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YtHfM4u+efh[htM+wPYirAqBY[H�u+_kwKsfa Ytab_8w6F��RabL*rf`�a�M:W	� � ���A�}YtHfM+w�wK_�wfM+� W[ef^X�±u+q8WZM<W�q}htM]wfM:u+M:WtW[qkh[U�^AM<u+q}eAWZMSF �
qk`bhtM:q8sXU�u
_8wPYtq}a�wKWIa�wX��_khtL%qBYtab_8w,M:wf_kef�8H�Yt_�sXM:sfeKu
M�YtHKqBY M ����$ � L/eKWlY]^DM�M
�XM<u
eXYtM:sF®H� � F ��a�L\rK`ba�M:W
� �*� � �%Y[HKM+w W[abL*a�`�qkh[`�U�YtHfM�rKq}Y[H u
_8wKsXabY[a�_kw­sX_VM:W]wf_}Y4htM:cPefa�htM�Y[_�^DM�efr>sfqBYtM:s¯^DM:u:q}eKW[M�a YRq}`�h[M<qksXU
u+_kwPYtqkabwAWIabwX��_8h[L%q}Y[a�_kw¯M+wf_8ef�kH�Yt_�sXM:sfeKu
M�YtHKqBY M � ��$ � L�eKWZY4^DM�M
�XM<u
eXYtM:sF® �]_kY[adu
M�YtHKqBY]YtHfM�u:qkW[M
��HKM+w�Y[HfM*M+nBqk`beKq}Y[M<s ^D_V_k`�M:q}w�M
�XrfhtM:WtWZa�_kw#� � ����htM:sXeAu
M:W�Yt_ � � 
 � C�_8h A�T�UIC�adW�u
_BnkM:h[M<s­^VU �l¨�� �B®
� ��� �­miWlYvq}^f`�adWZH¯q/W[ef^X�±u+q8WZM���HfM+htM�Y[HfM�rKq}Y[H,u+_kwKsfa Ytab_8w,_k��Y[HfM�u+efh[htM+wPYIWZUVL�^D_k`�adu�WZYtq}Y[M�a�WIuvHKqkwf�kM<s
��ht_kL F �*Y[_<F�� � �*� � �f�>Y[HKM+w rKh[_Xu
M:M:s­��abY[H Y[HfM*W[UPL/^A_8`badu�M+�XM:u
efY[a�_kw _k�EM ��� $ � ® � � � � miWZYtqk^f`badW[H
q­W[ef^X�±u+q8WZM%��HKM+htM*Y[HfM,rKqBYtH¡u
_kwAsXa Ytab_8w _}��Y[HfM�u
efhthtM+wPY�rKqBYtH¡u
_8wKsXabY[a�_kw adW�uvHKq}wK�kM:s���ht_kL F ��Y[_
F � � � �*� � �f�fY[HfM:w�rKh[_Xu
M:M:s,��a YtH�Y[HfM�W[UVL�^D_k`�a�uRM
�XM<u
eXYtab_8w,_k� M ����$ � ®

���
�
�r ( ���*¨v  �Ë£���§
	P§������¿£Í }¥¡ ����B¥A¥D �� ���Å£Í B¥K©¬® !�wfM/u:q}w�qk`�W[_�sXM+°KwfM/Y[HfM*W[UPL/^A_8`badu/M
�XM:u+eXY[a�_kw _k�

rKh[_8�khvq}L q}wfwK_}Ytq}Y[a�_kwKW:®��f_8h�WZUVL/^A_8`badu+qk`b`�U M
�XM<u
eXYtabwf��YtHfM%abwKrfeXY/qkwfwf_}YvqBYtab_8w�� � � U E
C �����!��°KhvWlY
M:nBq}`�eKqBYtM/YtHfM%^D_P_8`bM<q}w�M
�XrfhtM:WtWZa�_kw �����V�i£��¦§�� ��5 E��9K ����� RV��qkwKs Y[HfM:w�eKrDsfq}Y[M*YtHfM%rKqBYtH�u+_kwKsfa Ytab_8w
F �,Y[_GF � � ��5 E��9K ������RP®­�f_8h�_keXYtrfeXY/qkwfwf_kYtqBYtab_8wKW � � � C"T�A �����'�+� °AhtWZY�M+nBqk`beKq}Y[M�W[UVL�^D_k`�a�u:q}`�`bU
YtHfM*M
�XrfhtM:WtWZa�_kw �����V�o£��¦§�� ��5 E��9K ������RV®B� � F ��a�L\rK`ba�M:W ��5 E��HK ������R*Y[HKM+w�Y[HfM*rfht_k�8htqkL a�W�u+_khth[M<u¬Y:�
_kY[HfM:h[��adW[M4YtHfM�rfht_k�khvq}L¹�Íqkab`dW:®

x:X, y:Y;
PC: true

x:X, y:Y;
PC: true

x:X, y:Y;
PC: X < 0

x:X, y:Y;
PC: X >= 0

x:X, y:−X;
PC: X < 0

x:X, y:X;
PC: X >= 0

x:X, y:−X;
PC: X < 0

x:X, y:X;
PC: X >= 0

x:X, y:−X;
PC: X < 0

x:X, y:X;
PC: X >= 0

1:2:3:

4: 4:

6:5:

7: 7:

8: 8:

X>=0 &
(X=X | X=−X) &

X=X
(−X=X | −X=−X) &

X=X−X>=0 &
Verified

�)a��kefhtM�~D�iNVUVL/^A_8`baduRM
�XM:u+eXY[a�_kw,Y[htM+MR��_kh���� � 2�� 
 UIC/rfht_k�khvq}L

�)a��kefhtM�~­W[Hf_B�]W�Y[HKM�WZUVL/^A_8`badu%M
�XM<u
eXYtab_8w�Yth[M:M�u
_8h[htM:W[rD_kwKsXa�wf��Y[_ Y[HfM���� � 2�� 
 UIC¯q}wKwf_}YvqBY[M<s
rKh[_8�khvq}L¯® =¹WZUVL/^A_8`badu�Yth[M:M*HKqkW�W[UPL/^A_8`badu\WlYvqBY[M<W�qkWRwf_XsXM<W+� qkwKs�qksfsXabY[a�_kwAq}`�`bU­��M/HAq�nkM\`�qk^AM:`bM<s
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YtHfM�Y[hvq}wKW[a Ytab_8wKW���a YtH,rfht_k�8htqkL a�wKWZY[hteKu¬Ytab_8wKW:®'G���_�wf_XsXM<W � � q}wKs � � qkh[MRu
_kwKwfM:u
Y[M:s�abw,Y[HKM��8htqkrfH
^VU�L*M<q}wKWI_k�)`dq}^DM+` 
��¬�Xab��YtHfM�WZUVL/^A_8`baduRM
�XM:u+eXY[a�_kw�_}�)Y[HfM�a�wKWZY[hteKu¬Ytab_8w�
��J,���_k`�`b_B��a�wf�6� Y[M:L �����r �Y[_
� YtM+L � �

�
�r Iq}^D_BnkM*-oa�w�Y[HfM�W[UVL�^D_k`�a�u�WZYtq}Y[M � � UPa�M+`dsfW�YtHfM�WlYvqBYtM � � ®

�4_}Y[M*YtHKqBY<��eKwf`ba��kM%q8W[W[ab�8wfL*M+wPYtW:� ��� WZYtq}Y[M+L*M:w8YvW�HKq�n8M�Yl��_¯_keXYt�k_ka�wf�­q}htht_B�]W+�>M:q8uvH ��_8h�M:q8uvH
rD_8WtW[ab^f`�M u:qkW[M­h[M<WZef`bY[a�wf� ��ht_kL$qkWtW[efL*abwf�¡Y[HfM��keKqkhts¤_kh,a YvW�wfM:�8q}Y[a�_kw�®P�4wf`ba��kM ���¤WZYtqBYtM+L*M+wPYvW+�
q8W[W[a��kwfL*M+wPYvW�eKrDsfq}Y[M�YtHfM�rKqBYtH­u
_kwAsXa Ytab_8w�®

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0 & X!=Y

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0 & X!=Y & X<=Y

PC: X>0 & Y>0 & X!=Y & X<=Y
x:X, y:Y, a:X, b:Y−X;

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0 & X!=Y & X>Y

x:X, y:Y, a:X−Y, b:Y;
PC: X>0 & Y>0 & X!=Y & X>Y

x:X, y:Y, a:A, b:B;
PC: X>0 & Y>0

x:X, y:Y, a:X, b:B;
PC: X>0 & Y>0

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0

x:X, y:Y, a:A, b:B;
PC: true

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0 & X=Y

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0 & X=Y

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0 & X=Y

13: Verified X=GCD(X,Y)

13: Verified X−Y=GCD(X,Y) 13: Verified X=GCD(X,Y)

6:

8:

10:9:

6:

14:15:

. . .

6:

x:X, y:Y, a:X−Y, b:Y;
PC: X>0 & Y>0 & X!=Y & X>Y & X−Y=Y

x:X, y:Y, a:X−Y, b:Y;
PC: X>0 & Y>0 & X!=Y & X>Y & X−Y=Y

x:X, y:Y, a:X, b:Y−X;
PC: X>0 & Y>0 & X!=Y & X>Y & X−Y=Y

8:

1:2:

3:

4:

5:

x:X, y:Y, a:A, b:B;
PC: true

14:15:

6:

6:

14:15:

. . .

6:

x:X, y:Y, a:X, b:Y−X;
PC: X>0 & Y>0 & X!=Y & X<=Y & X=Y−X

x:X, y:Y, a:X, b:Y−X;
PC: X>0 & Y>0 & X!=Y & X<=Y & X=Y−X

x:X, y:Y, a:X, b:Y−X;
PC: X>0 & Y>0 & X!=Y & X<=Y & X=Y−X

�)ab�8efh[M�� ��NXUPL/^A_8`badu�M
�XM<u
eXYtab_8w�Yth[M:M���_8h���T C � ADC � A�� �*E�E������ � � � � �"T�rKh[_8�khvq}L

