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3
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luy{��qmnot~y@p�l���soafp�y�nd��y@susoaN��nu��k���}_}�suy×©mt�`7��nuaW�C¯��¾a���t�`þ��n.½_sutw�m�@t~p_�¨nu]�t�l��A��}¯

��aW��aNp@no�~k@´.�mkGp���`7tw�4�{�d��y@`�}��~aN`�aNpAno��sot~n�k¶l�kml�nuaN`7l , t�pAnusoyG�_q���aW�µ½Ak eZy{soaN�{qµt~p -�0 �{�¾t�pµnu]_aª®s���`7aN§'y@su²�y�ª �(���@so�{p_�{tw��p&`7aN��]V��p_tw�4�{�Ilukml�noa4`&l 2 �A�m´m�G� 3 ´ml�aNa¦�{��luy 2 �G� 3$/ ]��×�@ad½Ia4a4p�nu]�a¦y@½mz�aN��n/y{ªt�pAnuaNsuaWl�nt�p�nu]_a��4y{pAnusoy{�2��t¸noa4s��¢noq_sua 2 ���G´$�¢�m´��{�m´ -A- ´ - �m´ - ��´$�×��´ - �A´ - �m´�A�m´�� - ´$�{� 3 ´(½VaW�4�{q�l�a&y{ª`&�{pAkZ�{}_}_��t��N�¢nut�y{pVl.t�p��¢��sot~y@q�l 8Va4�w�_lfluq���]±�@ldp�y{p�lu`7yAy{nu]ZaN�~aW�Ánusotw�4����p_a4n�§'y@su²mlN´�y{}_nut�`7�{���4y{pAnusoy{�
§�t~nu]µl�no�¢noaZ��p�� �¢y{s7t�p_}_qmn���y@p�l�nus���t�p@nW´ �(���{s���p��{tw��pË`7aN��]��{p_tw�4����lukml�noa4`&l&l�q�½mz�aN��n�noy�q_p_t�����nua4s����
�4y{p�l�nus���t�pAnolN´(a4no� 2 �¢�_´ -A-+3 ¯ ¥ n�twl�§/a4���~·=²Gp_y¢§�p�no]��¢n7��y{`7}_��a4`7aNp@n���sot¸n�k¿}_soy{½_��a4`&lN´��¢�{sutw�¢not~y@p����Mt�pm·aWvAq�����t¸not~aWl.��pV�!t~p��4�~qVl�t�y{p�l , y{sf�{aNp_a4s�����t~»NaN��aNvAq���nut�y{p�l / ��soa�����y@lua4��kEsoa4�w�¢noaN� 2 ��� 3 ¯.iGt~`7t����{su��k{´I��y@`¨·}��~aN`�aNpAno��sot~n�k8lukGl�nuaN`&l4´�aN�{y{��qmnot~y@p �¢�{sutw�¢not~y@p����.t�p_aWv@qV����t¸not~aWl���p��¹�_t¸¼Ra4soa4pAnutw���ft~pV����q�l�t�y{pVlE�{l�nu]_a
�{½Vy¢�@afy@p_aNl , §�]_tw��]�§/a��y@q_����p��{`7a U�M����%U�M
	%F�	��� / ��soa¦suaN����nuaN� 26- �G´V���_´ -A- ´V�{� 3 ¯2Ï«vAq_t��¢����a4p��4aNl½Ia�n�§/a4aNp¨�¢�{sut�y{q�l$q�p_t~�w�¢noa4s����_�mkGp��{`7t��Nl�ª®y{so`7�{�~twlu`7l2�{sua
aWl�n���½_��t�lu]_aW��t�p 2=-�3 ¯ P_y@s2t~p�l�no�{p���a�t~nMtwl2aN�@l�knoy�l�aNa
nu]���nMnu]�a98�s�l�n«y@so�_a4sMlu§'aNa4}_t�p_�}_soym��aNlol2�4�{p&���wl�y½Ia.soa4§�sot¸nunua4p&�@l$nu]_ada4�{y@�~q_nut�y{p7�¢��sot���nut�y{p��{�
t�p_aWv@qV����t¸n�k 〈ż(t), v − z(t)〉 ≥ 0

´$ª®y@s��{�~�
v ∈ K(t)

´
z(0) ∈ K(0)

´
z(t) ∈ K(t)

ª®y{s&�����
t ≥ 0

¯
imq���]³soa4�w�¢nut�y{pVl�]_t�}�l�½Va4n�§'aNa4p³�¢��sot�y{q�l,ª®y@su`&�{�~twl�`&l�§�t~���
½Va�t~`7}Iy{suno��pAn¨ª®y{s�no]_a!�ma4�@a4��y{}_`7a4pAn�l�t�p
no]_twl�}���}Ia4sW´�aWl�}IaN�4t��{�~��k&ª®y@s�nu]_a¨�maNlut~�@p!y�ª2�7pAq�`�aNsutw�4�{�������{y@sut~nu]�`�¯ ¥ p�}V��s������~aN�suaWl�q��¸n�l
]��×�{a½Ia4aNp
y@½mno�{t~p�aN�&ª®y@s����w�{lol�aWl'y{ª�}_t�aN�4a4§�twl�a��Z&p_a,lukGl�nuaN`&l 2 � -
3 ´_]�y¢§'aN�{a4s«nu]_a,��t~p�²�§�t¸no]��4y{`7}_��a4`7a4pAn���sot¸n�ktwlfp_y�n,k{a4n¦����aN�{sfa4©_��a4}_nft�p¿luy{`7a�}��{s�not��4q_�w��sf�N�{luaNl 2 � 0 ´��u�V¯ �_¯ � 3 ¯¦\
]_a�not~`7a4·U�mtwlo��soa�nut�»N��nut�y{pZy{ª«�~t�pm·aW��s���y@`7}_�~aN`7a4pAno�{sut~n�k�l�kml�nuaN`7l
§�t~nu]!t�`7}_�~tw��t~n.ÏMq_��a4sf�����{y{sot~nu]_`&l']��{l
½Ia4aNp!�4y{p�lutw�ma4soaN�Et~p 26- � 3 ´��{lt�p��mtw�4��nuaW���{½Vy¢�@a{¯

¥ p 2 � 0 3 l�y{·U�N�����~aW�Ë�mt¸¼Ra4soa4pAnot��{�/�¢�{sutw�¢not~y@p����'t~p_aWvAq�����t¸not~aWl�§�t~nu]8t~pV�ma�© ≤ 2 , t=¯ a@¯Ë§�t¸no]¶soa4�w�¢nut��{a�_a4�{soa4a ≤ 1
t�pËno]_aE�w��p_�@q����@a&y�ª�no]_t�l¨}��{}VaNs / �{sua�l�noq��mt�aN�Ët�p¶�Zs��¢no]_a4s��_a�no�{t~��aN�³`7�{p_p_aNs��7§/a4���¸·}Iy@luaN�_p_aNlol
suaWl�q��¸n�l���soaf�@t~�@a4p´_�{p��EpGq_`7aNsutw�4�{�lu��]_aN`7aNl���soa¦}_suy@}VyAl�aW���{p���l�]_y¢§�p�nuy&�4y{pG�{aNsu�@a{¯

�&��� Ã £������ Ã¨Ç�� ��� Ã�� ¡ �«Ã  A¤ \
]�a'l�no��sunut�p_�f}Vy@t~pAn$t�l�nuy¦��y{pVl�tw�ma4s$�d�_kApV��`7t��N���Gl�kml�nuaN`*y{ªmnu]_a'ª®y{so`
ẋ(t) = Ax(t) + Bλ(t)

§�]�y@luafnoso��z�aN��nuy{sot�aNl/]��×�{a¦noy&a4�{y@�~�@a,t~pZ�&�my@`7�{t~p�y�ª�nu]�aª®y{so`
Cx(t) ≥ 0

¯
\
]�a!�_kApV��`7t��Nl7t�l�a4`�½IaN���maN�8t~pAnoy³�¾�_t�l�nusot~½�qmnut�y{p��{�.�mt~¼IaNsuaNp@not��{��t~pV����q�l�t�y{p , pV��`7aN�8nu]�aZ]_t~�@]_a4sy@so�_a4sl�§/a4aN}_t�p_��}�suym��aWlul / §�]_tw��]¾�{�~��y¢§.l¦q�l¦nuyZt�pAnua4�@so��nua¨nu]_a�lukml�noa4` §�]�t~��a7suaWl�}IaN��nut�p_��nu]_a&q_p�t¸·
�w�¢noa4s����M�4y{p�l�nus���t�pAn,y@p¾nu]_aEl�no��nua@¯ ¥ p�nu]�a&}_suy@}VyAl�aW�¿ª®y{so`7�{�~twlu` nu]_a������@so�{p_�{a�`�q��¸not~}_��t�a4s

λ
t�l��

�_t�l�nusot~½�qmnut�y{p�§�]_t���]�}VyAluluaNloluaNl«��lu}VaW��t=8V�f�_aN��y@`7}VyAl�t~nut�y{p�t�pAnuy�`7aN�{luq_soaNl'§�]_tw��]�lo�¢nutwl�ª®k�t�p��4�~q�lut�y{p�l
t�pAnuy��&ªô��`7t��~kZy{ª«��y@pA�@a�©Z��y@p_aNlN¯¦À�nut�`7a�·ºl�noa4}_}�t~p_��pGq_`7a4sot��N���$�����{y{sot~nu]_`�t�l,�4y{p�l�nusoq��ÁnoaN�Z�{p���t~nol
}�suy@}VaNs�not~aWl.��soa���p��{�~kG»NaN�C¯�\
]_y@q_�{]!no]_a¨�4y{pG�{aNsu�@a4p��4adnoy¢§/�{so�_ldl�y@�~qmnot~y@p�l�y{ª�no]_a¨�4y{pAnut�pGq_y{qVl�·=nut�`7a
lukml�noa4`�t�ldp_y�n¦k{a4nf��y@`�}��~a4nua{´Vnu]�a¨��pV����kGlutwl.l�]�y¢§.l�nu]V�¢ndno]_a�pGq_`7aNsutw�4�{��lu��]�a4`7a�}Iy@lol�aWluluaNl.l�nusoy{p��
}�suy@}VaNs�not~aWl4¯

\
]_a
}��{}VaNs2t�l�y@su�A��p_twl�aW���{l(ª®y@�~��y¢§.l4¯$iGy{`7a
`&�¢no]_a4`&�¢not��N���AnuyGy@��l2�{sua'}_suaWl�aNpAnuaN�¨t�p�luaN��nut�y{p��_¯�À
lu}IaN��tw���I�4�{p_y{p_tw�4�{��l�no�¢noadlu}��{�4a�suaN}_suaWl�aNpAno�¢not~y@p7§�]_t���]&twlMqVl�a4ª®q_��ª®y@s2nu]�afluq_½�luaNvAq_a4pAn'�_a4�{aN�~y@}_`7a4pAnol
twl�t�pAnusoyG�_q���aW��t�p�luaN�Ánot~y@pZ�m¯/\
]�a���y{sosoaNlu}Vy@p��mt�p_���_t¸¼Ra4soa4pAnutw����t~p��4�~qVl�t�y{p�ª®y{so`&����t�lu`þtwl�t�pAnusoyG�_q���aW�
�{p���`7y{nut��×��nuaW��t�p�luaN��nut�y{pE��´m§�]_a4soadt�`7}Vy@s�n���pAn/}�suy@}VaNs�not~aWl/�{p���§/a4���~·=}Iy@luaN�mp�aNlol«��soa,l�]_y¢§�p�¯$iGaW�Á·
not~y@p³�!t�l��ma4�@y�nuaW�¿nuy!nu]�aE�maNlut��{pË��p��¾no]_aE�{p�����kml�twl,y�ª���nut�`7a�·ºl�noa4}_}_t�p_��pGq_`7aNsutw�4�{�«lu��]�a4`7a{¯ ¥ p
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luaN��nut�y{p��!��pË��}_}��~tw�4��nut�y{p¾y�ª/nu]_a&a4©Anoa4p��_aN��l�§/a4aN}_t�p_��}�suym��aWlul,twl}_soaNlua4pAnoaN�C¯ É y{pV����q�l�t�y{pVl����y@lua
no]_a}��{}VaNs�t~pZluaN�Ánot~y@pZ�G¯

�ZÇ �N¡_��� Ç�� ¤ \
]�a,ª®y{���~y¢§�t�p_�&p_y{no�¢not~y@p!t�l�qVl�aW�
�
IR
twl
nu]�a�suaW���C��t~p�a{´

IR+ twl
nu]_a�p_y{p_p�a4�@��nut��{a,soaN���
��t�p_a{´

xi

twl.no]_a
i
no]±��y@`�}Iy{p�a4pAnfy{ª«�&�{aW�Ánuy@s

x ∈ IRn ¯,\
]_a�soa4�w�¢not~�@a��maN�{soa4a�½Ia�n�§/a4aNpZn�§'y�l�t��{p��{��l
w
��pV�

λ
�ma�8�p_t�p_�¾nu]_a!y{q_nu}_qmn��{p��Ëno]_a!t~p_}�qmn&y�ª¦�¾lukGl�nuaN`!´Mt�l&�_a4p_y{nuaN�8�{l

r
¯8\
]_a!t�p��mtw�4�¢noy{s

ª®q�p��Ánot~y@p¶y�ª¦�±lua�n
K
twl¨�maNp_y�noaN�8�{l

ψK(·) ´«��p�� ∂ twl¨nu]_a!��y@pG�{a�©Ë��pV����kGlutwl�luq_½I�_t¸¼Ra4soa4pAnutw�¢not~y@p¯\
]�a��4�~yAl�aW�³��y@pA�@a�©Ë]Gq_���/y{ª¦�¿l�a4n
K
t�l7�maNp_y�noaN�¶½Ak

co(K)
¯ �¹]_aNp

K
t�l7�¿p_y{p�a4`7}mn�k³����y@luaN�

�4y{pG�{a4©8lua�n&nu]�a4pµnu]�a�p_y{so`&���.�4y{p_a!noy
K
t�lE�ma4p_y{nuaW� �@l

NK(·) = ∂ψK(·) ¯ �a�©mtw��y@�{s���}_]_tw�4�{�t�p_aWv@qV����t¸not~aWl��soa��maNp_y�noaN�¾�{l � ¯ P_y{s����{aW�Ánoy{s x ´ x � 0
`�aW��p�lfno]��¢n��{�~�2aNp@nosut�aNl

xi = 0
y@s,nu]_a

8Vsol�n«p_y@p_»4aNsuyaNp@nosuk�twl
> 0

¯
x ≥ 0

`7aN�{p�l2no]��¢n
������aNp@nosut�aNl
xi ≥ 0

¯
In
�ma4p�y�nuaWl2no]_a

n×n t��_a4pAnut~n�k`&��nusot¸©C´
0n �_a4p_y{nuaNlnu]_a��@aN��nuy{s (0, 0, . . . , 0)T ∈ IRn �{p�� 0n = (0n)T ¯��a4n M ∈ IRn×n ½Va��

lukG`7`�a4nusot��¦��pV�E}Iy@lut¸not~�@a¦�_a
8�p_t~nua`&��nusot¸©C´Anu]_a}�suy×©mt�`7��nut�y{p�y@}VaNso��nuy@s
proxM [K; .]

t�l��ma�8�p_aW�E½Gk
proxM [K;x] = argminz∈K(z − x)TM(z − x)

¯ ¥ ª
M = In

´I§'a�lua�n
prox[K; .] := proxIn

[K; .]
¯

\
]�a¦p�y�no��nut�y{p�l 〈x, y〉 := xT y
��pV� ‖x‖ :=

√
xTx

§�t~�����{��luy7½Va,q�luaN�C¯

�7£{  Ç��RÄ �³� \
]�a�ª®y{����y¢§�t~p_� �{�4suy@pAkG`&l��{sua¿q�l�aW�µnu]�suy@q_�{]_y@qmnEno]_a¾}���}Ia4s�� É y{`7}_��a4`7a4pAn���sot¸n�k
x«suy@½_�~aN` , É x / ´ �t�p_aN�{s É y{`7}_��a4`7aNp@n���sot¸n�k±xMsuy@½_��a4` , � É x / ´�ÍM�{sutw�¢not~y@p���� ¥ p�aNvAq�����t~n�k , Í ¥ / ´ Xfs�·�_t~p��{sukZÐft¸¼Ra4soa4pAnot��{�(Ï«vAq���nut�y{p , X¦ÐfÏ / ´Ðft¸¼Ra4soa4pAnot��{��Àd�~�@a4½_s���tw��Ï«vAq���nut�y{p , Ð.ÀdÏ / ´eZaW�{luq_soa�Ðdt~ªÌ·ª®aNsuaNpAnutw��� ¥ p��4�~q�lut�y{p , e�Ð ¥ / ´ É y{`7}_��a4`7a4pAno�{sut~n�k�iGkml�nuaN` , É i / ´ ��t~p_aW��s É y{`7}_��a4`7aNp@n���sot¸n�k�iGkml�noa4`
, � É i / ¯

� ���,+(���.-#�,+(��%/��0����&��04�

¥ pËno]_twl¨luaN��nut�y{pË§/a�}_soaNlua4pAn�ª®q_p�����`7a4pAno�{�'�{p�����kml�twl,nuyGy@��l�§�]_t���]Ë§�t����'½IaE]_aN�~}_ª®q_�'t�p¶lua�nunu��t~p_�
no]_a]_t��{]_aNs�y{s��ma4s�lu§'aNa4}_t�p_�7}_soym��aNlol'ª®y{so`&����t�lu`!¯ ¥ p�}��{s�not��4q_�w��s.�7���w�{lol
y�ª$�mt�l�nusot�½_qmnut�y{pVl
nu]���n.t�l��
}Iy�noa4pAnutw����4���@lul
y{ª�luy{��qmnut�y{pVl
y�ª�nu]_a��mkGp��{`7t��Nl
t�l
}_soaNlua4pAnoaN��t~pZ�ma4no��t��=¯
� ¡_È Ç�� � Ã ¡_��(  Ã�� �a4n/qVl/�_a4p_y{nua¦½Ak B(IR)

nu]�a¦|/y{soa4�
σ
�����{aN½_s�����p��E�~a4n

dR
½Va,�

IRn− �¢����q_aW��d�{�my@p±`7aN�@l�q_soa{´�tT¯ a{¯7�!|'y@suaN�$suaN�{q_�w��s¦`7aN�{luq_soa�luq���]¿nu]���n
dRi(K) < +∞ ª®y@sa4�@a4sok���y{`7}��@�Án

lua�n
K ⊂ IR , lua4aa{¯ ��¯ 2 �@� 3$/ ¯ �a4n A ∈ B(IR)

½Ia�{t��{aNp´m§/a,lo�×k&no]��¢n {Ai}m
i=1

twl.�W8�p_t~nua}��{s�not¸not~y@p
y{ª
A
t~ª
Ai ∈ B(IR)

´
Ai ∩ Aj = ∅, i 6= j

��p�� ∪m
i=1Ai = A

¯ ��a�n.q�l
p�y¢§*�maNp_y�noa,½Ak P(A)
no]_a�lua�n

y{ª 8�p�t¸noa}���sunut~nut�y{p�l
y{ª
A
¯M\
]_a`7ym�mq_��q�l
`7aN�{luq_soa,y�ª

dR
twl��ma
8Vp_aN��½Gk , l�aNa¦a@¯ �V¯ 2 �A� 37/ �

|dR|(A) = sup
{Ai}m

i=1∈P(A)

m
∑

i=1

‖dR(Ai)‖, ∀A ∈ B(IR).

��a�n
dµ

½VaZ�¿suaW���~·=�¢����q_aW�³�.�{�_y{p³`7aN�@l�q�sua@¯ �a�n&q�l7�maNp_y�noa�½Gk
L1

loc(IR, dµ; IRn)
nu]�a�lu}��{�4a�y{ª

dµ
·=��ym�4�{�~��k�t�p@noa4�@so�{½_�~a

IRn ·=�¢�{�~q_aW��ª®q�p��Ánot~y@p�l4¯QXfp_a&lu�×kml¦nu]V�¢n
dR

]��{l��!�maNp�lut¸n�k�soa4�w�¢not~�@a�nuy
dµ
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}�suy¢�Gtw�maN�¨nu]V�¢n«no]_a4soada4©mt�l�nol'� , �4���@lul«y�ª / ª®q_p���nut�y{p R′
µ ∈ L1

loc(IR, dµ; IRn)
luq���]7nu]V�¢n

dR = R′
µdµ

´
t=¯ a{¯

dR(A) =

∫

A

R′
µdµ, ∀A ∈ B(IR).

¥ ª
dµ
twlCp_y@p_p_a4�A�¢not~�@a$�{p��

dR
twl��½�luy{��qmnoa4��kf��y@pAnut�pAq�y{q�lR§�t~nu]soaNlu}VaW�ÁnCnuy

dµ
´×tT¯ a{¯

A ∈ B(IR), dµ(A) =
0 ⇒ dR(A) = 0

´Rnu]�a4p��E���w�{lolut��N���$�mt~soaN��n,�4y{p�luaNvAq_aNp���a¨y�ªMno]_a �aN½VaWl��@q_a�·º�.�{�_y{pm·ºb.t�²{ym�mkG`�nu]_a4·
y@suaN` , lua4aZ\
]_aNy{soa4` �_¯ - �_¯Ý�{�Zt�p 2 �A� 3$/ aNp�luq_suaWl�nu]_a!a4©Gtwl�nua4pV��a!y�ª,�¿q�p_t�vAq_a , ���w�{lol�y�ª / ª®q_pV�Ánut�y{p
R′

µ ∈ L1
loc(IR, dµ; IRn)

l�qV��]Eno]��¢n
dR = R′

µdµ
¯«Ê.aNsua

R′
µ(t) =

dR

dµ
(t),

§�]�a4soa dR
dµ

�maNp_y�noaNl$no]_a.�ma4sot��×��nut��{a , �ma4p�lut~n�k / y{ª dR §�t~nu]&soaNlu}VaW�Án$nuy dµ ¯ ¥ p�}V��sunutw��q_�w��sW´{lut~p��4a |dR|twl2p_y@p_p_aN�@�¢not~�@a���p�� ‖dR(A)‖ ≤ |dR|(A), ∀A ∈ B(IR)
´@nu]_aNsua�a4©mt�l�nolM�,q�p_t�vAq_a , ���w�{lol$y�ª / ª®q_p���nut�y{p

θR ∈ L1
loc(IR, |dR|; IRn)

luq���]Eno]��¢n
dR = θR|dR|

¯
� ��� Ã   Ã � ���T¡ � � Ã ¡_��(  Ã �   Ç £ Ã �N� � ��a�n

I
½Ia���suaW���$p_y{p_·U�maN�{aNp_a4s��¢noa¨t�pAnua4so�¢��� , p�y�n�a4`7}mn�k¿p_y{ssoaN�_q���aW��noy7��lut~p_�@�~a4nuy@p / ´_�{p��E��a�n {K(t); t ∈ I} ½Va�¨ªô��`7t��~k�y{ª�p�y{p_aN`�}_n�k�����y@luaN����y{pG�@a�©E��y@p_aNlN¯imq_}_}Iy@lua�nu]V�¢n

dµ
t�l¨p_y@p_p_a4�A�¢not~�@a���p��

dR
t�l���½�luy{��qmnoa4�~k���y@pAnut�pAq�y{q�l�§�t¸no]³suaWl�}IaN��n�noy

dµ
¯¾|/k

�4y{pG�{aNpAnut�y{p´G§/a,lu]��{�~�C§�sot¸noa
dR = R′

µdµ ∈ K(t) on I , � /
noy7`�aW��p�nu]V�¢n

R′
µ(t) ∈ K(t), dµ− a.e. t ∈ I. , � /

�   Ç �«Ç ���ô��� Ç������	� >$��� 	��
<=�>?�I�# �$#�
��� ����<=��� >$���
#����
��	5��@��
	�� #&��#"���  "> ������O#"�A���
A ∈ B(IR)

�
A ⊂ I �

dR(A) ∈ co(∪τ∈AK(τ)). , � /

�   ÇÇ�� ¤ iGq�}_}VyAl�a�nu]���n , � / twl¦lu��nutwl.8�aW�C¯ ¥ ª A ∈ B(IR)
´
A ⊂ I

��p��
dµ(A) = 0

nu]�a4p
dR(A) = 0�{p���t~n¨twl¨�4�~aW��sno]��¢n

(
�
)
]_y{�w�_l¨l�t�p���a

0 ∈ co(∪τ∈AK(τ))
¯ ��a�n

A ∈ B(IR)
´
A ⊂ I

l�q���]³nu]���n
0 < dµ(A) < +∞ ¯2\
]_a4p

R′
µ(A) ⊂ co(∪τ∈AK(τ))

�{p��Enu]Gq�l , l�aNa,\
]�a4y{soa4`��m¯ü�G¯ �@��t~p 2 �@� 37/ �

1

dµ(A)

∫

A

R′
µdµ ∈ co(∪τ∈AK(τ))

lut�p���a
co(∪τ∈AK(τ))

twl2����y@luaN�¨��p�����y@pA�@a�©C¯ ¥ nMsoaNluq_�~nol(nu]���n
dR(A) =

∫

A
R′

µdµ ∈ co(∪τ∈AK(τ))lut�p���a
dµ(A) > 0

��p���]_a4soa
co(∪τ∈AK(τ))

t�ld���4�~yAl�aW���4y{pG�{a4©E��y@p_a{¯
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���������
	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� �

�  � £���� Ç�� � Ç�� � Ç  � È Ã È �_¡m  �ô¡m��� Ç�� � �a4n
I
�ma4p_y{nua.�¦p_y@pm·U�_a4�{aNp_a4s��¢noa«soaN�{�mt~pAnuaNsu�¢�{� , p_y{nMa4`7}mn�kp�y{s.soaN�mqV��aN��noy���l�t�p_�@�~a4nuy{p / ¯'|/k u ∈ BV(I; IRn)

t~ndtwl.`7aN�{pAn�nu]���n
u
twld�

IRn ·U�¢����q_aN��ª®q_pV�Ánut�y{p
y{ª¦½Iy{q�p��maN�µ�¢�{sutw�¢not~y@p8t~ª,nu]_aNsuaZa4©Gtwl�nol��Ë�4y{p�l�no�{p@n

C > 0
l�q���] no]��¢n�ª®y@sE�����98�p�t¸noa±l�aWvAq_a4p��4aNl

t0 < t1 < ... < tN , N ��so½_t~nus���sok / y�ª�}Vy@t~pAn�l�y�ª I ´_§/a,]��×�{a
N

∑

i=1

‖u(ti) − u(ti−1)‖ ≤ C.

��a�n
J
½Iaf�¨l�q�½_t~pAnoa4so�×�{��y{ª

I
¯2\
]_afsuaW���IpAq�`�½Ia4s

var(u, J) := sup
∑N

i=1 ‖u(ti)−u(ti−1)‖
´G§�]_aNsua

no]_a¿luq_}_soa4`¨q_` t�l�no��²@a4p¹§�t~nu] soaNlu}IaN�Án�nuy¶�{�~�dnu]_a�8�p_t~nua�l�aWvAq_a4p��4aNl
t0 < t1 < ... < tN , N�{su½�t¸noso�{suk / y�ª(}Iy{t�pAnol
y{ª J ´_twl��4�{�~��aN�Enu]_a�¢�{sutw�¢not~y@p�y{ª u t�p J ¯ÀdpGk |'Í�ª®q_p���nut�y{p*]��{l!� ��y@q_pAno��½��~a�l�a4n�y{ª¨�mtwlu�4y{pAnut�pGq_t~n�k¹}Vy@t~pAnol!�{p�� twl!����`�yAl�n!a4�@a4sokG§�]_a4soa

�_t¸¼Ra4soa4pAnutw��½��~a@¯�À |/Í ª®q_p��Ánot~y@pË�ma
8�p�aN�¿y{p
[a, b] ⊂ I

}Iy@lol�aWluluaNlf�~a4ªÌn�·U�~t�`7t¸n�lt�p
(a, b]

��p��¿sot~�@]@nu·
��t�`�t~nol�t�p

[a, b)
¯ËeZy@suaNy¢�{aNsN´(nu]_a�ª®q_p���nut�y{p�l

t 7→ u(t+) := lims→t,s>t u(s)
��pV�

t 7→ u(t−) :=
lims→t,s<t u(s)

��soa¦½Iy�no]Z|'Í°ª®q�p��Ánot~y@p�l4¯
�¾a��ma4p_y{nua¿½Ak

LBV(I; IRn)
no]_a�l�}��@��a¿y�ª�ª®q_pV�Ánut�y{pVl�y{ª��~ym�N�����~kµ½Iy{q_p��_aN� �¢�{sutw�¢not~y@p´.t=¯ a@¯ y{ª

½Iy{q�p��maN���¢��sotw�¢nut�y{p�y{p�a4�@a4sokE��y@`�}V�{�Án.luq_½_t�pAnua4so�¢���Cy{ª
I
¯

�¾a��maNp_y�noa�½Gk
RCLBV(I; IRn)

no]_a�lu}��{�4a�y{ª'sot~�@]An�·º��y{pAnot~pGq_y@q�lfª®q_p��Ánot~y@p�l,y�ª
��yG�N�����~k±½Vy@q_p��maW�
�¢�{sutw�¢not~y@p¯ ¥ ndtwl.²Gp_y¢§�p�no]��¢ndt~ª

u ∈ RCLBV (I ; IRn)
��p��

[a, b]
�maNp_y�noaNl.�&�4y{`7}��@�Ánfluq_½_t�pAnua4so�¢���

y{ª
I
´mnu]�a4p

u(t)
�4��p�½IasuaN}_suaWl�aNpAnuaN�Et~p�no]_a,ª®y{so` , lua4aa@¯ �V¯ 2 �@� 37/ �

u(t) = Ju(t) + [u](t) + ζu(t), ∀t ∈ [a, b],

§�]�a4soa Ju

twl���z�q_`7}³ª®q_pV�Ánut�y{p�´
[u]

t�l���p ��½�luy{��qmnoa4��k¾�4y{pAnut�pGq_y{q�l�ª®q_p���nut�y{p ��p��
ζu
t�l��¿lut�p_�{qm·

�w��sEª®q_p���nut�y{p¯�Ê.aNsua Ju

t�l��Zz�q�`�} ª®q_p���nut�y{p t�p¹no]_a¾lua4pVl�aZno]��¢n Ju

twlEsot~�@]An�·º��y{pAnot~pGq_y@q�l���pV�
�@t~�@a4p!��pGk

ε > 0
´_no]_a4soaa�©mtwl�n�l 8�p_t~nuaN�~k�`&��pGkE}Iy{t�pAnol�y{ª$�_t�lo��y@p@not~pGq_t~n�k

t1, ..., tN
y�ª Ju

l�qV��]�no]��¢n
∑N

i=1 ‖Ju(ti)−Ju(t−i )‖+ ε > var(Ju, [a, b])
´
[u]
t�l/��p���½�luy{��qmnoa4��k��4y{pAnut�pGq_y{q�l«ª®q_p���nut�y{p�t~pEnu]_a

lua4pVl�adnu]���n'ª®y@s'aN�{a4sok
ε > 0

´Anu]_aNsua¦a�©mtwl�n�l
δ > 0

luq���]&no]��¢n ∑N
i=1 ‖[u](βi)− [u](αi)‖ < ε

´@ª®y@s���pGk
�4y{���~aW�Ánot~y@pZy�ª«�mtwl®z�y@t~pAnfluq_½_t�pAnuaNsu�¢���wl

(αi, βi] ⊂ [a, b](1 ≤ i ≤ N)
l�qV��]Znu]���n ∑N

i=1(βi − αi) < δ
´

�{p��
ζu
twl¨��lut�p_�{q_�w��s�ª®q_p���nut�y{p³t�p³no]_a�lua4p�lua&no]��¢n

ζu
t�l�����y@pAnut�pAq�y{q�l¨��p��Ë½Iy{q�p��maN�³�×�{sutw�¢not~y@p

ª®q�p��Ánot~y@p�y@p
[a, b]

luq���]�nu]���n
ζ̇u = 0

����`�yAl�n�aN�{a4sokG§�]_a4soa¦y{p
[a, b]

¯
|/k

u ∈ RCSLBV(I; IRn)
t~n
t�l
`7aN�{pAn«nu]V�¢n

u
t�l
�¨sut��{]An�·º��y@pAnut�pAq�y{q�lMª®q_p��Ánot~y@p�y{ª(lu}VaW��tw���R�~ym�N�����~k

½Iy{q�p��maN�!�¢�{sutw�¢not~y@p´_t=¯ a@¯
u
t�ldy�ª2½Vy@q_p��maW�!�¢��sot���nut�y{pZ��p��Z�N��p!½Ia�§�sut~n�noa4p��@l�nu]�a�l�q�`�y{ª2�¦z�q�`�}

ª®q�p��Ánot~y@p³��p��Ë�{p��{½�luy{��qmnuaN�~k¾��y{pAnot~pGq_y@q�l,ª®q_p���nut�y{pËy@p¾aN�{aNsuk¾��y{`7}��@�Án�luq_½_t�pAnua4so�¢���My{ª
I
¯ZiGy�´�t~ª

u ∈ RCSLBV(I; IRn)
nu]_aNp

u = [u] + Ju , � /
§�]�a4soa

[u]
t�l¦����ym�4������k!�{½�luy{��qmnuaN�~k!��y@p@not~pGq_y@q�l�ª®q�p��Ánot~y@p¿�4�{�~��aN�Znu]_a���½�luy{��qmnuaN�~kZ�4y{pAnut�pGq_y{q�lf��y@`¨·

}Iy{p�a4pAn�y�ª
u
��p�� Ju

twl
q_p_twvAq_a4��k��_a
8�p_aW��q_}�nuy&�7��y{pVl�n���pAn�½Ak

Ju(t) =
∑

t≥tn

u(t+n ) − u(t−n ) =
∑

t≥tn

u(tn) − u(t−n ) , � /

Ó(Ó�Ø�[�è+\ÁðÁç



� � '���	��5��> ��<

§�]�a4soa
t1 < t2 < ... < tn < ...

�maNp_y�noa�nu]�a¨��y@q_pAno�{½_�~k�`&��pGk�}Vy@t~pAnolfy�ª«�_t�lo��y@p@not~pGq_t~n�k�y�ª
u
t~p
I
¯

�@t~�@a4p�t~p , � / ¯
���� Ã �®� � Ã � � Ã ¡���(  Ã�� �a4n

u ∈ LBV (I ; IRn)
½Ia¦�@t~�@a4p¯ �¾a,�_a4p_y{nua,½Gk

du
nu]�aiGnut�a4�~nôz�aNl
`7aW�{luq_sua

�@a4p_aNso��nuaW��½Gk
u , l�aNa¦a@¯ �V¯ 2 �A� 3 ��pV� 2 �A� 3$/ ¯M��aN�N�����Rnu]���n�ª®y{s a ≤ b

´
a, b ∈ I

�

du([a, b]) = u(b+) − u(a−),

du([a, b)) = u(b−) − u(a−),

du((a, b]) = u(b+) − u(a+),

du((a, b)) = u(b−) − u(a+).
¥ p!}��{s�not��4q_�w��sW´A§/a,]��×�{a

du({a}) = u(a+) − u(a−).
P�y{s

u ∈ LBV (I ; IRn)
´
u+ ��p��

u−
�maNp_y�noa¦nu]_a,ª®q_pV�Ánut�y{pVl.�ma
8Vp_aN��½Gk

u+(t) = u(t+) = lim
s→t,s>t

u(s)), ∀t ∈ I,

�{p��
u−(t) = u(t−) = lim

s→t,s<t
u(s)), ∀t ∈ I.

