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Processus de rafle d’ordre supérieur: Formulation
mathématique et simulation numérique

Résumé : Cet article propose une extension du processus de rafle de Moreau, au cas
de systémes d’ordre supérieur & deux. Le cadre dynamique est introduit en détail, et
Pexistence/unicité des solutions est prouvée. Un schéma numérique de type “time-stepping”
est présenté.

Mots-clés : Inéquations variationnelles, inclusions différentielles, systémes de complémen-
tarité, analyse convexe, distributions de Schwarz, dynamique zéro, degré relatif, algorithme
4 pas de temps, systémes dissipatifs.
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1 Introduction
The so-called sweeping process is a particular differential inclusion of the general form
~5(t) € Nigo (=(0)) (> 0), 2(0) € K(0), W

where K (t) is a convex time-dependent set, and Ng ;) (2(t)) is the normal cone to K(t) at
z(t). Such evolution problems have been introduced by J.J. Moreau in 1971 [48, @9, (0, B1].
These models prove to be quite useful in elastoplasticity, nonsmooth mechanics, convex op-
timisation, mathematical economics, queuing theory, etc. Generalisations of the sweeping
process have been the object of many studies, see e.g. [20, [7, 34, 73, 35, 36, B7, 68, 67, [44]
and more references in [45], 19, B8]. Recently it was also shown that quite similar formalisms
apply to nonsmooth electrical networks as well as some problems of absolute stability [12, 24].

Moreau (see also Schatzman [63), 64]) introduced [53, 54| an extension of the sweeping
process for Lagrangian systems subject to frictionless unilateral constraints. He termed the
resulting equations Measure Differential Inclusions. Roughly, such evolution equations are
of the form

—d’U S NV(q(t)) (v(t)), 'U(t) € V(Q(t))a

where V(q(t)) is a closed convex multivalued function depending on ¢(-), and v(-) is the first
derivative of ¢(-). The term dv denotes the measure that is associated to what one could
call the second derivative of ¢(-). At this stage, we would just like to point out that this
evolution problem is of second order, whereas the one in () is of first order. This is crucial
because it generally implies that the solutions z(-) of the former are absolutely continuous,
whereas v(-) in the second formalism is of bounded variation (consequently may possess
jumps). In this paper we shall see that the order (which is directly related to some relative
degree r between two complementary-slackness variables w and )) indeed is a fundamen-
tal parameter which determines the nature of the solutions and their degree as distributions.

Most importantly, numerical time integration schemes have been introduced for both
first and second order sweeping processes in |51, B4] which correspond to what is now called
time-stepping schemes [I5]. The term “time-stepping” is used to underline that there is no
explicit procedure to take into account events, such as activation of constraints. For the
first order case (), the algorithm is —2(tx41) + 2(tx) € Ng(1,,,)(2(tk+1)), and is called the
catching up algorithm because of its geometrical interpretation. It has been extensively used
both for well-posedness studies [45], B8, 43, [70] and for numerical simulation [55, [I5]. For
Lagrangian systems subject to unilateral constraints, the time integration method is built
in the same way and called the Non Smooth Contact Dynamics [54), (6], 32]. For the case
r = 2, the discretization of the second order sweeping process is suitable [43, 45, B8]. The
algorithm that is proposed in this paper, is inspired from these time integration schemes as
will be explained in Section @l One motivation of the proposed study, is to provide us with
an efficient numerical scheme for systems with unilateral constraints and with relative degree
larger than 3. It is shown in [I7] and recalled in the Section BAl that applying directly
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4 Acary et al

a backward Euler scheme leads to some inconsistencies due to the fact that distributional
solutions are not correctly approximated. We aim at bridging this gap.

Recently, dynamical complementarity systems (introduced by Moreau in 1963 in the
framework of Lagrangian mechanical systems [46], 7], see also [42]) have been the object of
interest in the control literature |75, [76], B0, [T, M3, 14, 74, 07, 08, 40, 611, 2], because of
many applications in various fields such as nonsmooth electrical networks, optimal control
with state and/or input constraint, Lagrangian mechanical systems subject to unilateral
constraints, etc [74, [[1]. It is well-known that complementarity problems, variational in-
equalities and inclusions (or generalized equations) are closely related [23]. Similarly, com-
plementarity systems, evolution variational inequalities and differential inclusions as the
above ones (which we could name unbounded DI) are related [12, 24] 11} 25]. Equivalences
between various unilateral dynamics formalisms are established in [I]. For instance it is easy
to see that the first order sweeping process can also be rewritten as the evolution variational
inequality (2(t),v — z(t)) > 0, for all v € K(t), 2(0) € K(0), 2(t) € K(t) for all ¢ > 0.
Such relationships between various formalisms will be important for the developments in
this paper, especially for the design of a numerical algorithm. In parallel results have been
obtained for classes of piecewise affine systems [31]], however the link with complementarity
is not yet clear except in some particular cases [29, §4.2.2]. The time-discretization of lin-
ear complementarity systems with implicit Euler algorithms has been considered in [I7], as
indicated above.

In [59] so-called differential variational inequalities with index < 2 (i.e. with relative
degree < 1 in the language of this paper) are studied in a rather detailed manner: well-
posedness results are given, and numerical schemes are proposed and shown to converge.

Objective of the paper: The starting point is to consider a dynamical system of the form
x(t) = Az(t) + BA(t) whose trajectories have to evolve in a domain of the form Cz(t) > 0.
The dynamics is embedded into a distributional differential inclusion (named the higher
order sweeping process) which allows us to integrate the system while respecting the uni-
lateral constraint on the state. In the proposed formalism the Lagrange multiplier \ is a
distribution which possesses a specific decomposition into measures which satisfy inclusions
into a family of convex cones. A time-stepping numerical algorithm is constructed and its
properties are analyzed. Though the convergence towards solutions of the continuous-time
system is not yet complete, the analysis shows that the numerical scheme possesses strong
properties.

The paper is organised as follows. Some mathematical tools are presented in section2 A
special canonical state space representation which is useful for the subsequent developments
is introduced in section Bl The corresponding differential inclusion formalism is introduced
and motivated in section B, where important properties and well-posedness are shown. Sec-
tion Bl is devoted to the design and the analysis of a time-stepping numerical scheme. In
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Higher order Moreau’s sweeping process 5

section [l an application of the extended sweeping process is presented. Conclusions close
the paper in section [

Notation: The following notation is used: IR is the real line, IR is the nonnegative real
line, z; is the ith component of a vector z € IR". The relative degree between two signals
w and A\ defining the output and the input of a system, is denoted as r. The indicator
function of a set K is denoted as ¥k (-), and 9 is the convex analysis subdifferentiation.
The closed convex hull of a set K is denoted by ©o(K). When K is a nonempty closed
convex set then the normal cone to K is denoted as Ng(-) = O¢¥k(-). Lexicographical
inequalities are denoted as >=. For a vector x, x > 0 means that all entries x; = 0 or the
first nonzero entry is > 0. x > 0 means that all entries x; > 0. I,, denotes the n x n identity
matrix, 0" denotes the vector (0,0,...,0)7 € R"” and 0, = (0")T. Let M € R"*" be a
symmetric and positive definite matrix, the proximation operator prox/[K;.] is defined by
proxy[K;x] = argmin,c i (2 — 2)T M (2 — ). If M = I,,, we set proz[K;.] := prozy, [K;.].
The notations (x,%) := 27y and ||z| := V&7 x will also be used.

Acronyms The following acronyms are used throughout the paper: Complementarity
Problem (CP), Linear Complementarity Problem (LCP), Variational Inequality (VI), Or-
dinary Differential Equation (ODE), Differential Algebraic Equation (DAE), Measure Dif-
ferential Inclusion (MDI), Complementarity System (CS), Linear Complementarity System
(LCS).

2 Mathematical Tools

In this section we present fundamental analysis tools which will be helpful in settling
the higher order sweeping process formalism. In particular a class of distributions that is a
potential class of solutions of the dynamics is presented in detail.

Radon Measure. Let us denote by B(IR) the Borel o algebra and let dR be a R" —valued
Radon measure, i.e. a Borel regular measure such that dR;(K) < +oo for every compact
set K C IR (see e.g. [22]). Let A € B(IR) be given, we say that {A4,}, is a finite partition
of Aif A; € B(R), A;nA; =0,i# j and U™, A; = A. Let us now denote by P(A) the set
of finite partitions of A. The modulus measure of dR is defined by (see e.g. [63]):

[dR|(A) = sup > |[ldR(A;)||,VA € B(R).
{Ad, eP(A)

Let du be a real-valued Radon measure. Let us denote by L} (IR,du;IR™) the space of

loc

dp-locally integrable IR"-valued functions. One says that dR has a density relative to du
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6 Acary et al

provided that there exists a (class of) function R/, € Lj, (IR, du; R") such that dR = R, dp,
ie.

dR(A) = / Rl du, YA € B(R).
A

If dyu is nonnegative and dR is absolutely continuous with respect to du, i.e. A € B(R),du(A) =
0 = dR(A) = 0, then a classical direct consequence of the Lebesgue-Radon-Nikodym the-
orem (see Theorem 5.10.22 in [65]) ensures the existence of a unique (class of) function
R), € L}, (R,du; IR™) such that dR = R} du. Here

loc

where i—ﬁ denotes the derivative (density) of dR with respect to du. In particular, since |dR)
is nonnegative and | dR(A)|| < |dR|(A),VA € B(IR), there exists a unique (class of) function
Or € L!. (R, |dR|;IR") such that dR = 0z|dR)|.

Differential measure process. Let I be a real non-degenerate interval (not empty nor
reduced to a singleton), and let {K (¢);t € I} be a family of nonempty closed convex cones.
Suppose that dp is nonnegative and dR is absolutely continuous with respect to du. By
convention, we shall write
_ /
dR = R),du € K(t) on I (2)

to mean that
/
R, (t) € K(t), du—ae. tel. (3)

Proposition 1 If the relation in ([3) holds then, for every nonempty bounded A € B(IR),
AcClI:
dR(A) € to(Urca K(7)). (4)

Proof: Suppose that @) is satisfied. If A € B(IR), A C I and du(A) = 0 then dR(A) =0
and it is clear that @) holds since 0 € T0(U;caK (7)). Let A € B(IR), A C I such that
0 < du(A) < +o0. Then R} (A) C ©6(U;caK (7)) and thus (see Theorem 5.7.35 in [65]):

1 / =~
m/ARﬂdu € co(UreaK (7))

since G6(Ure 4 K (7)) is closed and convex. Tt results that dR(A) = [, R},du € To(UrcaK (7))
since du(A) > 0 and here @ (U,c4 K (7)) is a closed convex cone. [

INRIA



Higher order Moreau’s sweeping process 7

Functions of bounded variation. Let I denote a non-degenerate real interval (not empty
nor reduced to a singleton). By v € BV (I;IR") it is meant that u is a IR"-valued function
of bounded variation if there exists a constant C' > 0 such that for all finite sequences
to < t1 < ... <ty (N arbitrary) of points of I, we have

N
> u(ts) = u(tizr)| < C
=1

Let J be a subinterval of I. The real number var(u, J) := sup Zfil lw(t;) — u(ti—1)||, where
the supremum is taken with respect to all the finite sequences to < t; < ... < ¢ty (N
arbitrary) of points of .J, is called the variation of w in J.

Any BV function has a countable set of discontinuity points and is almost everywhere
differentiable. A BV function defined on [a,b] C I possesses left-limits in (a,b] and right-
limits in [a,b). Moreover, the functions ¢ — u(t) := lims_; s>t u(s) and ¢t — u(t™) :=
lims_.; s<¢ u(s) are both BV functions.

We denote by LBV (I;IR"™) the space of functions of locally bounded variation, i.e. of
bounded variation on every compact subinterval of I.

We denote by RCLBV (I; IR") the space of right-continuous functions of locally bounded
variation. It is known that if « € RCLBV (I;R") and [a, b] denotes a compact subinterval
of I, then u(t) can be represented in the form (see e.g. [66]):

u(t) = Ju(t) + [ul(t) + Cu(t), Yt € [a, 0],

where 7, is a jump function, [u] is an absolutely continuous function and ¢, is a singu-
lar function. Here 7, is a jump function in the sense that 7, is right-continuous and
given any € > 0, there exists finitely many points of discontinuity ¢4, ...,tx of 7, such that
SN N Tu(t) = Tt + & > var(Tu, [a,b]), [u] is an absolutely continuous function in the
sense that for every € > 0, there exists § > 0 such that vazl [[[w](8:) — [u](c;)]| < e, for any
collection of disjoint subintervals («;, 5;] C [a,b](1 < i < N) such that Z?{:l(ﬁi — ;) <6,
and (, is a singular function in the sense that (, is a continuous and bounded variation
function on [a, b] such that {,, = 0 almost everywhere on [a, b].

By u € RCSLBV(I;IR") it is meant that u is a right-continuous function of special locally
bounded variation, i.e. u is of bounded variation and can be written as the sum of a jump
function and an absolutely continuous function on every compact subinterval of I. So, if
u € RCSLBV(I;IR") then

u=[u] + T, (5)

where [u] is a locally absolutely continuous function called the absolutely continuous com-
ponent of u and 7, is uniquely defined up to a constant by

Tu(t) =Y uth) —ulty) = D ulty) —ult;) (6)

t>t, t>t,

RR n° 5236



8 Acary et al

where t; < 3 < ... < t, < ... denote the countably many points of discontinuity of u in I.
given in (@).

Stieltjes measure. Let u € LBV (I;IR") be given. We denote by du the Stieltjes measure
generated by u (see e.g. [65] and [45]). Recall that for a < b, a,b € I:

In particular, we have
du({a}) = u(a*) — u(a”)

For u € LBV (I;IR"), ut and u~ denote the functions defined by

ut(t) =u(th) = litrn>tu(s)),vt el,

and
u (t) =u(t") = S_l}gr;ﬁu(s)),‘dt el.

If u,v € LBV (I;IR"™) then u"v € LBV (I;IR) and
du"v) = (v) du+ (uT) dv = (v du + (u™) T dv. (7
Let us also recall that

2(u™ ) du < d(uTu) = (ut +u") du < 2(u™) du. (8)

Measure differential inclusions. The material given in this Section can be used to
formulate measure differential inclusions. For example, let F' : IR x R" — IR" be a C'-
mapping and let C C IR™ be a nonempty closed convex set. We consider the measure
differential inclusion: Find v € RCLBV (IR;IR") such that:

du + F(t,u(t))dt € —Ne(u(t)). 9)

The sense of (@) is given by the existence of a nonnegative Radon measure dyu such that the
measures du and dt are absolutely continuous with respect to dp and

D4+ F(t, u(t) &

0 @(t) € —N¢(u(t)), du—ae. t€R. (10)

INRIA



Higher order Moreau’s sweeping process 9

Note that the concept of solution does not depend of the choice of the nonnegative Radon
measure du since the right-hand side of () is a cone, and the densities can be obtained
one from other by multiplication with a nonnegative function. It results from Proposition [
that

du(A) +/AF(T,u(T))dT ea( | —Ne(u(), (11)

TEA
for every A € B(IR) such that du(A4) < +oc.
Let us now recall some important consequences of such a mathematical model. We have

u(tt) — u(t™) € —Ne(u(t), vt € R (12)

and
up + F(t,u(t)) € —=Nc(u(t)), ae. t€R.

According to the notations introduced above, u} denotes the density of du with respect to
the Lebesgue measure dt.

Distributions generated by RCSLBYV functions. Let [ be the open real interval given
by
I =la, B

where o € IR and 8 € R U {+00}. We set also
I=o4]

Here C§°(I) denotes the space of real-valued C°°(I)-mappings with compact support and
D'(I) is the space of Schwartz distributions on I. Recall that for T' € D’(I), the (generalized)
derivative of T is defined by

The (generalized) derivative of order n is then given by
D"T = D(D"™'T) (n > 2),

that is
(DT, ) = (=1)"(T,¢'™),¥ ¢ € C§°(I).

