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Abstract:  Usage-based or congestion-based charging schemes have been regarded as a
relevant way to control congestion and to differentiate services among users in telecommu-
nication networks; auctioning for bandwidth appears as one of several possibilities. In a
previous work, the authors designed a multi-bid auction scheme where users compete for
bandwidth at a link by submitting several couples (amount of bandwidth asked, associated
unit price) so that the link allocates the bandwidth and computes the charge according to
the second price principle. They showed that incentive compatibility and efficiency among
other properties are verified. We propose in the present paper to extend this scheme to
the case of a network, by using the properties/assumptions that the backbone network is
overprovisionned and the access networks have a tree structure.
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Tarification de I'Internet par enchéres multiples

Résumé : Les méthodes de tarification basées sur l'usage et/ou la congestion sont
considérées comme une maniére pertinente de controler la congestion et de différencier les
services entre utilisateurs dans les réseaux de communication ; les enchéres pour la bande
passante apparaissants comme ’une des possibilités. Dans un travail précédent, les auteurs
ont construit un mécanisme d’enchéres ot les utilisateurs sont en compétition pour la bande
passante A un lien de communication et soumettent plusieurs couples (quantité de bande
passante demandée, prix unitaire associé) en fonction de quoi le lien alloue la bande passante
et calcule le cott selon le principe du second prix. Ils ont démontré que la compatibilié
d’incitation et efficacité entre autres propriétés sont vérifiées. Nous proposons dans cet
article d’étendre cette méthode au cas d’un réseau, en utilisant les propriétés/hypothéses
que le coeur de réseau est surdimensionné et que les réseaux d’accés ont une structure en
arbre.

Mots-clé : Controle de congestion, Economie
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1 Introduction

Many people argue that congestion pricing for communication networks is a pointless prob-
lem, since the available capacities are (or will soon be) so large that congestion will never
occur. This might be true for backbone networks, that are steadily re-dimensioned using the
latest available technologies and allow tremendous communication rates. However, moving
data from the network backbone into houses remains a major challenge for bandwidth-
demanding applications such as for instance digital-video broadcast, since wires used in
local loops are provisioned for voice-grade analog service and do not allow high-speed data
services. This problem is known as the “last mile bottleneck”; while major backbone routes
are awash in optical fiber that they will not use for years to come, replacing all “last mile”
communication links with optical fibers would be too costly (estimated at $500-$1500 per
household [2]), and therefore is not likely to be applied.

Consequently, when several users share the same access network (like in hotel rooms,
apartment units, offices or other multiunit buildings), congestion is very likely to occur.
This stands especially when considering new services that are more and more bandwidth-
consuming. Therefore, a fair/efficient way to share the available resources among users needs
to be found. The problem lies essentially on incentives: how can we force selfish users to
cooperate and share the resource efficiently? Pricing appears as a solution, and has become
a topic of high interest (see [6, 18, 7] and references therein) thanks to its influence on users’
behaviour (see for instance the experiment that has been conducted at UC Berkeley [1]).

Currently, Internet communications are priced independently of usage, which is an in-
centive to overuse the network [17]. We focus in this paper on pricing schemes based on
bandwidth allocation, since bandwidth is the limited resource.

In [13], we have designed the so-called multi-bid auction pricing mechanism, a one-
shot auction-based scheme to allocate the capacity of a single communication link among
several users. We have suggested that each user submit several bids when establishing
a connection, and that the corresponding multi-bid profile be used to compute efficient
allocations and prices. The multi-bid scheme, that is highly related to the Progressive
Second Price mechanism (PSP) of Lazar and Semret [11], has been shown to verify several
desirable properties in terms of incentives and efficiency. Moreover, due to the time of
convergence and the signaling overhead needed for PSP versus the one-shot allocation of
multi-bid, we have proved that multi-bid auctions are better adapted to the pricing of
Internet communications, that open and close over time (the loss of efficiency of PSP in this
context was studied in [12]).

However, [13] only considers the case of a single communication link, whereas PSP was
also shown to apply to interconnected networks [15]. This paper aims at extending multi-bid
auctions to the case of a network. Since our goal is to charge for Internet communications,
we use the particular structure of the current Internet network, which involves an overpro-
visionned backbone network and access networks with a tree structure. Indeed, each access
network can be modeled this way, as described in [3] : customers are not directly connect-
ed to high-speed backbone networks, but rather to “local” access networks, which are then
connected to regional networks, themselves being connected to national backbone networks.

RR n~°5235



4 Patrick Maillé , Bruno Tuffin

We therefore design the multi-bid auction scheme in that context of a tree structure, and
investigate the properties of this mechanism, especially focusing on incentives and efficiency.

The paper is organized as follows. Section 2 presents the model considered in this
paper by describing the network topology and users behavior. We describe the principle
of multi-bid auctions and some basic definitions in Section 3. Section 4 then presents how
the mechanism introduced in [13] can be adapted to the case of an access network, and
the desirable theoretical results (individual rationality, incentive compatibility, efficiency)
are respectively derived in Sections 5, 6, 7. Section 8 deals with the bids repartition while
Section 9 studies the number of bids that should be allowed by the auctioneer. We conclude
in Section 10 by giving some directions for future work.

Note that some (but not all) proofs and discussions are similar to those presented in
[13] for the case of a single link. Nevertheless, we include them in this paper to make it
self-contained.

2 The model

2.1 The network

We assume in this paper that congestion may only occur in access networks. Access networks
(the last mile) are considered here to have a tree structure, i.e. for each user there is one
and only one path to reach the congestion-free backbone network. This vision of a network
is represented in Fig. 1, illustrating that several users may have to share some links in the
access network to reach the backbone [3]. Morever, we assume that users wish to access
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Figure 1: Network topology

services which are located in the backbone network. Therefore, a user may only create
congestion in her own access network, due to the overdimensioning of the backbone. The

INRIA
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problem can consequently be reduced to a problem of resource allocation on independent
access networks modelled by a tree structure as in Fig. 2.

Figure 2: An access network : arrows represent the users’ paths to the backbone network.
The thickness of the link is for its capacity.