¥ ª
u, v ∈ LBV (I ; IRn)

nu]_aNp
uT v ∈ LBV (I ; IR)

��pV�

d(uT v) = (v−)T du+ (u+)T dv = (v+)T du+ (u−)T dv. , � /
��a�n�q�l.�{��luy�suaW�4�����Rnu]V�¢n

2(u−)T du ≤ d(uTu) = (u+ + u−)T du ≤ 2(u+)T du. , � /

��Ã ¡���(  Ã È��	� Ã   Ã � ���ô¡ � � � £�� ���� Ç�� � ��\
]_a±`&�¢noa4sot��{�d�@t~�@a4p t�p¹nu]�t�lZiGaW�Ánut�y{p �4��p¹½Ia¾q�l�aW�µnuy
ª®y@su`¨q_�w�¢nua&`7aW�{luq_sua��mt¸¼Ra4soa4pAnot��{�«t�p�����q�lut~y@p�l4¯*P�y{s¨a�©_��`7}_��a{´��~a4n

F : IR × IRn → IRn ½Va�� C1 ·`&�{}_}_t�p_�³��p��µ��a�n
C ⊂ IRn ½Ia¿��p�y{p_aN`�}_n�k8����y@luaN�µ�4y{pG�{a4© lua�nN¯ �¾a±��y@p�l�tw�maNs&nu]_a±`�aW�{luq_soa

�_t¸¼Ra4soa4pAnutw���Ct�p��4�~q�lut�y{p ��P�t�p��
u ∈ RCLBV (IR; IRn)

luq���]Eno]��¢n��

du+ F (t, u(t))dt ∈ −NC(u(t)). ,?0A/
\
]�a¦lua4p�luady{ª ,I0 / twl/�{t��{a4pE½Ak�no]_afa4©mt�l�nuaNp���afy�ª(��p_y{p_p�a4�@��nut��{a¦�.�{�my@p�`7aN�@l�q_soa dµ l�qV��]�nu]V�¢n/nu]_a`7aW�{luq_suaWl

du
��pV�

dt
��soa¦�{½�l�y@�~q_nua4��kE�4y{pAnut�pGq_y{q�l/§�t~nu]!soaNlu}VaW�Án�nuy

dµ
�{p��

du

dµ
(t) + F (t, u(t))

dt

dµ
(t) ∈ −NC(u(t)), dµ− a.e. t ∈ IR. ,K- � /
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���������
	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� 0

bdy�noanu]���ndno]_a¨�4y{p��4a4}mndy{ª«l�y@�~q_nut�y{p��myGaNldp_y�n¦�ma4}Ia4p���y�ª2nu]�a¨��]_y@t��4ay�ª2nu]�a�p_y{p�p_a4�A�¢nut��{a¨�.�{�my@p
`7aW�{luq_sua

dµ
lut~pV��a�nu]_aEsut��{]An�·U]��{p��±lut��_a&y�ª ,.- � / twl�Z��y{p�a{´(�{p��±nu]_aE�_a4p�lut¸not~aWl��4�{p¿½Ia&y{½_no��t�p_aW�y@p_a.ª®soy{`�y{nu]_aNs'½Gk7`�q��¸not~}_��tw�4�¢not~y@pE§�t~nu]!��p_y@p_p_aN�@�¢not~�@a.ª®q_pV�Ánut�y{p�¯ ¥ n�soaNluq_�~nol«ª®suy@` x«suy@}VyAl�t~nut�y{p -no]��¢n

du(A) +

∫

A

F (τ, u(τ))dτ ∈ co(
⋃

τ∈A

−NC(u(τ))), ,.-A-�/
ª®y@s�a4�@a4sok

A ∈ B(IR)
luq���]�nu]���n

dµ(A) < +∞ ¯
��a�n�q�l�p�y¢§ soaN�4�{�~�Cluy{`7a,t~`7}Iy{suno�{p@nd�4y{p�luaNvAq_aNp���aWl/y�ª�luq���]Z��`&�¢nu]�a4`&�¢not��N���C`7ym�ma4�=¯ �¿a]V�×�{a

u(t+) − u(t−) ∈ −NC(u(t)), ∀t ∈ IR ,.- � /
�{p��

u′t + F (t, u(t)) ∈ −NC(u(t)), a.e. t ∈ IR.
À��N��y@so�mt�p_�&noy�no]_a�p_y{no��nut�y{p�lft~pAnosuym�mq��4aN���{½Vy¢�@a{´

u′t
�maNp_y�noaNldnu]_a7�ma4pVl�t~n�k!y�ª

du
§�t~nu]±soaNlu}IaN�Ánfnuy

no]_a �aN½VaWl��@q_a,`7aN�{luq_soa
dt
¯

� �ô�N�4  �ô��(��� Ç�� ��� Ã ��Ã  ×¡_� Ã ÈË� Ä ��� �����	� �  � £{��� Ç�� � � �a�n
I
½Ia.no]_ady@}VaNp�suaW���Vt~pAnuaNsu�¢�{���{t��{aNp

½Gk
I =]α, β[

§�]�a4soa
α ∈ IR

�{p��
β ∈ IR ∪ {+∞} ¯ �¾a�lua�n.���wl�y

Ĩ = [α, β[.

Êda4soa
C∞

0 (I)
�_a4p_y{nuaNl¦no]_a�lu}��{�4a¨y{ª'soaN���~·U�×�{�~q�aN�

C∞(I)
·U`7�{}_}_t�p_�@l,§�t~nu]���y@`7}��{��nluq_}_}Iy{sun���p��

D′(I)
t�l�nu]�a/lu}��{�4a«y{ªVim��]G§/�{s�no»«�mtwl�nosut�½_qmnot~y@p�l�y@p

I
¯(��aW�4�{�~�@nu]���n(ª®y@s

T ∈ D′(I)
´¢no]_a , �{aNp_a4s�����t~»NaN� /�_a4sot~�¢�¢not~�@afy{ª

T
twl��ma
8�p�aN��½Gk

〈DT,ϕ〉 = −〈T, ϕ̇〉, ∀ ϕ ∈ C∞
0 (I).

\
]�a , �{aNp_a4s�����t~»NaN� / �maNsut��¢�¢not~�@a¦y{ª(y@so�maNs n twl/nu]_aNp!�{t��{a4p�½Gk

DnT = D(Dn−1T ) (n ≥ 2),

no]��¢n.twl
〈DnT, ϕ〉 = (−1)n〈T, ϕ(n)〉, ∀ ϕ ∈ C∞

0 (I).
P�y{s

a ∈ I
´_§'a�maNp_y�noa,½Ak

δa
nu]_a�Ðft�so�@�¦�_t�l�nusot~½�qmnut�y{pZ�¢n

a
´��ma�8�p_aN��½Gk

〈δa, ϕ〉 = ϕ(a), ∀ ϕ ∈ C∞
0 (I).

bdy�noafno]��¢n
δa = DH(.− a)

§�]_aNsua H t�l�nu]_a�ÊdaN�×�Gt�lutw�madª®q�p��Ánot~y@p �

H(t) =

{

1 if t ≥ 0
0 if t < 0

.
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\
]�a�l�q�}_}Vy@s�n
supp{ϕ} y�ªM��ª®q_p���nut�y{p ϕ : I → IR

twld�ma�8�p_aN�!½Gk
supp{ϕ} := {t ∈ I : ϕ(t) 6= 0} ¯\
]�a�luq_}_}Iy{sun

supp{T} y�ªf�¾�mtwl�nosut�½_qmnot~y@p T ∈ D′(I)
twl&�ma
8Vp_aN�8½Gk

supp{T} := I\O §�]_a4soa
O ⊂ I

�_a4p_y{nuaNl�nu]�aE�w��so�{aNl�n�y{}Ia4p8l�a4n¨y�ª
I
y{pË§�]_tw��]

T
�¢��p�t�lu]_aNl�t~p³nu]_a�l�aNp�l�aEnu]���n 〈T, ϕ̄〉 =

0, ∀ ϕ ∈ C∞
0 (O)

¯ Êda4soa{´Mª®y@s
ϕ ∈ C∞

0 (O)
´«no]_a�ª®q_p��Ánot~y@p

ϕ̄ ∈ C∞
0 (I)

t�l7�ma�8�p_aW�8½Gk
ϕ̄(t) =

{

ϕ(t) if t ∈ O
0 if t ∈ I\O

¯

��a�n
h ∈ RCSLBV (Ĩ ; IR)

½Ia��{t��{aNp¯ �¾a�§�t��~�$�maNp_y�noa�½Gk
E0(h)

nu]_a���y{q�p@n���½_��a�lua�n¦y�ª2}Vy@t~pAn�ldy{ª
�_t�lo��y@p@not~pGq_t~n�k

t1 < t2 < ... < tk < ...
y�ª
h
¯�Àfldlua4a4p��{½Vy¢�@a{´

h
�4�{pZ½Va¨§�sut~n�noa4p��{l.nu]_a¨l�q_`�y�ªM�

��ym�4�{�~��kE��½Vl�y@�~qmnoa4��k���y@p@not~pGq_y@q�l/ª®q_p���nut�y{p
[h]

�{p��Enu]_a��ym�4������kz�q_`7}�ª®q_p��Ánot~y@p
Jh

�{t��{aNp�½Gk

Jh(t) =
∑

t≥tk

σh(t),

§�]�a4soafª®y@s
t ∈ Ĩ

´
σh(t) := h(t+) − h(t−) = h(t) − h(t−)

�_a4p_y{nuaNl/no]_a
z�q_`7}!y�ª
h
�¢n
t
¯ ¥ n.twl�����aN�{s
nu]���n
t~ª

t ∈ Ĩ\E0(h)
no]_a4p

σh(t) = 0
¯

�¾aZ§�t��~�.�maNp_y�noaZ½Gk
ĥ(1) nu]_aZsot~�@]An&�_a4sot~�¢�¢not~�@a!y�ªdno]_a���½Vl�y@�~qmnoa4��k¶��y@pAnut�pAq�y{q�l�}��{s�n [h]

y{ª
h ∈

RCSLBV (Ĩ ; IR)
´�tT¯ a{¯

ĥ(1)(t) :=
d+[h]

dt
(t) = lim

σ→0+

[h](t+ σ) − [h](t)

σ
�¾a]��×�@adno]AqVl �

h = [h] + Jh ,K- � /
�{p��

dh = ĥ(1)dt+ dJh. ,K- � /
\
]�aE`7aN�@l�q_soa

dJh

t�l��¢noy{`7t����{l¨��`7aN�@l�q_soaE�4y{p��4a4pAnus��¢noaN��y{p�no]_a!l�a4n
E0

y�ªd��y@q_pAno�{½_�~k�`&��pGk
}Iy{t�pAnol
y{ª$�mtwlo��y{pAnot~pGq_t~n�k�y�ª

h
t�p
Ĩ
´mt=¯ a@¯

dJh(A) = 0, ∀A ∈ B(IR), A ⊂ IR\E0
¯

��a�n�q�l�p�y¢§ lua�n
F0(Ĩ ; IR) = RCSLBV (Ĩ ; IR)

F1(Ĩ ; IR) = {h ∈ F0(Ĩ ; IR) : ĥ(1) ∈ RCSLBV (Ĩ ; IR)}

F2(Ĩ ; IR) = {h ∈ F1(Ĩ ; IR) : ĥ(2) :=
d+

dt
[ĥ(1)] ∈ RCSLBV (Ĩ ; IR)}

.....

Fk(Ĩ ; IR) = {h ∈ Fk−1(Ĩ ; IR) : ĥ(k) :=
d+

dt
[ĥ(k−1)] ∈ RCSLBV (Ĩ ; IR)}

�{p��
F∞(Ĩ ; IR) = ∩k∈INFk(Ĩ ; IR).

�¾a«l�no�{p��_��s��mt�»4a$no]_aMp_y{no�¢not~y@p�lC½Gk,l�a4n�nut�p_�
ĥ(0) := h

¯(bdy�nuaMnu]���n
ĥ(α) ∈ RCSLBV (Ĩ ; IR) (α ≥ 1)`7aW��p�l�no]��¢n&no]_a±��½Vl�y@�~qmnoa4��k¶��y@pAnut�pAq�y{q�l�ª®q_pV�Ánut�y{p

[ĥ(α−1)]
�@�m`7t¸n�l���sot~�@]@n��maNsut��¢�¢not~�@a

ĥ(α) =
d+

dt
[ĥ(α−1)]

�¢n�aN�@��]
t ∈ Ĩ

��p��
ĥ(α) ]��@l�l�}IaN�4t��{��~ym�N���C½Iy{q_p��_aN���×�{sutw�¢not~y@p�y¢�@a4s Ĩ ¯
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���������
	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� -A-

��Ã �³¡m �� � � �����>B�V>7�L�> � � d+

dt
[ĥ(α−1)]

����� �+>?�V��#&�Q��� �V�? ���'
�I�<Y<6�1'���< �����O#&������@ �	+�I��> �I��# ��#
Ĩ>7�L��# #&��'��
���
�	+�$< � d+

dt
[ĥ(α−1)]

� � 	+��� �%>��K'���#�> �$#�����%�	��
 	��� L��	+>?�I�
�
ĥ(α) ∈ RCLBV (Ĩ ; IR)

�#"�
ĥ(α) ∈

LBV (Ĩ ; IR)
��	�� >7�%�%� ����O�$@ �<=�
# >����&�L���������Y	���
�O�$	�� � �
# > �+>!��#&� � �$# >$��� �A����#��$> �I��#*� � >$��� @ ��'�>B�	

�  ���'�� Fα(Ĩ ; IR)
�
�	  L�����1�A�����I'��<:	���������#L�	�

�$� ���W��>!�W�< ��� >7�L�> �
��	;���$���
t ∈ Ĩ

�������L�@ � d+

dt
[ĥ(α−1)](t) = d+

dt
ĥ(α−1)(t) = h

(α−1)
t (t)

��� ¡ � � � Ã � �&��>
I =]0,+∞[

��#"� <=��>
u : Ĩ → IR

����>$��� ���O#&'
> �I��#Q��$@���# � �

u(t) = | sin(t)|, ∀t ≥ 0.

�
>�� ��'�<=����	�>7�L�>
û(0) := u ∈ RCSLBV (Ĩ ; IR)�+�$#&'��

u
� ��! �  ��'��O�$>#"	�K'���# >?�$# �����%�	�$�&�L��#����;� ��>B��$#

û(1)(t) :=
d+

dt
[û(0)](t) =

d+u

dt
(t) = cos(t− kπ) if t ∈ [kπ, (k + 1)π), (k ∈ IN).

% ��������>7�L�>
E0(û

(1)) = {kπ; k ∈ IN\{0}} ��#"�

û(1) = [û(1)] + J,

�:���
	��
[û(1)](t) = −2k + cos(t− kπ) if t ∈ [kπ, (k + 1)π], (k ∈ IN)�#"�

J(t) = 2k if t ∈ [kπ, (k + 1)π], (k ∈ IN).
�&�O�%�

û(1) ∈ RCSLBV (Ĩ ; IR)
�&���
#

û(2)(t) :=
d+

dt
[û(1)](t) = −| sin(t)|

��� >$����>
û(2) ∈ RCSLBV (Ĩ ; IR).

� #&�;���5�# �������
����>$����>

û(k)(t) =

{

(−1)mû(0)(t) if k = 2m
(−1)mû(1)(t) if k = 2m+ 1

, (m ∈ IN),

��� >$����>
û(k) ∈ RCSLBV (Ĩ ; IR), ∀k ∈ IN

�Y�#"� >7�%�%�

u ∈ F∞(Ĩ ; IR).
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��a�n
h ∈ F∞(Ĩ ; IR)

½Va�@t~�@a4p¯�Xfp_a,suaN`&��so²Gl'no]��¢n , �{a4p�a4s�����t~»NaN� / �ma4sot��×��nut��{aWl'y{ª h ]V�×�{a,��lu}IaN��t=8V�aW�{luknuy,]��{p��m��a.l�nosuqV�Ánuq�sua@¯ ¥ p��_a4aN�´{��a�nMq�l2]�a4soa
�_a4p_y{nua�½Gk
Th

nu]�a�suaN�{q_�w��s2�mtwl�nosut�½_qmnot~y@p7�{a4p�a4s��¢nuaW�
½Gk

h
´_t=¯ a@¯

〈Th, ϕ〉 =

∫

I

ϕ h dt, ∀ ϕ ∈ C∞
0 (I).

��a�n
ϕ ∈ C∞

0 (I)
½Ia�{t��{aNp¯2cdlut~p_� , � / �{p�� ,.- � / ´_§/a,y{½mn���t�p , ]_a4soa h+ = h

�{p��
ϕ− = ϕ / �

〈DTh, ϕ〉 = −
∫

I

ϕ̇ h dt = −
∫

I

h dϕ = −
∫

I

d(hϕ) +

∫

I

ϕ dh

=

∫

I

ϕ dh =

∫

I

ϕ ĥ(1)dt+
∑

tk∈E0(h)∩supp{ϕ}

(h(t+k ) − h(t−k ))〈δtk
, ϕ〉

�{p���l�y7y{p�´m§'a�lua4a¦nu]V�¢n�ª®y{s.�{pGk
α ≥ 2

�

〈DαTh, ϕ〉 =

∫

I

ϕ dĥ(α−1) +

α
∑

i=2

(

∑

tk∈E0(ĥ(α−i))∩supp{ϕ}

(ĥ(α−i)(t+k ) − ĥ(α−i)(t−k ))〈δ(i−1)
tk

, ϕ〉
)

=

∫

I

ϕ ĥ(α)dt+

α
∑

i=1

(

∑

tk∈E0(ĥ(α−i))∩supp{ϕ}

(ĥ(α−i)(t+k ) − ĥ(α−i)(t−k ))〈δ(i−1)
tk

, ϕ〉
)

.

��� ¡ � � � Ã�� !:�
>
u : Ĩ → IR

���;>$��� ���O#"'�> �I��# '���#L�+�I�A�
	���� �$#�� �%� �  "<6��� ��! ��>9�%��#"�� '���#��+�I����	
>7�L�;��� �+> 	+�	�
�O> �I��#

T
��� ��#&��� � �

〈T, ϕ〉 =

∫ ∞

−∞

| sin(t)|ϕ(t)dt, ∀ ϕ ∈ C∞
0 (I).

�&���
# �
��	W�W��$@��
# ���O#"'�>?�I�#
ϕ ∈ C∞

0 (I)
������������>$����> �

〈DT,ϕ〉 =

∫ ∞

−∞

û(1)(t)ϕ(t)dt =
∑

k∈IN∩supp{ϕ}

∫ (k+1)π

kπ

cos(t− kπ)ϕ(t)dt,

〈D2T, ϕ〉 =

∫ ∞

−∞

û(2)(t)ϕ(t)dt +
∑

k∈IN\{0}∩supp{ϕ}

(û(1)(kπ+) − û(1)(kπ−))〈δkπ , ϕ〉 =

= −
∫ ∞

−∞

| sin(t)|ϕ(t)dt + 2
∑

k∈IN\{0}∩supp{ϕ}

〈δkπ , ϕ〉,

�#"� �
�V��# �
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���������
	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� - �

��a�n�q�l&p�y¢§��maNp_y�noa!½Ak Tn(I)
nu]_a�lua�n�y{ª,�{�~�f�mt�l�nusot�½_qmnut�y{pVl

T ∈ D′(I)
§�]_tw��]¹lu��nutwl�ª®k¶nu]_a

ª®y@�~��y¢§�t�p_�¶��y@p��mt~nut�y{p �¾no]_a4soa�a�©mtwl�n�l��Ëª®q_p��Ánot~y@p
F ∈ F∞(Ĩ ; IR)

l�qV��]µnu]���n
T = DnF

¯ ¥ n�t�l
�4�~aW��s7no]��¢n T0(I) = F∞(Ĩ ; IR)

¯ ¥ ª
T ∈ T1(I)

no]_a4pµno]_a4soaZa�©mtwl�n�l
F ∈ F∞(Ĩ ; IR)

l�q���] no]��¢n
〈T, ϕ〉 =

∫

I
ϕdF̂ (0) =

∫

I
ϕdF

´Cª®y{s�{�~� ∀ϕ ∈ C∞
0 (I))

¯¨eZy@sua��{aNp_a4s�������k{´It¸ª
T ∈ Tn(I)

ª®y@sl�y@`�a
n ≥ 2

´mnu]_aNp�nu]_aNsua,a�©mtwl�n�l
F ∈ F∞(I ; IR)

luq���]Eno]��¢nW´mª®y{s.�{�~�
ϕ ∈ C∞

0 (I)
�

〈T, ϕ〉 =

∫

I

ϕ dF̂ (n−1) +

n
∑

i=2

(

∑

tk∈E0(F̂ (n−i))∩supp{ϕ}

(F̂ (n−i)(t+k ) − F̂ (n−i)(t−k ))〈δ(i−1)
tk

, ϕ〉
)

=

∫

I

ϕ F̂ (n)dt+

n
∑

i=1

(

∑

tk∈E0(F̂ (n−i))∩supp{ϕ}

σ
F̂ (n−i)(tk)〈δ(i−1)

tk
, ϕ〉

)

.

P�y{s�luq���]��_t�l�nusot~½�qmnut�y{p
T
´m§/a¦`&�×k��4�~aW��so�~k&tw�ma4pAnot¸ª®kEnu]_a���ª®q�p��Ánot~y@p�}��{s�n�� {T} �{p��Enu]_a���`�aW�{luq_soa}V��sun�� � T � soaNlu}IaN�Ánot~�@a4��k�½Gk

{T} = F̂ (n)

�{p�� , t~ª n ≥ 1 /
〈� T �, ϕ〉 =

∫

I

ϕ dF̂ (n−1), ∀ ϕ ∈ C∞
0 (I).

�¾a�§�t~���2���wl�y�q�l�a�nu]_a7p_y{no��nut�y{p
d � T � noy��_a4p_y{nua¨nu]_a&iAnut�a4�~nôz�aWl¦`�aW�{luq_soa

dF̂ (n−1) �{a4p�a4s��¢nuaW�½Gk
F̂ (n−1) ∈ RCSLBV (Ĩ ; IR)

¯'Êda4soa {T} twl.�&� É i ��|/Í°ª®q_p���nut�y{p��{p�� d � T � twl.��iAnot~aN�¸nTz�aNl
`7aW�{luq_sua@¯ P�y{s
}IaN�_�{�{y{�@t��N���VsuaW�{luy{p�lN´@§/a¦q�l�afnu]�afn�§/y7�mt¸¼Ra4soa4pAn
p_y�n��¢not~y@p�l

d � T � ��p�� � T �noy��maNp_y�noadsoaNlu}VaW�Ánut��{aN�~k¨nu]�af�.�@�my{p&`7aN�@l�q�sua.�ma�8�p_aW�&y{p&no]_af|/y@suaN�T¬ lMlua�nol'��p��&nu]_a¦��y{sosoaNlu}Vy@p��mt�p_�
�_t�l�nusot~½�qmnut�y{p´mt=¯ a{¯

〈� T �, ϕ〉 =

∫

I

ϕ d � T �, ∀ ϕ ∈ C∞
0 (I).

¥ n.§�t����C½Va��{��luy��4y{pG�{aNp_t�a4pAn
nuy7q�luafno]_ap_y{no�¢not~y@p {T (k)} nuy&�maNp_y�noa,nu]_a��Áª®q_p���nut�y{p�}���sun��dy�ª DkT
´

t=¯ a{¯
{T (k)} = {DkT} = F̂ (n+k).

P�y{s
T ∈ ∪n∈INTn(I)

´_§/a¦�_a
8�p_a¦no]_a��ma4�@suaNa��4�ma4�
(T )

��y{ª
T
t�p�nu]_a¦ª®y{����y¢§�t~p_��§
�×k�� �a4n

n
½Va,no]_a

lu`&�����~aWl�n�t�pAnua4�@a4s�luq���]�nu]���n
T ∈ Tn(I)

´�§/al�a4n

deg(T ) =







n+ 1 if n ≥ 1
1 if n = 0 and E0({T}) 6= ∅
0 if n = 0 and E0({T}) = ∅

,K- � /

\
]�a��mtwl�nusot~½_q_nut�y{p�l�y�ª¦�ma4�@suaNa
0
��soaEno]_a��4y{pAnut�pGq_y{qVl F∞

·=ª®q_p���nut�y{p�l�§�]_t���aEno]_aZ�mt�l�nusot�½_qmnut�y{pVl¨y{ª
�_a4�{soa4a

1
��soa¦nu]_a�mtwlu�4y{pAnut�pGq_y{qVl F∞

·Tª®q_pV�Ánut�y{pVl4¯2\
]_asot~�@]An�·º��y{pAnot~pGq_y@q�l'ÊdaN�×�Gtwl�tw�ma¦ª®q_p���nut�y{p!t�l
y{ª
�_a4�{soa4a

1
´Gno]_a�Ðft~s��{�,�mtwl�nosut�½_qmnot~y@p

δ
twl
y�ª2�ma4�@suaNa

2
´Gnu]_a��mtwl�nusot~½_q_nut�y{p

δ(n) twl
y�ª2�ma4�@suaNa n+ 1
¯
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��� ¡ � � � Ã�� !:�
>Y�%� ���
	��W'���#��+�I����	�>$������ ��> 	+�	���O>?�I�#
T

� � � �%� �  "<=��� � % � �L�@ � �
T ≡ {T} = û(0) = | sin(.)|, deg(T ) = 0,

DT ≡ {T (1)} = {DT} = û(1) = cos(.− kπ) on [kπ, (k + 1)π) (k ∈ IN), deg(DT ) = 1,

D2T ≡� D2T �= −| sin(.)| + 2
∑

k∈IN\{0}

δkπ , deg(D2T ) = 2,

{T (2)} = {D2T} = û(2) = −| sin(.)|,
�#"�

d� D2T �= dû(1).

� ��������� %/��"���"���%'��0Ë	��
 �	$������"¨+(�,+(�4��"

¥ p�nu]_twl$l�aW�Ánut�y{p��f�4�{p_y{p_tw�4�{�@l�no��nua'lu}��@��aMsoa4}_soaNlua4pAn��¢nut�y{pVlCt�l��maNsut��{aW�C´×§�]_t���]�§�t~���G}_suy¢�@a$nuyf½Va/q�lua�ª®q_�
noy�ª®y{so`7�{�~t�»4a�no]_a&a�©GnuaNp��maW�¾lu§/a4a4}�t~p_�!}_soym��aWlulN¯5Xfq_s,nusoaN��nu`7a4pAn]_a4soa7t�lN´�y{ª/p�aN��aWlulut~n�k�t~p_ª®y{so`7�{�T¯
\
]�a!lo��y@}Va�y�ªdnu]_twl&l�aW�Ánot~y@p8twl�p_y�n7nuy¾�{a4n������'no]_aZl�`7yGy�no]_p_aWlul�]GkG}Vy{nu]_aWl�aWl¨§/y{so²{aW�Ëy{q_n7½�qmn&t�l
`7aNsuaN�~k¿nuy¿t~���~qVl�noso��nuaE�¿�4��p�y{p_tw�4�{�«l�n��¢noaEsoa4}_soaNlua4pAno��nut�y{p¾nu]V�¢n¨twl¨�{a4p�a4s������~k¾q�luaN��½Gk�suaWl�aW��s���]_a4s�l
ª®soy{`�iGkml�noa4`&l���p�� É y@p@nosuy@�T¯

	�
� ��������������������� �!� "#�%$�����"'&(")$*&("+�%"+�,� �!� ����

��a�n�q�l�]�a4soa,�4y{p�lutw�ma4s
no]_a¦ª®y{���~y¢§�t�p_�&�mkGp���`7tw�4�{�l�kml�nua4` �






















ẋ(t) = Ax(t) +Bλ(t) (t ≥ 0)

x(0) = x0

w(t) = Cx(t) ≥ 0 (t ≥ 0)

,K- � /

§�]�a4soa
x : IR+ → IRn ´ λ ∈ IR

´
A ∈ IRn×n ´ B ∈ IRn×1 �{p�� C ∈ IR1×n ¯ �¾a��@luluq_`7ano]��¢n¦nu]_a

noso�{p�l�ª®a4s.ª®q�p��Ánot~y@p
H(s) = C(sIn − A)−1B

y�ª2no]_a¨y@}VaNso��nuy@s
λ 7→ w

twlfp_y�n,»4aNsuyV¯dÏ«vAq_t��¢����a4pAnu��k
no]_a4soa,a�©mtwl�n�l

1 ≤ r ≤ n
luq���]�nu]���n

CAr−1B 6= 0
§�]_t��~a

CAi−1B = 0
ª®y{s.�{�~�

1 ≤ i ≤ r − 1
¯M\
]�a

t�pAnuaN�{a4s
r
twl'�N�����~aW�&nu]�afsoa4�w�¢not~�@ad�ma4�@suaNady{ªCnu]_afnusot~}��~a

(A,B,C)
¯ �a4n/q�l'p_y{nuafnu]���n/t~n/twl't~`7}_��t��4t¸no�~k

�@luluq_`7aN��t�p ,.- � / nu]V�¢n2nu]�a.suaN����nut��{a��maN�{soa4a�twlMl�nosutw�Áno�~k¨���{su�@a4s$no]���p&»Na4soy�¯(À���nuq��{�~��k{´{nu]_a.ª®so�{`�aN§'y@su²no]��¢n't�l'}_soaNlua4pAnuaW�¨p�a�©Gn'twlMaWlulua4pAnutw������k���t~p_²@aN�7noy�lukGl�nuaN`&lM§�t~nu]
r ≥ 1

¯$\
]_afa�©mt�l�nuaNp���ady�ª�soa4�w�¢nut��{a
�_a4�{soa4a��{�~��y¢§.l
y{p�anuy�}Ia4suª®y{so` �&l�n��¢nua¨l�}��@��a,noso�{p�l�ª®y@su`&��nut�y{p´_§�t~nu]±p_a4§�l�no�¢noa��{aW�Ánoy{s

z = Wx
´

W
luvAq��{sua¦ª®q_���~·=s���p_²&y{ª�y@so�_a4s

n
´���pV�

zT = (w, ẇ, ẅ, ..., w(r−1), ξT ) = (z̄T , ξT ), ξ ∈ IRn−r ,K- � /
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ż1(t) = z2(t) (t ≥ 0)
ż2(t) = z3(t) (t ≥ 0)
ż3(t) = z4(t) (t ≥ 0)

¯¯¯

żr−1(t) = zr(t) (t ≥ 0)
żr(t) = CArW−1z(t) + CAr−1Bλ(t) (t ≥ 0)

ξ̇(t) = Aξξ(t) +Bξz1(t) (t ≥ 0)

w(t) = z1(t) (t ≥ 0)

z(0) = z0.

,K- � /

Êda4soa
Aξ ∈ IRn−r×n−r ��pV� Bξ ∈ IRn−r×1 ¯M\
]_a,nus���pVl�t~nut�y{p�`&�¢nusot~©Ey�ª(nu]_a¨ÎRÐ�ª®y{so` t�l

WAW−1 =

























0 1 0 . . . 0 0n−r

0 0 1 . . . 0 0n−r¯¯¯ ¯¯¯ ¯¯¯ ¯¯¯ ¯¯¯ ¯¯¯
¯¯¯ ¯¯¯ ¯¯¯ ¯¯¯ ¯¯¯ ¯¯¯
0 0 . . . . . . 1 0n−r

d1 d2 d3 . . . dr dT
ξ

Bξ 0n−r 0n−r . . . 0n−r Aξ

























,K-10A/

§�]�a4soa
(0n−r)T = 0n−r = (0, . . . , 0) ∈ IR1×(n−r) ¯MeZy@suaNy¢�{a4s

CArW−1z = dT z̄ + dT
ξ ξ, , ��� /

§�t~nu]
dT = (d1, . . . , dr)

¯
¥ p³iGkml�nuaN`7l�{p�� É y{pAnusoy{�$no]_a4y@suk@´Cnu]�a��mkGp���`7tw�4l

ξ̇ = Aξξ
twl��4�{�~��aN�¿nu]�a "1��	�� � ��#"� �W�I'
�Á´�luy!§'a

lu]��{�~���_a4p_y{nua
nu]�adl�n��¢noa.l�}��@��a
ª®y@su`�t~p ,K- � / no]_a¦ÎRÐ suaN}_suaWl�aNpAno�¢not~y@p¯ �¾a.p_y{nua
no]��¢nMno]_a�ª®y@su`&����twl�`t�p ,.- � / �4y{pAnut�pGq_aNl
noy�]_y@����t~ª λ,w ∈ IRm ¯
\
]_a�lukGl�nuaN`�]V�{l.�7q_p�t¸ª®y@su`�suaN����nut��{a�maN�{soa4at~ª2�{�~��nu]_a
e±��so²{y¢�,}���s���`7a4nua4s

CiA
r−1Bj

��soa'p�y{p7»4aNsuy¦ª®y{sMluy{`7a
r
��p��7�����_t�pAnua4�@a4s�l

i, j ∈ {1, ...,m} ´�§�]_a4soa

Ó(Ó�Ø�[�è+\ÁðÁç
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Ci

twlMno]_a
i
no]�soy¢§¹y�ª

C
§�]�t~��a

Bj

twlMno]_a
j
nu]��4y{��q_`7pEy{ª

B
¯M\
]_a4p

CAr−1B
twl
��p

m×m
`&��nusot¸©C¯

Xfp�a¦]V�{l
t�p�no]_a`�q��¸not¸·U�¢��sot��{½_�~a,�4�@l�a
zi
1(·) = wi(·)

´
1 ≤ i ≤ m

�{p��


















































żi
1(t) = zi

2(t) (t ≥ 0)
żi
2(t) = zi

3(t) (t ≥ 0)¯¯¯
żi

r(t) = CiA
rW−1z(t) + CiA

r−1Bλ(t) (t ≥ 0)

ξ̇i(t) = Aξiξi(t) +Bξizi
1(t) (t ≥ 0)

w(t) = z1(t) (t ≥ 0).

, � -�/

4¦soy{q�}_t~p��¨noa4so`&l
nuy@�{a�no]_a4s
z1 = (z1

1 , . . . , z
m
1 )T

´��{p��!l�y&y@p´_y@p_a,�{a�n�l
nu]�a�lu�{`�aa4©m}_suaWlulut�y{p��@l�t�p
,K- � / ½�qmnd����� zi

´
1 ≤ i ≤ r

´��{sua
m− �mt~`7aNp�l�t�y{pV���=¯�Xfp�a¦]V�{l����wluy mr ≤ n

¯
��� ¡ � � � Ã�� !:�
> >7�L�W< �$#"���	  L�	+> � �W� ��� �+>B��� � ���$# 
 ��� � ��� ���
��'
	+�	����� � �5�$>I��> 	���#����
�
	 ���O#&'
> �I��#
H(s) =

w(s)

λ(s)
=

s2 − 1

s4 + s3 − (1 + α)s− 1 − β

� �&������� '��#"��# �I'���< �+>!��>!� �  L�A'���	��! "	��
���
# >B�>?�I�# � �






















ż1(t) = z2(t) (t ≥ 0)
ż2(t) = λ(t) − z1(t) − z2(t) + αξ1(t) + βξ2(t) (t ≥ 0)

ξ̇1(t) = ξ2(t) (t ≥ 0)

ξ̇2(t) = ξ1(t) + z1(t) (t ≥ 0)
w(t) = z1(t) (t ≥ 0)

, �{� /

	�
	� 
 ���� & ������(� ����������� � ��� �� ��� ����"+�
iGno��sunut�p_�
ª®soy{` nu]_twlluaN�Ánot~y@p,y{p´W§'aMlua�n

I =]0,+∞[
´N�{p��,y{p_��k.ª®q�p��Ánot~y@p�lRª®soy{` no]_a«�4���@lul

RCSLBV (Ĩ ; IR)�{p��Ë�mtwl�nosut�½_qmnot~y@p�lª®soy{`�nu]�aE���w�{lol ∪n∈INTn(I)
��soa&q�luaN�C¯ZeZy@suaNy¢�{a4sW´�t�pËy{s��maNsnuy±lut�`�}��~t~ª®k¾nu]_a

}�suaWl�aNp@n��¢not~y@p�y{ªMy{q_sd}_suy@½_��a4`!´V§/a�lu]������(�@luluq_`7ano]��¢n
m = 1

¯ �¹]_a4p�nu]_a�l�n��¢nuaN`7a4pAnoldy{sdsoaNluq_�~nol
�{��luy!y{½G�Gt~y@q�lu�~k�]�y{�w�¾ª®y{s

m ≥ 2
��p��¾q_p�t¸ª®y@su` suaN����nut��{a&�maN�{soa4a , lua4a , � - /K/ no]_twl�§�t��~�'½Va�}Iy{t�pAnuaW�y@qmnN¯

¥ p7no]_twl«luaN�Ánot~y@p´{§/a.}_soaNlua4pAnMy@q_sM`7ym�ma4�=¯2��aN�N�����~t�p_�,nu]V�¢n'�{�~�I��y{pV��soa�nua�`&��nu]_aN`7��nutw�4�{�_`7yG�_a4�wlM§/a4soa
½Iy{sop&§�t~nu]_y@qmn«`&�¢no]_a4`&�¢not��N���V`7��nuq_sot~n�k{´{§/ad�4y{pmª®aWlulMnu]���n«t¸n/t�l'���wl�y,no]_ad�N�{lua.y�ªRnu]�a�ª®y{���~y¢§�t�p_�y@p_a{¯
�¾aEp�a4aN�Ënu]Gq�l�t~p³nu]_twl¨luaN��nut�y{pËnoy¿l�no�×k¾½VaNk{y@p���nu]�a�l�no�{p��_��s��_lsoaNvAq_t�soaN�Ët�pËnu]�aE`&�¢no]_a4`&�¢not��N���
��t~nua4s��¢noq_soa{¯$Êd��}�}_t~��k{´Gno]_twl
§�t~���R½Va,½_sot~a4ª�´m��p��Ey{q_s���t�`�t�p�nu]�afª®y@�~��y¢§�t�p_�¨luaN��nut�y{p�l/§�t��~�R½Ia¦}�suaW��twl�aN�~k
noy7½_sut�p_�7y{q�s�`�ym�maN�Cnuy&�4y{`7a¦nuy&t~nol
`&�¢no]_a4`&�¢not��N���C`&�¢noq_sot¸n�k@¯
cdpAnut��Vp_y¢§ }Iy@lol�t�½_��afl�no�¢noa

x(·) z�q_`7}�l«]V�×�{a.p_y{n«½Ia4a4pEt~pAnusoym�mq��4aN�C¯ ¥ n'twlMy{ªqmnu`7y@l�n«t�`7}Vy@s�n���p��4a�nuyp�y�nutw��a,no]��¢nft~p!�{aNp_a4s����=´Gnu]�a�l�y@�~q_nut�y{p�l�y{ª ,K- � /�, aNvAq_t��¢����a4pAnu��kEy{ª ,K- � /K/ §�t��~��p_y�n.½Ia��mt~¼IaNsuaNpAnutw��½_��a{¯É y@p�lut��maNs7ª®y{s�t~p�l�no�{p���a!no]_a�t�p_t~nutw���f���¢no�
zi(0

−) ≤ −δ ª®y{s�l�y@`7a δ > 0
��p��µ�{�~�

1 ≤ i ≤ r
¯

\
]�a4p�y@½A�Gt�y{q�lu��k������no]_a
zi

´
1 ≤ i ≤ r

´Cp_a4aW��nuy�z�q_`7}�nuy�l�y@`�a�p_y{pm·Up_aN�@�¢not~�@a�¢����q_a¨luy&nu]V�¢ndno]_a
q�p_t~�w�¢noa4s����«�4y{p�l�nus���t�pAn

z1(t) ≥ 0
twl�lo�¢not�lK8�aN�¾y@p

(0, ε)
ª®y{s¨luy{`7a

ε > 0
¯�À/n�nu]_twl�l�no�{�{a�§/a��4�{p
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z�qVl�n�lo�×kZnu]V�¢n��¨z�q_`7}Ë`&��}_}_t�p_�!twlp_a4aW�maN�¯ ¥ nol,ª®y@su`h§�t~���«�maN}VaNp��¾y{p¾nu]_a7n�kG}Ia&y�ª�l�kml�nuaN` y{p_a
]V��p��m��aNl , t~p�e�aN��]��{p_t��Nl4´Gno]_twl�t�l�nu]_asoaN�{�~` y{ª�t�`7}��{��n.`7aN��]��{p_t��Nl 2=- � 37/ ¯ ¥ ª$y{p�a,�4y{p�lutw�ma4s�l ,.- � / �{l�{p�aWvAq�����t¸n�kEy�ª��_t�l�nusot~½�qmnut�y{p�l.y�ª��4���@lul ∪n∈INTn(I)

´_no]_a4p!§/a�4��p�soa4§�sot¸noa¦t~nd�{l


































































Dz1 = z2
Dz2 = z3
Dz3 = z4

¯¯¯

Dzr−1 = zr

Dzr = CArW−1z + CAr−1Bλ

Dξ = Aξξ +Bξz1.

