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Controle par la géométrie et métrique de domaine par
geodesique de tubes

Résumé : On considére I’évolution faible de domaine via la convection d’une partie mesu-
rable par un champ V peu régulier. On introduit le concept de tube “par espace produit” et
I’on établit un résultat de fermeture conduisant & des résultats d’existence en controle par
le domaine mobile et & une nouvelle métrique de domaines utilisant les géodésiques de tubes

Mots-clés : convection, tube, controle par le domaine dans la chaleur non cylindrique,
nouvelle topologie sur les domaines par géodésiques de tubes
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1 Introduction

The weak convection of measurable sets ([21], [20], [12]) has been introduced in relation with
the shape differential equation and related topics such as variational formulation of Euler
equation.

1.1 Weak convection of domain

Possible topological changes were already considered in [18], [19], .... as a nonsmooth ex-
tension of the “Speed Method” introduced in [15], [16], [17]i,...[12],[3] to describe a large
evolution of geometrical domain (or shape or image). The transverse variation analysis led
to derivative (with respect to the speed vector field) of functional associated to the evolu-
tion tube. We proposed eulerian variational formulation for several classical problems such
as incompressible euler flow ( in [12], [20], minimal curves, elastic shells.... in[21]. Those
derivatives turn to be governed by a geometrical adjoint state \ which is backward and
is obtained with the use of the so-called tranvserse field Z introduced in [19]. The shape
differential equation introduced in 1976 ([15]), extended to the level set approach (whose
speed vector approach was contained in the free boundary modeling in 1980 [17]ii)should
now be developed using toghether the weak evolution and the so called "topological deriva-
tive". We enlarge that approach to variational problem related to the analysis and Tubes
evolution . We focus on the compacity results and we proposed three "families" of "viscosity
constraints" on the vector fields V' leading to existence results connected to the "parabolic
version" of the compactness of the inclusion mapping from bounded variation functions in
integrale functions . The last one is based on the use of perimeter and "Density Perimeter"
properties ([7], [8])-

1.2 Tube by product spaces

The present paper is concerned with a more complete analysis of the “tube by product
spaces” approach introduced in [21]. A tube is a couple ((,V') satisfying the convection
problem 13. when V is smooth , the characteristic function can be deduced from the initial
domain as ((t) = xq,0T:(V)~!, where T;(V) is the flow mapping associated to V. The
main point is the result concerning the closure of the family of such tubes under perimeter
constraints. Using a specific choice of control functional in the heat equation we make use
of weak compacity associated with the closure in order to derive existence result for both

INRIA



Dynamical Shape Control and Shape Metric by Tube Geodesic 5

weak solution of the heat equation and for the non smooth optimal tube ( in which the heat
equation solution turns to exists).

1.3 Application to Shape distance by Tubes.

The tube induces a characteristic function which is time continuous, namely ¢ € C°([0, 7], L?(D))
so that we say that two domains @y and €, are tube-connected ( or simply connected) if
there exists a tube (¢, V) such that {(0) = xq,, {(1) = xq, (here the final time can be
choosen as 7 = 1). The new distance is associated to the minimization with respect to such
tubes ({,V) of a functional involving perimeter terms and norms in L' of both V and its
divergence field.

2 Smooth (or Classical) Tubes

Being given for each ¢ as smooth domain ;, we consider the non cylindrical evolution

domain
Q= |J = (1)
0<t<T
With smooth lateral boundary
s= |J (=T, )
o<t

We denote by v the unitary normal field on X, it can be written as :

1
v(t,r) = m(—v(tﬂf) , ne(x) ) 3)

We call v the “normal speed of the boundary” as, following [16], any smooth vector field V'
whose flow T3 (V') builts that @ (i.e. such that Q; = T3 (V) (Qq)) verifies < V (t),ns >= v(t)
on I'; := 0. Conversely if v =< V,n; > then the field V built Q. When @ is smooth
enough it can always be built by a gradient: there exists V' = VA which builts @ (see[21]).