�±w YtHfM­��_8`b`�_B��abwK� ��M �8_ Y[Hfht_keK�kH¤Y[HfM�sXM
Yvq}a�`�W,q}^D_keXY,W[UVL�^D_k`�a�u M
�XM:u+eXY[a�_kw _}��u+UVu+`bM<W+® GIHfM
W[UVL�^D_k`�a�u4M
�XM:u+eXY[a�_kw,_}��q ��� ��
�C/WlYvqBY[M:L*M+wPY���_8`b`�_B�]W�wKqBYtefhtqk`b`�U\��h[_8L¹Y[HfM�W[UPL/^A_8`badu+qk`AM+�XM:u
efY[a�_kw�_k�
qkw ����WlYvqBYtM+L*M+wPY:�X£��¦§��}Y[HfM��keKqkhts�_}�fYtHfM �!� ��
�C]adW'WZUVL/^A_8`badu+qk`b`�U�M+nBq}`�eKqBYtM:s�q8W)abw � �������r ¬�}qkwKs���eKhZYtHfM+h
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_8wfM%L�eAWlY/u+_kwKW[adsXM+h�YtHfM�u:qkW[M%��HfM+w¡q}�¦Y[M+h/M
�XM:u+eXY[a�wf�¯YtHfM�^D_VsfU�_k��YtHfM ��� ��
 C­_kwfM��8_VM:W ,¿q}�8qkabw;-
_8w�Y[HfM%�8eKq}hvsF� ��HK_8W[M\M+�XM:u
efY[a�_kw L*ab�8H8Y�q8sfs q¯wfM+��rKq}Y[H u
_8wKsXabY[a�_kw�®�GIHfM+htM
��_8h[M8�FY[HfM,WZUVL�^D_k`�adu
M+�XM:u
efY[a�_kw�M
�XM:u+eXY[a�_kw¯_}��q ��� � 
�C\L*a��kHPY]�kM:wfM+hvqBYtM�qkw,a�wX°KwKa YtM�Y[htM+M8® �]_kY[adu
M�Y[HAqBY�Y[HKM�rfhtM:W[M+wKu+MR_k�
YtHfadW4a�wX°KwfabY[M/Y[htM+M\sX_VM:W�wf_}Y�qku
Y[eKqk`b`�U­sXM+rDM+wKs _kw ��HKM
Y[HKM+h�Y[HfM ��� ��
�C%`�_V_krKW]��_khtM+n8M+h<�A^fefYR_8w­Y[HfM
�Íq8u¬Yi_k��qksfsXa�wf��q�wKM+� u
_8wKWZY[hvq}a�w8YorAqBY[H%M<qkuvH\Y[a�L*M]YtHfM]�keAq}hvs/adWoM:nBq}`�eKqBYtM:sF® !4��u
_8efhtW[Mk�8q}w%a�wX°KwfabY[M
`�_V_kr��ka�nkM<W�htadWZMRY[_�qkw,a�wX°KwKa YtM�WZUVL�^D_k`�adu4Yth[M:Mk®

� M+`�_B� ��M�rfhtM:W[M+wPY]YtHfM\u+_XsXM���_8h ��TDC �"ADC � A�� �*E�E ��� � � � � � �"TD�P��HfaduvH q}a�L%W�q}YRu:q}`du
ef`dqBYtabwf��Y[HfM
�kª[§ ���±§
© � �v �� �% B¥ �B£¦«<£d©
 }ª���_khFYl��_�rA_PWZabY[a�nkM'a�wPY[M+�8M+hvW ��qkwKsE5>® GIHfMiu+_VsfM'��_kh ��TDC �"ADC � A�� �*E�E ��� � � � � � �"T
u+_kwKW[adWlYvW/_k�Rq ��� � 
�C�`�_P_8r��ia�wKW[a�sfM�_k����HfaduvH q}w ���¡WZYtq}Y[M:L\M:wPY*adW*M
�XM<u
eXYtM:sF® GIHfM¯_keXYtrfeXY�u
_8hZ�
htM:u
Y[wfM<W[W%qkwfwf_kYtqBYtab_8wN,� �a�wfM O 
 �.-/WZYtq}Y[M<W*Y[HKq}Y%Y[HfM h[M+Y[efhtwfM:s nBq}`�efM � adW*YtHfM �khtM:q}Y[M<WlY�u
_8L*L\_8w
sfabnVadWZ_8h%��_kh �¤qkwKs 5>��� � �HK���4�5
RV® ��M�q8W[W[efL*M­Y[HAqBY�YtHfM ��efwAu¬Y[a�_kw � � � �PwK_B�]W%Hf_B� Y[_ u:q}`du
eX�
`dqBYtM�Y[HfM­�8h[M<qBY[M<WlY�u+_kL*L*_kw sXabnVadWZ_8h:® �)a��kefhtM¯� W[Hf_B�]W\YtHfM ,�a�wX°KwfabY[M*-%W[UPL/^A_8`badu�M
�XM:u+eXY[a�_kw Y[htM+M
��_8h ��T C � ADC � A�� �*E�E������ � � � � � T>® 	]_B�¹u+qkw YtHfM%L*M
Y[HK_Vs sXM<W[u+h[a�^DM:s�rfhtM+nVab_8eKW[`bU­^DM�q}rfrK`ba�M:s���HfM:w
sfM:q}`�a�wf�*��a YtH�a�wX°KwKa YtM�WZUVL�^D_k`�adu�M+�XM:u
efY[a�_kw,Y[htM+M:W � GIHKq}Y���ab`�`�^DM�Y[HfM�Yt_krfaduR_}�)Y[HfM�wfM+�VY4WZM<u¬Y[a�_kw ®

