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'%(*),+�-/.1032546.87�9;:<)=+>-�9?9<71+A@CB�DFEHG1IJ-=9
KMLNBPOQ-,:3RTSU.J.�V;.

W?XPY*YCB�L;:?Z�-�LN-=[\(J-=LN[\(*-^]�_a`cb�bPde46f�IJ]J-�bPg�gPh/4jiJklY*Xcmc-=9

n�oqp=r,sutJvcrcw '%(J-�xy-,DH9;B�]�zQ{UY*YC-=]|[,Bc+/@*EF]*XP:<E}Bc]|+�-�:<(*B8Z
[,Bc+/@*EF]J-�9
Z�-=[,E}9<E}Bc]�Y*L<B�[�-�Z�IJLN-=9T~�B�L%�*LN9;:;z
B�LNZJ-,L�:N(J-,B�L<E}-=9>9NXu:<EH9;~�71E}]Jm�[,-,L<:NXcEF]�[,Bc]*ZJE�:NEFB�]*9/E}]1:<B�Xe9<EF]*mcD}-�Z�-�[�EH9;E}Bc]"Y*L<B�[�-�Z�IJLN-�~�BcLA:<(*-�IJ]*EFB�]
:N(J-,B�L<7��$'%(J-l+>-,:<(JB�Z|EH9
L<-�9Q:NL<EH[�:N-=Z�:<B>:<(*-�[�Bc+A@JE}]*Xu:NEFB�]�Bc~q9;:NXP@*DF7�E}]��*]*E�:N-�:<(J-=BcLNEF-�9TBu�c-,L
Z�EH9�OQBcE}]�:
9<E}mc]*XP:<IJLN-=9=�
V�]�:<(JEH9TL<-=YCB�L;:%��-UYJLN-=9<-,]1:A�a�����c�,�F�\�u�c����XP]�-,�8:<-,]C9;E}Bc]�Bc~q.8+AIJDFD}7�Xc]�:NXc@JD}-=XPIJ��:<(*XP:Tm�-,]J-=LNXcDFE}�,-�9

:N(J-�x?-=D}9<Bc]JzQ{UYJY�-,]|+�-�:N(JB�Z�:NB�:<(J-�[,Bc+A@JEF]CXu:<E}Bc]|BP~aXPLN@JEF:<L\XPLN7�IJ]JE}�c-,L\9NXPD�:<(J-=BcLNEF-�9,��]*BP:?]J-�[�-=9N9NXPL<z
E}D}7�9;:NXc@JD}7eE}]��*]JEF:<-|XP]*Z"]JBP:>]J-=[,-=9N9<XcL<E}DF7eBu�c-=L/Z�EH9�OQB�EF]1:A9<EFm�]*Xu:NIJLN-=9=�eR�z�:\XP@JD}-=XcI���XcL<-�9;B�IJ]*Z�XP]CZ
[,Bc+�YJD}-�:N-c��@JI�:?]*BP:
:<-=L<+�E}]*Xu:NEF]*m>E}]
mc-=]J-,L\XPD��
SyD�:N(JBcIJm�(�R�z�:\XP@JD}-=XcI��eZ�B�]JBc:�YJLNBu�1EHZ�-�X�Z�-�[�EHZJXP@JE}D}E�:Q7 LN-=9<IJDF:�EF]�m�-,]J-=LNXcD��¡E}]�:<(*E}9�LN-,Y�BcL<:���-

ZJ-=9N[�LNEF@�->:Q��B XcYJYJLNB�Xc[\(*-=9U:<(*XP:/[,Xc]�@�-�I*9<-=Z�E}]�BcL\Z�-,L3:<B�B�@�:NXcEF]�Z�-�[�EHZJXP@*EFD}E�:Q7eL<-�9;I*D�:\9�I*9<EF]Jm�R�z
:\XP@JD}-=XcI��¢�q£U9;E}]Jm�:N(J-?�CLN9;:�XPY*YJL<B1Xc[\(¡�c��-3XPLN-?XP@JD}-
:<B/Bc@�:\XPE}]�X�Z�-�[�EHZJXP@JE}D}E�:Q7>L<-�9;I*D�:��
(*-,]�[,Bc+/@*EF]�z
E}]Jm�:N(J-,B�L<E}-=9%:N(*Xu:39;(*XcL<-3:N(J-/Z�-=]*9;-�B�LNZJ-,L\9,�T£y9<EF]Jm�:N(J-/9<-=[,Bc]*Z
XPY*YJL<B1Xc[\(¡���T-�XPLN-�XP@*DF-l:NB�Bc@�:\XPE}]
X�Z�-�[�EHZJXP@*EFD}E�:Q7�L<-�9;IJDF:
�
(J-,]�[,Bc+/@*EF]JE}]Jm>:<(*-,BcLNE}-=9%�
(JB19;-lIJ]JE}Bc]|EH9?9Q:\XP@JD}7��*]*E�:N-c�
¤�¥1¦�§N¨/© suªqpcw SyI�:<B�+�Xu:<-�Z
Z�-=Z�IC[�:<E}Bc]«�*¬y-�[�EH9;E}Bc]|YJLNB�[�-=ZJIJL<-�9,�CR�B�+/@JE}]*XP:<E}Bc]¡��'qXP@JD}-=XcI��¢�
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��� p���� � w�� X%+
	�:<(*B8ZJ-�Z�-�[,Bc+/@*EF]*XcE}9<Bc]lZ�-�xy-,DH9;B�]�z;{UYJYC-=]lYC-=L<+�-�:qZ�-�[�B�+/@JE}]J-=L«Z�-=9¡YJL<B�[�	=Z�IJLN-=9
ZJ-/Z�	=[,E}9<E}Bc]�Y�BcIJL3Z�-=9?:<(
	=BcLNEF-�9?Z�I YJLN-,+�E}-,L?B�LNZJL<-�9NXu:NE}9;~�XPEH9<Xc]1:y[�-,L<:NXcEF]*-=9y[,Bc]*ZJE�:NEFB�]*9?Z�-A+�Xc]JE}),LN-
� Bc@�:N-,]JE}LTIJ]J-yY*L<B�[�	�Z�IJLN-UZ�-3Z�	=[,E}9<E}Bc]�Y�BcIJLTD�� IJ]*EFB�]�Z�-=9�:N(
	,B�L<E}-c� � X/+�	,:<(JB�Z�-3-=9;:�LN-=9;:<LN-,E}]1:<- � D}X
[,Bc+A@JEF]CXPEH9;B�]�Z�-l:N(
	,B�L<E}-=9%9;:NXP@*DF-,z�E}]��*]JE}-=9
9<IJL?Z�-�9?9<EFm�]*Xu:NIJL<-�9%Z�E}9�OQBcE}]1:<-�9,�
¬3XP]*9l[,-AL\XPYJY�BcL<:=��]JB�I*93YJL�	=9<-,]1:<B�]*9yD}-=9�R�z�:NXc@JDF-�XPI��¢��IJ]J->-��8:N-,]*9<EFB�]�Z�-�9y:\XP@JD}-=XcI���Z�-�.8+/I*D�z

D}7�Xc]�G1IJETm�	,]�	,L\XPD}E}9<-�DHX +
	�:N(JB�Z�-|ZJ-|xy-,DH9;B�]�zQ{UY*YC-=] � DHXe[,Bc+A@JEF]CXPEH9;B�]"Z�-�:N(
	,B�L<E}-=9AXPLN@JEF:<L\XPE}L<-�9
I*]JEF��-,L\9;-=DFD}-=9=�cYCXc9M]�	=[�-�9<9NXPE}LN-,+�-,]1:�9;:NXP@*DF-,z�E}]��*]JE}-=9�-�:TY*Xc9�]
	=[,-=9N9<XcEFLN-,+�-,]1: � 9;E}mc]*XP:<IJLN-=9�Z�E}9�OQBcE}]1:<-�9,�
� X>+�	,:<(JB�Z�-�ZJ-=9yR�z�:NXP@*DF-�XPI���-�9Q:?[,BcLNL<-�[�:<-3-�:y[,Bc+�YJD})�:N-c�J+�XPEH9%]J-3:<-=L<+�E}]J-�Y*X�9%-,]
m�	=]
	,L\XPD��

�TE}-,]eG1IJ->D}-=9�R�z�:\XP@JD}-=XcI���]J-A~�BcIJLN]JEH9<9<-,]1:UYCXc9UIJ]�L�	=9<IJDF:NXu:�Z�-�Z�	=[,E}Z*XP@JE}DFEF:�	>-,]em�	=]
	,L\XPD��C]*BcI*9
Z
	=[�LNE}�cBc]C9�ZJXc]*9a[�-%L\XPYJY�BcL<:aZJ-,I��AXcYJYJLNB�[\(J-=9�DF-�9aI�:<E}D}E}9NXP]1:$G�I*E�YC-=L<+�-�:<:<-=]�:�Z�� B�@�:<-=]JEFL$Z�-�9aL�	�9;I*D�:\Xu:N9
ZJ-�Z�	�[�EHZJXP@*EFD}E�:�	c���M] -,+�YJD}Bu7�Xc]�:�D}X�YJL<-=+�EF)=L<-�XPYJYJLNB�[\(J-c�y]JBcI*9�Y�BcIJ��Bc]*9�Bc@�:N-,]JE}L|IJ] L�	=9<IJDF:NXu:
ZJ-�Z�	=[,E}Z*XP@JE}DFEF:�	�G1I*XP]*Z ]*BcI*9�[�Bc+A@JE}]JBc]*9�Z�-=9�:<(
	=BcLNEF-�9�G1IJEyYCXPL<:NXPm�-,]1:�D}-=9�BcL\Z�L<-�9�Z�-,]C9;-�9,���M]
-=+�YJDFBu71XP]1:lD}X�Z�-=I���EF)=+�-�XPYJYJLNB�[\(J-c�«]JBcI*9�YCB�IJ�cB�]*9lBc@�:N-,]JE}L�IJ]�L�	=9<IJDF:NXu:�Z�-�Z
	=[�EHZJXc@JEFD}EF:�	�G1I*XP]CZ
]*BcI*9
[,Bc+/@*EF]JB�]*9%Z�-=9
:<(
	=BcLNEF-�9
Z�Bc]1:
D�� IJ]JE}Bc]
-�9Q:?9;:NXP@*DF-,z��*]*EF-��
� © r�p § v�� � p�w ¬�	=Z�I*[�:<E}Bc]�XPIJ:<Bc+�XP:<EHG�I*-c��KMLNB�[�	=ZJIJL<-�9%Z�-�Z�	=[,E}9<E}Bc]¡�CR�B�+/@JE}]*XPEH9<Bc]¡��'qXP@JD}-=XcI��¢�
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V�]�+�XP]87>XPYJYJD}EH[,Xu:NEFB�]*9aBP~¢XPIJ:<Bc+�XP:<-=Z>LN-=X�9;B�]JEF]*mUB�]J-
(*Xc9aBc~ :<-=]�:<B�Z�-,:<-=[�:$:<(J-U9<XP:<EH9Q�CXc@JE}DFEF:Q7�BP~�D}BcmPz
EH[,XcD*~�B�L<+AIJDHXP-U9<Y*Xc]J]JE}]Jm>9<-,��-,L\XPD�Z�E���-,LN-,]1:
Z�Bc+�XcEF]*9=�$'%(8I*9,�8EF:TEH9TEF+�Y�BcL<:NXc]�:T:<B>@JIJE}DHZ�~�L\XP+�-,�TBcL ��9
~�B�L«[�B�+/@JE}]JE}]Jm
:N(J-�Z�E���-,LN-,]1:�9<YC-�[�EHXPD}EF�=-=ZlLN-=Xc9<Bc]*-,L\9*~�B�L¡:N(J-�9<EF]*mcD}-MZ�Bc+�XPE}]*9«EF]1:<BUX%mc-,]*-,L\XPDFz�YJI*L<Y�B�9<-
LN-=X�9;B�]J-,L��
'%(J-%+�B�9;:$9;I*[=[�-�9<9;~�IJD�XP]*Z/��-=DFDFz �1]*Bu�
]�[�Bc+A@JE}]*Xu:NEFB�]/+�-�:N(JB�Z/�%Xc9�EF]8��-,]1:<-�Z�EF]|k=d 7 d
@87�xy-,DH9;B�]