For a € I, we denote by d, the Dirac distribution at a, defined by
(0a, ) = ¢(a),V ¢ € C5°(I).
Note that 6, = DH(. — a) where H is the Heaviside function:

H(t)_{l if t>0

0 if t<0

RR n° 5236



10 Acary et al

The support supp{p} of a function ¢ : I — IR is defined by supp{¢} := {t € I : ¢(t) # 0}.

The support supp{T'} of a distribution 7" € D’'(I) is defined by supp{T} := I\O where

O C I denotes the largest open set of I on which T vanishes in the sense that (T, @) =

0,V ¢ € C§°(0). Here, for p € C§°(0), the function g € C§°(I) is defined by @(t) =
p(t) if teO

{ 0 if tel\O

Let h € RCSLBV (I;IR) be given. We will denote by Ey(h) the countable set of points of

discontinuity 1 < to < ... <t < ... of h. As seen above, h can be written as the sum of a

locally absolutely continuous function [h] and the locally jump function J, given by

Tn(t) =Y on(t),

>ty

where for ¢ € I,
on(t) ;== h(t") —h(t™) = h(t) — h(t")
denotes the jump of h at t. It is clear that if ¢ € I\ Ey(h) then oy, () = 0.

We will denote by h( the right derivative of the absolutely continuous part [h] of h €
RCSLBV(I;R), i.e.

x> d*[h . [p)(t+ o) = [R](t
)= ) _ gy P00
We have thus:
h =1[h] + Jp (13)
and
dh = hMdt + dJ,. (14)

The measure dJ, is atomic as a measure concentrated on the set Ey of countably many
points of discontinuity of h in I, i.e. dJn(A) =0,VA € B(R), A C R\ Ey.

Let us now set B B
Fo(I;IR) = RCSLBV(I;IR)

Fi(I;R) = {h € Fo(;R) : 'Y € RCSLBV (I;R)}
_ _ . ar . _
Fo(l;R) = {h e Fi(I;R) : h? := E[h(l)] € RCSLBV(I;R)}
N N = . N
Fi(l;R) = {h € Fr1(L;R) : b = E[W—l)] € RCSLBV(I;R)}

and 5 -
FooI;R) = MpenFi(1;R).

We standardize the notations by setting h(®) := h. Note that h®) € RCSLBV (I;R) (o > 1)
means that the absolutely continuous function [A(®*~1)] admits a right derivative h(®) =
%[ﬁ(o‘_l)] at each ¢ € I and h(® has special local bounded variation over I.

INRIA



Higher order Moreau’s sweeping process 11

Remark 1 i) Note that if %[ﬁ(a_l)] exists and has special local bounded variation on I
then necessarily %[ﬁ(o‘_l)] 1s right-continuous. Properties h(®) € RC’LBV(f; R) and h(®) e
LBV(I; IR) are thus equivalent. The "RC" requirement stands in the definition of the vector
space Fo(I;R) for pedagogical reasons.

ii) Note also that for a.e. t € I, we have %[ﬁ(o‘_l)](t) = %ﬁ(o‘_l)(t) = hgail)(t)
Example 1 Set I =]0,4o00[ and let u: I — IR be the function given by
u(t) = |sin(¢)], Vt > 0.

It is clear that ~
% :=u e RCSLBV(I;R)

since u is Lipschitz-continuous. Then we obtain

+ +u
i) = Lo = &

== (t) = cos(t — k) if t€ [k, (k+ 1)), (k € N).
We see that Eo(u(V) = {kr; k € IN\{0}} and

a4V = [aM] + J,

where
[aM](t) = —2k + cos(t — kx) if t e [k, (k+ 1)x], (k€ N)
and
J(t) =2k if t € [kr, (k+ 1)x], (k€ IN).
Thus R
4V € RCSLBV(I;R)

Then

d+

@ (t) = —[aM](t) = —|sin(t)]

dt

so that

4? e RCSLBV (I;IR).

And so on, we see that

{ (=1)maO(t) if k=2m C(me),

(—=1)maM(t) if k=2m+1
so that 4*) € ROSLBV (I;R), Yk € IN, and thus

u € Foo(I;R).

RR n° 5236



12 Acary et al

Let h € Foo(I;R) be given. One remarks that (generalized) derivatives of h have a specific
easy to handle structure. Indeed, let us here denote by T} the regular distribution generated
by h, i.e.

(Th, o) = /w hdt, Ve G ().
I

Let ¢ € C§°(I) be given. Using (@) and (Id), we obtain (here h™ = h and ¢~ = @):

(DTh,@:—/Igbhdt:—/Ihd<p:—/ld(h<p)+/1gadh

— / o dh = / phWdt+ () = h(tp)6n )

ti € Eo(h)Nsupp{p}

and so on, we see that for any o > 2:

(DT, ) = / o dh@D + 3 ( > (R0 ) = B 0))

«
=2 tpeBo(h(>=)nsupp{ep}

- /80 A aqr + i ( Z (ﬁ(o"i) (tp _ pla=d) (tlz))@gi—l), @)
I

=1 tpeBo(hte=0)Nsupp{p}

Example 2 Let u: I — IR be the function considered in Example . Let us now consider
the distribution T defined by

o0

Toe) = [ [sinOleldt, ¥ o € CF(D).

— 00

Then for a given function ¢ € C3°(I), we see that:

0o (k+1)m
(DT, @) = [ aD()p(t)dt = / cos(t — km)p(t)dt,

keINNsupp{p} km
(DT, ) = / a® e+ Y (@D k") = a0 (kr 7)) (Bers ) =
e keIN\{0}Nsupp{¢}

_ / Clsn@lemdi+2 Y (G

—c0 k€IN\{0}Nsupp{e}

and so on.

INRIA



Higher order Moreau’s sweeping process 13

Let us now denote by 7, (I) the set of all distributions 7" € D’(I) which satisfy the
following condition: there exists a function F € Foo(I;IR) such that T = D"F. Tt is
clear that 7o(I) = Foo[;R). If T € Ty(I) then there exists F' € Faoo(I;IR) such that
(T, @) = [;dF© = [, pdF, for all Vo € C5°(I)). More generally, if T € 7T, (I) for some
n > 2, then there exists F' € F(I;IR) such that, for all ¢ € C5°(I):

(T, ) = / b 3 ( > (B0 (k) = PO ) ¢))

=2 tyeFo(F(=)nsupp{p}

= /Igp F(n)dt—FZ ( Z O fr(n—i) (tk)<5§i_l),<p>).

=1t eBo(F(»~9)Nsupp{p}

For such distribution T, we may clearly identify the "function part" {7} and the "measure
part" < T > respectively by R
{1} = B

and (if n > 1)
(KT >, ) = /wdﬁ(”’l), Ve Cye().
I

We will also use the notation d< T >> to denote the Stieltjes measure dF(™~1) generated
by F("=Y) ¢ RCSLBV(I;R). Here {T'} is a RCSLBV function and d < T >> is a Stieltjes
measure. For pedagogical reasons, we use the two different notations d << T > and < T >
to denote respectively the Radon measure defined on the Borel’s sets and the corresponding
distribution, i.e.

<<<T>>7<p>=/ pd<T>, VoelC&).
I

It will be also convenient to use the notation {T*)} to denote the "function part" of D*T,
i.e.
{T®} = {D*T} = F(n TR,

For T € U,en7, (1), we define the degree "deg(T)" of T in the following way: Let n be the
smallest integer such that T € 7,,(I), we set

n+1if n>1
deg(T) =< 1 if n=0 and Eq({T}) #0 (15)
0if n=0 and Eo({T}) =10

The distributions of degree 0 are the continuous F-functions while the distributions of
degree 1 are the discontinuous F-functions. The right-continuous Heaviside function is of
degree 1, the Dirac distribution § is of degree 2, the distribution 6" is of degree n + 1.
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Example 3 Let us here consider the distribution T' of Example[d We have:
T={T} =14 = |sin(.)|, deg(T)=0,
DT ={TW} = {DT} = aM) = cos(. — kr) on [km, (k+ 1)7) (k € N), deg(DT) =1,

D’T =< D’T = —|sin()| +2 > Ok, deg(DT) =2,
keIN\{0}
{T®} ={D*T} = 0 = —[sin(.)],

and
d < D*T >=da".

3 The ZD canonical representation

In this section a canonical state space representations is derived, which will prove to be useful
to formalize the extended sweeping process. Our treatment here is, of necessity informal.
The scope of this section is not to get all the smoothness hypotheses worked out but is
merely to illustrate a canonical state representation that is generally used by researchers
from Systems and Control.

3.1 Canonical state space representation
Let us here consider the following dynamical system:
i(t) = Az(t) + BA(t) (t >0)
2(0) = o (16)

w(t) =Cxz(t) >0 (t>0)

where z : Rt — IR", A € R, A € R™", B € R™*! and C € R'*". We assume that the
transfer function H(s) = C(sl, — A)~!B of the operator A\ — w is not zero. Equivalently
there exists 1 < r < n such that CA"'B # 0 while CA*"'B=0forall 1 <i<r —1. The
integer r is called the relative degree of the triple (A, B, C). Let us note that it is implicitly
assumed in (6] that the relative degree is strictly larger than zero. Actually, the framework
that is presented next is essentially linked to systems with » > 1. The existence of a relative
degree allows one to perform a state space transformation, with new state vector z = Wz,
W square full-rank of order n, and

21 = (w1, i, w7 = (27T, €€ RTT (17)
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Higher order Moreau’s sweeping process 15
such that the new state space representation is (see [[7]):
Z1(t) = 22(t) (£=0)
Za(t) = 23(t) (£>0)
Z3(t) = za(t) (t=0)
Zroa(t) = 2e(t) (6= 0) (18)
(t) = CATW=L2(t) + CA™"1BA(t) (t>0)
£(t) = A¢k(t) + Bezi(t) (t20)
w(t) = z1(t) (t > 0)
2(0) = 2.
Here A¢ € R" """ and Be € R" "*'. The transition matrix of the ZD form is
0 1 0 ... 0 On,
0 0 1 ... 0 0,
WAW ™! = : : : (19)
0 0 e 1 Op—r
dy  da ds ... d dET
Be O"°T 0" L 0" Ag
where (0" ")T = 0,_, = (0,...,0) € R"*(™")_ Moreover
CAW ™'z =d"z+d{¢, (20)

with d7 = (dy, ..., d,).

In Systems and Control theory, the dynamics & = A¢€ is called the zero dynamics, so we
shall denote the state space form in ([I8) the ZD representation. We note that the formalism
in ([I¥) continues to hold if A\,w € IR™. The system has a uniform relative degree if all the
Markov parameter C; A”~! B; are non zero for some r and all integers 4, j € {1, ..., m}, where
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C; is the ith row of C' while B; is the jth column of B. Then CA™ !B is an m x m matrix.
One has in the multi-variable case zi(-) = w;(-), 1 <i < m and

5(t) = 24(0) (62 0)
25(t) = z4(t) (t=0)
5(8) = AW 12(t) + CAT ' BA®) (¢ > 0) (21)

E(t) = A€ (t) + Bei2{(t) (12 0)

w(t) = z1(t) (t>0).

Grouping terms together z; = (24,...,27")7, and so on, one gets the same expression as in
(@) but all z;, 1 <1i < r, are m—dimensional. One has also mr < n.

Example 4 Let the linear part of a system as in ([IA) be described by its transfer function

H(s) = 1;\)((;)) iy (512—;014)5 . The ZD canonical state space representation s
Z(t) = 2(t) (t=0)
Z(t) = A1) — 21(t) — 22(t) + a&a(t) + B (2) (¢ = 0)
&i(t) = 52( ) (t=0) (22)
E(t) = &) +z(t) (t=0)

w(t) = z1(t) (t=0)

3.2 Distributional dynamics model

Starting from this section on, we set I =]0, 4+00|, and only functions from the class RCSLBV (I;R)
and distributions from the class U,en7,(I) are used. Moreover, in order to simplify the
presentation of our problem, we shall assume that m = 1. When the statements or results

also obviously hold for m > 2 and uniform relative degree (see (ZII)) this will be pointed

out.

In this section, we present our model. Recalling that all concrete mathematical models were
born without mathematical maturity, we confess that it is also the case of the following one.
We need thus in this section to stay beyond the standards required in the mathematical
literature. Happily, this will be brief, and our aim in the following sections will be precisely
to bring our model to come to its mathematical maturity.

Until now possible state z(-) jumps have not been introduced. It is of utmost importance to
notice that in general, the solutions of ([[§) (equivalently of ([[#)) will not be differentiable.
Consider for instance the initial data 2;(07) < —§ for some 6 > 0 and all 1 < i < r.
Then obviously all the z;, 1 < i < r, need to jump to some non-negative value so that the
unilateral constraint z;(t) > 0 is satisfied on (0,¢) for some ¢ > 0. At this stage we can
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Higher order Moreau’s sweeping process 17

just say that a jump mapping is needed. Its form will depend on the type of system one
handles (in Mechanics, this is the realm of impact mechanics [10]). If one considers (&) as
an equality of distributions of class U,en7n([), then we can rewrite it as

Dzl = Z2
DZQ = Z3
Dz3 =24

DZT,1 = Zr

Dz, =CA" W™z 4+ CA" "B\

D¢ = Agf + Bgzl.

At a reinitialisation time one has {z}(t}) = F({z}(t,)), where F(-) is an operator that will
be defined later. Consider the above initial conditions on {z}(-). Then Dz is a distribution
of degree 2 and we get Dz = {1} + 0,,(0)dp = 2z2. Consequently Dzs is a distribution
of degree 3 and Dz = D22z = D{z1} + 0.,(0)0 = {22} + 0(2,,(0)do + 02, (0)d0 = 23,
and {#1} = {22}. Then Dz is a distribution of degree 4, and we get Dz3 = D{Z} +
U{Zl}(O)éo + 0 (0)60 = {23} + 0'{7;2}(0)50 + 0{7;1}(0)50 + 0 (0)50 = 24, and {22} = {23}
Thus 03,3 (0) = {22}(0%) = {22}(07), and 6:,1(0) = {23}(07) —{23}(07). And so on. Until
now we have decomposed only the left hand side of the dynamics as distributions of some
degrees. Now let us get back to the distributional dynamics in ([23). Starting from Dz; = 2o,
one deduces that the right hand side has to be of the same degree than the left hand side.
This means that the right hand side is equal to {22} + v1, where 14 is a distribution of
degree 2, i.e. a measure. Similarly from Dz = z3 one deduces that z3 = {23} + v/, where
vh has degree 3 and can therefore further be decomposed as vz + v}, with deg(r2) = 2 and
deg(v}) = 3. It is not difficult to see that v{ = Dvy. Therefore Dzy = {23} +v2 + Dvy. The
variables v1 and v are slack variables (or Lagrange multipliers), and are measures of the form
vi(p) = [, ¢(t)dv; Yo € C§°(I), where du; is a Stieltjes measure generated by a Foo(I;R)-
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function. Continuing the reasoning until Dz, we obtain Dz, = CA"W {2} + CA""1 B\
where deg(\) =deg(Dz,) = r + 1. Consequently from (Z3) one gets

DZl = {22} —+ V1
Dzy = {23} + Dvi + vo
Dz3 = {24} + D2V1 + Dvs + v3

Dz = {241} + DYy + DO 2Dyy + .+ Dy + v

Dz 1 ={2}+ DU D + ...+,
Dz, = CA"W~Hz} + CA"" 1B,

We keep the notation A for the multiplier which appears in the last line. One sees that A in
&4 can be given a meaning as

A= (CA™ B YD Yy, + ...+ Dv, ] + v, (25)

provided CA" !B # 0 (invertible in the case m > 2). Then \ is uniquely defined as in (25).