, ��� /

À/n
��soa4t�p_t~nutw����t�lo�¢not~y@p7nut�`�a¦y{p�a.]��{l {z}(t+k ) = F({z}(t−k ))
´m§�]_a4soa F(·) twl'�{p�y{}Ia4s��¢noy{s2no]��¢n
§�t~���½Iaf�_a
8�p_aW�&�w�¢nuaNsN¯ É y{pVl�tw�ma4s«nu]_a¦��½Iy¢�{a�t�p_t~nutw���R��y{pV�mt¸not~y@p�lMy@p {z}(·) ¯$\
]_aNp Dz1 twl/���mtwl�nosut�½_qmnot~y@py{ª.�ma4�@suaNaE�!��p���§/a��{a4n

Dz1 = {ż1} + σz1(0)δ0 = z2
¯ É y@p�l�aWvAq_a4pAnu��k

Dz2
t�l¨���mtwl�nosut�½_qmnot~y@p

y{ª¦�maN�{soa4a!�¿�{p��
Dz2 = D2z1 = D{ż1} + σz1(0)δ̇0 = {ż2} + σ{ż1}(0)δ0 + σz1(0)δ̇0 = z3

´
�{p�� {ż1} = {z2}

¯¹\
]_a4p
Dz3

twl&�¾�_t�l�nusot~½�qmnut�y{pµy�ª,�ma4�@suaNa!��´'�{p�� §'a!�@a�n
Dz3 = D{ż2} +

σ{ż1}(0)δ̇0 + σz1(0)δ̈0 = {ż3} + σ{ż2}(0)δ0 + σ{ż1}(0)δ̇0 + σz1(0)δ̈0 = z4
´��{p�� {ż2} = {z3}

¯
\
]Gq�l

σ{ż1}(0) = {z2}(0+)−{z2}(0−)
´{�{p��

σ{ż2}(0) = {z3}(0+)−{z3}(0−)
¯�Àdp��7l�y¦y{p¯�c.pAnut��

p�y¢§�§'a¨]��×�{a��_aN��y@`7}VyAl�aW�Zy{p_��k!nu]�a¨��a�ªÌn,]���pV��l�tw�ma�y�ªMno]_a7�mkGp���`7tw�4l¦�{l¦�mt�l�nusot�½_qmnut�y{pVldy{ª'l�y@`7a
�_a4�{soa4aWl4¯(b.y¢§¶��a�n2q�l$�@a�n$½��{��²,noy¦nu]_a��mtwl�nosut�½_qmnot~y@p����_�_kApV��`7t��Nl�t~p , �{� / ¯MiAn���sunut�p_�dª®soy{` Dz1 = z2

´
y@p_a��maW�mq��4aNl�no]��¢ndnu]_a¨sut��{]An.]��{p���lut��ma�]��{l
noyE½Ia�y�ª$no]_a¨lo��`7a��maN�{soa4a,no]���p!no]_a���a�ªÌn¦]���p��Zlutw�ma{¯
\
]�t�l�`7aN�{p�l¨nu]���n�no]_a�sut��{]An7]���p��8l�tw�ma�t�l7aWvAq����/nuy {z2} + ν1

´«§�]�a4soa
ν1
twl&�¿�mtwl�nusot~½_q_nut�y{p¶y{ª

�_a4�{soa4a��_´Vt=¯ a{¯d�&`7aW�{luq_sua@¯diGt�`�t��w��so�~k�ª®suy@`
Dz2 = z3

y@p_a��maW�mq��4aNl�no]��¢n
z3 = {z3} + ν′2

´I§�]�a4soa
ν′2
]��{lf�ma4�@suaNa����p��Z�N��p�nu]�a4soa�ª®y{soa,ª®q_sunu]_aNsd½Ia¨�maW��y@`�}Iy@luaN�!�@l

ν2 + ν′1
´�§�t~nu]±�_a4�

(ν2) = 2
��p��

�_a4�
(ν′1) = 3

¯ ¥ n'twl'p_y�n��mt=Z&�4q_�~n'noy¨lua4a.no]��¢n
ν′1 = Dν1

¯2\
]_a4soa�ª®y@sua
Dz2 = {z3}+ ν2 +Dν1

¯2\
]_a
�¢�{sutw��½_��aNl

ν1
��pV�

ν2
�{suaMlu���@��²f�¢�{sutw��½_��aNl , y{s������@so�{p_�{a$`¨q_�¸not~}��~t�a4s�l / ´¢��p���{sua2`7aN�@l�q�suaWlCy�ªmno]_a2ª®y{so`

νi(ϕ) =
∫

I
ϕ(t)dνi ∀ϕ ∈ C∞

0 (I)
´�§�]_a4soa

dνi

t�l���iGnut�a4�~nôz�aNl.`�aW�{luq_soa¦�@a4p_aNso��nuaW��½GkE� F∞(Ĩ ; IR)
·
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ª®q�p��Ánot~y@p¯ É y{pAnut�pGq_t~p��&nu]_a�soaN�{luy{p�t~p_�Eq_pAnut��
Dzr

´I§/a�y@½mno�{t~p
Dzr = CArW−1{z} + CAr−1Bλ§�]�a4soa,�_a4�

(λ) =
�maN�

(Dzr) = r + 1
¯ É y{p�luaNvAq_aNpAnu��k7ª®suy@` , ��� / y@p_a,�{a4nol































































Dz1 = {z2} + ν1
Dz2 = {z3} +Dν1 + ν2
Dz3 = {z4} +D2ν1 +Dν2 + ν3

¯¯¯
Dzi = {zi+1} +D(i−1)ν1 +D(i−2)ν2 + . . .+Dνi−1 + νi¯¯¯
Dzr−1 = {zr} +D(r−2)ν1 + . . .+ νr−1

Dzr = CArW−1{z}+ CAr−1Bλ.

, �¢� /

�¾a¦²{a4aN}�no]_afp�y�no��nut�y{p
λ
ª®y{s'nu]_a,`�q��¸not~}_��t�a4s
§�]_tw��]���}�}VaW��s�l«t�p�no]_a,���@l�n
�~t�p_a@¯�Xfp�a¦lua4aWl«no]��¢n

λ
t�p

, �¢� / �N��p�½Va�@t~�@a4p!��`�aW��p_t�p_�&�{l

λ = (CAr−1B)−1[D(r−1)ν1 + . . .+Dνr−1] + νr , �{� /
}�suy¢�Gtw�maN�

CAr−1B 6= 0 , t�pG�{a4sunut�½_��adt�p&nu]�a¦�N�{lua m ≥ 2 / ¯2\
]_aNp λ t�l'q_p_twvAq_a4��k��ma
8Vp_aN���@l«t�p , �{� / ¯

¥ ntwl,t~`7}Iy{suno�{p@n���n¦no]_twl�l�n����@a�noy�soaN�{�~twlua�no]��¢n
λ
twl¦nu]�a�q�p_t�vAq_a�luy{q�so�4a¨y{ª']_t��{]_aNs�ma4�@suaNa��mtwl�nusot¸·

½�qmnut�y{p�ldt~p�nu]_a�l�kml�nua4`!´I§�]_tw��]�§�t~���(�{�~��y¢§*nu]_a�l�n��¢noanuy�z�q_`7}¯d\
]_aNsua4ª®y{soanu]_a¨`7aN�{luq_soaNl
νi

]��×�@a
no]_a4`&lua4���{aWl2nuy�½Va¦��y{pVl�tw�ma4soaN�&�@l«luq_½m·U`�q_�~nut�}_��t~aNsolN¯ ¥ p , ��� / §/a.]��×�@a.l�aN}���s��¢noaN��no]_adsoa4�@q_���{s , ª®q_pV�Á·not~y@p�l / }V��sunol��maNp_y�noaN�!�{l {·} , lua4a�iGaW�Ánut�y{pZ� / ��p��Enu]_a���nuy@`�tw�,�mtwl�nosut�½_qmnot~y@p����C}��{s�n�l4¯2bdy�nutw��a,no]��¢n
{zi+1} = {żi}

¯2À.�wluy
D{zi} = {zi+1} + νi , lua4a�iGaW�Ánot~y@p!� / ¯Xfp��~kZno]_a&Ðdt�s��{��`7aN�{luq_soaNl

νi

��pV��not~`7a7ª®q_p���nut�y{p�l���soa�lut~�@p_aN�¯ É y@p�l�aWvAq_a4pAnu��kZt�`�}Iy@lut�p_�
λ ≥ 0twl�`7aN��p�t~p_�@�~aWlul�t�p8�@a4p_aNso�{�T¯³Àdp_y�no]_a4s7}Iy{t�pAn7y{ªf�Gt�a4§ twl�nuy��{lol�aNs�n¨nu]���n

λ ≥ 0
t�`�}��~t�aNl�no]��¢n

λtwl��Z`7aN�{luq_soa{¯¾Ê.y¢§/a4�{aNsnu]�t�l¨t�l¨p_y{n�luqOZ���t�a4pAn�noy¿�{loluq_sua
z1 ≥ 0

����y{p��!nu]_a�nut�`7aEt�p@noa4�@so��nut�y{p¯
É y@p�luaNvAq_a4pAno�~k!y{p�a�]��@l.noy�soaNluy{sun.nuy�]_t��{]_aNs¦�_a4�{soa4a��mtwl�nosut�½_qmnot~y@p�lfnuyE�@t~�@a¨��suaW�{luy{p��{½_��kE�{aNp_a4s����
`7aW��p_t�p_��nuy�nu]�a��mkGp���`7tw�4l
t�p ,K- � / ¯Xfq�s��{t~` twl!p_y¢§ nuy }_soy{}Iy@lua¾�¶`&�¢nu]�a4`&�¢not��N���¦ª®y{so`�q_�w�¢not~y@p ��}�}_�~tw�4�{½_��a±noy¶no]_aËl�noq��mk¹y�ª�y{q_s
}�suy@½_�~aN`!¯ ��a�n.q�l
]�a4soa,�{��luy&l�q�}_}VyAl�a¦no]��¢n

CAr−1B 6= 0 , t~pG�{aNs�not~½��~a,t~ª m ≥ 2 / ¯
� �ô�N�4  �ô��(��� Ç�� ¡ � �UÇ  ��³¡ � �ô� � ¯CÀ³`&�¢no]_a4`&��nutw�4���A}_soy{½_��a4`*no]��¢n$��}_}IaN�{sol(l�q_t~no�{½_��aMª®y{s(nu]�a/l�nuq��_k¦y{ª
no]_aM�mkGp��{`�tw�4lt~p , ��� / ´ , �¢� / ´ , �{� / ��y@p�l�twl�nolInuy 8Vp�� z1, ..., zr ∈ Tr−1(IR

+)
�{p��

ξi ∈ Tr−1(IR
+) (1 ≤
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	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� -�0

i ≤ n− r)
lo�¢nutwl�ª®kAt�p_��nu]�a��mt�l�nusot�½_qmnut�y{pV���CaNvAq���nut�y{p�l



































































Dz1 − z2 = 0
Dz2 − z3 = 0
Dz3 − z4 = 0

¯¯¯

Dzr−1 − zr = 0
Dzr − CArW−1z = CAr−1Bλ

Dξ = Aξξ +Bξz1

, ��� /

noy{�@a�nu]�a4s
§�t¸no]Zl�y@`�a�4y{p�l�nus���t�pAnol
y{p�nu]�a��mt�l�nusot�½_qmnut�y{pVl , y�ª2�maN�{soa4a ≤ 2 / ν1, ..., νr

�ma
8Vp_aN��½Gk


















































ν1 :=� Dz1 − {z2} �
ν2 :=� Dz2 − {z3} �
ν3 :=� Dz3 − {z4} �
¯¯¯

νr−1 :=� Dzr−1 − {zr} �
νr :=� Dzr − CArW−1{z} � (= CAr−1B � λ�)

, �@� /

�{p��
λ = (CAr−1B)−1[D(r−1)ν1 + . . .+Dνr−1] + νr. , ��� /

Ï'�{��]!�mt�l�nusot�½_qmnut�y{p
νi

twl
y�ª�nu]�a,ª®y{so`

〈νi, ϕ〉 =

∫

I

ϕ dνi, ∀ϕ ∈ C∞
0 (I) , � 0A/

§�]�a4soa
dνi

twl.�&iAnut�a4�~nôz�aWl�`7aN�@l�q_soa,�{aNp_a4s��¢noaN��½GkE� F∞(Ĩ ; IR)
·=ª®q_p���nut�y{p¯

��a�n�q�l�p�y¢§ �maNp_y�noa
d{zi} (1 ≤ i ≤ r)

nu]_a�iAnot~aN�¸nTz�aNld`�aW�{luq_soaNl
�ma
8Vp_aN��½Gk

〈� Dzi �, ϕ〉 =

∫

I

ϕ d{zi}, ∀ϕ ∈ C∞
0 (I), , �@� /

no]��¢n.twl����wluy¨no]_a�iAnut�a4�~nôz�aWl.`7aN�@l�q�sua¦�{aNp_a4s��¢noaN��½Ak {zi}
¯ �¾a�lua4a¦nu]���n

dνi = d� Dzi − {zi+1} �= d{zi} − {zi+1}(t)dt, (1 ≤ i ≤ r − 1) , � -�/
�{p��

dνr = d� Dzr − CArW−1{z} �= d{zr} − CArW−1{z}(t)dt. , �@� /
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¥ ª
K
�maNp_y�noaNl,�E�4�~yAl�aW�±�4y{pG�{a4©Z�4y{p_a�nu]_aNp±no]_a�a�©m}_soaNlol�t�y{p

dνi ∈ K
]��@lf��l�aNp�lua�no]��¢n,]��{l¦½Ia4aNp

lu}IaN��t=8�aW��t�p�iGaW�Ánot~y@p�� , lua4a , � / �{p�� , � /�/ ¯¨\
]�a��4y{p�l�nus���t�pAnolf§�t~���2½Va&lu}VaW��t=8�aN�¿��p��¾�mtwlu�4q�lol�aW��t�pno]_a,ª®y{����y¢§�t~p_�7luaN�Ánot~y@p¯

��Ã �³¡m �� � � �$�&�L�9�+>?	+��'�>?�O	�� � ��>7�L� � � �+>!� � �$# 
 � � ���
#����O	��+��>7�L�> #"��'��
�����	+�$< �
zi

� �9����� �+> 	+�	�
�O> �I��#
� �;�A�B�	���� ≤ i

�:�O�$<=�
λ
� � � ��� �+> 	+�	�
�O> �I��# � � �A�B�	���� ≤ r + 1

� �+>9	��
�+�O< >I�W>$����>
z1 ≡ {z1}

�#"� >7�L�
"���	�� �K� ��#"� �W�I'
��� ����# � � � � ���$� �

ξ̇(t) = Aξξ(t) +Bξz1(t), ∀t ∈ I.

�$� � �&�L� � �� A "�$# �
ξ(.)

� ��'��#�> �$#������%����#
IR+ � �+#&������� ���+�� A L���
��>7�L��> tn → t∗

� % � �L�@ �

‖ξ(tn) − ξ(t∗)‖ ≤ |
∫ t∗

tn

(Aξξ(s) +Bξz1(s))ds|.

�&��� � �� � &�$# ��
ξ(.), z1(.)

�	������ 
!�#"� >7�%�%� ����O#"����� � ��# '�� �  ���'�>��+���+����>I�V� �
IR+ �#"� >7�%�%�

>7�L��	��;� �A� �+>?���V'��#L�+>!��#�>
C > 0

�+��'�� >$����> 
 �
��	
n
<=�	?�A�;��#"����� � � �

‖ξ(tn) − ξ(t∗)‖ ≤ C|tn − t∗|.
�
>�	��
�+�O< >?� >7�L�>

ξ(tn) → ξ(t∗)
�

��Ã ¡���(  Ã�� ��� Ã   Ã � ���T¡ � ��Ç  ��³¡ � �ô� � ��\
]_a±Ðft�l�nusot~½�qmnut�y{p��{� P_y@su`&�{�~twl�` ��y@p@n���t�p�l��{�~�dnu]_a�t�pm·
ª®y@su`&��nut�y{p¾y{p�nu]�a��mkGp���`7tw�4lN¯�Êdy¢§'aN�{a4sW´t~n�§/y{q_�w�¾½VaE�4y{pG�{aNp_t�a4pAn,nuyZa4pV��q_}Ë§�t¸no]³� �Á§/aN�{²{a4s��
ª®y@su`&�{�~twl�` ª®y@s , ��� / , �¢� / ½GkËsuaWvAq_t~sot�p_��no]��¢n7nu]�a!luy{��qmnot~y@p�l zi

y�ªdnu]_aZlukGl�nuaN`3t~p , �{� / , ��� / ��soasoa4�@q_�w��sf�_t�l�nusot~½�qmnut�y{p�l
zi

�{aNp_a4s��¢noaN�!½GkZsut��{]An��y@p@not~pGq_y@q�ldª®q_p��Ánot~y@p�l¦y�ª'lu}IaN��tw���$��ym�4������kZ½Vy@q_p��maW�
�¢�{sutw�¢not~y@p¯�eZy{soa�}_suaW��twl�aN�~k@´Cy{q_s¦}_soy{½_��a4` �4y{p�lutwl�n�ldnoy58Vp��

z1, ..., zr, ξ1, ..., ξn−r ∈ F∞(IR+; IR)luq���]�nu]���n














































































dz1 = z2(t)dt+ dν1
dz2 = z3(t)dt+ dν2
dz3 = z4(t)dt+ dν3

¯¯¯
dzi = zi+1(t)dt+ dνi¯¯¯
dzr−1 = zr(t)dt+ dνr−1

dzr = CArW−1z(t)dt+ CAr−1Bdνr

ξ̇(t) = Aξξ(t) +Bξz1(t)

, �{� /
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���������
	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� � -

§�]�a4soa
dνi

�ma4p_y{nuaWl&�.�{�my@pµ`�aW�{luq_soa!�{p��
dzi

twl7no]_a¿iAnot~aN�¸nTz�aNl�`7aW�{luq_sua!�@a4p_aNso��nuaN�8½Gk
zi , lua4aimaN�Ánot~y@p¿� / ¯ ¥ ª K �_a4p_y{nuaNl¦���4�~yAl�aW�Z��y{pG�@a�©Z��y{p�anu]_aNp�no]_a�a4©G}�suaWlulut~y@p

dνi ∈ K
�N��pZ½Ia��ma�8�p_aW�

�@l
t~p�iGaW�Ánot~y@p!�_¯
Êda4soa{´I�����(�mtwl�nosut�½_qmnot~y@p�lN´V��a�ndqVlflo�×k

T
´Vt~pG�@y{²{aW��t~p!no]_a¨lukml�noa4` , ��� /�, ��� / �{suay{ªM�ma4�@suaNa ≤ 1

��p��
no]Gq�l � T �= T

¯2Ê.a4soa{´m§/a]��×�@a¦�{��luy {zi} ≡ zi (1 ≤ i ≤ r)
¯

��Ã �³¡m �� � �+# ����'�����#��I'
�5��#&���L���
r = 2

��#&�
λ
� � � � ���B�	���� ������'����%���

ν1 = 0

B>7�L�  �� �+�$> �I��#

z1(·)
� �W� �
����< �O>!��< �5'���#�> �$#�����%� � �
���;� � � ������� ���	��
 ��� �+# ��� ���+�  L�>?�$@�� �
<6��'�> 	+�I'��< '��$	�'��O�$>I��� �$>7�

r = 1>7�L��#  �� ���+�	��<=� �$#"'���#���� �+>!�
# >W�$# �$>?�I�< �A��>!� �#
z1

� � � <6���A� >!�
ν1(= λ)

� ���A�B�	���� ��� ���
 � �&�L�
� ��� �+�O	��
�

νi

�#"� >7�L� ��� �+> 	+�	�
�O> �I��#
λ

�$# 
 ��� �5 "<=� � � �+� �;�$<=��	Q	��<=�Q>!��>7�L� ! �1�	��# � � �;�O< >?�  &< �I��	
�$# �*��'��L�#��I'
� � �$>7� �O# �$<=��>!��	���<�'���# >B�A'
> � �&�L�5�I����� � �;>$���5���A>B��#"�A���Q�*�	�������� � �+�����B &�$# �  "	���'��+���
� �V>B� 	��! "	��+����#�>�>7�L�
�
� �>B� �W�I' ��� �+> 	+�	�
�O> �I��#��V�$# � ��� � �+� �W�$<=�	Q>B� �:�L�>�� �Q�A��#&�Q�$# �*��'��L�#��I'
�
�#"��>B�*�+���+��������
# >?< � >!���A� ���@ �#�>!��� � � �5>$�O� � �
��	 � ��< � � � >!� �A�
	+�$@��*��>?� � �	�B��>!�! � "�$#%� #�� � �
	+�I'��<
�< � ��	+�$>7� �$�W�*�	�����@��
	 � @��I�
� �$#%� >$��� � ��#"� �W�I'
�;���;��# ��
���< �$> �Q� �;��� �+>?	+�	���O> �I��#L� � ���$# 
 ��� �� L�@ �
�
>7�L� ��� � >!������	�� � >?� � � �K�� ��'
	���> � "1�>?�I�# � �$>7� > � � �	�B�+>B�! � &�$# ���< � ��	+�$>7� �W� � ���$� �Q# � � ��	+�I'���< ��'��L��� �
�
���	����$#%�V� �$>$�����O> ��@��
# > �A�
>!��'
> �I��#  "	���'�����O	��
���#"� � �$>$��'��#L�+>!��#�>Y>?� � �	�B��>!�! �
��Ã �³¡m �� � �&�L� �I����� � �V� �
���
	+@��$# � >7�L�Q�A�
	+�$@���> �$@ �
�*� � >7�L�V@���	+�I� �
<=�

w(·) �$# �	�����	5>!� ��#"�< � ���
�O# �$<=��>!��	���<$< � '��#L�+>?	����$#"��� ��� �+>!� �W� � ��'���	+>B��$#�< � #"�>�#&�
� � ��#"� �L��� �����
# � ��>!�
# �%�
���5 &	��
@��I���%�+< �
���� ��� ��
 � � < ���Q�$> �L��� ������# <=�# �����
<$<���#&��� # �$# � � � >7�L����	���>$����> �O�������
	 ���B�	���� ��� �+> 	+�	�
�O> �I��#��
'��# �1'�'��O	 ���� >!� �$#"'���#���� �+>!�
# > �$#��$> �I��<���>!��>!������ ��� ��
 � �&�L��	�� �
��	��V�$#�> 	�������'��$# � �+��'�� �$# ��	������I��#�>?�
�$# � ��#&� �;�I'���< ��� ��>!������� � � � �
�	�#"�>Y#&�
��� �+> � � ��������@ ��	 '�<=����	W>$����> >7�L���A�� ����> ������# � � � �#"�
'�� �  &<=� � ��#�>!��	+�$> � ��� ��>!����� � � ��#"�>�> 	+�$@1�I�< �

� ����� ���7+(��"������ ���	$��������� ������
 !��"��# �	$�&%/�����

��
� � &("+��� � ����!& � "+�
��a�ndqVl98�s�l�nfsuaW�4�����no]��¢nft~p�y@so�_a4s�noyEl�t�`7}_��t¸ª®k�nu]�a�}_soaNlua4pAno��nut�y{p!§'a¨l�]��{�~����y@p@not~pGq_a�nuyE�@luluq_`7a�t�p
`&�{pAkE}_���@��aWl/nu]���n

m = 1
¯

��a�n
Φ
½Ia¨�&p�y{p_aN`�}_n�k��4�~yAl�aW���4y{pG�{a4©�luq_½�lua�ndy{ª

IR
¯ �¾a��ma4p�y�nua¨½Gk

TΦ(x)
no]_a�n���p_�@a4pAnd��y@p_a�y{ª

Φ
�¢n
x ∈ IR

�ma
8Vp_aN��½Gk
TΦ(x) = cone(Φ − {x}) , ��� /

§�]�a4soa
cone(Φ − {x}) �_a4p_y{nuaNl�nu]_a��4y{p_a,�@a4p_aNso��nuaN��½Gk Φ − {x} ¯'\
]_a��ma�8�p_t~nut�y{pZt�p , ��� / �����~y¢§.lqVl/nuy7no�{²{a,t�p@noy&�{�4�4y{q_pAn.��y@p�l�nus���t�p@n�l/�At�y{�w�¢not~y@p�lN¯�bdy�nua,no]��¢n

TIR+(x) =

{

IR if x > 0
IR+ if x ≤ 0

�{p��
TIR(x) = IR.
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�@� � '���	��5��> ��<

��a�n�q�l�p�y¢§ lua�n
Φ := IR+

P�y{s
z ∈ IRr ´_§'alua�n

Zi = (z1, z2, ..., zi), (1 ≤ i ≤ r). , �@� /
�¾a��ma�8�p_a

T 0
Φ(Z1) = Φ, T 1

Φ(Z1) = TΦ(z1), T 2
Φ(Z2) = TT 1

Φ(Z1)(z2),

T i
Φ(Zi) = TT i−1

Φ (Zi−1)(zi).

��Ã �³¡m ���� ���
m ≥ 2

>7�L��#
Φ = (IR+)m

�#"�

T i
Φ(Zi) = ×m

l=1T
i
Φ(Zl

i).

�¾aflu]��{�~�V²{a4aN}7nu]_afp_y�n��¢not~y@p
Φ
p_y�not~p_��nu]���n't�p��{aNp_a4s����_§�]�a4p�y@p_adl�no��sunolMª®suy@` nu]_aÎRÐ �mkGp��{`7t��Nl4´

y@p_ad�@a�n�l
Φ = IR+ ¯2eZy{soa4y¢�@a4sM§/af�{��luy�²{aNa4}�t�pE`7t�p��&no]_a¦a�©GnuaNp�l�t�y{pEy�ªCnu]�af`&�¢noa4sot��{�_no]��¢n/ª®y{���~y¢§.l

noy¢§/�{so��l�ª®y@su`&�{�~twl�`&l2t�pG�{y@�~�Gt�p_�¦nut�`�a4·U�_a4}Ia4p��maNpAn'��y@pA�@a�©¨lua�n�l
Φ(t)

�{p��7p_y{nMp_aN�4aNlolu�{sut��~k�½VaNt~p_��nu]_a
ÎCÐ �mkGp���`7tw�4l
y{ª����{t��{aNp�lukml�noa4`!¯
iGno��sunut�p_��ª®soy{` , ��� / ´ , ��� / nu]�a¦a4©Gnua4pV�maN�!lu§'aNa4}_t�p_�7}_soyG�4aNlol/t�l�§�sot~n�nuaNp��@l/ª®y{���~y¢§.l

dνi ∈ −∂ψT
i−1
Φ ({Zi−1}(t−))({zi}(t+)) on Ĩ , (1 ≤ i ≤ r) , �{� /

§�t~nu]
dνi

t�p , � 0 / � , �@� / ¯³\
]_a!l�a4nol ∂ψT
i−1
Φ ({Zi−1}(t−))({zi}(t+))

��soaEp_y@p_a4`7}mn�kË�4�~yAl�aW�³��y@pA�@a�©
�4y{p_aWl$��p���nu]_aNsua4ª®y{soa«no]_a�t�p�����q�lut~y@p�l$t~p , �@� / `&��²@a/lua4p�lua , lua4a.iGaW�Ánut�y{p&� / ¯$�.aN�4�{�~�Gno]��¢n I =]0,+∞[�{p��

Ĩ = [0,+∞[
¯

��Ã �³¡m ���� � ��� ��'���<$< >7�L�>Y� �
zi ∈ T i−1

Φ (Zi−1)
>7�L��#

∂ψT
i−1
Φ (Zi−1)(zi) = {w ∈ IR : 〈w, v − zi〉 ≤ 0, ∀v ∈ T i−1

Φ (Zi−1)}
� ��>7�L�;���O> ����	�� #"�	 � �<:'���#"��>!�

T i−1
Φ (z1, ..., zi−1)

�>
zi

�
�$� ���W��>!��>7�L�>

T i−1
Φ (Zi−1) = IR ⇒ ∂ψT i−1

Φ (Zi−1)
(zi) = {0},

T i−1
Φ (Zi−1) = IR+ and zi > 0 ⇒ ∂ψT

i−1
Φ (Zi−1)(zi) = {0},

T i−1
Φ (Zi−1) = IR+ and zi ≤ 0 ⇒ ∂ψT

i−1
Φ (Zi−1)(zi) = IR−.
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���������
	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� �{�

iGno��sunut�p_��ª®soy{` ,K- � / �{p�� ,.- � / y{p_a,twl/nua4`7}mnoaN��noy�§�sot~nua,nu]�at~p��4�~qVl�t�y{p

Dzr − CArW−1z(t) ∈ −CAr−1B ∂ψΦ(z1(t
+)) on Ĩ ,

§�]�t���]8`7�{²{aWl�lua4pVl�a�y{p_��kËt~ª
λ
twl&�±`7aN�@l�q�sua�l�t�p���a

∂ψΦ(z1(·+))
twl&�¿�4y{p_a@¯¶\
]_twl7t~p��4�~qVl�t�y{p8t�l

soa4}����@��aN�E½Gk
dνr ∈ − ∂ψT

r−1
Φ ({Zr−1}(t−))({zr}(t+)) on Ĩ ,

t�p , �{� / ¯�\
]_a�}VyAl�t~nut��Gt¸n�kZy{ª λ t�l¦p_y¢§�q_pV�ma4s�l�noyGyG�±�{lfnu]_a�}Iy@lut¸not~�Gt~n�k�y{ª νr , lua4a7���wl�y�\
]_a4y@suaN` -½Ia4��y¢§ / ¯
��Ã �³¡m ���� �+>Y� ��>7�L��#�� �  ���	+>!��#�> >!�;������>7�L��> >7�L�;��� �+>?	+�	���O> �I��#"�< � ��#"� �;�I'
�

Drz1 = Dzr = CArW−1{z}+ CAr−1Bλ , �G� /
� �$>7�

λ
�$# 
��� � 
 � � � � � �5��
�O�$@���<6�
# > >!� 
 ��� � 
��� ��� �W��> �I'��5>7�L��> 
 ��� � 
��� � 
 � � �Q� � >$��� ��� � �5���


 � � � 
 ��� � 
� � ���

��Ã�� � �®��� Ç�� ����� � ��� Ã   �& ×È Ã   � Ç   Ã ¡ 	��� � Æ�ÃGÃ � � � � �   Ç £ Ã �W��
 �&�L�V�%��� �L��	 �	�����	 
.��	 ��� �
>!��#"����� �;�+�����! "�$# �� "	��1'��
����� ��>7�L�;� ��#"� �W�I'��< ��� �+>B��� 	��B &	��+����#�>!��� �$# 
 � � � 
 ��� � 
 � � � 
��� � �

��Ã �³¡m ��� �+>�� �V#&��>!�
���	+>$����>7�L�>�>$������� � >$��� �
��	 � ��< � � � � �� "	��
���
# >B��� �$# >$��� '�����	����$#"�>B�
�V�$#

 �  � �&�$>I��� �  "<6� � �
# >B�>?�I�# 	���
�O�$	��+��>7�L� �#"�� <6���1�A� � �

A
�
B
�
C

��#&�
x(·) ��# < ���$% � ��������@ ��	 ���
< �I��@��>7�L�> >7�L�5�+>!��>!� �  ���'��V	��B &	��
�
��#�>!��> �I��# �$# 
 �  � �<$<=��� � �#"�V>!�����
> >!�
	 �O#&����	���>!��#&�*>7�L�5�O#"�A�
	+< ���$# �

� ��#"� �W�I'
�	�

��
	� � � ����" � � �(����������� & � ������ � �
��a�n�q�l�p�y¢§ ��y@`7}_�~a4nua¦nu]�a,ª®y{so`7�{�~twlu`7l
t�pAnusoym�mq���aW�Et�p�iGaN��nut�y{p!�_¯Ý�G¯
� �ô�N�4  �ô��(��� Ç�� ¡ � �(Ç  ��³¡ � �ô� � �±cfl�t�p_� , ��� / ´ , �A� / ´ , ��� / ´ , � 0 / ´ , �{� / ´ , � -�/ ´ , �A� / ��p�� , �{� / ´2y{q_s`&��nu]_aN`7��nutw�4�{�2}_suy@½_��a4` soaN�@�_l ��P�t~pV�

z1, ..., zr ∈ Tr−1(I)
�{p��

ξi ∈ Tr−1(I) (1 ≤ i ≤ n − r)lo�¢not�l�ª®kGt~p��¨no]_a��mtwl�nosut�½_qmnot~y@p����CaWvAq��¢not~y@p�l


































































Dz1 − z2 = 0
Dz2 − z3 = 0
Dz3 − z4 = 0

¯¯¯

Dzr−1 − zr = 0
Dzr − CArW−1z = CAr−1Bλ

Dξ = Aξξ +Bξz1

, �{� /
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��� � '���	��5��> ��<

λ = (CAr−1B)−1[D(r−1) � Dz1 − {z2} � + . . .+

+D � Dzr−1 − {zr} �]+ � Dzr − CArW−1{z} � , � 0A/
�{p��



















































d{z1} − {z2}(t)dt ∈ −∂ψT 0
Φ
({Z1}(t+)),¯¯¯

d{zi} − {zi+1}(t)dt ∈ −∂ψT
i−1
Φ ({Zi−1}(t−))({zi}(t+)),¯¯¯

d{zr−1} − {zr}(t)dt ∈ −∂ψT
r−2
Φ ({Zr−2}(t−))({zr−1}(t+)),

(CAr−1B)−1[d{zr} − CArW−1{z}(t)dt] ∈ −∂ψT
r−1
Φ ({Zr−1}(t−))({zr}(t+)).

