`xyo�x�tIw���§�r3§��Imqmqx�¸Xr3��oqx�tvw aTb3oq^`tl�`m�oq^X��w`Âlm.o�t5b��l�Ab3}�x�acbEwIo�m¥r�tIw��l��r�oqbN� x�w �  N�¬¢GÃ
�I�`�lx�oqx�tvw��v§
r3tvac����}�x�mptIw�m3Ã�bEmq�XbNr�x���§�§�k�oqt�}�bEr3b3w\osacb�o�^`tl�`m·mq��r�^´�Im�mq�`�`�Atv}qo��vbNr;oqtI}sa.�vr�^`x�w`bNm{mqb3b
bI² uX²��! ¬�N¢ß¯#tI}+¶Xtnt\m�o�bE��r�§��vm�mpx�¸Xr3��oqx�tvw�oq}�b3bEm,ØmpbEb,bv² u�²��  E�¬¢±¯;Ã��v}qb,�v§�mqtºw�b3bE�`bE�£²

��w x�w\oqbE}qbNm�o�x�w`u�tv�Ab3w }�bEmqbE��}�r�^0o�tv�`x�r�x�mTo�t&�`b3�vbE§�tI�¹�v�loqtIac��oqx�r�oq�`w`x�w`u&t�z¦¤°bEx�uI^\oºz±�`wXr;oqx�tvw
}�b3��}qbNmpbEwIo��1o�x�tIw®²0³�b ^��¬�Ib���mqbE�¹^`bE}qb �S¶�}q�lo�b�z±tv}�r�b

k
©Øz±tI§��¹r�}�tIm�m�© �1��§�x����1oqx�tvw0acb�o�^`tl� ¶`�loK�! ¬�N¢

mq^`t1¤sm�o�^��1o¦���lo�tva.�1o�x�r,�lbNmpx�uvwKtvzW�`}qtv~�bEr�oqx�tvw ¶��vmqx�msr3�vwKx�ac�`}�t1�vb7�Ab3}qz±tv}�ac�vw�r�bNm3²�¨KtI}qbEt1�vb3}NÃnoq^�x�m
acx�uv^\o=}�bE�l�Xr�bWo�^`bWoq}���x�w`x�w`u+o�x�acb2tvzlz±�`w�r;o�x�tIw���§\¨´ª®|S¤+^`x�r�^,}�b3a.�vx�w�m£oq^`b°tvw`§�k·w�b3uI��oqx��vbW���v}po®tvzloq^`b
��}qtI�Xt\mpbN���v�`�`}�tI�Ir�^ r3tvac���v}qbN��o�t�r�§��vm�mqx�rE��§=¨´ª=| ±¤+^�b3wKo�^`b§��1oqoqb3}·x�m·��mqbE� ¤+x�oq^`tI�lo�z±��w�r;o�x�tIw���§
��}qbE�`}qtlr3bEm�mpx�w`u\¯�²

�  �����°����<=	3���

�«w&o�^`x�m���v�XbE}EÃC¤#b¥^��¬�Ib.x�w\oq}�tl�l��r3bE� "`��w�r;o�x�tIw���§#¨K�`§�oqx�© ª
�¬kvb3}|�bE}�r3b3�lo�}qtIw�m¥ "�¨Sª®|°¯�ÃC�Smpx�ac�`§�b
b3�noqb3wXmpx�tvw�tvzX¨´ª=|´oqt�z±�`w�r�oqx�tvw��v§n���1o���²
]�^`b#�`}�tv�AtImqbE�7actl�lb3§nx�m��vb3}�k¦x�w\oqbE}qbNm�o�x�w�u�tvwT�+o�^`b3tI}qb3oqx�r3��§
�Atvx�w\o+t�zC�\x�b3¤ ¶XbNr3�v��mpb,x�o�mq^���}�bEm#¤+x�oq^ xyo�m�wn�`acb3}�x�rE��§®r�tI�`w\oqbE}q���v}po���mqb�z±�`§=�`}qtI�XbE}po�x�bNm3²

³�bs^��¬�Ib#x�w��lbEbE�.mq^`t1¤+wºoq^���o "C¨´ª®|5�v}qb��`w`x��vbE}�m���§`�v�`�`}�t¬�lx�a.�1o�tv}�m3Ã¬o�^��1o2x�mCo�^`b3kcr3�vwc�v�`�`}�t¬�n©
x�a.�1o�b�r�tIwIo�x�wn�`tI��mWa.�����`x�w�uImCz±}�tva ��r�tIac���vr�o°mp��¶�mpb3o�t�z®�7z±��w�r;o�x�tIw���§Amp���Ir�b�o�t

R
¤+x�oq^���}�¶`xyo�}��v}qk

��}qbNr�x�mpx�tvw®²,"`tv}��+uvx��vbEw7z±�`w�r�oqx�tvw,o�t·�����`}qt¬�lx�a.�1oqbCo�t·�+uIx��Ib3w��Ir3r���}��Ir�kvÃ3oq^`b������`}qt¬�lx�a.�1oqx�w`u�"C¨´ª®|
�XmpbNm+�¸Xw`xyo�b,wn�`a¶Ab3}+tvz�wn�`acb3}�x�r3��§£�X��}���acb�o�b3}�m3²

¨KtI}qbEt1�vbE}EÃ®¤#b.^��¬�Ibcmq^`t1¤+w�oq^X�1o���v}��vacb�oqbE},bEmpoqx�a.�1oqx�tvw&z±tI} "C¨´ª®|'x�mr3tvw�mqx�m�o�b3w\o���tI�loqx�a.��§
�X��}���acb�o�b3}�m·bNm�o�x�a.��oqbE��o�^���w`Âlm7o�t´��¸�w`x�oqb¥wn�`aº¶XbE}�t�z#z±�`w�r�oqx�tvw�m,Ânw`t1¤+w&�1o��¸Xw`xyo�b.wn�`a¶Ab3}�tvz
acbN�vmq�`}qbEacb3w\o�Atvx�wIo�mºr3tvwn�vbE}quIbcoqtSoq^`b mpb3oºtvzsoq}��`b�tI�loqx�a.��§#����}���acb3oqb3}�m,¤+^`bEw5o�^`b�mqx��Eb�tvzsoq^`b
���1o��Tx�w�r�}�bE�ImpbNm3²

