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Abstract: This report is dedicated to the statistical analysis of the space of multivariate
normal probability density functions. It relies on the differential geometrical properties of
the underlying parameter space, endowed with a Riemannian metric, as well as on recent
works that led to the generalization of the normal law on non-linear spaces. We will first
proceed to the state of the art in section |1, while expressing some quantities related to
the structure of the manifold of interest, and then focus on the derivation of closed-form
expressions for the mean, covariance matrix, modes of variation and normal law between
multivariate normal distributions in section/2. We will also address the derivation of accurate
and efficient numerical schemes to estimate the proposed quantities. A major application of
the present work is the statistical analysis of diffusion tensor Magnetic Resonance Imaging.
We show promising results on synthetic and real data in section 3.
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Statistiques sur les Distributions Normales Multivariées:
Une Approche Géométrique et son Application & 'PIRM
du Tenseur de Diffusion

Résumeé : Ce rapport aborde ’analyse statistique de 1’espace des densités de probabilité
normales multivariées. Il s’appuie sur les propriétés, issues de la géométrie différentielle, de
I’espace des paramétres sous-jacents équipé d’une métrique Riemannienne, ainsi que sur de
récents travaux ayant mené a la généralisation de la loi normale aux espaces non-linéaires.
Nous commencerons par dresser un état de 'art en section [1, tout en exprimant certains
quantités liées a la structure de la notre espace d’intérét. Nous nous concentrerons ensuite
sur la dérivation d’expressions explicites pour la moyenne, la matrice de covariance, les modes
de variation et pour une loi normale entre distributions normales multivariées en section 2.
Nous aborderons également le développement de schémas numériques efficaces pour estimer
les quantités proposées. Une application majeure du présent travail réside dans ’analyse sta-
tistique des images IRM du tenseur de diffusion. Nous présentons d’encourageants résultats
sur des données réelles et synthétiques en section 3|

Mots-clés : distribution normale multivariée, matrice symétrique définie-positive, moyenne,
matrice de covariance, modes de variation, information de Fisher, géodésiques, distance
géodésique, tenseur de Riemann-Christoffel, tenseur de Ricci, courbure scalaire, courbure
sectionelle, espace homogéne, groupe de Lie, géométrie Riemannienne
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4 C. Lenglet, M. Rousson, R. Deriche, O. Faugeras

1 Geometry of the Space of Multivariate Normal Distri-
butions

We review important notions that led to the metrization of probability spaces and to the
definition of distance measures between parametric distributions under certain regularity
conditions. Following the work by Rao [21]|, where a Riemannian metric was introduced in
term of the elements of the information matrix, and a theorem by Jensen (1976, private
communication in [2]), Atkinson and Mitchell obtained closed forms of the geodesic distance
between elements of well-known families of distributions such as the fixed-mean multivariate
normal model. In 1982, Burbea and Rao proposed a unified approach to the derivation of
metrics in probability spaces. They introduced the notion of ¢-entropy functional whose
Hessian in a direction of the tangent space of the parameter space is taken as the metric.
We also follow [24], [3], [] to introduce a Riemannian metric on the parameter space of the
multivariate normal distributions, and the associated geodesic distance, Riemann-Christoffel
tensor, Ricci tensor and Ricci scalar.

1.1 Metrization of the Space of Probability Density Functions

We start by a general characterization of the space of probability density functions, together
with the characterization of its metric.

Let L'(X,u) denote the space of integrable p-measurable real functions defined over the
measurable space X, e.g:

LN X) = {p: [l = /X Ip(2) dju(z) < oo}

We are interested in the convex subset P of L}r such that:
LY ={pe L' (X, pn) : p(x) > 0 for y-almost all z € X}
P={peli:lpl.=1}
Let ¢ be a continuous real function on I, C R and F,(X,u) the set of p-measurable

functions p defined over X" and taking values in I;. The ¢-entropy functional introduced in
[4] is defined as

/¢> )du(z) Vp e Ly=LYNF,

The second order differential of the entropy functional Hy at p in the direction of f € L} 618
given by:

PHy(p: f. f) = / & (p(2)) (f () *du(x)

We now introduce the set 6 = (61, ..., 6,,) of n real continuous parameters defining a manifold
© embedded in R™ and consider the subset Fg of Py, =P N Fo:

Fo={p(.|0) e P, :0 c O}

INRIA



Statistics on Multivariate Normal Distributions 5

It is a family of probability density functions of the random variable x € X. Moreover, it
will be assumed in the following that Vi,j =1,....n

1. 209 5 defined ¥z € X and V0 € ©

Op(x|0
2. [y pa(Til)d,u(x) =0

dlog p(x]0) 9 log p(x|0)
a9, a9,

3. the matrix Ey [ } is positive definite V0 € ©

We wish to quantify the second variation of the entropy functional in the direction of a
vector dp(6) of the tangent space of ©, with

-y
:le

denoting the first order approximation of the difference between the densities associated
with the parameter points (64, ...0,,) and (61 + d61,...0,, + db,,). Hence,

L)1) = = [ (0la)) (@p(0) )
Under the assumption that ¢ is convex in Iy
ds?(0) = —d*{Hy(p) Z 9. db;do;
4,j=1
. (a16) 9p(a10)
p\r
gz] / ¢” 89 89 du(x)
J

defines a positive definite form on the tangent space and thus gives a Riemannian metric on
O, known as the ¢-entropy metric.