, �@� /

\
]�asuaN����nut�y{p�l
�@t~�@a4p�t~p , �@� / �{sua,ª®y@su`¨q_����nuaW�Ey@p Ĩ ��p���]��×�@afnoy&½Va�t~pAnuaNsu}�sua4nuaN��t�p!nu]_a,ª®y@�~��y¢§�t~p��lua4pVl�a � P(t�p��8p_y{p�p_a4�A�¢nut��{aEsuaW���~·=�¢����q_aW�³�.�{�_y{p³`7aN�@l�q�suaWl
dµi (1 ≤ i ≤ r)

suaN����nut��{a&noy¿§�]�t���]
no]_a �a4½IaNlu�{q�aE`7aN�@l�q_soa

dt
��p��Ënu]_aZiAnut�a4�~nôz�aWl�`�aW�{luq_soa

d{zi}
}VyAluluaNlol��_a4p�lut¸not~aWl dt

dµi

��p�� d{zi}
dµisoaNlu}IaN�Ánot~�@a4��k�l�qV��]�no]��¢n��

d{zi}
dµi

(t) − {zi+1}(t)
dt

dµi

(t) ∈ −∂ψT
i−1
Φ ({Zi−1}(t−))({zi}(t+)),

dµi − a.e. t ∈ Ĩ (1 ≤ i ≤ r − 1) , � - /
�{p��

(CAr−1B)−1[
d{zr}
dµr

(t) − CArW−1{z}(t) dt
dµr

(t)] ∈ −∂ψT
r−1
Φ ({Zr−1}(t−))({zr}(t+)),

dµr − a.e. t ∈ Ĩ . , �A� /
|/kE�4y{pG�{aNpAnut�y{p´G§/a,lua�n

z(0−) = z0 , �@� /
§�]�a4soa

z0
twl��{t��{aNpEt�p

IRn luy&�{l/noy��ma
8�p�a,luy{`7a��}�}_suy@}_sot���nua¦t~p_t~nutw���(��y{pV�mt¸not~y@p¯
��Ã ¡���(  Ã � ��� Ã   Ã � ���T¡ � �(Ç  ��³¡ � �ô� � �$cdlut~p_� , �{� / �{p�� , �{� / ´{y@q_s$`7��nu]_aN`&�¢nutw�4�{�m}_soy{½_��a4`�soaN�@�_l �P�t�p��

zi ∈ F∞(Ĩ ; IR) (1 ≤ i ≤ r)
�{p��

ξi ∈ F∞(Ĩ ; IR)(1 ≤ i ≤ n− r)
l�qV��]�no]��¢n

dzi − zi+1(t)dt ∈ −∂ψT
i−1
Φ (zi−1(t−))(zi(t

+)) on Ĩ (1 ≤ i ≤ r − 1) , �{� /

(CAr−1B)−1[dzr − CArW−1z(t)dt] ∈ −∂ψT
r−1
Φ (zr−1(t−))(zr(t

+)) on Ĩ , �A� /
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	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� �@�

�{p��
ξ̇(t) − Aξξ(t) −Bξz1(t) = 0, a.e. t ∈ Ĩ , �@� /

\
]�a,lukml�noa4` t�p , �@� / ��p�� , �G� / ]��@l/nuy7½Vat�pAnuaNsu}_soa�noaN��t~p�nu]�a,ª®y{���~y¢§�t�p_�7l�aNp�l�a � P(t�p���p_y@p_p_a4�A�¢not~�@asoaN�{�¸·U�¢����q_aN���.�{�_y{pE`7aW�{luq_sua
dµi

suaN����nut��{afnuy7§�]_tw��]Eno]_a��aN½VaWl��@q_a,`�aW�{luq_soa
dt
�{p���no]_a�iAnut�a4�~nôz�aWl

`7aW�{luq_sua
dzi

}Iy@loluaNlol��ma4p�lut~nut�aNl dt
dµi

��p�� dzi

dµi

suaWl�}IaN��nut��{aN�~kEluq���]�nu]���n

dzi

dµi

(t) − zi+1(t)
dt

dµi

(t) ∈ −∂ψT
i−1
Φ (zi−1(t−))(zi(t

+)), dµi − a.e. t ∈ Ĩ (1 ≤ i ≤ r − 1) , �G� /
�{p��

(CAr−1B)−1[
dzr

dµr

(t) − CArW−1z(t)
dt

dµr

(t)] ∈ −∂ψT
r−1
Φ (Zr−1(t−))(zr(t

+)),

dµr − a.e. t ∈ IR. , �A� /

��Ã �³¡m ���� � ���&�L� � �1�A�
<"�$# 
 � � � � 
��  ��� � >7�L� ��� � � >$����> >$������#&� ���$@��
#Q�$# 
�� � � � 
��(� ���+�$#"'��9�L��	��
{zi} ≡ zi

�
�$� � �	�

z1
� �  "�I��'��
� � ��� '���#�> �$#�����%� >7�L��#�>7�L� � �
#&�
	��< ����< �O> �I��#

ξ
� � 
���� � � � ��$@��
# � �

ξ(t) = eAξtD +

∫ t

0

eAξ(t−τ)Bξz1(τ)dτ,

�:���
	��
D ∈ IRn−r �

��Ã �³¡m �� ��� �
>�� �V#"�>B������	+>7� � >7�L��>�>7�L� �� � ��	��
# >?�I�< �$#"'�< �%�+�I��#L� �:�%�I'�� ��	�� '��#L�+�I����	���� �$# >$�O� �
 ��� ���	 � �	����  L��'�� �Y'�� � 
B�:�%�I'�� '���O<=� ����#"� � ��� UM
� �OUM
	%F 	 � � � ���:�%�I'�� '��#�#&��> ��� �#"��< � �
���
�%�+�$#%� >7�L� >!�1�< � �
��	��$�+>B�#"���	���� � ��� � ��>$��� �
��	 �

ẋ(t) ∈ F (x(t))
� � �$# ����
 � �Y�  L��'��I��<$< � >7�L�

�������I'5� ���+� �  &>?�I�#L� �
�	;��>!��#&���	�� � �+�;��	�� >$����>
F (x)

� � '�� �  ���'�> �
��	 ����'��
x
� �#"�Q>7�L�> � < �$#"����	

��	��� >$� '���#"��$>?�I�# �L��<6� �	� � ��'�� �����+� �  "> �I��#��V��� #"�>9����<=� �
�	 >$���V�$#"'�< �%�+�I��#L�Q'��#L�+�I����	���� �L��	�� �
�+�$#&'��W>7�L�����
>?���$# >7�L�W	+��� �%>��L�#"�5�+�I���
�W��	��W#"�	 � �< '���#&�+� ���L��#"'��W�O# �����O#&����� ����>I�	� �"��'���� ��$#"�
� ����� � �
	���#�> �I��< �$#"'�< �%�+�I��#��V�A�@ � 	+� ��� >B� ��<$< >$��� � ��>7�L��� ��> �I'��<��#"� #�� � �
	+�I'��< �+>?����I�+���# >7�L�
�+�����! "�$# �5 &	���'��
���V��#&� � ��'�����#��I'��<���� �+>B���W� �����	����'
>�>!� �O# �$<=��>!�
	���<9'��#L�+> 	����$# >I�����  � ��� � ��� ��� � �
� � ����� � ��� ��� � ��� � �  � ��� � ��� � � � � � � � � � � � � ��� � � � ���	� � ����
 �

�¡m  �T¡m��� Ç�� ¡ ��
 ��Ã� (¡ � �®��� Ã � �'\
]_a¦l�kml�nua4` t�p , � -1/ · , �A� / , �{p����4y{p�luaNvAq_aNp@no�~k¨nu]�afy@p_adt�p , �G� / · , �@� /noyGy / nuy{�@a�no]_a4s�§�t¸no]�no]_a/»4a4soy�·º�mkGp��{`�tw�4l(�4�{p�½Ia'§�sot¸nunuaNp��@lno]_a
a4�{y@�~q_nut�y{p��¢��sotw�¢nut�y{pV���{t�p_aWv@qV����t¸not~aWl �
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〈d{zi}
dµi

(t) − {zi+1}(t) dt
dµi

(t), v − {zi}(t+)〉 ≥ 0, ∀ v ∈ T i−1
Φ ({Zi−1}(t−)),

dµi − a.e. t ∈ Ĩ (1 ≤ i ≤ r − 1)

〈(CAr−1B)−1[d{zr}
dµwλ (t) − CArW−1{z}(t) dt

dµr
(t)], v − {zr}(t+)〉 ≥ 0,

∀ v ∈ T r−1
Φ ({Zr−1}(t−)), dµr − a.e. t ∈ Ĩ

〈ξ̇(t) −Aξξ(t) −Bξz1(t), v − ξ(t)〉 ≥ 0, ∀ v ∈ IR, a.e. t ∈ Ĩ .

, � 0A/

\
]�a2ª®y{���~y¢§�t�p_�
xMsoy{}Iy@lut¸not~y@pl�]_y¢§.lCnu]_aM��t�p_²f½Ia�n�§/a4aNp,nu]_a'�mt�l�nusot�½_qmnut�y{pV���¢ª®y@su`&����twl�` y�ªGnu]_a«`�aW�{luq_soa
�_t¸¼Ra4soa4pAnutw���Rª®y@su`&�{�~twl�`!¯
�   Ç �«Ç ���ô��� Ç�� � � � !:�
>

(z1, ..., zr, ξ) ∈ (Tr−1(I)
n
��� � ����< �O> �I��# � � 
 	�� �
<6� � 
 �� � 
� � � 
���� �


�� � �����&�L��#
z1 = {z1} ∈ F∞(Ĩ ; IR)

�
zi ∈ Ti−1(I) (2 ≤ i ≤ r), ξ = {ξ} ∈ (F∞(Ĩ ; IR))n−r �#"�

({z1}, ..., {zr}, ξ)
� ��� ����< �O> �I��# � ��
 	�� �
<6� � 
�� � � 
 � � � 
���� � 
 � � ���

�$� � !:��>
(w1, ..., wr , ξ) ∈ (F∞(Ĩ ; IR))n

��� � �
�< �O> �I��# � ��
 	�� ��<=� � 
�� � ��
���� ��
 � � ��
�������� !:�
>
(z1, ..., zr, ξ)

���;��� ��#"��� � �
z1 := w1�#"�

zi := wi +

i−1
∑

j=1

(

∑

tk∈E0(wj)

(wj(t
+
k ) − wi(t

−
k ))δ

(i−j−1)
tk

)

(2 ≤ i ≤ r),

�&���
#
(z1, ..., zr, ξ) ∈ (Tr−1(I)

n �#"� � ��� ����< �O> �I��# � ��
 	�� ��<=� � 
�  � 
 ��� � 
���� � 
 � � ���

��
 	 � � "�� � �!� "��  � $ � ��$*$*����
¥ p�nu]_twliGaN��nut�y{p´I§'a¨a�©_��`7t�p_a¨luy{`7a¨}_suy@}VaNs�not~aWl.y{ª2nu]_a�l�y@�~qmnot~y@p�y�ªM}�suy@½_�~aN` , �{� /�, � 0�/�, �@� /�, �@� /
, ��p��!�4y{p�luaNvAq_aNp@no�~kEy�ª2}_soy{½_��a4` , �{� /�, �A� /�, �A� /�, �A� /K/ ¯/\
]�aa�©mt�l�nuaNp���ay{ª$luq���]Z�&luy{��qmnut�y{p!twl
nu]Gq�l�@luluq_`7aN�Eª®y{s
no]_a,nut�`7a½VaNt~p���¯ �a4n�q�l 8�s�l�n�soa4`&��so²7nu]V�¢n�nu]�a,ª®y{���~y¢§�t�p_��t�l
nosuq�a
� Ã � �³¡ � ! ��>

z1, . . . , zr ∈ IR
��� ��$@��
# ��#&� <=��>

σ1, . . . , σr ∈ IR
�+��'�� >$����>

σi ∈ −∂ψT
i−1
Φ (Zi−1)(zi)

�
�	W��<$<
1 ≤ i ≤ r.

�&���
# >$�����$#&'
< �%�+�I�#
∂ψT

r−1
Φ (Zr−1)(zr) ⊆ ∂ψΦ(z1)����<=���	� �*�	�����@��
	 �

{

z1 > 0 =⇒ σr = 0
z1 = 0 =⇒ σr ≥ 0.
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���������
	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� �A�

�   ÇÇ�� ¤ ¥ ª
z1 > 0

no]_a4p
TΦ(z1) = IR

��pV�
∂ψΦ(z1) = {0} ´¦��p�� l�t�p��4a T i−1

Φ (Zi−1) = IRno]_a4p
∂ψT

i−1
Φ (Zi−1)(zi) = {0} ª®y@s¨����� 1 ≤ i ≤ r

¯ ¥ p³}��{s�not��4q_���{s�§/a��maW�mq��4aEno]��¢n
σr = 0

¯ ¥ ª
z1 = 0

no]_a4p
∂ψIR+(z1) = IR− ¯ Ðfa4}Ia4p��_t~p_�8y{pµno]_a��¢����q_aNlEy�ª z2, . . . , zi

½Ia4t�p_�³}Iy@lut¸not~�@a�y{s
p�y{pm·U}VyAl�t~nut��{a@´.y{p�a±`&�×k8]V�×�{a

∂ψT i
Φ(Zi)(zi+1) = IR− y{s

∂ψT i
Φ(Zi)(zi+1) = {0} ª®y{s!����� 1 ≤

i ≤ r − 1
¯ ¥ p��_a4aN� �{lol�q�`�a±nu]���n

z1 = z2 = . . . = zj = 0
��p��

zj+1 > 0 , nu]_twl�t~`7}_��t�aNlno]��¢n
z � 0 / ¯�\
]�a4p Φ = T 0

Φ(Z1) = T 1
Φ(Z1) = T 2

Φ(Z2) = T 3
Φ(Z3) = . . . = T

j
Φ(Zj) = IR+ ��pV�

T
j+1
Φ (Zj+1) = T

j+2
Φ (Zj+2) = . . . = T rrλ−1

Φ (Zr−1) = IR
¯(\
]�t�l�N��p ½Va�lua4aNp lut�p���a�ª®y{s&t�p�l�no�{p���a

T j+2(Zj+2) = T
T

j+1
Φ (Zj+1)(zj+2) = TIR(zj+2) = IR

½VaW�4�{q�l�a��{��luy
T

j+1
Φ (Zj+1) = TIR+(zj+1) =

IR
¯ É y@p�l�aWvAq_a4pAnu��k

∂ψT i
Φ(Zi)(zi+1) = IR− ª®y{sd�{�~�

0 ≤ i ≤ j
´�§�]_aNsuaW�{l

∂ψT i
Φ(Zi)(zi+1) = {0} ª®y@s

j + 1 ≤ i ≤ r − 1
¯��¾a���y@p�����q��ma¦nu]V�¢n�q_p��maNs.l�qV��]���y@p��mt~nut�y{p�l

σi ≥ 0
ª®y{s��{�~�

1 ≤ i ≤ j + 1
´_�{p��

σi = 0
ª®y{s
�����

j+2 ≤ i ≤ r
¯ É y{p�luaNvAq_aNp@no�~k

σr ≥ 0
§�]_aNp

z1 = 0
¯2\
]_aft~pV����q�l�t�y{pEt�l/���wl�y}�suy¢�@aN�C¯

��a�n
t ∈ Ĩ

½Va��{t��{aNp¯�À �mt~soaN��n,�4y{p�luaNvAq_aNp���a�y�ª«nu]_a7]_t��{]_aNsfy@so�_a4s,l�§/a4aN}_t~p��E}_soym��aNlol,��}_}IaN�{sol¦�{l
luyGy{pE�@l«y@p_a¦`�aW�{luq_soaNl2no]_al�a4n {t} §�t~nu]�no]_a,�.�{�my@pE`7aN�@l�q�sua dνi

¯ ¥ p��maNaN�C´m�@l/lua4aNp�t�p�iGaW�Ánut�y{p!�m´
§/a,�{a4n/ª®soy{` , �@� / �

dνi({t}) ∈ −∂ψT
i−1
Φ ({Zi−1}(t−))({zi}(t+)). , ��� /

\
]�a4p

dνi({t}) = d{zi}({t}) − {zi+1}(t)dt({t}) = d{zi}({t}) = {zi}(t+) − {zi}(t−)

ª®y@s.�����
1 ≤ i ≤ r − 1

´_�{p��

(CAr−1B)dνr({t}) = d{zr}({t}) − CArW−1{z}(t)dt({t})

= d{zr}({t}) = {zr}(t+) − {zr}(t−).Xf½G�Gt�y{q�lu�~k@´{no]_a�lo��`7afsoaNluq_�~n/]�y{�w�_l
t~p�nu]�afª®s���`7aN§'y@su²�y�ª(nu]_a,`7aN�@l�q_soa,�mt¸¼Ra4soa4pAnot��{�Vª®y@su`&�{�~twl�` , t~pno]_twl.�4�@l�a
zi ≡ {zi} / ¯

\
]�aNlua.suaWl�q��¸n�lMa4pVl�q_soa�no]��¢n'nu]_afa�©GnuaNp��maN�El�§/a4aN}_t~p���}_soyG�4aNlol2t�p�����q�lut~y@pE�ma
8Vp_aNl'�§'aN�~�~·U}VyAl�aW�&l�n��¢nua
z�q�`�}!`&��}�}_t~p��7�{p���nu]_a,ª®y@�~��y¢§�t�p_�¨]�y{�w�_l4¯
�   Ç �«Ç ���ô��� Ç�� � !:��>

t ∈ Ĩ
��� ���$@ ��# ��% � ����@��

{zi}(t+) − {zi}(t−) ∈ −∂ψT
i−1
Φ ({Zi−1}(t−))({zi}(t+)), (1 ≤ i ≤ r − 1) , � - /

�#"�
{zr}(t+) − {zr}(t−) ∈ −CAr−1B ∂ψT

r−1
Φ ({Zr−1}(t−))({zr}(t+)). , �{� /

Àdp_y�no]_a4s.�_t~soaN��n��4y{p�luaNvAq_aNp���a,y{ª , �{� / twl/nu]���n

{zi}(t+) ∈ T i−1
Φ ({Zi−1}(t−)), (1 ≤ i ≤ rwλ). , ��� /

Ó(Ó�Ø�[�è+\ÁðÁç



�{� � '���	��5��> ��<

Xfq�s.��y{pG�@a4pAnut�y{p�t~p , �A� / nuy@�{a4nu]_aNs/§�t~nu] , ��� / kGt�a4�w�

{zi}(0+) ∈ z0,i − ∂ψT
i−1
Φ (Z0,i−1)({zi}(0+)), (1 ≤ i ≤ r − 1)

�{p��
{zr}(0+) ∈ z0,r − CAr−1B ∂ψT

r−1
Φ (Z0,r−1)({zr}(0+)).

§�]�a4soa
z0,i

t�l/no]_at~nu]m·º��y@`�}Iy{p�a4pAn�y�ª
z0
�{p��

Z0,i = (z0,1, . . . , z0,i)
¯

� � ÃGÇ   Ã � � !:�
>
t ∈ Ĩ

��� ���$@ ��# �$�&�L��#

0 ≤ z1(t
+) ⊥ dνr({t}) ≥ 0 , ��� /

�   ÇÇ�� ¤ ��a�nq�l 8�s�l�nsoaN�N����� , l�aNa&��a4`&��so²±� / no]��¢n z1 = {z1}
¯7eZy@suaNy¢�{a4s

z1(t
+) ∈ Φ

�{p��±nu]Gq�l
z1(t

+) ≥ 0
¯ P_soy{`
�aN`�`&� - ´.§/a�y{½mn���t�pµnu]���n�t~ª z1(t+) > 0

nu]�a4p
dνr({t}) = 0

§�]_t��~a±t¸ª
z1(t

+) = 0
nu]_aNp

dνr({t}) ≥ 0
¯ �¾a¨�maW�mq���a�nu]���nft~ª

dνr({t}) > 0
nu]_aNp�p_aW��aNlolo��sot~��k

z1(t
+) = 0

¯
\
]�a¦soaNluq_�~n�ª®y{���~y¢§.lN¯
�¾a`&�×k�§�sot¸noa

dνi

�@l
dνi = χi(t)dt+ dJi, , �{� /

§�]�a4soa
χi ∈ F∞(∈ Ĩ ; IR)

��p��
dJi

twlM��p7�¢noy{`7tw�'`7aW�{luq_sua/§�t~nu]&��y@q_pAno��½��~a�lua�n2y�ªR�¢nuy@`&l$�{a4p�a4s��¢nuaW�
½GkE��sot~�@]An��4y{pAnut�pGq_y{qVl�z�q_`7}�ª®q�p��Ánot~y@p Ji

¯M\
]_a¦ª®y@�~��y¢§�t~p���]�y{�w�_l4¯
�   Ç �«Ç ���ô��� Ç�� � % � ����@��

χi(t) = 0, a.e. t ∈ Ĩ , (1 ≤ i ≤ r − 1), , ��� /

χr(t) ∈ −∂ψT
r−1
Φ ({z1}(t−),...,{zr−1}(t−))({zr}(t+)), a.e. t ∈ Ĩ , , �@� /

�#"�
0 ≤ z1(t

+) ⊥ χr(t) ≥ 0, a.e. t ∈ Ĩ . , ��� /

�   ÇÇ�� ¤ �a4n
1 ≤ i ≤ r − 1

½Ia7�{t��{aNp¯ �¿a�²Gp_y¢§�no]��¢n
Dzi = zi+1

��p���nu]Gq�l {Dzi} = {zi+1}
¯

\
]Gq�l
νi =� Dzi−{Dzi} � ¯ ¥ n�suaWl�q_�~nolnu]���n

dνi

t�l���p���nuy{`7tw�2`7aN�@l�q_soa«�{p��¦nu]Gq�l
χi(t) = 0,

��¯ a@¯
t ∈ Ĩ

�{p�� , ��� / ]�y{�w�_l4¯�\
]�a&suaWl�q_�~nt~p , �@� / twl��!�mt�suaW�Án���y@p�l�aWvAq_a4p��4a7y�ª 2 � - ´(\
]_aNy{soa4`h� 3 ¯�\
]_a�4y{`7}_��a4`7a4pAn���sot¸n�k�suaWl�q��¸ndt�p , ��� / �4�{pZ½Va�}_soy¢�{aW�Z�{l.t�p¿\
]�a4y{soa4` - no]���p�²Gl.nuy , �@� / �{p�� �aN`7`7�
- ¯
\
]�a4y{soa4` - t�`7}_��t~aWl�no]��¢n�y{p³t�pAnua4so�¢���wl [τ − ε, τ)

´
ε > 0

´2y{pË§�]_tw��]
z1(t) = 0

´$nu]_aNsua�a�©mtwl�n�l��
`¨q_�~nut�}_�~t�a4s

λ(t) := dνr({t})
nu]V�¢n�½Ia4��y{p_�Al,nuy −∂ψIR+(0) = IR+ ´�aNvAq_t��¢����a4pAnu��k±§�]�t���]³lo�¢not�lK8�aNl

0 ≤ z1(t
+) ⊥ λ(t) ≥ 0

�{p��!t�l.nu]_a¨l�y@�~qmnot~y@pZy�ª$nu]�a � É x¹t�p , � 0A/ ¯
Ï«vAq_t~�¢�{�~aNp@no�~k@´ dνr

twl�no]_a�luq_`
y{ª(��p��¢noy{`7t��f`7aN�@l�q_soa

dJr

´_l�q�}_}
(dJr) ⊂ {t ∈ IR+ : z1(t) = 0} ´Anu]���n��4y{sosuaWl�}Iy{pV�_l2noyfz�q�`�}Vl
t~p

zr(·)
´V�{p��Ey{ª�� ��a4½IaNlu�{q_a,`7aN�@l�q_soa

χr(t)dt
§�]_aNsua

χr(t)
twl
no]_a�l�y@�~q_nut�y{p�y�ª�no]_a � É xµt�p , � 0�/ ¯
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���������
	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� � 0

��Ã �³¡m �� � ��� 	�� � 
 � � ���$> �
��<$<=�� � >7�L�> >7�L� �
�<$<=��� �$#%��! � 
 �L�<=� � �#V�$# >B��	+@���< �
[τ, τ +ε)

�
ε > 0

�
�#��:�O�I'��

z1(t) = 0 �

0 ≤ λ(t) ⊥ CArW−1{z}(t+) + CAr−1Bλ(t) ≥ 0 (t ≥ 0) , � 0 /

�:���
	��
λ(t) = χr(t)

��#
[τ, τ + ε)

� �&�%� � ! � 
 � ��#��$>!��	�� >$���*��@ �< �O>?�I�# � � >7�L� �;�O< > �  "< �I��	 �
��	
t ∈ [τ, τ + ε)

� �&����� ��> 	+� � � �Q>7�%� � ! � 
 � � >7�L� <6���A���$#%� ���	����@5 ���	�� � �
>!�
	�� �Q>$���*> 	��#L���
�
	
���O#&'
> �I��#

λ 7→ w
� ���$���

CAr−1B
� ���

CAr−1B
� � ��
 �� ��> 	+� � � ���
 � >7�L��# >7�L��! � 
 �$#�
 ��� �5�L���

� �O#�������� ����< �O> �I��# �
�	���# �
CArW−1{z}(t+)

� � #&� �����+��>$����>Y�:�L��# ��� ��'�	��
> � "��$# �5>$����'���# >?�$# �����%�
� ��#"� �W�I'
� � �#"� � �$<$< >!���A�����@ �#�>!��� ��� � >7�L� ��� 	��! "	��
���
# >B�>?�I�#V>!��'��#L�+>?	+��'�> ��# ! � 
 >!�W'�� �  &�O>B�
λ(t)

��>9���A'�� �+>B�! �

\
]�a�ª®y{����y¢§�t~p_��n�§'y¿suaWl�q_�~nol��{t��{a�l�y@`�aEaNvAq_t��×�{�~aNpAn���]��{so�@�ÁnuaNsut�»N��nut�y{p�l,y{ª.nu]�aEsoa4�w�¢nut�y{pVl��{t��{aNp³t�p
x«suy@}VyAl�t~nut�y{p��_¯�\
]_a4t�s�}_soyGy�ªôl��soa&l�noso�{t~�@]An�ª®y{so§
��s��C¯&\
]_aNlua&suaWl�q��¸n�l��soa&]_a4soa7}_suaWl�aNpAnuaN�¿ª®y@snu]_a
�@a4p_aNso�{�C�4�{lua

m ≥ 1
¯

�   Ç �«Ç ���ô��� Ç�� � !:��>
m ≥ 1

� �&�L� �
��<$<=�� �$# � ��
�O�$@���<=��#"'��
�W�L��<6� �
��	5�<$<
1 ≤ i ≤ r − 1

��#&���<$<
t ∈ Ĩ �

{zi}(t+) − {zi}(t−) ∈ −∂ψT
i−1
Φ ({Zi−1}(t−))({zi}(t+)) (a)

m

{zi}(t+) =
 &	��	� [

T i−1
Φ ({Zi−1}(t−)); {zi}(t−)

]

(b)

, �{� /

\
]�t�lMlu]_y¢§.l�no]��¢nCz�q_`7}�l'��soa���qmnoy{`&�¢not��N�����~kn���²@a4p�t~pAnuy��@�4�4y{q_pAn2½Gk�nu]�a.�mkGp���`7tw�4lM�@l$t¸n«twl2§�sot¸nunuaNp
t�p , �@� /W, y@sdt�p , �@� / · , �G� /K/ ¯ �¾a�p_y{nutw��a����wl�y&no]��¢nfnu]_a¨�~y¢§/a4sdnusot��{p_�{q����{sdl�nosuqV�Ánuq�sua�y{ª2nu]_a�no�{p_�{aNp@n�4y{p_aWld§�]�t���]±�{}_}IaN��s¦t�p , �@� / `�aNsuaN�~k!soa	��aW�Án�l.no]_a¨§
�×k�nu]_a�`7aN�@l�q_soaNl dνi

�{}_}IaN��sft~p , �A� /W, y{s¦t�p
, �{� / · , �A� /�/ ¯

�   Ç �«Ç ���ô��� Ç�� � !:��>
m ≥ 1

� �"�� � �� ��� >7�L��>�>7�L� � ��> 	+� �
CAr−1B

� � ��� � � ��>?	+�I' �#"�  L���+�$>?�$@��
�A����#��$>!� �$�&�L��# �
�	���<$<

t ∈ Ĩ �

{zr}(t+) − {zr}(t−) ∈ −CAr−1B ∂ψT
r−1
Φ ({Zr−1}(t−))({zr}(t+)) (a)

m

{zr}(t+) =
 "	��	�

(CAr−1B)−1

[

T r−1
Φ ({Zr−1}(t−)); {zr}(t−)

]

(b)

, � -�/
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�@� � '���	��5��> ��<

��Ã �³¡m �� � � % �V#"��>!�V>$����> ��	�� � 
 	��� L�����$> �I��#�� � ��#&� � ��>$��� � �������O	��+�
dνi

��	�� �O#��������
< � ���	�
>!��	 �W�$#&��� �> �+� �  �$#��+>B�#�>?� � �&�L� �
�	 � �< � � � �$# 
��� � '��	+	��+�  ���#&� �V>!� ��� � � ��$#"� � � �  &<=� �+> �I' �
� �  ���'�>I�V���$#&'��Q>$��� �%��� � �K�	�����	 �$#"'���#��+� ��>!��#�>�����	+�$@���> �$@ �
� �+� �  >!� "���	���� �+>�� � �
�O�$>!�W �� ���+�	�
<=�*>B�
�$#&'���	  ���	��>B�W��� � ��	���#�> �+� �  � � � � �1�� � ���$# �V>7�L��	+��� �%>��?�L�#"� �+�I�A�+����#&� '�����#%��$#%� >7�L���	?��� � ��#�>��$#
>7�L���+������� � ��	���#�> �I��< � ��	�� � {zi}(t+)

>!� {zi}(t
+)+ei{zi}(t

−)
1+ei

����� � � ��
 �$�&�L��# 
 ��� � ����'�� � �
�

{zi+1}(t+) − {zi+1}(t−) ∈ −∂ψT i
Φ({Zi}(t−))

(

{zi+1}(t
+)+ei+1{zi+1}(t

−)
1+ei+1

)

(a)

m

{zi+1}(t+) = −ei+1{zi+1}(t−) + (1 + ei+1)
 &	��	� [

T i
Φ({Zi}(t−)); {zi+1}(t−)

]

(b)

, �@� /

�&��� '��L��I'�� � � >7�L� '������ '��I�
# >I�
ei

�A�B ���#"� � �#5>7�L� �� A "< �I'���> �I��# � � 	�� � 
 � �����$> �
��<$<=�� � >$����>
� �
T i

Φ({Zi}(t−)) = (IR+)m
��#"��� � {zi+1}(t−) < 0

� >$���
# {zi+1}(t+) = −ei+1{zi+1}(t−)
� �	�

m ≥ 2
�#"�;���O# � �
��	 � 	���<=��> �$@������B�	���� � >$���
#Q���+� �;�$<=��	��� ��
	���> �I��#*'���# ���� ��
	��
�	 � ����� �W������@ ��	 �$#

�+��'��5�;'�� ��� 
 �W�O<�>?�#�K'���#��+>?	���$#�>:��� ��>!��� � � �#"� � � �;�A����#"�
mr

'������ '��I�
# >I�
ei,j

� �:�L��	�� >$���
i
	��	�
��	��

>!� >7�L�5�	�����	 � �;>7�L� �A�
	+�$@���> �$@ �Q� �
z

j
1(·)

� �:�O�$<=� >7�L�
j
	�� �
�
	�� >!� >$���5'�� �  L�#"��#�> � �;>$���

m
�!@ ��'�>B�	

z1 = (z1
1 , . . . , z

m
1 )T


 �
��� 
 � � � ���

��
 � 
 �� � � $��!�(��� � � � $*&(� $ ")&(� �"+�
e�y{p_y{nuy{p�t��4t¸n�k���p����_t�lol�t�}���nut��At~n�k!��soa��¢n.no]_a¨�4y{soa�y�ª$nu]�a¨luaN��y@p��!y{s��maNsdl�§/a4aN}_t�p_��}_soym��aNlolN¯
\
]�a4k
�{sua¨��soq���tw���(}_suy@}VaNs�not~aWl�ª®y@sd§/a4���¸·U}VyAl�aW�mp_aWluldsuaWl�q_�~nol 2 0 ´I� 3 �{p�����y@pAnusoy{� �¢l�no��½�t~��t¸n�k 2=- �m´I� - ´R�{�m´ - � 3 ¯\
]�afª®y@�~��y¢§�t�p_�7suaWl�q_�~nol��{sua,��y@p�luaNvAq_a4pAno�~k�y{ª(t�pAnua4soaNl�nN¯
� Ã � �³¡ � ! ��>

z1, z2, ..., zr ∈ IR
��� ��$@���# �$�&�L� �
��<$<=�� �$# � �$#&'
< �%�+�I�#Q�L�<=� �

∂ψT i−1
Φ (Zi−1)(zi) ⊆ ∂ψT i−2

Φ (Zi−2)(zi−1), , �{� /
�
�	���<$<

1 ≤ i ≤ r
�

�   ÇÇ�� ¤ ��a�n
z1 ≤ z2 ≤ . . . = zj = 0

�{p��
zj+1 > 0

¯�\
]_a4pË�{l�{�~soaN�@�mk±lu]_y¢§�p¾t~p¾nu]�a�}_soyAy{ª
y{ªM�~aN`7`7� - ´Cy@p_a�]��@l ∂ψT i

Φ(Zi)(zi+1) = IR− ª®y@s¦�{�~�
0 ≤ i ≤ j

´C��p��
∂ψT i

Φ(Zi)(zi+1) = {0} ª®y@s�{�~�
j + 1 ≤ i ≤ r − 1

¯.iGy�y{p�a�l�aNaNl
no]��¢ndt�p�}��{s�not��4q_�w��s�t~n¦����§
�×kGl
]�y{�w�_l�no]��¢n
∂ψT k

Φ(Zk)(zk+1) ⊆
∂ψ

T
k−1
Φ (Zk−1)(zk)

ª®y{s.�{pGk
1 ≤ k ≤ r − 1

¯
��a�n

z ∈ IRr ½IaZ�{t��{a4p�¯µ\
]�a��my{`&��t�pµ��p��8nu]�aZ�{s���}_] y�ªfnu]_aZ`¨q_�¸not~�¢�{�~q_aW� y{}Ia4s��¢nuy@s x →
∂ψT

i−1
Φ (Zi)

(x) , 1 ≤ i ≤ r / �{sua,�{t��{aNpEsoaNlu}VaW�Ánot~�@a4��k�½Gk

D(∂ψT
i−1
Φ (Zi)

) := {x ∈ IR : ∂ψT
i−1
Φ (Zi)

(x) 6= ∅} = T i−1
Φ (Zi)
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���������
	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� � -

�{p��

G(∂ψT
i−1
Φ (Zi)

) := {(x, y) ∈ IR × IR : x ∈ D(∂ψT
i−1
Φ (Zi)

) and y ∈ ∂ψT
i−1
Φ (Zi)

}.
¥ ntwl,§'aN�~�~·U²Ap�y¢§�pZnu]���nnu]_a7�@so�{}_]±y{ª'��p¾y{}Ia4s��¢noy{s¦§�]_t���]¾twl�ma
8�p�aN�¾�{lfnu]_a�luq_½R�mt~¼IaNsuaNp@not��{�$y�ª/�
}�suy@}VaNs.��y{pG�@a�©E��pV����y¢§/a4s.lua4`7t��4y{pAnut�pGq_y{qVl«ª®q�p��Ánot~y@pZt�l�`&��©Gt�`&���C`7y{p�y�nuy@p_a , lua4aa@¯ �V¯ 2 03$/ ¯«Ê.aNsuano]_a¨lua�n

T i−1
Φ (Zi)

twl.p_y@p_a4`7}mn�kZ����y@luaN�Z�{p��Z��y@pG�{a�©Z��pV��nu]_a¨`7�{}_}_t�p_�
ψT

i−1
Φ (Zi)

twl�no]AqVld}_soy{}Ia4s
�4y{pG�{a4©E��p�����y¢§'aNs
lua4`7tw��y@p@not~pGq_y@q�lN¯ ¥ n.soaNluq_�~nol/no]��¢n G(∂ψT

i−1
Φ (Zi)

)
twl�`7y{p_y{nuy{p�a{´GtT¯ a{¯

〈x1 − x2, y1 − y2〉 ≥ 0, ∀(x1, y1), (x2, y2) ∈ G(∂ψT
i−1
Φ (Zi)

)

�{p���t�l�p�y�n�}_soy{}Ia4so�~k�t�p��4�~q��_aN��t~p!��pGk�`7y@p_y�noy{p_aluq_½�lua�n.y�ª
IR × IR

¯
Êda4soa,§'a,]��×�@a

T i−1
Φ ({Zi−1}(t−)) 3 {zi}(t+) ⊥ −dνi({t}) ∈ ∂ψT

i−1
Φ ({Zi−1}(t−))({zi}(t+)). , ��� /

P�y{s�a�©_�{`�}��~a@´_l�q_}�}VyAl�a¦nu]V�¢n
T i−1

Φ ({Zi−1}(t−)) = IR+ ´ ∀t ∈ (T1, T2]
ª®y@s.l�y@`7a

0 ≤ T1 < T2
¯

\
]�a4p!�{l��&��y@p�luaNvAq_a4pV��a¦y�ª , ��� / ´_§/a,�{a�n
no]_a��mtwlulut~}V�¢nut��Gt¸n�kE}_suy@}VaNs�n�k

〈{zi}(t+1 ) − {zi}(t+2 ), dνi({t+1 }) − dνi({t+2 })〉 ≤ 0, ∀t1, t2 ∈ (T1, T2), (1 ≤ i ≤ r).

�¾ap_y{nutw��a¦nu]���n�ª®suy@` , �{� / §/a�{a�n

TΦ({z1}(t−)) 3 {z2}(t+) ⊥ −dν2({t}) ∈ ∂ψTΦ({Z1}(t−))({z2}(t+)) ⊆ NΦ({z1}(t+)) , �@� /
§�]�t���]�t�l
vAq_t~nual�t�`7t~�w��s'nuy�no]_a¦�4y{p_a É x y�ªno]_al�aW��y{pV��y{s��maNs/lu§'aNa4}_t�p_�¨}_suym�4aNlol , l�aNa 2 �¢��´m�{� 3�26- �G´Ï'v@q�¯ ,K- � /!3$/ ¯M\
]_twl
nuy@�{a�no]_a4s�§�t~nu]�no]_a,ª®y{so`&����t�lu`&l/�_a4�{aN�~y@}VaW��t~pZluaN�Ánot~y@p�l��_¯Ý�G´m�V¯ - ��pV���V¯ �m´_t~`7}_��kno]��¢n�no]_a,ª®s���`7a4§/y{so²7}_suy@}VyAl�aW�Et�p�nu]_twl�}��{}VaNs.��y{pAn���t�p�l/nu]_a�luaN�4y{p���y{s��maNs
lu§/a4a4}�t~p_�7}_soym��aWlulN¯
�¾a�p�y¢§�t~pG�{aWl�not~�A�¢noa,nu]_a7�mtwlulut~}V�¢nut��Gt¸n�k�}_soy{}Ia4sunut�aNldy�ª2nu]�a��mt~¼Ra4soa4pAnutw���(y{}Ia4s��¢nuy@s.y�ª2no]_a7l�§/a4aN}_t~p��
}�suym��aWlulN¯
��a�n�q�l.�_a4p_y{nua

Ḡ =

(

G

0(n−r)×r

)

∈ IRn×r, , �{� /
§�t~nu]

G =





















1 0 . . . 0 0

0 1

¯ ¯ ¯ ¯¯¯ ¯¯¯
¯¯¯ ¯ ¯ ¯ ¯ ¯ ¯

0

¯¯¯
0 . . . 0 1 0

0 . . . . . . 0 CAr−1B





















∈ IRr×r , �A� /

�{p��
H = (Ir 0n−r) ∈ IRr×n ¯¨bdy�not��4a¨no]��¢n,no]_a7y{}Ia4s��¢nuy@s dν 7→ {z̄} ]��{lfnu]�a¨noso�{p�l�ª®a4s,`&�¢nusot~©�_a
8�p_aW��ª®suy@`�nu]_a,nosut�}_��a

(WAW−1, Ḡ,H)
¯
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�A� � '���	��5��> ��<

��a�nno]_aMnosut�}_��a
(WAW−1, Ḡ,H)

½Ia«}Iy@lut¸not~�@aMsuaW���{�{p��,no]_a'�4y{sosuaWl�}Iy{p��_t~p_�
soaN�{�~twlu��nut�y{p,½Ia«`7t~p�t~`&���=¯
\
]�a�}VyAl�t~nut��{a±suaW����p_aNlol7y�ª

(WAW−1, Ḡ,H)
t�lEaNvAq_t��¢����a4pAnE½Gk¶no]_a���{�~`&��p_·��«�{²Aq�½Vy¢�Gtw�Á·Ux�y@}Vy¢�

��a4`7`&� , l�aNaf�{}_}VaNp��mt~© É / noy�]��×�Gt�p_� JḠ = HT ��p�� JWAW−1 +W−TATW TJ
lua4`7t¸·Up_aN�@�¢not~�@a

�_a
8�p_t~nua.ª®y{s'luy{`7a.}Iy@lut~nut��{a.�ma�8�p_t~nuaf�{p��&lukA`7`7a�nosutw��`&�¢nosut~©
J
¯MiGt�p���a

J = JT
��p��&lut�p���a

G
twl2ª®q_���

s���p�²I´Ano]_a�8�s�l�n.aWv@qV����t¸n�k�t�`7}_��t~aWl/nu]���n

J =





G−1 0r×(n−r)

0(n−r)×r Jξ



 , , �{� /

�{p��
Jξ = JT

ξ ∈ IR(n−r)×(n−r) twl
}Iy@lut¸not~�@a,�_a
8�p_t~nua@¯

�   Ç �«Ç ���ô��� Ç�� � � � �T�N��� � ¡m��� Ç�� � �(Ã� �¡ � �ô� Ä 
 !:�
>Q�%� '���#����I�A�
	 >$��� ���A>B��#"�A��� �+�����B &�$# �  "	�� �
'��
�����$# 
� �� 
� ��� 
���� � 
�� � � � �$>7�

m = 1
� !:�
>Y>$����> 	+�  "<=�

(WAW−1, Ḡ,H)
���9 L���+�$>?�$@��W	�����<:�#"�

>7�L�;'���	+	��
�  L�#"��$# �V	�����< � ���>?�I�# ��� �;�$#�� � ��< � �"���
#
CAr−1B > 0

�#"�

{z}(t+2 )TJ{z}(t+2 ) ≤ {z}(t−1 )TJ{z}(t−1 ), ∀t2 ≥ t1 ≥ 0, , � 0A/
�:���
	��

J
� � ��$@���#��$# 
 �� ���

�   ÇÇ�� ¤ \
]_aW8�sol�nl�n��¢nuaN`7a4pAn¦y{ªMnu]�a¨}_soy{}Iy@lut~nut�y{p�twl,���mt�soaN�Án��y@p�luaNvAq_a4pV��a�y{ªMnu]�a¨}Iy@lut¸not~�@a��_a
8_·
p�t¸noa4p_aWlul
y{ª

J
¯

��a�n�q�l�p�y¢§ lua�n
dν := (dν1, ..., dνr, 01×(n−r))

T .
�¾a]��×�@a

d{z} = WAW−1{z}dt+ Ḡdν = WAW−1{z}+dt+ Ḡdν , ��� /
�{p���nu]_aNsua4ª®y{soa

Jd{z} = JWAW−1{z}+dt+ JḠdν = JWAW−1{z}+dt+HT dν.