We therefore consider a tree network with a set £ of links, and denote by @' the finite
capacity of link [ for [ € £. We assume that the capacity of each link is infinitely divisible.
The set of users who may use this access network is denoted by Z. Throughout this paper,
we will use subscripts to refer to players, and superscripts to refer to links. Considering that
all players in Z do not use all the links in £, we point out those required by player i to reach
the backbone network by the binary values
(1)

o { 1 if player ¢ uses link [

i 0 otherwise.

We also define the route of player i by r; = (r!);cc. In the example of Fig. 2, ! =1 for

I =112 and 7t = 0 for | = 13,1%,15,1° for instance. Notice that if I"°°* denotes the link

directly connected to the root of the tree, i.e. to the backbone (I"°°* = [! in Fig. 2), then
"% =1 for all i € T.

2

2.2 User preferences

Since we assume in this paper that users will react to a pricing scheme so as to maximize
selfishly their utility, we will study our mechanism in the framework of game theory [8], and
then talk indifferently of users and players.

We suppose as in [13, 11, 16] that the only performance measure users are sensitive to is
the bandwidth allocated to them. Of course they are sensitive to the price they are charged
as well. We assume that their preferences are represented by quasi-linear utility functions.

RR n~°5235



6 Patrick Maillé , Bruno Tuffin

This means that for ¢ € Z, user i’s utility is the difference between her valuation 6;(a;) of
allocation a; (her willingness-to-pay) and the price ¢; that she actually pays:

Uz' = Oi(a,-) — Cj. (2)

The theoretical results derived in this paper are obtained for players with elastic demand,
and smooth valuation functions such that

Assumption 1. For anyi € I,

o 0; is differentiable and 6;(0) = 0,

o 0% is positive, nonincreasing and continuous

o Iy, >0,V2>0,0/(z) > 0=V < 2,0(z) <0;(n) —vi(z—n).
Assumption 2. dx > 0,Vi € 7,

o 6(0) < +00

o Vz,2/ 2> 2 >0,0i(z) —0(2') > —k(z — 2').

Notice that these assumptions were first introduced in [11] for the analysis of Progressive
Second Price auctions.

3 Multi-bid auctions: message process and basic defini-
tions

In [11], Lazar and Semret introduced the Progressive Second Price auctions, suggesting
that players should submit two-dimensional bids of the form s; = (¢;,p;): ¢; represents the
amount of bandwidth that player ¢ is asking and p; the unit price that she is accepting to
pay to get this quantity. The multi-bid auction scheme we are going to describe now allows
players to submit simultaneously several such two-dimensional bids.

The message process is as follows. A player i entering the game (i.e. establishing a
connection) submits a set of M; two-dimensional bids s; = {s!,...,sM}. In a multi-bid
s;, for all m,1 < m < M;,s* is a two-dimensional bid as defined in the PSP scheme:
s = (¢, p*) € R3. We assume without loss of generality that bids are sorted such that
pr<pr <. < pf/f". From the multi-bid profile s = (si)icz, the auctioneer computes for
each player ¢ € 7 the allocation a; on player i’s route and the price ¢; she will be charged.
To emphasize on player i’s multi-bid, we will also sometimes write s = (s;,$_;), where
s—i = (85)jer\(3}-

In the following, S denotes the set of multi-bids that a player can submit;:

S=J ® xRN, with (R" xR")" =9.
M>0

Remark: If player ¢ submits no bid (M; = 0) then we write s; = §.

INRIA
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Definition 1. We say that a player i € T submits a truthful multi-bid s; € S if s, =0, or
if

This means that player 7 actually reveals her marginal value 6}(g;) if she obtains quantity
qi-

We write ST the set of truthful multi-bids that can be submitted by player i.

For every player ¢ € Z, there is a demand function associated to the valuation function
6;. This demand function gives the quantity g of resource that player ¢ would buy if the
resource were sold at a fixed unit price p, in order to maximize her utility 6;(q) — pq.

Definition 2. Under Assumption 1, the demand function of player i € T is defined as the
function

di(p) = { @)~ (p) if0<p<O;(0)
! 0 otherwise.

Notice that Assumption 1 implies that the demand function is well-defined and nonin-
creasing.

To compute allocations and prices, the auctioneer uses two types of functions for each
user i: her pseudo-demand function and her pseudo-marginal valuation function. Both
functions derive from the multi-bid s; submitted by player ¢ in the following way :

Definition 3. Consider a player i € T who has submitted a multi—bid_si €S.
e We call pseudo-demand function of i associated with s; the function d; : Rt — RT, defined

by

_ 0 ifsi=0orp” <p

di(p) :{ max {q¢":p* > p} otherwise. (3)
1<m< M

o We call pseudo-marginal valuation function of i, associated with s;, the function 67; ‘Rt —

R*, defined by

0i(a) ={ max {p": g™ > q} otherwise. (4)

1<m< M;

{ 0 ifsi=0orql <q

The demand, pseudo-demand, marginal valuation and pseudo-marginal valuation func-
tions are illustrated in Fig. 3, for a truthful multi-bid.

Remark: Both pseudo-demand and pseudo-marginal valuation functions are positive,
stair-step, nonincreasing and left-continuous.

For players who bid truthfully, we can compare the pseudo-demand and pseudo-marginal
valuation functions to their “real” counterparts:

RR n~5235
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p
s
a4 = @ X
i s
3 3
s di(p) P —. 8/(p)
S I
d(p) i S
qi3 > (p) '§ pil )—bal
0 pi pf P’ p 0 ¢ ? q q
Prices Quantities

Figure 3: Demand and pseudo-demand functions (left), marginal valuation and pseudo-
marginal valuation functions (right) for M; = 3 and a truthful multi-bid.