It is important at this stage to realise that ) is the unique source of higher degree distri-
butions in the system, which will allow the state to jump. Therefore the measures v; have
themselves to be considered as sub-multipliers. In 24]) we have separated the regular (func-
tions) parts denoted as {-} (see Section Bl) and the atomic distributional parts. Notice that
{zit1} = {Z:i}. Also D{z;} = {zi41} + v;i (see Section B).

Only the Dirac measures v; and time functions are signed. Consequently imposing A > 0
is meaningless in general. Another point of view is to assert that A > 0 implies that A
is a measure. However this is not sufficient to assure z; > 0 along the time integration.
Consequently one has to resort to higher degree distributions to give a reasonably general
meaning to the dynamics in (8.

Our aim is now to propose a mathematical formulation applicable to the study of our
problem. Let us here also suppose that CA"~'B # 0 (invertible if m > 2) .

Distributional formalism. A mathematical problem that appears suitable for the study of
the dynamics in 23), 4), [Z3) consists to find 21, ..., 2, € T,_1 (R ) and & € 7,_1(RT) (1 <
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Higher order Moreau’s sweeping process 19
i < n —r) satisfying the distributional equations
DZl — 29 = 0
DZQ — 23 = 0
DZg — 24 = 0
(26)
Dz, 1—2.=0
Dz, —CA' W1z =CA™"1BX
D§ = Ag§ + szl
together with some constraints on the distributions (of degree < 2) v, ..., v, defined by
v =< Dz — {22} >
vy =< Dzo — {23} >
vy :=< Dzg — {z4} >
(27)
Vp_1 =< Dz — {2} >
vp =< Dz, — CA"WHz} > (= CA™ 1B < A >)
and
A= (CA™'B) D" Yy + ... 4+ Dvp_y] + vy (28)
Each distribution v; is of the form
i) = [ i, o e ) (29)
I
where dv; is a Stieltjes measure generated by a ]—'OO(f ; IR)-function.
Let us now denote d{z;} (1 < i < r) the Stieltjes measures defined by
(< Dz >, ) = / oz}, Yo e CE(), (30)
I
that is also the Stieltjes measure generated by {z;}. We see that
dv; =d < Dz; — {Zi+1} >= d{Zl} — {Zi+1}(t)dt7 (1 <i1<r— 1) (31)
and
dv, =d < Dz, — CATW Y2} >=d{z.} — CA"WH{z}(t)dL. (32)
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If K denotes a closed convex cone then the expression dv; € K has a sense that has been
specified in Section B (see @) and (B)). The constraints will be specified and discussed in
the following section.

Remark 2 i) The structure of the system in (Z8) ensures that necessarily z; is a distribution
of degree < i while X\ is a distribution of degree < r + 1. It results that z1 = {z1} and the
zero-dynamics is an ODE, i.e.

) = Agg(t) + Bgzl(t),vt el

i) The mapping £(.) is continuous on R™. Indeed, suppose that t,, — t*. We have

€(ta) — €G] < | / (Ack(s) + Bez (5))dsl.

The mappings &(.),z1(.) are BV (and thus bounded) on compact subsets of RY and thus
there exists a constant C' > 0 such that (for n large enough):

1€(tn) =€) < Cltn — 7).

It results that £(t,) — &(t*).

Measure Differential Formalism. The Distributional Formalism contains all the in-
formation on the dynamics. However, it would be convenient to end up with a "weaker"
formalism for ([23) @4) by requiring that the solutions z; of the system in (23) @4)) are
regular distributions z; generated by right continuous functions of special locally bounded
variation. More precisely, our problem consists to find 21, ..., 2., &1, ..., €nr € Foo(IRT;IR)

such that
le = 22 (t)dt + dlll

dZQ = Z3 (t)dt + dl/2
dzs = z4(t)dt + dvs

dzp—1 = 2z.(t)dt + dvyp—1
dz, = CATW~12(t)dt + CA"~1Bdy,

§(t) = Agb(t) + Bez (1)
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Higher order Moreau’s sweeping process 21

where dv; denotes Radon measure and dz; is the Stieltjes measure generated by z; (see
Section B). If K denotes a closed convex cone then the expression dv; € K can be defined
as in Section

Here, all distributions, let us say T, invoked in the system (23)) 4)) are of degree < 1 and
thus <« T >=T. Here, we have also {z;} = z; (1 <i <7r).

Remark 3 In Mechanics one has r = 2 and X is of degree 2 because v1 = 0 (the position
z1(+) is absolutely continuous, see e.g. [45, [Z0]). In dissipative electrical circuits with r =1
then possible inconsistent initial data on z1 may lead to v1(= ) of degree 2 [18]. The
measures v; and the distribution X in (Z4) play o similar role to the Lagrange multiplier
in Mechanics with unilateral contact. The idea of the extended Moreau’s sweeping process
s to represent these atomic distributions in o way similar to what is done in Mechanics
and to subsequently take advantage of this formalism to derive a time-stepping numerical
algorithm. Moreover, viewing the dynamics as an equality of distributions as in (24) paves
the way towards time-discretization with time-stepping algorithms, i.e. numerical schemes
working without event detection procedures and with constant time-step.

Remark 4 The idea of observing the derivatives of the variable w(-) in order to analyse
unilaterally constrained systems is certainly not new, and has been often used previously
30, [72]. Also it has been long well known in DAE theory that higher degree distributions
can occur due to inconsistent initial state [39, [Z1]. Therefore introducing such ingredients
in dynamical systems is by far not new. It is however clear that the gap between DAE and
complementarity systems, is not trivial.

4 The extended Moreau’s sweeping process

4.1 Preliminaries

Let us first recall that in order to simplify the presentation we shall continue to assume in
many places that m = 1.

Let @ be a nonempty closed convex subset of IR. We denote by T (x) the tangent cone of
® at z € R defined by
T (z) = cone(® — {z}) (34)

where cone(® — {z}) denotes the cone generated by ® — {z}. The definition in &) allows
us to take into account constraints violations. Note that

R if z>0
TR*(I):{IPJ it <0

and
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Let us now set
For z € IR", we set

We define
T3(Z:) = TT(;',*l(ZFl)(Zi)-

Remark 5 If m > 2 then ® = (R1)™ and
T(Z:) = %% To(Z)).

We shall keep the notation ® noting that in general when one starts from the ZD dynamics,
one gets ® = IR". Moreover we also keep in mind the extension of the material that follows
towards formalisms involving time-dependent convex sets ®(¢) and not necessarily being the
ZD dynamics of a given system.

Starting from (23)), ([Z4) the extended sweeping process is written as follows

dv; € —aszgl({ZH}(t,))({zi}(ﬁ)) onl, (1<i<r) (36)

with dy; in @3)-B2). The sets 81/)%71( ( Ziil}(t,))({zi}(ﬁ)) are nonempty closed convex
cones and therefore the inclusions in (B8) make sense (see Section B). Recall that I =]0, 4-o0]
and I = [0, +o0].

Remark 6 i) Recall that if z; € Té,_l(Zi,l) then
8¢T;1(Z1,71)(zi) ={weR: (w,v—2z)<0,YveTy (Zi-1)}

s the outward normal cone to Tgl(zl, vy Zim1) at 2.
ii) Note that ‘
Ty (Zic) =R = Mopi-1(g,_y(2i) = {0},

Ty '(Zic1) =RY and 2 >0 = i, ) (2) = {0},

Té:l(zi—l) =R" and z <0 = 81,/}T;71(Zi71)(2’i) =R".
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Starting from () and (®) one is tempted to write the inclusion
Dz, — CATW™12(t) € —CA"'B 0pa(21(t*)) on I,

which makes sense only if A is a measure since g (21(-7)) is a cone. This inclusion is
replaced by

dv, € — 6¢T;*1({ZT,1}(15*))({ZT}(t+)) on I,

in B6). The positivity of A is now understood as the positivity of v, (see also Theorem [
below).

Remark 7 It is then important to see that the distributional dynamics
D"zy = Dz, = CA"W ™z} + CA™'BA (37)

with A in (38) (23), is equivalent to (Z4) (38). Notice that (23) (38) (32) is the same as
(23) @3) @3-

Definition 1 (Higher Order Moreau’s Sweeping Process) The higher order (or ex-
tended) sweeping process is the dynamical system represented in (Z3)([24) (Z3) (38).

Remark 8 It is noteworthy that though the formalism is presented in the coordinates in
(13), its implementation requires the knowledge of A, B, C and x(-) only. We however believe
that the state space representation in [{I8) allows one to better understand the underlying
dynamics.

4.2 Mathematical Formalisms

Let us now complete the formalisms introduced in Section

Distributional Formalism. Using @8), &), 8), @3), @), G1), B2 and @6), our
mathematical problem reads: Find z1,...,2, € 7,_1(I) and & € 7,_1(I) (1 <i<n-r)
satisfying the distributional equations

Dzl — 29 = 0
DZQ — 23 = 0
DZg — 24 = 0
(38)
Dz 1 —2,=0
Dz, —CA' W1z =CA™"1BX
D¢ = A€ + Bemy
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A= (CA"'B) MDY « Dzy — {2z} > +...+

+D < Dzpoq — {2} >+ < Dz, — CA"W ™z} > (39)

and

d{z1} = {22} (t)dt € —0vrg({Z1}(t7)),

Az} — {2 YOt € =gy oy {2 ED)),
: (40)

zroa} = {2 (Ot €~y sy (a1 HED),

(CA™IB) Hd{z} — CAWHz}(t)dt] € —0%rr—1(17,_ 3y {2} (ED).

The relations given in (@) are formulated on I and have to be interpreted in the following

sense: Find nonnegative real-valued Radon measures du; (1 < i < r) relative to which

the Lebesgue measure dt and the Stieltjes measure d{z;} possess densities dd_;fi and 4zl

dp;
respectively such that:
d Zi dt
2 4) — i O () € ~0rg g,y L HED)
dpi—ae tel  (1<i<r—1) (41)
and
1 v —17 41 2r R dt
A B) S @) - AW O (0] € =0y g,y U E)
dp, —ae. tel. (42)
By convention, we set
2(07) = 2o (43)

where zp is given in IR" so as to define some appropriate initial condition.

Measure Differential Formalism. Using ([3) and (B8), our mathematical problem reads:
Find z; € Foo(I;R) (1 < i <7r) and & € Foo([;R)(1 < i < n —r) such that
dzi — zi+1(t)dt € _8¢T;1(Zi,1(r))(Zi(tJr)) on I (1<i<r-—1) (44)

(CA™'B) Hdzr = CATW ™ 2(t)dt] € =01,y (2(t7) on I (45)
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and ) -
E(t) — Agk(t) — Bez(t) =0, ae. tel (46)

The system in (@) and {H) has to be interpreted in the following sense: Find nonnegative
real-valued Radon measure du; relative to which the Lebesgue measure dt and the Stieltjes

measure dz; possess densities dd—; and j;:_ respectively such that
dZi dt + z .
m (t) — zip1(t) o (t) € _31/’1;'51(%,1@—))(21'(15 ), dui—ae tel (1<i<r—1) (47)
and
A By [Er gy — carw )2 1) e —o tt
( ) [d_ur( ) — 2( )d_ur( )| € =0¢pr-1(z,_,1-y) (2 (7)),
dp, —a.e. t € R. (48)

Remark 9 i) The model in {7)-{73) is the same that the one given in {{1)-([{{2) since here
{zi} = 2.

i) If z1 is piecewise continuous then the general solution & of {{8) is given by

t
E(t) = e'D + / e~ Bez (1)dr,
0

where D € R"".

Remark 10 It is noteworthy that the differential inclusions which are considered in this
paper, are specific DI (which could be named unbounded DI), which cannot be analysed
using the tools for “standard” DIs of the form &(t) € F(x(t)) as in [5]. Especially the
basic assumptions for standard DIs are that F(x) is compact for each x, and that a linear
growth condition holds. Such assumptions do not hold for the inclusions considered here,
since the sets in the right hand sides are normal cones, hence unbounded sets. Such a kind
of differential inclusions gave rise to all the mathematical and numerical studies on the
sweeping process and mechanical systems subject to unilateral constraints [48, {9, 50, [51),
210, [7, [33, 43, [19, 38, 135, 136, [37, 6, [63, [64, 30, 3, [70, [13)].

Variational Inequalities. The system in ({I)-([#2) (and consequently the one in {T7)-ER)
t00) together with the zero-dynamics can be written as the evolution variational inequalities:
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(A (1) — Lz (0 (8),0 — (1)) 20, ¥ v e T3 ({Zia}(E)),
dypi —ae. tel (1<i<r—1)

(CAB) T GER (1) = CATW T AL (0] v — {20 }9)) 2 0,

(49)
VoueTsy *({Z-1}(t7)), duy —ae tel

(E(t) — Ack(t) — Bezi(t),v —&(t)) >0, Yv e TR, ae. tel.

The following Proposition shows the link between the distributional formalism of the measure
differential formalism.

Proposition 2 i) Let (z1,...,2,§) € (T,—1(I)" be a solution of Problem (38) (33) #J)
@) Then 21 = {z1} € Foo(iR), 2z € T (1) (2 < i <7),& = {€} € (Foo([;R))"" and
({z1}, s {2}, &) is a solution of Problem {4) #3) #9) @3-

i) Let (wi,....,w,€) € (Fo(I;R))" be a solution of Problem {F) @3) @8) @3) Let
(21, ey 20, &) be defined by

Z1 = wq
and -
smwi Y (Y () —wE) V) @<i<n,
j=1 thEo(wj)
Then (z1,...,2r,€) € (Tr—1(I)™ and is a solution of Problem (38) (Z9) #A) E3). [ |

4.3 The State Jump Mapping

In this Section, we examine some properties of the solution of problem BY) BY) E) E3)
(and consequently of problem (E4]) {H) EH) E3)). The existence of such a solution is thus
assumed for the time being. Let us first remark that the following is true

Lemma 1 Let z1,...,2. € IR be given and let 01,...,0, € IR such that
o; € —81,/}T;—1(Zi71)(21') forall 1 <i<r.

Then the inclusion
Opr—r(z,_,y(2r) € Oa(21)

holds. Moreover,
z21>0=0,=0
z21=0=0,>0.
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Proof: If 21 > 0 then Ty(z1) = IR and 9vs(z1) = {0}, and since Tj '(Zi-1) = R
then 81/;T;71(Zi71)(zi) = {0} for all 1 < i < r. In particular we deduce that o, = 0. If
z1 = 0 then 0Yp+(21) = R™. Depending on the values of z,...,2; being positive or
non-positive, one may have 9¢r; (z,)(2i+1) = R™ or 0¢rpi(z,(zi41) = {0} for all 1 <
t < r—1. Indeed assume that z1 = 20 = ... = z; = 0 and 24 > 0 (this implies
that z = 0). Then ® = T(Z)) = TL(Z)) = T2(Z,) = T3(Zs) = ... = T4(Z;) = RT and
Tit N (Zj1) =T (Zj0) = ... = T&;M*l(ZT_l) = IR. Thiscan be seen since for instance
TI2(Zj10) = Tri+1(z,00)(2i+2) = Tr(2j42) = IR because also TItHZj41) = Tps (2j11) =

IR. Consequently 0V (z,)(zi+1) = IR™ for all 0 < i < j, whereas 0¢r; (z,)(2i41) = {0} for

71+1<i<r—1. We cor;clude that under such conditions o; > 0 forall 1 <i<j+1, and
o; =0 for all j+2 <i <r. Consequently o, > 0 when z; = 0. The inclusion is also proved.
|

Let ¢t € I be given. A direct consequence of the higher order sweeping process appears as
soon as one measures the set {t} with the Radon measure dv;. Indeed, as seen in Section £
we get from Bd):

dvi({t}) € =g 1z, ey {zH(ED): (50)

Then
dvi({t}) = d{zi}({t}) = {zi1 }(Odt({t}) = d{z:}({t}) = {z:}(tT) = {=:}(t7)
foralll1 <i<r-—1, and
(CA™ B)dvr ({t}) = d{z-}({t}) — CATWH{z}(t)dt({t})
= d{z}({t}) = {z}(t7) — {z}(t7).