O�� F T���� C�� U TDC ��TDC � A C � A�� ��E�E ����� � � � � �"THK ��4 5 R
	 � � C���
�� TDC ��4 5�4 �h4 � � ��� A C�PDC T��

 � � � � U"E
C � M:Q �B5 M Qp�
��� � A ���
� � �3A 5��
� � ��� � 
�C K�� � A �
R � �
� �
� � ����K��:M �
R
� � A!�ICb� � ��A � "�� �
O*Q�� C 
 � C � ��A � ""�h�
O 
 � � � � C T�A � A � � �HK���4 5;R��
O ��� TDC A U T�� K�� R��
O � ��C���� F��

!#"�� � A�?BGBA 3 * �
?DA�A�/
�I9�8 / '�' = ?DA�)U8�� 8E) 9;/6'Q7 *
	 ?:-%) ��/ 1 /��2C#9�)5?D8 9;A�/ / ' "
GIHKM L*M
Y[HK_Vs rfhtM+nVab_8eKW[`bU abwPY[ht_XsXeKu+M:s¤��_kh,rfht_BnPa�wf� rfht_k�8htqkL u+_khth[M<u¬Y[wKM:WtW*��_8h[�XW*°KwKM ��_kh �o¥A£ � §
W[UVL�^D_k`�a�u�Yth[M:M:W:® 	]_B��M+n8M+h<�P��HKM+w¯`b_V_8rKW�q}htM�u
_kwAWZadsXM+htM:s��VY[HfM�Wtq}L*M�htM:qkW[_kwKabwf�*u+qkwfwf_kY]^AM�qkrfrf`�abM<s
qkwVU�`b_8wf�kM:h:® !�wfM�W[Hf_kef`ds�L%q}�kMRa�wX°KwfabY[M�W[UVL�^D_k`�a�u�Yth[M:M:W�°KwfabY[M8®

GIHfM�WZ_8efhtu+MI_}�>abwX°Awfa YtM+wfM<W[Wo��_kh�YtHfM4W[UVL�^D_k`�a�u�Yth[M:M�abw��)a��kefhtMI��M�+>M:u¬Ytabn8M+`�U/adW'YtHfM4qksKsXabwK��_}�>UkM
Y
qkwf_}YtHfM+h)wfM:� rKq}Y[H*u
_kwAsXa Ytab_8w�M<qkuvH�YtabL*MIYtHfM �!� ��
�C]�8eKq}hvs<,� �a�wfM � ��abw ��T C � ADC � A�� �*E�E������ � � � � � T
qk^A_Bn8M�-�a�W\nVa�W[abY[M:s�® ��M­W[Hf_keK`�s¡Y[HVeKW �[u
eXY.!�Y[hvq}wKW[nkM:htWtq}`�`�U Y[HKa�W ��� ��
 C `�_P_8r a�w _8htsfM+h/Y[_�h[M:wKsXM+h
YtHfM*Y[htM+M*°Awfa YtMk®¯GIHfM�u
efY�rA_8abwPY�adW�rf`dqku+M:s qB�¦YtM+h�YtHfM��keAq}hvs adW�M+nBqk`beKq}Y[M<s�qkwKs�^AM+��_khtM�q}wVU ^D_XsXU
a�wKWZY[hteKu¬Ytab_8w�® �±w%_kefh�M
�fq}L*rf`�Mk�kY[HfM4u+eXYZYtabwK��rD_ka�w8Y�WZHf_8ef`ds*^AM]rK`�q8u
M4q}Y" �a�wfM � �¬®	��qk`b`KY[HfMRWZUVL�^D_k`�adu
M+�XM:u
efY[a�_kw­Yth[M:M\WZYtqkhZYtabwf��qBYRY[HfM*u
efYZY[a�wf��rA_8abwPY�q}wKs °KwfadWZHKabwf��a�L\L*M<sXa�q}Y[M:`bU­qB�¦YtM+hRY[HKM/`�_V_kr ^D_XsXU
adWIM
�XM<u
eXYtM:s �����i©����*¨v �� £��\§
	V§������Å£Í B¥ �¿ª[§v§+®oNVabwAu
M�_kwKM���a�W[HfM:W�YtHKqBY�YtHfM�u
efY�Y[htM+M�a�W]h[M:rfh[M<WZM:wPYtqBYtabn8M
_k�)qkwPU,u
eXY4W[UVL�^D_k`�a�uRM
�XM<u
eXYtab_8w,Yth[M:Mk�fqkwKs�^DM:u:q}eKW[M�_kwKM�sf_PM<WIwf_}Y]HAq�nkM�q}wVU�rfhtM+nVa�_keKW��Vwf_B��`�M:sX�8M
qk^A_8eXY*wfM+abY[HfM:h\Y[HfM�rKqBYtH u+_kwKsXabY[a�_kw ��HfaduvH `�M:qksKW�YtHfM,M+�XM:u
efY[a�_kw¡Yt_ YtHfM¯u
eXY[Y[a�wf��rD_ka�wPY\wK_kh\Y[HfM
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W[UVL�^D_k`�a�u/nBq}`�efM:W�_k�inBq}hta�qk^f`�M:W:�F_kwfM*L�eAWlY�u
_8wKW[a�sXM:h4YtHfM�W[UPL/^A_8`badu\WlYvqBY[M%q}YRYtHfM%u
eXY[Y[a�wf�¯rA_8abwPY�Y[_
HAq�nkM�YtHfM*rKqBYtH�u+_kwKsfa Ytab_8w F ��abwKa Yta�qk`ba &+M<s Yt_ A�T�UIC��/q}wKs�HKq�nVa�wf�,W[UVL�^D_k`�a�u/nBq}`�efM:W���_kh�M:nkM+htU¯`b_V_8r
nBqkh[adq}^f`�Mk®
� abY[H­YtHfM�rKh[M:nPa�_keAW]u
_8wKWlYth[eAu¬Y[a�_kw �Aq�W[UVL�^D_k`�a�u�M+�XM:u
efY[a�_kw WZYtq}h[Y[a�wf��q}Y]Y[HfM\u
eXY[Y[a�wf��rD_ka�wPY�q}wAs