Lemma 1. Under Assumption 1, if player i € T submits a truthful multi-bid s; then

d < d; (5)
6, < . (6)
Proof. Let = € R*. If d;(x) = 0 then d;(z) < d;(z) is trivial, since d; > 0. If we assume
that d;(x) > 0, then s; # 0 a
z( ) i 7 g?(.’ﬂ) = ISIEaSXMi{q;n ;p:.n > ;1;}
= di(p") < di(x)
where the nonincreasingness of d; is used. Relation (5) is then proved.
Relation (6) is established exactly the same way by inverting the roles of prices and
quantities. 0

Fig. 3 illustrates Lemma 1.
Lemma 1 can also be used to establish some results on the composition of the pseudo-
demand and pseudo-valuation functions:

Lemma 2. Vi € Z,Vs; € S,
Vz € RY, 0i(di(zt)") <= (7
s;i#ZD=>Vz e [O,pf-w"], 6!(di(z)) > =, (8)
where for f: R > R, f(zt) =lim,_.; s>, f(2) when the limit exists.

Lemma 2 is proved in Appendix 1, and will be used in the rest of the paper to establish
our main results.

Based on the pseudo-demand functions of all players, the auctioneer can approximate
the total demand function over each link, in order to determine the level of congestion:

INRIA
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Definition 4. Consider a set of players ¢ € T, each submitting a multi-bid s; € S. We
call aggregated pseudo-demand function associated with the profile s = (si)icz the function
d : Rt = RY defined by

d(p) =) di(p). 9)

i€l
4 Multi-bid auctions for a tree network

4.1 Modified allocation rule for a single link

In [13], we introduced the multi-bid allocation rule for a single communication link. This rule
implies the computation of a “pseudo-market clearing price” @, which is defined as the highest
unit price p such that aggregated pseudo-demand is strictly above the available capacity @
of the link. Such a 4 always existed because the seller introduced a particular bid to ensure
that the resource will not be sold at a unit price below a certain level, called the reserve
price. In this paper, we choose not to introduce such a reserve price. Consequently, the
definition of the pseudo-market clearing price @ and the allocation rule need to be extended
to the case when the aggregated pseudo-demand is below @ (which means that there is no
congestion): we therefore introduce

. _ [ max{p:d(p) >Q} if d(0)>Q
i(sQ) = { 0 if  d(0) < Q. (10)
We can now define the modified multi-bid allocation a; of a player ¢ as
7 (= (ii(ﬁ)—_i(ﬁ+) T/ = r 7
ai(5,Q) = WD+ GG s (@-d@h)] i d(0)>Q a1)
d(0) if d(0)<Q.

When the available capacity @ is not high enough to satisfy pseudo-demand, (10) and (11)
ensure that each player receives the bandwidth asked at the lowest price @7 such that
supply exceeds pseudo-demand, and that the surplus @ — d(@™) is proportionally shared
among users who introduced a bid at price @, with weights d;(#) — d;(a™t).

Notice that (10) and (11) are respectively equivalent to the definition of the pseudo-
market clearing price and the multi-bid allocation rule in [13] when a reserve price is intro-
duced by the seller.

4.2 Allocation rule for the tree network

The algorithm we introduce here is inspired by the extension of PSP auctions to a tree
network (see [10]). The algorithm starts from the leaves of the tree, and works toward
the root, computing allocations for each link [ € £ using the above modified multi-bid rule,
among the subset of players Z! whose route includes that link, i.e. Z! = {i € 7 : 7l = 1}. The
idea is to proceed by revising the multi-bid profile used to compute allocations after having

RR n~°5235



10 Patrick Maillé , Bruno Tuffin

applied the rule (11) in order to take into account the fact that users are only sensitive to
the minimum amount of bandwidth they obtain on all links toward the root. The revision
of the multi-bid profile ensures that a player will never obtain more resource at an upstream
link than what she gets at the current one.

Alg. 1 describes in details how allocations should be computed. It returns a vector

Alg. 1 Allocations on a tree
Input:

e the tree network defined by the set £ of links, and the capacities Q',1 € £
o the set of players 7 and their routes {r;,i € 7}

e the multi-bid profile s.

1. For all players ¢ € 7, define the revised multi-bid s; as s; = s;.

2. Pick a leaf-link I € £ (i.e. a link with no downstream link), and let s1 = (s;);ezt -

(a) Compute @' = @(s7:,Q")) and al = a;(sz1, Q") for all i € T, applying Equa-
tions (10) and (11) to the revised multi-bids s, i.e. using the allocation rule
on link [.

(b) Vi € T!, modify the revised multi-bid the following way:
o sets; =s;\ {s]" 1 q]" > ai}.

e if al > 0 and @ > max{p" : (¢™,p") € s;}, then set s5; = s, U {(al,u')}
(we take max{0} = —o0).

(¢) Set £ =L\ {l}, i.e. delete link ! from the tree

3. if £ #0 go to 2
Jroot root Jroot )

else return a = (al RN 1

a=(ai,-,az) € ]Ri, where we omitted the superscript {"°°t for simplicity of notation. We
then suggest that each user ¢ € 7 be allocated the quantity of bandwidth a; on each link of
her route to the root of the tree (i.e. to the backbone network).

Notice that the algorithm ends just after the computation of allocations for the link
directly connected to the root of the tree (link /! in the example of Fig. 2). The aim of
the algorithm is therefore to judiciously modify the revised multi-bid of all players, in order
for the allocation rule (11) to have the desirable properties, i.e. making sure that demand
(and then allocation) on next links cannot exceed the allocation on the current link. This

INRIA



Pricing the Internet with Multi-Bid Auctions 11

is done in Step 2b of the algorithm, and Fig. 4 illustrates that this is equivalent to revising
(meaning upper-bounding) the pseudo-demand d; of a player i € Z! into d;, in the following

way:

d; = min(al, d;). (12)
Consequently, for each player ¢ € 7 we have
a; = aémﬂ = min{al,l € r;}. (13)
q q q
2 di(p) di(p)
—e —e
£ 2 am £a| o
= o = =
s 3 S
o o o
r—
— ——o
0 d p 0 p 0 d p
Prices Prices Prices
q
B di(p)
E
8
)
(o4
>—
0 p
Prices

Figure 4: Effect of the revision of multi-bids (Step 2b of Alg. 1): multi-bid of player ¢
(and associated revised pseudo-demand functions) before Step 2b (left) and after Step 2b
(right), i.e. upper-bounded by the current allocation. Two cases are presented: the case
when player i submitted a bid at price @' (top) and that when player i did not submit such

a bid (bottom).