3 Heat Equation with Insulated Boundary

We consider the non cylindrical situation: the boundary ¥ is insulated or adiabatic. As
the domains moves it is not the usual neumann boundary condition but the one described
bellow.

3.1 The Strong Formulation

Non cylindrical evolution problems, such as Navier Stokes equation for moving boundaries
in a fluid (see [11])is a chalenging optimal control issue. In the case of linear problems we
deal with easier situations. Nethertheless a difficult issue is that we need to handle such

RR n° 5271



6 J.-P. Zolésio

problem with non smooth geometry. The study of non cylindrical heat equation is a old
story. Far from being exhaustive here let us quote the works by P. Acquistapace [1], and
recentely in [4]. In these works the boundary of the moving domain should be smooth
enough. The obvious technic was based on the transport into a cylindrical problem which,
in term of abstract setting, leads to a dynamical system with a non autonomeous operator
with a moving domain. Here we revisit that analysis in the scope of the Optimal Control
of the moving domain ;. As classicaly in shape analysis, the control parameter will be
the speed vector field V' (t, ) whose flow mapping T;(V') builts the non cylindrical evolution
domain Qv = Ug<i<r {t} X Q. Let V € C°([0,7],C*(D,RY)) with V.n = 0 on 8D, the
moving domain is Q; := T;(V)(€) and its characterisitic function is ¢ = (poT3(V) L. We
consider the unique solution u to the parabolic problem:

o} o}
Y~ Au = 01in Qv, Er + vu = 0 on the moving boundary Ty, u(0)=wug (4)
t

This b.c. cannot be written as a%“ =0 on the lateral time-space boundary X.

3.2 The weak formulation

is the following one:

Vo € CL(0,7] x R™) with ¥(r) = 0, /OT/Q (—u %w + Vuv)dide = [ 9(0)(@)do
t 0 (5)

Introducing U(t, z) = u(t)oT:(V)(z) the transported solution on the cylindrical domain, we
get U as solution to the parabolic boundary value problem:

U +U(InJ);—J *div(U J DT L.V (t)oTy(V)) = J L div(J DT L.(DT*)"1.VU) =0 (6)
with the boundary condition

< DT,(V)"L.(DTy(V)™H)*.VU,n > + < DTy(V) L.V (t)oTy(V),n > U =0 (7)

3.3 Optimal Control Problem

Given some element Uy € L?(D) and o > 0, we introduce functional in the following form

i) :1/2/0T/D C((u=Ua)? + |Vul)dzdt + /2 /0T|V(t)|2dt (8)

For some (“strong enough”) norm on the vector field V(¢). Then that functional should
be minimized with respect to the vector field V. If the norm on the field is in the form
[V ()] = [[V(#)||as(p,rY), With s large enough, that functional would reach its minimum
on E, = L2(0,7, H*(D, R™)). The objective of that work is to understand in which frame-
work we could extend that type of result to non smooth tubes involving possible topological
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Dynamical Shape Control and Shape Metric by Tube Geodesic 7

changes in the evolution domain, such as creation of holes, changing the number of connected
componants. . The basic classical idea being to characterise the tube by the convected char-
acteristic function {(t) of the moving domain. The convection equation by the vector field V'
need not V to be smooth (say Lipschitz continuous). The arising question in that analysis is
to caracterise the “minimal” regularity on the vector V' which enables the convection analy-
sis. From the work of Di Perna and P.L. Lions [10] , P.L. Lions [14], the space W(D, RN)
furnishes a solution through a very thin analysis of the flow mapping defined almost every
where. Recentely those results are improved by L. Ambrosio [2] who , using the finite rank
theorem of Alberti, solves the convection equation and associate measure transportation
problem, with vector field ranging in the BV (D, RY) linear space (with also some uniform
boundedness).In these situations it is very difficult to treat the variation problem of the
functional j(V') as the involved norms induce complicated weak topologies , weak compact-
ness and lower semicontinuity. We adopt here a different view point : taking advantage of
the minimization problem we will add to the functional a term in the form:

a||P(02)Bv(0.m) 9)

where P will be “a perimeter” ( namely here the usual BV perimeter in D or the Density
Perimeter P, introduced in [8],[7]) but could be also some Sobolev norm of the oriented
distance function in a tubular neighboohoud around the boundary, see [6]. We will consider
minimizing sequences V,, in the lipchitz continous class £ and from the previous additive
term we will get some perimeter boundedness which will be enough to “forece” both tubes
Qv, and V,, to respectively converge to limit element @,V with @ = Qv in the convection
meaning that we shall make precise in the next section. Then we solve the minimization
problem on some “natural” closure of the familly of weak tubes (Q,, V,,) that we shall denote
7}2’”(;(’0, see 28. Of course for such very non smooth tubes () there is no existence results for
the solution u to the heat problem. Nethertheless trough its weak formulation and the
boundedness of u, which derives from the minimization of j(V,,) we shall derive that .,
weakly converges to some limiting element u which turns to be a weak solution to the heat
problem under consideration in the non smooth tube @). In that sense we claim that (under
the had hoc choice of the functional j in energy form ) the optimal control of the solution
leads to the existence result. We hope that simple exemple could open the technic to more
complicated situation as control of moving shapes in incompressible viscous fluid. That
last point will require the perimeter term to be more “reach” than the BV one. In other
words, the Cacciopoli sets seem not adapted for the PDE analysis as they are not open (
nor necessarely quasi open) subsets.It is the reason for which we propose to make use of
P, (09Q;) which permit to fully characgterize the limiting element u as a solution to the weak
form of theheat problem in the limiting non smooth tube Q.

3.4 Optimization Problem

We consider the minimization problem

Inf {j(V.Q) | (V;Q) €T} (10)

RR n® 5271



8 J.-P. Zolésio

4 Domain Convection

We consider a bounded open domain D in RY and smooth vector field V € C°([0, 7], W' (D, RY))
with a D bilateral viability condition < V,n >= 0 on 0D Then the flow mapping T;(V)
associated to V' maps smoothly the set D onto itself. For any measurable subset Q2 C D we
defined the convected ( or perturbed ) domain 2, = T3(V)(Q2) whose characteristic function

C(t) = (qoT, *(V) solves in distribution sense the classical convection equation 13. Given
initial datum ¢ and 1 in L?(Q) and right hand sides f and g in L'(0, 7, L?(D)) we consider

the following problems

HO) = bo, 526+ VOV = | (1)
$0) = o, o0 + din(wV) = g (12)

Proposition 4.1 Assume V € L%(0,7, L%(D, RN)) with div € L%(0,, L?(D)).
Then,
if (divV)* € L1(0,7, L>=(D)) then there exists a solution
¢ € L>(0,7, L*(D)) N H'(0,7, H (D)) C C°([0,7], H '/*(D)),
if (divV)~ € L'(0,7,L>°(D)) then there exists a solution
¢ € L>(0,7, L*(D)) N H'(0,7,H~'(D)) € C°([0,7], H'/*(D))

The immediat idea would be to consider divV € L!(0,7,L>°(D)).Then both problems
have solutions. They are, formely, adjoints problems one an other then we could be tempted
to conclude for uniquiness to both problems. Now of course that argument does not works
as one of the two solutions ¢ or ¢ should be smooth in order to be "put in duality". The
second argument would be a renormalisation like consideration: if ¢ was the unique solution
associated with f = 0, then ¢? would be also a solution by classical chain rule so that we
would get ¢ = ¢2. Indeed that chain rule would need extra regularity for that solution ¢.
The conclusion is that under previous poor regularity on V' we will not get existence nor
uniquiness for shape convection problem 13:

C(0) = oo o€+ VCV =0, (= ¢ (13)