³�b�^��¬�Ib+��§�mpt�mq^`t1¤+wctvw¥mqx�aº�`§��1oqbN�c��w��c}�bE�v§`¤°tI}q§��c�`�1o��¦oq^���o2oq^�b "C¨´ª®|0�Ab3}qz±tv}�a.mWx�w��7�vbE}qk
m��1o�x�mpz{�vr�oqtI}qkc¤��¬kv²C|Cb3}qz±tv}�ac�vw�r�bNm°�v}qb7x�w�uIb3w`bE}��v§V¶Xb3opoqbE}+oq^X��w�oq^`t\mpb7tv¶`o���x�w`bN��¶nk¥w`tIw�z±��w�r;o�x�tIw���§
acb3oq^`tl�`m&±x�w�r3§����`x�w`u w`bE�`}��v§·acb3oq^`tl�`m�¯��vw��"��o�§�bE�Im�o �vm�uvtntl� �vm�tvoq^`bE}�z±�`wXr;oqx�tvwX��§7acb�oq^�tn��m3²
¨´tv}�b3t1�vbE}EÃvoq^`b¦z±�`wXr;oqx�tvwX��§®�����`}qt\�vr�^¥uIx��IbEm°a��r�^�actv}�b·�X��}�mpx�actvw`x�tv��m°}�b3�`}�bEmqb3w\o���oqx�tvw¥tvz�mpoq���`x�bN�
���1o���Ã2�S��}qtI�XbE}po�k�oq^���oTbEw`^��vw�r�b�oq^`b�}�tv¶`��mpoqw�bEm�m�t�z�oq^`b�tv¶lo���x�w`bE��actn�`b3§�mT�vw��5�v§�§�t1¤smº�v§�mqtS�vw
bN�vmqx�bE}sx�aT��§�bEaTbEw\o��1o�x�tIwKtvw´�lbE�nx�r3bEm+¤+x�oq^´§�x�aTx�oqbN�K�`}�tlr�bEm�mqx�w`u.�At1¤#b3}N²°³�b�¶Ab3§�x�bE�vb,o�^`b3}�b�z±tI}qb,o�^��1o
"��`w�r�oqx�tvw��v§=¨K�`§�oqx�© ª
�¬kvbE}#|CbE}�r3b3�lo�}qtIw�m+��}�b¦�c�1�v§����v¶`§�b·o�tntv§£z±tI}s�`�1o��.��w��v§�klmqx�m#¤+^`bEw �Tz±��w�r;o�x�tIw���§
}�b3��}qbNmpbEwIo��1o�x�tIw�t�z�x�w��`�los�1��}�x��v¶`§�bEm�x�m��Xt\mqmqx�¶�§�bI²
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]�^�b��v�loq^�tv}�m�oq^��vw`Â����v}po�x�r3x����vw\o�m�oqt¦o�^`b+¤°tI}qÂnx�w`u¦uv}�tv�`�.il]��s| � �������	�
���������������	�����	��������������
��� �� �	��� !� ����" ��#��!�$� " 	����%����&'�\¯stIw "��`w�r;o�x�tIw���§�ino��1o�x�mpoqx�r3m.��oºo�^`b 1sw�x��Ib3}�mpx�o�k&|C�v�`§�il�v¶��1o�x�bE}Ttvz
]
tv��§�tI��mpbIÃWz±tv}c�Ib3}�k�x�w\oqbE}qbNm�o�x�w`u&��wX�¹mpoqx�a�`§��1o�x�w�u��lx�m�r���m�mpx�tvwXm3²�]�^�b �v�loq^�tv}�m�o�^���w`Â�bEmq�XbNr�x���§�§�k
"�}��N� �3}�x�r "`b3}�}��1o�k��vw��&|2^`x�§�x��`�Ab)(�x�b3�0z±tI}ºmq^���}�x�w�u ���1o��S��w��0mqx�aº�`§��1oqx�tvw0}�bEmq�`§�o�mE²´]�^`b��v�loq^`tI}�m
o�^���w�Âº��§�mqt¦�vw`tvwnknactv��m�}�b�z±b3}�b3bNm�z±tv}Co�^`b3x�}2�1��§�����¶�§�b+mq�`uvuIbEmpoqx�tvw�m�o�^��1o2^`bE§��cx�ac�`}qt1�nx�w`u·oq^`x�mW���v�XbE}E²

 h�C�.��/1<

* ;<3 3�U B gVM�3�;F3�=1=)C;6E,+6j � z 1 < p <∞
ÃI¤#bsÂnw`t1¤ oq^���o

Lq(µ)
±¤+x�oq^

q <∞)
rE��w¥¶Ab�x��lbEwIo�xy¸XbE�c¤+x�oq^

(Lp(µ))
∗ {mqb3b.z±tI}x�w�m�o���w�r3b´� ���¬¢±¯;²´¨KtI}qb��`}qbNr�x�mpbE§�kIÃ=z±tI}bN�vr�^

l ∈ (Lp(µ))
∗ o�^`b3}�b¥x�m��w0��w`x&�\�`b

z±��w�r;o�x�tIw
f ∈ Lq(µ)

mqt&oq^���o
l(g) =

∫
fg dµ

² A#k�^nkn�Xtvoq^`bNmpx�mEÃ
V
x�m¥�lbEw�mpbKx�w

Lq(µ)
²µ]�^`x�m

tI¶n�\x�tv�Xmp§�k�x�ac�`§�x�bNm�o�^��1o
AV

x�m7�lb3w�mqbx�w
(Lp(µ))

∗ z±tv}¦o�^`bº¤#bE�vÂ
∗
oqtI�XtI§�tIuvkI²·³�b.r3��w´oq^`bE}qb3z±tv}�b

�v�`�`§�k�r3tv}�tv§�§��v}qk��l²  v² �.t�z+� �B �¢�±w`tvoqboq^���o¦r�tI}qtI§�§���}�k��`²! I² �.x�m·uvx��vb3w�z±tI}�o�^`btI�lo�mqx��`b�lb3wXmpx�o�kKr3�vmqbvÃ
¶��lo+oq^`b��v�loq^�tv}smpo��1o�bEm�b3�n��§�x�r�x�oq§�k.oq^X�1o��cmpx�acx�§���}+x�w�mqx��`b�r�tv}�tv§�§���}�kTx�m��1��§�x��X¯;²

� z
p = ∞

Ã�¤°b�r3��w�w`t�oc���`�`§�k0�lx�}qbNr;oq§�k0r�tI}qtI§�§���}�k��`²! I² � z±}�tva9� �B ;¢+�vmoq^�b��l�X��§#t�z
L∞(µ)

x�m
w�t�o

L1(µ)
²�ª®b3o·��m·w`b3�Ib3}qoq^`bE§�bNmqm�r�tvwXmpx��lb3}

A
oq^�bºmqb�o·tvz2�1¸�w`w�b,z±�`w�r�oqx�tvw�m·tvw

L∞(µ)
�`b�¸�w`bN�K¶nk

l(f) = α+
∫
fg dµ

Ã\¤+^�b3}�b
α
x�m#��w���}�¶`x�oq}���}�k}�bE��§Awn�`a¶Ab3}���wX�

g
x�m���w���}�¶`xyo�}��v}qkºz±�`w�r�oqx�tvw�z±}qtIa

V ⊂ L1(µ)
²
A
x�mstv¶n�nx�tI��mp§�k��c�IbEr;o�tv}�x��v§®mp�X�vr�b,¤+^�x�r�^Kr�tIw\o���x�w�msr3tvw�mpo��vw\o+z±�`w�r;o�x�tIw�mstvz

C(K,R)
²

ª=b�o+��m#w`t1¤"mq^`t1¤ o�^��1o
A
mpbE����}��1o�bEm°�XtIx�w\o�m�x�w

K
²Wª®b3o

u
�vw��

v
¶Ab¦o�¤°tc�lx�m�o�x�w�r�o�z±�`w�r;o�x�tIw�m�t�z

K
²

]�^�bsz±�`w�r�oqx�tvw
f = u− v

x�m°�w`tvw �3b3}�t�z±��w�r;o�x�tIw�¶Ab3§�tvw`uIx�w`u�oqt
L∞(µ)