Notice that allocations on an intermediate link are computed locally, and that the only
information needed is the revised multi-bids of all players using that link: each link receives
those revised multi-bids from its downstream links, computes the local allocations and the
new revised multi-bids, and then transmits them to the link upstream.

RR n~°5235



12 Patrick Maillé , Bruno Tuffin

4.3 Example

We illustrate here the allocation rule applied to the network of Fig. 2, with link capacities
Q" = Q" =10, Q" = Q" =6, Q" = Q° = 4. We assume that Vi, player i submits
M; = 3 two-dimensional bids in her multi-bid. At the beginning of the algorithm (Step 1),
the revised multi-bids s; are equal to the multi-bids s; submitted by the players. Consider
seven users as shown in Fig. 2, submitting the multi-bids of Table 1.

(6,16) (6,25) (7,32) (Gil) (&Z) (4,61) (6,73)
(4.8) 111 37 || (4,5) |1 3,5) | |{ (6,5) ]| (2,2) ||| (4,4)
(3,9)/ [\(1,8)/ 1\(3,6)/ [ \(2,6)/ | \(2,7)/ | \(1,4)/ | \(3,6)

Table 1: The multi-bids submitted by the users.

There are four leaf-links: [2,13,15,15. Consider link [2 first. We have 78 = {1,2}.
The computation of the pseudo-market clearing price gives a’ =7 , and the corresponding
allocation (Eq. (11)) yields all2 =4 and al; = 2. After Step 2b of the algorithm, the revised
multi-bids of players in I are respectively s, = ((4,8); (3,9)) and s, = ((2,7); (1,8)). We
then remove link {2 from the tree, following Step 2c of the algorithm.

Doing the same on links {3,1% and I® respectively leads to the pseudo-market clearing
prices @ = 4, @’ = 0 and @' = 4, and the revised multi-bids are displayed in Table 2.
Next, Step 2 of the algorithm is applied to the (remaining) network of Fig. 5 with those

5 Sy S5 84 S5 S6 s; |
(7.2)\ | [(4,4)\] /(8,4)

2,7 (3.5,4)
R

Table 2: The revised multi-bids after the processing on links 12,13,15,1°.

revised multi-bids. Now the allocation rule is applied to link /4, which has capacity Ql4 =6.
Players who compete for capacity on this link are players 5,6 and 7. The pseudo-market
clearing price is al’ = 5, and after Step 2b of the algorithm, the revised multi-bids that will
be used for the computation of the allocations at link /! are given in Table 3.

Finally, the computation of the pseudo-market clearing price for link ! gives al' = 6,
and the allocations are

a; | ay | ag as | as | ag | ar
412 (075|052 | 0075

It can be checked that the capacity constraints of all links are satified with this allocation
vector, i.e. VI € £, rla; < Q.

INRIA
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-
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I

B imim i
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N_______
w

Figure 5: The links that remain to be treated after applying the algorithm on links
12,13,15,18.

51 Sy S3 Sy s s P
(7,2)\ | [(4,4)

(4,8)\((2,7) (3.5)

D)) 6] oo

Table 3: The revised multi-bids used to compute allocations on link I*.

S7
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4.4 Multi-bid pricing rule for a tree network

The pricing rule we choose is highly related to Vickrey-Clarke-Groves mechanisms [19, 5, 9]:
the idea is that each player should pay for the declared social cost she imposes on others
through her presence (this is called the ezclusion-compensation principle, which lies behind
second-price mechanisms). The expression of the price ¢; charged to a player ¢ is therefore
the same as in the single-link case [13]:

aj(s—i) _
alses)= Y [ dada (14)
jeT i i (8)

The computation of (a;(s—;)); jez is done during the application of Alg. 1: each link [
computes (aé)jezz, taking into account the whole multi-bid profile s, and at the same time
does the same with the multi-bid profile (s_;);c7:-

On the example of the previous subsection, we obtain the following prices:

C1 Co Cc3 Cq | C5 | Cp Cr
25|12 (45| 3 12| 0 |45

Notice that players who do not obtain some resource are not charged.

4.5 Computational considerations

This section studies the computational complexity of the multi-bid scheme. Let us consider
a tree network £, with a set Z of players, their routes (r;);cz, and let us fix a multi-bid
profile s. First remark that the total complexity is shared among all links in the tree, each
link [ applying the multi-bid allocation rule when it receives the revised multi-bid of all
players in Z!. We therefore focus on the complexity incurred at a link [.

e We place ourselves at a link /, and notice that the revised multi-bid for each player
i € I' contains less than M; two-dimensional bids (Step 2b of Alg. 1 can just reduce
the number of two-dimensional bids in s;).

The computation of the aggregated pseudo-demand function needs the bids to be sort-
ed, which can be done in time O (3.1 Milog (3;c7: M;)). Then the computation
of the pseudo-market clearing price @' can be performed in time O (3,7 M;). Given

1 7/-0+
TmdT
can be calculated with a total complexity O(}", M;) (computing an allocation a! with
(11) can be done with complexity O(M;)).

@, the value of is computed only once, therefore all allocations (al);c7

e To calculate charges, the computation of allocations must be done for all profiles
s_i,% € Z. To do this at link /, we just need to compute a;(s_;) for all 4, € 7', which
leads to a complexity that is less than O (|Z%| }°,. 7+ M;), where |Z'| is the number of

players in Z*.

INRIA
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e Once all allocations a;(s_;) are calculated (i.e. at link I"7°°%), a price ¢; can be computed
using (14) with a complexity less than ), M;, since we integrate a stair-step function
with less than M; discontinuity points.

Consequently, for each link /, the computational complexity involved by the multi-bid scheme
for a given multi-bid profile is upper-bounded by O(|Z*| 3>, .7 M;). If all players submit the
same number of bids, (i.e. Vi € T, M; = M), then the complexity at each link [ is less than
O(M|T'?).