Xc]*Z"{UYJY�-,]�� 7�� ���3E}�c-=]�:Q��B
:N(J-,B�L<E}-=9
T1
Xc]*Z

T2
9<XP:<EH9Q~�78E}]Jm [�-=L;:\XPE}]�[,Bc]*ZJE�:NEFB�]*9,��:<(*-,E}L�+�-�:<(*B8Z

[,Bc+A@JEF]*-=9
:N(J-�X � XcEFDHXP@*DF-/ZJ-=[�EH9<EFB�] YJLNB8[,-=Z�I*L<-�9
~�BcL
T1
Xc]*Z

T2
E}]1:<B�X�Z�-=[,E}9<E}Bc] YJLNB�[�-�Z�IJLN-�~�BcLU:<(J-

9NXu:NE}9;�CXc@JEFD}EF:Q7�BP~qG1I*Xc]1:<EF�*-,L<z�~�LN-,-U~�BcLN+/I*D}Xc-UE}]|:<(J-�IJ]*EFB�]�:N(J-,B�L<7
T1 ∪ T2

�$V�]�B�LNZJ-,LT:<B�@�-�XPYJYJD}EH[,Xuz
@*DF-��C:N(J-Axy-,DH9;B�]�z;{UYJYC-=] +�-�:N(JB�Z�L<-�G1IJEFLN-=9?:<(*XP:y:N(J->[,Bc+�Y�Bc]J-=]�:U:<(J-=BcLNEF-�9

T1
Xc]*Z

T2
9NXu:NE}9;~�7|:<(J-

~�B�DFD}Bu�
E}]Jm>[,Bc]*ZJE�:NEFB�]*9��
 :<(J-l:N(J-,B�L<E}-=9 T1

XP]CZ
T2
+/IC9Q:?@�-�9Q:\XP@JD}7�E}]��*]JEF:<-"!$#

 :<(J-�9<E}mc]*XP:<IJLN-=9TBP~ T1
XP]*Z

T2
+/I*9;:?@C-�ZJE}9�OQBcE}]1:=�

V�] :N(JE}9�L<-=YCB�L;:��T- XcZJZJL<-�9<9>:N(J- YJLNBc@JD}-,+ BP~lDFEF~ :<E}]Jm"@�BP:N( :<(J-e9Q:\XP@JD}7�E}]��*]JEF:<-=]J-=9N9�Xc]*Z :<(J-
ZJE}9�OQBcE}]1:<]J-�9<9�LN-=9;:<LNE}[�:<E}Bc]¡� '«B�9<BcD}�c-�:<(JEH9�YJLNBc@*DF-=+|����-
E}]1:<LNB8ZJI*[�- �a��� �����}�N�P�c����XP] -��8:N-,]*9<EFB�] Bc~
.�+/IJD}DF71XP]
:\XP@JD}-=XcI��%�Fk���k�g � �
(*E}[\(emc-,]*-,L\XPD}EF�=-=9%:N(J->xy-,DH9;B�]�z;{UYJYC-=] [�B�+/@JE}]*Xu:NEFB�] +�-�:N(JB�Z
:<B�:<(J-
I*]JEFB�]�Bc~�XPLN@JEF:<L\XPLN7AIJ]*EF��-,L\9<XcDJ:<(*-,BcLNE}-=9=�1]*BP:%]J-=[,-=9N9<XcL<E}DF7�9;:NXP@*DF7�E}]��*]JEF:<-�Xc]*Z�]JBc:T]J-�[�-�9<9NXPLNEFD}7�Bu�c-=L
ZJE}9�OQBcE}]1:
9<E}mc]*XP:<IJLN-=9=�
R�z�:NXc@JDF-�XPI�� I*9;- X�9�@JDHXc[ ��@�B �8-�9�Z�-=[,E}9<E}Bc] YJL<B�[,-=Z�IJLN-=9

P1
XP]CZ

P2
~�BcL�:N(J- 9NXu:<EH9;�CXP@JE}D}E�:Q7"Bc~

G1I*Xc]1:<EF�*-,L<z�~�LN-,-�~�BcLN+/IJDHXP-|E}] :N(J-,B�L<E}-=9
T1
XP]*Z

T2
EF] BcL\Z�-,L>:NB�Y*L<Bu�8EHZ�-|X�9<BcIJ]*Z XP]CZ [,Bc+�YJD}-�:<-

+�-,:<(JB�Z��
EF:<(AL<-�9;Y�-=[�:«:NBy:N(J-U�'&)(,�u�+*,(.-T�c��* �/* �+03Bc~CG1I*XP]1:NE��*-=L;z�~�LN-,-$~�B�L<+AIJD}Xc-ME}]�:<(*-T[,Bc+/@*EF]J-�Z�:N(J-,B�L<7
T1∪T2

�a.8BcI*]*Z�]J-�9<9�+�-=XP]C9¡:N(*Xu:aE�~*:<(J-=L<-�-���E}9;:N9qX3R�z�:NXc@JD}-=XPI/YJL<B8Bc~1:N(*Xu:$X
~�B�L<+AIJDHX
E}9qIJ]C9<XP:<EH9Q�CXc@JD}-
E}]|:<(J-�[,Bc+A@JEF]*-=Z�:<(J-=BcLN7c�8:<(*-,]|:<(J-l~�B�L<+AIJDHX/EH9
E}]*Z�-,-�Z�I*]*9<XP:<EH9Q��XP@JD}-c��R�B�+>Y*DF-,:<-,]*-=9N9%+>-�XP]*9T:N(*Xu:
EF~«Xl~�B�L<+AIJD}X�E}9�IJ]*9NXu:NE}9;�CXP@*DF-?E}]�:N(J-U[,Bc+/@*EF]J-�Z>:<(J-=BcLN7c��:<(J-=]�:<(*-,LN-y-���EH9Q:\9�X�R�z�:\XP@JD}-=XcI�YJL<B8Bc~�:N(*Xu:
ZJ-,+�Bc]*9;:<L\Xu:N-=9�:<(*-�IJ]*9NXu:<EH9;�CXP@JE}D}E�:Q7��
V�]"m�-,]J-=LNXcD��$R�z�:\XP@JD}-=XcI���XcL<-�]*BP:�:N-,LN+>E}]*XP:<E}]Jm*��V�]�Bc:<(J-=L���B�LNZ*9,�aX�YJLNB�[�-=ZJIJL<-�@CXc9<-=Z�Bc] R�z

:\XP@JD}-=XcI���+�X 7>LNIJ]�~�B�L<-=�c-=L�EF~«E�:%LN-=[�-=EF��-=9TXc9�EF]*YJI�:
X�~�BcLN+/I*D}X�:<(*XP:TEH9%9<XP:<EH9Q�CXc@JD}-?EF]�:<(J-l[�B�+/@JE}]J-�Z
:N(J-,B�L<7��TxyBP:N-�:<(*XP:y]JB�]�:N-,LN+�EF]*XP:<E}Bc]
EH9?-��JX�[�:<D}7��
(CXu:yEH9?-,�8Y�-=[�:<-�Z
@C-�[,XPIC9;-�:N(J-�m�-,]J-=LNXcD¡YJLNBc@JD}-,+
:\XPLNmc-,:<-=Z�@87
R�z�:NXP@*DF-�XPI���EH9
IJ]*ZJ-=[�EHZJXc@JDF-��
SyD�:N(JBcIJm�(�E}]�mc-=]J-,L\XPD¢R�z�:\XP@JD}-=XcI���Z�B�]JBc:TYJLNBu�8E}ZJ-?X/Z�-�[�EHZJXP@JE}D}E�:Q7�LN-=9<IJD�:��c:N(J-,LN-UXcL<-yY*XPL<:<EH[�IJDHXPL

E}]*9;:NXc]*[�-�9yBc~�[�Bc+A@JE}]*Xu:NEFB�] YJLNBc@JD}-,+�9?�
(*-,LN-�R�z�:NXP@*DF-�XPI�� Z�B�71E}-,DHZ X�Z�-=[,E}9<EFB�] YJLNB�[�-=ZJIJL<-/~�BcLU:<(J-
[,Bc+A@JEF]*-=Z/:<(J-=BcLN7c�qV�]*Z�-,-�Z¢�P:N(J-,LN-?XPLN-T:Q��Bl+�XPE}]�XPYJYJLNB�X�[\(J-=9�:N(*Xu:�[=XP]�@C-
IC9;-�ZAE}]�BcL\Z�-,La:NBlBc@�:\XPE}]
X�Z�-�[�EHZJXP@*EFD}E�:Q7�L<-�9;IJDF:
I*9<EF]Jm�R�z�:NXc@JD}-=XPIJ���
'%(J-��*L\9Q:aXPYJYJLNB�X�[\(�[�Bc]C9;EH9Q:\9¡Bc~8-=+�YJDFBu78E}]Jm*�uZ�-=YC-=]*Z�E}]JmyI*YCB�]�:<(J-T9;Y�-=[,E���[�[�B�+�YCB�]J-,]1:«:N(J-,B�L<E}-=9