Obviously, the same result holds in the framework of the measure differential formalism (in
this case z; = {z;}).

These results ensure that the extended sweeping process inclusion defines a well-posed state
jump mapping and the following holds.

Proposition 3 Let ¢t € I be given. We have

{zi}(t") = {zi}(t7) € =0¥pi-1 (5, -y {ziHED)), A <i<r—1) (51)

and
(o) = L 7) € —CA™ B 0y 1y (o (0. (52
|

Another direct consequence of (BH) is that

{z}(t1) € Ty ' ({Zica}(t7)), (1< i <ryn). (53)
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Our convention in ({3) together with (&) yield
{2i}(07) € 20 — Mopi-1(z,,_, ({z}(07)), 1<i<r-—1)

and
{2, }(0") € 29, —CA™'B 6¢T;1(2M71)({zr}(OJr)).

where z( ; is the ith-component of zo and Zy; = (20,1, - -, 20,)-
Theorem 1 Let t € I be given. Then
0<2z(tT) Ldv.({t}) >0 (54)

Proof: Let us first recall (see Remark B) that z; = {z;}. Moreover 2;(t*) € ® and thus
21(tT) > 0. From Lemma [ we obtain that if z1(¢T) > 0 then dv,({t}) = 0 while if
21(tT) = 0 then dv, ({t}) > 0. We deduce that if dv,.({¢}) > 0 then necessarily z;(t*) = 0.
The result follows. u

We may write dv; as
dv; = xi(t)dt + dJ;, (55)

where y; € Fo(€ I ;IR) and d.7; is an atomic measure with countable set of atoms generated
by a right continuous jump function J;. The following holds.

Proposition 4 We have

xi(t) =0, ae. tel, (1<i<r—1), (56)
xr(t) € —61/}T;71({z1}(t,))m){z%1}(t,))({zT}(t+))7 ae. tel, (57)

and 5
0<2(t7) Lx,(t) >0, ae. tel. (58)

Proof: Let 1 <4 < r — 1 be given. We know that Dz; = z;41 and thus {Dz;} = {zi41}-
Thus v; =< Dz;—{Dz;} >. It results that dy; is an atomic measure and thus y;(¢) = 0, a.e.
t € I and (BB) holds. The result in (E7) is a direct consequence of [71], Theorem 5]. The
complementarity result in (B8) can be proved as in Theorem [ thanks to (B7) and Lemma

m ]

Theorem [Il implies that on intervals [ — ¢,7), € > 0, on which z(t) = 0, there exists a
multiplier A(t) := dv,.({t}) that belongs to —0vpr+(0) = R, equivalently which satisfies
0 < z1(tT) L A(t) > 0 and is the solution of the LCP in (&J). Equivalently, dv, is the sum
of an atomic measure dJ,, supp(dJ,) C {t € R : z,(t) = 0}, that corresponds to jumps in
zr(+), and of a Lebesgue measure x,.(t)dt where x,(t) is the solution of the LCP in &9).
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Remark 11 From (&) it follows that the following LCP holds on intervals [7,7+¢€), € > 0,
on which z(t) = 0:

0<At) LCA" WMz}t + CA™'BA(t) >0 (t>0) (59)

where A(t) = x,(t) on [1,7 + €). This LCP monitors the evolution of the multiplier for
t € [r,7 +€). The matriz of this LCP is the leading Markov parameter of the transfer
function \ — w, i.e. CA""'B. If CA""'B is a P-matriz [58], then the LCP in (&4) has
a unique solution for any CA"W=1{z}(t"). One sees that when discretizing the continuous
dynamics, one will take advantage of the ZD representation to construct an LCP to compute
A(t) at each step.

The following two results give some equivalent characterizations of the relations given in
Proposition Bl Their proofs are straightforward. These results are here presented for the
general case m > 1.
Proposition 5 Let m > 1. The following equivalences hold for all 1 < i < r —1 and all
tel:
{2} (01) — (=) € ~0p 1z yamy (2HED) ()
$ (60)

{z:}(t7) = proz [Ty ' ({Zioa }(t7)); {2} (t7)] (b)

This shows that jumps are automatically taken into account by the dynamics as it is written
in @) (or in (@)-EH)). We notice also that the lower triangular structure of the tangent
cones which appear in [Bf) merely reflects the way the measures dv; appear in () (or in

E9)-@E3).

Proposition 6 Let m > 1. Suppose that the matriz CA™ !B is symmetric and positive
definite. Then for allt € I:

{2} () — {2} (7) € ~CA T B 3 1y} (9) ()
0 (61)

{2} (t%) = prozoar1p)-1 [T ({Zr-1}(t7))i {2 }(t7))] (b)
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Remark 12 We note that from Propositions [A and @, the measures dv; are uniquely de-
termined at jump instants. The formalism in (F8) corresponds to some kind of “plastic”
impacts since the high-order inconsistent derivatives jump to zero. It is quite possible to
incorporate different jumps by modifying the right- hand sides and changing the argument in

the subdifferentials from {z;}(t) to G )er’l{zl ) [73, [57)]. Then (B1) becomes

{zi+1}(t+) —{zip1}(t7) € _ang({Zi}(t*)) ({2i+1}(t+)14;eé:1{z1-+1}(t*)) (a)
i (62)
{zis1}(t1) = —eira{zip1 }(t7) + (1 + eapr)prox [Ty, ({ Zi} (t7)); {zixa } ()] (b)

The choice of the coefficients e; depends on the application. From (&32) it follows that
if To({Z:}(t7)) = (RT)™ and if {zi41}(t7) < 0, then {zi1}(t7) = —espa{zip1 }(t7). If
m > 2 and a uniform relative degree, then a similar operation can be performed. However in
such a case (multi-constraint system), one may define mr coefficients e; j, where the i refers

to the order of the derivative of z{(-), while the j refers to the component of the m-vector

21 = (21,..., 27 (see (1))

4.4 Dissipativity properties

Monotonicity and dissipativity are at the core of the second order sweeping process. They
are crucial properties for well-posedness results [9, [6] and control/stability [12), 4T, B3] [I§].
The following results are consequently of interest.

Lemma 2 Let 21, 29, ..., 2 € R be given. The following inclusion holds
8¢T51(Zi71)(zi) - 81/1T;72(Zi72)(zi_1), (63)
forall 1 <i<nr.

Proof : Let z; < 25 < ... =2; = 0 and z;4; > 0. Then as already shown in the proof
of lemma [ one has 0¢; (» (zz+1) =IR" for all 0 < i < j, and 0Yy; (z,)(2i+1) = {0} for
all j+1<i<r—1. So one sees that in particular it always holds that vx(z,)(2k+1) €
8¢T£*1(zk,1)(zk> forany 1 <k <r-—1. [ ]

Let z € R" be given. The domain and the graph of the multivalued operator z —
81[)%71( z,)(®) (1 <@ <r) are given respectively by

D(0%pi-15,) = {z € R: Qppiv1 (4, (2) # 0} = Ty ' (Z)
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and
g(a'l,[}T;—l(Zi)) ={(z,y) eRxR:x € D(@@Z)T(;fl(zi)) and y € 3¢T(;71(Zi)}.

It is well-known that the graph of an operator which is defined as the subdifferential of a
proper convex and lower semicontinuous function is maximal monotone (see e.g. [9]). Here
the set Tgl(Zi) is nonempty closed and convex and the mapping 'IZJT;—I( Z) is thus proper

convex and lower semicontinuous. It results that G (awT;-;l( Zi)) is monotone, i.e.
(1 — w2, 91 — y2) > 0,Y(w1, 1), (72, 92) € g(a%gjl(zi))

and is not properly included in any monotone subset of IR x IR.
Here we have

Ty ({Zi1}(7)) 2 {2} (87) L —dvi({t}) € 0brimr (7. 1y ({23(ED). (64)

For example, suppose that T ' ({Zi—1}(t7)) = R*, Vt € (T1, T for some 0 < Ty < Th.
Then as a consequence of (64]), we get the dissipativity property

({zad(t]) = {za}(t3), dvi({t}) — dvi({t3})) <0, Vi, t2 € (T, T2), (1 <i <)
We notice that from (64) we get

To({z1}(t7)) 3 {z2}(tT) L —dvo({t}) € Oy (1z1-)) ({22} (tT)) € No({21}(tF))  (65)

which is quite similar to the cone CP of the second order sweeping process (see [54], B3| [12,
Equ.(16)]). This together with the formalisms developed in sections B2, EETl and 22, imply
that the framework proposed in this paper contains the second order sweeping process.

We now investigate the dissipativity properties of the differential operator of the sweeping
process.

Let us denote

- G
G = e R, 66
<0<nr)xr) (66)
with
1 0 ... 0 0
0 1
G=|1: . .0 : € R™" (67)
0 ... 0 1 0
0 ... ... 0 CA™'B

and H = (I, 0,_,) € IR"*". Notice that the operator dv +— {z} has the transfer matrix
defined from the triple (WAW ! G, H).
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Let the triple (W AW 1, G, H) be positive real and the corresponding realisation be minimal.
The positive realness of (WAW ™! G, H) is equivalent by the Kalman-Yakubovic-Popov
lemma (see appendix [) to having JG = HT and JWAW ! + W-TATWTJ semi-negative
definite for some positive definite and symmetric matrix J. Since J = J” and since G is full
rank, the first equality implies that

Gt 0y (n—r)
J = , (68)
O(nfr) Xr J£

and Je = J! € R"="*("=7) s positive definite.

Proposition 7 (Dissipation inequality) Let us consider the extended sweeping pro-
cess in (@8) (@) @) @J) with m = 1. Let the triple (W AW =1, G, H) be positive real and
the corresponding realisation be minimal. Then CA""'B > 0 and

{=3(E)TI{2} (1) < {=3(t) T T{2} (), V2>t >0, (69)
where J is given in (B8).

Proof: The first statement of the proposition is a direct consequence of the positive defi-
niteness of J.

Let us now set
dv = (dl/17 ey dVT? le(nfr))T'

We have
d{z} = WAW " {z}dt + Gdv = WAW {2z} Tdt + Gdv (70)
and therefore
Jd{z} = IWAW =} dt + JGdv = JW AW ~ Y2  dt + H  dv.
It results that
{307 Td{z} = ({2} )T (TWAW = D)de + ({23 H dv.

Here ({z}H)THTdv = Zzzl{zi}Jrj—;Zduz- and thus ({z}")TH"dv = 0 on IR™ since the
conditions in (@) (see also 1) and [@2)) entail that {zi}(ﬁ)j—;(t) = 0 for du;-a.e. t > 0.

Consequently
({23 Jd{z} = ({3 (IWAW Tz} F)dt.

We have o
d({z}"7{z}) =) d{z}? + (CA™ ' B)'dfz}” + d(¢7 Te€)
i=1
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and then using @) and Remark B (ii) and recalling that here CA""'B > 0, J¢ = JET, Je is
positive definite, we see that

r—1

d({z}TJ{z}) < Z 2{z;} Td{z} + 2(CA™ ' B) "z} d{z} + 26T Jed¢ = 2({z} ) Jd{z}

i=1
and thus
d({z}"J{z}) <2({}")"Jd{z} = 2({} ") (IW AW {2} F)dt =
= ({3 (IWAW L + W TATWT 1) {2} at.
Then for 0 < t1 < t3, we get

{2} () {=}(t3) = {=}(t0) " I{=}(t7) = d({2} T T{2D)([tr, 1)) =

ta
= / {2 sHTIWAW L + W-TATWT 1) {2} (sT)ds < 0.
t1
|
Proposition [ and its proof are similar to [6, Proposition 7] and [I2, Lemma 3] (see also
[I8, Theorem 11.2]), which apply to Lagrangian systems or to the case r = 1.

4.5 Well-Posedness Results

Let us first state some additional properties of the solution of problem (BY) B9) EO) EJ).
Recall that for z € IR", we use the notation 27 = (z7,¢7) as in (M) with 2 € R” and
EeR".

Proposition 8 Suppose that CA" 1B > 0. Lett > 0 be given. i) If {z1}(t~) > 0 then the
function {z;}(.) (1 <i <) is continuous at t . i) If {z1}(t7) <0 and {22}(t~) > 0 then
{z1}(t*) = 0 and the function {z;}(.) (2 <i <) is continuous at t. 44) If {z;}(t™) <0 for
all 1 <i<jand {zj41}(t") > 0, then the function {z}(.) (j +1 <1 <r) is continuous at
t.

Proof: The values of the cones in the inclusions in (Bf) have been computed in the proof
of Lemma/[ll The result follows from Propositions B B and (BH).

i) If {z1}(t7) > 0 then Ty '({Z;i-1}(t7)) = R and 8¢y (7,3 {zi41} (7)) = {0} for all
1 <i<r. i) If {z1}(t7) < 0 we obtain from Proposition B that {z;}(t") = 0. One has
Te({Z1}(t7)) = R and {22}(t7) > 0. Therefore from @) we get {22} (t*) = {22} (t7) >
0. Now T3({Z2}(t7)) = Try((ziy-) ({22} (t7)) = Tr+({22}(t7)) = R so {z}(tF) =
{#z3}(t™). iii) And so on. [ |

Proposition 9 Suppose that CA""'B > 0. i) If Zo = 0 then {z}(07) = {2}(07) = z. )
Ift >0 and {Z}(t7) = 0 then {Z}(tT) = {Z}(t7).
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Proof: i) Let 1 < j < r such that {z1}(07) = ... = {2;-1}(07) = 0 and {z;}(07) > 0. From
Proposition B, we obtain that {z}(07) = {2,}(07),forall j <I<7r. Let 0<i<j—1. We
have
—{2:307) =0 € 0¢ri-r (7,30 ({2:3(07))
and
{H07) = — {2 0) + {5H07) € D+ 0 1y0yy (2} OF)):

Using the monotonicity of 8¢T;;1({Zi,l}(of))({zi}(-))’ we get

(—{2i}(07) + {z:}(0), {z:}(07) = {z:}(07)) = 0

from which we deduce that {z;}(07) = {2;}(07). Thus {z}(0) = {z}(0~) = {z}(0™).
The same result holds if {2;}(07) = ... = {2,}(07) = 0. As above, we see that {z;}(0") =
{z:}(07), for all 1 <i <r — 1. Moreover, we have

—(CA™'B) " Hz}(07) € 87/1T£*1({Zr,l}(tf))({Zr}(OJr))-

and also
—(CA™'B) "z }(07)=0¢€ 6¢T;*1({ZT,1}(157))({Zr}(o_))
so that

(€A B (= {2 }07) + {2 HO0M)) (2 107) = {}(07) > 0

and thus {z,}(07) = {z,.}(07) since (CA""'1B)~! > 0.
ii) The proof of this result is similar to the one of part i). m

Definition 2 Let 0 < a < b € RU{+c0} be given. We say that a solution » € (T,_1(R™1))"
of (B8) @ HD I is regular on [a,b) if for each t € [a,b), there exists a right neighborhood
[t,0) (o > 0) such that the restriction of {z} to [t,0) is analytic.

Lemma 3 Suppose that CA""'B > 0 and let zy = 0,%9 # 0 be given. If a solution z of
) () @0) [ZJ) exists then there exists n > 0 such that z = {2z} is analytic on [0,n) and
21 (8) > 0,¥E € (0,7).