htM:q8uvHfa�wf�RY[HfM�M+wKs*_k�DYtHfM]`�_V_kr%adWohtM+rfhtM:W[M+wPYtq}Y[a�nkMI_}��qkwPU\u
eXY�WZUVL�^D_k`�aduIY[htM+M8�8qkWi��M]qkh[M]u+_kwKW[adsXM+htabwK�
YtHfM%u
eXY�rD_ka�wPY�W[UVL�^D_k`�a�u\WZYtqBYtM\Y[_�^AM*YtHfM*L\_PWlY��kM:wfM+hvq}`'_8wfMk®\GIHfM*rfh[_V_k�i_}�Iu
_khthtM:u¬YtwfM:WtW���_8h�Y[HfM
,Íabwf°KwfabY[M�-RM:wPY[a�h[M*WZUVL/^A_8`badu�Yth[M:M\u:q}w�^AM�u+_kwKWZY[hteKu¬YtM:s ��h[_8L rfh[_V_k�ÍW4��_8hRY[HfM2,¦°Awfa YtM�-�u+eXY�WZUVL�^D_k`�adu
Yth[M:M:W:®

G�_/sX_�Y[HfadWirKh[_V_}�l�P_kwKM�jleKWZY�wfM:M:sfWiY[HfM�abwKrfeXYZ� _kefY[rfeXY�q}wKwf_}YvqBY[a�_kwAW'��_khiY[HfMRu
eXYIWZUVL�^D_k`�aduIY[htM+M<W+�
��HKM+htM�Y[HKM,a�wfrfeXY*adW\q8W[W[efL*M:s qBY�YtHfM¯^AM:�ka�wfwfa�wf� _k�]Y[HKM,`�_V_kr qkwKs Y[HKM,_8eXY[rfefY%q8W[W[M+h[Y[M<s qBY\Y[HfM
M:wKsF®)�±w `�a YtM+hvqBY[eKh[M8��YtHfadW��Va�wKs¡_k� �lefwAuvHKq}wf�8abwK��!%rfh[_8rAM:hZYtabM<W�qkh[M�u:q}`�`bM<s �ZabwVnBq}hta�qkwPYtW !v® GIHfM:U q}htM
u:q}`�`bM<s �ZabwAsXeKu¬Ytabn8M�!�^DM:u:q}eKW[M�Y[HfM:U�u
_khthtM:W[rA_8wKs%��abY[H,Y[HfM�a�wKsXeKu
Y[a�nkMRHPUVrD_}YtHfM:W[a�W�a�w�YtHfM�eKW[eKq}`>rfht_V_}�
^VU�L%q}Y[HfM:L*q}Y[adu+qk`FabwKsfeKu¬Ytab_8w�®