XP:�(*Xc]*Z¢�u9<IJE�:\XP@JD}-�LN-=9;:<LNEH[�:<E}Bc]C9¢:<By:<(J-�:NXc@JDF-�XPI�LNIJD}-=9«:<(*XP:�-=]�~�BcL\[�-$:N-,LN+�EF]*XP:<E}Bc]��
EF:<(*BcI�:a9<X�[�LNE��C[,EF]*m
[,Bc+�YJD}-�:N-,]J-�9<9=�
£U9;E}]Jm�:<(JEH9lXPYJYJLNB�X�[\(¡�*�T-A9<(JBu��:N(*Xu:/R�z�:\XP@JD}-=XcI���YJLNBu�1EHZ�-/X�Z�-=[,E}Z*XP@JE}DFEF:Q7�LN-=9<IJD�:3�
(J-,]�[�B�+Az

@*EF]JE}]Jm�:N(J-,B�L<E}-=9%:N(*Xu:y9<(*XcL<-3:<(*-/Z�-,]C9;-�B�LNZ�-=LN9=��'%(J-l:N(J-,B�L<7�BP~MZ�-,]C9;-�B�LNZ�-=LN9%+�B�Z�-=D}9?X�Y*L<-�Z�E}[=Xu:N-
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<
Xc9TX�D}E}]J-=XcL�B�LNZ�-=L�:N(*Xu:%EH9�Z�-=]*9<-UE}]�:N(J-y~�B�DFD}Bu�
E}]JmA9<-,]*9<- ���JB�LT-=�c-=L<7A:Q��BA-,D}-,+�-,]1:\9

x, y
�

EF~
x < y

:<(*-,]�:<(*-,LN-?-���EH9Q:\9�XP]�-=DF-=+�-,]1:
z
@�-�:Q�T-,-=]

x
XP]CZ

y
��:<(*XP:�EH9,�

x < z
XP]*Z

z < y
���$�JXP+�YJD}-=9

Bc~aZJBc+�XPE}]*9%:N(*Xu:yXcL<-�Z�-=]*9<-,D}7�BcL\Z�-=L<-�Z�E}]*[�D}I*Z�-�:<(J-/9<-�:?Bc~qL\Xu:NEFB�]*XPD¢]8IJ+A@C-=LN9yXP]*Z�:<(*-/9;-,:yBP~aLN-=XPD
]8IJ+A@C-=LN9=�
'%(J-�9<-=[,Bc]*Z XPYJY*L<B1Xc[\(�[,Bc]*9<E}9;:N9>Bc~y�*]*ZJEF]Jm�X�9<-,+�E�z�Z�-�[�EH9;E}Bc] YJL<B�[,-=Z�IJLN-�:<(*XP:�EH9�9<BcIJ]*Z XP]CZ

[,Bc+�YJD}-�:N-/~�B�LU:N(J-�(��P�6*,(Q-T�c��* �/* �60�Bc~TG1I*Xc]�:NE��C-,L<z�~�LN-,-�~�B�L<+AIJDHXP-/E}]
T1 ∪ T2

�/xyBP:N-A:N(*Xu:/R�z�:NXP@*DF-�XPI��
XcL<-�X?9;-=+�E�z�Z�-=[,E}9<E}Bc]�YJLNB�[�-=ZJIJL<-M:<(*XP:�EH9�9<BcIJ]CZ�XP]*Z�[,Bc+�YJD}-�:N-M~�BcL«:<(J-U�'& (,�u�+*,(Q-����M* �/* �+03BP~*G1I*XP]1:NE��*-=L;z
~�LN-,-/~�BcLN+/IJDHXP-AEF]

T1 ∪ T2
�l'%(*-,LN-�~�BcLN-c��m�EF��-,]�X�G�ICXP]1:<EF�*-,L<z�~�L<-=-�~�BcLN+/I*D}X

ϕ
�¢�T-A[=XP]eL<IJ] :<(J->:Q�TB

9<-,+�EFz ZJ-=[�EH9<EFB�]eYJLNB�[�-�Z�IJLN-=9lE}]�YCXPL\XPD}DF-=D��qXP]*Ze:<(*-��*L\9Q:�B�]J-�:<(*XP:/9Q:NBcY*9��
EFD}D$:<-=DFD�I*9��
(J-,:<(J-=L
ϕ
E}9

(T1 ∪ T2)
z�9<XP:<EH9Q�CXc@JD}-UB�L
]JBP:��

£U9;E}]Jm�:N(J-A9<-=[,Bc]*Z
XcYJYJLNB�Xc[\(«�*�T-/XPLN-�XP@JD}-�:NB�Bc@J:NXPE}] X�Z�-�[�EHZJXP@*EFD}E�:Q7
LN-=9<IJDF:y�
(J-,]e[�Bc+A@JE}]JEF]*m
I*]JEF��-,L\9<XcD�:<(J-=BcLNEF-�9

T1, T2
�
(JB�9<-lIJ]JE}Bc]

T1 ∪ T2
EH9?9Q:\XP@JD}7��*]*E�:N-c� �

����� �
	���
���	����������

'%E}]J-=DFD}E3Xc]*Z W
E}]Jm�-,EH9<9<-,] �}k=i � YJLN-=9<-,]1:<-�Z X�m�-,]J-=LNXcDFE}�=XP:<E}Bc] BP~�:N(J-exy-,DH9;B�]�zQ{UY*YC-=] [�B�+/@JE}]*Xu:NEFB�]
+�-,:<(JB�Z�~�B�L�:<(*-,BcLNE}-=9��
(*B�9<-�9;E}mc]CXu:<I*L<-�9�+�X 7e]JBc:A@�-�Z�EH9�OQBcE}]�:���'%(J-=EFLA+>-,:<(JB�Z�E}9/L<-�9Q:NL<EH[�:N-=Z�:<B
YCXPE}LN9lBc~%�
(CXu:�:<(*-,7�[,XPD}D��������E�! ���*.&��c�,�F��:<(*-,BcLNE}-=9=��W
B�IJmc(JD}7�9<YC-�X �8E}]Jm*��-��JXP+�YJD}-=9�Bc~
Y*XPE}LN9lBc~
x?zQ{ [,Bc+/@*EF]*Xc@JD}-�:<(J-=BcLNEF-�9yXcL<-�:N(JB�9<-�:N(*Xu:l9;(CXPLN-�[�Bc]C9Q:NL<I*[�:<B�LN9=�CXc]*Z XPDH9<B#";XcmcLN-,-%$3Bc] :<(J->9;(*XcL<-�Z
[,Bc]*9;:<LNI*[�:<BcL\9=�%�3E}�c-=] XeY*XPE}L

〈T1, T2〉
BP~3x?zQ{ [�Bc+A@JE}]*XP@JD}-�:N(J-,B�L<E}-=9=��'%E}]J-,D}D}E?XP]*Z W
EF]*mc-,EH9N9;-=]�� 9

+�-,:<(JB�Z 78E}-,DHZJ9lX�9<-,+�EFz ZJ-=[�EH9<EFB�] YJLNB8[,-=Z�I*L<-A�
E�:N(eLN-=9<YC-�[�:U:<B�:<(J-�9NXu:<EH9;�CXP@JE}D}E�:Q7
BP~T[�Bc]C9Q:NLNXcEF]1:N9UE}]
:N(J-�IJ]JE}Bc]�:<(*-,BcLN7

T1 ∪ T2
�

'%E}]J-,D}D}E �}kck � E}]�:NL<B�Z�IC[�-=Z�X�+/IJDF:<EFz�:<(J-=BcLN7 ~�LN-,-�z �uXPLNE}Xc@JD}-�:NXP@*DF-�XPI"[,XcD}[,IJD}I*9/E}]��
(JEH[\(�:<(*-�~�BcLN-�z
m�L<B�IJ]*ZeL<-�Xc9<Bc]J-=LUE}]1:<-=LNX�[�:N9l�
EF:<(�:Q�TB
@*Xc[ �8mcLNBcI*]*Z LN-=X�9;B�]J-,L\9,�!�?EH9�+�-�:N(JB�Z�E}9�@CXc9<-=ZeBc]�X
9;Y�-�z
[,E}XcDFE}�,-�Z���-,L\9;E}Bc]�BP~�:<(J-AR�L\XPE}m�EF]1:<-=L<Y�BcDHXu:NEFB�]�D}-,+�+�XJ�

�3(JE}DHXPL\Z�E � b � YJLN-=9<-,]1:N-=Z
XP]JBc:<(J-=L?mc-=]J-,L\XPD}E}�=Xu:NEFB�]�Bc~�:N(J-/x?-=D}9<Bc]JzQ{UYJY�-,]�[,Bc+/@*EF]*XP:<E}Bc]|+�-�:<(*B8Z
~�B�L�:N(J-,B�L<E}-=9��
(*B�9<-�9;E}mc]CXu:<I*L<-�9�+�X 7 ]JBc:�@�-�Z�EH9�OQB�EF]1:����?EH9�+�-,:<(JB�Z EH9�LN-=9;:<LNE}[�:<-�Z :<B"Y*XcEFL\9�Bc~
:N(J-,B�L<E}-=9

〈T1, T2〉
~�B�L%�
(JE}[\(�:<(*-,LN-�E}9
XA:<(*-,BcLN7

T0
9;I*[\(�:<(CXu:?@�BP:<(

T1
XP]*Z

T2
XPLN-U�
(*XP:?�3(JEFDHXPL\Z�E

[=XPD}D}9
T0
���E�! '&J�P�6*��,�F�y:<(J-=BcLNEF-�9,�qSy9�XP]�-��JXc+>Y*DF-��P:<(*-
:<(J-=BcLN7/Bc~�L\Xu:NEFB�]*XPDJD}E}]J-=XcL�XPLNE�:N(J+�-�:NE}[
Xc]*Z>:<(J-

:N(J-,B�L<7�BP~a:<Bc:NXcD«BcL\Z�-=LN9
-=]*Z�Bu�T-=Z|�
EF:<(�X�9;:<LNEH[�:y+�Bc]*BP:<B�]JEH[l~�IJ]*[�:<E}Bc]
f
XPLN-

T0
z�[�Bc+�Y*XP:<E}@JD}-c�*�
EF:<(

T0
@�-,E}]Jm�:N(J-
:<(*-,BcLN7/Bc~�:<BP:\XPDJB�LNZJ-,L\9,�I�3(JEFDHXPL\Z�E�� 9M+>-,:<(JB�Z�78E}-,DHZJ9�X�9<-,+�EFz Z�-�[�EH9;E}Bc]�YJLNB�[�-�Z�IJLN-T�
EF:<(

