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�+fUmvm£������xvp���f{y�©Äsvxvoq��m£�¡sn��yq�®m¯o��®�
svc�fUmnf³snx7o��®m£�¡sn��yq��m�'�x7o�����yqe���xvy
�#fVmnmn�¡���Ásv�¡egfVm+±~b c�fUmnf³snyD�qf+�®m4�¡fVo?¤qf-og����oq�+f-�4�¢svc������
f+r

h = ���	�oq���
h = ��
 � ­=�#yDxnxvfUmn�®yD���
������sny�o¹ �p
ÀAfUx/����o���fU���¨§¼m£t
m£snfUe�­�snc�xnyDp��qc�o¹svxvoq��m£�¡sn��yq�¿�4�¡snc×�¨p������xny
�#fVmnmn�����/sv�¡egfD±¯b c�f-y�svc�f+x svxvoq��mn�¢sv�¡yD��m+­
yDxn���q����o�sn�����/©ºxvyqe ����oD�#fVm �4�¢svc������
f+r

h = 1, . . . , H(k,l)xvf+��xnfVm£fU�Ds svc�f-snx7o��®m£eg��mnmn�¡yD�	yq©�svc�f���oD�7�qf+s4snc�xvyqp��Dc&ogxnyDp
snfUx·«��¡�����F±¯²$m{xnyDp
snfUxvm~svxnfVo�s{��oD�7�qf#s7m4���
o �:Ù%�:é´� o?tq­FoJ��y¨�Uo���©ºf+fV�
 �oq�7�¹��y¨yq�¶�4�¡snc¥yq��f/snyq�Df+�¶��m�o�s£s7oq�7c�fV�¹sny	fUoD�7c¶y�©=svc�fUmnf/svxvoq��mn�¢sv�¡yD��m+­
��xnfU¤qf+�Lsv�¡���&�®oq�7�qf+s

m
svy¶ ®f_��xny
�+fUmvm£fV�¥ Af#©ºyDxnf_��oq�7�Df#s

m − 1
c�oqm/�¡f+©îsU±¶b c�fJ��xny
�#fVmnmn�����¹sn��egfUm

���»snc�fVm£fgsvxvoq��mn�¢sv�¡yD��m³o�xvf�x7o��®�
yqeæ¤�oqxn��o� ���fUm³�
fVmn�+xn�� �������snc�f*��eg��oq�#s�y�©4�#xvyDmvm¸snx7o�ÜJ��­Âsnc�o�s���m-oq�
oD���
�¡sn��yq��oq�®� o��¡sn�����/sn��e�f� Af#su�~f+f+�_snc�f���xvy
�#fUmvmn�¡���/y�©Â��oD�7�qf+svm[yq©9snc�f¸�DxnyDp��J�#yDe�eÁp������+o�sn��yq�9­
�
p�f
svy{��oD�7�qf#s7m9�#yDeg�¡���{©ºxnyDeXyqsnc�fUx9¬�y��{mU± � fUf
�ý���q©ºyDxÂegyqxvf¯�
f+svoq�¡��m9yD�-snc�f¯ego�s£svf+xV±ÂÙ¼�-svc���mÂ©ºx7o�egf+�~yqxv�F­
svc�f�x7o�����yqe°��xny
�+fUmvm£������sn��egf/y�©[�®oq�7�qf+s

m
svc�xnyDp��qc&xvyqp�snf+x

(k, l, h)
�4���¡�� ®f��
f+��yqsnfV�¹ Lt

σ
(k,l,h)
moq���	�4�¡���9 Af-xnf+©ºf+xvxnfV�*snyJoDm~snc�f;: � ��ÓnÆ��LÌ�Ã¼Æ $=<FÆ+Ó·Ò�' ,7Æ&Î '��gÆ�y�©"��oq�7�Df#s

m
±

b c�f¹�����¡sn��o��4�#yD���
�¡sn��yq��yq©$svc�f&m£t
m£snf+e ��mÁsnc�o�sJo����~����oD�#fUmÁ�4�¡sncÚo��������
f+r
h
­[snc®o�sgxnfU��xnfVm£fU�Ls

 �p
ÀAfUx¸�+yq�Lsvoq�¡�������*��o�svog��oD�7�qf#s{yq©�svc�f/�+yqege/p������Uo�sn��yq�Â­�o�xvf-f+eg�
sut�y�©:snyD�qf+�®m+±~b c���m¸�#yDxnxvfUmn�®yD���
svygsnc�fÁ�+oqmnf-�4c�fUxnf-�����¡sn��o����¡t�e/p��¡sn���+oDmus��#yqegeÁp������+o�sv�¡yD�	c®oqm4��yqs¸m£svo�xnsnfV�¹o����&oq�¡�9egfUe�yDxnt	 �p
ÀFf+x
oqxnf�f+eg�
sut	�¡�¹fU¤qf+xvt*f+�®�¨§¾mnt
musvf+e¹±

ì�ì 
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b c�fg©ºfUfU�
 ®oq�7�¶o�x7�+mU­Äsvc�o�s-�qy¹����svc�fJ�
��xnfV�·sv�¡yD�¥yD���®yLm£�¡snf�svy	svc�fJ��o�svo¹musvxnfVo�e¹­9xvf+��xvfUmnf+�Ls�snc�f
¤�oqxn��yqp�m/¬�y�� �+yq�Lsnxvyq�4oq���× �oD�7�L§H��xvfUmvmnp�xnf_e�fV�7c�o�����mne*m+±�b c�f¹oDmnmny
�#��o�svfU������oq�+fUmU­[©ºyDp����Ý�¡�Ýsnc�f
©ºfUfU�
 ®oq�7�g�¡y¨yD��m¯yq©Äsnc�f³mnt¨m£snfUe¹­Lc®o?¤qf$ Af+fU�_f+r¨�®o����
fV�gsnyÁ ®y?r
fVm¯��� �:���qp�xvf ��­¨oq���gsvc�f+t*c�o?¤Df$ Af+fU�
��o� Af+��fU�	�4�¡snc�snc�f-�¨p�eÁ ®fUx{y�©�snyD�qf+�®m~snc�o�s4snc�fUt_�#yD�Ds7o����  Om£fUf- ®fU�¡y��;"#±

� b c�f4©ºfUfU�
 �oD�7��oqxv�~�4�¡sncJ����oD�#f4��o� Af+��fU� B
(k,l)
���

xvf+��xvfUmnf+�Lsvm=snc�f$oD�
¤qfUx£sv��mnf+egfU�Ds[yq©®svc�f$xvfU�+f+��¤qfUx
�4�¡�®�
y���mn�¡µUfÁyq©¯f+���
§¾mnt
musvf+e

(k, l)
 �oq�7��sny��¡svm�egy�snc�f+x³��y
�
fq± � �¡���+f/svc�f�snyqsvo��:�¨p�e/ Af+x³yq©

snyD�qf+�®m³�¡�¿svc�fJ�#t
�#��f*e*oq�
fgyq©�svc�f*����oq�#f*yD�»snc���m�o�x7�go����»yq©�svc�f*����oq�#fVm
(k, l, 1)

­
(k, l, 2)

­
. . .
­
(k, l, � 
 � ) ��m�oq�J�¡�¨¤�o�xv��o��Ls�o��®�*xnfUe*o�����m[f %Dp®o��®sny B

(k,l)
���

­LyD��f¸mnf+fVm=svc�o�s �4c�f+�Jsnc�f$sny�s7o��
�¨p�e/ Af+x�y�©[���
§H¬�t	�®oq�7�qf+svm$y�©¯b$}�wÕ�+yq����fV�·sv�¡yD�

(k, l)
oD���
fU�&snyJsvc�f/�¨p�eÁ ®fUx$yq©[��oq�7�Df#svm$�¡�

snc�f-������p�s$ �p
ÀFf+x{yq©�fU���¨§¼m£t
m£snf+e
(k, l)

��m{f�%Lp�o��Fsvy
B

(k,l)
���

­
svc�f+�¹svc�f-����oq�#f³yq©�svc���m4©ºf+fU�� �oq�7�
o�x7��c�oqm4��yÁsvyq�Df+���¡f+©îsU­®mny�snc�o�s{snc�f³snx7o���mn�¢sv�¡yD����y��4��musvxnfVo�e yq©:����oq�+f

(k, l, ���	� ) ��m4 ���y
�7�qfV��¡�®�
f+fV�Ä±
� b c�f[©ºfUfU�
 ®oq�7�¸oqxv�"�4�¡snc/����oD�#f[��o� Af+��fU� B

(k,l)
����� ,(k′,l′)

xvf+��xvfUmnf+�LsvmÄsnc�f� ��¡y
�7�¨�����4y�©¨snc�f�m£snxvfUo�eXyqp
s
y�©:snc�f³������p
s{ �p
ÀAfUx{y�©:f+���
§¾mnt
musvf+e