Proof: Suppose that (B8)(B9) ED) @) has a solution z = (2,£)T. Using Proposition [, we
first remark that {Z}(0) = Zzy and since zy > 0,Zy # 0, there exists « > 0 (1 < a < 1)
such that {z,}(0) > 0 and {25}(0) =0 for all 1 < k < o — 1. We claim that there exists
no > 0 such that {z,} is continuous on [0,79]. Indeed, suppose on the contrary that for
each 79 > 0 there exists a point ¢ € [0,70] such that {z,}(#") # {24 }(t7). Then we may
find a sequence of points {t;};en such that t; — 07 and {2,}(;) # {2a}(t; ). Then using
@) and BF), we deduce that necessarily {2, }(t;) = {z4}(t;) < 0,¥i € IN. The function
{24} is right-continuous and thus {z,}(0) = lim; o {za}(¢;) < 0. This is a contradiction
since {z4}(0) > 0. Thus {z,} = 2z, is continuous on [0,7g]. From the chain of integrators
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in (26)) we see also that the functions {z;} = 2 (1 <k < a — 1) are continuous on (0, 79)-
Therefore there exists n € (0,7) such that

za(t) > 0,Vt € [0,7n).
Moreover, for any 1 < k < o — 1, we have also
zi(t) > 0,Vt € (0,7)
since . .
() = 2(0) + /0 s (r)dr = /O 2t (7).

In particular, z1(t) > 0,Vt € (0,7) and thus N+ (21(t)) = {0}, Vt € (0,n) and TE(Zi(t)) =
IR for all 1 <i <randallt € (0,7). Using (CA""1B)~! #£ 0, we see that on [0,7), z = {z}
is continuous and is a solution of the ODE:

21222

Zi=zjp1 (1<j<r-1)

2r =CA" W1z (71)
é = Agg —+ Bgzl
2(0) = 2
Thus
2(t) = We W12, Vt € [0,n)
and the result follows. [ |

Theorem 2 Suppose that CA™"'B > 0. If Zo = 0,2y # 0, then:

i) (Local existence) There exists T > 0 such that the system in (Z8) (Z3) @A) @3) has on
[0,T) at least one regular solution z = {z} given by

2(t) = WeMW 1z, Vt € [0,T);

ii) z1(¢t) >0, Vvt e (0,T);
iif) [|z(t)]| < eWAWT 20|, Yt € [0,T);

iv) (Local uniqueness) If (T, 2') and (T?,2?) are two solutions of (Z8) (Z) @1) @3 then
there exists T € (0, min{T",T?}] such that z' = {z'} on [0,T), 22 = {2°} on [0,T) and
{z" o) = {2%}0,7)-
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Proof: Let us denote by z = (2,£)7 the unique solution of the ODE in () on [0, +oc0)
given by

2(t) = WeMW 12, ¥t > 0.
Here 2 is analytic on IR™. Let o be such that Zp, > 0 and Zy; = {2x}(0) = 0 for all
1 <k <a-1. We claim that there exists ¢ > 0 such that

z1(t) > 0,Vt € (0,¢). (72)

If « = 1 then the result is clear. If & > 2 then there exists € > 0 such that z,(t) > 0,Vt €
(0,¢) and by integrating the chain of integrators in the second relations in ({Z1]), we obtain
finally that (Z2) holds.

We may now set T := sup{7 > 0 : z1(7) > 0,V 7 € (0,¢)}. Condition [2) entails that
Ng+(21(t)) = {0} and T4 (Z;(t)) =R for all 1 <i <r and for all ¢ € (0,7). It results that
z satisfies the relations in (BX)-EJ) E3) on [0,7). Thus parts i) and ii) are proved.

This solution satisfies the ODE in (1)) and thus from Gronwall’s lemma (see e.g. [9]), we
get
(@)l < WAz, vt € 0, 7).

It follows that iii) holds.

Let us now denote by z = (z,£)T any solution of [BY) — (@), @J). From the proof of
Lemma B, we know that there exists n > 0 such that z; = {z;} is continuous on [0,7) and
z1(t) > 0,Vt € (0,n). Let us now set T := sup{7 > 0: z1(7) > 0,V 7 € (0,¢)}. We know
that 7> n > 0. So, we have N+ (z1(t)) = {0} and T4(Z;(t)) = R for all 1 < i < r and
all t € (0,7). Thus z = {z} is solution of the ODE (1)) on [0,7"). The solution of this last
problem is unique and it follows that if z is a solution of [BR)-E0) that satisfies the initial
condition z(0) = 29, 2o = 0,Zp # 0 then it is uniquely defined on [0,7"). The result in iv)
follows. u

Let us now discuss the case zZo = 0.

Theorem 3 Assume that CA""'B > 0. If zy = 0, then:

i) (Local existence) There exists T > 0 such that the system in (38) (Z3) @A) ¢3) has on
[0,T) at least one regular solution z = {z}.

i) [|2(t)]| < ™AV 5, V€ [0,T)

iii) If (T, 2') and (T2, 2?) are two regular solutions of (@8) (@3) @A) @3J) then there exists
T € (0,min{T", T?}] such that z' = {z'} on [0,T), 2> = {2*} on [0,T) and {z'}j0,1) =
{=*}110,1)-

Proof: Either (a) d{ Af¢y = 0,Vk € IN or (b) there exists @ € IN such that df Af& =
0,VO<k<a-1and d?Ag‘fO;éO.
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Case (a). Here we check that
2= (29" = (0,e%&)"

is a regular solution of (B8) (B4) @) @3). Indeed, the mapping ¢ — df e?<'¢, is analytic
and we get here:

dig(t) =" die®™ (o) =" df Afgot* = 0.
k=0 k=0
We have thus
Zl(t) — ZiJrl(t) = O,Vt > O, 1 S 7 S r—1

(CA™'B) "1 (2, (t) — d"2(t) — d{ £(1)) = —(CA™'B)~d{ €(t) = 0,Vt > 0,

and

£(t) = Ak(t) (= Aek(t) + Be0), vt > 0.
Case (b). Let us first discuss the case (b-1) df Af&) =0,V 0 <k < —1 and df AZ& < 0.

We check that
2= (7,67 = (0,e™'g)"

is a local regular solution of (B8) (89) @) E3). There exists o > 0 such that
df ¢l (s) < 0,Vs € 0,0)

since df ¢(*)(0) = df Ag&, < 0 and df ¢(.) is continuous.
Let ¢t € (0,0) be given. We have

t t
df gD (t) = daf ¢*1(0) + / df ¢\ (s)ds = / df ¢ (s)ds <0
0 0
and so on, we get finally that
di £(t) < 0,Vt € (0,0).

We have
Zi(t) — zipa(t) =0,Vt € (0,0) (1<i<r—1)

(CA™IB) " (4(t) — dT2(t) — d{ &(1)) = —(CA™'B)'d{(t) > 0,¥t € (0,0)
and thus

(CAT_lB)_l(Z"T(t) _ dTE(t) _ d?g(t)) c _ang(O 0)(0) = IR+, vt € (0,0).

.....

Moreover

§(t) = Acg(t) (= Ael(t) + Be0), vt € (0,0).
Let us now discuss the case (b-2) d{A’ggo =0,V0<k<a-—1and dgAg‘fo > 0.
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we check that
2= (2,67 = WettW 1z

is a local regular solution of (BR) (B9) @) E3). We know that z is the solution of the system
in (). We have z1(0) = ... = 2,(0) = 0 and

£.(0) = d"2(0) + df £(0) = df & = 0.
Then
22(0) = d"2(0) + df (Aelo + Bez1(0)) =

=d122(0) + ... + dp—12(0) + dp 2, (0) + df (Aelo + Bez1(0)) =0
and so on until

20FD(0) = dT 2 (0) + df (A2 + Bez\" "2 (0)) = d¥ Ag&o > 0.
It results that there exists n > 0 such that

2L (1) > 0,V € [0,7).

Then we get
zi(t) >0Vt e (0,m) (1<i<r).

We may now conclude that z is a solution of B8) B9 E0D) E3) on [0,7). Indeed, if
t € (0,7) then Nr+(21(t)) = {0} and —8¢T;71({Zi71}(t,))({zi}(ﬁ)) ={0} (2<i<r),and
CA™ B #0.

The existence of a local regular solution on some interval [0,7") follows.

Let us now denote by z any regular solution of (B8) (BY) E0) E3). We claim that there
exists T' > 0 such that z coincides on [0,T") with the unique solution (see [26], |2, theorem
1] or Kato’s theorem in [16]) of the system:

z(t) >0, ¥Vt >0, (73)
and
(21(t) — z2(t),v — z1(t)) > 0, Vv ER, ae. te (0,7),
(3 (t) — zj41(t), v — 2 (1)) >0, YvER, ae. t€(0,T), (2<j<r—1),
(CA™IB) Mz (t) — CATW L2 (1)],v — 2,(t)) > 0, Yv e RY, ae. t€(0,T), (74)

(€(t) — Agl(t) — Beza(t),v —&(t)) >0, Yo e R"™", ae. t € (0,T),

2(0) = 2.
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We know that z1(0) = ... = 2,.(0) = 0 and there exists 7 > 0 such that the mapping ¢ — z,.(¢)

is analytic on [0, 7).

Either (a) 2K (0) = 0,Vk € IN or (b) there exists & € IN such that 2 0)=0,Yy0<k<

o —1 and zﬁa)(O) # 0.

In case (a), we get 2,.(t) = 0,Vt € [0,7) and thus z(t) = 0,V ¢ € [0,1). Then —(CA"'B)~1d:£(t) >
0,Vt > 0 and &£(t) = e?¢t¢y,V t > 0 since z; = 0. It results that z(-) is uniquely defined as

the unique solution of [)) on [0, 7).

Tn case (b), 2“)(0) # 0. It is clear that z'*)(0) > 0. Indeed, if we suppose on the

contrary that .*)(0) < 0 then there exists § > 0 such that \*)(t) < 0,¥¢ € [0,5). Then
integrating the chain of integrators in (B8) we obtain finally that z1(¢) < 0,V¢ € (0,6) and

a contradiction. Thus zﬁa)(()) > 0 and there exists o > 0 such that zﬁo‘)(t) > 0,Vt € [0,0).
Then we obtain z;(t) > 0,Vt € (0,0) (1 <i<r),

N]R* (Zl(t)) = {0},Vt S (0,0’),

Ti(Z;i(t) =R, ¥Vt € (0,0), (1<i<r)
and
N+ (2 (t)) = {0}, Vt € (0,0).
This implies that here also z(-) is uniquely defined as the unique solution of [Z4)) on [0, 7).

Moreover, using () with v = 0 and recalling that (CA"~'B) > 0, we see that 1 2||2(¢)||? <
WAW12(t), a.e. t € (0,T). Then using Gronwall’s lemma (see e.g. [9]), we obtain that
l2()]| < AV z]|, Ve € [0, T). L]

If Zy % 0 then we proceed with an initial state reinitialization in requiring that z(0") = z{,
where 2, is uniquely defined by

2),; = Prox [Té,_l(Zo,i_l); 20,4] ,V1<i<r—1,

20, = Proxcar—ipy—1 [Ty (Zor—1)i 20,
and
z01 =200, (r+1<1<n).

Then z = 0 and we may apply Theorems [ and Blto get the following local existence result.

Corollary 1 (Local Existence and Uniqueness of a Regular Solution) Suppose
that CA"'B > 0. For each zo € IR" there exists T > 0 such that the system in (33) (E9)
#3) @3 has on [0,T) at least one regular solution.

Moreover:
i) z={z} on (0,7)
i) 1 ={z1}>00n[0,T)
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i) 2 = {2} + 0 (2 — 204)0 0V (2<i<7)
iv) {z}(0%) =z
v) [{z}(@)] < AW 24|, Wt € [0,T)

vi) If (T, 2') and (T2, 22) are two regular solutions of (@8) (@) Q) @) then there exists
T € (0,min{T*, T?}] such that (21, ) = (22,¢), Ve € C5°(]0,T[;IR™).

Let us now provide a global existence and uniqueness result.

Corollary 2 (Global Existence and Uniqueness of a Regular Solution) Suppose
that CA""'B > 0. For each zy € R", the system in (8) (@) W) #IJ) has at least one
reqular solution.

Moreover:

iy z1={z1}>0o0n R*

ii) {z}(07) = %

iii) [[{z}(6)]] < VAW 5|, Vi€ R

iv) If 2! and 2? are two regular solutions of (Z8) () @Q) H3J) then (', ) = (2%, ¢), Vp €
Ceo(RT;R™).

Proof: There exists T > 0 such that the system in (B8)(BY)E) E3) has on [0,T) a unique
regular solution z that satisfies the relations (i)-(vi) of Corollary [l From (i) and (v), we
know that [|z(2)]| < elWAW It 2|1, vt € (0,T). Thus ||2(T7)| < WAV 24| < +o00
and we may then proceed with a state reinitialization by requiring that z(T") = 2/, where
2 is uniquely defined by

2 =prox [Ty '(Zia(T7));2(T7)], (1<i<r—1),
2 = ProxXgaripy-1 [Ty (Zie—1(T7));2:(T7)],

ziy=a(T7), (r+1<1<n).

From Corollary [, we get a prolongation of z(-) as a unique regular solution of the system

in (BY) B9 ED) E3) on [0, + T1) with T3 > 0. We have
I{z(t)})] < WAV 1), v € [T, 7).
We also have

| 205 1< prox [T N(Zia(T7)); (T | < | 2(T7) |, (1<i<r—1),
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(CA™'B) 21 ,,21,) <{((CA™'B) '2(T7), 2(T7))
and thus
|21, | <2 (T7) ],

since (CA"~'B)~! > 0. Moreover,
|2l =1aT7) ] (r+1<i<n).
Consequently ||z1] < ||z(T7)]|| and
=1 (+_ -1 _ —
=@} < WAV =D )| < WAV IE=D (7)) <

< (VAW THIE=D) (IWAWTHIT) || = IWAWTHI 20 ) vt € [T, T).

We have also

s = (i} + it (s — 200000 7Y + 0 - (@& Y @ <)
{zH(T) = 21,

z={z}on (0,7)U (T, Ty),

z1 ={z1}>0on [0,T}).

As above, we check that ||zj|| < ||zo||, so that

1{z()}] < ™AW ]|, Ve € [0, T7).

And so on, this procedure yields a unique maximal regular solution z on [0, Tjuq.) such
that ||z(t)|| < WAV It 20|, Vt € (0, Tynaz). Here Tpnae = +00 since otherwise, we would
obtain |2(Tmee)| < €lWAW I Tmaz||20]| < +00 and Corollary [ furnishes a prolongation of
z as a solution of (B8] (BY) @) @3), which contradicts the definition of T,qz-

Applying corollary B and proposition [dit follows that autonomous “dissipative higher order
sweeping processes are well-posed systems. An example is detailed in section

Remark 13 i) Let 0 = Ty < Th < T < ... be the sequence of non-trivial ({z}(T;) #
{2}(T;")) state reinitialization points required to get the global solution z. Then z; = {z1}
and

a= () + 0 (s HE) — (5HE ™ @<isn)

ii) Corollary [ and Corollary A can be generalized to the case m > 2 and uniform relative
degree provided that one supposes that CA"~'B is a Stieltjes matriz, i.e. a nonsingular
symmetric M-matriz [8]. These assumptions ensure that the matriz CA" 1B is positive

definite and (CA™'B)™! is nonnegative in the sense that (CATle)i_jl >0 for alli,j €
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{1,...,n}. Note that if m > 2, for z = (z1,..2,,&)T € R", (z; € R, £ € R"™"™), it would
be convenient to use the norm

r—1
121 := 4| D llzallZ, + (CA™1Bzp, 20) + [I€]12 -
a=1

iii) Let us notice that the result given by Corollary @ does not encompass the bouncing ball
of Mechanics. However mechanical systems of the form

Mi(t) + Fq(t) + Kq(t) = L")
(75)
0<A(t) L Lg(t) >0

can be treated in our framework, assuming that q(0) > 0 and that FM~FT (= CAB) has
the required properties.