Proof. This follows from the expansion of (dp(#))? and the linearity of the integral. [J

The n X n matrix gff)

easily seen to be invariant under transformation of . Consequently, Z(¢)(9) is a second
order covariant symmetric tensor.

is the ¢-entropy matrix. The line element ds = (dsi(@))l/ 2 is

Various possible choices for the entropy function ¢ have been proposed. We concentrate, in
this report, on the Shannon entropy associated with ¢(p) = plogp Vp € Fgo. Then,

Hp) = — /X p(216) log p(x]8)dp(x)

RR n° 5242



6 C. Lenglet, M. Rousson, R. Deriche, O. Faugeras

and the components of the information matrix, known as the Fisher information matrix,
become

9 log p(x|6) dlog p(x[6)
9i5(0 :/
i) x 00; 09,

91og p(x]9) dlog p(x[6)
00; a0,

p(a]6)du(z) = Eg

1.2 Information Geodesic Distance

The geodesic distance D induced by the information metric ds? previously derived from the
Fisher information matrix was investigated for certain parametric distributions in [2], [4],
[19], [3], [8] and others. More recently, Calvo and Oller [5] derived an explicit solution of
the information geodesic equation for the general multivariate normal model.

We recall that, if ¢t — 0(t), t; < t < ty denotes a curve segment in © between two
parametrized distributions 0!, 62, its length is expressed as

1/2

= do; db;
Z gij(H)%ﬁ dt (1)

t2

D(0*,6%) = /ﬂ

A geodesic curve is characterized by the fact that it minimizes the information geodesic
distance D(6*,6?), e.g. it is solution of the Euler-Lagrange equations:

ij=1

- 20, do; db;
i (0 : Lijp—r—2 = k=1,.., 2
;gk()dtﬁi;l g =0 n (2)
where I'; ;, are the Christoffel symbols of the first kind. Solving the Euler-Lagrange equations
and the evaluation of the geodesic distance D constitute, in general, a difficult task.

1.3 Application to the Multivariate Normal Model

Our ultimate goal being to define statistics on multivariate normal distributions and to ap-
ply it to diffusion tensor images, we now concentrate on the space ST (m,R), endowed with
the information metric ds?. S*(m,R) denotes the set of m x m real symmetric positive-
definite matrices. Its elements are used to describe the covariance matrices of the fixed-
mean (denoted by & € R™) normal model. Through the mapping that associates to each
¥ € ST (m,R) its components o;;, i < j, i,j = 1,...,m, we see that ST (m,R) is isomorphic

to R™, n = m(m+ 1). Hence, the parameter space ©, whose elements are 6 = (0;;), i < j,

is embedded in Rzm(m+1)

We denote by E;j, i < j,i,j = 1,...,m the canonical basis of the tangent space T'S™ (e.g.
the space of vector fields). We equally denote by EY;, 1 < j,1,j5 =1,...,m the dual basis of
the cotangent space T*S™ (e.g. the space of differential forms). These basis are given by:

INRIA



Statistics on Multivariate Normal Distributions 7

1 ,1=7 . 1 , 1=
E;; = = Er = =1
{ (Lij+15) ,i#] 7 { s(Lij+15) L i#]

For clarity of notations, we will drop the parameters m and R in S*(m,R) when no
ambiguity is possible.

Following [24], [3], [8], [5] and [11], we will characterize ST as an affine symmetric space for
which closed form expressions are available for the solution of the geodesic equation [2 as
well as for the information geodesic distance (also known as Rao’s distance). Since, in the
next sections, S* will be characterized as a homogeneous space, we first recall basic facts
on Lie groups and Lie algebras (we refer the reader to [13] for more details).

Notions on Lie Groups and Homogeneous Spaces

e If H is a subgroup of a group G, then for any g € G, the left/right coset of H are
respectively defined as the subsets of G of the form {gh: h € H} and {hg: h € H}.

e If G is a topological space, the set of left cosets of H, denoted G/H is a homogeneous
space.

e A homogeneous space is characterized by the fact that its has a group homomorphism
7(G) defining a transitive group action of a Lie group G onto G/H and assigning at
each element g of the group G a mapping 7(g) : G/H — G/H with action aH —
gaH Va € G.

e The tangent space of a Lie group G at the identity has the structure of a Lie algebra
g, e.g. a vector space with the bilinear mapping known as the Lie bracket [.,.].