¥ n.soaNluq_�~nol/no]��¢n

({z}+)T Jd{z} = ({z}+)T (JWAW−1{z}+)dt+ ({z}+)THT dν.

Êda4soa
({z}+)THT dν =

∑r
i=1{zi}+ dνi

dµi
dµi

�{p��µno]AqVl
({z}+)THT dν ≡ 0

y@p
IR+ l�t�p���a±nu]_a

�4y{p��_t¸not~y@p�l�t�p , �@� /�, lua4a����wluy , � -�/ ��p�� , �A� /�/ a4pAno�{t~�nu]���n {zi}(t+) dνi

dµi
(t) = 0

ª®y{s
dµi

·º�_¯ a{¯
t ≥ 0

¯
É y@p�luaNvAq_a4pAno�~k

({z}+)TJd{z} = ({z}+)T (JWAW−1{z}+)dt.
�¾a]��×�@a

d({z}TJ{z}) =

r−1
∑

i=1

d{zi}2 + (CAr−1B)−1d{zr}2 + d(ξT Jξξ)
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���������
	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� �@�

�{p���nu]�a4pZq�lut~p�� , � / ��pV���.a4`&��so²!� , t~t / �{p��!soaN�4�{�~��t�p_�7nu]���nf]_aNsua CAr−1B > 0
´
Jξ = JT

ξ

´
Jξ

t�l
}Iy@lut~nut��{a�ma
8Vp_t¸noa{´_§/al�aNa¦nu]���n

d({z}TJ{z}) ≤
r−1
∑

i=1

2{zi}+d{zi} + 2(CAr−1B)−1{zr}+d{zr} + 2ξTJξdξ = 2({z}+)TJd{z}

�{p��Enu]Gq�l

d({z}TJ{z}) ≤ 2({z}+)T Jd{z} = 2({z}+)T (JWAW−1{z}+)dt =

= ({z}+)T (JWAW−1 +W−TATW TJ){z}+dt.
\
]�a4p�ª®y{s

0 ≤ t1 ≤ t2
´_§'a,�@a�n

{z}T (t+2 )J{z}(t+2 ) − {z}(t−1 )T J{z}(t−1 ) = d({z}TJ{z})([t1, t2]) =

=

∫ t2

t1

{z}(s+)T (JWAW−1 +W−TATW TJ){z}(s+)ds ≤ 0.

xMsoy{}Iy@lut~nut�y{p����{p��Et~nol.}_suyGy{ª(��soa¦lut�`�t��w��s
nuy 2 �m´_xMsoy{}Iy@lut~nut�y{p!� 3 ��p�� 26- �G´ ��a4`7`&��� 3�, lua4a���wluy
26- �_´�\
]_a4y@suaN` -�- ¯ � 3$/ ´m§�]_t���]!��}�}_�~kEnuy ���{�{s���p_�@t��{pElukGl�nuaN`&l
y{s
nuy�no]_a��4�@l�a r = 1

¯

��
�� � "+������ ���%" �*� "+� ��� "+� �� � �
��a�ndqVl98�s�l�n¦l�n��¢nua�luy{`7a��@�_�mt~nut�y{p��{�}_soy{}Ia4sunut�aNl�y{ª$nu]_a�luy{��qmnot~y@pZy�ª2}_soy{½_��a4` , �{� /�, � 0�/�, �@� /�, �@� / ¯�.aN�4�{�~�'nu]V�¢n�ª®y@s

z ∈ IRn ´M§/aEq�lua�no]_a�p�y�no��nut�y{p zT = (z̄T , ξT )
�@l�t�p ,K- � / §�t¸no] z̄ ∈ IRr ��pV�

ξ ∈ IRn−r ¯
�   Ç �«Ç ���ô��� Ç�� � �"�� � �� ���W>$����>

CAr−1B > 0
� ! ��>

t ≥ 0
�������$@ ��# ��� � �	� {z1}(t−) > 0

>7�L��#�>7�L�
���O#&'
> �I��# {zi}(.)



1 ≤ i ≤ r)

� �;'���# >?�$# �����%�W��>
t
���$� � ��� {z1}(t−) ≤ 0

��#&� {z2}(t−) > 0
>$���
#

{z1}(t+) = 0
��#&� >7�L� ���O#&'
> �I��# {zi}(.) (2 ≤ i ≤ r)

� ��'���#�> �$#�����%� ��>
t
� �$�$� � �	� {zi}(t−) ≤ 0

�
��	
�<$<

1 ≤ i ≤ j
��#"� {zj+1}(t−) > 0

��>7�L��#�>7�L� ���O#"'�> �I��# {zl}(.) (j + 1 ≤ l ≤ r)
� �W'��#�> �$#������%����>

t
�

�   ÇÇ�� ¤ \
]�a¨�¢����q_aWl.y�ª2no]_a7��y{p�aNl.t�p�no]_a�t~p��4�~qVl�t�y{p�ldt~p , �@� / ]V�×�{a�½Ia4aNp±��y@`�}�qmnuaW��t�pZnu]_a�}_soyGy�ªy{ª���a4`7`&� - ¯M\
]_asoaNluq_�¸n
ª®y@�~��y¢§.l'ª®suy@`þxMsoy{}Iy@lut¸not~y@p�l��m´_�&�{p�� , �{� / ¯t / ¥ ª {z1}(t−) > 0
no]_a4p

T i−1
Φ ({Zi−1}(t−)) = IR

��p��
∂ψT i

Φ({Zi}(t−))({zi+1}(t+)) = {0} ª®y@sd�����
1 ≤ i ≤ r

¯�t�t / ¥ ª {z1}(t−) ≤ 0
§/a7y{½mn���t�p±ª®soy{`hxMsuy@}VyAl�t~nut�y{pË�Enu]V�¢n {z1}(t+) = 0

¯ Xfp�a&]��{l
TΦ({Z1}(t−)) = IR+ �{p�� {z2}(t−) > 0

¯�\
]_aNsua4ª®y{soa,ª®suy@` , �{� / §/a��{a4n {z2}(t+) = {z2}(t−) >
0
¯�bdy¢§

T 2
Φ({Z2}(t−)) = TTΦ({Z1}(t−))({z2}(t−)) = TIR+({z2}(t−)) = IR

luy {z3}(t+) =
{z3}(t−)

¯2t�t~t / À.pV��luy7y{p¯
�   Ç �«Ç ���ô��� Ç�� � �"�� � �� ���;>7�L��>

CAr−1B > 0
��� � ���

z̄0 � 0
>$���
# {z̄}(0+) = {z̄}(0−) = z̄0

�W�$� �
�	�
t > 0

��#&� {z̄}(t−) � 0
>$���
# {z̄}(t+) = {z̄}(t−)

�

Ó(Ó�Ø�[�è+\ÁðÁç



�{� � '���	��5��> ��<

�   ÇÇ�� ¤ t / �a�n 1 ≤ j ≤ r
luq���]�nu]���n {z1}(0−) = ... = {zj−1}(0−) = 0

�{p�� {zj}(0−) > 0
¯ P�suy@`

x«suy@}VyAl�t~nut�y{p!�m´_§/a,y{½mn���t�p�no]��¢n {zl}(0+) = {zl}(0−),
ª®y@s.�����

j ≤ l ≤ r
¯ �a4n

0 ≤ i ≤ j − 1
¯ �¿a

]V�×�{a
−{zi}(0−) = 0 ∈ ∂ψT

i−1
Φ ({Zi−1}(0−))({zi}(0−))

�{p��
−{zi}(0+) = −{zi}(0+) + {zi}(0−) ∈ ∂ψT

i−1
Φ ({Zi−1}(0−))({zi}(0+)).

cfl�t�p_��nu]�a`�y@p_y�noy{p_tw��t~n�k�y{ª
∂ψT

i−1
Φ ({Zi−1}(0−))({zi}(.))

´_§/a¦�@a�n

〈−{zi}(0−) + {zi}(0+), {zi}(0−) − {zi}(0+)〉 ≥ 0

ª®soy{`þ§�]_t���]�§/a��maN�mqV��a¦nu]���n {zi}(0+) = {zi}(0−)
¯«\
]Gq�l {z̄}(0) = {z̄}(0−) = {z̄}(0+)

¯
\
]�a�lu�{`7a�suaWl�q��¸nd]�y{�w�_l.t~ª {z1}(0−) = ... = {zr}(0−) = 0

¯.Àdl¦��½Iy¢�{a@´_§/a�l�aNanu]V�¢n {zi}(0+) =
{zi}(0−),

ª®y{s.�{�~�
1 ≤ i ≤ r − 1

¯$e�y{soa4y¢�{aNsN´A§/a¦]V�×�{a

−(CAr−1B)−1{zr}(0+) ∈ ∂ψT
r−1
Φ ({Zr−1}(t−))({zr}(0+)).

�{p������wl�y
−(CAr−1B)−1{zr}(0−) = 0 ∈ ∂ψT

r−1
Φ ({Zr−1}(t−))({zr}(0−))

luy�nu]���n
〈(CAr−1B)−1

(

− {zr}(0−) + {zr}(0+)
)

, {zr}(0−) − {zr}(0+)〉 ≥ 0

�{p��Enu]Gq�l {zr}(0−) = {zr}(0+)
l�t�p��4a

(CAr−1B)−1 > 0
¯

t�t / \
]_a,}_suyGy{ª(y�ª�nu]�t�l�soaNluq_�~n�t�l.lut�`�t��w��s/nuy7no]_ay{p_a,y{ª(}��{s�n�t / ¯

��Ã�� � �®��� Ç�� � !:��>
0 ≤ a < b ∈ IR∪{+∞} ��� ���$@ ��# � %;� ��� ��>7�L��> �����< �O>?�I�# z ∈ (Tr−1(IR

+))n� �
(
� 

)(
� �

)(
���

)(
� �

)
� � 	��B��O<6��	���#

[a, b)
� � �
�	����A'��

t ∈ [a, b)
� >7�L��	������A� ��>?� �;	+��� �%>�#&�
��� � ���	��L���1�

[t, σ) (σ > 0)
�+��'�� >$����> >$����	��+�+> 	+�I'
> �I��# � � {z} >B�

[t, σ)
� ����#&��< ��> �I' �

� Ã � �³¡ � � �� A L���
�V>7�L�>
CAr−1B > 0

�#"�*<=�
>
z̄0 � 0, z̄0 6= 0

���;��$@��
# � ��� �*����< �O> �I��#
z
� �


�� � 
 ��� � 
���� � 
������ ���A� ��>?� >7�L��# >7�L��	�������� �+>?�
η > 0

�+��'��Q>$����>
z ≡ {z} � ����#"�< ��> �I'W�#

[0, η)
�#"�

z1(t) > 0, ∀t ∈ (0, η)
�

�   ÇÇ�� ¤ imq_}_}Iy@lua�nu]V�¢n
(
�{�

)(
� 0 )( �@� )( �A� ) ]V�{ld��l�y@�~q_nut�y{p z = (z̄, ξ)T

¯¦cdlut~p��ExMsoy{}Iy@lut¸not~y@p 0 ´I§'a8Vsol�n�soa4`&��so²±no]��¢n {z̄}(0) = z̄0
�{p��³lut~p��4a

z̄0 � 0, z̄0 6= 0
´$no]_a4soa�a4©Gtwl�nol

α > 0 (1 ≤ α ≤ r)luq���]±nu]���n {zα}(0) > 0
�{p�� {zk}(0) = 0

ª®y@s,�{�~�
1 ≤ k ≤ α − 1

¯ �¾a��4���{t~` no]��¢n,no]_a4soa¨a4©mt�l�nol
η0 > 0

l�qV��]�nu]���n {zα}
t�l¨��y@p@not~pGq_y@q�ly@p

[0, η0]
¯ ¥ pV�ma4aW�C´2l�q_}�}VyAl�a�y@p�nu]_a���y@p@noso�{suk�nu]���n�ª®y{s

aW�{��]
η0 > 0

nu]_aNsua7a4©Gtwl�nol��}Vy@t~pAn
t̄ ∈ [0, η0]

luq���]¿nu]���n {zα}(t̄+) 6= {zα}(t̄−)
¯7\
]_a4p¾§/a�`&�×k

8Vp��Z��luaNvAq_a4pV��ay�ª2}Iy{t�pAnol {ti}i∈IN
luq���]!nu]���n

ti → 0+ �{p�� {zα}(t+i ) 6= {zα}(t−i )
¯�\
]_aNpZq�lut~p_�

, � -1/ �{p�� , �{� / ´§/a��maW�mq��4a¨no]��¢np_aW��aWlulo��sot~��k {zα}(ti) = {zα}(t+i ) ≤ 0, ∀i ∈ IN
¯7\
]_a¨ª®q_p���nut�y{p

{zα}
t�l,sot~�@]An�·º��y{pAnot~pGq_y@q�lf�{p��±nu]Gq�l {zα}(0) = limi→∞{zα}(ti) ≤ 0

¯7\
]_twl,t�l�����y@pAnus��{�mtw�Ánot~y@p
lut�p���a {zα}(0) > 0

¯\
]AqVl {zα} = zα

twl¦�4y{pAnut�pGq_y{qVl.y{p
[0, η0]

¯�P�suy@`�no]_a7��]���t�p±y{ªMt~pAnuaN�{s��¢noy{s�l
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	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� �A�

t�p , �{� / §/a�l�aNa����wl�y7no]��¢n�no]_aª®q_p���nut�y{p�l {zk} = zk (1 ≤ k ≤ α − 1)
��soa��y@p@not~pGq_y@q�l
y{p

(0, η0)
¯

\
]�a4soa�ª®y{soafnu]_aNsua,a�©mtwl�n�l
η ∈ (0, η0)

l�qV��]�no]��¢n

zα(t) > 0, ∀t ∈ [0, η).

e�y{soa4y¢�{aNsN´@ª®y{s.�{pGk
1 ≤ k ≤ α− 1

´m§/a,]��×�{a���wluy

zk(t) > 0, ∀t ∈ (0, η)

lut�p���a

zk(t) = zk(0) +

∫ t

0

zk+1(τ)dτ =

∫ t

0

zk+1(τ)dτ.

¥ p!}��{s�not��4q_�w��sW´
z1(t) > 0, ∀t ∈ (0, η)

��p���no]AqVl
NIR+(z1(t)) = {0}, ∀t ∈ (0, η)

�{p��
T i

Φ(Zi(t)) =
IR
ª®y{s
�����

1 ≤ i ≤ r
�{p����{�~�

t ∈ (0, η)
¯2cdlut~p��

(CAr−1B)−1 6= 0
´G§/adl�aNa.no]��¢n
y{p

[0, η), z = {z}twl���y@pAnut�pAq�y{q�l��{p��Etwl.�7luy{��qmnut�y{p�y�ª(nu]_aWX¦ÐfÏ �






















































ż1 = z2

żj = zj+1 (1 ≤ j ≤ r − 1)

żr = CArW−1z

ξ̇ = Aξξ +Bξz1

z(0) = z0

, � -�/

\
]Gq�l
z(t) = WeAtW−1z0, ∀t ∈ [0, η)

�{p��Enu]_asoaNluq_�~n/ª®y@�~��y¢§.lN¯

� � ÃGÇ   Ã � � �"�� � �� ����>7�L�>
CAr−1B > 0

� ���
z̄0 � 0, z̄0 6= 0

��>$���
# �
� 
 
�!:�1'��< ���A� ��>!��#"'��� �&���
	��5� �A� �+>I�

T > 0
�+��'���>$����> >$���W��� ��>!��� �$# 
�� � 
� ����
���� � 
������;�L��� ��#

[0, T )
��> <=��� �+>9��#"��	��B���O<=��	 ����< �O> �I��#

z ≡ {z} ���$@ ��# � �

z(t) = WeAtW−1z0, ∀t ∈ [0, T );

� � 

z1(t) > 0, ∀t ∈ (0, T ) �

� � � 
 ‖z(t)‖ ≤ e‖WAW−1‖t‖z0‖, ∀ t ∈ [0, T ) �
� � 
 
�! ��'���<&�O#��������
#&�+��� � �	�

(T 1, z1)
�#"�

(T 2, z2)
��	���> ���W����< �O> �I��#���� � 
�� � 
��� � 
 � � � 
 � � �;>$���
#

>7�L��	�� � �A� �+>?�
T ∈ (0,min{T 1, T 2}] ����'�� >7�L�>

z1 ≡ {z1} ��#
[0, T )

�
z2 ≡ {z2} ��#

[0, T )
�#"�

{z1}|[0,T ) = {z2}|[0,T )

�
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�   ÇÇ�� ¤ �a4n�q�l��maNp_y�noa�½Gk
z = (z̄, ξ)T

no]_a&q_p_twvAq_aEluy{��qmnut�y{p�y{ª'no]_a X¦ÐfÏ�t~p , � -�/ y@p [0,+∞)�@t~�@a4p�½Ak
z(t) = WeAtW−1z0, ∀t ≥ 0.

Êda4soa
z
twl7��p��{�~kAnutw��y{p

IR+ ¯ �a4n α ½VaZluq���]³no]��¢n
z̄0,α > 0

��pV�
z̄0,k = {zk}(0) = 0

ª®y{s&�����
1 ≤ k ≤ α− 1

¯ �¿a��4���{t~` nu]���n�nu]_aNsua,a�©mtwl�n�l
ε > 0

luq���]�nu]���n

z1(t) > 0, ∀t ∈ (0, ε). , ��� /
¥ ª
α = 1

no]_a4p!no]_a�soaNluq_�~ndtwld����aN�{sN¯ ¥ ª
α ≥ 2

no]_a4pZno]_a4soa�a4©Gtwl�nol
ε > 0

luq���]!nu]V�¢n
zα(t) > 0, ∀t ∈

(0, ε)
�{p��Z½Gk�t~pAnuaN�{s��¢not~p_�7no]_a¨��]V��t�pZy�ªMt�p@noa4�@so��nuy{s�l
t�pZnu]_a�l�aW��y@p��!suaN����nut�y{p�l.t~p , � -�/ ´R§'a�y{½mn���t�p8Vp������~k�nu]���n , ��� / ]_y{�w�_lN¯

�¾aE`&�×k�p_y¢§�lua�n
T := sup{τ > 0 : z1(τ) > 0, ∀ τ ∈ (0, t)} ¯ É y@p��mt~nut�y{p , �{� / a4pAno�{t~�wl�no]��¢n

NIR+(z1(t)) = {0} �{p�� T i
Φ(Zi(t)) = IR

ª®y{s.�����
1 ≤ i ≤ r

��p��Eª®y{sf�����
t ∈ (0, T )

¯ ¥ nfsuaWl�q_�~nol/no]��¢n
z
lo�¢not�lK8�aWl«no]_asoa4�w�¢nut�y{pVl
t~p , �@� / · , �A� /�, �A� / y{p [0, T )

¯2\
]AqVl
}���sunol � 
 ��p�� � � 
 �{sua¦}_soy¢�{aW�C¯

\
]�t�l,luy{��qmnut�y{p±lo�¢not�lK8�aWl.no]_a5X¦ÐdÏ t~p , � - / �{p��Zno]Gq�lfª®suy@` 4¦soy{pG§
�����T¬ l.��a4`7`&� , lua4a�a{¯ ��¯ 2 03$/ ´C§'a�@a�n
‖z(t)‖ ≤ e‖WAW−1‖t‖z0‖, ∀ t ∈ [0, T ).

¥ n�ª®y@�~��y¢§.l'nu]���n � � � 
 ]_y{�w�_lN¯
��a�nEqVl�p_y¢§ �maNp_y�noa�½Gk

z = (z̄, ξ)T
��pGk8luy{��qmnut�y{p¹y{ª

(
�{�

) − (
�@�

), (
�@�

)
¯ P_soy{` nu]_a±}_suyGy{ª,y{ª

��a4`7`&���m´I§'a�²Ap�y¢§ no]��¢nfnu]_aNsua�a�©mt�l�nol
η > 0

luq���]!nu]���n
z1 = {z1}

t�lf��y{pAnot~pGq_y@q�l.y@p
[0, η)

��p��
z1(t) > 0, ∀t ∈ (0, η)

¯ ��a�n,q�l,p_y¢§ lua�n
T := sup{τ > 0 : z1(τ) > 0, ∀ τ ∈ (0, t)} ¯ �¿a7²Gp_y¢§no]��¢n

T ≥ η > 0
¯�iGy�´C§/a�]V�×�{a

NIR+(z1(t)) = {0} ��p�� T i
Φ(Zi(t)) = IR

ª®y{s�����
1 ≤ i ≤ r

�{p��
�{�~�

t ∈ (0, T )
¯«\
]Gq�l

z = {z} t�l.luy{��qmnot~y@p�y{ª(no]_a;X¦ÐfÏ , � -�/ y{p [0, T )
¯«\
]_a�luy{��qmnut�y{p�y�ª$no]_t�l.���@l�n

}�suy@½_�~aN`�twl.q�p_t�vAq_a���p���t¸nfª®y{���~y¢§.l.nu]���nft~ª
z
twld�Eluy{��qmnot~y@pZy�ª , �@� / · , �A� / no]��¢n,lu��nutwl.8VaNl�no]_a�t�p_t~nutw����4y{p��_t¸not~y@p

z(0) = z0, z̄0 � 0, z̄0 6= 0
nu]_aNp¿t~n¦twl,q_p_twvAq_a4��k��ma�8�p_aN�¿y{p

[0, T )
¯�\
]_a¨soaNluq_�~n¦t�p ��� 


ª®y@�~��y¢§.lN¯
��a�n�q�l�p�y¢§ �mtwlu�4q�lol/nu]_a��N�{lua

z̄0 = 0
¯

� � ÃGÇ   Ã � � �����+� � ��>7�L�>
CAr−1B > 0

� �	�
z̄0 = 0

��>$���
# �
� 
 
�!:�1'��< ���A� ��>!��#"'��� �&���
	��5� �A� �+>I�

T > 0
�+��'���>$����> >$���W��� ��>!��� �$# 
�� � 
� ����
���� � 
������;�L��� ��#

[0, T )
��> <=��� �+>9��#"��	��B���O<=��	 ����< �O> �I��#

z ≡ {z} �
� � 
 ‖z(t)‖ ≤ e‖WAW−1‖t‖z0‖, ∀ t ∈ [0, T )
� � � 
 �	�

(T 1, z1)
�#"�

(T 2, z2)
��	���>?���W	��B���O<=��	 ����< �O> �I��#���� � 
� �� 
� ��� 
���� � 
�������>7�L��# >7�L��	������A� ��>?�

T ∈ (0,min{T 1, T 2}] ����'�� >7�L�>
z1 ≡ {z1} �#

[0, T )
�
z2 ≡ {z2} �#

[0, T )
��#"� {z1}|[0,T ) =

{z2}|[0,T )
�

�   ÇÇ�� ¤ ÏMt~nu]�a4s � ¡ 

dT

ξ A
k
ξ ξ0 = 0, ∀k ∈ IN

y{s � � 
 nu]_aNsuaEa�©mt�l�nol
α ∈ IN

l�qV��]�nu]���n
dT

ξ A
k
ξ ξ0 =

0, ∀ 0 ≤ k ≤ α− 1
��p��

dT
ξ A

α
ξ ξ0 6= 0

¯
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	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� �G�

É �@l�a � ¡ 
 ¯MÊda4soa¦§/a���]_aW��²7nu]���n

z ≡ (z̄, ξ)T = (0, eAξtξ0)
T

twl,�Esoa4�@q_�w��s,l�y@�~qmnot~y@p±y{ª , �@� /;, � 0 /�, �@� /�, �@� / ¯ ¥ p��_a4aN�´Rnu]_a7`&��}_}�t~p_� t 7→ dT
ξ e

Aξtξ0
t�l�{p�����kAnutw�

�{p���§'a,�{a4n.]_a4soa �

dT
ξ ξ(t) =

∞
∑

k=0

dT
ξ ξ

(k)(0)tk =
∞
∑

k=0

dT
ξ A

k
ξ ξ0t

k = 0.

�¾a]��×�@adno]AqVl
żi(t) − zi+1(t) = 0, ∀t > 0, 1 ≤ i ≤ r − 1

(CAr−1B)−1(żr(t) − dT z̄(t) − dT
ξ ξ(t)) = −(CAr−1B)−1dT

ξ ξ(t) = 0, ∀t > 0,
�{p��

ξ̇(t) = Aξξ(t) (= Aξξ(t) +Bξ0), ∀t > 0.
É �@l�a � � 
 ¯ ��a�n�q�lY8�s�l�n.�mtwlu�4q�lol«no]_a�4�@l�a � � Å � 


dT
ξ A

k
ξ ξ0 = 0, ∀ 0 ≤ k ≤ α− 1

�{p��
dT

ξ A
α
ξ ξ0 < 0

¯

�¾a���]_aW��²7nu]���n
z ≡ (z̄, ξ)T = (0, eAξtξ0)

T

twl����~ym�N���Csoa4�{q����{s
luy{��qmnot~y@p�y{ª , �{� /�, � 0�/�, �@� /�, �@� / ¯M\
]_a4soa,a�©mtwl�n�l σ > 0
luq���]�nu]V�¢n

dT
ξ ξ

(α)(s) < 0, ∀s ∈ [0, σ)

lut�p���a
dT

ξ ξ
(α)(0) = dT

ξ A
α
ξ ξ0 < 0

��p��
dT

ξ ξ(.)
twl���y@pAnut�pAq�y{q�lN¯

��a�n
t ∈ (0, σ)

½Ia�{t��{aNp¯��¿a]V�×�{a

dT
ξ ξ

(α−1)(t) = dT
ξ ξ

(α−1)(0) +

∫ t

0

dT
ξ ξ

(α)(s)ds =

∫ t

0

dT
ξ ξ

(α)(s)ds < 0

�{p���l�y7y{p�´m§'a�@a�n 8�p��{�~��k&nu]V�¢n
dT

ξ ξ(t) < 0, ∀t ∈ (0, σ).
�¾a]��×�@a

żi(t) − zi+1(t) = 0, ∀t ∈ (0, σ) (1 ≤ i ≤ r − 1)

(CAr−1B)−1(żr(t) − dT z̄(t) − dT
ξ ξ(t)) = −(CAr−1B)−1dT

ξ ξ(t) > 0, ∀t ∈ (0, σ)
�{p��Enu]Gq�l

(CAr−1B)−1(żr(t) − dT z̄(t) − dT
ξ ξ(t)) ∈ −∂ψT i

Φ(0,...,0)(0) = IR+, ∀t ∈ (0, σ).

e�y{soa4y¢�{aNs
ξ̇(t) = Aξξ(t) (= Aξξ(t) +Bξ0), ∀t ∈ (0, σ).

��a�n�q�l�p�y¢§ �mtwlu�4q�lol/nu]_a��N�{lua � � Å � 

dT

ξ A
k
ξ ξ0 = 0, ∀ 0 ≤ k ≤ α− 1

��pV�
dT

ξ A
α
ξ ξ0 > 0

¯
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§/a��]_aN��²�nu]���n
z ≡ (z̄, ξ)T = WeAtW−1z0

twl2�f�~ym�4�{�msuaN�{q_�w��s$luy{��qmnut�y{p�y�ª , �{� / , � 0A/ , �@� /Y, �@� / ¯ �¿a
²Gp_y¢§³no]��¢n z twl�nu]_a�luy{��qmnut�y{p�y�ªVnu]_a�lukml�noa4`t�p , � -1/ ¯ �¾a]��×�{a z1(0) = ... = zr(0) = 0
�{p��

żr(0) = dT z̄(0) + dT
ξ ξ(0) = dT

ξ ξ0 = 0.

\
]�a4p
z(2)

r (0) = dT ˙̄z(0) + dT
ξ (Aξξ0 +Bξz1(0)) =

= d1z2(0) + ...+ dr−1zr(0) + dr żr(0) + dT
ξ (Aξξ0 +Bξz1(0)) = 0

�{p���l�y7y{p�q_pAnut��

z(α+1)
r (0) = dT z̄(α)(0) + dT

ξ (Aα
ξ ξ0 +Bξz

(α−2)
1 (0)) = dT

ξ A
α
ξ ξ0 > 0.

¥ n.soaNluq_�~nol/no]��¢n�no]_a4soa,a�©mt�l�nol
η > 0

luq���]Eno]��¢n

z(α+1)
r (t) > 0, ∀t ∈ [0, η).

\
]�a4p�§'a�@a�n
zi(t) > 0, ∀t ∈ (0, η) (1 ≤ i ≤ r).

�¾a¾`7�×k¹p�y¢§h��y@p�����q��ma¿nu]���n
z
twl!�8luy{��qmnut�y{p y�ª , �{� / , � 0�/ , �A� / , �A� / y@p [0, η)

¯ ¥ p��maNaN�C´¦t¸ª
t ∈ (0, η)

nu]�a4p
NIR+(z1(t)) = {0} ��pV� −∂ψT

i−1
Φ ({Zi−1}(t−))({zi}(t+)) = {0} (2 ≤ i ≤ r)

´R��pV�
CAr−1B 6= 0

¯
\
]�a¦a4©mt�l�nuaNp���ay{ª����~ym�N���Csoa4�{q����{s
luy{��qmnot~y@p�y@p�luy{`7a,t~pAnoa4so�×�{�

[0, T )
ª®y{����y¢§.l4¯

��a�n�qVlp_y¢§ �ma4p_y{nua�½Gk
z
��pGk¿suaN�{q_�w��sluy{��qmnut�y{pËy{ª , �{� / , � 0A/ , �A� / , �@� / ¯ �¾aE�4���{t~`hnu]���n�nu]_aNsua

a4©mt�l�nol
T > 0

luq���]Zno]��¢n
z
��y@t~pV��tw�maNldy{p

[0, T )
§�t¸no]Znu]_a¨q_p_twvAq_a¨luy{��qmnut�y{p , l�aNa 2 �{� 3 ´ 2 �G´Inu]_aNy{soa4`

-�3 y{s ���nuy�¬ l'nu]_aNy{soa4` t�p 2=- � 37/ y�ª�no]_a�lukGl�nuaN` �

zr(t) ≥ 0, ∀t ≥ 0, , �¢� /
�{p��























































〈ż1(t) − z2(t), v − z1(t)〉 ≥ 0, ∀ v ∈ IR, a.e. t ∈ (0, T ),

〈żj(t) − zj+1(t), v − zj(t)〉 ≥ 0, ∀ v ∈ IR, a.e. t ∈ (0, T ), (2 ≤ j ≤ r − 1),

〈(CAr−1B)−1[żr(t) − CArW−1z(t)], v − zr(t)〉 ≥ 0, ∀ v ∈ IR+, a.e. t ∈ (0, T ),

〈ξ̇(t) −Aξξ(t) −Bξz1(t), v − ξ(t)〉 ≥ 0, ∀ v ∈ IRn−r, a.e. t ∈ (0, T ),

z(0) = z0.

, �×� /
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��� � 0

�¾a
²Gp_y¢§�nu]���n
z1(0) = ... = zr(0) = 0

��p���nu]_aNsua/a�©mtwl�n�l
η > 0

luq���]�no]��¢n$nu]�a/`&�{}_}_t�p_�
t 7→ zr(t)twl���pV����k@not��¦y@p

[0, η)
¯

Ï«t¸no]_a4s � ¡ 

z
(k)
r (0) = 0, ∀k ∈ IN

y@s�� � 
 nu]_aNsua�a4©mt�l�nol
α ∈ IN

l�q���]!no]��¢n
z
(k)
r (0) = 0, ∀ 0 ≤ k ≤

α− 1
��pV�

z
(α)
r (0) 6= 0

¯
¥ p�N�{lua � ¡ 
 ´W§/a2�{a4n

zr(t) = 0, ∀t ∈ [0, η)
��p��fno]AqVl

z̄(t) = 0, ∀ t ∈ [0, η)
¯(\
]�a4p −(CAr−1B)−1dξξ(t) ≥

0, ∀t ≥ 0
��p��

ξ(t) = eAξtξ0, ∀ t ≥ 0
l�t�p��4a

z1 ≡ 0
¯ ¥ n¦suaWl�q_�~nol.nu]���n

z(·) twldq_p�t�vAq_aN�~kZ�ma�8�p_aN�±�{lno]_aq_p_twvAq_al�y@�~q_nut�y{p�y�ª , �×� / y{p [0, η)
¯

¥ p*�4�@l�a � � 
 ´
z
(α)
r (0) 6= 0

¯ ¥ n!twl!����aN�{sEno]��¢n
z
(α)
r (0) > 0

¯ ¥ p��_a4aN�´ft~ª¨§/a¾luq_}_}Iy@lua¾y{p no]_a
�4y{pAnus���sok�nu]���n

z
(α)
r (0) < 0

no]_a4p¾nu]�a4soa�a4©mt�l�nol
δ > 0

luq���]¿nu]���n
z
(α)
r (t) < 0, ∀t ∈ [0, δ)

¯�\
]�a4p
t�pAnuaN�{s��¢nut�p_�7no]_a���]V��t�pZy�ªMt�p@noa4�@so��nuy{s�l�t�p , �@� / §'a�y@½mno�{t~p*8�p�������k�no]��¢n

z1(t) < 0, ∀t ∈ (0, δ)
�{p��

�E��y{pAnoso�@�mt���nut�y{p¯.\
]Gq�l
z
(α)
r (0) > 0

��p��!no]_a4soa�a4©Gtwl�nol
σ > 0

luq���]!nu]V�¢n
z
(α)
r (t) > 0, ∀t ∈ [0, σ)

¯
\
]�a4p�§'ay@½mno�{t~p

zi(t) > 0, ∀t ∈ (0, σ) (1 ≤ i ≤ r)
´

NIR+(z1(t)) = {0}, ∀t ∈ (0, σ),

T i
Φ(Zi(t)) = IR, ∀t ∈ (0, σ), (1 ≤ i ≤ r)

�{p��
NIR+(zr(t)) = {0}, ∀t ∈ (0, σ).

\
]�t�l
t�`7}_�~t�aNl/no]��¢n.]�a4soa,�{��luy
z(·) t�l
q�p_t�vAq_aN�~k��ma
8�p�aN�!�{l'nu]�aq_p_twv@q�a,luy{��qmnot~y@p�y{ª , �×� / y@p [0, η)

¯
e�y{soa4y¢�{aNsN´×q�lut�p_� , �×� / §�t¸no] v = 0

��pV��soaN�N�����~t�p_�¦nu]���n
(CAr−1B) > 0

´{§'a�lua4a
nu]V�¢n 1
2

d
dt
‖z(t)‖2 ≤

WAW−1z(t),
�_¯ a{¯

t ∈ (0, T )
¯¨\
]�a4p¾q�l�t�p_� 4¦suy@pG§/�{�~�=¬ lf��a4`7`&� , l�aNa�a@¯ �V¯ 2 0�37/ ´�§'a�y{½mn���t�p±no]��¢n

‖z(t)‖ ≤ e‖WAW−1‖t‖z0‖, ∀t ∈ [0, T )
¯

¥ ª
z̄0 � 0

no]_a4p±§'a�}�suym��aNaN��§�t~nu]±�{p�t�p_t~nutw���$l�n��¢noasuaNt~p_t~nutw����t�»N�¢not~y@pZt~pZsoaNvAq_t�sot~p_�7no]��¢n
z(0+) = z′0§�]�a4soa

z′0
twl�q_p_twvAq_a4��kE�ma�8�p_aN��½Gk

z′0,i =
}�suy×© [

T i−1
Φ (Z0,i−1); z0,i

]

, ∀ 1 ≤ i ≤ r − 1,

z′0,r =
}_soy×©

(CAr−1B)−1

[

T r−1
Φ (Z0,r−1); z0,r

]

�{p��
z′0,l = z0,l, (r + 1 ≤ l ≤ n).