4.6 Sweeping process vs. linear complementarity systems

LCSs consist of ([I8) with a complementarity relation 0 < w(t) L A(¢) > 0 [B0, 28]. It is
clear that the formalism proposed in this paper involves complementarity conditions between
some variables, see Theorem [lland Proposition Bl However the work in |30, 28] and the work
in this paper differ in several fundamental ways. First a local well-posedness result has been
obtained in [30), Theorem 6.3] for m > 1, and a global well-posedness result has been obtained
in [28, Theorem 3.6.10] for the case m = 1. Therefore, from item ii) in remark [3} our results
are more general. Nevertheless the major discrepancy is that the approach in |30, 28] relies
on an event-driven point of view on hybrid systems, as is illustrated in their definition
of a solution [30, Definition 4.10]. In other words, the system is initialized in a so-called
mode (a DAE), and then integration progresses until the system has to switch to another
mode. Especially, this way of thinking, leads to event-driven time-integration schemes. No
numerical algorithm is proposed in [30] but only a rough guideline for constructing such a
scheme [30, §7]. It is well-known that event-driven schemes possess strong drawbacks such
as the impossibility to pass through finite accumulations of events, and the impossibility
to obtain convergence proofs [I5]. The point of view that is adopted here, is dramatically
different. It is the point of view of (unbounded) differential inclusions, which naturally
yields time-stepping numerical schemes and paves the way towards convergence proofs, as
illustrated in section B

To end this section, let us notice that if the complementarity relation is of the form
0 <w(t) = Cx(t) + DA(t) L A(t) > 0, and if the matrix D is full rank, then the system has
relative degree 0. In such a case the complementarity relation makes perfect sense, since
A(t) is a function. Assume for instance that D = DT > 0. Then it is deduced from convex
analysis (see e.g. [62, Example 10.2]) that ) is the projection of —D~'Cz on (IRT)™ in the
metric defined by D. As such, it is a Lipschitz continuous function of z [25]. Thus the LCS
is an ODE. This clearly shows why the framework of differential inclusions is not well suited
to the case r = 0.
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5 A solution method for the numerical time integration:
The EMTS scheme

Following the work of Moreau [48, 49, 511, 54, 56| and co-workers [45, B8, 32|, we aim at
designing the so-called "Extended Moreau’s Time-Stepping” (EMTS) scheme. This time-
stepping scheme i.e., without an explicit procedure for handling the times of events is based
on the approximation on a time interval of the Measure Differential Formalism of the Higher
Order Moreau’s Sweeping Process ({4)-Ed) E3).

This section is organized as follows. In Section BEJl we recall basic facts about the
numerical time-integration of the Moreau’s sweeping process with a relative degree less or
equal to 2. In Section B2 the principle of the construction of an approximated solution is
stated. In the spirit of the work in [45], several major properties of the proposed scheme
are outlined in Section B3 that pave the way to a convergence result. In Section B4l we
give an overview of a possible implementation of the numerical scheme. Finally, we conclude
by giving some numerical applications in Section Particularly, the numerical scheme is
compared to a direct use of a Backward Euler scheme as in [I7] (Section BET)). Finally, the
influence of the zero-dynamics is highlighted (Section BE52) and the empirical order of the
scheme is evaluated (Section 2R3 on a particular example.

The following notation is used throughout this section. We denote by 0 =ty < t; < ... <
tr < ty = T a finite partition (or a subdivision) of the time interval [0,7],T > 0. The
integer N stands for the number of time intervals in the subdivision. The length of a time
step is denoted by hy = tix+1 — tx. For simplicity sake, we consider only in the sequel a
constant time length h. The approximation of f(¢x), the value of a real function f at the
time t, is denoted by f .

5.1 Background on the numerical time integration of the Moreau’s
sweeping process

In this section, we give some details about the seminal work of Moreau on the numerical
time integration of the sweeping process.
5.1.1 First order sweeping process

Let us consider the first order sweeping process, or more precisely, the sweeping process of
relative degree 1 introduced in () :

—dz € N (2(8)) (t>0), 2(0) € R", (76)

Under suitable hypothesis on the multivalued function ¢ — K (t), numerous convergence
and consistency results [45], 38] have been given together with well-posedness results using
the so-called “Catching-up algorithm” defined in [51]:

- (Z(t:+1) - Z(tZ)) € 6¢K(t;+1)(z(t:+1)) (77)
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By elementary convex analysis, and using the convention that z;41 = z(tal) this is equiv-
alent to:

21 = prov(Kry1, 2k) (78)

Contrary to the standard backward Euler scheme with which it might be confused, the
catching-up algorithm is based on the evaluation of the measure dz on the interval ¢y, 1],
ie. dz(Jtg,trsa]) = z(tf,1) — 2(t)). Indeed, the backward Euler scheme is based on the
approximation of Z(¢) which is not defined in a classical sense for our case. When the time
step vanishes, the approximation of the measure dz tends to a finite value corresponding to
the jump of z. This remark is crucial for the consistency of the scheme. Particularly, this
fact ensures that we handle only finite values.

In the same way, using higher order numerical schemes is at best useless, more often it is
dangerous. Basically, a general way to obtain a finite difference-type scheme of order n is to
write a Taylor expansion of order n or higher. Such a scheme is meant to approximate the
n-th derivative of the discretized function. If the solution we are dealing with is obviously
not differentiable, what is the meaning of using a scheme with order n > 2 ? Such a scheme
will try to approximate derivatives which do not exist. At the times of non-differentiability,
it may introduce in the solution artificial unbounded terms creating oscillations, etc. In
summary, higher-order numerical schemes are inadequate for time-stepping discretization of
complementarity systems.

5.1.2 Second order sweeping process: Overview of the contact dynamics method

The “Non Smooth Contact Dynamics (NSCD)” method [56), 67, B2] is the numerical dis-
cretization of the second order Moreau Sweeping process introduced by Moreau in |54, B3]
in the context of Lagrangian mechanical systems (1) reformulated as a measure differential
inclusion [64, B3, K4] :

M(q)dv + F(q, v, t)dt = i Vha(q)Aa, (79)

where ¢ is the vector of absolutely continuous generalized coordinates, dv is a differential
measure associated with the velocity v = ¢ considered as a RCLBV function, dt is the
Lebesgue measure M (q) is the mass matrix and F(q,v,t) is the set of forces acting upon
the system, h,(q) > 0, « = 1...v, are the unilateral constraints and finally, ) is a measure.
To complete this measure differential equation, Moreau proposed a compact formulation of
an inelastic impact law as a measure inclusion:

—H(q(t))A € 0Py (g(1)) (W(tT) + ev(t7)) (80)

where V(q) is the tangent cone to ®(t) at g, e is the coefficient of restitution and H” (¢)\ =
> 1 Vha(g)Aa. Finally, we obtain a MDI, the so-called sweeping process:

M(q)dv + F(q,v,t)dt € =0y (g () +ev(t)) (81)
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The NSCD method performs the numerical time integration of the MDI (&Tl) on a interval
(tg, tx+1]. Using the notation

V1 R 0(G ) e = Ak, trga]) (82)
it may be written down as follows:

—M (vis1 — o) — (1 = 0)F (Vg1 @15 tir1) — OF (U, @y t)) = H (Go1) Bajgr

H (Ghs1) g1 € 00Ty (gga) (Vkr1)

(83)
Ge+1 = @+ h((1 = O)vgia +0vy), 6€[3,1]
Qk+1 = qx + hog
The inclusion can be stated equivalently as a complementarity problem:
if h(Gr+1) <0 then 0 < H(qrt1)ve+1 L pry1 >0 (84)

The value Gi1 is a prediction of the position which allows the computation of the tangent
cone Tg. A O—method is used for the integration of the position assuming that ¢ is absolutely
continuous. The same approximation is made with the term F(v(t"), q(t),1).

Comments From a numerical point of view, two major lessons can be learned form this
work:

1. First, the various terms manipulated by the numerical algorithm are of finite value.
The use of differential measures of the time interval (t,tg41], i-e., dv(Jtg, tps1]) =
o(tf ) —v(tf) and = pry1 = dA(Jtr, trga]) is fundamental and allows a rigorous
treatment of the non smooth evolutions. When the time-step h vanishes, it allows
to deal with finite jumps. When the evolution is smooth, the scheme is equivalent
to a backward Euler scheme. We can remark that nowhere an approximation of the
acceleration is used.

2. Secondly, the inclusion in terms of velocity allows us to treat the displacement as
a secondary variable. A viability lemma ensures that the constraints on ¢ will be
respected at convergence. We will see further that this formulation gives more stability
to the scheme.

These remarks on the contact dynamics method might be viewed only as some numerical
tricks. In fact, the mathematical study of the second order MDI by Moreau provides a sound
mathematical ground to this numerical scheme. It is noteworthy that convergence results
have been proved for such time-stepping schemes [45, [69).
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Example of the bouncing ball The NSCD method provides a numerical scheme with
very nice properties. The reader may convince his/herself of this by studying the simple
bouncing ball on a rigid plane subject to gravity and with elastic restitution. The proposed
time-discretization of the motion of this ball is

—m(v(tri1) +o(te)) — hmg € Oy (g py) (V(ths1) + ev(tr)) (85)

where m is the mass of the ball, e the coefficient of restitution and g the gravity. One notes
that the dissipativity property shows through the power of A in the term hg which has the
dimension of an impulse (there is no h pre-multiplying the right-hand-side since this is a
cone).

If go > 0 then the ball falls down until penetration is detected at step k* (i.e. gg+—1 >0
while gg« < 0). Then the velocity is reversed, i.e. wvg+i11 = —evp- while gpey1 = qgr-
Thus the system is re-initialized at each impact, with the same velocity and at the same
position. There are no errors introduced by the numerical scheme and one can simulate
several billions of such cycles with neither energy gain nor losses. Clearly this is not possible
with an event-driven scheme, even if a very accurate detection procedure is used. The
unavoidable penetration is not a major issue, since anyway the discretized system cannot be
exactly at ¢ = 0. What is crucial is that the penetration goes to zero when h — 0. In the
case e € (0,1), an infinity of rebounds in finite time occurs in the continuous time model.
This Zeno behaviour is correctly integrated as depicted on Figure [1

5.2 Principle

Let us start with a generic equation of the measure differential formalism for the extended
sweeping process #4) for 1 <i <r —1:

dZi — Zi+1(f)dt = dl/i,
(86)
dv; € —8¢T;71(Zi71(t,))(zi(ﬁ)).

As in Section B it results from Proposition [l that an evaluation of this MDI on the time
interval (t,tr41] yields :

dzi((ts trera]) = Jigy ) 71 (T)AT = dvil(trs teta])
(87)
dvi((te; tes1]) € TO(Ure ey tpin] — 8¢T;;1(Zi71(7-—))(Zi(TJr)))-

The values of the measures dz;((tx,tk+1]) and p; x41 2 dv; ((tg,tr+1]) are kept as primary
variables and this fact is crucial for the consistency of the method for the nonsmooth evo-
lutions. The integral term is approximated thanks to :

/ Zi+1(7’)d7' ~ hZH_l(lfiJrl) = h2i+1,k+1 (88)
(tetry1]
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and then we obtain :
Zi k1 — Zik — PZig1 k41 = Mik+1- (89)

For the approximation of the inclusion, the union of convex cones is approximated in the
following way :

m(ufe(tk,tkﬂ] - 87/1T;;1(Zifl(T—))(Zi(T-i_))) ~ —377/1T;71(Zi71(t;))(zi(tz_,_l)). (90)

Assuming, as in (BR), that the approximation of z; is constant on each interval (¢, tx+1], we
get :
Hik+1 € _51/1T;1(Zi,1,k)(2i,k+1)- (91)

Finally, the time integration of a generic equation of the MDI in (#4) is given by :

Zikt1 = Zik — hZigihir = pikir € —0pi-iz ) (zike) (1<i<r—1). (92)

The last equation @) is discretized in the same way :

Zrgop1 — Zre — hRCA"W 20 = CA™ B piy i1
(93)
fr k1 € =01z | (Zrk)-

For the zero dynamics defined in (#H), we use for the sake of simplicityl] an Euler Backward
scheme :

Ekt1 — &k — hAe&kr1 — hBez1 g1 = 0. (94)

Definition 3 (Extended Moreau’s Time stepping (EMTS) scheme) The numerical
time integration of the Higher Order Sweeping Process ([Ed)—HA)—EH) is defined as the in-

clusion in (@), @3) and @4).

The following notation is used for the discretized variables. Let us denote the discretized

state vector by
1" = [Zigs Gea)”

the vector of discretized multipliers p; k41,1 <7 <7 by pgy1 :

T
Zht1 = [Z1h41s -+ Zrkt1s Shg1

He+1 = [,Ul,lc+17 cee 7Mr,k+1]T

Then the discrete-time system in ({@2)), {@3) and [@4) can be rewritten compactly as (see (€8

and (67))
Zhy1 — 2k = AWAW 'z 0 + Gup (95)

(which is the discrete-time counterpart to ({Z0)).

1Depending on the regularity of z1, a higher order scheme might be used for the time-integration of the
zero dynamics.
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Comments As we have seen earlier, the measures of the time interval (tx,tx+1], i-e.

dz((tg, te+1]) and g g+1 2 dvi((tk,trk+1]) are kept as primary variables. This fact ensures
that the various terms manipulated by the numerical algorithm are of finite values. The
use of differential measures of the time interval (¢x,tx11] allows a rigorous treatment of the
nonsmooth evolutions. When the time-step h vanishes, it allows to deal with finite jumps.
When the evolution is smooth, the scheme is equivalent to a backward Euler scheme. We can
remark that nowhere a direct approximation of the density z; with respect to the Lebesgue
measure is made. The use of a first order algorithm is not chosen as usual through the
approximation of the integral term (BX) but required by the evaluation of the differential
measure.

As it has been observed in Remark [[2 it is possible to incorporate a different jump
mapping. This is also the case for the numerical time integration in approximating the

mapping (62) by :

Zik+1 — ei+lzi,k) (96)

Hik+1 € —3¢T;1(zi71,k) ( 14+ eiq1

In the case of Lagrangian systems, the function z; is assumed to be absolutely continuous
and the measure dv; is chosen identically equal to zero. So in this case we have to take care
that p; vanishes when the time step vanishes also. An other way is to choose y; = 0. In
this case slight violation of the constraint , increasing with the order of the sweeping process
is expected.

5.3 DProperties of the discrete-time extended sweeping process

We therefore consider here the discrete-time system in ([@2), {@3) and ([@4). In this sec-
tion, some important properties are shown which are thought to pave the way towards a
convergence proof of the discrete-time solutions towards a solution of the continuous-time
sweeping process. In the case r = 2 and 21(0) > 0, such a convergence has been established
in [45], §3.2]. The hardest part of the proof is not convergence towards some limit itself, but
showing that the limit is a solution of the sweeping process. One discrepancy with respect
to the works in [45, §3.2] [43, 69] is that the well-posedness of the higher order sweeping
process has already been proved in corollary Bl

5.3.1 A dissipation inequality

In this section we assume that the triple (WAW ! G, H) is positive real and the corre-
sponding realisation is minimal as in Proposition [1

Proposition 10 Let us consider @), @3) and @), and the matriz J in (E8). Then

1 1 1 _
§zg+1Jzk+1 — 52,?]2;@ < —§(zk+1 — 20) T (21 — 2) + hel W JIWAW 2y (97)

for all k > 0.
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Proof:
Let us premultiply both sides of @3) by z/,,.J. This gives

T T T —1 T ~
ZkJrlJZkJrl — ZkJrlJZk = thJrlJWAW Zk+1 + ZkJrlJG‘LLkJrl.