²W³�b7r3�vw��vm�mq�`acbsoq^X�1o#oq^`b
acbN�vmq�`}��v¶`§�b�mpb3o

H = {x ∈ R
n | f(x) > 0}

^��Imsw`tIw �3bE}qtc¸�w�xyo�bacbE�Imp�`}�b�{xyz2x�o·x�msw`tvo�o�^`bºrE�vmqbvÃ
}�b3��§��Ir�b

f
¶nk

−f
¯;²�]�^`bEw®Ã=tI¶n�\x�tv�Xmp§�k ∫

fχHdµ > 0
Ã=oq^���o,x�m ∫

uχHdµ 6=
∫
vχHdµ

²��·m
µ
x�m

¸Xw`xyo�bvÃ
χH

¶XbE§�tIw`uIm�o�t
L1(µ)

²s�·m
V
x�m·�lb3w�mqb�x�w

L1(µ)
ÃXoq^�b3}�b�x�m·�¥mqb��\�`b3wXr�b

hk

t�zCz±�`w�r�oqx�tvw�m·x�w
V
o�^��1o�r3tvwn�vbE}quIbEm�oqt

χH

²W³�b,^X�¬�vb7tv¶n�nx�tI��mq§�k
∣∣∣∣
∫
f(hk − χH)dµ

∣∣∣∣ ≤ |f |∞

∣∣∣∣
∫
hk − χHdµ

∣∣∣∣ .

]�^`bE}qb3z±tv}�bvÃ\oq^�b3}�b¦x�m+��w�x�w��lb��
k
mq��r�^�oq^���o ∫

fhkdµ > 0
Ãnoq^X�1o+x�m#o�^`b3}�b7x�m+�ºz±�`w�r�oqx�tvw

hk ∈ Vmq��r�^�oq^X�1o ∫
uhkdµ 6=

∫
vhkdµ

²s]�^`b3}�b�z±tI}qbIÃ
A
mqb3���v}���oqbEm��Atvx�w\o�m�x�w

K
²�]�^�br�tIw�r�§���mqx�tIw�x�m�o�^`b3w

tI¶lo��vx�w�bE��¶\k����`�`§�knx�w�uºo�^`b3tI}qbEa �l²  7t�z#� �  �¢ ²
* ;<3 3�U B gVM�3�;F3�=1=)C;6E.-Gj ��m

µ
x�m+�º¸�w�xyo�b A°tI}qbE§VaTbN�vmq�`}�b¦tIw

R
n Ã�xyosx�m�}qbEuv�`§���},p� �v�¬¢GÃ`oq^`bEtv}�b3a �`²! N�I¯;Ã

�vw��5¤#b r3��w¹���`�`§�k5ª®�Xmpx�w5o�^`b3tI}qbEa �� ���¬¢ Ã2o�^`b3tI}qbEa ��w��¹r�tv}�tv§�§���}�k��l² ���\¯;²0³�b Â\w�t1¤ oq^`bE}qb3z±tv}�b
o�^��1o�z±tv}��vwnk5z±�`w�r�oqx�tvw

f
x�w
L∞(µ)

Ã�oq^`bE}qbSx�m��5mpb �\�`b3w�r3bKt�z�r�tIac���vr�oq§�k mq�`�`�Atv}qoqbN� r�tvw\o�x�wn�l©
tI��mºz±�`w�r�oqx�tvw�m

gk

oq^���o.r3tvwn�vbE}quIbEm�`�`w�r�oq���v§�§�k0oqt
f
�vw���mq��r�^¹oq^���o

|gk|∞ ≤ |f |∞
² �:mpx�ac�`§�b

�v�`�`§�x�rE�1o�x�tIw"t�zcª®bE¶XbNmpuI�`b��`tvacx�wX�1oqbN� r3tvwn�vbE}quIb3w�r3bKoq^�b3tv}�b3a mq^`t1¤sm�oq^X�1o z±tv}´�vw\k z±��w�r;o�x�tIw
hx�w

L1(µ)
Ã ∫

gkh dµ →k→∞

∫
fh dµ

²5]�^`bEw®Ã��Im
µ
x�mcr�tIac���vr�oq§�k5mp�`���XtI}po�bE�£ÃWo�^`b3}�b�x�mc��r�tvaT©

�X�vr;o
K

mp��r�^"oq^���o ∫
gkh dµ =

∫
K
gkh dµ

²!]�^`b3w®Ã·oq^X��w`Âlm�oqt ^nk\�At�o�^`bEmqx�m3Ã¦bE�Ir�^
gk

rE��wµ¶Xb
�v�`�`}�t¬�lx�a.�1o�bE��¶nk0� z±�`w�r�oqx�tvw

φk

x�w
V
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supx∈K |gk(x) − φk(x)| < 1
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∣∣∫
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o�^��1o ∫
φkh dµ −−−−→

k→∞

∫
fh dµ

²�]�^`bE}qb3z±tv}�bvÃnoq^�b�mpb3ost�zC§�x�w`bE�v}�z±tv}�a.m
AV

x�ms�`b3w�mqb7z±tv}�o�^`b,¤°bN��Â
∗

o�tv�Atv§�tvuIkTx�w (
L1(µ)

)∗ Ãl�`}�t1�nx��`bE�.o�^��1o
µ
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λm

n (w)
^��¬�vb¥�

Ânx�w���tvz��`w�xyz±tI}qa r3tvwn�vbE}quIb3w�r3b��`}�tv�Ab3}qo�kv²
�`²�1�mqx�w�u.¶Xtvoq^ }qbNmp��§yo�m3Ãl¤#b,mp^`t1¤"oq^���o

λm
n (w)

r�tvwn�Ib3}�uvbEm#��§�actImposmp�`}�b3§�k.�`w`x�z±tv}�ac§�k�oqt
λ(w)

²
��²+]�^`bcr�tvwXr�§���mpx�tvwSx�m·tv¶lo���x�w`bE�´oq^��vw`Âlmso�t���mpx�ac�`§�bº§�b3aca.�¥tIwS���`��}qt¬�lx�ac��oqx�tvwKtvz2oq^`bTacx�w�xy©
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2 À � À + +{�l� ½ &��Y#&%�'

X ( %?)C- )�; ( /1'�;F)�;6E�>n%�'7;6/�M`472	)fMF%KMF3C-	46/�IQ%�;<%�I b /1'ZL /1'�4X9c3C;<%G=�46/oPQ>n)h)C= PR% ( ;<) B#�%�'
(Ω,A, P ) ( %X)$2J;<3 ( ) ( /1=]/1'�E`4720)QM�%X3�- b L /�M�LN/d4*If%�+.-J%�In)\4�% � @0%G-
MF%T3�Uc/1-
IQ%�2	%�-JIf%G-r' /�IQ%�-0'7/�MF)C=1=]EIC/d46'�;6/ ( @A'i%�IH;<)�-
IQ3�> %�=%�>n%�-0'�4 a Zt b /1'1Lm8�)�=]@0%G4\/1- X B #�%G' W ( %Y)NM�3�>c2	)fMG'[>?%G'7;6/�MX4720)QM�% B #&%�' l