\
]�a4p
z̄′0 � 0

�{p��7§/ad`&�×k¨�{}_}_��k�\
]_aNy{soa4`&l/���p��&�nuy��@a�nMno]_a.ª®y@�~��y¢§�t�p_��~ym�N����a4©mt�l�nuaNp���a.soaNluq_�~nN¯
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 � �� � �� ���
>7�L�>

CAr−1B > 0
� �:��	�����'��

z0 ∈ IRn >7�L��	�� ����� �+>?�
T > 0

����'��*>$����> >$������� �+>!� � �$# 
�� � 
� ���

�� � � 
���������� ����#

[0, T )
�>Y<=������>9��#&��	�� ���O<=�	��
�< �O> �I��# �

���	�����@��
	 �
� 

z ≡ {z} �#

(0, T )
� � 


z1 ≡ {z1} ≥ 0
��#

[0, T )
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� � � 

zi = {zi} +

∑i−1
j=1(z

′
0,j − z0,j)δ

(i−j−1)
0 (2 ≤ i ≤ r)

� � 
 {z̄}(0+) = z̄′0
� 
 ‖{z}(t)‖ ≤ e‖WAW−1‖t‖z′0‖, ∀ t ∈ [0, T )
� � 
 ���

(T 1, z1)
��#&�

(T 2, z2)
��	���> ���;	��B���O<=��	 �
�< �O> �I��#L��� � 
� �� 
� ��� 
���� � 
�������>$���
# >7�L��	������A� ��>?�

T ∈ (0,min{T 1, T 2}] �+��'��Q>$����> 〈z1, ϕ〉 = 〈z2, ϕ〉, ∀ϕ ∈ C∞
0 (]0, T [; IRn)

�

��a�n�q�l�p�y¢§ }_soy¢�Gt��ma,���{��y{½��{�Ca�©mtwl�noa4p��4a,�{p���q_p_twv@q�a4p_aWlul�soaNluq_�~nN¯
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 � �� � �� ���
>7�L�>

CAr−1B > 0
� �:��	 ����'��

z0 ∈ IRn � >7�L� ��� ��>!��� �$#�
� �� 
��� � 
���� � 
������ ��� �5��> <=��� �+> �#"�
	�� ���O<=�	��
�< �O> �I��# �
���	�����@��
	 �
� 

z1 ≡ {z1} ≥ 0

�#
IR+

� � 
 {z̄}(0+) = z̄′0
� � � 
 ‖{z}(t)‖ ≤ e‖WAW−1‖t‖z0‖, ∀ t ∈ IR+

� � 
 ���
z1 �#"�

z2 �	�� > ����	�� ���O<=�	Y���< �O>?�I�#L� � � 
�� � 
� � � 
�� � � 
������ >7�L��# 〈z1, ϕ〉 = 〈z2, ϕ〉, ∀ϕ ∈
C∞

0 (IR+; IRn)
�

�   ÇÇ�� ¤ \
]_a4soa,a�©mt�l�nol
T > 0

l�q���]�no]��¢n�no]_a�l�kml�nuaN`þt�p
(
�{�

)(
� 0 )( �@� )( �A� ) ]��@l�y{p [0, T )

�7q_p�t�vAq_a
soa4�@q_�w��s.luy{��qmnut�y{p

z
no]��¢n,lu��nutwl.8VaNl
no]_a�soa4�w�¢not~y@p�l � � 
 · � � � 
 y�ª É y{soy{�����{suk - ¯9P_soy{` � � 
 ��p�� � � 
 ´I§'a

²Gp_y¢§ nu]���n ‖z(t)‖ ≤ e‖WAW−1‖t‖z′0‖, ∀t ∈ (0, T )
¯�\
]Gq�l ‖z(T−)‖ ≤ e‖WAW−1‖t‖z′0‖ < +∞�{p���§'a`&�×k&no]_a4pZ}�suym��aNaN��§�t~nu]��&l�no�¢noasuaNt~p�t¸not��{�~t�»N��nut�y{p�½Ak�suaWvAq_t~sot�p_��nu]���n

z(T+) = z′1
´�§�]�a4soa

z′1
twl�q_p_twvAq_a4��kE�ma�8�p_aN��½Gk

z′1,i =
}_soy×© [

T i−1
Φ (Zi−1(T

−)); zi(T
−)

]

, (1 ≤ i ≤ r − 1),

z′1,r =
}_soy×©

(CAr−1B)−1

[

T r−1
Φ (Z1,r−1(T

−)); zr(T
−)

]

,

z′1,l = zl(T
−), (r + 1 ≤ l ≤ n).

P�suy@` É y@suy@�~�w��sok - ´R§'a��@a�n,��}_soy{��y{p_�A�¢not~y@p�y{ª z(·) �{l¦�&q_p_twvAq_a¨soa4�@q_�w��sdluy{��qmnut�y{p±y�ª2nu]�a¨lukGl�nuaN`t�p
(
�@�

)(
� 0 )( �@� )( �@� ) y@p [0, T + T1)

§�t~nu]
T1 > 0

¯ �¾a,]��×�{a

‖{z(t)}‖ ≤ e‖WAW−1‖t‖z′1‖, ∀t ∈ [T, T1).

�¾a����wluy¨]��×�@a

| z′1,i |≤ | }_soy×© [

T i−1
Φ (Zi−1(T

−)); zi(T
−)

]

| ≤ | zi(T
−) |, (1 ≤ i ≤ r − 1),
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���������
	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� � -

〈(CAr−1B)−1z′1,r, z
′
1,r〉 ≤ 〈(CAr−1B)−1zr(T

−), zr(T
−)〉

�{p��Enu]Gq�l
| z′1,r | ≤ | zr(T

−) |,
lut�p���a

(CAr−1B)−1 > 0
¯2eZy@suaNy¢�{aNsN´

| z′1,l | = | zl(T
−) |, (r + 1 ≤ l ≤ n).

É y@p�luaNvAq_a4pAno�~k ‖z′1‖ ≤ ‖z(T−)‖ ��p��

‖{z(t)}‖ ≤ e‖WAW−1‖(t−T )‖z′1‖ ≤ e‖WAW−1‖(t−T )‖z(T−)‖ ≤

≤ (e‖WAW−1‖(t−T ))(e‖WAW−1‖T )‖z′0‖ = e‖WAW−1‖t‖z′0‖, ∀t ∈ [T, T1).
�¾a]��×�@a¦�{��luy
zi = {zi} +

∑i−1
j=1(z

′
0,j − z0,j)δ

(i−j−1)
0 +

∑i−1
j=1(z

′
1,j − zj(T

−))δ
(i−j−1)
0 (2 ≤ i ≤ r)

{z̄}(T+) = z̄′1
´

z ≡ {z} y@p (0, T ) ∪ (T, T1)
´

z1 = {z1} ≥ 0
y@p

[0, T1)
¯

Àfl���½Iy¢�{a@´m§'a��]_aW��²7nu]���n ‖z′0‖ ≤ ‖z0‖
´Vl�y¨nu]���n

‖{z(t)}‖ ≤ e‖WAW−1‖t‖z0‖, ∀t ∈ [0, T1).

Àdp��µl�y¾y{p�´«no]_t�l7}�suym��aW�mq_soa!kAt�a4�w�_l&�¾q_p_twvAq_a!`&�¢©mt~`&�{��suaN�{q_�w��s7l�y@�~q_nut�y{p
z
y{p

[0, Tmax)
l�qV��]

no]��¢n ‖z(t)‖ ≤ e‖WAW−1‖t‖z′0‖
´ ∀t ∈ (0, Tmax)

¯/Ê.aNsua
Tmax = +∞ l�t�p���ay{nu]_aNsu§�twlua{´_§/a,§'y@q_���

y@½mno�{t~p |z(Tmax)| ≤ e‖WAW−1‖Tmax‖z0‖ < +∞ �{p�� É y@suy@�~�w��sok - ª®q_sop_twl�]_aWlf��}_soy{��y{p_�A�¢not~y@p�y{ª
z
�@l��7l�y@�~qmnot~y@p�y{ª

(
�{�

)(
� 0 )( �@� )( �A� ) ´_§�]�t���]Z��y@pAnus��{�mtw�Án�l«no]_a��ma�8�p_t~nut�y{p!y�ª Tmax

¯
Àd}_}_��kGt~p_�¨��y{soy{���w��sok��,��p���}_soy{}Iy@lut¸not~y@pE�ft¸nMª®y@�~��y¢§.l$no]��¢n'�{qmnuy@p_y{`7y@q�l ���_t�lol�t�}���nut��{a �.]_t��{]_aNsMy{s��ma4s
lu§/a4a4}�t~p_��}_soym��aNloluaNl
��soa,§'aN�~�~·=}Iy@luaN��lukGl�nuaN`&l4¯2À.p!a4©m�{`7}_�~a,twl��ma�n���t��~aW��t~pZluaN�Ánot~y@p��_¯
��Ã �³¡m �� � � � 
 ! ��>

0 = T0 < T1 < T2 < ...
��� >7�L�Q��������
#&'���� �Q#"�# �!> 	+�$@1�I�< 
 {z}(T−

i ) 6=
{z}(T+

i )
�5��>!��>!�;	����$#��$> �I��< � "��>?�I�#  ����$#�>?��	�����O�$	����V>B� � �
>9>7�L���<=� ����< ����< �O> �I��#

z
� �&�L��#

z1 = {z1}�#"�
zi = {zi} +

∑

α

i−1
∑

j=1

({zj}(T+
α ) − {zj}(T−

α ))δ
(i−j−1)
Tα

(2 ≤ i ≤ r)

� � 
 ����	��<$<=��	���� �#"� ����	���<$<=�	���� '���# �����A��#"��	��< � "���� >B� >7�L� '����
�
m ≥ 2

�#"�Q�O# � �
��	 � 	���<=�>?�$@��
�A�B�	����  "	��@1�I�A��� >7�L��>;��#"� �+�� � �� ���+� >7�L�>

CAr−1B
� ��� � > �I�
<�> ���
� � ��> 	+� � �����$��� � #&��#L�+�$#%��O<=�	

��� � � ��> 	+�I'Q���� �>?	+� ��� �
 � �&�L�
��� ������� �  "> �I��#�� ��#L�+�O	�� >$����>�>7�L��� ��> 	+� �
CAr−1B

� �W L���+�$>?�$@��
�A����#��$>!�V�#"�

(CAr−1B)−1 � � #&��# #"�B�A�>?�$@��V�$# >7�L� ���
#��
� >$����>
(CAr−1B)−1

ij ≥ 0
�
��	V�<$<

i, j ∈
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�G� � '���	��5��> ��<

{1, ..., n} ���W��>!��>7�L��> � � m ≥ 2
���
��	

z = (z1, ...zr, ξ)
T ∈ IRn � 
 zi ∈ IRm � ξ ∈ IRn−rm)

���$> �����O<=�
���;'���#�@���#��I��#�>�>!� �%����>$����#&��	 �

‖z‖ :=

√

√

√

√

r−1
∑

α=1

‖zα‖2
m + 〈CAr−1Bzr, zr〉 + ‖ξ‖2

n−mr.

� � � 
 !:�
> �%��#"�>?�I'��W>$����>9>7�L�W	��
�+�O< > ���$@��
# � � ����	��<$<=��	�� �*�����+�W#"��> ��#"'�� �  �� ����>$��� �����O#"'��$# � ����<$<
� � ����'��L�#��I'
�	� ������
@��
	 � ��'�����# �I'��< ��� �+>B���W��� ��>$��� �
�	 �

Mq̈(t) + F q̇(t) +Kq(t) = LTλ

0 ≤ λ(t) ⊥ Lq(t) ≥ 0
, ��� /

'��# ��� > 	�����>!��� �$# ���O	 ��	�� � �
���	�� � ������� �;�$# � >$����>
q(0) ≥ 0

��#&�Q>7�L��>
FM−1F T (= CAB)

�L� �
>7�L��	�����O�$	����  "	��� L��	+> �I�+�	�
��
�� ����"+")$*��� � $�&(����"+� � � � 
����� "+�!& ��� � $*�" � "+�,� �!& � � � � ����� " � �
� É iml��4y{p�lut�l�n�y�ª ,.- � / §�t~nu]³�Z�4y{`7}_��a4`7a4pAno�{sut~n�k�soa4�w�¢not~y@p 0 ≤ w(t) ⊥ λ(t) ≥ 0 2 �{�_´(��� 3 ¯ ¥ n¨t�l�4�~aW��s�nu]���n�nu]�a«ª®y@su`&����twl�`*}_soy{}Iy@luaN�,t�p�nu]�t�l(}���}Ia4s�t�pA�@y{���{aWl��y@`�}��~aN`�aNpAno��sot~n�k¦�4y{p��mt~nut�y{pVl�½Ia�n�§/a4aNp
luy{`7a/�¢��sot��{½_�~aWl4´@l�aNa/\
]_aNy{soa4` - �{p���x«suy@}VyAl�t~nut�y{p��_¯$Ê.y¢§/a4�{aNs�no]_a�§/y{so²t~p 2 �{�m´{�{� 3 ��pV��no]_a
§'y@su²t�p7nu]�t�l«}���}Ia4s/�mt¸¼Ra4s't~p�lua4�@a4s����mª®q�p��_��`7aNp@n����V§/�×kmlN¯:P�t~s�l�n'�,�~ym�N����§/a4���~·=}Iy@luaN�mp�aNlol$suaWl�q_�~n«]��@lM½Ia4aNp
y@½mno�{t~p�aN�,t�p 2 �@�m´�\
]_a4y@suaN` ��¯ � 3 ª®y{s m ≥ 1

´×�{p�����@�~y@½�����§/a4���~·=}Iy@luaN�mp�aNlolCsuaWl�q��¸n�]V�{l½Ia4aNpy{½mn���t�p_aN�
t�p 2 ���_´{\
]_a4y@suaN` �_¯ �_¯ - � 3 ª®y{s�no]_a��4�{lua m = 1

¯�\
]_a4soa�ª®y@sua@´Wª®suy@`�t¸noa4` � � 
 t~p¨suaN`7�{su² - �m´�y@q_s$suaWl�q_�~nol�{sua¦`7y{soaf�@a4p_aNso�{�T¯$b.aN�{aNs�no]_a4��aNlol'nu]_a,`&�¢z�y@s
�_t�lo��soa4}��{p���k&twl/nu]V�¢n
nu]_a�{}_}_soy@�{��]Et~p 2 �@�m´V�{� 3 suaN�~t�aNly@p ��p aN�{aNp@nu·U�_sut��{aNp }Iy{t�pAnEy�ª��Gt�a4§ y{p ]AkG½_sotw�¹l�kml�nua4`&lN´.�{lEt�l�t~����q�l�noso��nuaW�µt~p¹no]_a4t�s!�ma
8�p�t¸not~y@p
y{ª.��l�y@�~q_nut�y{p 2 �@�m´2Ðda�8�p_t~nut�y{p³�V¯ - � 3 ¯ ¥ pËy{nu]_aNs�§/y{s��_lN´nu]�aEl�kml�nuaN`�twl�t�p_t~nutw����t~»NaN��t�p¶�Zl�y{·U�N�����~aW�
`7ym�ma , �!Ð.ÀdÏ / ´�{p���no]_a4p¾t�p@noa4�@so��nut�y{p�}_soy{�@suaWluluaNl.q_pAnut��$nu]_a&lukGl�nuaN` ]��{lfnoy�lu§�t¸n���]±noy��{p_y�no]_a4s
`7ym�ma@¯'Ï«lu}IaN��tw������k{´_no]_twl.§
�×kEy�ª�nu]�t~p_²Gt�p_��´I��aN�{��l
nuy&aN�{a4pAnu·U�msot��{a4p�nut�`7a�·Ut~pAnoa4�{s��¢not~y@pZlu��]_aN`7aNlN¯'b.y
pGq_`7aNsutw�4�{�(�����{y@sut~nu]�`�twld}�suy@}VyAl�aW�!t~p 2 �@� 3 ½�qmn¦y@p_��k!��suy@q_�{]Z�@q_t��_a4��t~p_a¨ª®y{s¦��y@p�l�nosuqV�Ánut�p_��l�q���]��lo��]_aN`�a 2 �@�m´ ��� 3 ¯ ¥ nftwl.§/a4���¸·U²Gp_y¢§�p�nu]���nfaN�{a4pAnu·U�msot��{a4pZlo��]_a4`7aWl.}Iy@lol�aWlul.l�nusoy{p����mso�×§�½V�{��²ml�l�qV��]�@lno]_aEt�`7}VyAlulut~½�t~��t¸n�k¾noy±}��@lul�nu]_soy{q_�@] 8�p_t~nua��{�N��q_`¨q_����nut�y{p�l�y�ª.aN�{a4pAn�l4´2��pV��nu]_a�t~`7}Iy@lol�t�½_t��~t~n�k
noy�y@½mno�{t~p¿��y{pG�@a4so�{a4pV��a}_soyGy�ªôl 2=- � 3 ¯,\
]�a¨}Iy{t�pAn¦y{ª«�Gt~aN§�nu]���n¦twl,�{�my@}mnuaW�Z]_aNsua@´Ct�l¦�ms���`&�¢not��N�����~k�_t¸¼Ra4soa4pAnN¯ ¥ nEtwl&nu]�a�}Vy@t~pAn�y{ª,�Gt�a4§�y�ª , q_pG½Iy{q_pV�maN� / �mt~¼IaNsuaNp@not��{�.t�p�����q�lut~y@p�l4´
§�]_tw��]µp��¢noq_s������~kkGt�a4�w�_lfnut�`7a�·ºl�noa4}_}_t�p_��pGq_`7a4sot��N���2lu��]�a4`7aNl¦��p��±}��×�{aWl.no]_a7§/�×k�noy¢§/�{so�_lf��y@pA�@a4so�{aNp���a�}�suyGy�ªôlN´�{l
t����~q�l�nus��¢noaN��t~pZluaN��nut�y{pZ�G¯

\(y�a4p��¶nu]_twl&luaN�Ánot~y@p´«��a�n�qVl7p_y�not��4aEno]��¢n�t~ªdno]_aZ��y{`7}_��a4`7aNp@n���sot¸n�kËsoa4�w�¢not~y@p¶twl7y�ªfnu]_a�ª®y{so`
0 ≤ w(t) = Cx(t) +Dλ(t) ⊥ λ(t) ≥ 0

´_��pV��t~ª(no]_a,`7��nusot¸©
D
twl/ª®q_�~�Cs���p�²I´Ano]_a4p�nu]�a,lukml�noa4` ]V�{l

soa4�w�¢not~�@a&�ma4�@suaNa��_¯ ¥ p³l�qV��]��±�4�{lua7nu]�aE��y@`�}��~aN`�aNpAno��sot~n�k�suaN����nut�y{p�`&��²@aNl}Ia4suª®aN��n¨l�aNp�lua{´$l�t�p���a
λ(t)

twld��ª®q�p��Ánot~y@p¯/Àfluluq_`7aª®y@s.t~pVl�n���p��4a,nu]���n
D = DT > 0

¯'\
]_aNpZt¸nft�l.�_aN�mq��4aN��ª®soy{`���y{pG�@a�©
�{p�����kml�twl , lua4a¦a{¯ ��¯ 2 �A�G´mÏ2©_��`7}_��a - �_¯Ý� 37/ nu]���n λ twl'nu]_a,}_soy�z�aW�Ánut�y{pEy�ª −D−1Cx

y@p
(IR+)m

t~p�nu]_a
`7a4nusot��¦�ma
8Vp_aN��½Gk

D
¯MÀdl
luq���]´mt~n
twl
� ��t~}Vlu��]_t~nu»,��y@pAnut�pAq�y{q�l'ª®q_p���nut�y{p�y�ª

x 2 �{� 3 ¯M\
]Gq�l'nu]_a�� É itwl«�{pVX¦ÐdÏd¯@\
]_twl«�4�~aW��so�~k�l�]_y¢§.lM§�]Ak¨nu]�a�ª®so�{`7a4§/y{so²�y�ª�mt~¼IaNsuaNpAnutw����t�p��4�~q�lut�y{p�l«t�l«p_y�n«§/a4���Vluq_t~nuaW�
noy�nu]_a��N�{lua

r = 0
¯
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P�y{���~y¢§�t�p_�!no]_a�§/y{so²±y{ªdeZy{soaN�{q 2 �A�m´(� 0 ´2� - ´2�¢�_´2��� 3 �{p��³��y{·=§/y{so²{aNsol 2 �A�G´$�{�_´��A� 3 ´2§/aE�{t~`3�¢n
�_aNlut~�@p_t~p��!nu]_aEluy�·º�4�{�~��aN� �ÁÏM©Anoa4p��_aN�ËeZy@suaW��q¬ l\
t~`7a4·ºiAnoa4}_}�t~p_� � , Ï«e�\.i / lu��]�a4`7a{¯!\
]_twlnut�`7a�·l�nuaN}_}_t�p_�¨lo��]_aN`�adtT¯ a{¯�´G§�t¸no]_y{qmn
��p�a4©m}_�~tw��t~n'}�suym��aW�mq_soa�ª®y{s/]��{p��m��t~p_��nu]_adnut�`7aNl'y�ªa4�@a4pAnol'twl«½��@l�aW�
y@p�no]_ad�{}_}_soy×©Gt�`&�¢not~y@p�y{p&�fnut�`7a.t~pAnoa4so�×�{�my�ªInu]_a.e�aN�{luq_soa�Ðdt~¼IaNsuaNpAnutw����P�y{so`7�{�~twlu`�y�ªInu]_adÊdt~�@]_a4s
Xfs��maNs
e�y{soaN��q�¬ l�iG§/a4aN}_t~p���x«suym��aWlul , �{� / � , �@� /�, �@� / ¯\
]_twl�l�aW�Ánut�y{p t�lEy{so�@��p�t~»NaN�µ�{lEª®y{���~y¢§.lN¯ ¥ p iGaW�Ánot~y@p �m¯ - ´.§/a±soaN�N�����d½��@l�tw�!ªô�{��nol���½Iy{qmn�nu]_apGq_`7aNsutw�4�{��not~`7a�·Ut�p@noa4�@so��nut�y{p�y{ªMnu]_a7eZy@suaW��q¬ lflu§/a4a4}�t~p_��}_soyG�4aNlold§�t~nu]���soa4�w�¢not~�@a¨�maN�{soa4a¨�~aWlul¦y{s
aWvAq�����nuy

2
¯ ¥ p±iGaN��nut�y{p¿�_¯ �G´Vnu]�a�}_sot~p��4t~}��~a¨y�ª$nu]_a���y@p�l�nosuqV�Ánut�y{p!y{ª2�{p±��}�}_suy×©mt�`&�¢nuaW��luy{��qmnot~y@pZt�l

l�no��nuaW�C¯ ¥ p¾nu]_aElu}_t�sut~ny�ª/nu]_a&§/y{so²�t�p 2 �G� 3 ´�l�aN�{aNso�{��`&��z�y{s}_soy{}Ia4sunut�aNl,y{ª'no]_a&}_soy{}Iy@luaN�±lo��]_aN`�a�{sua7y@qmnu��t~p�aN�¾t~p¶imaN�Ánot~y@p³�m¯ ��nu]���n�}��×�{a�nu]�a�§/�×k�nuy��Z��y@pG�{a4so�{aNp���a¨suaWl�q��¸nW¯ ¥ p³iGaN��nut�y{p³�m¯ ��´(§'a
�@t~�@a���p�y¢�{a4so�Gt~aN§³y�ªC�¦}VyAlulut�½_�~a�t�`7}_��a4`7a4pAno��nut�y{p�y�ªInu]_a�pGq_`7aNsutw�4�{�_lu��]_aN`7a{¯ P(t�p��{�~��k{´@§'a���y@p�����q��ma
½Gk��@t~�Gt�p_�&l�y@`7apAq�`�aNsutw�4�{�C��}_}_��tw�4�¢not~y@p�l
t�pZimaN�Ánot~y@p��m¯Ý�G¯Mx2��sunutw��q_�w��so��k{´Gnu]�apAq�`�aNsutw�4�{�lu��]�a4`7a,t�l
�4y{`7}��{suaW��nuy7���mt�suaW�Án/q�l�a¦y�ª��¨|
�{��²G§/�{so��ÏMq��~aNs
lo��]_aN`�a¦�{l't~p 2=- � 3�, iGaW�Ánot~y@p��m¯Ý�m¯ -1/ ¯�P�t�p�������k{´Anu]_at�p ��q�a4p��4a�y�ª2no]_a�»4aNsuy{·U�_kApV��`7t��Nl
t�lf]_t��{]_��t��{]AnuaW� , iGaN��nut�y{p¿�_¯ �_¯ � / ��p���no]_a�aN`7}_t~sotw�4����y{s��ma4s.y{ª2nu]_alo��]_aN`�a,twl
a4�¢����q���nuaN� , imaN�Ánot~y@p��m¯Ý�m¯ � / y{p!��}���sunutw��q_�w��s
a4©m�{`7}_�~a@¯\
]�a�ª®y{����y¢§�t~p_�Ep_y�n��¢nut�y{pZtwlfq�l�aW�!nu]�suy@q_�{]_y@qmn.no]_t�l¦luaN�Ánot~y@p¯ �¾a��_a4p_y{nua�½Gk

0 = t0 < t1 < . . . <

tk < tN = T
� 8�p�t¸noaE}��{s�not¸not~y@p , y{s7��luq_½R�mt~�Gtwl�t�y{p / y�ª�no]_a�not~`7a�t~pAnuaNsu�¢�{� [0, T ], T > 0

¯±\
]_a
t�pAnuaN�{a4s

N
l�n���p��_l�ª®y{s.no]_a�pGq_`¨½VaNsdy�ª$not~`7a�t�pAnua4so�¢���wl�t�pZnu]_a¨l�q_½R�mt��Gt�lut~y@p¯�\
]_a���a4p_�{nu]Zy{ª2��not~`7a

l�nuaN}Ët�l��maNp_y�noaN��½Gk
hk = tk+1 − tk

¯*P�y{s�l�t�`7}_�~tw��t~n�kËlu�{²{a@´(§/aE��y@p�lut��maNs�y{p��~k�t�p�nu]_a�l�aWv@q�a4�'�
�4y{p�l�no�{pAndnut�`7a7�~aNp_��no]

h
¯�\
]_a7��}_}_soy×©mt~`&��nut�y{pZy�ª

f(tk)
´Rnu]_a7�¢����q_a�y�ª'��suaW���(ª®q_p���nut�y{p

f
�¢n¦nu]_a

not~`7a
tk
´mtwl.�maNp_y�noaN��½Gk

fk

¯
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¥ p¾no]_t�l¨l�aW�Ánot~y@p´�§/a&�{t��{a&luy{`7a&�ma�n���t���l��{½Vy@qmnnu]�aEl�aN`7t~p��{�M§/y{so²Zy�ª.eZy{soaN�{q±y@p¿no]_a�pGq_`7a4sotw�4���
not~`7at�pAnua4�@so��nut�y{p�y�ª�nu]_alu§'aNa4}_t�p_�7}_soyG�4aNlol4¯

� �	���	� � �® ¢�4� Ç  ¢È Ã  E� Æ�ÃGÃ � � � � �   Ç £ Ã �N�
��a�ndqVld��y@p�lut��maNs�nu]�a�8�s�l�nfy{s��ma4s.lu§'aNa4}_t�p_��}�suym��aWlulN´_y@s.`7y{soa�}_soaN��twlua4��k{´mno]_a¨lu§'aNa4}_t�p_�&}_soym��aWlul�y{ª
soa4�w�¢not~�@a¦�_a4�{soa4a

1
t�p@nosuym�mqV��aN��t�p ,K-�/ �

−dz ∈ NK(t)(z(t)) (t ≥ 0), z(0) ∈ IRn, , �¢� /
cdp��ma4s.luq_t~no�{½_�~a¦]GkG}Vy{nu]_aWl�twl«y@p�no]_a,`�q_�~nut��¢����q_aN�Eª®q_p���nut�y{p

t 7→ K(t)
´GpGq_`7a4soy{qVl'�4y{pG�{aNsu�@a4p��4a

�{p����4y{p�lut�l�nuaNp���k�soaNluq_�¸n�l 2 �A�G´C�@� 3 ]V�×�{a�½Ia4aNp��{t��{aNpZnuy@�{a�no]_a4sf§�t¸no]�§/a4���¸·U}VyAl�aW�mp_aWluldsuaWl�q_�~noldq�lut~p_�no]_a�luy�·º�4������aN� � É �¢n���]_t�p_��·Uq_}��{�~�@y{sot¸no]_` �¦�ma�8�p_aN��t�p 2 � -+3 �

− (z(t+k+1) − z(t+k )) ∈ ∂ψK(t+
k+1)

(z(t+k+1)) , �{� /
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|/k�aN�~aN`7a4pAno�{suk��4y{pG�{a4©E��p��{�~kmlut�lN´m��p���q�lut~p��¨no]_a��y@pA�@a4pAnut�y{pEnu]���n
zk+1 = z(t+k+1)

no]_twl�t�l.aNvAq_t��@·
�{�~aNpAn/noy �

zk+1 = prox(Kk+1, zk) , �¢� /
É y@pAnus���sok�nuyËno]_a�l�n���p�����s��8½V�{��²G§/�{so�¶ÏMq_��a4s�lu��]_aN`7aZ§�t¸no]¹§�]_t���]µt~nE`7t~�@]AnE½Va��4y{pmª®qVl�aW�C´
nu]_a
�N�¢n���]_t~p���·Uq_}��{�~�@y{sot¸no]_`�twl2½��@l�aW��y{p�nu]_ada4�¢����q��¢not~y@p7y�ªRnu]_a�`7aW�{luq_sua

dz
y{p�no]_a.t�p@noa4so�¢���

]tk, tk+1]
´

t=¯ a{¯
dz(]tk, tk+1]) = z(t+k+1) − z(t+k )

¯ ¥ pV�ma4aW�C´�nu]_a�½V�{��²G§/�{so�¿ÏMq_��a4s�lu��]�a4`7a�twl�½��@l�aW�¿y@p�nu]_a
�{}_}_soy×©mt~`&�¢not~y@pEy{ª

ż(t)
§�]_tw��]Zt�l.p_y�nd�ma�8�p_aW�!t~pZ�&���w�{lolut��N���lua4p�lua,ª®y{s�y@q_sd�4�@l�a@¯ �¹]_aNp!nu]_a,not~`7a

l�nuaN}E�¢��p�t�lu]_aNlN´Gnu]�a,�{}_}_soy×©mt~`&�¢not~y@p&y�ª(nu]_a¦`7aN�{luq_soa
dz
nua4pV�_l/nuy7��8Vp_t¸noa,�×�{�~q�a,�4y{sosuaWl�}Iy{pV�mt~p��nuy

no]_afz�q_`7}±y�ª
z
¯,\
]_twlfsoa4`&�{su²�t�l,�4suq��4t��{�ª®y@sfno]_a7��y{pVl�twl�noa4p��4k�y{ªMnu]�a�lo��]_a4`7a@¯¦x2�{s�not��4q_���{su��k{´Vnu]�t�l

ªô�@�Án�a4pVl�q_soaNl/no]��¢n.§/a,]���pV�m�~ay@p_��k 8�p_t~nua�¢����q_aWl4¯
¥ p&no]_adlo��`7a.§
�×k{´�qVl�t�p_��]_t��{]�a4s«y@so�_a4s2pGq_`7a4sot��N���Ilu��]_aN`7aNl2twl«��n«½VaWl�n/q�lua4��aNlol4´@`�y@sua�y{ªÌnuaNp&t¸n/t�l

����p_�@a4soy{q�lN¯(|
�{lutw�4������k{´@���{a4p�a4s����_§
�×k�noy�y@½mno�{t~p���8�p_t~nuaf�_t¸¼Ra4soa4p��4a�·=n�kG}Vadlo��]_aN`�afy�ªCy{s��maNs
n
t�l«nuy

§�sot~nua��&\��×kA��y{s�a4©m}���p�lut�y{p�y�ª2y{s��ma4s
n
y{sd]_t~�@]_a4sW¯/imq���]��&lu��]�a4`7at�l.`�aW��pAn�nuy���}_}_soy×©mt~`&��nua¦nu]_a

n
·=nu]¿�ma4sot~�¢��nut��{a�y{ª2nu]_a��mt�lo��soa�not~»NaN�!ª®q�p��Ánot~y@p¯ ¥ ªMno]_a¨luy{��qmnot~y@pZ§'a���soa��maN�{�~t�p_��§�t~nu]¿t�ldy{½G�Gt~y@q�lu�~k
p�y�n/�_t¸¼Ra4soa4pAnutw��½��~a@´A§�]V�¢n'twl'nu]_a¦`7aN�{p_t~p���y�ªqVl�t�p_�¨��lo��]_a4`7ad§�t~nu]�y{s��ma4s

n ≥ 2 � iGqV��]E��lo��]_a4`7a§�t����Vnosuk7noy¨�{}_}_soy×©Gt�`&�¢noaf�maNsut��¢�¢nut��{aWlM§�]_tw��]��_y¨p_y{n/a4©mt�l�nN¯2À/n/nu]_a¦nut�`7aNl/y�ª(p_y{pm·º�mt~¼IaNsuaNpAnutw��½_t��~t~n�k{´
t~n&`&�×k¾t�pAnusoym�mq���a�t�p¶no]_a�luy{��qmnot~y@p8��sunut=8V�4t��{�/q�pA½Iy{q�p��maN�³nuaNsu`&l7��soaN��nut�p_�±yAlu�4t~������nut�y{p�lN´2a�n���¯ ¥ p
luq_`7`&��sok{´@]_t~�@]_a4su·Uy{s��ma4s2pGq_`7a4sotw�4���Vlu��]_aN`7aNl«�{sua�t�p��@�maNvAq���nua�ª®y@s2nut�`7a�·ºl�noa4}_}_t�p_���mt�lo��soa�not~»W�¢not~y@p�y{ª
�4y{`7}_��a4`7a4pAn���sot¸n�k�lukml�noa4`&l4¯
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]�a �ub.y{p iG`7yAy{nu] É y{pAno�@�Án�ÐfkGp���`7tw�4l , b¦i É Ð / ��`7a�no]_ym� 2 ���_´2�@�G´$�A� 3 t�l¨nu]�a�pGq_`7a4sotw�4���/�mtwl�·�4sua4nut�»N��nut�y{pZy�ª$no]_a¨luaN�4y{p��!y@so�maNsfeZy@suaW��q�iG§/a4aN}_t~p���}_soyG�4aNlol.t�pAnusoyG�_q���aW�!½Ak!eZy@suaW��qZt�p 2 ���_´C��� 3t�p7nu]�af��y@pAnua�©Gn«y{ª �����@so�{p_�{tw��p�`7aN��]��{p_tw�4���Vl�kml�nua4`&l , � - / soa�ª®y{so`�q�����nuaN�7�@l«�`7aN�@l�q�sua.�mt~¼Ra4soa4pAnutw���t�p��4�~q�lut�y{p 2 �{�_´V���_´V�¢� 3 �

M(q)dv + F (q, v, t)dt =

ν
∑

α=1

∇hα(q)λα, , � 0A/
§�]�a4soa

q
twl,nu]_a&�@aN��nuy{sy{ª
�{½�luy{��qmnuaN�~k±�4y{pAnut�pGq_y{qVl,�{a4p�a4s�����t~»NaN�¾��yGy{s��mt�p��¢noaNlN´

dv
twl��!�mt~¼IaNsuaNpAnutw���

`7aW�{luq_sua��{lol�ym��tw�¢noaN��§�t~nu]¶nu]_a��{a4��ym��t~n�k
v = q̇+

��y{pVl�tw�ma4soaN�Ë�@l¨�¿� É ��|/Í ª®q_pV�Ánut�y{p�´
dt
twl¨nu]_a

��a4½IaNlu�{q_a7`7aN�@l�q�sua
M(q)

twl,nu]�a�`&�{lol,`7��nusot¸©¾��p��
F (q, v, t)

t�l,no]_a�lua�n�y�ª/ª®y{s���aWl�{��nut�p_�Zq_}Iy{p
no]_a,l�kml�nua4`!´

hα(q) ≥ 0, α = 1 . . . ν,
�{suadnu]_a,q_p�t~�w�¢noa4s����R��y{pVl�noso�{t~pAnol/��pV� 8�p��{�~��k{´

λ
twl
��`7aW�{luq_sua@¯

\(y&��y@`�}��~a4nua,nu]�t�l
`7aN�@l�q�sua�mt~¼IaNsuaNpAnutw���CaNvAq���nut�y{p´_e�y{soaN��q�}_soy{}Iy@luaN�����4y{`7}��@�Án
ª®y{so`�q_�w�¢not~y@p�y{ª
�{p�t�p_aN���@l�not��¦t�`�}V�{�Án.�w�×§ �@l���`�aW�{luq_soaft�p�����q�lut~y@p �

−HT (q(t))λ ∈ ∂ψV (q(t))(v(t
+) + ev(t−)) , �{� /

§�]�a4soa
V (q)

twlMno]_afno��p��{a4pAn'�4y{p_adnuy
Φ(t)

�¢n
q
´
e
t�l«nu]�a¦�4yAa�Z���t�a4pAn'y{ª�suaWl�not¸noqmnut�y{p���p��

HT (q)λ =
∑ν

α=1 ∇hα(q)λα

¯�P�t~p��{�~��k{´�§'a,y{½_no��t�p!��e±Ð ¥ ´�nu]_a�luy�·º�4�{�~��aN��l�§/a4aN}_t~p��¨}_soym��aWlul��

M(q)dv + F (q, v, t)dt ∈ −∂ψV (q)(v(t
+) + ev(t−)) , � -�/
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\
]_a
bfi É Ð8`7a4nu]_ym��}Ia4suª®y{so`&lno]_a/pAq�`�aNsutw�4�{�{not~`7a/t~pAnoa4�{s��¢not~y@py�ª_no]_a
e�Ð ¥ , � -�/ y@p��dt�pAnuaNsu�¢���
(tk, tk+1]