5 Tube by "product space"
To give a sens in 13 to the product V(.V we write it as
V(V =div(( V) — (divV

Then, as soon as ( € L*((0,7) x D), that term makes sense in L(0,7, W~=11(D)) when V
and its divergence divV are in L' (0,7, L'(D)). Through the equation 13, any solution ¢ in
L* is then in W' (0, 7, W="1(D)), then in C°([0,7], W~'/>1(D)). Being given a “universe

INRIA



Dynamical Shape Control and Shape Metric by Tube Geodesic 9

“ bounded domain D, a measurable subset Q¢ and two real numbers (p,q), 1 < p < oo,
1 < g < o0, we consider

EP1 ={V e LP(0,7, LY(D,RN)) s.t. divV € LP(0,7,LYD)), < V,n >=0 ondD }
(14)

Tt ={(V,¢) € €71 x C°([0, 7], W—Y/2Y(D)) verifying 13, and ¢ € L'(0,7, BV (D)) }
(15)
Notice that in the tubes elements the continuity for the characteristic function ( is stronger.
As ¢ = (% we get the continuity in LP(D) for all finite p :

Proposition 5.1 Let ¢ € C°([0,7], W~/>Y(D)) and ¢ = ¢? then , for all
p, 1< p <oo, ¢€C0,7],L7(D))

The proof is done by density of W'/21(D) in L?(D).

The limit case ¢ = 1 will be of great interest in that study while the "ideal situation"
p = q =1 is still out of the scope of that paper. For several variational situations we shall
consider p = ¢q and then we shall write £2. As soon as ( verifies ( = (2 it can be written
as the characteristic function of a measurable subset @ in (0,7) x D (defined up toa N +1
zero measure subset), that is { = xq, also for a.e.t we shall write {(t) = xq,. The condition
¢ € LY(0,7, BV (D)) is then equivalent to the more usual one

/ " o) dt < oo (16)
0

6 Minimal Speed V*

We consider the convex set of vector fields V' which built the same geometrical tube (:
Proposition 6.1 Assume q > 1. For any element ( = ()? the set

K({)={Vee&r? st (V,()eTH!} (17)
is a ( may be empty) closed convex set in EP1 and then there exist a unique element V& e

K (¢) with minimal L?(0,7,L%(D)) norm. In particular for p = q¢ = 2 that unique minimal
speed vector field is characterised as follows:

A ={We&st. V(W =0 (as element of H-*(D) )} (18)

YW e A(Q), /OT /D (V.W + divV divW )dzdt = 0 (19)

RR n® 5271



10 J.-P. Zolésio

7 T5% is weakly closed

We define the topological locally convex linear space L>(0,7,C2,,,.(D, RN)) as being the
inductive limit of the Banach spaces L>(0, 7, C°(K, R")) when K ranges among the com-
pact subsets of D. A sequence g, converges to zero in that space if there exists a compact
set K such that

n, gn € LOO(O:TacO(KJRN))a ||ma$z€1_) |gﬂ('5x)| ||L°°(0,T, RN) — 0, n—=>0

We consider the Banach vector spaces of bounded (vector) measures M!(D, RY) and the
Banach space L' (0, 7, M (D, RN)) which turns to be in duality with L>(0, 7, C2,,,,,,(D, RN))
through the obvious bilinear form

1
<u,g>:=/ < u(t), g(t) > dt
0

We recall here the following result of [21]:

Theorem 7.1 Assumep>1,q > 1. Let (V,,(n) € 7’5’5‘1 verifying the three following weak
convergences (w.c.) :

i) Vi, (resp.divV,) w.c.to V(resp.to divV ) in LF(0,7,L9(D,R"N)) (resp.L?(0,7,LY(D)) )
(20)
The previous weak convergences refer to o(LP (0,7, LY(D)), L?" (0,7, L5 (D)) ) topology.

ii) Vg € L%(0,7, Clomp(D, RY)), / < Vea(t), g(t) > dt—> / < VC(),9(t) > dt (21)
0 0

Then the element (V,() belongs to T3

We investigate now the very important limiting case where p and/or ¢ are equal to 1.