( %`)$U�@A-
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w ∈ W a |l(w, x)| ≤ d(x) B

� B E(d(Zt)) <∞ B
k L0%G- b %*L0)�8�% �

sup
w∈W

∣∣∣∣∣
1

n

n∑

i=1

l(w,Zi) −E(l(w,Zt))

∣∣∣∣∣→
a.s.
n→∞ 0.
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* ;<3 3�U B gi=%�>`>n) +�j ��m
W

x�m�mqb3���v}��v¶`§�bIÃ�o�^`b3}�bSx�m����lb3w`tIa¶`}���¶�§�bSmqb�o
W ′ = {wi | i ∈ N

∗}�`b3w�mqb�x�w
W
²5ª=b�oc��mTmp^`t1¤ o�^��1o

f(x) = supw∈W ′ l(w, x)
²¹ª®b�oc��mcr�tIw�mqx��lbE}º�S¸`�lbE�

x ∈ X
²

ª=b�o
ε
¶Ab¥��w&��}�¶`x�oq}���}�k��AtImqx�oqx��vbc}qbN��§Cwn�`a¶Ab3}N² A#kS�lb�¸Xw`xyo�x�tIw&t�z

f
Ã£o�^`b3}�bcx�m

w ∈ W
mp��r�^�oq^X�1o

l(w, x) ≥ f(x) − ε
2

²¦��m
l(., x)

x�m¦r�tvw\o�x�wn�`tI��msx�w
w
ÃVo�^`b3}�bx�m

η
mq��r�^Ko�^��1o

|w′ − w| < η
x�ac�`§�x�bNm

|l(w′, x)− l(w, x)| < ε
2

Ã\¤+^`x�r�^Tx�ac�`§�x�bNm
l(w′, x) ≥ f(x)− ε

²W��m
W ′ x�m��lb3w�mqbsx�w W Ãvo�^`b3}�bsx�m

w′ ∈
W ′ mq��r�^�oq^���o |w′ −w| < η

²2]�^`x�m�x�ac�`§�x�bEm
f(x) ≥ supw∈W ′ l(w, x) ≥ f(x) − ε

²2�·m#oq^`x�m+x�m#oq}��`b
z±tI}�bE�Ir�^

ε
Ã�¤°b.^X�¬�vbctv¶n�nx�tI��mq§�k

f(x) = supw∈W ′ l(w, x)
²K]�^`b3}�b�z±tI}qbIÃ

f(x) = supi∈N l(wi, x)
²

�·m�bE�Ir�^�z±�`wXr;oqx�tvw
l(wi, x)

x�m+acbE�Imp�`}���¶�§�bIÃIo�^`b
sup

x�m+��§�mqtTacbN�vmq�`}��v¶`§�bv²
³�b�r3�vw�w`t1¤ �`}�tnr3b3bN�¥o�tcoq^`b,�`}�tnt�z�t�z=o�^`b�r�tI}qtI§�§���}�k��

* ;<3 3�U B gVM�3�;F3�=1=)C;6E � j ³�b,tI¶lo��vx�w r�tI}qtI§�§���}�k.�T�Im+�cr�tvwXmpb �I��b3w�r3b¦tvz���w��l}�b3¤sm� loq^`bEtv}�b3a6p� �1¢ß¯�²2³�b
^X�¬�vb·oqt¥r�^`bNr�Âcoq^`}�b3b��Imqmq�`ac�loqx�tvwXm �
 v²+��m�mp��aT�`oqx�tvw

A 1
x�m�z±��§y¸�§�§�bE���vm

W
x�m�r3tvac���vr�o¦

W
r�tI}q}�bEmq�Atvw��`m2oqt

Θ
x�w��sw��l}�b3¤sm� n�����Ab3};¯

�l²+��m�mp��aT�`oqx�tvw
A 2

¶`}qbN��Âlm�x�wIo�tTo�¤°t.mq�`¶l©«�vm�mp�`ac�lo�x�tIw�m��
{�\¯��·mqmq�`ac�lo�x�tIw

A 2 (a)
rE��w6¶Ab o�}��vw�mq§���oqbE�!¤+x�oq^ tv�`} w`t�o��1oqx�tvw x�w\oqt o�^`b z±tI§�§�t1¤�©

x�w`u'�vm�mq�`ac�loqx�tvw � z±tI}5��§�§
w0

Ø��w�� �v§�§
i
¯;Ã
l(w0, Zi)

Ã
supw∈W (w0,η) l(w,Zi)

��wX�
infw∈W (w0,η) l(w,Zi)

��}�bs}���w��ltIa �1�v}qx���¶`§�bEm�±¤+^`bE}qb
W (w0, η) = B(w0, ε)∩W

Ãl��w��
B(w0, ε)

x�m#o�^`b�r�§�tImqbE��¶���§�§®r�bEw\oqb3}�bE��tvw
w0

¤+x�oq^ }��v�lx���m
ε
¯;²

l(w0, Zi)
x�mc�S}���wX�ltva �1��}�x��v¶`§�b�o�^���w`Âlmºoqt&�vm�mq�`ac�loqx�tvw  �t�z¦r�tv}�tv§�§���}�k���²�]�^���w�Ânm

o�t��Imqmq�`ac�loqx�tvwXm  º�vw��S�¥t�z�r�tI}qtI§�§���}�k�����w��´�`�`b�o�t¥oq^�bz{�Ir;o�o�^��1o,�¥r3tvac���vr�o¦mqb�o¦x�m
mqb3�X��}���¶`§�bvÃl§�b3aca.�  �r3�vw�¶Ab�v�`�`§�x�bN��o�t

l
��w���o�t

W (w0, η)
ÃX�vw�� ��§�§�t1¤sm#o�t¥r�tIw�r�§����lb

o�^��1o
supw∈W (w0,η) l(w,Zi)

x�mW�·}��vw��ltIaµ�1�v}qx���¶`§�bv²�]�^`b+r3�Impb°t�z
infw∈W (w0,η) l(w,Zi)x�m�^��vw��l§�bE��oq^��vw`Âlm#oqtco�^`b�mq�vacb¦§�b3aca.�c���`��§�x�bE��oqt

−l
²

�·mqmq�`ac�lo�x�tIw
A 2 (a)

x�m�oq^�b3}�b�z±tv}�b·z±�`§y¸X§�§�bE�£²
±¶A¯��·mqmq�`ac�lo�x�tIw

A 2 (b)
o�}��vw�mq§���oqbEm x�w tv��} rE�vmqb x�wIo�t o�^`b �vm�mp�`ac�lo�x�tIw oq^X�1o

supw∈W (w0,η) l(w,Zi)
�vw��

infw∈W (w0,η) l(w,Zi)
m��1o�x�mpz±k �&�Atvx�w\op© ¤+x�mqbSmpoq}�tvw`u0§��¬¤

tvz�§���}�uvb¦wn�`a¶Ab3}�mEÃnoq^���osx�m#z±tI}s��wnk.¸`�lbE�
w0
�

lim
n→∞

1

n

n∑

i=1

sup
w∈W (w0,η)

l(w,Zi) = E

(
sup

w∈W (w0,η)

l(w,Zi)