(k, l)
 AfU�Uo�p�mnf³y�©:o���oq�7�*yq©:mn��oq�+f����	snc�f-yDp
sn��p�s{ �p
ÀFf+x

oqmvm£y
�+��o�snfU�¥svy¥b$}�w��#yD����fV�·sn��yq�
(k′, l′)

±¥b c���mÁo�x7�Jm£snf+e*m�©ºxnyDe svc�fJsvxvoq��m£�¡sn��yq��p���musvxnfVo�e
y�©$����oD�#f

(k′, l′, � 
 � ) x7o�svc�f+xÁsnc®o��×©ºxvyqe.svc�o�s*�
y��4��m£snxvfUoqe.yq©$����oq�+f
(k′, l′, ���	� )  ®fV�+oqp�m£f��oq�7�Df#s7m¯o�xvf4yq���¡t*�
fU�¡f+snfU��©ºxvyqe�svc���m�yqp�sn��p
s~ �p
ÀFf+x~�4c�f+�JoD�7�¨��y��4�¡fV�
�qfV�� LtÁsnc�f$xvfU�#fU�¡¤Df+x[yq©

b$}�wØ�#yq����fU�#sn��yq�
(k′, l′)

±

� b c�f-©ºfUfU�
 �oD�7�	oqxv�³��o� Af+��fU���4�¡snc&svc�f/�#yD���qfVmusv�¡yD�	�4�����
y�� (W
(k,l)
m )m≥1

xvf+��xvfUmnf+�Lsvm~svc�f/�
tL§
��o�eg�����4�¡����y���¬�y�� �+yq�Lsnxvyq� yq©�b$}�w"±¯è{yqsn���#f�snc®o�s*snc���m*oqxv���
y¨fUmg��yqs* ®fUc�o?¤qf��¡���qf¹���½o
�#��oqmvm£���+oq�Fw:f+snxv�9��f+sU­�oDm~snc�f�mn�¡µUf³y�©:snc�f-�4�����
y��Xp�m£fV�	�7c®o����DfUm~�4�¢svc�snc�f-��oD�7�qf+s �¨p�eÁ ®fUxU±

�	� � 
 ��� ��
	������� 
 � 
(� ��� ���
Ù¼�Úsvc�f¶��xvf+¤¨��yqp�m_m£fV�·sn��yq�Ú�~f¶c�o?¤Df¶m£fUf+�½snc�o�sJsnc�f¥�#yD�Lsnxvyq�4egfU�7c�oq����m£e��¡eg����f+egf+�LsvfU�Ø ¨tÝb$}�w
�+yq����fU�·sv�¡yD��m�oq���»f+���¨§¼mnt¨m£snfUe  ®oq�7�L§H��xnfVmnmnp�xvf��Uo��¿ ®f_xnfU��xnfVm£fU�LsnfU�»�4�¡snc¿svxvoq��m£�¡sn��yq�®m�o����¿����oD�#fUm
svc�o�s{�������	�®oq�7�qf+s snx7o���mneg��mvm£��yq��o���yq����svc�f���o�snc�m4yq©�svc�f-svxnfUfq±¯è$y�sn���#f³svc�o�s$snc���m{mnt¨m£snfUe3�
y¨fVm4��y�s
 Af+c®o?¤qfJoqm/o¶�#��oqmvm£���+oq�=w"f#snxv�¯��f#sÁoDm��#yD�DsvxnyD��m��¡eg����f+egf+�LsvfU�¿ ¨t»b$}�w��Uo�����y�s� Af_egy
�
f+��fU�¿ ¨t¥o
�+yq��m£svoq�Ls¸�¨p�e/ Af+x-yq©[snyD�qfU��m��¡�»oJ©ºfUfU�
 �oD�7�&�¡y¨yD�9± �{y��~f+¤Df+xV­Asnc�fgm£t
m£snfUe snc�o�s��~fg�
f+�����·svfU�»�+oq�
m£sn�����¯ AfJf#r�oq�#sn��t�xvf+��xvfUmnf+�LsvfU�»oqm�o  ªego�rÄ­ ����p�m "³���¡��fVo�x�xvfU�+p�x7m£��yq�9­Âsnc�o�s/�~fJ�
fUmv�#xv�¡ Af*���×�
f#s7o����¯���
svc���m{m£fV�·sv�¡yD�9­�o����_snc®o�s{�4���¡�9 Af-����musvxnp�e�fU�Lsvo��F©ºyDx{m£��e/p���o�sn�����g��oqxn�Df¸��f+su��yDxn�
mU±

çÂf#s
Tm

­
m ≥ 0

­Ä�
fU��y�svf/svc�f/sv�¡egf��4c�f+�¥��oq�7�Df#s
m
��m³o?¤?oq�¡��o� ��¡f/o�s¸svc�f�xny¨y�s���y
�
fq±-Ù¼��snc���m

�~yqxv�_�~fÁoqxnf/yq����t	���LsnfUxnfVmusvfU�&���&snc�fÁ�+oDm£f/y�©¯o_mvo�svp�x7o�snfV�¹xny¨yqsU­A�4c�f+xvf/o����:��oq�7�Df#svm$o�xvf�xnfVoq�
t¹o�s
svc�f-xvyLyqs�©ºxvyqe snc�f- Af+�D�¡�����¡����yq©�svc�f��#yDege/p������+o�sn��yq� +���o�egfU�¡t

Tm = 0
©ºyqx{o����

m
±

çÂf#s
x

(k,l,h)
m

��f+��yqsnf{svc�f¸sn��e�f¸�4c�f+�Jsnx7o���mn�¢sv�¡yD�
(k, l, h)

 ªxnfU��xvfUmnf+�Lsn�����/o-xvyqp�snf+x�yqx~m£yDe�f¸y�svc�f+x
��f+¤¨���+f "��#yDe����¡f+snfUmÂsnc�f¯svxvoq��m£eg��mnmn��yq��yq©���oq�7�Df#s

m ≥ 0
± �~t³�+yq�¨¤qfU�Lsn��yq�

x
(k,l,h)
m = −∞

©ºyqx
m < 0

±
Ù¼�¹��oqx£sv���+p���oqxU­

x
(k,l,����� )
m

��m svc�f³sn��egf-�4c�f+�¹��oD�7�qf+s
m
�
f+��oqx£s7m~©ºxnyDe snc�f�yqp
sv��p
s{ �p�ÀAfUx{y�©:snc�f

mnyqp�xv�+f���y
�
f/yq©¯b$}�wX�+yq����fV�·sv�¡yD�
(k, l)

 ºsnc�o�s���m{svc�f� �p
ÀFf+x��4�¢svc¥mn�¡µUf
B

(k−1, � (k−1,l))
����� ,(k,l)

"#­A�4c�f+xvfUoqm

êºë:ì9êîí
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x
(k,l, ��� � )
m

��m-snc�fgsv�¡egfJ�4c�fU�¿��oq�7�Df#s
m
�
fU��o�xnsvm³©ºxvyqeæsnc�fJ������p�s/ �p
ÀFf+x�yq©�svc�fJxvfU�+f+��¤qf+x³��y
�
f*yq©

b$}�wØ�+yq����fV�·sv�¡yD�
(k, l)

 ºsnc�o�s{��m ©ºxvyqe�snc�f- �p�ÀAfUx{�4�¢svc&m£��µ+f
B

(k,l)
���

"#±
Ù¾© snc�f*��f#su�~yqxv�&��m��¡���¡sn��o�����t�f+eg�
sut�y�© e/p��¡sn���+oDmus���oD�7�qf+svm. ºf+r
�+f+�
s-©ºyDx-snc�f*xny¨y�s�"·­��4c����7c¿�#yDx£§

xvfUmn�Ayq����m�sny»o��������¢sv��oq�~�+yq�����¢sv�¡yD��©ºyqx/snc�f	w:f+snxv����f#s*oqm/��f+�����·svfU����� �:�¡�Dp�xvf ��­:svc�f+�9­=�4�¡snc�snc�f
oq ®y�¤Df�oqmvm£p�e���sn��yq��mU­�svc�f/�
t¨��oqe����+m$y�©"snc�f/egy
�
f+����xnfVm£fU�LsnfU�¹���¹snc�f/��oqm£s¸m£p� �m£fV�·sv�¡yD�&��m$�q��¤qf+�¹ ¨t
svc�f³©ºyq����y��4�¡����f+¤Dyq��p
sn��yq��f�%Lp�o�sn��yq��m4o�s snc�f-xvy¨y�s4��y
�
f  º�4c�fUxnf

∨
�
fU��y�svfUm~snc�f-ego�r
�¡eÁp�e@"$¦

x(0,0,� � � )
m = Tm ∨ x

(0,0, ��� � )
m−B

(0,0)�
�
 O�4"

x(0,0, ��� � )
m = x(0,0, � ��� )

m ∨





∨

l∈
�
(0,0)

x
(1,l,H(1,l′))

m−B
(0,0)�
���

,(1,l)