In our case ST can be expressed as the homogeneous space G/H where the Lie subgroup
H is associated with the Lie subalgebra h C g. G is the general linear group of real m x m
matrices GL(m,R) and H is the special orthogonal group SO(m).

The corresponding algebras are respectively gl(m,R), the set of m x m real matrices, and
so(m), the set of m x m skew-symmetric matrices. Then, GL(m,R) acts on ST (m,R) so
that for each g € G, X € ST, 7(g) : &+ gXgT.

One important property of the information metric ds? for the general multivariate normal
distributions p(.|0) = N'(£,X), as stated in [5], is its invariance under the transformation on
ST defined as:

(&%) = (& PEPT)

where P € GL(m,R). We recall that £ € R™ is a fixed mean vector and ¥ the covariance
matrix of the distribution.

RR n° 5242



8 C. Lenglet, M. Rousson, R. Deriche, O. Faugeras

The Rao’s distance also exhibits this invariance property. Hence the invariance under trans-
formations of GL(m,R). The consequences of this nice property are twofold:
First, the usual Levi-Civita connection is torsion free. But second, and most important,
ST being symmetric, there is a strong relationship between the exponential map Exp from
Riemannian geometry, the exponential map exp 7y ST — S on Lie groups and the matrix
exponential through:

Expy(X) = exp(2X) = %)

where U is the unit m x m matrix and the tangent space of SV is identified with S(m,R),
the space of m X m real symmetric matrices.

Proposition 1.1. The Riemannian metric for the space of fired-mean multivariate normal
distributions is given by the twice covariant tensors

1
g(Ei17i27Ej1,j2> = 5 (Z lE

11,02

Z 1Ej17j2) i17i23j15j2 - 1,...,m (3)
whose components are explicitly given in section[5.

Proof. This follows from the heuristic definition of the metric tensor, proposed by Rao,
which amounts to characterize the likelihood ratio of two infinitesimally close distributions
of ST, associated respectively to § and 6 + df. This ratio express the influence of replacing
0 by 6 + df and is defined as

n

dp $|9 1 — dlog p(x|6)
_ ol0)do: = 3 =50 == db,

Its variance was proposed as a distance measure between two contiguous distributions, e.g.
the metric tensor. As exposed in Appendix 1 of |2], for the multivariate normal model we

have
dlogp(z|T) zaT
ar YT 2
where Y = ¥7! and @ € R. The variance of this distribution in the directions A and
B € TS is then:

Var(p(z )(A B) = 1Var(zaT)(4, B)
= %Cov(tr(A:vx ), tr(BzzT)) = 1Cov((x, Az), (z, Bx)) (4)
= 1Cov(2T Az, 27 Bz) = 1tr(SALB)

Since A and B are linear combinations of the basis vectors, we only need to calculate the
metric tensor for the canonical basis field £;;, which yields the result:

1 L
g(Eii,i'z?Ejl,jQ): 9 (E 1EZ7 222 lEj7 ]2) 117127]1732:17'~'7m

INRIA



Statistics on Multivariate Normal Distributions 9

An explicit expression of the geodesic curves X(t), ¢ € [a,b] C R determined by the
following system [3] was derived Calvo and Oller in [5] (where the proof of the following can
be found).

—1y T
{ E'Y)+ec'E ceR"

'S+ Ltr((271%)?) _ (1)
As exposed in [5] and [18], the geodesic starting from ¥(a) € ST in the direction
S(a) = 2(a)V2X%(a) /2 e S =TS
writes:
% (t) = B(a)2exp(tX)S(a)'/? € S* (5)

which can also be obtained by using the group action previously denoted by 7(GL(m,R)) to
recast the computation of any geodesic into the special case X(a) = I,,, as it was proposed
in [10].

The information geodesic distance D between any two element Y; and ¥, of ST is given by
the theorem (the proof is briefly sketched for the sake of clarity and is available in [2]):

Theorem 1.2. (S.T. Jensen, 1976)

Consider the family of multivariate normal distributions with common mean vector & but
differing variance-covariance matrices . The geodesic distance between two members of the
family with variance-covariance matrices X1 and X5 is given by

1 _ _ 1 &
D(S1,52) = Str(log® (57 /222 27%) = 23 " log*(\)
=1

where the \; denote the m eigenvalues of the determinantal equation |A\¥Xy — X1 = 0.

Proof. Let us consider the singular value decomposition of ¥ = UDU”, then
d$ = dUDU" + UdDUT + UDdU™

and g(dX, dX) can be written after some simplifications as:

1 1 s (dA )
—tr(D~'dDD~'dD) = —§ "
a+2tr( d dD) a+2k-1<)\k>

where ¢ € R > 0 and the A\, are the components of the diagonal matrix D. By using the
invariance of the information matrix under one-to-one transformations of the distributions,
it is possible to set 31 = D; and Y5 = I and among all the curves (U(t), D(t)) between (I, 1)
and (I, Dy ), the shortest path is achieved by (I, D(t)) to yield the distance 3 >\, log?(\;).