)
P
��² mE²

�·m mp^`t1¤+w x�w oq^`b �`}�b3�nx�tI��m6�Atvx�w\oEÃ ¶At�o�^ (
supw∈W (w0,η) l(w,Zi)

)
i∈N∗

��wX�
(
infw∈W (w0,η) l(w,Zi)

)
i∈N∗

��}�b¥mpb �I��b3w�r3bEm,tvz�x�w��lbE�XbEw��lbEwIoTx��`b3w\oqx�r3�v§�§�k��`x�mpoq}�x�¶��loqbN�
}���wX�ltva �¬�v}qx���¶�§�bNm3²�¨´tv}�b3t1�vbE}EÃ\o�^���w`Âlmsoqt¥�vm�mq�`ac�loqx�tvw�m��.��w����¥tvzCr3tv}�tv§�§��v}qk¥��Ã`oq^�b3k
�v}qb·x�w\o�b3uv}���¶�§�b��vw��.o�^`b3}�b�z±tI}qb�oq^`b7mpoq}�tvw`uº§��¬¤ tvz=§��v}quIb�wn�`aº¶XbE}�m#���`��§�x�bEm��W�vm�mp�`ac�lo�x�tIw
A 2 (b)

x�m�o�^`b3}�b�z±tI}qb·z±�`§�¸�§�§�bN�£²

�I¡



� �����
� � ��� � ���

�`²+��m�mp��aT�`oqx�tvw
A 3

oq}���w�mq§���oqbNm�x�w�tv�`}srE�vmqb7x�w\oqtTo�^`b7z±tv§�§�t1¤+x�w`u.�vm�mq�`ac�loqx�tvw �

lim
η→0

sup
n≥1

∣∣∣∣∣
1

n

n∑

i=1

(
E

(
sup

w∈W (w0,η)

l(w,Zi)

)
−E (l(w,Zi))

)∣∣∣∣∣ = 0.

�'mpx�acx�§���}+b �\���1o�x�tIw�^��Im#oqtc¶Ab7z±�`§y¸X§�§�bE� ¶nk
E
(
infw∈W (w0,η) l(w,Zi)

) ²

��m
l
x�m�r3tvw\oqx�wn�`tv��m7¤+x�oq^&}�bEmq�XbNr;o,o�t

w
z±tv}���¸`�lbE�

x
Ã
¤#bc^��¬�vbToq^�b.z±tv§�§�t1¤+x�w`u �Atvx�wIoq©G¤+x�mqb

r�tIw\�Ib3}�uvbEw�r�b �
lim
η→0

sup
w∈W (w0,η)

l(w, .) = l(w0, .).

]�^���w�Ânm¥oqt��Imqmq�`ac�lo�x�tIw�m¥�5�vw�� �5t�z�r3tv}�tv§�§��v}qk5��Ã+¤°bSrE��w �v�`�`§�k ª=b3¶AbEmquv�`b´�ltIacx�w���oqbN�
r�tIw\�Ib3}�uvbEw�r�b·¤+^`x�r�^ x�ac�`§�x�bEm��

lim
η→0

E

(
sup

w∈W (w0,η)

l(w,Zi)

)
= E (l(w0, Zi)) .

"�x�w��v§�§�kvÃX�vm
Zi

�v}qb¦x��lb3w\oqx�r3�v§�§�k��`x�mpoq}�x�¶��loqbN�£Ã��vm�mq�`ac�loqx�tvw
A 3

r3��w�¶Ab�mpx�ac�`§�x�¸�bN��x�w\oqt �

lim
η→0

∣∣∣∣∣E
(

sup
w∈W (w0,η)

l(w,Z1)

)
−E (l(w,Z1))

∣∣∣∣∣ = 0,

¤+^`x�r�^�x�msb3�`�vr;o�§�k�¤+^��1os¤#b,^��¬�vb#~���mpo��`}�t1�vbEw®²2]�^`brE�vmqb7t�z
E
(
infw∈W (w0,η) l(w,Zi)

) r3�vw
¶Xb,tI¶lo��vx�w�bE��b��`�vr�oq§�kcoq^`b�m���acb7¤��¬kv²

��m�mp��aT�`oqx�tvw
A 3

x�m�o�^`b3}�b�z±tI}qb·z±�`§�¸�§�§�bN�£²
�·m7oq^�b��vm�mp��aT�`oqx�tvw�m,�v}qbcz±�`§�¸�§�§�bN�£Ã�¤°b¥rE��w0���`��§�k��sw��l}�b3¤sm� £o�^`b3tI}qbEa ¤+^`x�r�^&uvx��vbEm7b3�`�vr;o�§�kSoq^`b
r3tvw�r3§��Xmpx�tvw�t�zWr�tv}�tv§�§���}�kc��²

�� *'� �
ª=b�o+��ms�`b�¸�w`b �

M i
l (g, wl)(ω)m =

1

m

m∑

j=1

Fl(wl, X
i
j(ω))

(
g(X i

j(ω)) + E i
j(ω)

)
,

¤+^�x�r�^ r3�vw�¶Ab�mpx�ac�`§�xy¸�bN��x�w\oqt
M i

l (g, wl)m

¤+^`b3w
ω
x�m�tI¶\�nx�tv��mEÃl��w��

Ml(g, wl) =

∫
Fl(wl, x)g(x)dµ(x)

³�b,�`}�t1�vb¦w`t1¤ o�^`b¦z±tv§�§�t1¤+x�w`uc§�b3aca.� �
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Ωl =



ω ∈ Ω | lim

m→∞

1

m

m∑

j=1

dl(X
i
j) =

∫
dldµ





)C-JI

Bi
l =

{
ω ∈ Ω | ∀g ∈ C(Z,R), lim

m→∞
sup

wl∈Wl

∣∣M i
l (g, wl)(ω)m −Ml(g, wl)

∣∣ = 0

}
.
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Ha a Hc

)C-JI
He a Bi

l

⋂
Ωl

/d4X>n%�)�4�@A;F) ( =%Y)C-JI P (Bi
l ∩ Ωl) = 1 B

* ;<3 3�U B gi=%�>`>n) -�j ]�^`b �`}�tnt�z¦x�m.¶X�vmqbE�¹tvw¹oq^`bKmqb3���v}��v¶`x�§�x�o�k0t�z
C(Z,R)

��w��¹tvw r�tI}qtI§�§���}�k0�`²
ª=b�o��Xm+¸�}�m�o¦w`t�o�b,oq^X�1o

P (Ωl) = 1
oq^��vw`Âlm�oqt�^\kn�At�o�^`bEmqx�m

Hc

G�¬©«rE¯+�vw���oq^�bm�o�}qtIw`u¥§��¬¤ tvzW§��v}quIb
wn�`aº¶XbE}�mE²Wª®b3os��m#¸�}�m�o�mq^`t1¤ o�^��1o+o�^`b�mpb3o

Bi
l (g) =

{
ω ∈ Ω | lim

m→∞
sup

wl∈Wl

∣∣M i
l (g, wl)(ω)m −Ml(g, wl)

∣∣ = 0

}

x�m+mq��r�^�o�^��1o
P (Bi

l (g)) = 1
z±tI}���wnk

g ∈ C(Z,R)
²

]�^`x�m+r3�vw�¶Ab7tv¶lo���x�w`bE��¶\k����`�`§�knx�w�uTr3tv}�tv§�§��v}qkc��o�to�^`b¦z±�`w�r�oqx�tvw
ψ
z±}�tva