 �8"

oq���	 LtJsnc�f³©ºyD�¡��y��4�¡���gmnf#s4yq©:f %Dp®o�sn��yq�®m~©ºyqx4��y
�
f
(k, l)

­
k ≥ 1, l ≥ 0

¦

x(k,l,����� )
m = x(k−1,� (k,l), ��� � )

m ∨ x
(k,l, ��� � )
m−B

(k,l)� � ∨ x
(k,l,H(k,l))

m−W
(k,l)
m

 º� "

x(k,l,1)
m =

(

x(k,l,� � � )
m ∨ x

(k,l,1)
m−1

)

+ σ(k,l,1)
m

 O�4"

x
(k,l,H(k,l))
m =

(

x
(k,l,H(k,l)−1)
m ∨ x

(k,l,H(k,l))
m−1

)

+ σ
(k,l,H(k,l))
m

 �8"

x(k,l, ��� � )
m =



x
(k,l,H(k,l))
m ∨





∨

l′∈
�
(k,l)

x
(k+1,l′,H(k+1,l′))

m−B
(k,l)�����

,(k+1,l′)







 .
 �3"

b c�fVm£f  ªego�rÄ­ ����p�m "¸xnfV�#p�x7m£��yq��f�%Lp�o�sv�¡yD��m$snp�xv�¥yDp
s³sny¹ Af�¤Df+xvt¹c�o�����t&sny¹�#yDe���p
snfg���»o	¤qfUxnt
f+ÜJ�#��f+�Ls�� o?t¥snx7o���mneg��mvm£��yq��y�©{��oD�7�qf#s7m/������o�xv�qf_��f#su�~yqxv�F±»b c�fUt×o�xvf_p�mnfU���¡��snc�f¹mn�¡eÁp���o�sn��yq��m
��xnfVm£fU�DsvfU�	�¡� � fV�·sv�¡yD�¹��±¡hD±

�	��� � � ��� � 	 � ���(��� � �	�  ��� � � ��� � ���������
� � "�� ���

}�yD��mn���
fUx~snc�f-x7o�����yqe��Dxvoq��c
G
�4c�f+xvf�snc�f�mnf#s{yq©�¤Df+xnsn���#fUm ��mU¦

V = {(0, 0, � �	� , m), (0, 0, ��
 � , m), m ∈ Z}

∪ {(k, l, h, m), k ≥ 1, l ≥ 0, h ∈ { ���	� , 1, 2, . . . , H(k,l), ��
 � }, m ∈ Z}
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oq���_snc�f�mnf#s{yq©�fU���qfUm
E
��m+¦

E1 ∪ E2 ∪ E3 ∪ E4 ∪ E5
�4�¡snc¿¦

E1 = {(0, 0, ��
 � , m)→ (0, 0, ����� , m), ∀m ∈ Z}

∪
{

(k, l, 1, m)→ (k, l, ���	� , m), (k, l, ��
 � , m)→ (k, l, H(k,l), m), ∀k ≥ 1, l ≥ 0, m ∈ Z
}

∪
{

(k, l, h, m)→ (k, l, h− 1, m),
©ºyqx

h = 2, . . . , H(k,l)

o��®�
∀k ≥ 1, l ≥ 0, m ∈ Z

}

∪ {(k, l, ���	� , m)→ (k − 1, � (k, l), ��
 � , m), ∀k ≥ 1, l ≥ 0, m ∈ Z} ,

E2 = {(k, l, h, m)→ (k, l, h, m− 1),
©ºyDx{o����9¤�o���p�fUm yq©

h
oq���

∀k ≥ 1, l ≥ 0, m ∈ Z}

E3 =
{

(k, l, ����� , m)→ (k, l, H(k,l), m−W (k,l)
m ), ∀k ≥ 1, l ≥ 0, m ∈ Z

}

E4 =
{

(k, l, ����� , m)→ (k, l, ��
 � , m−B
(k,l)
��� ), ∀k ≥ 0, l ≥ 0, m ∈ Z

}

E5 =
{

(k, l, ��
 � , m)→ (k + 1, l′, H, m−B
(k,l)
����� ,(k+1,l′)), ∀l

′ ∈
�
(k, l)

oq���
∀k ≥ 0, l ≥ 0, m ∈ Z} .

b c�f�egyDm£s�f+Ü*�+�¡fU�Ls~� o?t�©ºyqx �
f+�����·sv�¡���
G
��m�snyg�#yq�®�#f+�Lsvxvo�snf{yD�*snc�f³�+oDm£f¸y�©�b$}�w½�#yq����fU�#sn��yq��m

���_mnf+xv�¡fVm[x7o�svc�f+x¯snc�oq�Jyq�Jo�snxvf+fq±"b c���m¯��m~�
yq��f$�¡� �����qp�xnf¸��­q©ºyDx�o/�¡����f$yq©Äsu��yÁ�#yq����fU�#sn��yq��mU­D�4c�f+xvf
svc�f

E1
fU�
�DfUm=o�xvf snc�f4c�yqxv�¡µUyq�Lsvoq�
yq��fVm[o��®�/svc�f

E2
fU�
�DfUm=o�xvf snc�f{¤qfUx£sv���Uo��
yq��fUmU±:b c�f4yqsnc�fUx[fU���qfUm

oqxnf�e*o�xv�qfV�_yD�_svc�f ���qp�xnfD±
b c�f-�~f+���qcLs4y�©:¤qfUx£svf#r

(k, l, h, m)
��m4�q��¤qfU�_ ¨t

σ
(k,l,h)
m

©ºyDx
h ∈

{

1, 2, . . . , H(k,l)

} o��®�
m ∈ Z

­
oq���¹��m$f %Dp®o��9svyJµ+fUxnyg©ºyDx

h ∈ { � �	� , ��
 � } ±$b c�f��~f+���qcLs�� ��� ����� (π)
yq©¯o*��o�svc

π
�¡�

G
��m��
f��®��fU�

oDm~snc�f�mnp�e�yq©�svc�f-�~f+���qcLsvm~y�©:snc�f-¤qf+xnsn���#fVm~y�©
π
±

� ' %º�&%ª�2C�� ã(' ä %º�&% ã(' � ��f³�#yD��mn���
fUx¯svc�f-m£�¡snp®o�sn��yq�	�4c�f+xvf¸snc�f-mnt¨m£snfUe�mus7o�xnsvm¯snyÁsnx7o���mneg�¢s~©ºxvyqe
�®oq�7�qf+s

m = 0
­L�4�¢svc	o����A �p
ÀFf+x7m����JfU���¨§¼m£t
m£snf+e*m�f+eg�
sutD±���yqx~xnfU��xvfUmnf+�Lsn�����-svc���m~�����¡sn��o��F�#yq�®�
�¢sv�¡yD�9­

�~f/�4�����"��f�����f�svc�fÁxvfUm£snxv���·sn��yq��y�©=snc���m³�Dxvoq��c9­F�
f+��yqsnfV�¶ ¨t
G[0] ­Ä�¡�¥�4c����7c¶snc�fÁ�~f+���qcLs¸yq©¯¤qfUx£svf#r

(k, l, h, m)
��m~svoq�qfU�	f %Dp®o��Fsny

−∞
©ºyDx{o����Ä¤qf+xnsn���#fVm �4�¢svc

m < 0
±

Ù¾s���m³snc�f+�¿�®yLmnmn�� ��¡fgsvy&m£c�y��´ ¨t¥o��»�����
p��#sn��yq��o�xv�qp�egfU�Ds- �oDm£fV��yD�¿| %Lp�o�sv�¡yD��m  O�8"¾§� �3"¸svc�o�s
©ºyDx{o����

k, l, h, m
x(k,l,h)

m = max
π
o���o�svc	���

G[0]

(k, l, h, m) (0, 0, ���	� , 0)

{
� ��� ����� (π)} .