O

RR n° 5242



10 C. Lenglet, M. Rousson, R. Deriche, O. Faugeras

Properties of the Geodesic Distance:
The distance D on ST defined above exhibits some nice properties that we hereafter
summarize:

1. POSitiVity: D(El, 22) Z 0, D(El, 22) =0« 21 = 22

2. Symmetry: D(Zl, 22) = D(ZQ, 21)

3. Triangle inequality: D(X1,33) < D(X1,X2) + D(X2, X3)
4

. Invariance under congruence transformations: D(¥;, Xs) = D(PY, PT, PZgPT)
VP € GL(m,R)

5. Invariance under inversion: D(X;,%,) = D(X74, 25 1)

The interested reader can find more details about this in the technical report by Férstner
and Moonen [11].

1.4 Structure of the Space of Multivariate Normal Distributions

In order to further study the specificities of the space of multivariate normal distributions, we
now define three important quantities from Riemannian geometry: the Riemann-Christoffel
curvature tensor, the Ricci tensor and the Ricci scalar. But before being able to define these
elements, we have to choose an affine connection which allows us to map any tangent space
Ts, at ¥ to the tangent space T at ¥’. This affine mapping depends on the curve 3(t)
connecting 3 and Y’. This way, even if X(¢) is a loop, the tangent space T is mapped
onto itself along this curve but, the origin of 7% can be mapped onto another point (e.g.
not itself). The change in the direction of a vector under this mapping characterizes the
curvature of the manifold.

The canonical connection on a Riemannian manifold is the Levi-Civita connection (or co-
variance derivative). An important properties of this connection is that it is compatible with
the metric. In other words, the covariant derivative of the metric is zero.

Finally the Levi-Civita connection coefficients are given by n> functions called the Christoffel

symbols of the second kind Ffj defined as:

1

00; 09, 00y,

But as we said, we need to choose the affine connection to be considered since this will
influence the curvature properties of the manifold.

Amari [1] has introduced a one-parameter family of affine connections, known as the a-
connections, in order to better represent the intrinsic properties of the family of probability
distributions. The a-connections can be written:

agjm + agim agzy)

(@ _p  l1-a
Fijk - Fijk TTijk

INRIA



Statistics on Multivariate Normal Distributions 11

where the third-order symmetric tensor 75, is defined as

0logp(x]0) 0log p(x|0) Olog p(x|0)
00; 06 00,

Tijr = Eg

We see that the O-connection boils down to the Levi-Civita connection. We recall that it is
the only one to be compatible with the metric, that is the only one by which the parallel
transport of a vector does not affect its length. The a-connections are not compatible with
the metric for o # 0.

Moreover, it can be shown (|3]) that, for any exponential family (a special type of distri-
butions in which the multivariate normal model can be recast), the a-Riemann-Christoffel
curvature writes

RE) = (1— o) Riju
thus giving a zero a-curvature to the multivariate normal model for all o # 0.
Because of their non-compatibility with the metric and their induced O-curvature, the +1-
connection (respectively known as Efron and David) do not seem to be a good candidate for
the following derivations of statistics on the space of multivariate normal distributions. We
will indeed need our space to exhibit a non-positive sectional curvature in order to ensure the
existence and uniqueness of the Riemannian barycenter. For this reason, we stick with the
classical Levi-Civita connection in the remaining developments. We have to notice, however,
that a-connections with o # 41 will have to be investigated.

As shown in |24] and proved in [23], the Riemann-Christoffel curvature tensor corresponding
to the information metric, for zero-mean multivariate normal distributions, with X,Y, Z, V'
being elements of the canonical basis of vector fields and ¥ € ST is:

Rijn = R(X,Y,Z,V) = tr(YZ ' Xolze sl -

1
4
i gXxzlystlzetlveTh

It has 1296 components but only 105 of which are independent (since we are in 6 dimensions).

Remark: We have restricted the expression of the Riemann-Christoffel tensor for the case
of zero-mean multivariate normal distributions, e.g. for ST. The previous developments
were valid for the fixed-mean case. Expressions for normal distributions with general mean
vector are available in [24].

The important point is that we can now compute the sectional curvature x of the man-
ifold ST and verify that is actually non-constant and non-positive. A sectional curvature is
associated to any two-dimensional subset of vectors £ in the tangent space at X, Tx. It is
defined as the Gaussian curvature of that hypersurface made of the set of points reached by
the geodesics starting at 3 in all the directions described by the plane £.