�4_B����WZefrKrA_PWZM�Y[HKq}YS�Z^VU�L%qk�kadu�!�_kwKM/�Vwf_B�]W4_}��W[_kL*M�rKh[_8rAM:hZYlU��*Y[_,^AM%qkw abwVnBq}htadq}wPY4��_8hRqkw
M+�XM:u
efY[a�_kw¡Yth[M:Mk�o_8efh*u
_khthtM:u¬YtwfM:WtW�rKh[_V_}��rfh[_8�khvq}L�wf_B� `�_V_k�XW/q8W�^DM+`�_B��® GIHfM�M
�XM<u
eXYtab_8w WZYtq}h[YtW
��abY[H�Y[HfM��kM+wKM+hvq}`AW[UVL�^D_k`�a�u4WlYvqBY[MGK�� ����4 5�� � 4 ������4 �3��
�� F��p�$A�T�U C RP® �±w
 �a�wfM � �'Y[HfM�abwVnBq}htadq}wPY ��a�W
q8W[W[efL*M:s¯qkwKs���h[_8L  abwKM:W � ��Y[_)O*Q��iYtHfM�`�_P_8r­^A_XsXU�adW]M
�XM<u
eXYtM:sF®S=�sfsXabY[a�_kwAq}`�`bU8�  �a�wfM<W O�O���q}wAs
O 	 ��M+wKW[efhtM�YtHKqBY�abY�adW�q}`���q�UXW4rA_PW[W[ab^K`bM/Y[_�efwfht_k`�`'_kwKu+M\qk�8q}a�w­YtHfM*`b_V_kr ��q}wKs `ba�wfM:W O�O��]q}wKs O 
 �
YtHKqBY�_kwKu+MIY[HfM]`�_V_kr\°KwfadW[HfM:s\Yt_�sX_�abYtW���_kht�>�BY[HfM4_keXYtrfeXY�q8W[W[M+h[Y[a�_kw\L�eAWlYoHf_8`�s�®'�)a��kefhtM4zRrfhtM:W[M+wPYtW
YtHfM ,¦°Awfa YtM�-IW[UVL�^D_k`�a�u�Y[htM+M���_8hIY[HfM�`�_V_kr�^A_XsXU8®
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�
� � � � � U"E
C ���
� � ��� K�� M �
R
� � A!�IC�� � ��A � "�� �
O*Q�� C 
 � C"� ��A � ""�h�
O�O�� ��� K�� � A � R
O 	 � A!�IC�� � � � C T�A ���
O 
 � C 
 � C � � � C T�A � A � � �HK���4 5;R��
O ��� TDC A U T�� K�� R��
O � ��C���� F��
NV_8L*M
Y[HKabwf�­adW�L*a�WtW[abwf�¯a�w _kefh�htM:q8WZ_8wfabwK�K®B�±w��Íq8u¬Y<� ��HKq}Y���M%sXM<W[u+h[a�^AM<s�qk^A_Bn8M*��q8W4YtHfM�u
_8hZ�

htM:u
Y[wfM<W[Worfh[_V_k�D��_8hoYtHfM4u+q8WZMJ� �±  ������abw*YtHfM4��HK_k`�M]^VU/a�wKsXeKu
Y[a�_kw%rfht_V_}� #P_kwfM�WlYtab`�`KwfM:M:sfWiY[_�rfh[_Bn8M
YtHKqBY �%Hf_8`�sfW4��_khRYtHfM/^AqkW[M/u+q8WZM8® �±w�_kY[HfM:h���_khvsfW:�A_8wfM/wKM+M:sKW4Yt_,rKh[_Bn8M�Y[HKq}Y �%HK_k`dsfW4htM+�Pq}hvsX`�M:WtW
_k��YtHfM�W[UPL/^A_8`badu�WZYtqBYtM�qBY�YtHfM�abwKa Yta�qk` rfht_k�8htqkL rA_8abwPY:®�GIHfM�a�wfa Yta�qk`�rfht_k�8htqkL rA_8abwPY4u+qkw¯^AM�W[M+M:w�q
�Z^VU�sXM+�Íq}ef`bY !�u
eXY[Y[a�wf�%rA_8abwPY<® � M:`b_Bn8M���M�WZHf_B�]W�YtHfM�^KqkW[M�u+q8WZM���_kh�_8efh���T C � ADC � A�� �*E�E������ � � � � � T
rKh[_8�khvq}L¯®  abwfM<W � �IqkwKs O 	 ��M+wKW[efhtM�Y[HKq}Y4YtHfM�a�wPnBqkh[adq}wPY ��adW]htM:q8uvHKq}^K`bMR��ht_kL�Y[HfM�rKh[_8�khvq}L2u+eXYZ�
YtabwK��rA_8abwPY<®��]_}Yta�u+M�Y[HAqBY���M�sX_�wf_}Y�u+_kwKW[adsXM+h�YtHfM�`�_V_kr­�8eKq}hvs¯qkW]rAq}h[Y]_}��Y[HKM�abwVnBq}htadq}wPY]^AM<u+qkeKWZM
q8u¬YteKq}`�`bU Y[HfM��8eKq}hvs�L\a��kHPY�^DM:u+_kL*M(� � 
 � C¯q}Y�Y[HfM�M:wKs _}��Y[HKM�`b_V_8r�^D_XsXUk®  �a�wfM)O 
 ��Wtq�UVWRYtHKqBY
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cut:

x:X, y:Y, a:A, b:B;
PC: true

7:

PC: GCD(A,B)=GCD(X,Y)&
A>B

x:X, y:Y, a:A, b:B;

9:

PC: GCD(A,B)=GCD(X,Y)&
A>B

x:X, y:Y, a:A−B, b:B;

8:

x:X, y:Y, a:A, b:B;
PC: GCD(A,B)=GCD(X,Y)

11:

PC: GCD(A,B)=GCD(X,Y)&
A>B & A−B=B

x:X, y:Y, a:A−B, b:B;

PC: GCD(A,B)=GCD(X,Y)&
A>B & A−B=B

x:X, y:Y, a:A−B, b:B;

Verified A−B=GCD(X,Y) 13:

PC: GCD(A,B)=GCD(X,Y)&
A>B & A−B=B

x:X, y:Y, a:A−B, b:B;

11:

PC: GCD(A,B)=GCD(X,Y)&
A>B & A−B!=B

x:X, y:Y, a:A−B, b:B;

PC: GCD(A,B)=GCD(X,Y)&
A>B & A−B!=B

x:X, y:Y, a:A−B, b:B;

12: GCD(A−B,B)=(X,Y)Verified

PC: GCD(A,B)=GCD(X,Y)&
A<=B

x:X, y:Y, a:A, b:B;