We have
T T L r L p 1 T
Zir1d 2h1 — 2o = §Zk+1jzk+1 = 5%k Jzk + 5(2k+1 — z2k)" J(2k41 — 28) (98)
and
haf f JWAW  apr + 28 TG uiyr < haily ] JWAW ™ 24 (99)

where we used the fact that szJrlJ Gqu < 0 as a consequence of the relations in (@) and
@3) (recall that (JG)' = (I 0¢y—p)xr))- From (@8) and @) the result follows. [ ]

5.3.2 Boundedness properties

Proposition 11 There exists a constant o« > 0 such that for all h > 0 and all k > 1,
[2k]| < o Moreover, for any given h* > 0, there exists a constant M = M(h*) > 0 such
that ||Guk|| < M,Vh €]0, h*[.

Proof: Notice that from ({@1), we get

_ _ 1
zi i <z Japtal (JWAW L+ W TATWTJ)Z;CH—§(zk+1—zk)TJ(zk+1 —z) < 28 Tz,

(100)
where we have used the facts that the matrix JWAW 1 + W—TATWTJ is negative semi-
definite and the matrix J is positive definite . Proceeding by induction one concludes that

ZkT+1JZk+1 < zOTJzO (Vk > 0).
Let us denote by A; > 0 the smallest eigenvalue of J. We get

Allzatll® < 2 Tz (v > 0)

and the result is proved with o = Zg/\# From ({@5) one can choose M = 2a+h*||W AW ~1||a.
|

5.3.3 Local bounded variation

What follows is strongly inspired from [45, Lemma 2.5]. We first notice that since all the
cones T} (+) are either IR or IR, it follows that the closed ball B(a, R) = {z € R: [|z—a|| <
R} C T§(-) for any a > 0 and R < 4. We define 2/ (-) as the step function [0,7] — IR such
that 2N (t) = z; for all t € [ty,tp41), 0<E<N-—-1,1<i<r.

RR n° 5236



50 Acary et al

Proposition 12 The total variation of 2N (-), 1 < n, in [0,T) is bounded above according
to:

var(zN,[0,T]) < %M,O —al®>+ g‘—;TQ +aT(1+ %|zi10 —al) (1<i<r-—1)
var(2Y [0, T)) < 5|20 — a? + LT + BaT(1 + %210 — a]) (101)
var(EN,[0,T)) < (v + §)aT

where |[CA"W| < B, ||A¢l| < v and ||Be|| < 8, whereas « is as in Proposition I
Moreover there exists a constant K > 0 such that for all N € IN:

var(zV,[0,T)) < K. (102)

Proof: In this proof we suppress the N in 2¥ and ¢V to simplify the notation. Recall that

Zik+1 — Zik — PZig1k41 € —3¢T;—1(Z1711k)(2i,k+1) 1<i<r-—1)

and
gt = 2k —hCAW iy € =CA T B (2rerr) = =00pr—1 (5 (1)

where we have used the facts that CA"~'B > 0 and that 8¢T£71( 7
cone. Then we may write

Tilyk)(znkﬂ) is a closed

Zigyr = prox[Ty (Zic1 k)i Zik + hzigiera) (1<i<r—1)

and
Zrkdl = prom[TqTfl(ZT_Lk); Zrk T hCA™W 123 44].

Considering the ball B(a,r), using @), (3) and |45, Lemma 0.4.4] (see appendix [B) one
gets
|Ziks1 —al < |zio—a| +h(k+1Da, (1<i<r—1k>0),
(103)
(ensr — al < |20 — al + h(k + 1)fan
Let us set w; = 20 + hzit11 and w, = 2.9 + hCA"W™1z;. One has |z, — 29| <

|zi1 — w;| + |w; — 20| and by [45, Lemma 0.4.3] (see appendix [A]):

21 — zio| < g5 (lwi —al®> = |zin —a’) +ha, 1<i<r-—1),
(104)

|2r1 — 2r 0| < %ﬂwr —al? = |zp1 — a|?) + hBa.
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More generally, we get the inequalities

1
|2 kt1 — 2i k] < (|Zz v+ hzigi e —al® = |zige1 —al?) + ha <

1
< ﬁqzi,k — al® + P2 zip1 k1) + 2R zip1 k1| 120k — al = |ziks1 — al?) + ha

< 2R(|Zl E— a|2 + h2a? + 2ha |zik —a|l = |Zik+1 — a|2) + ha

for1<i<r-—1,and

|2r k41 — 20k < (|ZT g +hCA W zi 1 —al® — |20 401 — al?) + hap.
1 _
—R(|zT p—al? +h2CA" W a1 2+ 20| CA™W L2 4| |2r K —a| = |2r k41 — al?) +hpBa <

< 2R(|zT k —al? + h2B%a® + 2hBa |z h — a| — |zrs1 — al?) + hBa.

Now using [I03) we get |21 —a| < |zi0 —a|l+ hkafor all 1 <i <r—1,and |z, —a|] <
|zr,0 — a| + hkBa, and setting T}, = kh (so that T'= Nh), we get

|Z’L k+1— %4 k|

1 1 a?
< 2R(|Zl k—al® —|zi k11 —al*)+ah <1 + §|Zi’0 — a|> +ﬁ(h2+2th) (105)

for1<i<r-—1,and

1 2 2 1 04252 2
|2r k41 — 2r k] < == (|2rk —a|* = |zrp+1 —al”) +aBh [ 1+ }_%|Zr,0 —al )+ (h* + 2hTy).

= 2R 2R
(106)

We claim that
j—1

1
kzo |ZrL k+1 — %4 k| <S 2R(|Zl 0o— a| |Z’L,j — a|2) —+ QTJ (1 + E|Zi70 |> —+ ﬁj_a (107)

for1<i<r-—1,and

1 04262
Z |2 g1 — 2r] < 2R(|Zr,0 —a|’ = |z; —af*) + BT} <1 + g oo = a|) t 3R T7. (108)

We prove the result by induction. The result holds for j = 1 as a direct consequence of
(7)) and (06 with & = 0. Suppose now that ([IZ) holds at step j. We claim that (7
holds at step j + 1. Indeed, using again ([IH), we get for step j + 1:

J j—1
> lzikri—zikl = (O lzikr1—2ikl) +Hzijr1— ZUI_QR(IZzo al?~|zi j—al*)+aT; (1+ |zi,0 — |>+

k=0
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2 2
L B VR B VU 1, a” o 4
4T+ gl — o = e — )+ ah (14 Flaso —al ) + 5502 + 20T)

1 1 o?
= ﬁ(lzz‘,o —al* = |zij1 —al®) + ol (1 + §|Zi,0 - a|> + ﬁTjQ-i-l

where we have used the fact that Tj,1 = T; + h and T3, = T} + h* + 2hT;. The same
approach can be used to prove [[f). The first two inequalities in ([I)) are then deduced.
The third inequality follows from (@) from which one deduces that

[[€ks1 — &kl < (v + 0)ah (109)
The constant K in (&) can be obtained by summing the three variations in ([II) and
using the values for w; and w,.. [ |

Consider the step function p™ () : [0,7] — IR" such that u™(t) = pgsq for all t €
[t tht1)-

Proposition 13 For any given h* > 0, there exists a constant K' = K'(h*) > 0 such that:

var(pN,[0,T]) < K',Vh €0, h*]. (110)

Proof: Let h* > 0 be given. From (@) we deduce that

tor1 — pe = G (I Opnep) (In — AWAW ™) (2111 — 26) + G (L Ope(nry) (21 — 25-1)

(111)
It follows that
N-1 N-1
> lpkrr = il S NGy O i) (In = RWAW DS [2040 — 2|+
k=1 k=1
N-2
HIGT T O e 1 D [2h41 — 26| <
k=0
N-1
<G I Oprmr)) I = BWAW DY (21 — 2l |+
k=0
N-1
HIGTH T O )1 [2h41 — 2| (112)
k=0
N-1
< NG O (n—r) 12+ BHWAW ) Y [l2ksr — 2| (113)
k=0

It follows from ([[0J) that K’ exists that depends on K and the system parameters, such
that (1) is satisfied. [ |
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Remark 14 Let us study the behaviour of z1 . One peculiarity of the inclusion @) is
that T9 = IR". Therefore 21k =proz[IR"; Z1,k—1 + hz2 k] > 0 for all k > 1. In other words
2V (-) may be negative only on t € [0,t1). On the contrary, the other variables 2N (-) may
become negative at any time t > 0. Consider for instance Tgl(zuc, ooy Zim1,k) = IR for all
2<i<r,sothat 29, = 2o ,—1+h Zzzg Zik+ hCA™W ~1z,. Nothing hampers that &, takes
a value such that z3 ), < 0 even if z; ;1 > 0 for all 2 < i <r. It follows from [@2), @3) and
conver analysis that

0<zipt1 L p1,k412>0 forall k>0 (114)

and
0<z1kt1 L tirgt2>0 forall E>0 (115)

which is the discrete-time complementarity condition corresponding to (54)) and &3).

5.3.4 Convergence of the discretized solution

We now denote {zV(-)} the sequence of functions constructed from the functions 2% (-), and
similarly for pV(-).

Proposition 14 There erists a subsequence {z™V*} of {2N'} which converges point-wisely to
some function z(-) : [0,T] — IR", with variation < K, and a subsequence {u™V*} of {u™V}
which converges point-wisely to some function u(-) : [0,T] — IR", with variation < K'.

Proof: The function 2% (-) is uniformly bounded on [0, 7], and it has bounded variation on
[0, T, see Propositions [l and From [45, Theorem 0.2.1 (i), (6)] the result follows. The
proof is the same for ™V (-), using Propositions [Tl and [ ]

Remark 15 The convergence of u” () towards a LBV function reflects the fact that, as said

in the introduction of section B3, the primary variables are p; 11 E dv;((tg,tp+1]). Hence
the Dirac measures do not appear in the limit p(-) which is by construction a (bounded)
function. The limits in Proposition [IJ are unique.

The next proposition establishes the (x-weak) convergence of the “derivatives” of the step
functions 2V (-), which are Stieltjes measures, towards the Stieltjes measures dz;.

%

Proposition 15 For every continuous function of bounded variation ¢ : [0,T] — IR and all
1 < i <r we have:

/ @ dzr — pdz; (s<t) as N — +oo (116)
(s,] (s,]

Proof: This is a consequence of [45, Theorem 0.2.1 (iii)] and the fact that the 2V () are
right continuous functions. [ |
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The differential measures dz;'* are of the form dz'* = {,éfv’“}(t)dt—sz::_ll (%i, k41— %,k )0ty . (the
singular part being zero since z.'*(-) is a step function). Since the z;’s are LBV, dz; admits
a similar decomposition (see section B), with atoms at times 7.

The proof that the limit functions are solutions of the time-continuous sweeping process
ED-[ED)-ED) is left as a future work. Examples B and Bl in Section BBl demonstrates
however the fact that the solutions of ([@2), @3) and @) do converge to the higher oder
sweeping process solutions in simple cases.

5.4 Overview of the implementation

In this section, we provide a short overview of the implementation of the numerical algorithm
of the Extended Moreau Sweeping process. Our goal is to present the algorithm in a ped-
agogical way through a straightforward implementation. Obviously, for efficiency reasons,
the code may slightly differ from what is below.

Matrix formulation of the ZD form in view of numerical integration. Given
W € IR™*™, the linear transformation of the state space, we introduce the following matrix
notations :

[I —hA)zk1 = 2k + Guii1 (117)
where the matrices A € R™™ and G € IR™*" are defined as follows :
0 1 0 0 T 1 0 0 0
R PN

: : 0 : .0 :

- 0 0 1 - 0 0 1 0
A= G- (118)

CA"W—1 0 ....... 0 CA™'B
Be Ag On—ryxr

Notice that A = WAW ! is defined in (I and that G is defined by (8.

Expression of the inclusions (@I]) in terms of nested complementarity problems.
Let us consider the following inclusion :

P k1 € —00a (21 k41)-
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Let us set ® = IR". This inclusion may be stated equivalently as a complementarity prob-
le
0<zikt+1 L 14120

If » > 1 then we must handle the second inclusion :
H2,k+1 € —0Uriz, ) (22,641)
which can be reformulated in terms of a complementarity problem :
If 21, <0, then 0 < 29 41 L po 41 >0
In this way, for r > 2, we get the following complementarity problem :
If 2, <0and 235 <0, then 0 < 23441 L p3 41 >0

In the general case, we search the integer 1 < r* < r satisfying the following condition :

. (1 ifzme>0
T =
l+max{j<r—1: 2z <0,Vi<j}

Then we obtain the following set of nested complementarity problems :

0<2zipt1 L ptigs1 >0, 1<i<r” (119)
We define the vectors collecting the state and the multiplier for the “active” constraints by
| Zhy1 = [21,k415 - - '7Zr*,k+l]T

i (120)
M1 = (k415 -5 s kp]

and we introduce the matrix R € IR" *" describing the relation between Zj4q and 241
Zip1 = RZpq1. (121)
Assuming that p; x+1 = 0,7 > r*, we get the relation between p; ;41 and Hyr

piir = Ry (122)

2In a more general setting, a cone complementarity problem has to be written ® > 21, k+1 L —p1 k41 €
o*, with &* the dual cone of .
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Formulation of the one-step LCP problem To be more explicit in the computation
of the state vector, we introduce the matrix P € IR"*" such that

Ziy1 = Pz (123)

Assuming that r* is computed at each step and that z; is known, the following set of
discretized equations has to be solved to advance from step k to step k + 1 :

[I — hA]zp i1 = 21 + Guisa
Zg+1 = Pz
5y = R (124)

o1 = Ry

0 < pjpys L2511 20
This yields the following closed form for the one-step LCP problem :

zf,1 = RP[I — hA] 'z, + RP[I — hA|*GR" i,
(125)
0 < piy L2, 20

Pseudo-algorithm for the EMTS A pseudo-algorithm for the EMTS is given in order
to clearly outline the major features of the numerical resolution of the EMTS (see algorithm

m).

5.5 Numerical applications
5.5.1 Comparison with a Backward Euler Scheme

Several attempts have been already made to solve numerically dynamical systems with
arbitrary relative degree. In [30], an algorithm for constructing solutions rather than a
pure numerical scheme, is given based on an event-driven strategy. This type of strategy
cannot encompass general evolutions with accumulation of events, and is not well suited
for convergence proofs. In [I7], the direct use of a backward Euler scheme with an implicit
evaluation of the complementarity condition yields a time-stepping scheme, which is very
similar to the “catching up algorithm” of Moreau. This scheme works well with systems of
relative degree less or equal to 1, but exhibits characteristic examples of inconsistency for
higher relative degree. We have collected in this section some remarks on the behaviour
of the numerical scheme presented above which lead us to believe that the EMTS scheme
solves this problem.