RR n° 5242



12 C. Lenglet, M. Rousson, R. Deriche, O. Faugeras

2
Skovgaard has shown in [24] that, if we denote by pfj = —— the correlation coefficient
1955

between the components of the covariance matrices ¥ = (0y;), 4,7 = 1, ..., m, the sectional
curvature at X is given, for i # j, by

02,
1. K;(g, E) = — 1izl2j ifg = Span(Eii7 Ej])

2. KZ(S, E) = 7% if€ = span(E“;, E’J)

which indeed depends on ¥ and is non-positive.

We can derive the Ricci tensor, which is defined as a the contraction of the Riemann-
Christoffel tensor, and which can be thought of as the object which measures the growth
rate of the Riemannian metric. It is a symmetric, m X m covariant tensor. We recall that
the Riemann-Christoffel tensor is expressed in term of the partial derivatives of the metric:

ort ort.
l ik ] ml ml

and the expression of the Ricci tensor follows:
Ricci;; = Rfjk = Rijrg™

where g*! denotes the inverse of the metric. Summarizing everything, we have the expression
for R;;;; and g;;. Symbolic calculations easily lead to the components of the Ricci tensor
in terms of the components of ¥ = (0;) A quite interesting point is that, by comparison
of the Ricci tensor with the metric tensor, we can also deduce that the space of zero-mean
multivariate normal distributions is, in general, not an Einstein space. It is indeed a space
of non-constant curvature and hence does not verify the relation

v
Ricci; = —gi5
3= i

where v is the scalar curvature and n the dimension of the space (e.g. n = 6).
Additionally, we can express the Ricci scalar curvature v, as the full trace of the Ricci tensor.
It is also defined as twice the sum of all the sectional curvatures along all the 2-planes &£
and recalling that

01 0y 03
YX=| 6y 04 05
03 05 0Og

INRIA



Statistics on Multivariate Normal Distributions 13

we have:
V= ginicciij =
—0.03125( 516030303 — 99 (6503 + 0503 + 630%) —
161 (07030203 + 03020302 + 07030703) +
209 (03020406 + 01050304 + 01050305) —
221 (02020205 + 2210,050202 + 62620,02 + 0,030202 + 02030205 + 0302020,) +
306 030503050307 + 366 (0702020,402 + 0,0202020% + 0702020502 +
426 0102020,050% + 522 (0702002 + 05030205 + 020505607) +
768 050505 — 796 (010205050603 + 010305050405 + 070505020,06) +
940 (030605050, + 0105030605 + 010203030,) —
1056 (01020302 + 05050203 + 0305020,))/ A3

where A = |2| = 010496 — 019% - 9%96 + 2020395 - 032)94

2 Statistics on Multivariate Normal Distributions

2.1 Intrinsic Mean

Following a recent work by Moakher [18], we propose a new gradient descent algorithm for
the computation of the intrinsic mean distribution of a set of zero-mean multivariate normal
distributions. It relies on the classical definition of the Riemannian center of mass and makes
use of the geodesic equations to derive a manifold constrained numerical integrator and thus
ensure that each step forward of the gradient descent stays within the space S™. As we will
show in the numerical experiments, this method is very efficient and usually converges in
just a few iterations.

We, of course, seek to estimate the empirical mean as proposed by Fréchet [12], Karcher
[14], Pennec [20] or Moakher [17] :

Definition 2.1. The Normal distribution parametrized by v e St (m,R) and defined as the
empirical mean of N distributions X, k =1, ..., N, achieves a local minimum of the function
p:ST(m,R) — RT known as the empirical variance and defined as

N
H(S1, o B) = 1 DA, ) = E[DY(S, 5]
k=1

Karcher proved in [14] that such a mean, known as the Riemannian barycenter, exists
and is unique for manifold of non-positive sectional curvature. This was shown to be the
case for S+.

In order to derive our gradient descent algorithm, we rely on the well-known following

RR n° 5242



14 C. Lenglet, M. Rousson, R. Deriche, O. Faugeras

remarks (see |7| and references therein for more details): We want to derive a flow evolving an
initial guess 3(0) toward the mean of a set of elements of S*. If we denote by 3(s), s € [0, o)
the family of solution of

0:8(s) = V(£(s))

where V' is the direction of evolution, we have

M)

(s) € ST(m,R), Vs >0

& 2(0) € S*(m,R) and V(2(s)) € Ty, St (m,R) = S(m,R), Vs > 0

We thus identify V' with the opposite of the covariant derivative of our objective function
(X1, ..., X ) which is shown to be (see [18]):

) Zlog (6)

M>

Hence the evolution

& N
0.5(5) = - 2 S log(m7155(s) (7)
k=1

NUMERICAL IMPLEMENTATION:
But, as mentioned in [7], the corresponding numerical implementation has to be dealt with
carefully and we have to build a step-forward operator K4 such that the discrete flow

Y1 = Ka (%), o € ST

provides an intrinsic (or consistent as qualified in |7]) approximation of evolution equation[7
(! denotes the discrete version of the continuous family parameter s). As we have previously
pointed out, a closed form for the geodesics of ST does exist. Hence we can directly integrate
along the geodesics of the space without having to use the exponential map to re-project,
after each integration step, the element obtained by moving in the direction given by —V
and we have the following proposition:

Proposition 2.2. For any X(t) € ST(m,R), t € [a,b] and any tangent vector V.= -V €
S(m,R), an intrinsic (or consistent) approzimation of the flow!|7 can be obtained by using
the step-forward operator

K (%) = 3% exp (—dts;, vy, 2z /2 ®)

Proof. The geodesic starting from ¥(t) and pointing in direction V = X(¢)'/2X¥(t)1/?, X €
M(m,R) is given by

S(t+dt) = B(t) 2 exp ([t + dt] X)X ()2 Vdt € [0,1]

INRIA
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it readily follows that
S(t+dt) = 2()Y%exp (tX)D(t)Y28(t) " 2 exp (dtX)2(t)/?
= S()D(t) "2 exp (dtX)D(t)1/?

If V is identified with the opposite of the covariant derivative of any objective functional p
(which is in S(m,R)), we obtain:

X = —2@t)" V2 vun(t) "2

and
S(t+dt) = S(E)D() V2 exp (—dt2(t) V2V () V) ()Y? (9)
identifying X(¢) with the current estimate of the mean ¥; yields the result.
(]

QUESTION: How does this numerical scheme compare to the gradient descent associated
to the following operator?
Ka (X)) =% —dtVp (10)

Proposition 2.3. The extrinsic step-forward operator|10 is a first order approximation of
the operator of Proposition 2.2.

Proof. Recalling that the matrix exponential writes as the following power series:

> X" XX XXX
eXpX:ZF:H—i_X—i_T_‘_TJF
n=0

a first order expansion of 8 yields:

Kau() = o5 21— dis; Pvus, 22
= % —dt5E 'V
= Zl—dtV,u

O

The exponential map is defined from [0, 1] onto S*. The optimal time step dt is then
equal to 1 and the optimal step-forward operator is expressed as follows

K(%) =3, 2 exp (-5, Pvus, 25,2
This will be illustrated in the section dedicated to numerical experiments.

CONCLUSION:
We now come back to the derivation of a numerical algorithm to estimate the Riemannian
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barycenter S of a set of parametrized multivariate normal distributions. We simply make
use of the explicit expression of the covariant derivative Vi given in 6/ This yields the
step-forward operator:

$1/2 N

Ka(5) = 5% exp (—dt - > log(57 1) A8 (11)
k=0

whose associated flow converges toward the barycenter for any initial guess So.

2.2 Intrinsic Covariance Matrix and Principal Modes

We propose a new algorithm for the computation of the intrinsic empirical covariance matrix
of a set of N zero-mean multivariate normal distributions. We follow [6] where this problem
was addressed in the infinite dimensional case of a set of planar closed curves, and |10]
where the Logarithmic mapping had to be used. Our objective will be to derive an intrinsic
numerical scheme for the estimation of the covariance matrix A relative to the empirical
mean ¥ of N normal distributions and using the explicit solution of the geodesic equation.
As we consider the 6-dimensional manifold of parametrized normal laws, we will of course
end up with A € S*(6,R) acting on the space S(6,R).

As defined in [6] and |20], we associate to each of N normal distribution ¥ the unique
tangent vector (3, € S(m,R) (seen as an element of R™) such that the empirical mean 3
is mapped onto X by the exponential map Expg(0) (see figure 1). We then have the
following definition:

Definition 2.4. Given N elements of St(m,R) and a mean value f], the empirical covari-
ance matriz relative to 3 is defined as:

1 N
_ T
Ag = N };ﬁkﬁk

We identify the 3); with the covariant derivative of the squared distance function VD? (5], Xk)-
As detailed in [18], we have VD?(X, %) = Xlog(X, 'Y).

Once we have computed A, it is fairly easy, and instructive in order to further understand the
structure of our subset of normal distributions, to compute the eigenvalues and eigenvectors
of the covariance matrix. Fletcher et al. [9] generalized the notion of Principal Compo-
nent Analysis to Lie groups by seeking geodesic submanifolds, by analogy with the lower-
dimensional linear subspaces of PCA, that maximize the projected variance of the data. This
actually amounts to characterize the tangent space at the mean element )y through classical
PCA in order to construct an orthogonal basis of tangent vectors vy, k = 1,...,d < m that
can be used to generate [-dimensional subspaces V; = span(vy, ...,v;), | < m that maximize
the projected variance. The vy are defined as the set of eigenvectors of the covariance matrix
A. However, since we have available the geodesic equations in S, we have a closed-form to

INRIA
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Figure 1: Depiction of the velocity field §; at the empirical mean by

generate elements of any geodesic submanifold Hj, defined as the exponential mapping the
Vi.