Notice that PSP allocations and prices at link  can be computed with complexity O(|Z!|?)
(see [15]). Therefore, the computational time for both methods is of the order |Z!|2, this
being multiplied by the number of bids for the multi-bid algorithm. However, the PSP has
to compute allocations and prices several times (until the equilibrium is reached), and we
believe that even if the convergence of PSP is fast (less than M iterations), the gain in
signaling overhead is worth the cost in computational time.

5 (General properties of the multi-bid scheme

This section establishes some basic properties of the multi-bid scheme for a tree network,
as extensions of those proved in [13]. We first introduce some definitions that will play a
central role in the demonstrations:

Definition 5. We denote by i; the highest pseudo-market price @' (computed in Step 2a of
Alg. 1) among the links used by player i:

@; = max{a' : vl = 1}. (15)

We also define I; as the highest link | in 1i’s route such that al = u;, where the term “highest”
is in the sense “most upstream”. Link l; can then be seen as the “most congested link” in i’s
route.

On the example of Subsection 4.3, we have 4; = 7 and I; = 1% for i € {1,2}, whereas
@; = 6 and I; = {! for the other players.

We can now establish the following result, that bounds the allocations over player i’s
path.

Property 3.

Property 3 is proved in Appendix 2.

The following property states that the allocation of a player ¢ equals the allocation that
was computed by Alg. 1 during Step 2a when processing the most congested link for player
i, i.e. the link ;.
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Property 4. Vi € T,

a; = a¥, (17)
where [; is given in Definition 5.

Proof. The result is trivial if I; is the link directly connected to the root of the tree. We
now suppose that it is not the case, and establish by induction that al = a? for all link [
upstream from /;, and that after Step 2b of the algorithm at link /; we have

p < @; = d;(p) = alf, (18)

where d, is the revised pseudo-demand function of player i, i.e. the pseudo-demand function
derived from the revised multi-bid s;.

e Initialization: consider link /;. Step 2b of Alg. 1, and more clearly Eq. (12), implies
(18).

o If we assume that (18) stands before processing a link ! € r; upstream from I;, then:

— By definition of @; (Eq. (15)) we have @' < ;. Therefore the induction hypothesis
implies d;(a') > d,(a't) = ak. Since (11) ensures that d,(a') > o} > d\(@'"),

I

i

— Therefore Step 2b will not change the revised pseudo-demand function, and (18)
still holds.

then al = a

Property 4 is then established by applying (18) to link 17°°¢. O
y y ymg

We now give a lemma that will be used for establishing the main properties of our pricing
scheme:

Lemma 5. For every multi-bid profile s, if u;,i1 € I are the mazimum pseudo-market clear-
ing prices defined in (15), then the multi-bid allocation a(s) that Alg. 1 returns mazimizes

E U; Q4
i€l

over the set A of allocations a € ]Rfl satisfying the feasibility constraints

VieL, Yerriai <@
YieI, a;>0.

A proof of Lemma 5 is given in Appendix 3.

We then have the following property stating that a player will not pay more than her
declared willingness-to-pay, and that submitting a truthful multi-bid always yields a non-
negative utility. This is an important result, since it implies that selfish users will always
participate in the auction.
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Proposition 1. (individual rationality)
a;i(s) _
VieZ,Vse ST, ci(s) < / 6.(q)da. (19)
0

Moreover, if player i submits a truthful multi-bid (s; € ST ), then

a;i(s)
mgsl 6,(a)da = 0:(ai(s)), (20)

which implies that U;(s) > 0.

A proof of Proposition 1 is given in Appendix 4.

6 Incentive compatibility

We now consider the reaction of selfish players that are faced with this pricing scheme: how
can a player maximize her utility? The following proposition establishes that a player cannot
do much better than revealing her true valuation, i.e. than submitting a truthful multi-bid.

Proposition 2. If a player i € T submits a truthful multi-bid s; # 0, then every other
multi-bid 3; (truthful or not) necessarily yields an increase of utility (if any) that is less than

Sy 0() — i) da.
Formally, Vs; € SZT,\?’gi €8S, Vs_; € SIZI-1

d;(@;)
Uisins=i) 2 UsGivs) = [ (6l(a) — ui)da (21)
i (af)
A proof of Proposition 2 is provided in Appendix 5.
This result is illustrated in Fig. 6 where the shaded area corresponds to the maximum
utility gain player 4 could expect by submitting a different multi-bid.
Since the pseudo-market clearing price is necessarily higher than 0, we can therefore also

note in Fig. 6 that the quantity
d; (ﬂl)
[ it~ aia

di(a})

@)
o nax /d i(pw)(oi(q)—pi )dg ¢,

where pit! = 64(0) and p9 = 0.

This last quantity is the largest shaded area in Fig. 7. The following proposition is then
straightforward:

is always less than
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Proposition 3. Under Assumption 1 we have Vi € T,Vs; € ST\ 0,V5; € S,Vs_; € SIzI=1

Ui(si,s—i) > Ui(55,5-5) — C; (22)
where
di(p7") o -
O = mas 2L O g (23)

with p)i T = 0/(0) and p? = 0.

Note that C; can also be written

4"
i = "(q) — 0.(g™
@ = %“M{/ I CACACH ))dq}

2;
with g™ =0 and ¢¥ = d;(0).

2
Proposition 3 implies that a player can give a truthful multi-bid that brings him the best
utility possible, up to a value C; that can be controlled through the choice of the bids si* on
the demand curve. One important point is that this value does not depend on the number
of other players, nor on the multi-bid they submit.

di(u") di(w) q
Quantities
1 .2 3 4

Figure 6: The multi-bid s; = (s{,s7,s;,s;) is optimal for player ¢ up to the value

/ ; ((1—?)) (0(q) — 1;)dq of shaded surface
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8i(0) s

Prices

di(0) 4
Quantities

Figure 7: The multi-bid s; = (s}, s2, s7) is optimal for player i up to a constant C;, whatever

the multi-bids submitted by others s_; be. C; is the surface of the darkest shaded area.