Theorem 7.2 Assumep > 1 and ¢ =1. Let (V,,,(n) € 7}’2’(;1 and assume that :

i) Vp (resp. divV, )is bounded in LP(0,7,L*(D,R"N)) (resp. LP(0,7,L*(D))) and V,
(resp. divVi,) is weakly convergent in LP(0,7, M'(D, RY)) (resp. LP(0,7, M'(D)) ) to some
bounded measure p € LP(0,7, M*(D, RY)) (resp. divp € LP(0,7, M*(D)) )

i) Vg € 10,7, Cloy (D, BV)), VG, 9(t) > die > / " V), 9(t) > dt
0 0

Then the sequence (, strongly converges in L'(0,7,L*(D)) to some element { = (2 €
1°°((0, 7 x D))

The weaker situation concerns the limiting case p = 1, ¢ > 1 and the pointwise constraint
as follows:

INRIA
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Theorem 7.3 Let ¢ > 1, and let (V,,, () € TQI(;‘I and assume that there exists an element
6 € LY(0,7) such that

aet, 0<t <7, |[Va®llp o) + [divValpy < 60(F) (22)

So that V,, (resp. divV,,) are bounded in L'((0,7) x D, RN) (resp. in L*((0,7) x D) ) as
[Vallei(o,7)xD,rvy < |8|01(0,7). Moreover assume:

i) Vi, (resp. divV,,) is weakly convergent in M (]0,7[xD,RN)) (resp. M'(]0,7[xD)))
to some bounded measure p € M(]0,7[xD, RN)) (resp. divy € M*(]0,7[xD)) )

ii) Vg € L=(0,7,C%,, (D, RV)), / VG, gt) > di- > / V() 9(t) > dt
0 0

Then the sequence (, strongly converges in L*(0,7,L(D)) to some element { = (2.

That results are based on the following extension (already given in [21]) to the space L' (0, 7, BV (D))
of a result established in fluid dynamic analysis (see [13]) in the classical frame work of reflex-

ive Banach spaces. It concerns the " L' compacity" results for sequences f, of elements in
L'(0,7,BV (D)) whose (time) derivatives f! remain bounded in some weaker spaces. Notice

that in all space dimension N we do have

BV (D) c L}YD) c w+(D)
While , if N > 3, L' (D) is not a subspace of H~/2(D) , but we have:
VN, N <6, BV(D) c L}(D) c H-%(D)
In the sequel we shall designate by H the space W~11(D) or H~2(D) following the context.

Proposition 7.1 Let f, be a bounded sequence in L'(0,7, BV (D)) and assume one of the
two following assumptions:

i) &fn € LY0,7, W LY(D)) (resp.2 fn € LY 0,7,H %(D)), ) and there exists 6 €
LY(0,7) with
0
.€. — <
ae.t, |l fa®llm < 6(2)
Or

it) 2 fn € LP(0,7,H), p>1 and 2 fn is bounded in LP(0,7,W~11(D))
(resp. LP(0,7,H %(D)).

In booth situations (p = 1 or p > 1), such elements belong to C°([0, 7], W~1/21(D))
(resp. CO([0, 7], H-1/3(D)) ).

Finally assume that f,(0) = fo is a given element in BV (D).

Then there exists a subsequence strongly convergent in L' (0,7, L*(D)).