LN-=9<Y�-=[�:%:NB�:<(J-�IJ]C9<XP:<EH9Q�CXc@JE}DFEF:Q7�BP~a[�B�]*9Q:NLNXcEF]1:\9�E}]|:<(J-�I*]JEFB�]|:<(J-=BcLN7
T1 ∪ T2

�J@JI�:?EF:y[,Xc]�YJLNBu�8E}ZJ-
X�Z�-�[�EHZJXP@*EFD}E�:Q7�L<-�9;IJDF:
E�~a:N(J-l:<(J-=BcLN7

T0
E}9%D}B�[,XPD}D}7��*]JEF:<-��

���)( *,+�-.�/���/01�3254768�/
�9:��	;
=<?>@�

R�z�:NXc@JD}-=XPIJ�y��-=L<-$B�L<E}mcE}]*XcDFD}7?YJLN-=9<-,]1:<-�Z3EF] �}k,h � � XP]*Z3:N(J-,]�DHXu:N-,L¡E}+�YJL<Bu��-=ZUEF]��}k�` � �q'%(J-MZ�-=[,E}Z*XP@JE}DFEF:Q7
LN-=9<IJDF:U~�B�L3:<(J-�[�B�+/@JE}]*Xu:NEFB�]�Bc~M:<(J-=BcLNEF-�9l9;(*XcL<E}]Jm|Z�-,]*9<->BcL\Z�-,L\9?�%Xc9U�*L\9Q:lBc@J:NXPE}]J-�Z E}] �}k 7�� �/'%(J-
ZJ-=[�EHZJXc@JEFD}EF:Q7 LN-=9<IJDF:�~�BcL�:<(J-�[�B�+/@JE}]*XP:<E}Bc] BP~�:N(J-,B�L<E}-=9��
(JB�9<-�IJ]*EFB�] E}9�9Q:\XP@JD}7 �*]JEF:<-e�TX�9��*L\9Q:
B�@�:NXcEF]*-=Z�EF] �}k+� � �
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'%(*-|LN-,Y�BcL<:�E}9�B�L<m1XP]JE}�,-�Z�X�9>~�BcD}DFBu�?9=� V�] .8-�[�:NEFB�] be�T-
EF]1:<LNB�Z�I*[,-
9<Bc+�-
YJLN-,D}EF+�E}]*XPLN7"]JBc:<E}Bc]*9
:N(*Xu:U�
EFD}D«@�-/I*9<-=Z
E}]��
(*XP:?~�BcD}DFBu�?9=�%V�]�.8-=[�:<E}Bc] i��T-�Z�-�9<[,L<E}@C-�:<(J-/xy-,DH9;B�]�z;{UYJYC-=] [�B�+/@JE}]*Xu:NEFB�]
+�-,:<(JB�Z¢��Xc]*Z�E}] .8-�[�:NEFB�]�h��T-
Z�-=9N[�LNEF@�-
R�z�:NXc@JD}-=XPIJ����V�] .�-=[�:NEFB�]*9�`��T-|9;:NXP:<-�Xc]*Z"Y*L<Bu��-�:<(J-
R�B�+/@JE}]*XP:<E}Bc]�'%(J-=BcLN-,+
��X�~�IJ]*ZJXc+�-,]1:NXcD
+>B�Z�-=D�z�:<(*-,BcLN-�:NE}[�L<-�9;I*D�:>:<(*XP:�~�BcLN+�9A:N(J-
@*Xc9<E}9ABP~U:<(J-
[,BcLNL<-�[�:N]J-=9N9$BP~«[,Bc+A@JEF]CXu:<E}Bc]�+>-,:<(JB�ZJ9=�aV�]�.8-�[�:<E}Bc] ���T-yYJLNBu�c-
:N(J-U9<BcI*]*Z�]J-�9<9TXP]*Z�[�Bc+�YJD}-�:N-,]J-�9<9
Bc~AR�z�:\XP@JD}-=XcI��¢� V�] 9<-=[�:NEFB�] 7 ��- X�ZJZ�LN-=9N9>:<(J-eYJLNBc@JD}-,+ BP~�+�X �8EF]*m R�z�:\XP@JD}-=XcI���-���[,EF-=]�:���V�]
.�-=[�:NEFB�] ����->9;(JBu�^(*Bu��:<B|Bc@�:\XPE}]�X�Z�-�[�EHZJXP@*EFD}E�:Q7�LN-=9<IJDF:U�
(J-=]e[,Bc+/@*EF]JE}]Jm�:<(J-=BcLNEF-�9?:N(*Xu:�9;(CXPLN-
I*Y/:NBlXU�*]*E�:N-
]1I*+/@�-,LaBP~¢[�B�]*9Q:\XP]1:$9;78+/@�BcDH9=�«V�]�.8-=[�:<E}Bc]�dy�T-
9;(*Bu�"(JBu�":NBlBc@�:\XPE}]>X3Z�-=[,E}Z*XP@JE}DFEF:Q7
LN-=9<IJDF:?�
(J-,] [,Bc+A@JEF]*EF]Jm�:<(J-=BcLNEF-�9%:<(*XP:U9<(*XPLN-3:<(J->Z�-,]*9<-�BcL\Z�-=LN9=��V�]�.�-=[�:NEFB�]�k=g��T-/9;(*Bu� (JBu� :<B
B�@�:NXcEF]�X�ZJ-=[�EHZJXc@JEFD}EF:Q7�L<-�9;IJDF:l�
(J-,]�[�B�+/@JE}]JE}]Jm�:N(J-,B�L<E}-=9U�
(JB19;->IJ]JE}Bc]eE}9�9;:NXc@JDF7
�C]JE�:N-c� ��E}]*XcDFD}7c�
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Σ
[,Bc]*9<EH9Q:\9
BP~�X�9<-�:

ΣC BP~M[,Bc]*9;:NXc]�:39;78+/@�BcDH9=�CX�9<-�: ΣF BP~$~�IJ]C[�:<E}Bc]e9;78+/@�BcDH9=�CXP]CZX�9<-�:
ΣP Bc~�YJLN-=ZJE}[=Xu:<-�9<78+/@�BcDH9,�

�3E}�c-=]
X�9<-�:
V
Bc~q�uXcL<EHXP@JD}-=9=���T-�Z�-,]JBc:<-��
EF:<(

Terms(Σ, V )
:<(*-/9;-,:?BP~q:<-=L<+�9
@JI*EFDF:?~�LNBc+ :N(J-

�uXcL<EHXP@JD}-=9UE}]
V
XP]*Z�:<(*-�9<78+/@�BcDH9yE}]

Σ
�AS?]�-,D}-,+�-=]�:lBP~

Terms(Σ, V )
EH9lX

Σ
�����M�� >�

Terms(Σ)9;:NXc]*ZJ9T~�B�L
Terms(Σ, ∅)

�
S

Σ
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P (t1, . . . , tn)
���
(*-,LN-

P ∈ ΣP Xc]*Z t1, . . . , tnXcL<-
Σ
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s = t
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=
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Σ
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true
�
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�
Σ
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�� >���F�c�
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�
∨
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∀, ∃
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Σ
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XcL<-
Σ
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Σ
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Σ
z�~�B�L<+AIJDHXP-3�
E�:N(|]*BA~�LN-,-l�uXPLNEHXP@JD}-=9=�
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{ϕ1, . . . , ϕn}

�
Xc]*Z���-�XP@*@JL<-=�8E}XP:<-3:<(J-�D}EF:<-,L\XPD

¬(x = y)
�
E�:N(

x 6= y
�

(?�)( � 	�� 
��3��+�� -

= ¥ 8�
 ��r
� © 
 ��� � -�:
Σ
@C-�X>9;E}mc]*XP:<IJLN-c�aS

Σ  �!#"%$%&�'%(�'%&�$*)+$,!.-/" A �
EF:<(
Z�Bc+�XcEF] A Bu��-,L%XA9<-�: VBc~��uXPLNEHXP@JD}-=9%EH9
X>+�XcY
�
(JE}[\(|E}]�:N-,LNYJLN-�:N9
 -=X�[\(��uXPLNEHXP@JD}- x ∈ V X�9
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xyBP:<-y:<(*XP:TXl:N(J-,B�L<7>[,Xc]�@C-U@CBc:<(�9;:NXc@JDF7A�*]JEF:<-3XP]*Z�9Q:\XP@JD}7AE}]��*]*E�:N-c��XP]�-,��Xc+�YJDF-ymcE}�c-,]�@87>:<(J-

:N(J-,B�L<7�BP~�-�G1I*XPD}E�:Q7��
= ¥ 8�
 ��r
� © 
 "
� S

Σ
z�:N(J-,B�L<7

T
EH9�� -�" �/&�� E�~�~�BcLa-,��-,LN7�[�B�]uOQIJ]*[�:<E}Bc] Γ

BP~
Σ
z�D}EF:<-,L\XPDH9aXP]*Z/~�BcLa-=�c-,LN7

ZJE}9�OQIJ]*[�:<E}Bc] ∨n

i=1 xi = yi

�

T ∪ Γ |=
n
∨

i=1

xi = yi

E��
T ∪ Γ |= xj = yj ,

~�BcL?9<Bc+�-
j ∈ {1, . . . , n}. �

�$�JXc+>Y*DF-�9?BP~M[,Bc]8�c-,��:<(J-=BcLNEF-�9
E}]*[�D}I*Z�-�:N(J-�:N(J-,B�L<7�BP~a-=G1I*XPD}EF:Q7c�J:N(J-�:N(J-,B�L<7�BP~$LNXP:<E}Bc]*XcD}9=�JXP]CZ
:N(J-l:<(*-,BcLN7�BP~aD}E}9;:N9=�

� � �
	 � �*���
	��
�e���

� -�:
Σ1
XP]*Z

Σ2
@�-�9<E}mc]*XP:<IJLN-=9=��Xc]*Z�DF-,:

Ti

@�-�X
Σi

z�:N(J-,B�L<7��«~�B�L
i = 1, 2

�|SU9<9<IJ+�-�:N(*Xu:�:N(J-,LN-
-,��E}9;:?Z�-=[,E}9<EFB�]�YJLNB�[�-�Z�IJLN-=9

P1
Xc]*Z

P2
9;IC[\(�:N(*Xu:��8~�BcL

i = 1, 2
�
Pi

[=XP]|Z�-=[,E}Z�-3:N(J-�G�ICXP]1:<EF�*-,L<z�~�L<-=-
9NXu:NE}9;�CXc@JEFD}EF:Q7�YJL<B�@JD}-,+ Bc~

Ti

�a'%(J-
x?-=D}9<Bc]JzQ{UYJY�-,]�[�B�+/@JE}]*XP:<E}Bc]>+>-,:<(JB�Z>I*9<-=9
P1
XP]*Z

P2
Xc9a@JDHXc[ �

@�B ��-=9TE}]|B�LNZJ-,L%:<B�Z�-�[�EHZ�-l:<(*-
(T1 ∪ T2)

z�9<XP:<EH9Q��XP@JE}DFEF:Q7�BP~$G1I*XP]1:NE��*-=L;z�~�LN-,-
(Σ1 ∪ Σ2)

z�~�B�L<+AIJDHXP-c�
KMLNBu�8E}ZJ-=Zl:N(*Xu:

Σ1∩Σ2 = ∅
�PXP]*Z�:<(*XP:

T1
XP]*Z

T2
XPLN-�9;:NXc@JDF7lE}]��*]JEF:<-��u:<(*-Txy-,DH9;B�]�zQ{UY*YC-=]/[�B�+Az

@*EF]*XP:<E}Bc]�+�-�:N(JB�Z
YJLNBu�1EHZ�-�9?X�Z�-�[�EH9;E}Bc]
YJLNB�[�-=ZJIJL<-l~�B�L?:N(J-AG1I*Xc]�:NE��C-,L<z�~�LN-,-�9NXu:<EH9;�CXP@JE}D}E�:Q7|YJLNBc@JD}-,+
Bc~
T1 ∪ T2

�
��-�]*Bu� Z�-=9N[�LNEF@�-�:<(J-
x?-=D}9<Bc]�z;{UYJY�-,]�[,Bc+A@JEF]CXu:<E}Bc]�+>-,:<(JB�Z¢� � EF:<(JB�I�:�DFB19<9ABP~?m�-,]J-=LNXcDFEF:Q7c�

�T-�LN-=9;:<LNE}[�:%B�IJL\9;-=DF��-=9T:<B�[,Bc]uOQI*]*[�:NEFB�]*9
BP~aD}E�:N-,L\XPDH9,�Tx?BP:N-l:<(*XP:?:<(*E}9?[=XP]�XPD}�%X 789%@�-�Z�B�]J-�@C-�[,XcI*9;-
-=�c-=L<7�G1I*XP]1:NE��*-=L;z�~�LN-,-�~�B�L<+AIJDHX

ϕ
[=XP]�@C-�-���-�[�:<E}�c-=DF7 [,Bc]8�c-=L;:N-=Z�E}]1:<B�XP]e-=G1IJEH9<XP:<EH9Q��XP@JD}-/~�B�L<+AIJDHX

E}]
Z�E}9�OQIJ]*[�:<E}�c-l]JB�L<+�XPD�~�B�L<+
ψ1 ∨ · · · ∨ ψn

�J�
(*-,LN-U-�Xc[\(
ψi

EH9
XA[,Bc]uOQIJ]C[�:<E}Bc]|BP~qDFEF:<-=LNXcD}9=�$'%(J-,]
ϕEH9
9NXu:<EH9;�CXP@JD}-lE�~$XP]CZ�B�]JDF7�E�~$Xu:
D}-=X�9Q:
Bc]*-3Bc~�:N(J-�Z�EH9�OQI*]*[�:\9

ψi

E}9?9NXu:NE}9;�CXc@JDF-��
'%(8I*9=�¢DF-,:

Γ
@�->X|[�B�]uOQIJ]*[�:<E}Bc]�Bc~

(Σ1 ∪ Σ2)
z DFEF:<-=LNXcD}9=��'%(J->xy-,DH9;B�]�z;{UYJYC-=] +�-�:N(JB�Ze[,Bc]*9<E}9;:N9

Bc~«:Q�TB�YJ(*Xc9<-=9H� � � �;*��c�,�F���c�M(��6�N� �,�6*=� &eXP]CZ ���J� ���u�
V�]|:<(*-3�uXcL<EHXP@JD}-lXP@*9;:<L\Xc[�:<E}Bc]�Y*(*Xc9<-l��-�[�B�]8�c-,L<:

Γ
E}]1:<B�X>[�Bc]POQIJ]*[�:NEFB�]

Γ1 ∪ Γ2
9<XP:<EH9Q~�78E}]Jm>:<(J-

~�B�DFD}Bu�
E}]JmAY*L<B�YC-=L;:NEF-�9��
��X ��-=X�[\(�D}E�:N-,L\XPD¢E}]

Γi

EH9?X
Σi

z DFEF:<-=LNXcD��8~�B�L
i = 1, 2

!
��@��

Γ1 ∪ Γ2
E}9

(T1 ∪ T2)
z 9NXu:NE}9;�CXc@JDF-lEF~aXc]*Z�Bc]JD}7�EF~a9<B�E}9

Γ
�

���H> C�� 7��A7S:67��MBE: W
=
BE@�B F$9��;> � BEF"@6<HTUD 9;F���JR9;:AO8@A46587I4658739;:=< 9EJ 73NHO
BEF$> 4.< B C8W 46587S73T���4.<
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xyBP:<-/:<(*XP:3XcDFD�YJL<B�YC-=L;:NEF-�9?[,Xc]�@C-A-M��-=[�:<E}�c-,D}7
-,]�~�B�LN[,-=Z|�
EF:<(�:N(J-/(J-=DFY�BP~$]J-,� XcI���EFD}EHXPLN7��uXPLNE�z
Xc@JD}-=9=�

��-�[=XPD}D
Γ1 ∪ Γ2

X [�B�]uOQIJ]*[�:<E}Bc]"Bc~
DFEF:<-=LNXcD}9/EF] (,� &J� �<�u����~�BcLN+
� 2�BcLN-,Bu��-,L��¡��-�Z�-,]JBc:<-��
EF:<(
shared(Γ1,Γ2)

:<(J-�9;-,:/BP~%�uXPLNE}Xc@JDF-�9lB�[,[�I*L<LNEF]*m|E}]�@CBc:<(
Γ1
XP]*Z

Γ2
��:<(*XP:/E}9=�

shared (Γ1,Γ2) =
vars(Γ1) ∩ vars(Γ2)

�
V�]
BcL\Z�-=L�:NB�Z�-=9N[�LNE}@C-3:<(*-�[\(J-=[ ��YJ(CXc9<-c�J�T-lEF]1:<LNB�Z�I*[,-U:N(J-�]JBc:<E}Bc]|BP~?�
�;�<� & �1�% ��M&C���

= ¥ 8�
 ��r
� © 
 �6;�� � -�:
E
@�-
Xc]"-=G1IJE}�uXPD}-,]*[,-�LN-,DHXu:NEFB�]"Bu�c-=LA9<Bc+�-�9<-�:

V
BP~y�uXPLNEHXP@JD}-=9=��'%(J-�� ���

�N�
& �1�  ���&*�TBP~
V
EF]*ZJI*[�-�Z�@87

E
EH9
Z�-��C]J-=Z
Xc9T:N(J-�[�B�]uOQIJ]*[�:<E}Bc]_�

arr(V,E) = {x = y | x, y ∈ V
XP]*Z

(x, y) ∈ E} ∪

{x 6= y | x, y ∈ V
Xc]*Z

(x, y) /∈ E} . �

� -�:
Γ1 ∪ Γ2

@�-�XA[,Bc]uOQI*]*[�:NEFB�]�Bc~«DFEF:<-=LNXcD}9TE}]|9<-,YCXPL\Xu:<-y~�BcLN+
�8Xc]*Z�D}-�:
V = shared(Γ1,Γ2)

�$V�]
:N(J-�[\(J-�[ ��YJ(*Xc9<-l��-�Y�-,L<~�BcLN+ :N(J-l~�BcD}DFBu�
E}]JmA:Q��B�9;:<-=Y*9,�8~�B�L
-=X�[\(�-�G�I*EF�uXPD}-,]C[�-lL<-=D}XP:<E}Bc]

E
Bc~
V
�

-¡r ¥, � � V ~
Γ1 ∪ arr(V,E)

E}9
T1
z�9<XP:<EH9Q�CXc@JD}-Um�B/:NB�:<(J-�]J-,�8:y9Q:N-,Y_!�Bc:<(J-=L<�
EH9;-lB�I�:<YJIJ:��������)!

-¡r ¥, �
� V ~
Γ2 ∪ arr(V,E)

E}9
T2
z�9<XP:<EH9Q�CXc@JD}-UB�I�:<YJIJ:	��

��������� !1BP:N(J-,LN�
E}9<-3BcI�:NYJI�:��������*�

V ~3:<(J-=L<-
-,�8EH9;:N9�XP] -=G1IJE}�uXPD}-,]*[,-|LN-,DHXu:NEFB�]
E
BP~
V
~�B�L��
(JE}[\( �T-|B�I�:<Y*I�:���
���������� :N(J-,] ��-

ZJ-=[�DHXPLN-U:<(*XP:
Γ1 ∪ Γ2

EH9
(T1 ∪ T2)

z 9NXu:NE}9;�CXc@JDF-��aV ~qE}]*9;:<-=X�Z|��-lBcIJ:<YJI�:��������/~�BcL?-�Xc[\(�-=G1IJE}� XcDF-=]*[�-
LN-,DHXu:NEFB�]

E
BP~
V
:<(J-=]
��-�Z�-�[�DHXPLN-U:N(*Xu:

Γ1 ∪ Γ2
EH9

(T1 ∪ T2)
z IJ]*9NXu:NE}9;�CXP@*DF-��

KMLNBu�8E}ZJ-=Ze:<(*XP:�:<(*-�9;E}mc]CXu:<I*L<-�9
Σ1
XP]*Z

Σ2
XcL<-�ZJE}9�OQBcE}]1:=�aXP]*Z�:N(*Xu:�:N(J-�:N(J-,B�L<E}-=9

T1
Xc]*Z

T2XcL<-�9;:NXc@JD}7�E}]��*]JEF:<-���:<(J-=]
:<(J->x?-,DH9<Bc]�z;{UYJY�-,]�+�-�:N(JB�Z�OQI*9;:3Z�-�9<[,L<E}@C-�Z
E}9U[�B�L<LN-=[�:=�
'%(J-�~�B�DFD}Bu�
EF]*m
:N(J-,B�L<-=+ 9<IJ+�+�XcL<E}�,-�9�:<(JEH9
LN-=9<IJD�:��
(�) ¥8© s ¥ � �@� �0� ���

Ti

�\�/� (����c�,�/0�*.&H- &)* ���
Σi

�����*��� �;0
�
�M�
�

i = 1, 2 �
�
&����F���

Σ1 ∩Σ2 = ∅
	 *U�$(��

��
(E(\�/ ��U���*�u�a���J�����*� &*�+* -��������E�<�\�
Ti

�C(,�u�+*,(Q-��c��* �/* �+0?&Y���c�,�F�  *,( �c� ��*��c�c�,�F��	 ���J��&|���J� �A���$(�� &*����& &*�M&
�E�  ���*.&��P�6*=� &  ��,���)��� & ��� � *����;(?�0�c� ��*,(E*=� & & ���8�\���u�'�<�
�M�
�T���*�����*� &*�+* -��������E�<�\�U(,�u�+*,(Q-��c��* �/* �+0�& �������F�  
� �
T1 ∪ T2

	
�
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'+ ��
 
�� � �3� 	�-�� 	����
� -�:

TR

@�-U:N(J-3:<(J-=BcLN7�BP~«LN-=XcD}9=�8DF-,:
Σf = {f}

�1�
(J-=L<-
f
EH9TXAIJ]*XcL<7�~�I*]*[�:NEFB�]�9<71+A@CB�D��JXc]*Z�D}-�:

Tf@�-l:<(*-l:<(J-=BcLN7�BP~a-=G1I*XPD}EF:Q7�Bu�c-=L�:N(J-�9<EFm�]*Xu:NIJL<-
Σf

�
.8E}]*[,-

ΣR ∩ Σf = ∅
�«XP]*Z�9<EF]C[�-�@CBc:<(

TR

XP]*Z
Tf

XPLN->9;:NXc@JDF7�EF]��C]JE�:N-c�a'%(J-,B�L<-=+ kck>:<-=DFDH9lI*9
:N(*Xu:
:N(J-�x?-=D}9<Bc]JzQ{UYJY�-,]|+�-�:N(JB�Z�EH9
XP@*DF-3:<B�[,BcLNL<-�[�:NDF7�[,Bc+/@*EF]J-

TR

XP]*Z
Tf

�
R�B�]*9;EHZ�-=L%:<(J-�[,Bc]uOQIJ]C[�:<E}Bc]

Γ =

{

x+ y = z ,
f(x) 6= f(y)

}

.

��-�(*X �c-A:<(CXu:
Γ
E}9

(TR ∪ Tf )
z�9<XP:<EH9Q��XP@JD}- ��S

(TR ∪ Tf )
z�E}]1:<-,LNYJLN-�:\Xu:<E}Bc]

A
9NXu:NE}9;~�78EF]*m

Γ
[=XP]�@C-

B�@�:NXcEF]*-=Z�@17�DF-,:;:<E}]Jm
A = R

�
xA = 1

�
yA = 2

�
zA = 3

�JXP]*Z
fA(a) = a

��~�BcL
-�Xc[\(
a ∈ R

�

]Q^�B_] 2



�a�����c�,�F�\�u�c� k�k

� -�:�I*9�XcYJYJD}7
:<(J-�xy-,DH9;B�]�zQ{UY*YC-=]e[�B�+/@JE}]*XP:<E}Bc]�+>-,:<(JB�Z�:<B
Γ
��V�]e:<(J-��uXPLNEHXP@JD}->Xc@*9;:<L\Xc[�:NEFB�]

Y*(*Xc9<-l��-�Z�B�]JBc:?]J-,-�Z�:NB�EF]1:<LNB�Z�I*[,-3]*-,� � XcL<EHXP@*DF-�9,��XP]CZ��T-�9;E}+�YJD}7�L<-,:<IJLN]�:<(J-�[,Bc]uOQIJ]C[�:<E}Bc]C9

ΓR = {x+ y = z} , Γf = {f(x) 6= f(y)} .

.8E}]*[,-
shared(ΓR,Γf ) = {x, y}

��:<(J-=L<-%XPLN-MB�]JDF73:Q�TB?-=G1IJE}�uXPD}-,]*[,-�LN-,DHXu:NEFB�]*9¢:NBy-��JXc+>E}]J-"�¡-,EF:<(J-=L
(x, y) ∈ E

BcL
(x, y) /∈ E

��V�]>:<(*-%~�BcLN+>-=LM[,X�9;-
Γf ∪{x = y}

EH9
Tf

z�I*]*9<XP:<EH9Q��XP@JD}-c���?Bu�T-,�c-=L=�uE}]>:<(J-
DHXu:<:<-=LM[,Xc9<-T��-%(*X ��-�:N(*Xu:

ΓR∪{x 6= y}
EH9
TR

z�9<XP:<EH9Q��XP@JD}-TXc]*ZA:<(*XP:
Γf ∪{x 6= y}

EH9
Tf

z�9NXu:<EH9;�CXP@JD}-c�
'%(8I*9=���T-l[,BcLNL<-�[�:NDF7�[,Bc]*[,DFI*ZJ-l:<(*XP:

Γ
EH9

(TR ∪ Tf )
z 9NXu:NE}9;�CXP@*DF-��

�?�)( � � 	 >?
�� �:��	,+���� 
'+ ��
 -.� � 	;��
:+ � � ��� 	�- � ���	� �
� -�:

TR

@C-l:N(J-l:<(J-=BcLN7�BP~aL<-�XPDH9,�8D}-�:
ΣM = {f,<}

��XP]*Z|D}-�:
TM

@C-l:N(J-l:<(J-=BcLN7�Z�-��C]J-=Z|@87

TM =







(∀x)¬(x < x) ,
(∀x)(∀y)(∀z)[x < y ∧ y < z → x < z] ,
(∀x)(∀y)[x < y → f(x) < f(y)]







,

V�]1:NIJE�:NEF��-,D}7c�
TM

+�B�Z�-=D}9
f
Xc9
X>+�Bc]JBc:<Bc]*-3E}]*[,L<-�Xc9<EF]JmA~�IJ]*[�:<E}Bc]
�
EF:<(
L<-�9;Y�-=[�:
:<B>:<(*-�BcL\Z�-,L

<
�

.8E}]*[,-
ΣR∩ΣM = {<}

� :<(J-
xy-,DH9;B�]�zQ{UY*YC-=]A[�B�+/@JE}]*XP:<E}Bc]/+�-,:<(JB�Z>[,XP]*]JBP:a@C-?XcYJYJD}EF-�Z�E}]AB�LNZJ-,L
:NB�[�Bc+A@JE}]J-

TR

Xc]*Z
TM

�MSy9
Xc]�-,�JXP+�YJD}-�BP~��
(CXu:y[,Xc]�m�BA�
LNBc]*m*�J[�B�]*9<E}Z�-=LT:<(J-�[,Bc]uOQIJ]C[�:<E}Bc]

Γ =















u < v ,
u = x+ 1 ,
v = y + 1 ,

¬(f(x) < f(y))















.

��-�(*X ��-A:N(*Xu:
Γ
EH9

(TR ∪ TM)
z IJ]*9NXu:NE}9;�CXc@JDF-���V�]�Y*XPL<:<EH[�IJDHXPL��¢:N(J-�IJ]*9NXu:NE}9;�CXc@JEFD}EF:Q7 E}9/[,XPIC9;-�Z�@87

:N(J-l9;(*XcL<-�Z�YJLN-=Z�EH[,XP:<-U9<78+/@�BcD
<
��V�]�~�Xc[�:=�1:<(J-U�*L\9Q:�:<(JLN-,-UDFEF:<-=LNXcD}9�EF+�YJD}7

x < y
�1�
(J-=L<-�Xc9$:N(J-3D}X�9Q:

D}EF:<-,L\XPD¢E}+�YJD}EF-�9
¬(x < y)

�
�yBu��-=�c-,L��1:<(J-�xy-,DH9;B�]�z;{UYJYC-=]�+�-�:N(JB�Z|E}9%IJ]CXP@JD}-l:<B�Z�-,:<-=[�:
:<(J-lIJ]C9<XP:<EH9Q�CXc@JE}DFEF:Q7c�M'�B�9;-=-U:N(JEH9,�

D}-�:%I*9TXPYJY*DF7>:<(*-U+�-�:N(JB�Z�:NB
Γ
�aV�]�:<(J-3�uXPLNE}Xc@JDF-UXP@*9;:<L\Xc[�:<E}Bc]�YJ(*X�9;-����T-yB�@�:NXcEF]�:<(J-l[�B�]uOQIJ]*[�:<E}Bc]*9

ΓR =







u < v ,
u = x+ 1 ,
v = y + 1







, ΓM =

{

u < v ,
¬(f(x) < f(y))

}

.

� -�:
V = shared (ΓR,ΓM) = {x, y, u, v}

�7�*BcL�:N(J-�[\(*-=[ ��Y*(*Xc9<-c�$[�B�]*9<E}Z�-=L�:N(J-�-=G1IJE}�uXPD}-,]*[,-
LN-,DHXu:NEFB�]

E
E}]*Z�I*[,-=Z @17 :N(J-eYCXPL<:<EF:<E}Bc]

{{x}, {y}, {u}, {v}}
� V�] BP:N(J-,L|��B�LNZ*9,�

E
+>B�Z�-=D}9|XPD}D

�uXcL<EHXP@JD}-=9/EF]
V
X�9�Z�E���-,LN-,]1:�� �e-|(*X �c-�:<(*XP:>@�BP:N(

ΓR ∪ arr(V,E)
E}9
TR

z�9NXu:<EH9;�CXP@JD}-�Xc]*Z�:N(*Xu:
ΓM∪arr (V,E)

EH9
TM
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���J��&����*� �,�*�
&C�6* -T�M�����E�<�\� (��P�6*,(Q-T�c��* �/* �60@& �������F�  ���
T1 ∪ T2

*,(-�c� ��*��c�c�,�F��	
�

��-�[�B�]*[�D}I*Z�-3:<(*E}9?9<-=[�:<E}Bc]|@87�YJLNBu�8EF]JmA:<(*-l~�BcD}DFBu�
E}]Jm�[�Bc+�YJD}-���EF:Q7�LN-=9<IJD�:��
(�) ¥8© s ¥ � �@"! �# © �  � ¥ $ ��r ¦ % �0� �,�

Ti

�\���
Σi

�����J�E� �;0
�
�M� �

i = 1, 2 �
�
&����}���

Σ1 ∩ Σ2 = {<}
	

* (E(\�/ ��y���*�u�
T1
� &��

T2
�
�<�l�E�u���|�<�����M&)(E*=� & ( � �y���J�U���J�E�
�;0

TO

���
���M&)(,� �
� ���M��	 	 *.&��P� �/0
�
�8(E(��/ ��

���J�P�����J� ���*� &*�+* -��������E�<�\� (,�P�6*,(Q-����M* ��* �60 &Y���c�,�F�  ( � �
T1
�
&��

T2
� �<� ��� �M*����c�,�F�H	

���J��&����*� �,�*�
&C�6* -T�M�����E�<�\� (��P�6*,(Q-T�c��* �/* �60@& �������F�  ���
T1 ∪ T2

*,(
NP
���E�! '&��F�,� ��	

�

� ' - - ��� �e-�[,Xc] I*9<-/:N(J-A9NXP+�->XPLNmcIJ+�-,]1:lXc9UEF]�:<(J->YJLNB1Bc~MBP~�'%(J-=BcLN-,+ icd*��R�B�]*9<-=G1IJ-,]1:NDF7���D}-�:
Γ
@�-�X�[�Bc]POQIJ]*[�:NEFB�]
BP~�D}EF:<-,L\XPDH9%E}]|9<-,Y*XcLNXP:<-U~�BcLN+
�JXP]*Z|D}-�:

B
@�-�XP]|BcY�-,]
@JL\XP]C[\(�BP~$X�R�z�:\XP@JD}-=XcI

T
~�BcL

Γ
:<(*XP:UEH9U9NXu:NIJL\Xu:<-�Z
�
E�:N( LN-=9<YC-�[�:y:NB�:<(*-ALNIJD}-=9?E}] �qE}mcIJLN-�k/Xc]*Z
:<(*-/LN-=9Q:NL<EH[�:NEFB�]*9yW�k/XP]*Z

WyiJ�
NP
z [,Bc+�YJD}-�:N-,]J-�9<9�~�BcD}DFBu�?9�EF~��T-3[=XP]�9<(JBu� :N(*Xu:%:<(*-39<EF�=-UBc~

B
EH9TYCB�DF78]JB�+>EHXPD}D}7�@CB�IJ]*Z�-�Z�@87

:N(J-�9<EF�=-3Bc~
Γ
�

� -�:
n
@�-3:<(J-�]8IJ+A@C-=L%BP~«:N-,LN+�9%B8[=[�IJLNLNEF]Jm>E}]

Γ
�M'%(J-,]�:<(J-�]8IJ+A@C-=L%BP~aDFEF:<-=LNXcD}9%XcZ*Z�-=Z�@87�:<(J-

Xc@*9;:<L\Xc[�:NEFB�]¡�JZ�-�[�Bc+�Y�B�9<E�:NEFB�]¡�JXP]CZ�[�D}B�9<IJL<-lLNIJD}-=9%EH9
@CB�IJ]*Z�-�Z
@87
O(n2)

��V :
~�B�DFD}Bu�?9T:<(CXu:?:N(J-�9;E}�,-
Bc~

B
E}9?YCB�DF78]JB�+>EHXPD}D}7�@CB�IJ]*Z�-�Z�@87�:<(J-�9<EF�=-lBP~

Γ
�

�

��� � � �
	�� �\��� ��� �¡�����
	�� �A� �\�����|��� �

V�]�:<(JEH9%9;-�[�:<E}Bc]���-39;(JBu� :N(*Xu:?R�z�:\XP@JD}-=XcI���(J-,D}Y�B�@�:NXcEF]JE}]Jm>X/Z�-�[�EHZJXP@JE}D}E�:Q7�LN-=9<IJD�:�~�BcL%X�DHXPLNmc-y[,D}X�9<9
Bc~a[,Bc+A@JEF]CXu:<E}Bc]|BP~a:N(J-,B�L<E}-=9=��.8Y�-=[,E��C[=XPD}DF7��*�T-�XPLN-lEF]1:<-=L<-�9Q:N-=Z|E}]
[,Bc+A@JEF]*EF]Jm�:N(J-,B�L<E}-=9

T1, T2
9;IC[\(

:N(*Xu:��
��E �

Ti

EH9�X|IJ]JE}�c-=LN9NXPD
Σi

z�:N(J-,B�L<7��
E�:N(�X�ZJ-=[�EHZJXc@JDF-�G1I*Xc]�:NE��C-,L<z�~�LN-,-�9NXu:<EH9;�CXP@JE}D}E�:Q7 Y*L<B�@JDF-=+
�¢~�BcL
i = 1, 2

!
��EFE �

Σ1 ∪ Σ2
EH9%�*]*E�:N- !
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�a�����c�,�F�\�u�c� b 7

� 
  �«r�w X�[,Bc]uOQIJ]C[�:<E}Bc]
Γ1 ∪ Γ2

BP~aDFEF:<-=LNXcD}9TE}]�9;-=Y*XPL\Xu:N-y~�B�L<+
� �«r  ��rcw ��

���������>E�~

Γ1 ∪ Γ2
EH9

(T1 ∪ T2)
z 9NXu:NE}9;�CXP@*DF-��JXP]*Z�]JB�:<-=L<+�E}]*Xu:NEFB�]�Bc:<(J-=L<�
EH9<-

���
V1 ← vars(Γ1)G �
V2 ← vars(Γ2)���
V ← V1 ∩ V2� �
k ← 0

F � ¨ ) � � ¥
�6���*� ª ©
���

k ← k + 1
� � 1 © s XPD}D

(Σ1 ∪ Σ2)
z EF]1:N-,LNYJL<-,:NXP:<E}Bc]*9

A
Bu�c-,L

V
9<I*[\(|:<(*XP:

|A| = k
ª ©

���
A1 ← AΣ1,V1

I �
A2 ← AΣ2,V2

�
	�� ��1
Γ1 ∪ diagram(A1)

E}9
T1
z 9NXu:NE}9;�CXc@JDF- t 
 ª

Γ2 ∪ diagram(A2)
E}9
T2
z�9NXu:<EH9;�CXP@JD}- r ) ¥ 


����� s ¥ r���s 
 ��

���������

� 587 C 9E4CB�46>$9 C
diagram(A)

> C F$> C 7 �
	 @64+B C8W @SJR9;: B?@+7L4 9EJAF$> 4673:+BEF$@S465
B�4 � B C D 7X> C 4+O8> 46> KM73F < @+737 C BE@ B G�C > 467@ � 7 � > G � B�46>$9 C 9EJ 46587 > C 4+73: �8:=734+B�46>$9 C
A \�� 9;:67�> CZW 7L4CBE>$F�� diagram(A)

>$@ 7 � 7 � 46> KM73F < � 9 C @646:6O � 467 W JR:=9;T
A
O8@+> C �S46587JR9;F$F$9 ��> C � �8:=9 � 73@+@ �

� \�
 9;:�7[B � 5 73F$73TZ7 C 4 a
> C

A
� �;7 C 73:6B�4+7UB J�:673@+5?K;BE:=>/BED8F$7

ya \ 2 F$@69 ��> C > 4+>/BEF$F <
F$7L4

∆ = {ya 6= yb | a, b ∈ A
B C8W

a 6= b} .

G \�
 9;:�7[B � 5 KEBE:6>/BED8F$7 9;: � 9 C @64+B C 4I@6<HTUD 9;F u
> C

V ∪ ΣC
�8> J

uA = a
� B W8W 4+5�7SF$> 4+73:6BEF

u = ya

4+9
∆ \

� \�
 9;:'7[B � 5 JRO C � 4+>$9 C @6<HTUD 9;F f > C ΣF
9EJ
BE:6> 4.<

n
�E> J

a = fA(a1, . . . , an)
�;B W8W 46587YF$> 4673:+BEF

ya = f(ya1
, . . . , yan

)469
∆ \

� \�
 9;:I7[B � 5 �8:=7 W > � B�4+7U@6<HTUD 9;F P
> C

ΣP
9EJABE:=> 4.<

n
�"> J

(a1, . . . , an) ∈ PA
� B W8W 46587 F$> 4673:+BEF

P (ya1
, . . . , yan

)469
∆ �

> J > C @6467[B W
(a1, . . . , an) /∈ PA

�8B W8W 46587SF$> 467[:6BEF
¬P (ya1

, . . . , yan
)
469

∆ \
� 7 W 7 G C 7

diagram(A)
BE@_4+587S@67L4

∆
9;D�4+BE> C 7 W B�4_4+587S7 C8W 9EJ'4+58>$@ �8:=9 � 73@+@ \X � : ��s ¥ ' w S 9;-=+>EFz�Z�-=[,E}9<EFB�]�YJLNB�[�-=ZJIJL<-�~�BcLq:<(*-TG1I*Xc]�:NE��C-,L<z�~�LN-,-�9NXu:NE}9;�CXc@JEFD}EF:Q73Y*L<B�@JDF-=+^BP~CXU9Q:\XP@JD}7

�C]JE�:N-l:<(J-=BcLN7
T1 ∪ T2

�

��E}EFE �
T1 ∪ T2

E}9y9Q:\XP@JD}7��*]JEF:<-��
V ~¡[�B�]*Z�EF:<E}Bc]*9 ��E � � ��E}EFE �$XPLN-?9NXu:<EH9;�*-=ZA:<(*-,]�:<(*-yG1I*XP]1:<EF�*-=L;z�~�L<-=-
9<XP:<EH9Q�CXc@JE}DFEF:Q7/YJLNBc@*DF-=+ BP~

T1∪T2EH9MZ�-�[�EHZJXP@*DF-��q'%(JEH9MZ�-�[�EHZJXP@*EFD}E�:Q7>LN-=9<IJD�:�[=XP]�@�-
Bc@�:\XPE}]J-=Z>@87/LNIJ]J]JE}]JmAR�z�:NXc@JDF-�XPI��>EF]�Y*XcLNXcDFD}-,D��
EF:<(
:N(J-�YJLNB�[�-=ZJIJL<->E}]��qE}mcIJLN-�`���x?Bc:<-�:N(*Xu:�Z�-�[�EHZJXP@JE}D}E�:Q7�~�BcD}DFBu�?93@87�:<(*-�~�Xc[�:�:N(*Xu:AR�z�:NXc@JDF-�XPI���XPLN-
X�9<-,+�EFz ZJ-=[�EH9<EFB�]�YJLNB�[�-�Z�IJLN-U:N(*Xu:UE}9?9<BcI*]*Z
XP]*Z
[�B�+�YJDF-,:<-�~�B�L%:<(J-AG�ICXP]1:<EF�*-,L<z�~�L<-=->�'&)(,�u�+*,(.-T�c��* �/* �+0
Y*L<B�@JDF-=+ BP~

T1 ∪ T2
�¢�
(J-=L<-�Xc9
:N(J-�YJLNB8[,-=Z�I*L<-AEF] ��E}mcI*L<-�`�EH9lX�9<-,+�E�z�Z�-�[�EH9;E}Bc] Y*L<B�[�-�Z�IJLN-A9<BcIJ]CZ