¯Mcdlut�p_��nu]_ap_y{no��nut�y{p

vk+1 ≈ v(t+k+1); µk+1 ≈ λ(]tk , tk+1]) , �@� /
t~n.`&�×k�½Ia§�sut~n�noa4p!�my¢§�p��@l/ª®y{���~y¢§.l��






































−M(vk+1 − vk) − h((1 − θ)F (vk+1, qk+1, tk+1) − θF (vk, qk, tk)) = HT (q̃k+1)µαk+1

HT (q̃k+1)µαk+1 ∈ ∂ψTΦ(q̃k+1)(vk+1)

qk+1 = qk + h((1 − θ)vk+1 + θvk), θ ∈ [ 12 , 1]

q̃k+1 = qk + hvk

, �@� /

\
]�a¦t�p��4�~q�lut�y{pZ�4�{p�½Ia�l�n��¢noaN��aNvAq_t��×�{�~aNpAnu��kE�{l��7��y@`7}_�~aN`7a4pAno�{sut~n�k�}_soy{½_��a4` �
t~ª
h(q̃k+1) ≤ 0

no]_a4p
0 ≤ H(q̃k+1)vk+1 ⊥ µk+1 ≥ 0 , �{� /

\
]�a�×�{�~q�a
q̃k+1

t�lf�¨}�suaW�mt���nut�y{p!y�ª$no]_a}VyAl�t~nut�y{p!§�]_tw��]Z�����~y¢§.l/no]_a��4y{`7}_qmn��¢nut�y{p!y{ª(no]_a,no�{p_�{aNp@n
�4y{p_a

TΦ
¯�À

θ− `�a4nu]_ym�twl(q�l�aW�,ª®y{s�nu]_a't~pAnoa4�{s��¢not~y@py�ªmno]_a«}Iy@lut¸not~y@p��{loluq_`7t~p_�.nu]���n q twl(�{½�l�y@�~q_nua4��k�4y{pAnut�pGq_y{qVl4¯2\
]_alo��`7a��}_}_soy×©mt~`&��nut�y{pEtwl
`&�{�ma,§�t~nu]!no]_a¦nua4so`
F (v(t+), q(t), t)

¯

�¨Ç � � Ã � �N� P_soy{` �&pGq_`7a4sotw�4����}Vy@t~pAnfy{ªM�Gt~aN§´�n�§/y�`&�¢z�y@s.�~aWluluy{pVl.�4�{p�½Va¨�~aW��sop_aN��ª®y@su`�nu]�t�l
§/y{so²��

- ¯9P�t~s�l�nW´no]_a&�¢��sot~y@q�l¦nuaNsu`&l,`&��p_t�}_q_�w�¢noaN�¾½Gk�no]_a&pGq_`7a4sot��N���M�����{y@sut~nu]�` ��soa�y{ªY8Vp_t¸noa&�¢����q_a{¯
\
]_a�q�lua&y�ª.�mt~¼Ra4soa4pAnutw���M`7aW�{luq_suaWl,y�ª/nu]_a�nut�`�aEt~pAnuaNsu�¢�{�

(tk, tk+1]
´�¯�tT¯ a{¯�´

dv(]tk, tk+1]) =
v(t+k+1) − v(t+k )

��p��
= µk+1 = dλ(]tk , tk+1])

twl&ª®q�p��_��`7aNp@n����d�{p��µ�����~y¢§.l&��sot��{y{soy{qVl
nusoaN��nu`7a4pAn7y�ª.no]_a�p�y{p8lu`7yGy�nu]8a4�@y{��qmnut�y{p�lN¯ �¹]_a4p8nu]�aEnot~`7a�·ºl�nua4}

h
�×�{p_twl�]_aWl4´«t¸n&�����~y¢§.l

nuy��maN�{�'§�t~nu] 8�p_t~nua¨z�q_`7}�lN¯ �¹]�a4p³no]_a�a4�{y@�~q_nut�y{pËtwl�lu`7yGy�nu]�´$nu]_a!lu��]�a4`7aEtwl�aWvAq_t~�¢�{�~aNp@n
nuy!�E½V�{��²G§/�{so�!Ï«q_�~aNs�lu��]�a4`7a{¯ �¾a&�4��p¿suaN`&��so²�no]��¢n,p_y¢§�]_aNsua���p¾��}_}_soy×©mt~`&��nut�y{pZy�ª'nu]_a
�{�N��a4��a4s��¢not~y@pEtwl�q�luaN�C¯

�m¯.iGaN�4y{p��_�~k@´'no]_a�t�p�����q�lut~y@pµt~pµnoa4so`7l�y�ª�{aN�~ym��t~n�k8�{�~��y¢§.l7q�l7noyËnusoaN��n&nu]_a¿�mt�lu}_�w�{�4a4`7a4pAnE�{l
�Ël�aW��y@p��_��sokË�¢��sot��{½_��a{¯ À �Gt��{½_t��~t~n�k¶��a4`7`&��a4p�luq_soaNl�no]��¢n&no]_a���y@p�l�noso�{t~pAn�l7y{p

q
§�t��~�f½Va

suaWl�}IaN��nuaW���¢nM�4y{pG�{aNsu�@a4p��4a{¯
�¾a/§�t����Glua4a'ª®q_sunu]_aNs$nu]���n(no]_twl�ª®y{so`�q_�w�¢not~y@p��{t��{aWl�`7y@sua/l�n���½_t��~t~n�k
nuy7no]_a�lu��]�a4`7a{¯

\
]_aWl�a�soa4`&�{su²ml�y{p¨nu]_a.�4y{pAno�@�ÁnM�mkGp��{`�tw�4lM`�a4nu]_ym��`7t~�@]AnM½Va��Gt�a4§/aN�¨y{p_��k¨�@l2l�y@`�a
pGq_`7a4sotw�4���
nosutw��²ml4¯ ¥ p�ªô�@�ÁnW´¢nu]_a
`&�¢no]_a4`&��nutw�4���ml�nuq��_k�y�ªVnu]_a�luaN��y@p���y@so�_a4s$e�Ð ¥ ½Gk�eZy{soaN�{q�}_soy¢�Gt��_aNl��fluy{q_pV�
`&��nu]_aN`7��nutw�4�{���@suy@q_p��±nuy�nu]�t�l,pGq_`7a4sotw�4���2lo��]_a4`7a@¯ ¥ n�twl,p_y�noa4§/y{sunu]Gk�nu]���n���y@pA�@a4so�{aNp���a¨suaWl�q_�~nol
]V�×�{a¦½VaNa4p!}_soy¢�{aN��ª®y{s.luq���]�nut�`�a4·Ul�nuaN}_}_t�p_��lo��]_a4`7aNl 2 �A�m´_� 0 3 ¯
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]_a7bfi É Ð `�a4nu]_ym�±}_suy¢�Gtw�maNlf��pGq_`7a4sotw�4���$lo��]_a4`7a�§�t~nu]
�@a4sok±p_tw��aE}_suy@}VaNs�not~aWl4¯Z\
]_aEsuaW�{�maNs�`&�×k¾�4y{pG�Gt~p��4a&]_twl �¢]_a4s�l�aN�¸ª
y�ª�no]_twl�½Gk¾l�nuqV�mkGt~p_��nu]_a�l�t�`7}_�~a
½Iy{q�p���t�p_��½V�����Iy@p���sut��{tw�&}_�w��p_a,luq_½mz�aN��n'noy¨�@so�×�Gt~n�k��{p��&§�t~nu]�a4�w�{l�nutw�.soaNl�nut~nuqmnot~y@p¯2\
]_a¦}_suy@}VyAl�aW�
not~`7a4·U�mtwlo��soa�nut�»N��nut�y{p�y�ª�nu]_a`7y�not~y@p�y{ª(no]_twl�½������Ctwl

−m(v(tk+1) + v(tk)) − hmg ∈ ∂ψV (q̃k+1)(v(tk+1) + ev(tk)) , �@� /
§�]�a4soa

m
t�l'no]_af`&�@lul'y�ªno]_a¦½������T´

e
nu]�a¦�4yAa�Z���t�a4pAn/y{ªsuaWl�not¸noqmnut�y{p���p��

g
no]_a,�{s��×�Gt¸n�k@¯ Xfp_afp_y�noaNl

no]��¢n�no]_a��mtwlol�t�}��¢not~�Gt~n�kE}_soy{}Ia4sun�kElu]_y¢§.l/nu]�suy@q_�{]�nu]_a�}Vy¢§/a4s�y{ª
h
t�p!nu]�anuaNsu`

hg
§�]_tw��]!]��{l�nu]_a

�_t~`7a4pVl�t�y{p�y�ª.�{pËt~`7}_q_�wlua , no]_a4soa�twlp_y h }_sua4·=`¨q_�~nut�}_�~kGt�p_�!nu]�a�sut��{]Anu·=]��{p��G·ºl�tw�ma&lut~p��4a&nu]�t�l�t�l���4y{p_a / ¯¥ ª
q0 > 0

no]_a4p�nu]_a,½��{�~�Rªô�{�~�wl��my¢§�p�q_pAnut��C}VaNp_a�noso��nut�y{p�t�l
�ma4nuaN��nuaW����n
l�nuaN}
k∗ , t=¯ a@¯ qk∗−1 > 0§�]�t~��a

qk∗ < 0 / ¯�\
]_a4pµno]_a±�@a4��yG�4t¸n�k8t�lEsuaN�{aNsoluaN�C´/t=¯ a@¯ vk∗+1 = −evk∗

§�]_t��~a
qk∗+1 = qk∗

¯
\
]Gq�lnu]_aElukml�noa4` t�l�sua4·=t�p_t~nutw����t~»NaN���¢n�aW�{��]�t�`�}V�{�ÁnW´$§�t¸no]�nu]_aElo��`7a&�@a4��yG�4t¸n�k¾��p��Ë��nnu]_a�lu�{`7a
}Iy@lut~nut�y{p¯Ë\
]_aNsua���soaEp_y¿a4sosuy@solt�pAnusoym�mq���aW�³½Gk¾nu]_a�pGq_`7a4sot��N���
lu��]�a4`7a��{p��³y@p_a��N��p¶lut~`¨q_�w�¢nua
lua4�@a4s����G½_t��~��t�y{p�l2y{ªl�q���]&�4kG�4�~aWl$§�t¸no]&p_a4t~nu]�a4sMaNp_a4so�{k¨�@��t�p�p_y{sM��y@loluaNlN¯ É ��aN��so��knu]_twlMtwl2p_y{nM}VyAlulut�½_�~a
§�t~nu] ��p¹a4�@a4pAn�·º�msot~�@a4pµlu��]�a4`7a{´�aN�{a4p¹t~ª��Ë�@a4sok8�{�N��q_s��¢noa��ma�noaN��nut�y{p }_soym��aW�mq_soaZt�l�q�luaN�C¯ \
]_a
q�p��×�{y@t��_�{½_��a/}Ia4p�a�nus��¢not~y@p7t�l«p_y�n«�`&��z�y{s2twluluq_a{´Al�t�p��4ad��pGkG§/�×k�nu]_ad�_t�lo��soa�not~»NaN�7l�kml�nuaN`��4�{p_p_y{n«½Va
a4©_�{�Áno�~k!�¢n

q = 0
¯ �¹]��¢n¦t�lf��soq���tw���(t�ldnu]V�¢ndno]_a�}Ia4p�a�nus��¢not~y@pZ�{yGaNl.nuy�»4a4soy&§�]_aNp

h → 0
¯ ¥ pZno]_a

�N�{lua
e ∈ (0, 1)

´C��p¿t~pL8�p_t~n�kZy�ª«soa4½Iy{q_pV�_l¦t~p�8�p_t~nua�nut�`7a¨ym�4�4q_s�lft�p�no]_a7��y{pAnot~pGq_y@q�l.not~`7a7`7ym�ma4�=¯
\
]�t�ldÎIaNp_y7½VaN]��×�Gt~y@q_s
t�ld��y{sosoaN�Áno�~k&t�pAnuaN�{s��¢nuaW�E�@l��ma4}_tw�ÁnoaN��y{p P�t��{q_soa - ¯

��
	� � & ��*� � $ � "
��a�ndqVl.l�n���sund§�t~nu]��7�{aNp_a4sotw�,aNvAq��¢not~y@p!y�ª$nu]_a�`�aW�{luq_soa��mt¸¼Ra4soa4pAnot��{�Cª®y{so`&����t�lu` ª®y@s.nu]�a�a�©GnuaNp��maW�
lu§/a4a4}�t~p_��}_soym��aNlol , �@� / ª®y{s 1 ≤ i ≤ r − 1

�

dzi − zi+1(t)dt = dνi,

dνi ∈ −∂ψT
i−1
Φ (Zi−1(t−))(zi(t

+)).
, �{� /

Àfl,t~pËiGaW�Ánut�y{pË�m´�t¸n�soaNluq_�~nolfª®suy@` xMsoy{}Iy@lut¸not~y@p - nu]V�¢n���p¾a4�¢�{�~q���nut�y{p¿y�ª«no]_twle�Ð ¥ y{p¿nu]�a¨not~`7at�pAnuaNsu�¢���
(tk, tk+1]

kGt�a4�w�_l �

dzi((tk , tk+1]) −
∫

(tk,tk+1]
zi+1(τ)dτ = dνi((tk, tk+1])

dνi((tk, tk+1]) ∈ co(∪τ∈(tk,tk+1] − ∂ψT
i−1
Φ (Zi−1(τ−))(zi(τ

+))).
, �A� /

\
]�a¨�¢����q_aWlfy{ªMnu]�a¨`7aN�@l�q�suaWl
dzi((tk , tk+1])

��p��
µi,k+1

∆
= dνi((tk, tk+1])

��soa�²@a4}mn�{lf}_sot~`&�{suk
�¢�{sutw��½_��aNld��p��!no]_twl.ªô�@�Ánftwl¦��soq���tw����ª®y{s.no]_a¨�4y{p�lutwl�noa4p��4k�y{ª2nu]_a¨`�a4nu]_ym��ª®y{s.no]_a�p�y{p�lu`7yAy{nu]ZaN�{y�·
��qmnot~y@p�l4¯M\
]�a¦t�pAnuaN�{s����InuaNsu`�t�l��{}_}_soy×©Gt�`&�¢noaN�&no]���p�²Gl�nuy �

∫

(tk,tk+1]

zi+1(τ)dτ ≈ hzi+1(t
+
k+1) = hzi+1,k+1 , �{� /
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�{p��Enu]_aNp�§/a,y{½mn���t�p �

zi,k+1 − zi,k − hzi+1,k+1 = µi,k+1. , � 0A/
P�y{s,no]_a���}_}�suy×©mt�`7��nut�y{p�y{ª'no]_a&t�p�����q�lut~y@p´Cnu]�a&q_p_t�y{p�y�ª
��y{pG�@a�©¿�4y{p_aWlftwl��{}_}_soy×©Gt�`&�¢noaN��t�p¾nu]_a
ª®y@�~��y¢§�t�p_�¨§
�×k �

co(∪τ∈(tk,tk+1] − ∂ψT
i−1
Φ (Zi−1(τ−))(zi(τ

+))) ≈ −∂ψT
i−1
Φ (Zi−1(t−

k
))(zi(t

+
k+1)). ,?0 � /

Àfluluq_`7t�p_��´G�{l«t~p , �{� / ´Anu]���nMnu]_a¦��}_}�suy×©mt�`7��nut�y{p7y�ª zi

t�l'��y{pVl�n���pAn«y{p&aW�{��]&t�pAnua4so�¢���
(tk, tk+1]

´A§'a
�@a�n �

µi,k+1 ∈ −∂ψT
i−1
Φ (Zi−1,k)(zi,k+1). ,?0L-�/

P�t�p�������k{´Gnu]�a,nut�`�at�pAnuaN�{s��¢nut�y{p�y�ª$���{a4p�a4sot��¦aNvAq���nut�y{p�y�ª(nu]_a�e�Ð ¥ t~p , �@� / twl��{t��{aNp�½Gk �

zi,k+1 − zi,k − hzi+1,k+1 = µi,k+1 ∈ −∂ψT
i−1
Φ (Zi−1,k)(zi,k+1) (1 ≤ i ≤ r − 1). ,I0 � /

\
]�a¦�w�{l�n.aNvAq���nut�y{p , �G� / t�l��_t�lo��soa�not~»NaN��t~p�nu]�a�lu�{`�a,§
�×k �

zr,k+1 − zr,k − hCArW−1zk+1 = CAr−1B µr,k+1

µr,k+1 ∈ −∂ψT
r−1
Φ (Zr−1,k)(zr,k+1).

,?0 � /

P�y{s'nu]_a¦»4aNsuy��mkGp���`7tw�4l/�ma
8Vp_aN�Et~p , �@� / ´m§/adq�luadª®y@s«no]_a,lu�{²{a.y{ª(l�t�`7}_��t��4t¸n�k��d��pEÏ«q_�~aNs/|
�@��²A§
��s��lo��]_aN`�a �
ξk+1 − ξk − hAξξk+1 − hBξz1,k+1 = 0. ,I0 � /

��Ã�� � �®��� Ç�� ��� � � � Ã � È Ã È � Ç   Ã ¡  �~� � � � Ã �4� Ã � � � � � � � � � � 
¨�W£�� Ã � Ã 
 �&�L� # � � ��	+�I'���<
> � � �;�$#�>!� ��	��>?�I�# � ��>7�L�����������
	 � 	�����	�� �����! "�$#%� 
 	���'��
��� , �{� /��A, �A� /��A, �@� / � �;�A����#"���Q� ��>7�L�;�$# �
'�< �%�+�I��# �$# ,?0 � / � ,I0 � / �#"� ,?0 � / �
\
]_a.ª®y{���~y¢§�t�p_�,p_y�n��¢not~y@p�twlMqVl�aW��ª®y@s2nu]�ad�mtwlu�4sua4nut�»4aN���¢��sotw��½_��aNlN¯ ��a�n«q�l«�ma4p_y{nua�no]_a.�mtwlu�4sua4nut�»4aW�

l�no��nua,�{aW�Ánoy{s
½Gk
zk+1 = [z1,k+1, . . . , zr,k+1, ξ

T
k+1]

T = [z̄T
k+1, ξ

T
k+1]

T

no]_a�{aW�Ánoy{s
y�ª$�mt�lo��soa�not~»NaN��`�q��¸not~}_��t�a4s�l
µi,k+1, 1 ≤ i ≤ r

½Gk
µk+1

�

µk+1 = [µ1,k+1, . . . , µr,k+1]
T .

\
]�a4p�nu]_a.�_t�lo��soa�noa�·=nut�`�a.lukml�noa4` t�p ,I0 � / ´ ,I0 � / ��p�� ,?0 � / �N��p�½VadsuaN§�sut~n�noa4p7��y{`7}��@�Áno�~k��@l , lua4a , �{� /�{p�� , �A� /K/
zk+1 − zk = hWAW−1zk+1 + Ḡµk+1 ,?0 � /

, §�]_tw��]�twl/nu]�a��mt�lo��soa�noa�·=nut�`7a,�4y{q_pAnoa4so}���sun'noy , ��� /K/ ¯
� ��Ù�Ü�Ù�Ø×ì×óÝØ���äÁØdå=ÕWÙ«ïôÙ �Áë×Ûüé�ïôó åÌú,ä�ý

z1
ß×é
Õ×ó �ÁÕ×Ù�ï(äÁïôì×Ù�ï�ÞT÷UÕ×Ù�õ�Ù$õ�ó �ÁÕ�å�æ{Ù2ëWÞ=Ù�ì¦ý~äÁïåTÕ×Ù2åTóÝõ�Ù�ÚwóÝØ4åTÙ �Áï=éoåTóÝäÁØ,ä�ý_å=ÕWÙ

� Ù�ïôä�ìWúNØ¢é�õ�óÝ÷�Þuù
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�¨Ç � � Ã � �N� ÀdlZ§/a�]��×�{a�lua4a4p*aN�{su��t�a4sW´dno]_aË`7aN�{luq_soaNl�y�ª¨nu]_a�not~`7aËt�pAnua4so�¢���
(tk, tk+1]

´tT¯ a{¯
dz((tk, tk+1])

�{p��
µi,k+1

∆
= dνi((tk, tk+1])

�{sua�²{aN}mn��{l¦}_sot~`&��sok!�¢��sot��{½_�~aWl4¯¨\
]_t�l¦ªô�@�Ána4pVl�q_soaNl
no]��¢n¨nu]_aE�×�{sut�y{qVlnuaNsu`&l�`7�{p_t�}_q_�w�¢nuaW��½Gk¿no]_aEpGq_`7aNsutw�4�{�«�����{y@sut~nu]_` ��soa&y�ª98Vp_t¸noaE�¢����q_aWl4¯�\
]_a
qVl�a,y�ª$�mt~¼IaNsuaNp@not��{�C`7aN�{luq_soaNl/y�ª(nu]_a,not~`7a,t�p@noa4so�¢���

(tk, tk+1]
������y¢§.l/��sot~�@y{soy{q�lMnusoaN��nu`7a4pAn�y�ª�nu]_a

p�y{p�lu`7yAy{nu]ZaN�{y{��qmnot~y@p�l4¯ �¹]_aNp�no]_anut�`7a�·ºl�noa4}
h
�¢��p_twlu]_aNlN´�t~n¦�{�~��y¢§.l
nuy��maN�{��§�t~nu] 8Vp_t¸noa.z�q_`7}�lN¯

�¹]�a4p�no]_a
a4�@y{��qmnut�y{p�twl$l�`7yGy�no]´×nu]�a
lo��]_aN`�a/twl(aWvAq_t~�¢�{�~aNp@n�nuy,�.½V�{��²G§/�{so�,Ï«q_�~aNsMlu��]�a4`7a{¯��¿a
�4�{p
soa4`&�{su²�nu]V�¢n�p_y¢§�]_aNsua,�7�mt~soaN��n
�{}_}_soy×©mt~`&�¢not~y@p�y�ª(nu]_a��_a4p�lut¸n�k

z′t
§�t~nu]!soaNlu}VaW�Án/nuy�nu]�a �a4½IaNlu�{q�a

`7aW�{luq_sua�t�l�`&�{�_a{¯¶\
]_a�q�lua�y{ª¦��8�s�l�n7y{s��ma4s7�����{y@sut~nu]�` twl�p_y�n&��]_yAl�aNp¶�{l�q�luq����/no]_suy@q_�{]¶nu]_a
�{}_}_soy×©mt~`&�¢not~y@p¿y{ª'no]_a�t�pAnua4�@so�{�2nuaNsu` , �@� / ½_q_n�suaWvAq_t~soaN�¾½Gk�no]_a�aN�×�{�~qV�¢nut�y{p�y{ª/no]_aE�mt~¼Ra4soa4pAnutw���`7aW�{luq_sua@¯

Àfl7t¸n�]��@l�½VaNa4pµy{½�lua4so�{aW�Ët�p ��aN`&��so² - �G´/t¸n&twl7}VyAlulut�½_�~a�nuy�t�p���y@su}Iy{s��¢noa��¾�mt~¼IaNsuaNpAn¦z�q�`�}`&�{}_}_t�p_��¯¹\
]_twl7t�lE���wl�y¿nu]_a��N�{luaEª®y@s7nu]_aZpGq_`7aNsutw�4�{�'not~`7aZt�pAnua4�@so��nut�y{p8t~p¹��}�}_suy×©mt�`&�¢nut�p_�¿nu]_a
`&�{}_}_t�p_� , �A� / ½Gk �

µi,k+1 ∈ −∂ψT
i−1
Φ (Zi−1,k)

(

zi,k+1 − ei+1zi,k

1 + ei+1

)

. ,?0 � /
¥ p¨nu]_a��N�{lua«y�ª ���{�{s���p_�@t��{p,lukml�noa4`&lN´×nu]_a/ª®q_p���nut�y{p

z1
twl2�{lol�q�`�aW�,nuy,½Ia���½�luy{��qmnuaN�~k�4y{pAnut�pGq_y{q�l

�{p��7no]_ad`7aN�@l�q�sua
dν1

t�l/��]_yAl�aNp�t��_a4pAnutw�4�{�~��k7aNvAq�����nuy¨»4a4soy�¯2iGy¨t~pEnu]_twl'�N�{luad§/a.]��×�@a�nuy¨no�{²{ad�N��soa
no]��¢n

µ1
�¢��p_twl�]�aNl¦§�]_a4p¿nu]�a¨not~`7a&l�nua4}¾�¢��p_twlu]_aNl,���wluy�¯�À.p¾y�no]_a4s,§
�×k!t�l¦noy���]_yGyAl�a

µ1 ≡ 0
¯ ¥ p

no]_twlM�4�@l�a.lu�~t��{]AnM�Gt�y{�w�¢nut�y{p�y�ªRno]_a.��y@p�l�noso�{t~pAn.´@t~p��4suaW�{lut~p��¦§�t~nu]7no]_a.y@so�maNs2y�ªInu]_afl�§/a4aN}_t~p��¦}�suym��aWlul
twl
a�©m}IaN��nuaN�¯

��
 	 � &(� $ ")&(� �"+� �
	 � ��" �*�� ��&(" � " � �(� � " "�� � "+� ��" � � ��"+")$*��� � $�&(����"+� �
�¾a!nu]�a4soa�ª®y{soa!��y{pVl�tw�ma4s7]_aNsua�no]_a��mtwlu�4sua4nua�·=nut�`7aZl�kml�nua4` t~p ,I0 � / ´ ,?0 � / �{p�� ,?0 � / ¯ ¥ p nu]_twl�luaN�Á·not~y@p´$l�y@`�aEt~`7}Iy{suno��pAn�}_soy{}Ia4sunut�aNl���soa�l�]_y¢§�p�§�]_tw��]³��soa7nu]�y{q_�@]@nnoy�}��×�@a7nu]_a�§
�×kZnoy¢§/�{so�_l�
�4y{pG�{aNsu�@a4p��4a�}_soyGy�ª«y{ª«nu]�a7�_t�lo��soa�noa�·=nut�`�a7luy{��qmnut�y{p�lfnoy¢§/�{so�_l¦��l�y@�~qmnot~y@p±y{ª«nu]�a7�4y{pAnut�pGq_y{qVl�·=nut�`7a
lu§/a4a4}�t~p_��}_soym��aNlolN¯ ¥ p�nu]_a�N�{lua

r = 2
��p��

z1(0) ≥ 0
´ml�q���]!����y{pG�@a4so�{a4pV��ad]V�{l/½VaNa4p�aNl�no�{½_�~twlu]_aN�

t�p 2 �A�m´ ���_¯Ý� 3 ¯�\
]�af]��{so�_aNl�n'}��{s�n/y�ªno]_af}�suyGy�ªtwl/p_y�n
��y@pA�@a4so�{aNp���a
noy¢§/�{so�_l'l�y@`7ad��t~`7t~n
t~nolua4�~ª�´G½_qmnlu]_y¢§�t�p_��nu]���ndno]_a���t~`7t~n�� �.�&l�y@�~qmnot~y@p!y�ª$nu]_a¨l�§/a4aN}_t~p��&}_suym�4aNlol4¯ Xfp_a��mtwlu�4suaN}���pV��kE§�t~nu]ZsoaNlu}IaN�Án
noyZnu]�a�§'y@su²ml,t�p 2 �G�G´ �o��¯ � 3 2 �A�m´(� 0 3 twlno]��¢n�nu]_a�§'aN�~�~·=}Iy@luaN�_p_aNlol,y�ª
nu]�a�]_t��{]_aNs�y{s��ma4s¨l�§/a4aN}_t~p��}�suym��aWlul/]��@l�����suaW�{�mk&½Ia4aNp!}_suy¢�@aN�Et~pZ��y@suy@�~�w��sok��G¯

� � � �	� � È �ô�W��� � ¡m��� Ç�� � ��Ã� (¡ � �®� Ä
¥ p³nu]_twl7l�aW�Ánut�y{p¶§'a��{lol�q_`7a&no]��¢n�nu]�a�nusot�}_�~a

(WAW−1, Ḡ,H)
twl�}Iy@lut¸not~�@aEsoaN�{�'��pV��nu]_a!��y@susoa�·

lu}Iy{p��mt�p_�7soaN����twlu��nut�y{pEtwl
`7t~p�t~`&���(�{l
t�p�x«suy@}VyAl�t~nut�y{p��A¯
�   Ç �«Ç ���ô��� Ç����� !:�
>Y�%��'���#��+�I����	 ,I0 � / � ,?0 � / ��#"� ,I0 � / �Y��#&� >7�L� � �>?	+� �

J
�$# 
 �� ���$�"���
#

1

2
zT

k+1Jzk+1 −
1

2
zT

k Jzk ≤ −1

2
(zk+1 − zk)T J(zk+1 − zk) + hzT

k+1JWAW−1zk+1 ,?0 � /
�
�	���<$<

k ≥ 0
�
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���������
	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� � 0

�   ÇÇ�� ¤
��a�n.q�l�}�suaN`�q_�~nut�}_��k�½Vy{nu]Zlut��maWl
y�ª ,I0 � / ½Gk zT

k+1J
¯M\
]�t�l
�@t~�@aNl

zT
k+1Jzk+1 − zT

k+1Jzk = hzT
k+1JWAW−1zk+1 + zT

k+1JḠµk+1.

�¾a]��×�@a

zT
k+1Jzk+1 − zT

k+1Jzk =
1

2
zT

k+1Jzk+1 −
1

2
zT

k Jzk +
1

2
(zk+1 − zk)T J(zk+1 − zk) ,?0 � /

�{p��
hzT

k+1JWAW−1zk+1 + zT
k+1JḠµk+1 ≤ hzT

k+1JWAW−1zk+1 ,?0�0A/
§�]�a4soa¦§/aq�luaN��nu]�aªô�{��n�nu]���n

zT
k+1JḠµk+1 ≤ 0

�{l��&��y@p�luaNvAq_a4pV��a,y�ª�nu]_a�suaN����nut�y{p�l
t�p ,I0�-�/ ��pV�
,?0 � /�, suaW�4�{�~�Rno]��¢n (JḠ)T = (Ir 0(n−r)×r) / ¯�P_soy{` ,?0 � / �{p�� ,I0�0A/ nu]_asoaNluq_�~n/ª®y@�~��y¢§.lN¯
� � � � � � Ç  � È Ã È ��Ã �W� �   Ç �«Ã  ×��� Ã �
�   Ç �«Ç ���ô��� Ç���� � �&�L��	������A� �+>I�*� '���#���>!��# >

α > 0
�+��'�� >$����> �
��	*��<$<

h > 0
��#"� ��<$<

k ≥ 1
�

||zk|| ≤ α
�5�*�	�����@��
	 � �
��	 ��# � ���$@��
#

h∗ > 0
� >7�L��	�� ���A� �+>I� � '��#L�+>!��#�>

M ≡ M(h∗) > 0
�+��'��

>7�L�> ||Ḡµk|| ≤M, ∀h ∈]0, h∗[
�

�   ÇÇ�� ¤ bdy�not��4a,nu]���n/ª®soy{` ,I0 � / ´_§/a,�{a4n

zT
k+1Jzk+1 ≤ zT

k Jzk+zT
k+1(JWAW−1+W−TATW TJ)zk+1−

1

2
(zk+1−zk)T J(zk+1−zk) ≤ zT

k Jzk,

,.- �{� /§�]�a4soa§'a]��×�@a,q�l�aW��nu]_aªô�@�Án�l�nu]V�¢n�nu]�a�`&�¢nusot~©
JWAW−1 +W−TATW TJ

twl�p_aN�@��nut��{al�aN`7t¸·
�_a
8�p_t~nua��{p��Enu]_a`&�¢nosut~©

J
t�l
}Iy@lut¸not~�@a�ma
8�p�t¸noa�¯2xMsoyG�4a4aW�mt~p��¨½GkEt�p��mqV�Ánut�y{p!y@p_a��y{pV����q��maNl/no]��¢n

zT
k+1Jzk+1 ≤ zT

0 Jz0 (∀k ≥ 0).

��a�n�q�l.�_a4p_y{nua,½Gk
λJ > 0

nu]_a�lu`&�����~aWl�n�a4t��{aNpG�×�{�~q�a¦y{ª
J
¯ �¾a,�{a�n

λJ‖zk+1‖2 ≤ zT
0 Jz0 (∀k ≥ 0)

�{p��fnu]_a«suaWl�q_�~ntwlC}_soy¢�{aN�f§�t~nu]
α =

√

zT
0 Jz0

λJ

¯:P_soy{` ,I0 � / y{p�aM�4��p��]_yGyAl�a M = 2α+h∗||WAW−1||α ¯

� � � � � � Ç £@¡ �/� Ç  � È Ã È �_¡m  �ô¡m��� Ç��
�¹]V�¢n,ª®y{���~y¢§.l¦twl,l�nosuy@p_�{��kZt~pVl�}_t�soaN�Zª®soy{` 2 �A�m´ �aN`�`&�Z�m¯Ý� 3 ¯ �¾a 8�s�l�n,p_y�not��4a�nu]���nlut�p���a7�����$nu]_a�4y{p_aWl

T i
Φ(·) ��soa'aNt¸no]_a4s IR y@s IR+ ´{t~n�ª®y@�~��y¢§.l(nu]���n2nu]_a��4�~yAl�aW��½��{�~� B̄(a,R) = {z ∈ IR : ||z̄−a|| ≤

R} ⊂ T i
Φ(·) ª®y@s���pGk a > 0

��pV�
R < a

2

¯ �¾a�ma
8Vp_a
zN

i (·) �{l'nu]_al�nuaN}Eª®q_pV�Ánut�y{p [0, T ] → IR
luq���]

no]��¢n
zN

i (t) = zi,k

ª®y@s.�����
t ∈ [tk, tk+1)

´
0 ≤ k ≤ N − 1

´
1 ≤ i ≤ r

¯
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�   Ç �«Ç ���ô��� Ç���� � �&�L� >!��>!��< @���	+�I�>?�I�# � �
zN

i (·) � 1 ≤ n
� �$#

[0, T )
� � �����O#"�A��� � ����@��5�A'�'��	����$#%�

>!� �
@���	

(zN
i , [0, T ]) ≤ 1

2R
|zi,0 − a|2 + α2

2R
T 2 + αT (1 + 1

R
|zi,0 − a|) (1 ≤ i ≤ r − 1)

@���	
(zN

r , [0, T ]) ≤ 1
2R

|zr,0 − a|2 + β2α2

2R
T 2 + βαT (1 + 1

R
|z1,0 − a|)

@���	
(ξN , [0, T ]) ≤ (γ + δ)αT

,.- � - /

�:���
	�� ||CArW−1|| ≤ β
� ||Aξ || ≤ γ

�#"� ||Bξ|| ≤ δ
� �:�L��	���� �

α
� � ���*�$# 
 	��� L���+�$>?�I�# � � �

���	�����@��
	�>7�L��	��;� �A� �+>?���V'��#L�+>!��#�>
K > 0

�+��'��Q>7�L��> �
��	��<$<
N ∈ IN �

@ �	
(zN , [0, T ]) ≤ K. ,.- �@� /

�   ÇÇ�� ¤«¥ p�nu]_twl/}_soyAy{ª�§/a¦luq_}_}_soaNlol«nu]_a
N
t�p
zN

i

��pV�
ξN

nuy7l�t�`7}_��t¸ª®k&no]_a,p_y�n��¢not~y@p¯2��aN�N�����Vno]��¢n

zi,k+1 − zi,k − hzi+1,k+1 ∈ −∂ψT i−1
Φ (Zi−1,k)(zi,k+1) (1 ≤ i ≤ r − 1)

�{p��

zr,k+1−zr,k−hCArW−1zk+1 ∈ −CAr−1B∂ψT
r−1
Φ (Zr−1,k)(zr,k+1) = −∂ψT

r−1
Φ (Zr−1,k)(zr,k+1)

§�]�a4soa§'a]��×�@a,q�l�aW��nu]_a�ªô�{�Án�l
nu]V�¢n
CAr−1B > 0

�{p���nu]���n
∂ψT

r−1
Φ (Zr−1,k)(zr,k+1)

twld�&�4�~yAl�aW�
�4y{p_a@¯2\
]_a4p!§/a¦`&�×k�§�sot~nua

zi,k+1 = prox[T i−1
Φ (Zi−1,k); zi,k + hzi+1,k+1] (1 ≤ i ≤ r − 1)

�{p��
zr,k+1 = prox[T r−1

Φ (Zr−1,k); zr,k + hCArW−1zk+1].
É y@p�lut��maNsut�p_�&no]_a�½������

B̄(a, r)
´CqVl�t�p_� ,?0 � / ´ ,I0 � / �{p�� 2 �A�G´ ��a4`7`&����¯ �V¯ � 3 , lua4a7��}�}VaNp��mt~©±| / y{p_a�@a�n�l

|zi,k+1 − a| ≤ |zi,0 − a| + h(k + 1)α, (1 ≤ i ≤ r − 1, k ≥ 0),

|zr,k+1 − a| ≤ |zr,0 − a| + h(k + 1)βα.
,.- �{� /

��a�n!q�lZlua�n
wi = zi,0 + hzi+1,1

��p��
wr = zr,0 + hCArW−1z1

¯ Xfp_a¿]V�{l |zi,1 − zi,0| ≤
|zi,1 − wi| + |wi − zi,0|

��p���½Gk 2 �A�G´ ��a4`7`&�7�_¯ ��¯ � 3�, lua4a��{}_}VaNp��mt~©�À / �

|zi,1 − zi,0| ≤ 1
2R

(|wi − a|2 − |zi,1 − a|2) + hα, (1 ≤ i ≤ r − 1),

|zr,1 − zr,0| ≤ 1
2R

(|wr − a|2 − |zr,1 − a|2) + hβα.