Wl × (Z ×R)
o�t

R�`b�¸�w`bN� �vm#z±tv§�§�t1¤sm
ψ(wl, (x, e)) = Fl(wl, x)(g(x) + e),

�vw���oqtcoq^�b�mpb �I��b3w�r3b¦tvz
}���w��`tva bE§�bEaTbEw\o�m
(X i

j , E
i
j)j∈N

²°d°tv}�tv§�§���}�kc�c�v�`�`§�x�bNm�¶XbNr3���Xmpb �
� Wl

x�m+r�tIaT�X�vr;o�{^\kn�At�o�^`bEmqx�m
Hc

  N¯q¯
� ^nk\�At�o�^`bEmqx�m Hc

Ø�1©G¶X¯°x�ac�`§�x�bEm+oq^���o
ψ
x�m�acbE�Imp��}��v¶`§�b¦¤+x�oq^ }qbNmp�AbEr�o+oqtcx�o�msmqbEr3tvw����1��}�x��v¶`§�b

� ^nk\�At�o�^`bEmqx�m Hc

G�¬©«�I¯+�vw��
g ∈ C(Z,R)

x�ac�`§�x�bEmsoq^���o
ψ
x�m�r3tvw\oqx�wn�`tv�Xm+¤+xyo�^´}�bEmq�XbNr;oso�t¥xyo�m

¸�}�m�os�1��}�x���¶`§�b
� ^nk\�At�o�^`bEmqx�m Hc

G�¬©«rE¯�x�aT��§�x�bEm
∀x ∈ Z, wl ∈ Wl

��wX�
∀e ∈ R

Ã
|ψ(wl, (x, e))| ≤

dl(x)(|g(x)| + |e|)

� �vm g x�msr3tvw\oqx�wn�`tv�Xm�tvw oq^�b�r�tvac���Ir;o�mqb�o Z Ã g ∈ Lq(µ)
�vw���oq^�b3}�b�z±tv}�b

dl(x)|g(x)| ∈ L1(µ){�Ir3r�tI}��`x�w`uºoqt.^nkn�At�oq^�bEmqx�m
Hc

G�¬©«rE¯p¯
� �vm E (∣∣E i

j

∣∣q) <∞
±^nkn�Xtvoq^`bNmpx�m

He

Ø�v¯q¯;Ã
E(dl(X

i
j)
∣∣E i

j

∣∣) <∞

� (X i
j , E

i
j)j∈N

x�m�xG² xG² �®²�±^nkn�Xtvoq^`bNmpx�m
He

¯
]�^�b3}�b�z±tv}�bvÃn¤#b7^��¬�vb �

sup
wl∈Wl

∣∣M i
l (g, wl)m −E

(
Fl(wl, X

i
1)
(
g(X i

1) + E i
1

))∣∣→a.s.
m→∞ 0.

� 9



� �����
� � ��� � ���

A#k��lb3¸�w`x�oqx�tvw®Ã
E
(
Fl(wl, X

i
1)g(X

i
1)
)

= Ml(g, wl)
�vw��¶nk,x�w��lbE�XbEw��lb3wXr�bs��wX��^nkn�Xtvoq^`bNmpx�m

He

Ø�I¯ �

E
(
Fl(wl, X

i
1)E

i
1

)
= E

(
Fl(wl, X

i
1)
)
E
(
E i
1

)
= 0.

]�^�b3}�b�z±tv}�b �
sup

wl∈Wl

∣∣M i
l (g, wl)m −Ml(g, wl)

∣∣→a.s.
m→∞ 0,

¤+^�x�r�^�acbE��wXm#oq^���o
P (Bi

l (g)) = 1
²

�·m
C(Z,R)

x�m7mpbE����}���¶`§�bvÃXoq^�b3}�bºx�m7��mqb��\�`b3wXr�b
(ht)t∈N

�lbEw�mqbºx�w
C(Z,R)

ßz±tI}¦oq^`bT�`w`x�z±tv}�a
w�tv}�a.¯�²2ª®b3os��ms�lbEw`t�o�b

Ai
l = Ωl ∩

⋂
t∈N Bi

l (ht)
²
Ai

l

x�m�acbE�Imp��}��v¶`§�b,�vw��
P (Ai

l) = 1
²°e·¶n�\x�tv�Xmp§�kvÃ

Bi
l ∩ Ωl ⊂ Ai

l

²2ª®b3os��m�w`t1¤µmp^`t1¤"oq^���o
Bi

l ∩ Ωl = Ai
l

²
ª=b�o

ω ∈ Ai
l

²S�·m
ω ∈ Ωl

Ã 1
m

∑m

j=1 dl(X
i
j(ω))

x�mº�´r�tIwn�vb3}�uvbEw\o,mqb��\�`bEw�r�b���w��0x�m,o�^`b3}�b�z±tI}qb
¶Atv��w��lbE�®Ã`mptºoq^`bE}qb¦x�m

γi
l (ω) > 1

mp�Xr�^¥oq^X�1o�z±tv}+��§�§
m
Ã ∣∣∣ 1

m

∑m

j=1 dl(X
i
j(ω))

∣∣∣ < γi
l (ω)

²2¨Ktv}�b3t1�Ib3}NÃ
¤#b,r3�vw�r�^`tnt\mpb

γi
l (ω)

mq��r�^�oq^���o
γi

l (ω) > E(dl(X
i
1))
²

ª=b�o
g ∈ C(Z,R)

² "�tv}.��wnk
ε > 0

ÃWo�^`b3}�b�xyz
t ∈ N

mq��r�^5o�^��1o
ρZ(g, ht) <

ε
3γi

l
(ω)

²¹]�^�x�m
tI¶n�\x�tv�Xmp§�k�x�ac�`§�k z±tI}·�v§�§

wl ∈ Wl

�vw�� z±tI}¦�v§�§
m
¶At�o�^

|M i
l (wl, g)(ω)m −M i

l (wl, ht)(ω)m| < ε
3�vw��

|Ml(wl, g) − Ml(wl, ht)| <
ε
3

² ��m
ω ∈ Ai

l

Ã
M i

l (wl, ht)(ω)m

r3tvwn�vbE}quIbEmToqt
Ml(wl, ht)��w`xyz±tI}qac§�k·tIw

Wl

²�]�^`b3}�b�z±tI}qbCo�^`b3}�b2x�m
M
mq��r�^¦oq^���o

m >M
x�ac�`§�x�bEm

supwl∈Wl
|M i

l (wl, ht)(ω)m−
Ml(wl, ht)| <

ε
3

²2]�^`b3w
m > M

x�ac�`§�x�bNm
supwl∈Wl

|M i
l (wl, g)(ω)m −Ml(wl, g)| < ε

²2��m°o�^`x�m�x�m
o�}q��b�z±tv}��vw\k

ε
Ãv¤#b�r�tIw�r�§����lb�o�^��1o

M i
l (wl, g)(ω)m

r�tIw\�Ib3}�uvbNm
��w`xyz±tI}qac§�ktIw
Wl

oqt
Ml(wl, g)