RR n® 5271



12 J.-P. Zolésio

Lemma 7.1

Vn > 0, there ezists a constant ¢, (resp. é,) such that V¢ € BV (D),

19l (py < nll9llBv (D) + cnlldllw-11(p)(resp..... + &, ||d|| -2(p) )

Proof of the lemma: assume that it is wrong. Then, ¥n > 0, there exists ¢, € BV (D) and
¢y (resp. &,) — oo such that

[|onllz1(Dy = nlldnllBv (D) + cnlldnllw-11(Dy (resp. ...+ & ||onlla-2(D))

We introduce v, = ¢,/||¢,||Bv (D), and we derive:

ol (D) 21+ eollnllw-r1(py 2 0 (resp. ... + & |[Yonllr-2(p) = 1)

But also ||[¢||1(py < cll¢mllBv(p) = ¢, for some constant c. Then from the previous
inequality : |[¢by||w-1.1(p) (resp.|[¢y|lm-2(py)) — 0. But as |[¢,||py(p) = 1, there exists
a subsequence strongly convergent in L'(D) ¢ W—11(D) N H~2?(D), which turns to be
strongly convergent to zero. This is a contradiction with [|1y|[L1(p) > 7.

Proof of the proposition: For simplicity we hall denote H = W~=5Y(D) (resp. H=2(D) ).
From the lemma, Vr > 0, there exists a constant ¢, such that

Vf e L'(0,7, BV (D)),

I[fllz10,,c1 (D)) < 7llfllLio,rBv (D)) + el fllLt (0,7 o)

We consider now the terms fn,m = fn — fm, for m > n. With the initial condition
frn,m(0) =0.

Given € > 0, by assumption || fo,mllz1(0,r,5v(D) < TV || famllLrorsvoy < 7V M,
if we chose r such that r 7'/9 M < 1/2¢, we shall get ;

‘ [ frmllLr0,r,01(D)) < 1/2 €+ ce||frmllLio,rm) ‘

At that point the conclusion will derive if we establish the strong convergence to zero of
fo,m in L'(0,7, H).

Now, as L'(D) C H , from the boundedness assumption of ||%fn||L1(07,7H), we get the
boundedness of f, », in the norm of the space Wh1(0, 7, H).

As we have the following inclusion: W'1(0,7, H) C C°([0, 7], H), then the sequence fy, m
is bounded in that space of continous functions, we get :

VE >0, |[fom®)lm < M

so that by use of Lebesgue dominated convergence theorem it will be sufficient to prove the
pointwise convergence of f, m(t) strongly to zero in H. We shall prove it at any t;. We
have fn m(to) = an + by, with

to+s to+s
=15 [ fum@dts b= =1fs [ 0+ 5 =017 (0

to to
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s is a “free parameter” in the previous identity which simply derives from the “by part
integration” of the expression f;ﬁs(to +s—1)f'(s) ds. The advantage of that representation
is that the term a,, being a time integral, brings the initial boundness of the sequences f,
and fy, m to the bondness in the usual BV (D) norm for which the usual compacness applies:

lanllavoy < 1/s [ | fnm®llmv(oyde < 21
0

Then a subsequence converges in L!'(D). Applying that argument for the sequence f,, itself,
then to f,,m, we derive that a, — 0 weakly in BV (D), then strongly inL! (D), then strongly
in H as n and m — oo.

Concerning the term b,, we have to consider booth hypothesis separately:

If p > 1 then by Hoelder inequality we get

to+s
oullr < / £ ()] dt
to

<[l de < 20051 (23)
0
(with 1/p+1/q = 1).

If € > 0 is given we chose s such that 2M s/ < €/2.
If p =1 we use the function 8 and derive :

to+s ,
ol [ e ®ll e
to

< / 20(t)dt -0 as s >0 (24)
0

Proof of the theorems:
Casep>1,q>1

Let be a sequence (V,,(,) € 757 verifying the convergences 20,21. By the Banach
Steinhauss uniform bound theorem we get the existence of M > 0 such that

/ 196 (8) |02 0y < M
0

and .
[ Oy + 150V, Yt < A

(that is that ||Vallze(o,r,r1(p,rY)) and ||divVal|Le(o,r,L1(p)) are bounded). Also as ¢ = ¢?
we get [, (ndz < meas(D) so that

[|¢nllL(o,r,BV (D)) £ M 4+ Tmeas(D)
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14 J.-P. Zolésio

To apply the previous proposition to f, = (, we have to verify the assumption concerning
f!. From the convection equation (that ¢, element of 7T, should verifies), we get:

9
ot
Then ¢, V,, is bounded in L? (0, 7, L'(D)) so that div(¢, V5,) is bounded in L? (0,7, W ~1:1(D)).
Then the proposition applies and ¢, — ¢ = ¢? in L'((0,7) x D) (it is well known that the

condition ¢ = ¢? is closed under L! convergence).
Casep=q=1, 6.