 
8"

Ù¼�¹�4c�o�s4©ºyq���¡y��{mU­¨��f-oqmvmnp�egf¸svc�o�s4svc�f-yqp�s£§¼�
f+�DxnfUf  ªyqx ©ªo���§HyDp
s "~yq©Âsnc�f³snxvf+f-��m  ®yDp����
fV�	 ¨t_o
�+yq��m£svoq�Ls

D
±[Ö{���
fUx snc���m{oDmnmnp�eg�
sn��yq�Â­�oqm4mnc�y��4�	���	snc�f � fV�·sv�¡yD� ��± ��­

� o��¨tJ¤Df+xnsnf#r	�¡� G
c®oqm4og�¨p�e/ Af+x4yq©���fU�¡�Dc¨ ®yDxvm  Ayqp��®�
fU�� ¨t_og�#yD��mus7o��Ls�+

� snc�f³��f+���qsnc	� ��� �
��� (π)
y�©�o/��o�svc

π
­
��fUoD�
�¡����©ºxvyqe

(k, l, h, m)
sny

(0, 0, ���	� , 0)
�¡�

G
�+oq�_ Af

 ®yDp����
fV�� Lt�og�#yq�®mus7o��Ls~eÁp��¡sn�����¡��fU�¹ ¨t
k + h + m

±
b c�fUmnf¸su�~y*�#yD��mus7o��Lsvm �
y*��y�s{�
f+�Af+�®�	yD��snc�f�mn�¡µUf-o����_snyD�®yD�¡yD�qt*y�©:snc�f³snxvf+fq±

êºë:ì9êîí



ÎFÅ�ÆJÇ ÈAÆ+É¼Ã¼Ê�É¾Ë�Ì�È®Í¥Î[ÏÂÐ Ç~Ò�Æ+Ó·Ô¡Ì�Í h��

h = �����

. . .
. . .

. . .

. . .
. . .

. . . . . .
. . .
. . .

. . . . . .

. . .
. . .

. . .

. . .
. . .

. . . . . .
. . .
. . .

. . . . . .

h = �����
h = 1

h = 2
h = 3

h = 4
h = �����

h = �����
h = 1

h = 2
h = 3

h = �����

. . .

. . .

. . .

. . .

k = 0

h = �����

+,����-��(�
m

+,����-��(�
m − 1

. . .

+,����-��(�
m − B

. . .

+ ����-��(�
m − Wm

H1 = 4

k = 1

H2 = 3

k = 2

E3

E5
E4

�:���qp�xvf���¦Âj{o��®�
yqe���x7o���c/j{f+��xvfUmnf+�Lsn�����4su�~y¸b$}�w¿}�yq����fV�·sv�¡yD��mÂ���-s7o����
fUe��4�¢svc � oq�7�L§¾w[xvfUmvm£p�xvf
}�yD��m£snx7o����Ds7m

�	�	� � �( � �!� � ����� �� � �� � 
� ���'� ��� � ���( �
Ù¼�gsvc���m¯mnfU�·sv�¡yD�g��f{�
fUegyq��m£snx7o�svf snc�o�s[snc�f{©ºxvoqe�fU��yDxn��snc�o�s¯��f$�¡�Lsnxvy
�
p��+fU�g�+oq�� Af{p�mnfU��svy�egy
�
f+�
oD���
�¡sn��yq��oq�"��oq�7�Df#s£§¾��f+¤qfU�:oDm£�AfU�#s�yq©4é¸¤Df+xv��o?t å p��¡sn���+oDmus-p�mn�¡���¹b$}�w"±9b c�f*mnf+�¡©î§¾�+�¡y
�7�¨�����_egy
�
f+�=yq©

ì�ì 
�/�ô�07ó�1
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svc�f b$}�w¶egfU�7c�oq����mneÑ�4�¡���¨xnfUe*o����³snc�f mnoqegf¯c�fUxnf~oqm9����svc�f~|~}~è��®oq�7�qf+sÂe*o�xv�¨�¡���¸�+oqmnfq± �{y��~f+¤Df+xV­
�4c�f+�/o$��oq�7�Df#sÂ��yDmvm9c�oq���Af+��mU­?xnf+snx7o���mneg��mvm£��yq�-�®oq�7�qf+svm9oqxnf�oq���
fV��oqm���fU�� �xvoq���7c�fVmÄy�©�svc�f¯x7o��®�
yqe
�Dxvoq��c�snc�o�s$c�o?¤Df-�®yqsnf+�Lsv��oq�Âf#ÀFfU�#svm$yq�&��o�snfUx{��oD�7�qf#s7m+±~Ù¼�¶oq���
�¢sv�¡yD�¹sny*svc�o�sV­���fU���#yq�®musvxvoq�¡�Lsvm$o�xvf
oD���
fV�_ Af#su�~f+fU�	su�~yg�#yq�®m£fV�#p
sv�¡¤Df³�+yq����fU�·sv�¡yD��m~©ºyqx4fVoq�7c���oq�7�Df#s �¡yLmnm~svygxnfU��xnfVm£fU�Ls~svc�f�oq���
�¢sv�¡yD��o��
��f+��o?t���f+fV�
fU�Ásvy-xnfUyqx7�
f+x"svc�f4��oq�7�Df#s7m+±:b c�f4f#r¨snfU���
fV�ge�y
�
fU�
snc®o�s[�~f4yq 
s7o����g�Uo��*m£sn���¡�� Af{�4xv�¢snsnfU�
����snc�f�mvo�egf�©ºx7o�egf+�~yqxv�F­Dp�mn�����gego�r
�¡e*o��Ä�~f+���qcLsvfU�	��o�svc�m �¡�¹x7o�����yqe��Dxvoq��c�mU±

��yqx�snc�f�mvo��Df/y�©~�#��fUo�x�f#r
�AyDmn�¢sv�¡yD�9­F��f���x7mus-m£snp��
t¹svc�f�ÈAÊ � 'îÈAÌ�Ô ,7Ì�++Æ#­Ä�4c�f+xvfÁyD���¡t¹yD��f��+yq�
§
��fU�·sv�¡yD�J��m~�+yq��mn���
f+xvfU�*���_��mnyq��o�sn��yq�Joq���J�4�¡snc�m£p�Ü*�+�¡fU�Ls~ �p�ÀAfUx�svy/xvfU�+f+��¤qf¸oq�¡�®snc�f���o�svo� ªmny/svc�o�s �¢s
�~yq�6' s  ®f³���
¬�p�fU���#fV�J ¨t* �oD�7�D§¾��xvfUmvm£p�xnf "·±ÂÙ¼�	snc���m4�Uoqmnfq­L��oq�7�Df#svm oqxnf�m£fU�Ds  ¨tgsnc�f-b$}�wÚm£yDp�x7�#fUm~oqm
mny¨yq��oqm�snc�f-�+yq���DfUm£sn��yq�J�4�����
y��]o����¡y��{m��¢s$ ª�4c�f+�	snc�f³��oD�7�qf+s�svy� Af-m£fU���J��m4o�s4egyDm£s~snc�f³c����qc�fVmus
mnf�%Lp�fU���#f³�¨p�eÁ ®fUx{oq�7�¨��y��4��fU�
�DfU�*����p�m¸}�Û è � "#±

� ��� ��� � ���U� �_ß �+��� ' � � %º� � ���U� �	ß � ã��®ß � à % ' � �:ß $&ã � % ' �2C � ��� ß
çÂf#s~p�m�m£svoqx£s��4�¢svcJsnc�f¸�+oDm£f$�4c�f+xvf$yD��f{��oD�7�qf#s  º�4�¡snc_�����
f+r

m
"[��m��¡yLmus o����g��y/y�svc�f+x���f+���qc¨ Ayqxv�¡���

�®oq�7�qf+svm~��m4�¡yLmusV±
b c�f���f+��oqx£svp�xnf³yq©:��oD�7�qf+s

m
��m svxn���q�Df+xvfU�_ Lt_snc�f�²$}#"´y�©"��oD�7�qf#s

m−Wm

±�²4©îsnfUx4snc®o�sU­�snc�f
²$}#"-m[©ºyqx���oq�7�Df#svm

m−Wm +1, . . . , m− 1
o�xvf4xnfV�#fU�¡¤DfU�(+Dsnc�fUt�snxv�¡�D�qf+x[snc�f³�
f+�®o�xnsnp�xvf4y�©9��oD�7�qf+svm

m + 1
­
m + 2

p��¿sny
m + Wm

 Om£�����+f*snc�f	�4�¡�®�
y��´��fU�#fVmnmvo�xv���¡t¥�¡���+xnfVoqmnfUm³yq© yD��fJp����¢s�yq�¿snc���m
���LsnfUxn¤�o���oq������m[c�f+���+f4f�%Lp�oq�¨sny

Wm +1
�4c�f+�g��oD�7�qf#s

m+Wm

��m=fUe��¡s£svfU�<"#±"w"oD�7�qf+s
m
��m=��yDm£s= �p
s

�®oq�7�qf+svm
m + 1, m + 2 . . .