Xc]*Z|[�Bc+�YJD}-�:N-l~�BcL%:N(J-�G1I*XP]1:<EF�*-=L;z�~�L<-=- (,�P�6*,(Q-����M* ��* �60�Y*L<B�@JDF-=+ BP~
T1 ∪ T2

�
'%(J-/~�BcD}DFBu�
E}]Jm�YJLNBcY�B�9<EF:<E}Bc]*9
Y*L<Bu��-l:<(*XP:y:<(*-�YJLNB8[,-=Z�I*L<-�E}] �qE}mcIJLN-/`�EH9U9<BcIJ]CZ�XP]*Z�[,Bc+�YJD}-�:<-

~�B�L%:<(J-�G1I*Xc]1:<EF�*-,L<z�~�LN-,-l9NXu:<EH9;�CXP@JE}D}E�:Q7�YJLNBc@*DF-=+ BP~
T1 ∪ T2
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A
�\� �

Σ
�L*.&*����� & �<�,� �P�6*=� & � � �M��� (��,�

V
� � � � �;*��c�,�F�M( � �
&����F�,� Φ

�\� �
(,�,� ���

Σ
���M�
�� >���F��� � � ��� V 	 * (E(\�/ ��|���J�u�

Φ ∪ diagram(A)
*,( (,�u�+*,(Q-��c�,�F��	 ���J��&

A
(,�P�6*,(Q-��M(

Φ ∪ diagram(A)
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b � �M�u�������������
	��q�
�,�\�

� ' - - ��� � -,: B @C-�X Σ
z EF]1:N-,LNYJL<-,:NXP:<E}Bc]�Bu�c-,L

V
9NXu:NE}9;~�78EF]Jm

Φ ∪ diagram(A)
��V ~%�T-�YJL<Bu��->:<(*XP:

:N(J-,LN-?-,�8EH9;:N9�Xc]�-,+A@C-�ZJZ�E}]Jm/Bc~
A
E}]1:<B
B
�P:N(J-,]�@17>KMLNBcY�B�9<E�:NEFB�]�h��T-?Bc@�:\XPE}]�:<(*XP:TXcD}9<B

A
9NXu:<EH9;�*-=9

Φ ∪ diagram(A)
�

V�]*ZJ-,-=Z¡�¡E�:�EH9l-=X�9;7
:NB���-,LNE�~�7
:N(*Xu:�XP]�-,+A@C-�ZJZ�E}]Jm
BP~
A
EF]1:NB

B
EH93YJL<Bu�8EHZ�-=Z�@87
:<(J->~�IJ]*[�:<E}Bc]

h : A→ B
Z�-��C]J-=Z|@87

h(a) = yBa ,
~�B�L
-=X�[\(

a ∈ A . �

� s ©  �© p+��r+� © 
 � �  - © � 
 ª 
 ¥ p=p % �0� �,�
Γ = Γ1 ∪ Γ2

�\��� ��� &����'& ���+*=�
& �����/* ���M�N�u�$( *.& (,� &J� �<�u���
�M� �� 	 �.�%���J�=& ���8�\���u�'�<�?*.&
	 *��c�'�<��� �u��� &����6(���
���������� �
&�*.&!&����

Γ
���J��&

Γ
*,(

(T1∪T2)
�C(��P�6*,(Q-T�c�,�F�H	

�

� ' - - ��� Sy9N9;I*+>-3:N(*Xu:
:N(J-�YJLNB8[,-=Z�I*L<-lE}]5�qE}mcIJLN-�`>BcI�:NYJI�:N9 ��

���������>Bc]|E}]JYJI�: Γ1 ∪ Γ2
�

'%(J-=] :<(*-,LN-�-���E}9;:N9�X��*]JEF:<-
(Σ1 ∪ Σ2)

z EF]1:<-=L<Y*L<-,:NXu:NEFB�]
A
9<I*[\( :N(*Xu:

Γ1 ∪ diagram(A1)
E}9

T1
z 9NXu:NE}9;�CXP@*DF-lXP]*Z

Γ2 ∪ diagram(A2)
E}9
T2
z 9NXu:NE}9;�CXP@*DF-��1�
(*-,LN-

A1 = AΣ1,V1

XP]CZ
A2 = AΣ2,V2

�
�T7�K�L<B�YCB19;EF:<E}Bc]�h�g*�¡EF:�~�BcD}DFBu�?93:N(*Xu:

A1
9<XP:<EH9Q�C-=9

T1 ∪ Γ1 ∪ diagram(A1)
Xc]*Z
A2
9NXu:NE}9;�*-=9

T2 ∪ Γ2 ∪ diagram(A2)
� xy-��8:=��]JBP:N-|:<(*XP:

AΣ1∩Σ2,V1∩V2

1 = AΣ1∩Σ2,V1∩V2

2 = AΣ1∩Σ2,V1∩V2

�
'%(*-,LN-�~�BcLN-c�1�T-3[=XP]�XcYJYJD}7�:<(J-/R�Bc+A@JE}]*Xu:NEFB�]�'%(J-,B�L<-=+ k,h*��Xc]*Z�Z�-�Z�I*[,-y:N(*Xu:

T1 ∪ T2 ∪Γ1 ∪ Γ2 ∪
diagram(A1)∪ diagram(A2)

E}9T9<XP:<EH9Q��XP@JD}-c�1�
(JEH[\(�EF+�YJD}E}-=9�:<(*XP:
Γ1 ∪Γ2

EH9
(T1 ∪T2)

z�9NXu:<EH9;�CXP@JD}-c�
�

� s ©  �© p+��r+� © 
 � �  �# © �  � ¥ r ¥ 
 ¥ p�p % �
� ���
Γ = Γ1∪Γ2

�\���#�E�
& ���'& �,�6*=� & ���?��* � ���<�u�/(?*.& (,� &J� �<�u���
�M� �� 	 � �

Γ
*,(

(T1 ∪ T2)
�C(,�P�6*,(Q-������}�/���J��& ���J�?& ��� �\���u�'�<� *.& 	 *��c�'�<�����u��� &����6( ��

���������A	

�

� ' - - ��� Sy9N9;I*+>->:N(*Xu: Γ1 ∪ Γ2
EH9

(T1 ∪ T2)
z 9NXu:NE}9;�CXc@JDF-���.8EF]C[�-

T1 ∪ T2
EH9�9;:NXc@JDF7 �*]JEF:<-c�«:<(J-=L<-

-,��E}9;:N9>X�Y�B�9<EF:<E}�c-�E}]1:<-=mc-,L
k > 0

XP]CZ�X��C]JE�:N-
(T1 ∪ T2)

z�E}]1:<-,LNYJLN-�:\Xu:<E}Bc]
A
9<XP:<EH9Q~�78E}]Jm

Γ1 ∪ Γ29<I*[\(�:<(CXu:
|A| = k

� � -�:
A1 = AΣ1,V1

� ��7�[�B�]*9Q:NL<IC[�:<E}Bc]�Bc~
diagram(A1)

�a��-�(CX �c->:<(*XP:
A1EH9�X

T1
z E}]�:N-,LNYJLN-�:NXP:<E}Bc]�9NXu:NE}9;~�78EF]*m

Γ1 ∪ diagram(A1)
� .8EF+�E}D}XcL<D}7c��E�~3��-|DF-,: � -�:

A2 = AΣ2,V2:N(J-,]���-U(*X �c-?:<(*XP:
A2
EH9�X

T2
z�E}]1:<-=L<YJLN-�:\Xu:NEFB�]�9<XP:<EH9Q~�78E}]Jm

Γ2 ∪ diagram(A2)
�$V :�~�BcD}D}Bu�?9M:N(*Xu:T:<(J-

Y*L<B�[�-�Z�IJLN-39;:<B�Y*9%]JB�DHXu:N-,LT:<(*Xc]�Xu:?EF:<-,L\Xu:NEFB�]
k
�

�

.8I*+>+�E}]Jm�IJY¡�*��-lYJLNBu�c-�Z�:<(*-l~�BcD}DFBu�
E}]Jm�Z�-=[,E}Z*XP@JE}DFEF:Q7�LN-=9<IJDF:=�
(�) ¥8© s ¥ � � ���0� ���

Σ1
�
&��

Σ2
�N�U- &)* ��� (;*�� &��u���'�<�M(

�
�
&����}���

Ti

�\�����'& * � ���E(,�u� Σi

�����J�E�
�;01(S* ���
� ��� ��*��c�����}� �,�*�
&*�+* -��������E�<�\� (,�u�+*,(.-T�c��* �/* �+0 &Y���c�,�F�  

�
�M�
�

i = 1, 2
	 * (�(��/ ��A���*�u�

T1 ∪ T2
*,( (�� ������0

- &)* ���H	
���J��&����*� �,�*�
&C�6* -T�M�����E�<�\� (��P�6*,(Q-T�c��* �/* �60@& �������F�  ���

T1 ∪ T2
*,(-�c� ��*��c�c�,�F��	

�

� � ���*� ��	,� �����*�

��-�YJLN-=9<-,]1:<-�Z
R�z�:NXc@JD}-=XPIJ���JXc]�-,�8:<-,]C9;E}Bc]|BP~M.8+/I*DFD}7�Xc]�:\XP@JD}-=XcI���~�BcL?[,Bc+A@JEF]*EF]Jm�Z�-�[�EH9;E}Bc]|YJLNB�[�-�z
ZJIJL<-�9
~�B�L3XcL<@JEF:<L\XPLN7�IJ]*EF��-,L\9<XcD¡:<(*-,BcLNE}-=9=� �3EF��-,]�:Q�TB�IJ]*EF��-,L\9<XcD¢:<(J-=BcLNEF-�9

T1, T2
����->9;(JBu�T-=Z|:N(*Xu:

R�z�:NXc@JD}-=XPIJ��XcL<-39;B�IJ]*Z�XP]*Z�[,Bc+�YJD}-�:N-y~�B�L�:N(J->�'& (,�u�+*,(Q-��c��* �/* �+0�BP~�G1I*Xc]1:<EF�*-,L<z�~�LN-,-?~�BcLN+/IJDHXP-UEF]�:<(J-
[,Bc+A@JEF]*-=Z�:<(J-=BcLN7

T1 ∪ T2
�
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�a�����c�,�F�\�u�c� bcd

V�] m�-,]J-=LNXcD��¢R�z�:\XP@JD}-=XcI��|XcL<-/]JBP:U:<-,LN+�EF]CXu:<E}]JmC�?x?-,��-,L<:<(J-=DF-�9<9=�*�T-/Z�-�9<[,L<E}@�-=Z|:Q�TB�XPYJY*L<B1Xc[\(J-�9
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