,.- ��� /
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	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� � -

e�y{soaf�@a4p_aNso�{�~��k{´m§/a,�{a�n
no]_at~p�aNvAq�����t~nut�aNl

|zi,k+1 − zi,k| ≤
1

2R
(|zi,k + hzi+1,k+1 − a|2 − |zi,k+1 − a|2) + hα ≤

≤ 1

2R
(|zi,k − a|2 + h2|zi+1,k+1|2 + 2h|zi+1,k+1| |zi,k − a| − |zi,k+1 − a|2) + hα

≤ 1

2R
(|zi,k − a|2 + h2α2 + 2hα |zi,k − a| − |zi,k+1 − a|2) + hα

ª®y@s
1 ≤ i ≤ r − 1

´_�{p��

|zr,k+1 − zr,k| ≤
1

2R
(|zr,k + hCArW−1zk+1 − a|2 − |zr,k+1 − a|2) + hαβ.

≤ 1

2R
(|zr,k −a|2 +h2|CArW−1zk+1|2 +2h|CArW−1zk+1| |zr,k −a|− |zr,k+1 −a|2)+hβα ≤

≤ 1

2R
(|zr,k − a|2 + h2β2α2 + 2hβα |zr,k − a| − |zr,k+1 − a|2) + hβα.

bdy¢§°q�l�t�p_� ,.- �@� / §'a¨�{a�n |zi,k − a| ≤ |zi,0 − a| + hkα
ª®y{s,�����

1 ≤ i ≤ r − 1
´C��pV� |zr,k − a| ≤

|zr,0 − a| + hkβα
´��{p��!l�a4n�nut�p_�

Tk = kh , luy¨no]��¢n T = Nh / ´m§'a,�{a4n

|zi,k+1−zi,k| ≤
1

2R
(|zi,k−a|2−|zi,k+1−a|2)+αh

(

1 +
1

R
|zi,0 − a|

)

+
α2

2R
(h2+2hTk) ,.- �@� /

ª®y@s
1 ≤ i ≤ r − 1

´_�{p��

|zr,k+1 − zr,k| ≤
1

2R
(|zr,k − a|2 − |zr,k+1 − a|2) +αβh

(

1 +
1

R
|zr,0 − a|

)

+
α2β2

2R
(h2 + 2hTk).

,.- �{� /�¾a����w��t�`�no]��¢n

j−1
∑

k=0

|zi,k+1 − zi,k| ≤
1

2R
(|zi,0 − a|2 − |zi,j − a|2) + αTj

(

1 +
1

R
|zi,0 − a|

)

+
α2

2R
T 2

j ,.- �A� /
ª®y@s

1 ≤ i ≤ r − 1
´_�{p��

j−1
∑

k=0

|zr,k+1 −zr,k| ≤
1

2R
(|zr,0−a|2 −|zr,j −a|2)+αβTj

(

1 +
1

R
|zr,0 − a|

)

+
α2β2

2R
T 2

j . ,.- �{� /
�¾aE}�suy¢�@a7nu]_a�suaWl�q_�~n�½Gk¾t~p��_q��Ánot~y@p¯±\
]_a�suaWl�q_�~n�]_y@����l�ª®y@s

j = 1
�{l��±�mt~soaN��n¨��y@p�luaNvAq_a4pV��a�y{ª

,K- �A� / ��pV� ,.- �{� / §�t~nu] k = 0
¯dimq_}_}Iy@lua�p_y¢§*nu]���n ,K- �G� / ]_y@����ld�¢n¦l�noa4} j ¯ �¾a¨���w��t�`�nu]���n ,.- �A� /]�y{�w�_l��¢n.l�nua4}

j + 1
¯ ¥ pV�ma4aW�C´_q�lut~p��7�{�@�{t~p ,.- �@� / ´_§'a,�@a�n�ª®y{s.l�nuaN} j + 1

�

j
∑

k=0

|zi,k+1−zi,k| =
(

j−1
∑

k=0

|zi,k+1−zi,k|
)

+|zi,j+1−zi,j | ≤
1

2R
(|zi,0−a|2−|zi,j−a|2)+αTj

(

1 +
1

R
|zi,0 − a|

)

+
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+
α2

2R
T 2

j +
1

2R
(|zi,j − a|2 − |zi,j+1 − a|2) + αh

(

1 +
1

R
|zi,0 − a|

)

+
α2

2R
(h2 + 2hTj)

=
1

2R
(|zi,0 − a|2 − |zi,j+1 − a|2) + αTj+1

(

1 +
1

R
|zi,0 − a|

)

+
α2

2R
T 2

j+1

§�]�a4soa�§/a&]��×�@a�qVl�aW�±no]_a7ªô�{��n�nu]V�¢n
Tj+1 = Tj + h

��p��
T 2

j+1 = T 2
j + h2 + 2hTj

¯E\
]�aElu�{`7a
�{}_}_soy@�@��]��N��pZ½Ia�q�luaN��nuyE}_suy¢�@a ,.- �{� / ¯.\
]�a�8�s�l�n.n�§/y�t�p_aNvAq��{�~t~nut�aNl.t~p ,K- � -�/ ��soa,nu]�a4p±�maW�mq��4aN�C¯\
]�afno]_t�so��t�p_aNvAq��{�~t~n�k&ª®y{����y¢§.l/ª®suy@` ,I0 � / ª®suy@` §�]_tw��]!y{p_a�maW�mq���aWl/nu]���n

||ξk+1 − ξk|| ≤ (γ + δ)αh ,.- � 0A/
\
]�a��4y{p�l�no�{p@n

K
t�p ,K- �@� / �N��p³½Ia�y@½mno�{t~p�aN�³½GkËluq_`7`�t�p_�¿nu]_a�nu]�suaNa��¢��sotw�¢nut�y{pVl�t�p ,.- � -1/ ��pV�qVl�t�p_��nu]_a�¢�{�~q_aWl/ª®y{s
wi

�{p��
wr

¯
É y@p�l�tw�maNs7nu]_a±l�nuaN} ª®q_p��Ánot~y@p

µN (·) : [0, T ] → IRr luq���]8nu]���n µN (t) = µk+1
ª®y{s��{�~�

t ∈
[tk, tk+1)

¯
�   Ç �«Ç ���ô��� Ç���� � �:��	���# ����$@��
#

h∗ > 0
� >7�L��	��;� �A� �+>I���5'���#��+>B�#�>

K ′ ≡ K ′(h∗) > 0
�+��'�� >7�L�> �

@���	
(µN , [0, T ]) ≤ K ′, ∀h ∈]0, h∗[. ,.-A- � /

�   ÇÇ�� ¤ ��a�n
h∗ > 0

½Ia�{t��{aNp¯ P_soy{` ,?0 � / §/a�maN�_q���a,no]��¢n

µk+1 − µk = G−1(Ir 0r×(n−r))(In − hWAW−1)(zk+1 − zk) +G−1(Ir 0r×(n−r))(zk − zk−1),.-A-�- /¥ n�ª®y@�~��y¢§.l'nu]���n
N−1
∑

k=1

||µk+1 − µk|| ≤ ‖G−1(Ir 0r×(n−r))(In − hWAW−1)‖
N−1
∑

k=1

||zk+1 − zk||+

+‖G−1(Ir 0r×(n−r))‖
N−2
∑

k=0

||zk+1 − zk|| ≤

≤ ‖G−1(Ir 0r×(n−r))(In − hWAW−1)‖
N−1
∑

k=0

||zk+1 − zk||+

+‖G−1(Ir 0r×(n−r))‖
N−1
∑

k=0

||zk+1 − zk|| ,.-A- � /

≤ ‖G−1(Ir 0r×(n−r))‖(2 + h∗‖WAW−1‖)
N−1
∑

k=0

||zk+1 − zk|| ,.-A- � /
¥ nª®y@�~��y¢§.l¦ª®soy{` ,K- �A� / nu]���n K ′ a4©mt�l�nol,no]��¢n��_a4}Ia4p��_l�y{p K ��p��¿no]_a�l�kml�nuaN`h}��{so�{`�a4nuaNsolN´l�qV��]
no]��¢n ,K-�- � / t�l.lo�¢not�lK8�aW�C¯
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��� �{�

��Ã �³¡m �� � � !:��>��%� �+>?��� � >7�L� �����L�@1�I��O	 � �
z1,k

� � #&�� L��'��O< �I��	+�$> � � � >7�L� �$#"'�< �%�+�I��# ,I0 � / � �
>7�L�>

T 0
Φ = IR+ ���&�L��	�� �
��	�� z1,k =

 &	��	�
[IR+; z1,k−1 + hz2,k] ≥ 0

�
�	;��<$<
k ≥ 1

� �
# ��>7�L��	����	�� �
zN
1 (·) � � � ��� #"�B� ��> �$@ � ��# < �*��#

t ∈ [0, t1)
� � # >$���5'���# >?	���	�� � >7�L�V��>7�L��	 @ �	+�I� ��<=�+�

zN
i (·) � � �����'�� � ��#&�B�A�>?�$@��W�> �# � > � � �

t ≥ 0
������#����I�A�
	 �
��	��$#L�+>!��#&'��

T i−1
Φ (z1,k, . . . , zi−1,k) = IR

�
�	W��<$<
2 ≤ i ≤ r

� ����>7�L�>
z2,k = z2,k−1 +h

∑r
i=3 zi,k +hCArW−1zk

���W��>7�%�$#%���L� �  ��
	�� >$����>
ξk

>B�����
�
�W@���< ��������'��5>$����>

z2,k < 0
��@��
#Q� �

zi,k−1 > 0
�
�	��<$<

2 ≤ i ≤ r
� �+> �
�<$<=��� � ��	�� � ,?0 � / � ,I0 � / �#"�'��#�@�� � ��#&��< � �+� ��>7�L��>

0 ≤ z1,k+1 ⊥ µ1,k+1 ≥ 0
�
��	��<$<

k ≥ 0 ,.-�- � /
�#"�

0 ≤ z1,k+1 ⊥ µr,k+2 ≥ 0
�
�	���<$<

k ≥ 0 ,.-�- � /
�:�O�I'��*� ��>$���W�� ��'
	���>!� �!> � � �;'�� �  "<=��� �
# >B�	+�$> �V'��#"���$> �I��# '���	+	��
�  L�#"��$# �V>B� 
 � � �5�#"� 
 �  ���
� � � � � ��Ç�� � Ã   � Ã � £ Ã¿Ç � ��� Ã È��T�N£{  Ã ����� Ã È¹� Ç � ���� Ç��
�¾a.p_y¢§¹�maNp_y�noa {zN(·)} nu]�adl�aWvAq_a4p��4a.y�ªRª®q_pV�Ánut�y{pVl'�4y{p�l�nusoq��ÁnoaN��ª®soy{`�nu]_adª®q_p���nut�y{p�l zN(·) ´m��pV�lut�`�t��w��so�~k7ª®y@s

µN (·) ¯
�   Ç �«Ç ���ô��� Ç������ �&�L��	������A� ��>?� ���+���+����
����#"'�� {zNk} � � {zN} �:�%�I'�� '���# @ ��	?� �+�� L��$#�>��!� � �
��< �;>B�
��� � � ���O#"'�>?�I�#

z(·) : [0, T ] → IRn � � �$>7� @���	+�I��> �I��# ≤ K
� �#"�*� �+���
����������#"'�� {µNk} � � {µN}�:�O�I'�� '���# @ ��	?� �+�  ����$#�>��!� � ���
< � >B� ��� � � ���O#&'
> �I��#

µ(·) : [0, T ] → IRr ��� �$>$� @ �	+�I��> �I��# ≤ K ′ �

�   ÇÇ�� ¤ \
]_afª®q_p���nut�y{p
zN (·) twl/q_p_t~ª®y{so`7�~k&½Iy{q_pV�maN�Ey{p [0, T ]

´G��p��Et¸n
]��@l«½Iy{q_pV�maN���¢��sot���nut�y{p&y{p
[0, T ]

´mlua4axMsoy{}Iy@lut~nut�y{p�l -A- �{p�� - �G¯�P�suy@` 2 �A�G´�\
]�a4y{soa4`��_¯Ý�m¯ -;, t / ´ , � /B3 no]_asuaWl�q��¸n�ª®y@�~��y¢§.l4¯2\
]_a}�suyGy�ª�t�l/no]_a�lo��`7a¦ª®y{s
µN (·) ´_q�lut�p_�&xMsoy{}Iy@lut¸not~y@p�l -�- ��p�� - �_¯

��Ã �³¡m �� � � �&��� '���# @ ��	?� �
#&'�� � �
µN (·) >!������	�� � � ! ���&ª®q_p���nut�y{p 	����9��'
>?��>7�L� �
�A'
>:>$����> � � � �����I�

�$# >$���W�$#�> 	��1���'
> �I��# � ���
��'�>?�I�# � � � �Y>$���9 &	+� � �	��5@���	+�I� �
<=�
�;�	��
µi,k+1

∆
= dνi((tk, tk+1])

� ����#"'��
>7�L� ���$	��A' � �����+�O	��+� ��� #&��>��� � ����	 �$# >$���Q< � �;�$>

µ(·) �:�%�I'�� � � � � '���#��+>?	+��'�>?�I�# � 
 ����O#"�A��� �
���O#&'
> �I��# ���&����<�� �W�$>?���$# 
 	��� L���+�$>?�I�# � � �	����O# ���
�����

\
]�a�p�a�©Gn�}_soy{}Iy@lut¸not~y@p¿aWl�n���½_��t�lu]_aWldno]_a , ∗ ·=§/aN�{² / �4y{pG�{aNsu�@a4p��4a�y�ª/nu]�a ���maNsut��¢�¢not~�@aNl ��y�ª/nu]_a�l�nuaN}ª®q�p��Ánot~y@p�l
zN

i (·) ´�§�]_t���]Z�{suaiAnut�a4�~nôz�aWl.`7aN�@l�q�suaWl4´Anuy¢§
��s��_l«nu]_a�iGnut�a4�~nôz�aNld`7aN�{luq_soaNl dzi

¯
�   Ç �«Ç ���ô��� Ç���� � �:��	 ��@ ��	�� '��#�> �$#�����%� ���O#&'
> �I��# � � �����O#&������@���	+�I�>?�I�#

ϕ : [0, T ] → IR
��#&� ��<$<

1 ≤ i ≤ r
�����L�@ � �

∫

(s,t]

ϕ dzNk

i →
∫

(s,t]

ϕ dzi (s < t)
� �
Nk → +∞ ,.-A- � /

�   ÇÇ�� ¤ \
]_t�l�t�l��!�4y{p�luaNvAq_aNp���a7y�ª 2 �A�G´$\
]_a4y@suaN`h�_¯Ý�m¯ - , t�t~t /B3 ��p��¿no]_a7ªô�{��nnu]���n�nu]_a zN
i (·) ��soasot��{]An.��y{pAnot~pGq_y@q�l'ª®q_p��Ánot~y@p�lN¯
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\
]�aM�mt¸¼Ra4soa4pAnot��{��`7aN�{luq_soaNl
dzNk

i

��soa�y{ªGnu]_a2ª®y@su`
dzNk

i = {żNk

i }(t)dt+∑N−1
k=1 (zi,k+1−zi,k)δtN,k

, no]_alut�p_�{q_�w��s/}��{s�n�½Ia4t�p_�¨»Na4soy�lut�p���a
zNk

i (·) twl/�7l�nuaN}Eª®q_pV�Ánut�y{p / ¯«iGt�p���a¦no]_a zi

¬ l��{sua ��|/Í¨´
dzi

�{�m`7t~nol
�7lut~`7t����{s.�maN�4y{`7}Iy@lut¸not~y@p , l�aNa,luaN��nut�y{pZ� / ´_§�t¸no]Z�¢nuy@`&l��¢n
nut�`7aNl τk ¯\
]_a¦}_soyGy�ªCnu]V�¢n/nu]_a¦�~t�`7t¸n
ª®q_pV�Ánut�y{pVl/�{sua¦l�y@�~q_nut�y{p�l'y�ªCno]_a¦nut�`�a4·U�4y{pAnut�pGq_y{qVl«lu§'aNa4}_t�p_��}�suym��aWlul
, �{� / · , �A� / · , �@� / twl7��a�ªÌnE�{l&�¿ª®qmnoq_soaZ§'y@su²R¯¶ÏM©m�{`7}_�~aWl��¾��p�� �¾t~p iGaW�Ánut�y{p¹�m¯Ý�m¯ - �ma4`7y{pVl�noso��nuaNl]�y¢§'aN�{a4s¦no]_a7ªô�{��nnu]���n�nu]_a�luy{��qmnot~y@p�l,y�ª ,?0 � / ´ ,?0 � / �{p�� ,I0 � / �my���y@pG�{a4so�{a¨nuy!no]_a&]_t��{]_aNs�ym�ma4slu§/a4a4}�t~p_��}_soym��aNlol�luy{��qmnut�y{p�l/t�pZl�t�`7}_�~a��N�{luaNlN¯
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 � � ��"+& � � " � �
	 ��� " � � $ � " � "+�,� �!�(� ���
¥ p�nu]_twl$l�aW�Ánut�y{p�´¢§'a'}_suy¢�Gtw�ma«�fl�]_y@s�n�y¢�{aNsu�Gt�a4§¾y�ªmnu]�a't�`7}_�~aN`7a4pAno��nut�y{p�y{ª_nu]_a/pGq_`7a4sot��N���A�����{y{sot~nu]_`
y{ª2nu]_a�Ï2©GnuaNp��maW�±eZy@suaW��q�iG§/a4a4}�t~p_��}_soyG�4aNlol4¯�Xfq_sd�@y@�{��twl.noyE}_soaNlua4pAndno]_a¨�{�~�@y{sot¸no]_`�t~p¾��}IaN�G·
�{�{y@�{tw�4���(§/�×k!no]_soy{q_�@]¾��l�noso�{t~�@]An�ª®y{so§
��s��!t~`7}_��a4`7a4pAn��¢nut�y{p�¯ Xf½G�Gt�y{q�lu�~k@´Iª®y{sa
Z��4t~aNp���k�soaN�@l�y@p�lN´
no]_a���ym�ma,`&�×kElu�~t��{]Ano�~kE�_t¸¼Ra4s�ª®soy{`þ§�]��¢n�twl�½VaN�~y¢§¯

� ¡m�4  � � �=Ç  �� ��ô¡_��� Ç���Ç � ��� Ã�� � �UÇ  �� � � � � ÃAÆ6Ç � � �� Ã   �ô£@¡ � � � � Ã �� ¢¡m��� Ç�� � 4¦t��{aNp
W ∈ IRn×n ´mno]_a,�~t�p_aN�{s
nus���p�l�ª®y{so`&�¢not~y@p�y�ª(nu]_a�l�no��nual�}V�{��a@´G§'a,t�p@nosuym�mqV��a¦nu]_a¦ª®y@�~��y¢§�t~p���`&��nusot¸©
p�y�no��nut�y{p�l �

[I − hĀ]zk+1 = zk + Ḡµk+1 ,.-A- � /
§�]�a4soafno]_a`&�¢nosutw��aWl

Ā ∈ IRn×n �{p�� Ḡ ∈ IRn×r ��soa�ma
8Vp_aN�!�{l/ª®y@�~��y¢§.l �

Ā =
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,.-A- � /

bdy�not��4afno]��¢n
Ā = WAW−1 t�ld�ma
8�p�aN��t~p ,.-�0A/ ��pV�Eno]��¢n Ḡ twl��ma
8�p�aN��½Gk , �@� / ¯

���
�   Ã �W��� Ç��µÇ�� ��� Ã � � £ � ���� Ç�� � ,I0L-�/ � � � Ã  ��³� Ç � �(Ã �N� Ã È¹£ Ç � � � Ã � Ã � �N¡m  �ô� Ä �   Ç � � Ã �³� �
��a�n�q�l.�4y{p�lutw�ma4s/nu]�a,ª®y{���~y¢§�t�p_�7t~pV����q�l�t�y{p �

µ1,k+1 ∈ −∂ψΦ(z1,k+1).
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��a�ndqVl.l�a4n
Φ = IR+ ¯/\
]_twl.t�p��4�~q�lut�y{p!`&�×kE½Ia�l�n��¢noaN��aNvAq_t��¢����a4pAnu��k��@l.����y@`7}_�~aN`7a4pAno�{sut~n�k�}_soy{½m·

��a4`�� �
0 ≤ z1,k+1 ⊥ µ1,k+1 ≥ 0

¥ ª
r > 1

nu]_aNp�§/a`�qVl�n�]��{p��m��a,nu]_a�luaN�4y{p���t~pV����q�l�t�y{p �

µ2,k+1 ∈ −∂ψT 1
Φ(z1,k)(z2,k+1)

§�]�t���]!�4�{p�½Iasua4ª®y{so`�q_�w�¢noaN��t~p�nuaNsu`&l�y{ª��7��y@`7}_�~aN`7a4pAno�{sut~n�k�}_soy{½_��a4` �

¥ ª
z1,k ≤ 0,

no]_a4p
0 ≤ z2,k+1 ⊥ µ2,k+1 ≥ 0

¥ p�no]_t�l
§
�×k{´Gª®y@s
r > 2

´_§/a,�{a�n
no]_a,ª®y{���~y¢§�t�p_�7��y@`�}��~aN`�aNpAno��sot~n�k�}_soy{½_��a4` �

¥ ª
z1,k ≤ 0

��p��
z2,k ≤ 0,

nu]_aNp
0 ≤ z3,k+1 ⊥ µ3,k+1 ≥ 0

¥ p�no]_a,�{a4p�a4s�����4�@l�a@´G§'a�luaN�{so��]Enu]_a,t�p@noa4�@a4s
1 ≤ r? ≤ r

lo�¢not�l�ª®kGt~p��¨no]_a,ª®y{����y¢§�t~p_�&�4y{p��mt~nut�y{p �

r? =

{

1,
t~ª
z1,k > 0

1 + max{j ≤ r − 1 : zi,k ≤ 0, ∀i ≤ j}
\
]�a4p�§'ay@½mno�{t~p�nu]_a,ª®y@�~��y¢§�t�p_��lua�n.y{ª(p_aWl�noaN�!��y@`7}_�~aN`7a4pAno�{sut~n�k&}_soy{½_��a4`&l �

0 ≤ zi,k+1 ⊥ µi,k+1 ≥ 0, 1 ≤ i ≤ r? ,.-A-10 /
�¾a��ma�8�p_ano]_a��@aN�Ánoy{s�l���y@�~��aN��nut�p_�7nu]_a¨l�n��¢nua¨��p���nu]�a�`�q��¸not~}_��t�a4s�ª®y@s.nu]�a ���@�Ánot~�@a �,�4y{p�l�nus���t�pAnol
½Gk
�

z?
k+1 = [z1,k+1, . . . , zr?,k+1]

T

µ?
k+1 = [µ1,k+1, . . . , µr?,k+1]

T .

,.- ��� /
�{p���§'a,t�p@nosuym�mqV��a¦nu]_a`&��nusot¸©

R ∈ IRr?×r �maWlu�4sut�½_t�p_��nu]_asoa4�w�¢not~y@pE½Ia�n�§/a4a4p z?
k+1

�{p��
zk+1

�

z?
k+1 = Rz̄k+1. ,.- � - /

Àfluluq_`7t�p_��nu]���n
µi,k+1 = 0, i > r?

´�§'a,�{a4n�nu]_asoa4�w�¢not~y@pE½Ia�n�§/a4aNp
µi,k+1

�{p��
µ?

k+1

�

µk+1 = RTµ?
k+1. ,.- �{� /
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Φ
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P ∈ IRr×n luq���]�nu]���n

z̄k+1 = Pzk+1. ,.- ��� /
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[I − hĀ]zk+1 = zk + Ḡµk+1

z̄k+1 = Pzk+1

z?
k+1 = Rz̄k+1

µk+1 = RTµ?
k+1

0 ≤ µ?
k+1 ⊥ z?

k+1 ≥ 0.
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z?
k+1 = RP [I − hĀ]−1zk +RP [I − hĀ]−1ḠRTµ?

k+1

0 ≤ µ?
k+1 ⊥ z?

k+1 ≥ 0.
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xk+1 − xk

h
= Axk+1 +Bλk+1

wk+1 = Cxk+1 +Dλk+1

0 ≤ λk+1 ⊥ wk+1 ≥ 0

,.- ��� /

§�]�t���]!�4�{p�½IasuaW�mq��4aN��nuy&� � É xµ½GkE�&l�nus���t��{]An�ª®y@su§
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0 ≤ λk+1 ⊥ C(I − hA)−1xk + hC(I − hA)−1Bλk+1 ≥ 0 ,.- �@� /
¥ p�no]_al�aWv@q�a4�=´�l�qV��]�� � É xµ§�t��~��½Va��maNp_y�noaN���{l

(yk+1, λk+1) = LCP (M, bk+1)
§�]_a4soa

M = hC(I − hA)−1B ,.- ��� /
bk+1 = C(I − hA)−1xk ,.- � 0 /
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A =





0 1 0
0 0 1
0 0 0



 ;B =





0
1
0



 ;C =
(

1 0 0
)

;D = 0 ,.- �{� /
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r
� ��>7�%� � ! � � � ����������<:>B�
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D = 0, CB = 0, CAB 6= 0

��� ������� �� � "< �5>7�L�
> � � �W�� �
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lim
h−→0

1

h
M = lim

h−→0
C(I − hA)−1B = 0 ,.- � -�/
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� ��>B������#�@���	�� � � �<$< ���:�%�I'���� � � ����#&�����A��� �$#�� ��# �� "	���'�>?�I'���< '�� ���+���	

�
�	�>7�L� '���# @ ��	?� �
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CB = 0
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x0 = (0,−1, 0)T
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xk =





0
0
0



 ; ∀k ≥ 1 ,.- �@� /

λ1 =
1

h
; λk = 0, ∀k ≥ 2 ,.- �@� /
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x(t)
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h
@ �#�� ���L�
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x0 = (−1,−1, 0)T
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���< �O>?�I�# ��	�� � 
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xk =







k
1

h
0






; ∀k ≥ 1 ,.- ��� /

λ1 =
1

h2
; λk = 0, ∀k ≥ 2 ,.- �A� /
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xk = 0, ∀k ≥ 1
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#&' �V�$# >7�L�;	��+�+�O< > ����'���%����>7�L� ��	��+>9'�� �  ���#&�
# > � ��>7�L� �� � &	��	�A� � ��>!�;�+>B�>B�
�A�1�
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xk =





0
0
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 ; ∀k ≥ 1 ,.- �{� /

µ1,1 = 1; µ2,1 = 1, ,.- �A� /
µ1,k = 0, µ2,k = 0, ∀k ≥ 2 ,.- �@� /
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x(0) = x0, x(t) = (0, 0, 0)T , ∀t > 0
�
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A =





0 1 0
0 0 1
0 0 0



 ;B =





0
0
1



 ;C =
(

1 0 0
)

;D = 0 ,.- � 0A/
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k(k + 1)

2h
k
1

h











; ∀k ≥ 1 ,.- �@� /

λ1 =
1

h2
; λk = 0, ∀k ≥ 2 ,.- � -�/
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 ; ∀k ≥ 1 ,.- �A� /

µ1,1 = 1; µ2,1 = 1, µ3,1 = 0, ,.- �@� /
µi,k = 0, µ2,k = 0, ∀k ≥ 2, i = 1 . . . 3 ,K- �{� /
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	V����	������� �V�+�����B &�$# �Q "	���'��+��� �����$� �
x(0) = x0, x(t) = (0, 0, 0)T , ∀t > 0
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r = n
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��s��Elo��]_a4`7a,��aN�{��l/nuy �










zk+1 − zk

h
= Āzk+1 + B̂λk+1

0 ≤ z1,k+1 ⊥ λk+1 ≥ 0

,.- �A� /

§�t~nu]
B̂ = (0, . . . , 0, CAr−1B)T ¯³cfl�t�p_� ,K- �G� / ´M§/aE�@a�n�nu]_a�ª®y{����y¢§�t~p_� � É x (z1,k+1,Λk+1) =

LCP (
1

hr
M, bk+1)

§�t¸no]�no]_a � É xµ`&�¢nosut~©E�@t~�@a4pE½Gk

M = CAr−1[hW (I − hĀ)−1B̂ +B]. ,.- �@� /
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(λ)
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h
¯

\
]�a/t�pAnuaNsuaWl�n$y�ªI§'y@su²Gt�p_�d§�t~nu]¨nu]_adÎRÐ¹�_kApV��`7t��Nl��~t�aNl$t�p�no]_a/ªô�{��n�no]��¢n$no]_t�l2�{�~��y¢§.l(y{p_a/nuy¦²{aNa4}¨nu]_a
}�suy@}VaNs�not~aWl(y{ªVno]_a � É x¾ª®soy{`�no]_a.��y@pAnut�pAq�y{q�l�not~`7a

t
ª®y{so`�q_�w�¢not~y@p�nuy,no]_a.�mtwlu�4sua4nut�»4aW��ª®y@su`¨q_����nut�y{p¯

Ó(Ó�Ø�[�è+\ÁðÁç



�@� � '���	��5��> ��<

\
]�t�l
lua4a4`&l/noy¨½Ial�y@`�a,²Gt�p��Ey{ª�`7t~p�t~`&���CsoaNvAq_t�soa4`7a4pAn/ª®y{s/nu]_a�mtwlo��soa�nua,�����{y@sut~nu]�`�´mlut~pV��a,t~p!��pGk
�N�{lua

λk+1
]��{l/noy&½Va��N���w��q_�w�¢noaN���¢¯

� � � � � 
 ���  Ã � £ Ã±Ç � ��� Ã � Ã   Ç_Å È Ä � ¡ � �T£{� Ç�� ��� Ã � Ç � (��� Ç��
¥ p�no]_twl�a4©m�{`7}_�~a@´$§'a�t����~q�l�nus��¢noa�]_y¢§ nu]�aE»4aNsuy��_kApV��`7t��Nl�`&�×k¾t~p �Vq_a4p��4a&nu]�aE½Ia4]��×�Gt�y{q_s�y{ª�nu]_a
ª®y@�~��y¢§�t�p_��lukml�noa4`































ż1(t) = z2(t)
ż2(t) = z3(t)
ż3(t) = −z1(t) − z2(t) − z3(t) − dT

ξ ξ(t) + λ(t)

ξ̇1(t) = αξ2(t)

ξ̇2(t) = −ωξ1(t) + z1(t)
w(t) = z1(t) ≥ 0

,.- �G� /

§�t~nu]�nu]_aft~p_t~nutw���C�4y{p��mt~nut�y{p
z(0) = (1, 0, 0, 0, 0)T
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h = 10−1 ¯
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dξ = (0, 0), α = 1
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ω = 1

¯
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dξ = (0, 1), α = 1
��p��

ω = 1
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]�a¦t�p ��q�a4p��4ay�ª�nu]_a,»4aNsuy&�mkGp��{`7t��Nl
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dξ = (0, 1)
½_qmn

α = 0
��pV�

ω = 0
´
z̄(t)
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dξ = (0,−1)
½�qmn

α = 1
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ω = 1
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dξ = (0,−1), α = 1, ω = 1
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z(0) = (1, 0, 0, 0, 0)T
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gr?f = {(t, x) ∈ [0, T ]× IRn, 0 ≤ t ≤ T
��p��

x ∈ [f(t−), f(t+)])} ,.- �@� /
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d((t, x), (s, y)) = max{|t− s|, ‖x− y‖IRn} ,.- � 0 /
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e(gr?f, gr?g) = sup
(t,x)∈gr?f

inf
(s,y)∈gr?g

d((t, x), (s, y)), ,K- �{� /
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h?(gr?f, gr?g) = max{e(gr?f, gr?g), e(gr?g, gr?f)} ,.- � -�/
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ẋ1(t) = x2(t)

ẋ2(t) = −R
L
x2(t) + u(t)

L
− 1

LC
x1(t) − 1

L
λ(t)

0 ≤ λ(t) ⊥ w(t) = −x2(t) ≥ 0
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x2(·)

t�l&nu]_a±�4q_sosuaNp@n��@��soy@lol�nu]_a±�4t~s���q�t¸nE�{p�� −λ t�l&nu]_a��@y{�~no�{�{a!y�ª¦nu]_a¿�mt~ym�ma@´ u(·) twl�³�{y{�~no�{�{a��4y{pAnusoy{�=¯ ¥ ª
u(·) = 0

no]_a4p y@p_a±lua4aWl&nu]V�¢nEno]_a�noso�{p�l�ª®a4s�ª®q�p��Ánot~y@p y�ªno]_a±y@}VaNso��nuy{s
λ(·) 7→ w(·) twl
}Iy@lut¸not~�@asuaW���=´AaWvAq����Rnoy LCs

LCs2+RCs+1
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u(t) = λ(t) + Lx3(t)

ẋ3(t) = x4(t)
ẋ4(t) = λ(t).
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ẋ1(t) = x2(t)
ẋ2(t) = −R

L
x2(t) − 1

LC
x1(t) + x3(t)

ẋ3(t) = x4(t)
ẋ4(t) = λ(t)

0 ≤ w(t) = −x2(t)
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ż1(t) = z2(t)
ż2(t) = z3(t)
ż3(t) = R

L
z3(t) + 1

LC
z2(t) + λ(t)

ξ̇(t) = z1(t)

0 ≤ w(t) = z1(t)
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∑n

i=1 ||xi − xi−1|| ≤ 1
2R

(||x0 − a||2 − ||xn − a||2) ≤ 1
2R

||x0 − a||2
,.- ��� /

� � �����Á+(����� 	$����0³��&�+(�.-#�

��a�n.�&lukGl�nuaN` ½Ia�{t��{a4p�½Gk&nu]�a,ª®y{���~y¢§�t�p_�7l�n��¢nua�lu}��@��a¦suaN}_suaWl�aNpAno�¢not~y@p






ẋ(t) = Ax(t) +Bu(t)

w(t) = Cx(t)
,.- �@� /

§�t~nu]
x ∈ IRn ´ u ∈ IRm ´ w ∈ IRm ¯ �¾a¨�@luluq_`7a,nu]V�¢n (A,B)

twl.��y@p@nosuy@�~�w��½��~a��pV��nu]���n
(A,C)

twl
y@½�lua4so�×�{½_��a{¯
��Ã�� � �®��� Ç�� � �&����> 	���#����
�
	 ���O#"'�> �I��# � ��> 	+� �

H(s) = C(sIn −A)−1B
�
s ∈ É ��� � �����I�� L�����$> �$@��	����< � �

� H(s)
� ���#"��< ��>?�I'W�$#

Re[s] > 0
�

� >$����� � ��<$<=�
�+> ����� �
# @ �< ��� � �
H(jω) +H∗(jω)

� ��#&��#�#&�B�A�>?�$@�� �
�	W��<$<
ω ≥ 0

�

�:���
	��
H∗(s)

� ��>7�L�;'���# �+��� ��>!��>?	��#L�  �� ���W� �
H(s)

�
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\
]_a,ª®y@�~��y¢§�t�p_�¨twl.�N�����~aW��no]_a �����`&��pm· �«��²Gq_½Iy¢�Gt���·=x$y{}Iy¢���~aN`�`&� 2 � -+3 ¯
� Ã � �³¡ � �&�L��>?	��#L���
��	 ���O#&'
> �I��# � ��> 	+� �

H(s) = C(sIn −A)−1B
� �� �� �+�$>?�$@���	�����<&� ����#&� ��#�< �

� ��>7�L��	��;� �A� �+>?� � ��> 	+�I'��+�
P = P T > 0

�
L ∈ IRn×m � �+��'�� >7�L�>

PA+ATP = −LLT

PB = CT

,.- ��� /

Ñ®Ò�ÓÑÌÔ
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	��	�����	�����	������� ���������! "�$#%�� &	���'��
��� � -

��� � Ç   �ô����� ��iG²{a4no��]�y�ª(nu]_aÏ2©Gnoa4p��maW�ZeZy{soaN�{q¬ l/\
t�`7a�iAnuaN}_}_t�p_� , Ï«e�\.i / i_��]_a4`7a��Ã� ��ô  Ã ¤É ���@lulut��N���Iª®y{so` y{ª(no]_a�l�kml�nuaN` �
A,B,C, x0��Ã� ��ô  Ã ¤ ÎIa4soy�·ºÐdkGp��{`7t��dª®y{so` �

r,W,Aξ , Bξ��Ã� ��ô  Ã ¤ b.q_`7a4sotw�4���C}V��s���`7a�noa4s�l
h, T� � ��(  Ã ¤

({xn}, {zn}, {µn}) = Approx(A,B,C,D, x0 , h, T )��� É y{`7}_q_no�¢not~y@p!y�ª�no]_ay{}Ia4s��¢noy{s��{loluyG�4t���nuaW��§�t~nu]�nu]_a¨ÎCÐ°ª®y{so` �

Ā, Ḡ, P����\
t�`�a��_t�lo��soa�not~»W�¢nut�y{p
N := [T

h
]��� É y{`7}_q_no�¢not~y@p!y�ª�no]_a,nut�`7at~pG�¢��sotw��pAn�pAq�`�aNsutw�4�{�Ry{}Ia4s��¢nuy@sol��

M̄ := (I − hĀ)−1

Mlcptmp := PM̄Ḡ

btmp := PM̄

z0 := Wx0��� �yGy@}�t�p�nut�`�a@¯
�UÇ  

k = 0
nuy�b È Ç

��� É y@`7}_qmnuafnu]�aso�{p_²
r?

r? = 1, i = 1;Æ � � � Ã
zk(i) ≤ 0

È Ç
r? = r? + 1
i = i+ 1 �Ã � È Æ ��� � Ã

��� É y{`7}_qmn��¢nut�y{p!y{ª
R���¨iGy{���{a¦nu]�ay{p_a4·Ul�nuaN} � É x }�suy@½_�~aN`

Mlcp := RMlcptmpR
T

b := btmpzk

(µk+1, z
?
k+1) := SolveLCP(Mlcp, b)���¨iAno��nua�À��Ánoq�����t�»N�¢not~y@p

zk+1 := M̄
[

zk + Ḡµk+1

]

xk+1 := W−1zk+1Ã � È �UÇ  
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P�t~�@q_soa - �2|'y@q_p��4t~p_�&|
�����Cy{p!��sut��{tw��}_���{p_a{¯ e = 0.8, g = 10m.s−2,m = 1kg, h = 5.10−3s
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