oqxnf¸xnfV�#fU�¡¤DfU�(+Dsnc�fUt*snxv���q�qfUx��
p����¡���+o�snf-²$}#" � svyÁ Af³m£fU�Ds~sny�svc�f�mnyqp�xv�+fq±
ÛØc�f+�¿snc�fJsnc��¡x7���
p��������+o�svf_²$}#"3��m/xnfV�#f+��¤qfV�» Lt¥snc�f_m£yDp�x7�#f  ª�+yqxvxnfVm£�Ayq�®�
�¡���	svy&snc�f	o�xvxv�¡¤�o��=yq©
�®oq�7�qf+s

m + 3
"·­��¢sJm£svoqx£s7m�snc�f ��oDmusJj4f+snx7o���mneg�¢s �®oqm£sgj4fV�#y�¤Df+xvt»w¯xny
�#fV�
p�xvf¿¦�j4f+snx7o���mneg��mvmn�¡yD�

yq©~�®oq�7�qf+svm
m, m + 1, . . . , m + Wm

o�xvf*m£fU�DsV­9svc�f_�#p�xnxvf+�LsÁ}�Û è#� ��m-c®o���¤qfU�9­Âo����»���
¬®o�snfU�» ¨t
svc�xvf+f³p����¡svmU± å yDm£s4y�©:snc�f³sv�¡egf@ ªf#r��#fU�
s ©ºyqx snc�f��+oqmnf³�4c�f+xvf

Wm ≤ 3
"¯svc�f-f+eg��mnmn�¡yD�	yq©:�®oq�7�qf+s~��m

svc�f+�	musvyq���AfU�Ä­
oDm[svc�f$c����qc�fUm£s~mnf�%Lp�f+�®�#f$�¨p�eÁ ®fUx�xvfU�+f+��¤qfV�g��m
m− 1

o��®�	}�Û è#�]� oqm[xvfU��p��#fV�gsny
(Wm + 1)/2 + 3

±{è{fU����oq�7�Df#s7m+­�snc�o�s¸�~f+xvf/o���xnfVoq�
t�m£fU�LsU­
m + 4, m + 5, . . .

o�xvf-snc�fU�¶xvfU�#fU�¡¤DfU�(+
fVoq�7c¹y�©"svc�f+e m£fU����m¸o*��f+���
p����¡���+o�snf/²$}#"´ �oD�7�JsnyJsnc�f�m£yDp�xv�+fq­��4c����7c&���
¬®o�snfUm�}�Û è#�´y�©=yq��f
p����¢sV± �$f+���+fq­A��oq�7�Df#s

m + Wm + k
��m$f+eg�¡s£snfV�¶�4c�fU���
p����¡���+o�snf/²$}#" �+yqxvxnfVm£�Ayq�����¡����svy_��oD�7�qf#s

m + (Wm + 1)/2 + k
��m~xnfV�#f+��¤qfV�Ä­
oqm~�¡©Âsnc�f��4�����
y��Õyq �mnf+xv¤qfV�g Lt_�¢s ��m

(Wm − 1)/2
±"b c���m ��c�oDm£f

fU����m³�4c�fU�¿xnf+snx7o���mneg�¢snsnfU�¥��oD�7�qf#s
m
o�xvxv�¡¤DfU�¶��egegfU�
��o�svf+��t�o�©îsvf+x-��oD�7�qf#s

m + Wm

 ª�4c����7c»c�oD�
svxn���q�Df+xvfU����oD�7�qf#s

m + Wm + (Wm − 1)/2
"·±{b c�fÁ��yqxve*o��9�����+xnfVoqmnf�f+¤Dyq��p
sn��yq�¹y�©=svc�f/�4�����
y��Ñ��m

svc�f+�¿xvfUmnp�egfU�Ä­��4�¢svcÝ}�Û è#� f�%Lp�o��"svy
(Wm + 1)/2

o��®�¶svc�fJc����qc�fVmus/oD�7�¨��y��4�¡fV�
�qfV��mnf�%Lp�fU���#f
�¨p�eÁ ®fUx4 ®fU�¡���

m + Wm

±"w"oD�7�qf+s
m + Wm + (Wm + 1)/2

��m svcLp®m �¡egegfU�
��o�svf+��t	mnf+�LsU±
b�yÁmnp�ege*o�xv�¡µUfq­D©ºyqx¯�®oq�7�qf+s

m+1, . . . , m+Wm

­Lsnc�f¸�4�¡�®�
y��Ø��m�f+¤Dyq��¤¨�¡���-�®o�snp�xvoq�¡��tÁ�4�¡snc_snc�f
oD���
�¡sn��¤qf������+xnfVoqmnfq±$b c�fU���¡s¸��m

max((Wm − 1)/2, 1)
©ºyDx$��oD�7�qf+svm

m + Wm + 1, . . . , m + Wm +
(Wm − 1)/2

±�²4���
�¡sn��¤qf��¡���+xnfVoqmnf_��mÁsnc�fU��xvfUmnp�egfU��©ºyDxÁ�®oq�7�qf+s
m + Wm + (Wm + 1)/2

�4�¡snc
�4�����
y��X�¡���¢sv��oq�¡��t_mnf#s4sny

(Wm + 1)/2

� ��� �	� � �Áã(' � ß � � �
� % �®ß�
 % �
��C�%�� ß ä B�ã ä ß C�� ã �J� ��ß ��ß ':ß ���2C � ��� ß
b c�f¸xvf+��xvfUmnf+�Ls7o�sn��yq�_y�©9svc�f³�¡yLmnm~y�©:o/��oD�7�qf+s����_svc�f³��yq�	��yqeg����o��Ä�+oDm£f���m�egyDxnf³�#yDe����¡f+r_oqm m£yDegf
yq©¯svc�fg��oq�7�Df#svm

m + 1, m + 2, . . . , m + Wm

eg�¡�DcLs³��y�s-c�o?¤qf���f#©îs-snc�fgmnyqp�xv�+fÁ�4c�fU��svc�f*��yDmvm¸yq©
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m
��m~��f#snfV�·svfU�Ä¦:snc�f¸fUe���mvm£��yq�Jyq©9snc�fUmnf¸��oD�7�qf+svm[��m o����¡y��~fU�g ¨t�snc�f��+yq���DfUm£sn��yq�J�4�����
y��-­L �p
s4y�svc�f+x

�+yq��m£snx7o����Lsvm� º �oD�7����xvfUmvm£p�xvfq­¯��oq�7�Df#sg��y�s*o?¤�o�����oq ��¡f	©ºxvyqe ��xvf+¤¨��yqp�m���y
�
f "/eg���qcLs*c�o?¤qf��
f+��o?tqfV�
svc�f+e¹±

é¸p�x~o���e� ®fU�¡y��Ú��m¯��yqs¯svy/ �p������Jo��Jf+r�oq�·s�e�y
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�¡sn��¤qfÁ�¡���+xnfVoqmnf4+F�¡s³��m$snc�fU�¥�Df+�
s³�#yq�®mus7o��Ls¸svy

(Wm′ − 1)/2 ≥ (Wm − 1)/2
p��Dsv�¡�"svc�f
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svc���m�c�oq���®fU�9­�snc�fJ��o�svfUm£s/��oD�7�qf#s³svc�o�sÁ�+yqp����¿�AyDmvm£�� ���t� Af_m£fU�Ls���m
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m+1, m+2, . . . , ..., m+Wm+max((Wm−

1)/2, 1)− 1
+

� snc�f�oq�����¢sv�¡¤Df*�¡���+xnfVoqmn�¡���&f+¤qyD�¡p�sn��yq�¿y�© snc�fJ�4�¡�®�
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� ��� � � �_ß �+��� ' ��� %ª�V� % ã '��?�_ßDá � ß�� � ß ' � % '��
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h = 2 . . .H
­

��� f+xnsn���+oq�9fU�
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snc×mnc�o�xv�¡���&��m�©ªo���x�yq�¿svc�fJ��oqm£s£§¾e�����f*�¡�����F­:snc�fU��snc�f
mnt
musvf+e �4c�fUxnf³o����Äo��D�qxvf+�Do�snfV�*m£fUxn¤¨���#f{sv�¡egfVm yq�Jsvc���m �¡�����Jo�xvf�e/p��¡sn�������¡fV�_ ¨t

D
��m4o��#yq�®m£fUxn¤�o�sv�¡¤Df

��y��~f+x  ®yDp����¹mnt¨m£snfUe����	svf+xve*m y�©:snc�xvyqp��Dc���p
sV±
�$f+���+fq­4�4c�fU��f+¤Df+xgsnc�f&yqp
sn§¾�
fU�qxvf+f¹y�©�oq�Lt���y
�
f&��m_ ®yDp����
fV�½ Lt½o��#yD��mus7o��LsU­~svc�f&��xvyLyq©�yq©

svc�f�mv�+o���o� ��¡���¢sut_y�©"snc�xvyqp��qc���p�s~©ºyDx4snc�f/�+oDm£f³�4�¡snc�yDp
s{snc���m4��oqm£s£§¾eg�¡��f-f#ÀFfU�#s{f#r¨snfU����m{snyJo���xvyLyq©:yq©
mv�+oq��oq ����¡�¡sut*�4�¢svc�snc���m4f#ÀFfU�#s4svoq�qf+�����Dsvy*oq�+�+yqp��LsV±