10:

8:

PC: GCD(A,B)=GCD(X,Y)&
A<=B

x:X, y:Y, a:A, b:B−A;

PC: GCD(A,B)=GCD(X,Y)&
A<=B & A!=B−A

x:X, y:Y, a:A, b:B−A;

x:X, y:Y, a:A, b:B−A;
PC: GCD(A,B)=GCD(X,Y)&

A<=B & A!=B−A

11:

12: GCD(A,B−A)=(X,Y)Verified

x:X, y:Y, a:A, b:B−A;
PC: GCD(A,B)=GCD(X,Y)&

A<=B & A=B−A

x:X, y:Y, a:A, b:B−A;
PC: GCD(A,B)=GCD(X,Y)&

A<=B & A=B−A

Verified A=GCD(X,Y) 13:

11:

14:15:

x:X, y:Y, a:A, b:B−A;
PC: GCD(A,B)=GCD(X,Y)&

A<=B & A=B−A

14:15:

�)a��kefhtM�z � �V� WZY[M:r���_8h�� TDC � ADC � A�� �*E�E ����� � � � � � T

htM+�Pq}hvsX`�M:WtW�_}�4��HKM
Y[HKM+h �¯a�W*q�u
_khthtM:u¬Y/`b_V_kr abwVnBq}htadq}wPY:�)Y[HKM�_8eXY[rKeXY\rKh[_8�khvq}L�q}wfwf_kYtq}Y[a�_kw¡L/eKWlY
HK_k`dsF®)�)a��kefhtM]|�W[Hf_B�]W)Y[HfM ,�°KwfabY[M*-oW[UPL/^A_8`baduIM
�XM<u
eXYtab_8w/Yth[M:MI��_kh'YtHfM]^Kq8WZM]u:qkW[Mk®�p]M:qksfM+hoadW�a�wPnVabY[M<s
Yt_%u
_kwAWZef`bY ���<{V�F�<~X�K|��F��_8h�L*_khtMRa�wX��_8h[L%qBYtab_8w�qk^A_8eXY]WZUVL/^A_8`baduRM
�XM:u+eXY[a�_kw�®

O�� F T���� C�� U TDC ��TDC � A C � A�� ��E�E ����� � � � � �"THK ��4 5 R
	 � � C���
�� TDC ��4 5�4 �h4 � � ��� A C�PDC T��

 � � � � U"E
C � M:Q �B5 M Qp�
��� � A ���
� � �3A 5��
� � ��� K�� � A � R
O 	 � A!�ICb� � � � C T�A ���
O 
 � C 
 � C � � � C T�A � A � � �HK���4 5;R��
O ��� TDC A U T�� K�� R��
O � ��C���� F��

V�V Æ�WIX�Y�Z�[



� � �  ��%¨+£¦¥K£¦¥���©����%¨t  �Ë£��*§L	V§������¿£Í }¥ �B¥
���% ��8§����
�K§
���}£¦¥��

x:X, y:Y, a:A, b:B;
PC: X>0 & Y>0

x:X, y:Y, a:X, b:B;
PC: X>0 & Y>0

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0

4:

3:

5:

x:X, y:Y, a:A, b:B;
PC: true

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0 & X=Y

6:

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0 & X!=Y

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0 & X!=Y

6:

12:

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0 & X=Y

Verified X=GCD(X,Y)Verified GCD(X,Y)=GCD(X,Y)

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0 & X=Y

14:15:

x:X, y:Y, a:X, b:Y;
PC: X>0 & Y>0 & X!=Y

14:15:

13:

�)a��kefhtM�|D� � qkW[M�u:qkW[MR��_kh���TDC�� ADC � A � �*E�E �b��� � � � � � T

� �\���������
�
���������������
��	 �
	��������	�
����
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= W[UVL�^D_k`�a�uIM+�XM:u
efY[a�_kw*^KqkW[M:s/��hvq}L*M+��_kht��HKq8W�^AM:M+w*htM:u
M:wPY[`�U�^fefa�`bYi_kw\Y[_8r*_}�DY[HfM 5*7�8�7 	 7�

�������������
L*_XsXM:`�uvHfM<uv�kM:h<,�5 	 ��-<�b�<|*�Å® 5 	 ��adW/qkw M
�Xrf`�a�u+a Y%WlYvqBYtM�L*_XsXM+`IuvHfM:uv�8M+h���_8hB5*7�8�7¯rfht_k�khvq}L%W�YtHKqBY
HAqkW]^DM+M:w ^feKab`bYR_8w¯Y[_8r _}�iq,u
eKWZY[_8L/� L%qksXM 5�7�8�7�� ��� 
��*7�� �B7 J � �����<,�5 ���6-¬®
� YRu:q}w HKqkwKsX`�M/qk`b`�Y[HfM
`dq}wK�keKqk�kM���M<qBYtefh[M<W�_}� 5*7�8*7V�)q}wKs�qksKsXa Ytab_8wKq}`�`�U­a Y�Yth[M<qBYtWRwf_8wX�±sXM
YtM+htL\a�wfadWlYta�u*uvHf_8a�u+M*M
�XrfhtM:WtWZM<s a�w
qkwfwf_kYtqBYtab_8wKWI_}�)Y[HKM�rfht_k�khvq}L ^DM+a�wf��qkwKq}`�U�&+M:s�®i�f_8h]WZUVL�^D_k`�adu�M
�XM:u+eXY[a�_kw�Y[HKM�L\_XsXM:`�uvHfM<uv�kM:h��IqkW
M+�VY[M+wAsXM:s�Y[_�qk`b`�_B�¡^Kq8uv�8Ythtq8uv�Vabwf����HfM+wKM+nkM:h�q�rAqBY[H*u
_8wKsXabY[a�_kw*adW'efwKWtqBY[adWZ°Aq}^f`�Mk®)G _�sXM+Y[M:h[L*a�wfMIY[HfM
WtqBYta�WZ°Aqk^fab`�abYlU�_k�Aq���_8h[L/ef`�qK��5 	 �Ru:q}`�`�W)q4sfM:u
adW[ab_8w�rfht_Vu+M:sXeKh[MorKh[_BnVadsXM:s�^VURY[HKM�� � � � 7�`�ab^Khtqkh[UB�b��z�� -¬®
=4w q}wKwf_}YvqBY[a�_kw � P���� TDC�����K����b���;RRa�W�eKW[M:s¯Yt_,q}`�`�_B� ^Aqkuv�PY[hvqkuv�Va�wf�\S ��HKM+wfM:nkM+h ���b���,M+nBq}`�eKq}Y[M:W
Yt_6A�T�UIC/Y[HKM�L\_XsXM:` uvHfM<uv�kM+hI��a�`b`�WZY[_8r¯M
�Xrf`�_khtabwf�/Y[HKM�^fhtqkwKuvH,qkwKs�^Kqkuv�PYthtq8uv�D®

NVUVL/^A_8`badu�M
�XM:u+eXY[a�_kw,Y[M<uvHfwfadcPefM:WIYthtq8sXabY[a�_kwKqk`b`�U�q}ht_8W[MRabw�Y[HKM�u
_kwPYtM
�VY�_}��WZM<c8eKM+wPY[adq}`Frfht_k�8htqkL%W
��abY[H q,°f�XM:s�wVefL/^AM:h�_}��abwPY[M:�kM:h�n�qkh[adq}^K`bM<W+®6�±w �b�<|*� ��Y[HKM:W[M*Y[M:uvHKwfa�cPefM<W�HKq�nkM*^DM+M:w�M+�VY[M+wAsXM:s�Y[_
HAq}wKsX`�M%sXUVwKq}L*adu+qk`b`�U q}`�`�_Vu:qBYtM:s�sfqBYvq�WZY[hteKu
Y[efhtM:W:��§�� �����)`badWZYtW�qkwKs Yth[M:M:W:��u+_kL*rf`�M
� rfhtM:u+_kwKsfa Ytab_8wKW+�
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§�� ��� sXadWtq}`�`b_B��a�wf� u
UXu
`�a�u¯`�adWlYvW+��_}YtHfM+h%rfhta�L\abY[a�nkM sKqBYtqK�R§�� ��� WZY[htabwK�8W:��q}wAs¤u+_kwKu+efhth[M:wKu
U8® = �8M+U
��M<qBYtefh[M­_k��Y[HfM qk`b�8_khta YtHfL a�L*rf`bM:L*M+wPY[M<s abw 5 	 �¡a�W%Y[HKq}Y�a Y�WlYvq}h[YtW*YtHfM W[UPL/^A_8`badu¯M
�XM<u
eXYtab_8w¤_k�
q�rfht_Xu
M<sXefhtM,_8w �X¥A£¦¥K£ �Å£ ���Ë£��<§��¤abwKrfeXYtW�q}wKs eKW[M:WG�'����� £¦¥A£ �¿£ � �Ë£�� ���Å£Í B¥�Y[_ qkWtW[ab�8w nBq}`�efM<W\Y[_�Y[HfM<WZM
a�wfrfefYtW:® ��_kwAWZM<c8eKM+wPY[`�Uk��YtHfM¯rKq}hvq}L*M+Y[M+hvW\q}htM�a�wfa Yta�qk`ba &+M<s ��HKM+w Y[HfM:U¡q}htM�°KhvWZY*q8u+u
M<W[W[M:s sXefhtabwf�
YtHfM�WZUVL/^A_8`badu4M+�XM:u
efY[a�_kw�_}� YtHfM�rfht_Vu+M:sXeKh[M8®'GIHKa�W��Íq8u¬Y]q}`�`b_B�]W�W[UPL/^A_8`baduRM
�XM:u+eXY[a�_kw,_}�)rfh[_Xu+M:sXefhtM:W
��abY[HK_keXY)h[M<c8eKabhtabwK�]q}w�q�rKh[a�_khtak^D_kefwAs�_kw�YtHfMiwVefL/^AM:h�_k�XabwfrKeXY)_8^XjlM:u
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while (

}

Body

C) {

Declare x;

� Ä������	����%�qÌÀ+À¬È

if ( C ) {

yes

You are done!

I is inductive

strength I with
I /\ ~ ( pc1 \/ pc2 \/ ... \/ pcr )

counter−example

pc1 \/ pc2 \/ ... \/ pcr

X = symbolicOf(x);

Body

}

assume ;I

assert ;I
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