Indeed, we can define any linear combination of the vy, v = Zzzl apvr, € S(m,R) and
then compute the unique element C' of S *(m,R) reached by following the geodesic emanat-
ing from ¥ in the direction v and computed as:

d
C= 21/Qexp(f]_1/2Zakvki_lm)f}l/g (12)
k=1

2.3 A Normal Distribution on Multivariate Normal Distributions

Our last contribution makes use of the various quantities derived up to that point and fully
exploits the information they provide in order to derive the expression of a normal distribu-
tion on ST. We thus proceed by plugging the appropriate quantities in the generalization
of the normal distribution to Riemannian manifolds proposed in [20] for sufficiently concen-
trated probability density functions, e.g. for small covariance matrices.

We are motivated by a very important application in medical image analysis, namely the
segmentation of diffusion Magnetic Resonance Images. The authors have already proposed
several different approaches to tackle this issue [16], [22], [L5]. However, since the essence
of these approaches is to maximize the log-likelihood of a (normal) distribution over the
objects of interest, e.g. Diffusion Tensors and since those tensors are naturally interpreted
as the covariance matrices of zero-mean normal distributions, the following generalized law
will be of great help and is currently being applied to that task.

Following Theorem 4 proved in [20], we have the following proposition :

RR n° 5242
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Figure 2: Examples of segmentation on diffusion tensor MRI by surface evolution ([LEFT]
ventricles [RIGHT] corpus callosum)

Proposition 2.5. The normal distribution in S*(m,R) for an m x m covariance matriz A
of small variance 0% = tr(A) is of the form

k —ByB7
- exXp ——

where

e (3 is defined as VD2(f3, Y), as in section|2.2

3 a
e The normalization constant: k = %, with A defined as in section 2.2
o
e The concentration matriz: v = A~" — £ 4 O(0) +€(2), with A defined as in section
(2.2 and Ricci as in section[1.4

r is the injection radius at ¥ and € is such that lim,, z~Pe(x) = 0Vp € Rt.

3 Numerical Experimentations

We propose, in Algorithms/1 and 2, the Matlab™ implementation of the algorithms for the
intrinsic mean and covariance matrix. The computation of the modes of variation amounts
to perform a Singular Value Decomposition of the covariance matrix and to use equation 12
to estimate the modes. The implementation is straightforward.

Regarding, the computation of the Ricci tensor, we do not provide the explicit expression of
its components since it takes too much space but the use of Maple™ with the tensor and
codegeneration packages is recommended and easily provides C' source code. Finally, the
Ricci scalar curvature is obtained directly from the expression given at the end of section 1.4.

INRIA
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Algorithm 1 Matlab Code for Intrinsic Mean

% Inputs

% S : Array of 3x3 symmetric positive definite matrices (component-wise)
% MO : Initial guess of the mean

% dt : Time step

% niter: Number of iterations

% Output
% M : Estimated Mean matrix
function [M] = intrinsicMean(S,MO0,dt,niter)[N,w,h] = size(S);
[n,m] = size(MO);
M = MO;
for iter=1:niter

V = zeros(n,m);

for i=1:N

V =V + logm(inv(reshape(S(i,:,:),3,3))*M);

end;

M = sqrtm(M)*expm(-dt*sqrtm(M)*(V./N)*inv(sqrtm(M)))*sqrtm(M) ;
end;

Algorithm 2 Matlab Code for Intrinsic Covariance Matrix

% Inputs
% S : Array of 3x3 symmetric positive definite matrices (component-wise)
% M : Estimated mean

% Output
% C : Estimated covariance matrix
function [C] = intrinsicCovMat(S,M)
[N,h,w] = size(S);
C = zeros(6,6);
W = zeros(6,1);
for i=1:N
P = reshape(S(i,:,:),3,3);
V = Mxlogm(inv(P)*M);
W(1) = v(1,1); w(2) = V(1,2); W(3)
W(4) = v(2,2); W(5) V(2,3); W(6)
C=C + WkW’;
end;
C = C./N;

V(1,3);
V(3,3);
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Figure 3: [Top| Synthetic tensor field ([left] original noisy field, [right] segmentation of the
shape of interest), [BorTom] First and second modes of variation superimposed on the mean
tensor (black:mean, red:a;, = +2 in equation 12 , blue:a, = —2 in equation [12)
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Elements 10 100 500 1000 5000 10000 50000
Time (in s) | 0.0665 | 0.4143 | 1.9685 | 3.8459 | 19.5005 | 39.4221 | 193.7162

Table 1: Time of convergence in terms of the number of elements (on a 2,4GHz PIV)

We now proceed to numerical experimentations on synthetic and real datasets.

We have first applied the definition of the geodesic distance and its associated variance to
perform the segmentation of cerebral anatomical structures by fitting 1-dimensional normal
models on the distributions of the geodesic distances. The interested reader is referred to
[16] for more details. Figure|2 presents the results of the segmentation for the ventricles and
the well-known structure of the white matter, the corpus callosum.