Ã\��w��
o�^`b3}�b�z±tI}qb�o�^��1o

ω ∈ Bi
l (g)∩Ωl

²W��mWo�^`x�m2x�mWoq}��`b+z±tI}°�v§�§
g
Ã
ω ∈ Bi

l ∩Ωl

²W]�^`bE}qb3z±tv}�bvÃ
Bi

l ∩Ωl = Ai
l

Ã
¤+^�x�r�^�uvx��vbNm#oq^`b�r3tvw�r3§���mqx�tvw�tvz
o�^`b,§�b3aca.�`²

�� *'� �

ª=b�o=�Xm®w`t1¤&���`��§�k¦r�tv}�tv§�§���}�ks��oqt
λ̂n(w)

Ã1actv}�bW�`}qbNr�x�mpbE§�k�oqt+o�^`bWz±�`wXr;oqx�tvw7z±}�tva
W×(C(Z,R)×R

o)o�t
R
�lb3¸�w`b,¶nk��

k(w, g, t) = c

(
t, U

(
w0,

∫
F1 (w1, x) g(x)dµ(x), . . . ,

∫
Fk (wk, x) g(x)dµ(x)

))
.

]�^�x�m�x�m+�AtIm�mpx�¶`§�b7�Ir3r3tv}��lx�w�uo�tºo�^`b7z±tv§�§�t1¤+x�w`uc}�bE�ImptIw�m �
� W

x�m+r�tIac���vr�o
� k

x�mºr3tvw\oqx�wn�`tv�Xm�tvw
w
z±tv}TbE�Ir�^

(g, t)
Ã2�Ir3r3tv}��lx�w�uKoqt�^\kn�At�o�^`bEmqbEm

Hc

��w��5¶XbNr3���XmpbIÃ2�vm�
r�tIwIo�x�wn�`tI��mcz±�`wXr;oqx�tvw �lb�¸�w�bE� tvw �5r3tvac���Ir;o�mqb�oEÃ

g
¶XbE§�tIw`uIm¥oqt

Lq(µ)
²h�«w��`b3bE�®Ã

wl 7→∫
Fl (wl, x) g(x)dµ(x)

x�mr�tIw\oqx�w\��tv��m7z±tI}�bE�Ir�^
g
�º�Im

Fl

x�m�r�tIwIo�x�wn�`tI��m,tIw
w
z±tI}bN�vr�^

x
Ã

oq^`bºz±�`w�r�oqx�tvw
Fl (w′

l, .) g(.)
r3tvwn�vbE}quIbEm��`��w�r;o�����§�§�k�o�t

Fl (wl, .) g(.)
¤+^`bEw

w′
l

r3tvwn�vbE}quIbEm#oqt
wl

²�¨KtI}qbEt1�vb3}NÃ
|Fl (w, .) g(.)|

x�ms�`tvacx�wX�1oqbN��tvw
Wl

¶nk
dl(.)|g(.)|

Ã�¤+^`x�r�^ x�m�x�w\oqbEuv}���¶`§�b.±¶nk
^nk\�At�o�^`bEmqx�m�¯º².]�^���w�Ânm¦o�tK�ltvacx�w��1o�bE��r�tvwn�Ib3}�uvb3wXr�b�o�^`b3tI}qbEa Ã£oq^`x�m7tv¶n�nx�tv��mq§�kKx�ac�`§�x�bNm7oq^`b
r�tIwIo�x�wn�`x�o�k¥tvz

wl 7→
∫
Fl (wl, x) g(x)dµ(x)

²

�v�



� ������� � ��� � ���

� k
x�mTaTbN�vmq�`}���¶`§�b�¤+x�oq^¹}qbNmp�AbEr�o

(g, t)
z±tv}TbE�Ir�^

w
²�]�^`x�mTx�mc���lx�}�bEr�ocr3tvw�mqb��\�`bEw�r�b�t�z�^nk\©

�Xtvoq^`bNmpbNm
Hc

��w��¹t�z·oq^`b z{�Ir;ocoq^X�1o
g 7→

∫
Fl (wl, x) g(x)dµ(x)

x�m.r3tvw\oqx�wn�`tv��mºz±tI}.bE�vr�^
wl

� ^nk\�At�o�^`bEmqx�m Hd

x�ac�`§�x�bEm�oq^���o
k(w, g, t) ≤ cmax(t)

z±tI}#�v§�§
w
Ã
g
�vw��

t
Ãn¤+xyo�^

E(cmax(T1)) <
∞

� (Gi, T i)i∈N

x�m�xG² xG² �£²
�+rEr�tI}��lx�w`uºoqt.r�tI}qtI§�§���}�k.�`Ã`¤#b¦oq^`bE}qb3z±tv}�b·^X�¬�vb

sup
w∈W

∣∣∣∣∣
1

n

n∑

i=1

k(w,Gi, T i) −E(k(w,G1, T 1))

∣∣∣∣∣→
a.s.
n→∞ 0,

o�^��1osx�m
sup

w∈W

∣∣∣λ̂n(w) − λ(w)
∣∣∣→a.s.

n→∞ 0.
G���I¯

ª=b�oT��mºrE��§�§
C
o�^`b�mqb�oTt�zs�`}�tv¶X��¶`x�§�x�o�k  .z±tv}T¤+^`x�r�^&oq^`x�mT�`w`x�z±tv}�a*r3tvwn�vbE}quIb3w�r3b.tnrEr��`}�mE²Sª®b3oº��m

w�t1¤hr3tvw�mqx��lb3}
D = C ∩

⋂
i∈N l∈N

(Bi
l ∩ Ωl)

²��+r3r3tv}��lx�w�ucoqt�§�b3aca.���`Ã
P (D) = 1

²sª®b3o
ω
¶XbT��w

�v}q¶�xyo�}��v}qk¥bE§�bEacb3w\o·tvz
D
��w��K�`b3w`tvoqb�z±tI}·mqx�ac�`§�x�r�x�o�k

gi = Gi(ω)
�vw��

ti = T i(ω)
²¦ª®b3o

ε > 0
¶Ab

�vw��v}q¶�xyo�}��v}qk.}�bE�v§Awn�`aº¶XbE}E²2�+rEr�tI}��lx�w`uºoqtcb��\����oqx�tvwK����Ãnoq^`bE}qb7x�m
N
mq��r�^�oq^���o+z±tv}+bN�vr�^

n ≥ N
Ã

sup
w∈W

∣∣∣∣∣
1

n

n∑

i=1

k(w, gi, ti) − λ(w)

∣∣∣∣∣ <
ε

2
.