�	��� � �("��!
�� � � 
(��� ��� ��� � ������� & �� � 
��%�

Ù¼�¥snc���m-mnfU�#sn��yq�»��fgo�xvfÁ���LsnfUxnfVmusvfU�¶���»snc�f�svc�xnyDp��qc���p
s-y�©[svc�f*�qxvyqp����#yDe�eÁp������+o�sn��yq�»�4c�f+�¥snc�f
mn��µ+f³y�©:snc�f�svxnfUf-�qf#s7m ��oqxn�Dfq±���yDx snc���m+­���f³�4���¡�Â���¡xvfU�#sn��t_�#yD��m£���
fUx4�®yLmnmn�¡ ��¡tJ���-�����¢svf³snxvf+fUmU±

Û¥f��Uo�����Å�Ê	�gÊ
�DÆ+ÈAÆ7Ê���+³egy
�
fU�Äsnc�f��Uoqmnf³�4c�f+xvfq¦
� b c�f³snxvf+f³c�oDm4o���r
fU�¹�
f+�DxnfUf D

+

� ²{���Lb$}�w¶�+yq����fU�·sv�¡yD��m9oqxnf[m£snxvp��·svp�x7o����¡t$oq���-m£svo�sv��m£sn���+oq�¡��t$f %Lp��¡¤�oq�¡fU�DsV¦Fsnc�f¯�Lp�e/ Af+xÂyq©
c�yq��m9��m
snc�f mvo�egf[���/o����D�+yq����fV�·sv�¡yD��m +?svc�f¯�®oq�7�qf+sÂ|~}~èÝe*o�xv�L�����4yDxÂ��yDmvm9��xvy
�#fUmvm9��m��¡����f+�Af+���
fU�Ls:o��®�
����f+�Lsn���+oq�¡��tÁ�
��m£snxv�¡ �p�snfU�g���*o������#yD����fV�·sn��yq�®m+­��4�¡snc*�®oq�7�qf+s=|~}~èØe*o�xv�¨�¡���³yDx[�¡yLmnm"��xnyD �o� ������¢sut
p
+Ao��q�DxnfU�Do�snfU�	m£fUxn¤¨���#f�sn��egfUm{oqxnf-�����
fU�®fU���
fU�Ds�o��������
f+�Lsn���+oq�¡��t	����m£snxv�¡ �p
snfV�¹�¡�&o����9xvyqp
svf+x7m+­
�4�¢svc¹��o?�

σ
�4�¡snc������¡snf/e�fVo��?+

� ²{���9 �oD�7�D§¾��xvfUmvm£p�xnf¸ �p
ÀFf+x7m4c�o?¤qf¸snc�f�mnoqe�f-mn�¡µUf³f+¤qfUxnt¨�4c�fUxnf����	svc�f³snxvf+fD±

Û¥f��Uo����=ÈAÊ�È�ÉOÅ�Ê	�gÊ
�LÆ#ÈFÆvÊ���+-e�y
�
fU�Fsnc�o�s{�4c�f+xvfq¦
� b c�f�©ªo��	yqp
s4�
f+�DxnfUf$���_svc�f�e/p��¡sn���+oDmus~snxvf+f. ª�
fVmn�+xn�� AfU�J ¨t*�����
f+r¨fVm (k, l)

"���m� Ayqp����
fU�J©ºxnyDe
o� Ay�¤qf³ ¨t_og�#yD��mus7o��Ls

D
+

� b c�f&�¨p�e/ Af+x7m*yq©�c�yD��mgy�©-o����{xvyqp
svfUm*oqxnf¹ Ayqp�����fU�Ý©ºxnyDe�oq ®y�¤Df� ¨t�o��+yq��m£svoq�LsU­�snc�o�sJ��m
Hk,l ≤ H

©ºyqx{o����
(k, l)

±
� b c�f��®oq�7�qf+s_��yDmvmJ��xvyq �oq ����¡�¡sut����Õb$}�w3�+yq����fU�·sv�¡yD�

(k, l)
��m_ Ayqp����
fU�Ø©ºxnyDe oq ®y�¤Df& ¨t½o

�#yD��mus7o��Ls
p
+

� b c�f¯�®o�x7o�egf#svf+x7m B(k,l)
���

o����
B

(k,l)
����� ,(k′,l′)

oqxnf=xvfUmn�®fV�·sv�¡¤Df+��t¸ Ayqp��®�
fU�³©ºxvyqe] Af+��y��» ¨t³�#yD��mus7o��Lsvm
B ���

oq���
B �����

snc®o�s{�
y*��yqs4��f+�Af+���¹yD�
(k, l)

oq���
(k′, l′)

+

� b c�fgo��q�DxnfU�Do�snfU�&mnf+xv¤¨���+f�sv�¡egfUm³oqxnfÁ�¡����f+�Af+���
fU�Ls-oq���¶p����®fUx³ ®yDp����
fV�  º���¥snc�fgmusvxnyD���_yDx£§
�
f+xv�����*m£fU��m£f "¯©ºxnyDe3o� Ay�¤qf� ¨t_o�xvoq���
yDe�¤�o�xv��oq ��¡f

σ
�4�¢svc �����¡snf-egfUoq�9±

� ��� ��� �	ß � ' %ª� % ã('Úã � � � ã � � ��� � ã � � � �����
Ù¼��svc�f³c�yqegyq�Df+��fUyqp�m �Uoqmnfq­¨snc�f+xvf�f+r
��m£svm4o*�+yq��m£svoq�Ds

γ ∈ R ∪ {+∞}
mnp��7c	snc�o�s4snc�f�o�± mU±
���¡eg�¡s

lim
m→∞

m

x
(k,l,h)
m

= γ
 �8"

c�yq����m~©ºyqx{oq�Lt
(k, l, h)

±"Û»f��+o����
γ
snc�f �qÓnÊ�� � ,7Ê � � �
È ' ,7Ì�Ã 'ªÊ�È¶ÃºÅ¨ÓvÊ�� �?Å�� �
ÃH±

êºë:ì9êîí
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Ð ÓnÊUÊ�� ��ç9f#s
G
 ®f�snc�f��Dxvoq��c	��f�����fV�_���	snc�f³fUoqxn����f+x m£fV�·sn��yq�®m+¦:snc�f��~f+���qcLs y�©Â¤Df+xnsnf+r

(k, l, h, m)
��m

��f�����fV�¶©ºyDx³fUoq�7c
m ∈ Z

oqm��~f+���[oqm¸snc�f*�4�¡����y�����xvy¨�+fUmvm
{W

(k,l)
m }m

±�b c�fgoq�q�DxnfU�Do�svfU�&mnf+xv¤¨���+f
sv�¡egfVm+­¨o����*snc�f¸�¡yLmnmnfUm¯�4c����7cJ�+xnfVo�svf$m£yDegf{y�©Äsvc�f$fV�
�qfVm[���

G
o�xvf$o������H± �H± �Ä±"�¡�*svc�f��¡����f#rgy�©9��oD�7�qf#s

m
±:Û¥f ©ºp�xnsnc�f+x[oqmvmnp�egf�svc�o�s=©ºyDx=fUoD�7c�b$}�w��#yD����fV�·sn��yq�Â­�snc�f4�4�����
y��Ý��xvy¨�+fUmvm

{W
(k,l)
m }m

��m"�¡�g�¡svm
m£svo�sn��yq��oqxnt¹m£svo�svfq±-|¯oD�7c�yq©[snc�fVm£f���xvy
�#fUmvmnfUm¸��m³o��¥f+xv�qy
�
���� ª�¡xvxnfV�
p��+�¡ ���fq­Äoq�®fUxn��y
�
����o��®�&�®yLm£�¡sn��¤qf
xvfU�+p�xvxnfU�Ds�" å o�xv�qy�¤&�7c�oq�¡�9­��4c����7c»��m-eg�¡r¨�����®±_b c�f*��xvy
�
p��·s�yq©�svc�fUmnf*�����
f+�Af+�®�
f+�Ls/o��®�¥eg�¡r
�¡���
å o�xv�qy�¤	�7c®o�����m{��m$eg�¡r
�¡���_sny¨y�±¸Û¥f��
f��®��f

θ
sny_ AfÁsnc�f�m£c��¡©îs³y�©[�����
f#r

m
�¡��snc�fÁxvoq���
yqe°�qx7o���c

G
± ��yqx �¡�®mus7o����+f

σ
(k,l,h)
m (θ(ω)) = σ

(k,l,h)
m+1 (ω)

­
W

(k,l)
m (θ(ω)) = W

(k,l)
m+1 (ω)

o��®�Jm£��eg�¡��o�xv��tÁ©ºyDx~snc�f
yqsnc�fUx4¤�o�xv��oq ��¡fVm oqmvm£y
�#��o�svfU�_�4�¢svc�fV�
�qfVm+±=b c�f³��o?�Õyq©

G
��m ���¨¤?oqxn��o��Ls  ¨tJsnc���m4mnc��¢©îsV­�o��®�_svc���m4m£c��¡©îs

��m f+xv�qy
�
���. º�¡s{��m fU¤qfU�	eg�¡r¨�����&"·±
��yDx$o����

n ∈ Z
­®�¡f+s

G[n]  Af-svc�f��qx7o���c�yD 
svoq�¡��fU�	©ºxnyDe G
�4c�fU�¹xnfU����oD�#�����gsnc�f���fU�¡�DcLsvm4yq©"oq�¡�

¤Df+xnsn���#fVm
(k, l, h, m)

�4�¢svc
m < n

 ¨t
−∞

±�è{yqsnf*svc�o�s-svc���mÁ�
f��®���¢sv�¡yD��f#r¨snfU����m³svc�o�sÁy�©
G[0] ���

� fU�·sv�¡yD� ��± ��±
Û»f-��y��Õ���Lsnxvy
�
p��#f�svc�f�m£f %Lp�f+���+fg¦

ξm,m′ = max
π
o���o�snc¹���

G[m]

(0, 0, ���	� , m′) (0, 0, ���	� , m)

{
� ��� ����� (π)} , m < m′.