7 Efficiency

We prove now that our mechanism provides efficient allocations. The criterion we consider is
social welfare, i.e. the total utility of all participants in the game, including the seller (player
0). Since the seller’s utility is the sum of all prices Up(s) = >, ci(s), this is equivalent to
maximizing the total valuation of the users »;_; 6;(a;):

S Ui(s) =) cils) + > 0iai(s)) — ci(s) =Y _ bi(ai(s)).

i€7U{0} ieT €T i€

The following proposition states that when players bid truthfully, this quantity is maximized,
which means that the resource effectively goes to players who value it most.

Proposition 4. If Assumptions 1 and 2 hold, then for every truthful multi-bid profile s,
AN . . l'r‘aoi -
mjx; 0:(a;) ; 0i(ai(s)) < Q /2K r?eaIxCl,
where
A= {a eRy :vieL,y ra; < Ql}

and C; is defined in Eq. (23).

A proof of Proposition 4 is provided in Appendix 6.
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8 Which bids should be submitted?

This section follows the same principles as for the case of a single link. We assume that a
user i intends to ensure a utility as close as possible to the maximum. According to the
user’s knowledge of the bandwidth demand, there are two different possibilities:

o players may have beliefs (meaning a priori probability distributions, as in [4]) on the
number of users in the game and on their preferences. From this knowledge, a proba-
bility distribution of the pseudo-market price 4 can be computed. Note that this way,
the auction is a game with population uncertainty [14]. The best strategy for user ¢ is

then to use Proposition 2 to choose her bids so as to minimize E [ i) ;_ ’((;’)) (0i(q) — ui)dq|.
However, estimating such a distribution on the pseudo-market pricé may imply high

cost for information-gathering and market appraisal [19].

e The alternative possibility, that we will adopt in the rest of the paper, assumes that
players have no prediction of the pseudo-market price. Then, in order to be as close
as possible to the optimum, independently of the multi-bid profile, a natural goal is to
minimize the quantity C; of Proposition 3. We further assume here that the number
of bids M; is fixed (as will be discussed in Section 9): indeed, if player ¢ is allowed to
submit as many bids as she wants in her multi-bid, then submitting a number M; of
bids as large as possible will make C; close to zero, but this will increase the required
message process, which the auctioneer will prevent. Assuming M; fixed, the multi-bid
(s}, ..., sf‘/fl) that minimizes C; is such that Vm,n,0 < m,n < M;,

di(p7") di (p})
Sy Oi(@) =P dg = [ i) (63(9) — p)da
with p/*i ! = 0.(0) and p? =0,
i.e., considering equal values of f;i((ﬁi?l)(%(q) — p™)dg Vm will minimize the corre-
sponding value of C;. In the following: we will call quantile uniform this bid repartition.
An example of quantile uniform repartition of bids is presented in Fig. 8.

Ezxample: For parabolic valuation functions, i.e. of the form
0i(q) = ai [~(a A 3)* /2 + Gi(a A @)
with parameters o; and §;, the marginal valuation function is linear:
- +
0i(q) = ail@: —q]" -
The quantile uniform repartition of bids is then easy to compute: prices pi*,1 < m < M;
are such that
_ 60 _  aig
=m =m .
M;+1 M;+1

i
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o

=00

8(0)

Prices
0,

M

Quantities

4(0) ¢

Figure 8: Quantile uniform repartition of bids for M; = 4: the five shaded zones have the
same surface.

9 Determination of the number of bids admitted by the
auctioneer

According to what we said in previous sections, we assume that the auctioneer imposes the
number of bids for all players ¢ € 7 to be fixed. We further assume that it is the same
value M for all players and that the players choose their multi-bid according to the quantile
uniform distribution previously described.

In order to help the auctionner in fixing the value of M, we introduce a cost function
C(M,T) that models the negative effects that are the signaling overhead, the memory storage
and the complexity of all underlying allocation and price computations for a corresponding
value of M. The auctioneer benefit can then be computed as B(M,T):

B(M,I) =Y ¢;— C(M,T),

i€l

where allocations and prices correspond to the situation when each user submits exactly M
bids.

Since the auctioneer has no a priori knowledge of the exact set of users competing
for bandwidth, we assume that those users come from a set 7 of possible player types,
characterized by their valuation function (in other words, a type-t player has valuation
function O(t)). The auctioneer is assumed to know the distribution of number of players of
each type by Pr on N7. Therefore, the expected revenue Ez[Rys] can be computed when
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players submit M bids by

EI[RM] = ]Ej_' [ch M‘|

-/ (Z
ZeNT ieT

The following proposition shows that there exists an optimal value of M:

M) dPr(I).

Proposition 5. If the marginal valuation functions (0&)) . are uniformly bounded by
te

a value pmax (Meaning that Vt € T, Gét)(O) < Pmax), and if additionally the expected cost
Ez[C(M) = erNT C(M,T)dPr(Z) is nondecreasing, and tends to infinity when M tends
to infinity:

lim EzC(M) = +oo,

——+o0

then there ezists a finite M that mazximizes the expected net benefit of the seller, i.e. that
mazximizes

—Ez[C(M,T)].

Er [Zci‘M

i€l

Proof. Applying Proposition 1, we have VZ,VM,

Zci < Z 8i(a;) < Z a;9;(0)
i€ i€ZU{0} i€Zu{0}
< Pmax Z a; = Pmax@-
i€TU{0}

Consequently Ez [Y;c7 ¢i|M] < pmax@ for all M € N. Therefore

i€l

= —00,

lim E; [Z ¢ — C(M,I)‘M

M—+oco
i€L

which ensures us that there exists a finite M that maximizes the expected net benefit
EI [Zz’eIci|M] —]EI[C(M,I)] O

The assumption that limas—, 4o E7C(M) = +0o seems intuitive: if we account for mem-
ory costs, C(M,Z) = M|Z|, so the assumption is verified as soon as Ez[|Z|] > 0; if we
account for computation costs as in Subsection 4.5 or signaling costs, it is verified as well.