G�1�\¯

³�bT^���w��`§�bº^`b3}�b�o�^`bTrE�vmqb�¤+^`bE}qb
c
x�m�w`tvo7���lx�m�o���w�r3btvw

R
o
¶`�lo,mqx�ac�`§�k´��r3tvw\oqx�wn�`tv��m��Xt\mpx�oqx��vb

z±��w�r;o�x�tIw®²��·m
U
x�m
¶Atv�`w��`bE��vw�����w`xyz±tI}qac§�k,r�tvw\o�x�wn�`tI��m3ÃNo�^`b�z±��w�r;o�x�tIw

l(t, w0, u) = c(t, U(w0, u))z±}�tva
R

o ×W0 × R
k
x�m,��w`xyz±tI}qac§�k�r3tvw\oqx�wn�`tv��m7¤+x�oq^0}�bEmq�AbEr;o,o�t

(w0, u)
²�]�^���ox�m3Ã=z±tv}�bN�vr�^

ti
Ã

o�^`b3}�b�x�m
ηi > 0

mq��r�^ oq^X�1osz±tI}�bE�Ir�^
w0

��wX�
(u, u′) ∈ R

k × R
k
Ã
‖u− u′‖ < η ⇒ ‖l(ti, w0, u) −

l(ti, w0, u
′)‖ < ε

2

²&�·m
ω ∈

⋂
i∈N l∈N

(Bi
l ∩ Ωl)

ÃWz±tI}ºbN�vr�^
i
ÃWoq^�b3}�b�x�m

Si
mq��r�^0oq^X�1o

mi ≥ Six�ac�`§�x�bNm�z±tv}s�v§�§
l

sup
wl∈Wl

|M i
l (wl, g

i)(ω)mi −Ml(wl, g
i)| < ηi.

ª=b�o+��msrE��§�§
Sn = supi≤n S

i
²2]�^`b3w�z±tv}

m ≥ Sn

Ã`z±tv}s��§�§
w
��w���z±tI}s��§�§

i ≤ n

∥∥c
(
ti, U

(
w0,M

i
1(w1, g

i)(ω)m, . . . ,M
i
k(wk, g

i)(ω)m

))

− c
(
ti, U

(
w0,M1(w1, g

i), . . . ,Mk(wk , g
i)
))∥∥ < ε

2
,

o�^��1osx�m#z±tv}s�v§�§
w ∈ W

∣∣∣∣∣
1

n

n∑

i=1

c
(
ti, U

(
w0,M

i
1(w1, g

i)(ω)m, . . . ,M
i
k(wk , g

i)(ω)m

))
−

1

n

n∑

i=1

k(w, gi, ti)

∣∣∣∣∣ <
ε

2
.

�B 
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d°tIa¶`x�w`bN��¤+x�oq^ b��\����oqx�tvwK�1�XÃnoq^`x�m+uvx��vbNm°oq^���o+z±tv}
n ≥ N

��w��
m ≥M(n)

�

sup
w∈W

|λm
n (w) − λ(w)| < ε.

]�^�b3}�b�z±tv}�b·z±tv}s��§�actImpos��§�§
ω
{xØ² bv²�Ãlz±tv}

ω ∈ D
¯;Ã`¤#b7^��¬�vb �

lim
n→∞

lim
m→∞

sup
w∈W

|λm
n (w) − λ(w)| = 0.

Ø�v�I¯

�� *'� �
]�^�b�¸�wX��§�r�tvwXr�§���mpx�tvw�t�zso�^`b�o�^`b3tI}qbEa x�mTtv¶`o���x�w`bN�0b��`�vr�oq§�k0�vmºx�wµ� �\�N¢ ²�³�b���mpb�oq^�b�z±tI§�§�t1¤+x�w�u
§�b3aca.� �
�°¼ � �5� &��Y#&%�'

W ( %K)mM�3�>c20)QM�'$4�%G'_g�M�3C-	46/�IQ%�;<%�I b /1'ZL 'ZL	%?>?%�'�;6/�M
d
j�)C-JI

(f j
i )i∈N j∈N

)D4�% e
� @0%�-JM�%?3VUY4�% � @0%�-JM�%G4`3VU`;<%�)�=�8�)�=]@0%�IhM�3�-r'�/1-r@03�@ 4^U�@A-
MG'7/�3�-04Y'ZL	)C'cMF3C-08�%G;7Pf%G4`@A-r/ UG3�;6>`=]ED'i3h)hM�3�- e'7/1-0@03C@ 4\U�@A-JM�'�/�3C-

f a '1L0)�'`/d4 limn→∞ limm→∞ ρW (fm
n , f) = 0 B #&%�'`@ 4mM�)C=1=

W ∗ 'ZL	%�4�%�'n3�U
>`/1-0/1>`/��p%G;�4_3�U

f
)�-JIH=%�'

w
j
i ( %`)?>`/1-0/1>`/��p%G;Y3�U f j

i
B?k L0%G-

lim
n→∞

lim
m→∞

d(wm
n ,W

∗) = 0.

* ;<3 3�U B gi=%�>`>n) � j "
x�}�m�ostvzC�v§�§GÃ`x�o�x�m�r�§�bE��}�o�^��1os¤#b�~���mpo�^��¬�Ib�o�t.�`}qt1�Ib¦oq^���o+oq^`bmqb�ostvzC�Ir3r3�`a�l©§��1o�x�tIw��Atvx�w\o�m#t�z
(wj

i )i∈N j∈N

Ã
Acc

Ãlx�m�x�w�r3§����`bE�¥x�w\oqt
W ∗ ²C�«w��lb3bN���Imqmq�`acbso�^��1o+¶At�o�^ Acc ⊂W ∗�vw���oq^���o#o�^`b�r�tIw�r�§���mqx�tIw�tvz=oq^�b7oq^`bEtv}�b3a �ltnbEm�w�t�o+^`tv§��£²2]�^`x�m�x�aT��§�x�bEm#o�^��1o�oq^�b3}�b¦x�m+��w�x�wl¸�w`x�oqb

mq�`¶�mqb��\�`bEw�r�bTt�z
(wj

i )i∈N j∈N

¤+^`x�r�^��lx�mpo���wXr�bºoqt
W ∗ }qbEa.��x�w�m7��¶At1�vbº��¸`�lbE���AtImqxyo�x��Ibºwn�`aº¶XbE}E²�·m

W
x�m�r�tIac���vr�o2oq^`x�m�mq�`¶�mqb��\�`bEw�r�b�^��vm2��o�§�bE�vmpo�tIw`bs�vrEr��`aº�`§���oqx�tvw.�Atvx�w\o�¤+^`x�r�^¥r3��w�w`t�o2¶Ab3§�tvw`u

o�t
W ∗ ²���msoq^`x�m·�Ir3r3�`a�`§��1o�x�tIw �XtIx�w\o·x�m��v§�mqt¥��w´�Ir3r3�`a�`§��1o�x�tIwK�XtIx�w\o�tvzWoq^`b�z±�`§�§Cmqb��\�`b3wXr�bvÃXoq^�x�mr3tvw\oq}��v�`x�r�o�m#tv�`}+a.�vx�w�^nk\�At�o�^`bEmqx�m3²
ª=b�os��m+w�t1¤ r�tIw�mqx��lbE}

w0 �vw��Ir3r���a�`§��1o�x�tIw��Atvx�w\ost�z�oq^`b�mqb��\�`bEw�r�bI²�i\oq}�x�r�oq§�k�mq�XbN��Ânx�w`u�Ã w0 x�mo�^`b,§�x�acx�o�t�zW�.mp��¶�mpb �\�`b3w�r3b,t�z�oq^`b,a.�vx�wKmqb��\�`b3wXr�bvÃ�¶`�loso�t¥mpx�ac�`§�x�z±k¥o�^`b��`}�tnt�z�Ã`¤#b,�vm�mp��aTb7o�^��1o
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