For the first and the second order sweeping process, the time integration method is often
confused with a standard backward Euler scheme. To highlight the difference with the
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numerical time integration of the Moreau’s sweeping process, we consider several examples
of inconsistencies introduced in [I7]. A naive way of integrating a LCS is to apply directly
a backward Euler scheme:

@ = Az 1 + B
W41 = Cxp+1 + DAy (126)
0<Apt1 Lwpg1 20
which can be reduced to a LCP by a straightforward substitution:
0<Aey1 L CI—hA) o, +hC(I —hA) "' Blpyr >0 (127)
In the sequel, such a LCP will be denoted as (yx+1, Ak+1) = LCP(M, bgt1) where
M =hC(I -hA)™'B (128)
b1 = C(I — hA) 'y, (129)

In [I7], some consistency and convergence results are proved. Shortly, under the assump-
tion that D is nonnegative definite or that the triplet (A, B, C) is a minimal representation
and (4, B,C, D) is positive real (see appendix [C)), they exhibit that some subsequences of
{yr}, { e}, {zr} converge weakly to a solution y, A\, 2 of the LCS. Such assumptions imply
that the relative degree r is less or equal to 1. In the case of the relative degree 0, the
LCS is equivalent to a standard system of ordinary differential equations with a Lipschitz-
continuous vector field (see [24], Remark 10). The result of convergence is then the standard
result of convergence for the Euler backward scheme. In the case of a relative degree equal
to 1, these results corroborate the results of [9].

As we said earlier, several examples for which the backward Euler scheme does not work
at all are also detailed in [I7]. These systems are of higher relative degree. We will consider
below two similar examples and comment on the difference between the Backward Euler
scheme and our approach.

Example 5 Let us consider a LCS with the following matriz definition:

010 0
A=0 0 1];B=(1|;C=(1 0 0);D=0 (130)
00 0 0

The relative degree v of this LCS is equal to 2 (D =0,CB = 0,CAB #0). If we apply the
time discretization given by ([[26), we can remark that:

B -1p _
Jim =M = lim O —h4)'B=0 (131)
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It is clear that if h is taken very small, which may be needed in many practical cases or
for the convergence analysis of the scheme, then the LCP matriz in {IZ4) has little chance
to be well conditioned due to the fact that CB = 0.

If we consider the initial data vo = (0, —1,0)T, we obtain by a straightforward application
of the scheme ([[28)) the following solution:

0
ze=0];vk>1 (132)
0

1
A=g5 Ae=0Vk>2 (133)

We can remark that the multiplier A\, which is the solution of the LCP at the first step, tends
towards +oo when h vanishes. In this example, the state x(t) seems to be well approzimated
but both the LCP matriz and the multiplier tend to inconsistent value when h vanishes. This
inconsistency is just the result of an attempt to approzimate the point value of a distribution,
which is nonsense.

If we consider now the initial data xo = (—1,—1,0)T, we obtain the following numerical

solution from (IZ8H) :

T =

Yk > 1 (134)

o =

A = e = 0,Vk > 2 (135)

1 .
h?’
With such an initial data, the exact solution should be x) = 0,Yk > 1. We can see that
there is an inconsistency in the result because the first component of the approrimate state
does not depend on the time-step. We can not expect that this approzimation converges to
the exact solution.

If we apply the EMTS scheme, we obtain the following solution:

0
zp=|0);VEk=>1 (136)

0
pia=1 pea1 =1, (137)
pik =0, p2, =0, Vk > 2 (138)

which converges to the time-continuous solution of the higher order Moreau’s sweeping pro-
cess, i.e. x(0) = xq,z(t) = (0,0,0)T,Vt > 0.

Example 6 Let us consider this second very simple example:

010 0
A=[0 0 1|;B=|0|;C=(1 0 0);D=0 (139)
0 0 0 1
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In this case, the relative degree, r is equal to 3. The direct discretization of the system
leads to the same problem as in the previous example even in the case where the initial data
satisfies the constraints. Let us consider the case of vo = (0, —1,0)T. From (IZ8), we obtain
the following numerical solution:

k(k+1)
2h
T = 3 VE>1 (140)
1

h

1
72 Ay =0,Vk > 2 (141)

This solution can not converge to an analytical solution. The solution given by the EMTS
scheme is

A=

0
= 10]|;Vk>1 (142)

0
p11=1; po1=1, p31=0, (143)
ik =00, =0,Vk>217=1...3 (144)

which is the time-continuous solution of the higher order Moreau’s sweeping process, i.e.
z(0) = z0, z(t) = (0,0,0)T, vt > 0.

Interest of the ZD canonical form from the numerical point of view. Let us
consider now the ZD form with r = n for simplicity sake. A direct discretization with the
Euler backward scheme leads to:

Zk+1 — Rk

W = Azjp1 + Bl

(145)
0< 21641 L Ap41 20

with B = (0,...,0,CA"'B)T. Using [[@H), we get the following LCP (21 js1, Ari1) =
1
L(Z’P(ﬁM7 br+1) with the LCP matrix given by

M =CA" ' [hW(I - hA)"'B+ B). (146)

It is clear from ([[4H) that if i vanishes, then the LCP matrix is close to the matrix CA" !B
which is the LCP matrix of the time-continuous ZD form. So if C A"~ B assures that the
LCP(\) has a unique solution, this should be the case for the discretized LCP as well, for
small enough step h.

The interest of working with the ZD dynamics lies in the fact that this allows one to keep the
properties of the LCP from the continuous time ¢ formulation to the discretized formulation.
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This seems to be some kind of minimal requirement for the discrete algorithm, since in any
case A\i4+1 has to be calculatedd.
5.5.2 Influence of the zero-dynamics on the solution

In this example, we illustrate how the zero dynamics may influence the behaviour of the
following system

Zl(t) = ZQ(t)

2200 = 25 l0) — 5200 — sa0) - €@+ A0

Z.3lf :—th—Zglf—Z3t—£ t) + At

E4() = a&a () (147)
§2(t) = —wéi(t) + 21(1)

with the initial condition 2(0) = (1,0,0,0,0)%. The system ([7) of relative degree r = 3, is
embedded in the MDI formalism (@4)-(@8). All the simulations are performed with Scilab®©.
The time interval is [0, 10] and the time step is equal to h = 1071,

In the first experiment, we choose d¢ = (0,0),a = 1 and w = 1. The zero dynamics, which
is a pure harmonic oscillator, does not play any role in the zZ-dynamics. The results are
depicted on Figure [ The system seems to be stable and the state vanishes.

Choosing d¢ = (0,1),a = 1 and w = 1, the same simulation is made now with a coupled
zero dynamics. The influence of the zero dynamics is shown on Figure

If we choose d¢ = (0,1) but @ = 0 and w = 0, Z(t) is identically equal to zero after the
first jump. The simulation is shown on Figure Bl Finally, if we choose d¢ = (0,—1) but
a =1 and w = 1, there are non-zero intervals on which the constraints remain active, see
Figure

It is therefore clear that the zero-dynamics matrix A¢ and the connection vector dg,
have a strong influence on the system’s dynamics. In particular, one sees that despite the
state reinitialization mapping sets the post-impact states Z to zero (plastic impacts), the
zero dynamics may force the system to detach from the constraint and undergo subsequent
jumps after a boundary trajectory has occurred.

5.5.3 Empirical order of the scheme.

This section is devoted to provide an empirical estimation of the order of the scheme. Let us
consider the previous example with d¢ = (0, —1), @ = 1,w = 1 and with the initial condition
2(0) = (1,0,0,0,0)%.

In order to evaluate the order of accuracy of the scheme on this simple example, we
need to use a norm which is consistent with the set of RCLBV functions and to introduce a
notion of convergence providing a reasonable substitute to the uniform convergence of the

3Some schemes and some dynamical formulation, do not use an explicit calculation of the multiplier. But
they necessarily use underlying arguments equivalent to having a well-posed LCP.
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continuous functions. To overcome this difficulty, the convergence in the sense of filled-in
graph has been introduced by Moreau [52]. Shortly, for a RCLBV function f : [0,7] — IR",
we define the filled-in graph, gr* f by adding some line segments to the graph of f in such
a way that all the gaps are filled:

gr*f ={({t,2) €[0,T] xR™",0<t<Tand x € [f(t7), ftT)]} (148)

Such graphs are closed bounded subsets of [0,7] x IR", hence, we can use the Hausdorff
distance between two such sets with a suitable metric:

d((t,x), (s,y)) = max{|t — s, ||z — y[lm~} (149)

Defining the excess of separation between two graphs by

e(gr*f,grtg) = sup inf d((t,x),(5,9)), (150)
(t,x)egr*f (s,y)Egr*g

the Hausdorff distance between two filled-in graphs h* is defined by

h*(gr*f,gr*g) = max{e(gr* f, gr*g),e(gr*g, gr*f)} (151)

To compute a reference solution, the number of time-steps is chosen as N = 10, i.e.,
for a time step h = 107°. The error with the norm of the uniform convergence ||||o is
displayed in log scale on the Figure Bl We can see that there is no way to measure the
rate of convergence with the ||||oo norm. The results of the distance in the sense of filled-in
graph is displayed in log scale on the Figure [l On this example, the order of accuracy of
the EMTS scheme is close to 1, as expected.

6 Applications: Electrical circuits with ideal diodes

The well-posedness of dissipative circuits with ideal diodes (r = 0 or » = 1) has been inves-
tigated in [I8, 12| and their time-discretization with time-stepping Euler implicit schemes is
studied in [I7]. In this section we briefly illustrate how the application of feedback signals
in simple electrical circuits may lead to higher relative degree complementarity systems. In
other words we show how the material of the foregoing sections may help in understanding
the closed-loop dynamics of some complementarity systems.

A single input/single output case

Let us consider the following dynamics that corresponds to the circuit depicted in figure
&1(t) = 22(t)
da(t) = —faa(t) + 42 — Foa(t) — $AQ) (152)
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where z5(-) is the current across the circuit and —\ is the voltage of the diode, u(-) is
a voltage control. If u(-) = 0 then one sees that the transfer function of the operator

A(+) — w(-) is positive real, equal to W%SCM. Let us apply the following feedback

u(t) = A(t) + Las(t)

da(t) = za(t) (153)
z4(t) = A(2).
Inserting (I53) into [[22) one obtains

i1 (t) = ot 21(t) = 22(t)

ig(t) = —%Jig(f) — %xl (f) + 1‘3(t) Zg(f) = 23 t)

ig (t) = X4 (t) — 2.3 (f) = %23 (f) + %22 (t) + )\(t)

24(t) = A(t) £(t) = z1(t)

0 < w(t) = —a(t) 0 < w(t) = (1)

(154)

We embed the ZD dynamics in ([54) in the higher order sweeping process formalism. The
relative degree is r = 1 in ([[22), but applying a dynamic feedback changes it since r = 3
in ([54), and CA?B = 1. It is immediate that r — 1 is equal to the number of integrations
in the control input in ([[33). It is noteworthy that one can apply Proposition [ In other
words, the feedback law in (I53) augments the relative degree, but does not destroy the
dissipativity of the closed loop system, since the transfer function of the operator A — z3 in
(I33) is positive real. This puts electrical circuits in a perspective that perfectly fits with
the higher order sweeping process.

Here CA%B =1 > 0. We can thus apply Corollary B to assert that for each (%,&) € R",
the system in ([I54)) has a unique regular solution.

Remark 16 i) We do not wish to discuss here the physical applicability of the feedback law
in (IZ3) (in practice measuring the voltage of the diode may introduce further dynamics),
nor of an ideal diode model. At this stage it is however fundamental to keep in mind that
studying such models allows the designer to point out and understand some phenomena
which may be only limits (in the mathematical sense) of the real phenomena, but which
would have been hidden by any other sort of modeling approach like penalisation. It is also
worth recalling that our model has some intrinsic flexibility, see e.g. remark [[4, and may
therefore be adapted to better fit with the physical observations.

ii) Optimal control under state constraints also yields higher order complementarity systems
1273, [, [T})]. Consequently it may benefit from the work in this paper.
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7 Conclusion

In this paper we present an extension of Moreau’s sweeping process, a widely studied differ-
ential inclusion in the field of unilateral Mechanics. This provides a new formalism for higher
relative degree complementarity systems. It allows us to 1) obtain a clear understanding of
the dynamical mechanism which permits the integration of such systems where higher de-
gree distributions naturally appear, 2) to derive a numerical time-stepping scheme for Initial
Value Problems. This paper focuses on the formalism and time-discretization aspects. The
dynamical framework that is presented possesses several interesting features:

e The formalism easily extends to nonlinear, time varying vector fields, time varying
and state dependent sets ®(¢,z), and the state re-initialization law can be modified
(consequently it encompasses Lagrangian systems),

e the sweeping process differential inclusion is a suitable formalism to design time-
stepping numerical schemes, which paves the way towards convergence analysis thanks
to its compact formulation as a discretized differential inclusion,

e further extensions and their analysis may benefit a lot from the numerous studies on
the first and second order sweeping processes,

e preliminary well-posedness results show that the framework is sound,

e important potential application fields like electrical circuits, optimal control with
state constraints (which is itself quite related to the dual problem of the so-called
Continuous-Time Linear Programming problem [60, B] which inherently involves dis-
tributional solutions), may benefit from the approach.

This paper brings some elements of answer to a questioning in [59], about the interpreta-
tion of the existence theory for differential variational inequalities with index > 3 (i.e. r > 2
in the language of this paper).
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A Lemma 0.4.3 in [45]

Lemma 4 In a Hilbert space H, we consider a closed convex set C which contains a close
ball B(a,R), R > 0. Let x € H. Then

1
llz = proz [C;alll < S5 (|le — al[* = ||proz [C; 2] — a[?) (155)
B Lemma 0.4.4 in [45]
Lemma 5 Let Cy,...,C, be closed convex subsets of H, all of them containing a fized

closed ball B(a,R), R>0. If vo € H and if x1,...,x, are defined inductively by x; =proz
[Ci; xifl], then:

llzo —all = [|z1 —al| = ... = [|zn — al|
(156)
S s — 2l < g (a0 — all? = [lan — all?) < Flleo — al 2
C Positive real systems
Let a system be given by the following state space representation
z(t) = Ax(t) + Bu(t)
(157)

w(t) = Cx(t)

with x € R", w € R™, w € IR™. We assume that (4, B) is controllable and that (A, C) is
observable.

Definition 4 The transfer function matriz H(s) = C(sl,, — A)~'B, s € C, is said positive
real if

e H(s) is analytic in Re[s] > 0,
e the smallest eigenvalue of H(jw) + H*(jw) is nonnegative for all w > 0.

where H*(s) is the conjugate transpose of H(s).
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The following is called the Kalman-Yakubovic-Popov lemma [41].

Lemma 6 The transfer function matriz H(s) = C(sI, — A)~' B is positive real if and only
if there exists matrices P = PT >0, L € R"*"™, such that

PA+ ATp=—_LI7
(158)
PB=CT
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Algorithm 1 Sketch of the Extended Moreau’s Time Stepping(EMTS) Scheme
Require: Classical form of the system : A, B, C, xg
Require: Zero-Dynamic form : r, W, A¢, Be
Require: Numerical parameters h, T
Ensure: ({z,},{zn}, {tn}) = Approx(A, B,C, D, x¢,h,T)
// Computation of the operator associated with the ZD form :
A,G,P
// Time discretization N := L]
// Computation of the time invariant numerical operators:
M := (I —hA)~!
Mlcptmp = PMG
btmp = PM
zZo = WQ?O
// Loop in time.
for £ =0to N do
//Compute the rank r*
r*=1,i=1,;
while z;(i) <0 do
T =r"+1
1 =141
end while
// Computation of R
// Solve the one-step LCP problem
Mlcp = RMlcptmpRT
b= btmpzk
(trt1, 2541 ) = SolveLCP (Mg, b)
// State Actualization
Zpp1 = M [z + G ]
Try1 = W zppa
end for
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Figure 1: Bouncing Ball on a rigid plane. e = 0.8,g = 10m.s~2,m
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Figure 2: EMTS scheme d¢ = (0,0), @ = 1 and w = 1. Decoupled zero-dynamics.
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Figure 3: EMTS scheme d¢ = (0,1),a=1landw=1
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Figure 4: EMTS scheme o =1 and w =1
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Figure 8: A simple electrical circuit with ideal diodes.
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