Finally, note that if the expected net benefit is nonpositive for all M > 1, organizing the
auction is too expensive for the seller of the resource, so that M = 0, i.e. she will prefer not
to sell the resource.
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10 Conclusions and perspectives

This paper describes how multi-bid auctions can help in pricing and allocating bandwidth
among Internet users. It assumes that the core network is over-provisioned, and then un-
congested, so that congestion occurs only in access networks, which are assumed to have a
tree structure. The resulting pricing scheme is proved to be individually rational, incentive
compatible and efficient (by optimizing the overall utility). The results extend those in [13]
for the case of a single link.

As direction for future research, we would like to apply multi-bid auctions to a general
network topology, but this requires further attention if we wish to apply it in a distributed
manner.

Appendix

1 Proof of Lemma 2

Proof. We first notice that d;(.*) and 8/(.%) can respectively be written the following way:
Vi € Z,Vs; € S,Vx,y € RT,

—_— 0 if s; = 0 or pM < =,
di(z7) =91 max {¢/™ : pI* > x} otherwise.

1<m< M;
- 0 if s;=0orq <y,
0:(y") =1 max {pI":q¢" > y} otherwise.

1<m< M;

We focus here on (7):
e if 5; = () then 6(.) = 0 < z, and (7) is verified.
o If 5; # 0 and p,” < z, (7) comes from 65(.) < pM:.
o If 5; # 0 and p;” > x then
1(xT) = m. pn
di(z™) = | Srpnf%%{qz pit >z} (24)
Now let us assume that 6;(d;(z*)*) >  and see that we arrive at a contradiction. The
fact that 6}(d;(z7)™) > 0 implies that we are in the case when
A = | s, 7l > A,

Since 8}(d;(z*)T) > =,

dmi,1<mi <M;: ¢ pi* =90
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We now remark that this contradicts the definition of d;(zt) (Eq. (24)). Therefore (7)
is verified.

Now we establish (8). By definition, d;(z) = maxj<m<n,{g™ : p™ > x}. This means
that there exists mo < M; such that d;(z) = ¢["° and p[*® > =.

Consequently we have

6;(di(z)) = 125%%%{172" cqlt > g} > p > g,

which gives (8). O

2 Proof of Property 3

Proof. Equations (10) and (11) imply that for all link ! such that i = 1 we have
&i(a'*) < af < di(@), (25)

where dﬁ is the revised pseudo-demand function of player i for link [ just before Step 2a of
the algorithm, i.e. the pseudo-demand function associated to the multi-bid s;.
Applying (13) and the fact that revised pseudo-demand functions are lower than the
original pseudo-demand function (from (12)), we have for each link ! such that 7t = 1,
a; < di(ﬂl) < (L(ﬂ’)
This inequality holds for all I € r;, therefore a; < d;(i;).
Now let us establish the right-hand side of (16). Equations (13) and (25) yield
a; =mina; > mind}(ult)
ler; ler;
> min glé (uj‘), (26)
ler;
where we have used the nonincreasingness of revised pseudo-demand functions.
We now prove by induction that
p>u; =Vl Er;, d(p) =dip): (27)
e (27) holds at the beginning of the algorithm since s; = s; (the revised pseudo-demand
equals the pseudo-demand).

o Assume (27) holds just before Alg. 1 processes the allocation on link I. The definition
of @; implies that Step 2a will determine a local pseudo-clearing price 4' < ;. Then
after Step 2b we have for p > @' :

di(p) = min(aj,di(p)). (28)
The induction hypothesis and (25) imply that o} > d\(@'*) > d\(@}) > di(p) = di(p),
since the revised pseudo-demand functions are nonincreasing.

Relation (27) is then established, and gives in particular d%(u;") = d;(u;"). This last result
together with (26) concludes the proof of the property. O
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3 Proof of Lemma 5

Proof. We first define for i € 7 and z < 4,

li(z) 2 the highest link [ in i’s route such that @' > z (29)

For every user j € Z whose route includes link /;(z), we know from the definition of @;
that @; > @'(*) > z, meaning that [;(z) is above [;(@;) in the tree. Note that “above” means
that either [;(z) = [;(4;) or l;(z) is a link upstream from 1;(i;).

>From Property 4, and the fact that the allocation cannot increase along the path,

a?(x) —db = aj. Thus if z > 0 we have

J
Zr;‘i(z)aj — l (Z) l (z) _ Ql (55) (30)
JET jeI

as a direct consequence of (11) when the pseudo-market clearing price is strictly positive.
This means that the capacity of the links in {/;(z) : ¢ € Z,x € (0, u;]} is completely allocated.
Now consider two players 4,j € Z and z € (0, u;]:
o if ri i(#) = 1, then we know that every link I above [;(z) verifies @' < =z, thanks to the
definition of I;(z), leading to I;(z) = l;(z).

e if [;(z) = l;(x) then rl @) — 1 gince l;(z) is by definition on player j’s route toward
the root of the tree.

Consequently we can write
Vi,j € I,Vz € (0,a],r" ™ = 1 & [j(2) = li(2). (31)
For any allocation @ € A and z > 0, we have

d (m-a) = > ) (4-a)

U > l:EIzeIl ( ) l]l (z) l

= > > rila —aj)

1:3ieT,l;(z)=l JEL

>0 from (30) and a€A

where the second line comes from (31). Therefore

Vo > 0,Va € A, > (ai—a;) >0. (32)

U >

To complete the proof of the lemma, we sort the maximum pseudo-market clearing
prices {@;,4 € T} in an ascending order: ;) > Uy > ... > Uk), and define Dy =
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Ei:ﬂiZﬂ(k) (a; — @;). Equation (32) implies that D) > 0 for all k such that @) > 0, and

consequently for all k¥ < K — 1 since 4g) > 0.
If we introduce Doy = 0, we have

dYowilai—a) = Yag », (ai—a)
k=1

i€l 40U =U(k)

K
= > au (D) — Dx-))

k=1
K-1
= auyDuey + Y (k) — Brsr)) Dk
k=1
> 0

since all the terms in the sum are nonnegative, and
o if UKy = 0 then E(K)D(K) =0
e if 4(x) > 0 then we have D (k) > 0 and consequently 4x)D(x) > 0.