��yDx{o����
m < n < m′

­
ξm,n + ξn,m′

�Uo��� ®f-xvf+�4xv�¢snsnfU��oDm

max
π
og��o�svc	���

G[m]

(0, 0, ���	� , n) (0, 0, � �	� , m)

{
� ��� �
��� (π)}+ max

π
o���o�snc¹�¡�

G[n]

(0, 0, � �	� , m′) (0, 0, ���	� , n)

{
� � � �
��� (π)} .

²¸m
n > m

­Aoq�Lt�¤qfUx£svf#r¹�¡�
G[n] c�oqm¸o_mnegoq�¡��f+x¸��fU�¡�DcLs{snc�oq�&snc�f��+yqxvxnfVm£�Ayq�����¡���*¤Df+xnsnf+r���� G[m] ­mny�snc�o�s4snc�f-oq ®y�¤Df³mnp�e���m{mne*o����¡fUx�svc�o��

max
π
og��o�svc	���

G[m]

(0, 0, ���	� , n) (0, 0, � �	� , m)

{
� ��� �
��� (π)}+ max

π
o���o�snc¹���

G[m]

(0, 0, � �	� , m′) (0, 0, ���	� , n)

{
� � � �
��� (π)} ,

�4c�f+xvf
G[n] ��m[xvf+����oq�+fU�� ¨t G[m] ���gsnc�f¸mnfU�#yD���ÁsnfUxne¹±=b c���m[��oqm£s�m£p�e´��m¯oq��mny³snc�f$ego�r
�¡e*o��®��fU�¡�DcLs

y�¤Df+x�o����¸��o�snc�m����
G[m] �¡fVoq�
�����×©ºxvyqe (0, 0, ���	� , m′)

sny
(0, 0, ���	� , m)

o���� snc�o�s��Dy×svc�xnyDp��qc
(0, 0, ���	� , n)

 îsvc���m���m[svxnp�f$ ®fV�+o�p®m£f
σ

(0,0,� � � )
m = 0

©ºyqx o����
m
"[oq���*c�fU���#f¸�¢s~��m~mnegoq�¡��f+x[snc�oq�

ξm,m′

±
�$f+���+fq­

ξm,m′ ≥ ξm,n + ξn,m′ .
� �¡���+f¸���¹oq���
�¡sn��yq�Â­

ξm,m+k = ξ0,k(θm)
­
�¢s ©ºyq����y��{m¯©ºxvyqe "³�����Degoq�_mnp� �oq���
�¢sv�¡¤Df  Ooq�#snp�oq�¡��t_mnp��®fUx£§

oD���
�¡sn��¤qf "¯fUxn�Dy
�
���¸svc�f+yDxnfUe  ªmnf+f ��h���� "�snc�o�s4snc�fUxnf³��m{o��¹o���egyDm£s{m£p�xvf³�¡��eg�¢s

lim
m→∞

1

m
ξ0,m = ξ .

ì�ì 
�/�ô�07ó�1
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� �¡���+f
θ
��m4fUxn�Dy¨�����q­

ξ
��m$�#yq�®mus7o��LsU±"Û»f��
f�����f

γ = 1
ξ

oq���	snc¨p�m �~f-c�o?¤qf�¦

lim
m→∞

m

x(0,0,� ��� ) = γ
o�± mU±

.

é¸��f-�
fU��p��#fVm ©ºxnyDe snc�f³©ºyq���¡y��4�����g�#yqeg��oqxn��mnyq��¦

x(0,0,� ��� )
m ≤ x(k,l,h)

m ≤ x
(0,0, � ��� )
m+B �
� +k×(B � � +B �
��� ).

svc�o�s¸snc�fÁmnoqe�f/�¡��eg�¢s³c�yq����m{©ºyqx¸oq�¨t
(k, l, h)

±{Û¥f��+oq�¶m£c�y��Xsnc�f$��x7mus¸�¡��f %Lp�o����¢sut¹oqm¸o��¨t���o�svc¶�¡�
G
©ºxvyqe

(0, 0, ���	� , m)
sny

(0, 0, ����� , 0)
�+o��¿ Af_fVoqmn�¡��t¥�+yqeg����f#snfV�¿�¡�Lsvy¶o&��o�svc¿©ºxnyDe

(k, l, h, m)svy
(0, 0, ���	� , 0)

±�b c�f¥mnfU�+yq���Ø����f %Dp®o����¢sutØ�#yDegfUmJ ¨tØ�#yDeg���¡f+sn�����Ýo���o�svcØ©ºxvyqe
(k, l, h, m)

svy
(0, 0, ���	� , 0)

�4�¢svc	svc�f�o�x7�

(0, 0, ����� , m + B ��� + k × (B ��� + B ����� )) (0, 0, � 
 � , m + k × (B ��� + B ����� ))

oq���_snc�fU��p®m£������snc�o�s4©ºyqx{oq�Lt
(k′, l′)

oq���	��o�p��DcDsvf+x4��y
�
f
(k′ + 1, l′′)

svc�f+xvf-f#r
��mus7m4oÁ�®o�snc¿¦

(k′, l′, 0, ��
 � , n) (k′ + 1, l′′, ��
 � , n− (B ��� + B ����� )) .

�b c�f¥�¨p�e/ Af+x
γ
�
fU�®fU����m	yq�Øsvc�f¥mn��µ+f�oq���Úsnc�f¶snyD�®yD�¡yD�qtÝy�©-snc�f¶snxvf+fD­{yq�Úsvc�f¥�¨p�eÁ ®fUx_yq©

xvyqp�snf+x7m ���&fUoq�7c&y�¤Df+xv��o?t
mU­¨yq��snc�fÁf+¤Dyq��p
sn��yq�¹y�©"svc�f��4�����
y��-­®oq����yq�¹svc�f���o?�]yq©�svc�fÁoq�q�DxnfU�Do�svfU�
mnf+xv¤¨���+fJsv�¡egfUm�egy
�
f+�������»�+xnyLmnm�snx7o�ÜJ��­=yD�×svc�f	��yDmvm���xvy¨�+fUmvm����×svc�f&b$}�w´�#yD����fV�·sn��yq�®m+­[oq���×yD�
svc�f¹��o�x7o�egf+snf+x7m�y�©¸snc�f¹ �oD�7�D§¾��xvfUmvm£p�xnf	e�fV�7c�o�����mne*m+±ÝÙ¾sJ�4�¡���4 ®f¶�Uo����¡fV��svc�f�Ì�+·Í � �AÃ¼Ê�Ã ' ,��qÓnÊ�� �
ÃºÅ¨ÓvÊ�� �?Å�� �
Ã~y�©:snc�f-e/p��¡sn���+oDmus4y�¤qfUxn��o?tq±

��yqx snc�f-��yq�
§¾c�yDe�yD�qfU��f+yDp�m��Uoqmnfq­

lim inf
m→∞

m

x
(k,l,h)
m

≥ γ,
 uhV�8"

�4c�f+xvf¸o��Lo����*��m~�
f+snf+xveg�¡����m£sn���¸oq���*��m¯�����
fU�®fU���
fU�Ds4yq©
(k, l, h)

±"Ù¼�*svc���m �Uoqmnfq­
γ
��m¯svc�f³oqmntLeg�
svy�sv���

�DxnyDp��Jsvc�xvyqp��Dc���p
s4y�©=mnyqegf³�¡y��~f+x  Ayqp����¹mnt
musvf+e��4c����7c&m£c�yqp����_ Af��#��fUoqxU±

