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O(k log N)
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N
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vwyn_GlnY4_�s!�§_^ym°µpqyn]«_R���ih�o�pwsSlzvqo�lnt©s\�
O(log N)

s4pi�\_^j^¬�fit¨]«t©¤©vwyn¤©h�vqj$Á*vw�k_^]`¤©tuv\¾SlnY\_*�4ynpwlnpko�pq¤�o^v|s
�I_�lzr\s\_R��lnp)pw�klEv|t©s

O(log N/ log log N)
jmln_��§j�¤©pipw®ir\�4j3�$t lzY�v�yzpwr\lnt©s\��lEv|�\¤©_�pw°�jmt©·�_

O(k log N)t©s4jmln_Rvw�¯p|°
O(k log2 N)
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�§v|yzt©jnpws§º�¬4E �\yz_�²it©pwr4jd²q_�yEjmt©pws¥p|°   yzpipqjn_+�Zvwj*�k_Rjno�ynt©�§_R��t©sF@ �/D¢¬�XZY\tuj¸�4v|�I_�y*�k_Rjno�ynt©�I_^j*v/]«pwyz_
pq�klnt©]«t¨·^_^�;²q_�yEjmt©pws=�$Y\_�yz_«lnY4_"�\r4oE®q_�lzj+v|yz_`yz_^�\_^jnt¨�qs\_^�¥lnp�pw�klEv|t©s¥lzt¨�qYSl+�§pqr\s4�\j�pws;lnY4_�jmt©·�_�pw°
yzpwr\lnt©s\��lzvw�\¤©_^j^¬dXZY\_
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L
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S
�4r4oE®w_�lzjZ�k_^jzo�yzt©�§_R�5t©sG@ ��D¢¬

cªpSj}l��4ynpwlnpko�pq¤©j�°µpqy��ktuj}lzynt©�\rklz_^�!Y4vqjmYSlzvw�\¤©_^j$jn�\¤¨t¨l�lzY\_�®w_^h�jn�4vwo�_�v|]«pws\�«s\pk�k_Rj�vqo�o�pqyz�\t¨s\�)lnp
lzY\_�t©ydt©�k_^sSlnt��4_�yEj�¬¸XZY\tujdyn_Rjmr\¤¨lzjGt©s�v"²q_�yzh!jmlnyztuo�l�lzpw�Ipw¤©pw�qh5�$Y\tuoEY�tujGY4v|yE�!lnp5]�v|®w_)yn_^¤¨tuv|�4¤¨_��$t¨lnY
yz_��Sv|yE�/lnp/s\pk�k_�°±vwt¨¤©r\yz_^j^¬"¹±XZY\tujdt©j�lnY4_«o^vwjn_�°µpqyG�\yz_�²it©pwr4jd�ktuj}lzynt©�\rklz_^��Y4vwjnYSlzv|�4¤¨_Rj��4vqjm_R�ªpws�lnY\_
¦G_   ynr\t {}s=lnpq�§pq¤¨pq�whH@IBS¾	�i¾��\¾���D£¬ º XZY\_�]�v�{}pqyd�4yn_Rv|®SlnY\yzpwr4�wYKpw°�Á*vw�\_�]«¤¨tuvJ@ �/DOt©jdlzp!jn_�¤©_^o�l*lnY\_
s4pi�\_^j�jmlnpqynt©s\��vws"vwjzjmpko�tuv�lzt¨pqs`°µpwy3v��wt©²w_�s�®q_�h`t¨s"v+¤¨pipSjm_$]�v|s4s\_�y�K	pqs«lnY\_

k
o�¤©pqjn_^jml�s\pk�k_^jOlnp+lnY\_

®q_�h/°µpwy¸jnpw]«_+]«_�lzyntuo`v�ldlnY\_`]«pw]«_�sSlG�$Y4_�sKlzY\_�vwjzjmpko�t©v|lnt©pwsªtuj�t©s4jn_�ynln_^�8¬�a3pqsSlzvwo�lzjG�§pq�\r\¤uv�lzt¨s\�
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k
t©j)lnr4s\_^�

vqo�o�pwyE�kt¨s4��lzpKv5�4ynpq�4v|�\t©¤©t l}h
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pw°�s4pi�\_«°±v|t©¤¨r\yz_«�$t lzY\t©s;lnY\_�s\_�´il�Y\pwr\yR¬�fipq]`_�_�´k�§_^ynt©]«_�sSlzjL@ ��D
jnY\p��¯lnY§v�l�vw�\�\yzp³´kt¨]�v�lz_�¤©hLB|�¸�§_^yzo�_�sSlzj3p|°�s\pk�k_Rj��$t¨lnY"r4�klnt©]«_dv|l�¤¨_Rvwjml3pqs\_�Y\pqr\y3jmlzv³h«o�pqs\s\_^o�ln_R�
pqs\_¸]«pwyz_dY4pwr\yR¬�XZY\t©j$jnr\�q�w_^jml

pn < 0.3
t °�s\pk�k_RjZ�4v|ynlntuo�t©�4v�lz_¸t¨s!j}lzpwyzt¨s4�«vqjnjnpko�tuv�lzt¨pqs4j�pqs\¤©h�v�°7lz_�y

lzY\_ �4yEj}l$Y\pqr\y$p|°�r\�klzt¨]«_w¬OXZY4_�v|rklzY\pwyEj�p|°�Á*vw�k_^]`¤©tuv)jnr\�w�q_^jml
k = 20

¬�XZY\_¸�\yzpw�4vw�\t©¤¨t¨l}h�lnY§v�l�v|¤©¤
lzY\_«s\pk�k_^j*jmlnpqynt©s\�/v|s;vwjzjmpko�tuv�lzt¨pqs�¿Sr\t¨ldlzY\_«s\_�l}��pwyz®!t©jdlzY\_�s=¤©_^jzjdlnY4vws
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tuj+lnY\_^s yn_^�\r\�\¤©tujmY\_R�À_�²q_�yzh¥Y4pwr\yR¬ ¹ E�j«vKs\pk�k_/j}lzpwyz_^j)v|¤©¤�lzY\_5o�pwsSlzvqo�lzj+�$Y\tuoEY�v|yz_�o�¤©pqjn_"lzp�t¨lzj
tu�k_^sqlzt �§_�yR¾kyn_^�\r\�\¤©t©o^v�lzt¨pqs5tuj$]�vw�k_¸¤©pko�v|¤©¤©hw¬Ýº
Á*vq�k_�]«¤©t©vZr4jn_^j�vZlnpq�§pq¤¨pq�wh�jnt¨]«t©¤©vwy�lnp�lnY\_OYihi�I_�yEo�r\�I_�yn_Rjmr4¤ lzt¨s\�$t©s�v$yzpwrklzt¨s4�3lEv|�\¤©_Opw°

O(log N)�4r4oE®w_�lzj$°µpqyG¤©pipw®ir\�4j�t¨s
O(log N)

j}lz_��4j^¬«¹�E¼�\r4oE®w_�lGjmlnpwyz_^j
k
o�pqsSlzvwo�lzjG�$Y\tuoEY�o�vwsª_^¿Sr\t©²³vw¤¨_^sSln¤©h

�§v|ynlntuo�t©�4v�lz_Gt©sªv+�qt¨²q_�s/¤¨pipw®ir\��¬ º4N�p���_�²q_�y3lnY\_�jzv|]«_¸¤¨pipq®Sr4��_ &"o�t¨_^s4o�h�o^v|s/�§_�vqoEY\t©_�²w_R�"r4jnt©s\�`v
o�pws4jmlzvwsSl�jnt¨·^_dyzpwr\lnt©s\��lEv|�\¤©_¸�$t lzY"lnY4_¸¦G_   ynr\t {}s5lnpw�Ipw¤©pw�qhw¬�XZY\_¸¦�_�¡   yzr\t {}s/�wyEv|�4Y"p�²w_^y

N = 2ns4pi�\_^j8tuj��\_ �4s\_R�*vwj8°µpw¤©¤¨p���j^¬8­O²q_�yzhGs\pk�k_
u
�$t¨lnY*tu�k_�sSlnt��4_^y

u[1, n]
Y4vqj�l}��p�jmr§o�o�_RjnjnpwyEj

s = u[2, n]0vws4�
s′ = u[2, n]1

pq�klzvwt¨s\_R�K�ihKjnY\t °7lzt¨s4�
u
lzp5lzY\_«¤¨_�°7l"¹

u � 1
ºGv|s4�=vw�4�kt¨s4�/v5�\t¨l¸pqsKlzY\_«ynt©�wYSl

¹±pws\_�pw°3lzY\_^jn_"jnr4o�o�_^jzjmpqyzj¸]�v³hK�I_
u
t¨lzjn_�¤¨°zº�¾�vws4�¥lnYir4j¸l}��p!�\yn_R�k_^o�_^jzjmpqyzj
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