Lemma 5 is then proved.

4 Proof of Proposition 1
Proof. We first establish that VZ,Vs € S'Z!,Vj € Z,Vy € RT,

aj(s) _
/ 8. > u;(a;(s) — y), (33)

J
where 4; is the highest pseudo-market clearing price on user j’s route, as defined in (15).
This comes from the fact that ¢’ is left-continuous and nonincreasing, and from (16) and

Lemma, 2:
o If y < a;(s), then

aj(s) _ _
/ > B(as(s)) (a5(5) — )
Y —
>0%(d;(a;)) 20
> aj(a;(s) —y)
o If y > a;(s), then
aj(s) _ _ N
/ < B(ai(s)h) (v - as(s)
y ~ ~ 7 - ~
<o@;@ahH+t) 20
< ay(y — aj(s))
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To prove Proposition 1, we apply (33) with y = a;(s—;) and get

/aj (@,S_,') é/
J
jez\{i} 7 (%)

> (a0 5-) — a(s). (34)

jeT\{i}

ci(s)

IA

Furthermore, from Lemma 5 we have
Z u; (aj (@’ 5-) — U‘j(s)) <0,
jez
which implies that };c 7\ ;) @j(a; (0, s—;) — a;(s)) < u;a;, and therefore
C,(S) < i;a4.

The end of the proof works like the proof of the individual rationality in the single-link
case [13]:

e if a;(s) = 0 then ¢;(s) <0 and (19) is established.
U

> 0 (Eq. (16)), so we have s; # § and pMi > a;.
i- The nonincreasingness of 8; and the inequality

o if a;(s) > 0 then necessarily d;(a
Lemma 2 thus gives 6;(d;(1;)) >
a;(s) < d;(@;) imply that

)

ai(s) _ _ o
/0 8> ai(s)i(ai(s)) = as()BL(di(a)) = a(s)as,
giving (19).

Relation (20) is a straightforward consequence of (19) and Lemma 1. O

5 Proof of Proposition 2

Proof. Following the lines of [13], we consider two multi-bids: a truthful multi-bid s; and
another one §;, not necessarily truthful, for user i. The difference of charges is

a;(s)
isis) =) = 3 [
JET\{i} a;j(5iys—i)
> > a(a;(s) — aj(5i5-4)) (35)
jeT\{i}

where we used (33).
On the other hand, consider the difference of valuations Dy, := 6;(ai(s)) —6i(ai(8i, $—i))-
We distinguish several cases:
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o if a;(s) > a;(8;,s-;), then

ai(s) a;(s) _
Dy, = / 6 > / 6;
ai(8;,8—;) a;(8i,5-:)

;(ai(s) — ai(3i,5-i))

\Y

from inequalities (6) and (33).

o If a;(s) < ai(8;,5—:) and u; > 0(0), then

AV

a;i(s)
Dy, = / 0 > 00)(ai(s) - ai(Gi,5_i))

i(3i,8-4)
> ﬂz(al(s) - ai(gia S—l))
e If a;(s) < a;(8i,5-;) and @; < 6(0), then 6;(d;(4;)) = @; and
Dy, = 0i(ai(s)) — 0i(di(ts)) + 0:(di(@s)) — 0i(ai(5i, 5-))

ai(s)
> /  (6i(q) — a)dg + Bi(ai(s) — di(@s)) + @ (di(@i) — ai(3i, 5-4))
di(u,’)

di(af)
> [ ) — g + sasls) i 5-0)
di(ﬁ,’)
where the last line comes from (16) and from the fact that 6)(¢) — @; > 0 for all
q < di(t;).
Finally we always have
d,’(’ﬁi) ,
Dy, > ui(ai(s) — ai(8i,5-4)) — / (03(q) — ui)dg. (36)
di(a;f)
To conclude the proof, from (35) and (36), we get

U,(S) — Ul(gl, S_l') -DG,- + Ci(gi, S_i) — Ci(S)

d;(a;) . i
> = [ )~ wda + Y a5 6) — a6 -1)
d; (ﬁj—) jeT
di(a;) .
> - [ i) - wda,
di(at)
where we applied Lemma, 5. O
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6 Proof of Proposition 4
Proof. First notice that if Assumptions 1 and 2 hold, then Vi € Z,Ve, f: 0 < e < f < 6(0),

f—e

K

di(e) — di(f) = (37)

_ Consider a player i € Z such that a;(s) > 0. Since a;(s) < d;(u;), we have d;(u;) >
dz(ﬂz) > (. Thus 0;(d@ (’L_Lz)) = u;, and

0;(ai(s)) > 0;(di(u:)) > 0;(ds(:)) = Us- (38)
On the other hand, we have
0i(ai(s)) < 6;(di(@})). (39)
o If 0;(0) < 1, then 0;(&1) < u;.

o If 6,(0) > @; then

6i(di(u) = | min {pi":pi" >ui}
7h mtl _ pm
< u;+ ogrfln{%}gvf : (P} ). (40)

with pMit1 = 9.(0) and p? = 0.

Now we remark that for all m,0 < m < M;

@) pi ! —
/ o @ = = [ @)~
i (D; p;
p7 Tt omtl
> / pi Py
2
it - )’

v

where the second line comes from (37).
Finally, (23) implies that Ym,0 < m < M;, p}"“ — pi* < V2kC;. Therefore (39) and
(40) give

0: (a,- (S)) S u; + 2/‘4301
Define A = {EL € lel 120 < Q}, and take any a € A. Let Ty = {k: ar > ax(s)}

and Z_ = {k : ap < ax(s)}. For i € Z_, we have ay(s) > @ > 0, and therefore (38) implies
0i(ai(s)) > @;. Applying (40), we then have
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IA

Z 0;(ai(s))(@; — ai(s)) — Z 0;(ai(s))(ai(s) — @)
It T_
Z ’L_Li(&i — az(s)) + Z vV 2[‘601'(&1' — ai(s))

i I

< lem 2k max C},
Vo oiez

IA

where we used Lemma 5. The proposition is then established. O
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