� ��� �	� 
 �D�2Cª�
� % C�%º� à � ' ä ß ��� % � � � � � %,C ß äØ�_�V�����
�:� % ã ' �
b c�f/oqmvm£p�e���sn��yq��m$y�©=snc���m�m£fV�·sv�¡yD�¶o�xvf-snc�fÁ��yq��§Hc�yDegyq�qfU��f+yDp�m yq��fUm{yq©"snc�fÁ��oDmus³m£fV�·sn��yq�Â±4Û¥fÁp�m£f
�®o�snc¹fU�Lp�e�fUxvo�sn��yq��©ºyqx¸musvp��
t¨�¡���*snc�xvyqp��qc���p�s{�¡�¹svc�f/�+oDm£f-�4c�f+��snc�f/xvoq���
yqe3¤�o�xv��oq ��¡f

σ
��m4���¡�DcDs

s7o����¡fV�Ä­
�H± fD±[m£p��7c�svc�o�s snc�f+xvf-f#r
��m£svm4o�xvfUoq�Ä�Lp�e/ Af+x
τ > 0

�4�¡snc

E[etσ ] ≤ A(t) < +∞,
 uhqh "

©ºyDx{o����
0 ≤ t ≤ τ

±
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� ��ß¨ã � ß � ��Ï[Ê�È +�' $qÆ+Ó_Ì�È�Ê�Ò�Æ+Ó·Ô¡Ì�Í � �
Ô Ã ' ,vÌ�+·Ã{ÃOÓvÆvÆ � 'îÃîÅ 'îÈ��[È 'îÃ¾Æ/Å�Æ '
�?Å¨Ã
k = 0, 1, 2, . . . ��� È%$DÆ#ÓÃºÅ�Æ�Ì�+ + � � �AÃ 'ªÊ�È +-ÃºÅ�Ì�Ã¯ÃºÅ�Æ/Ô¡Ì��XÊ��
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m
©ªoq�¡��p�xvfUmU­��¡s���m{��yqs¸�Dp�o�x7o��LsnfUfU�	sny

xvfU�+y�¤qfUx��+yqxvxnfV�·sn��t&©ºxvyqe.o��¨t�oq���
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f�yq�¹svc�f���o�snc�©ºxvyqe
(k, l)

sny
svc�f/xvy¨y�sV±~|�oq�7c��
��mv�#yq����fU�#snfU�¹fU���¨§¼m£t
m£snfUe

(k, l)
e/p�m£s¸ Af�xvfU�#yD����fV�·snfV��sny_oJ��y
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s�o�����yqp
sv��p
s- �p
ÀFf+x7m³o�s-o����:©ªo����¡��������y
�
fUm
yD�Jsvc�f³��o�svc9­
����p�m~snc�f-�+yq�LsnfU�Ds7m~y�©�yDp
sn��p
s4 �p
ÀFf+x{o�s

(k′, l′)
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�è$y�snf/snc�o�s¸���¶yqp�x¸�
f �����¡sn��yq�¶yq©:svyq��f+x7o����+f-y�©=©ªoq�¡��p�xvfUm{�~f�p�mnfU��mus7o�����oqxv����yqsn��yq�¶���&svc�f�©ªoqp��¢s
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Group Size

TCP using SACK ; Overlay with 10 Routers ; Packet Loss Proba =0.01

Service Time : Exponentially distribued with mean = 10ms
Buffer = 10 000 Packets

Buffer = 1 000 Packets
Buffer =  100 Packets

Buffer = 50 Packets
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Group Size

TCP Reno ; Overlay with 10 Routers ; Buffer=100Pkts ; Packet Loss Proba =0.01

Service time with mean = 10ms
Exponential law

Pareto law with parameter 2.1
Pareto law with parameter 1.9

�:���qp�xvf 
�¦ ��xvyqp��	snc�xvyqp��qc���p�s~©ºyDx{m£fU¤qfUxvoq�A��o?�{m y�©"�#xvyDmvm�snx7o�ÜJ��­�b$}�wØj4fU��y�±

� � �:���q� ã � � ��� �®ß � � ã �U� � � ã �:�
� % C�%º� à��&²¸m-��fg�Ayq���LsnfU�»yDp
s�fUoqxn���¡fUx³�¡�»snc���m�mnfU�#sn��yq�9­Âsnc�f
oDm£t¨eg�
svy�sn���J�DxnyDp��¿snc�xnyDp��qc���p
s���mÁxnfU��o�sn��¤qf+��t��#��yDmnf*sny¥snc�f_svc�xnyDp��qc���p
sÁyq©¸o�mn�����q��f��+yq����fU�·sv�¡yD�
 ª�O± fq±"��y
�+o��®snc�xnyDp��qc���p
s "¯�4c�f+�_snc�f�yqp�sn��p
s  �p
ÀFf+x ��m¯��o�xv�qfD±�Û»f�c�o?¤qf��
yq��f¸f#r¨snfU��mn�¡¤Df¸mn�¡eÁp���o�sn��yq��m
�4c����7c»m£p��D�qfVmus¸snc�o�sU­Äf+¤Df+�¥�4�¢svc¶snc�f� ®oq�7�¹��xvfUmvm£p�xvf�egfU�7c®o�����m£e*mU­Fsnc�f��qxvyqp��&snc�xvyqp��qc���p�s�c�oDm¸o
mn��e�����o�xÁmnc�oq�®f_oDm-svc�o�s�y�©4snc�f	mn�¡���D�¡f+§¾�+yq����fU�·sv�¡yD�»snc�xvyqp��Dc���p
sV± �:�¡�Dp�xvf �&���¡��p�m£snx7o�snfVm-svc�f_�DxnyDp��
svc�xvyqp��Dc���p
s-oqm³o_©ºp����·sv�¡yD�¥yq©¯��oD�7�qf#s³��yDmvm$��xvyq ®o� ����¡�¡sut¹�¡�¿o	��o�xnsn���#p���o�x³�+oDm£fD±�é¸��f��¡egegfU����o�snf+��t
��y�sn���#fVm4svc�o�s{svc�fÁmn�����q��f/�#yD����fV�·sn��yq��svc�xnyDp��qc���p
s� ª�O± fq±{��y
�+oq�Äsnc�xvyqp��qc���p�s "4��m{¤Df+xvt	�+�¡yLm£f³svy*snc�yLm£f
yq©Âsvc�f-�qxvyqp���y�©"m£��µ+f

126
±

�	� � 
 � �  #" � �  � � � � �  ��
 ����� � 	 � ��� �%��� �����%� & ��� � �� ����� � ������� &
Ù¼�¥yqx7�
f+x¸sny�f+¤�oq�¡p�o�snf���x7oq�·sv���Uo����¢sut�y�©~yqp�x�egy
�
f+��m+­Ä�~f�c�o?¤qfÁ�¡eg����f+egf+�LsvfU��o	��xvy�svy�sut¨�®fÁy�©�b$}�w
y�¤Df+xv��o?t/e/p��¡sn���+oDmusv�¡����m£t
m£snfUe�±"Û»f¸p®m£fV�*w[��o���f+s£§¼çÂo� _��f#su�~yqxv�F­D�4c����7cJ�D�¡¤DfUm¯oD�+�+fUmvm=snyg�#yDeg��p
snfUxvm
��y
�+o�snfU�½���Øp�����¤qfUxvmn�¢sv�¡fVm*o����ÚxvfUmnfUoqxv�7c½�#fU�Dsvf+x7m*y�¤qfUx�snc�f¶�~yqxv���Ä±Ñé¸p�x_�¡eg����f+egf+�Ls7o�sn��yq�Úxvp���mJo
mnf+�®o�x7o�snf/��xny
�+fUmvm4©ºyqx³fVoq�7c&yqp�sn��p
s�oq���&������p
s³ �p
ÀFf+xV­Ä�4c����7c¥o�xvf/mnt¨���7c�xvyq����µ+fV�&¤¨��o	m£fUegoq��c�yDxnfVm
oq���������®fVm+±:²$mÂmny¨yq�³oqm9��o�svo ��mÄxvfUoD�$©ºxvyqeX�¡����p
sÂ �p�ÀAfUxU­V�¢s���m�o?¤?oq�¡��o� ��¡f:©ºyqxÄyDp
sn�Dyq����� snx7o��®m£eg��mnmn�¡yD��mU±

ì�ì 
�/�ô�07ó�1



�q� �$Ì�, ,7Æ+ÔîÔ('��¸ÏÂÅ�Ì�'îÈ�ÃHÓnÆ7Ì������ '��
	��#'ªÌ�)7Ê�Ò

10

20

30

40

50

60

70

80

90

100

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

G
ro

up
 T

hr
ou

gh
pu

t (
P

kt
s/

se
c)

Packet Loss Proba

TCP Reno ; Overlay with 10 Routers ; Buffer = 40 Pkts

Service Time : exponentially distribued with mean = 10ms

One connection
Group size=126
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