We then test the Algorithms[1 and[2 on a subset of the three-dimensional synthetic tensor
field shown on figure 3 The data was generated so that some tensors follow a Y pattern.
The rest of the volume was filled with tensors aligned in the same direction. Random sym-
metric matrices, with entries following a normal law of zero mean and variance 1 were made
positive-definite by application of the matrix exponential and voxelwise added to the volume.
We actually extracted the tensors inside the Y shape (about 2000) and computed the mean,
covariance matrix and first two modes of variations. The result are presented on figure [3.
For the sake of clarity, we only have represented the first two modes for o, = +2 in equation
|12. Tt turns out that the first two eigenvectors of the covariance matrix are dominant, with
almost equal eigenvalues. The first mode seems to capture the orientational variation of the
dataset whereas the second one seems to encapsulate the variation of size of the tensors.

Next, we have conducted some performance analysis of the gradient descent algorithm used
to estimate the intrinsic mean. By running the algorithm repeatedly with different initial
guesses, we have ensured that it was not affected by that parameter since it converged every
time in no more than 4 iterations. This was highly reproducible and tested with a known
mean and noise generated as previously. On that basis, we present on figure [I, a table
showing the evolution of the time of convergence in terms of the number of elements for
which the mean is to be estimated. As expected, this is a perfectly linear complexity.

Finally, we would like to show interesting results on the computation of the Ricci scalar
on real Diffusion Tensor Magnetic Resonance Imaging. We recall that this particular MR
modality produces, at each voxel, a tensor that is nothing but the covariance matrix of the
normal law approximating the average motion of water molecules. On figure 4]are presented
the fractional anisotropy and the scalar curvature computed on a 64 x 64 x 24 DTT volume.
The fractional anisotropy is a combination of the eigenvalues of the diffusion tensor which
is well known to highlight the regions where a high density of neural fibers are present.
However, this measure seems to be somehow sensitive to noise and highly unreliable at voxel
where crossings of fibers occur. Thinking of our DTI data as a field of normal distributions,
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Figure 4: [LEFT| Fractional anisotropy, [RicHT| Scalar curvature computed on real DTI data

it is easy to see, from the definition of the scalar curvature v, that this quantity will vary
with the anisotropy of the covariance matrix of each normal distribution. Indeed, figure [4
[ricuT| shows that the scalar curvature has a quite better discriminative power than the
fractional anisotropy FA. Well-known structures of the white-matter such as the corpus cal-
losum or the corona radiata are indeed clearly highlighted in figure[4 [rRigHT| (We recall that
the scalar curvature is negative, so that a black voxel exhibits the most negative curvature).
This is a promising new measure of anisotropy for DTI that we are currently evaluating.

4 Conclusion

We have presented a geometric approach to the statistical analysis of multivariate normal
distributions. We have developed novel algorithms for the estimation of the mean, covariance
matrix and the modes of variation. We have also introduced explicit expressions for the
Riemann-Christoffel and Ricci tensors as well as for the Ricci scalar curvature for the space
of zero-mean multivariate normal distributions. All these contributions have been used in
order to derive and fully characterize a generalized normal law on the space of zero-mean
multivariate normal distributions. We have shown promising results on synthetic and real
datasets. One of our goal is now to exploit all the information provided by those statistics
in order to better understand and analyze the data obtained by diffusion tensor imaging.
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5 Appendix 1: Components of the Riemannian metric

g1 = (0406 — 62)7 /212 gr2 = (0405 — 03) (0206 — 0305) /A
15 = (0406 — 02) (0205 — 00,) /A2 911 = (0205 — 0305)” /2122
915 = — (0205 — 0305) (0205 — 0304) /A gi6 = — (0205 — 004)° /207
22 = (—0202 — 20202 + 206050505 — 010,02 + 050,02 + 05030, /A2
— (020605 + 20506050, — 62050, — 05010406 + 6163) /A2
= (—0165 + 03) (0205 — 0305) /A
— (—04836105 + 0463 — 060305 + 205020105 — 02650, /A2

ga6 = (0205 — 0304) (—0105 + 0302) /A2

33 = (0302 — 20,40,0305 + 20202 — 0,0402 — 03060, + 05030, ) | A>
931 = (0206 — 0305) (—0105 + 0305) /A2

935 = (040203 — 2040,0505 + 020102 — 030 + 0406026, /A

936 = — (—0104 + 03) (0205 — 030,) /A

911 = — (—0165 + 62)% /212

gas = — (=010 + 03) (—0105 + 050) /A

ga6 = — (—0105 + 0305)> /272

955 = (040103 + 202010305 — 0302 — 20303 + 06030, — 040507) /A2
956 = — (—0104 + 03) (—0105 + 050) /A

ges = (—0164 + 95)2 /202

where the determinant of the covariance matrix is:

A =|D| = 010405 — 0105 — 0305 + 2020305 — 630,
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