Co = —div(Ca Vi) + Co divV, (25)

again from 25 we get ||%Cn (t)|lw-1.1(py < 0,the proposition ii) applies .

In booth cases we have to verify that the limiting element ¢ do verifies the convection
problem 13.

We weak formulation of 13 is:

Yy € CH([0,7] x D), (r,.) =0,

// (2w~ divwvi))dzdt— [ (0,2)dz = 0
o Jp ot

Qo

in which we pass to the limit as
div(p V,,) = ¢ divV, + V.V, = div(y V)

in o(LP(0,7,L* (D)), L1(0,7,L>*(D)) and as ¢ € L*((0,7) x D) C L%(0,7,L>(D)).
Then in the limit we get V € K(¢). In order to get (V,() € 73’(;BV we have now to prove
that [ [|[V¢(#)|| a2 (p,ryy dt < +oo which will imply that ¢ € L*(0,7, BV (D)).

D being a bounded domain in RV with smooth boundary, we consider the locally convex
vector space F' = L>®(0,7,C° (D, R")) as being the inductive limit of the banach spaces

comp

L>(0,7,CY,,,,(K)) when K ranges in the family of compact subsets of D. It turns out that
we get

/ [IVCOm (p,rY) dt = supiger, a.et, veeD, gta)<1y < V(9>
0

Where the duality brackets < , > stands for the duality bilinear form pairing between F
and E = L'(0,7, M*(D, RY)). From Banach Alaglou theorem we get

/ [IVC)|| v (p,ryy dt < limin fi, s o) / [|VCa(t)||ar: (p,RYy dt (26)
0 0

Corollary 7.1 The mapping (V,{) — fOT [|VC(@)||arr (0,rYy dt + fOT ( |\V(t)||lj’dl(D’RN) +
||diUV||’£1(D) ) dt is weakly lower semi continuous on TS
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Dynamical Shape Control and Shape Metric by Tube Geodesic 15

In the sequel we shall designate , for any element (V,¢ = ¢*) € 737, by xq, the element
¢(t) € L?(D),1 < p < oo.
We have L?((0,7) x D) C L?(0,7,L' (D)) and

[ sdzlr < meas(Dy's [ 1717 do, then | 11fuq0 sy < measDY 1 ooy

8 Smooth Closure, the set 75

Of course Tq, is not empty as it contains tubes associated to smooth fields: for any smooth
vector field V., V € LY(0,, Lip(D, RN)) we denote by T;(V) its flow mapping.
For V € L(0,7,W1°(D, RY)) and € smooth enough, we get

Pp() = /8 M(DT)nollds < C / [V®)llwom oy dt ) Po(Q)
0 0

Then obviously the element (V, Cq,0T, *(V)) belongs to Tg,. We denote by 7o the weak
closure of such element in 73’(;BV, that is

Vp,p> 1, T = {(V,() € T, s.t.V € L'(0,7,W"=(D,R")) } TPV (27)
T8 = cpzov, (Ta™) (28)

9 The Dual Problem

—a - Ap = 0in QV (29)
p(r) =u, (30)
0
P = = 0 on the moving boundaryT'; (31)
t

9.0.1 The adjoint weak formulation

is the following one:
Y4 € C1([0,7] x R™) with 9(0) =

/ /Qt Patdl + Vu.Va) dtd:c+/ /BQt pYvdlydt = /QT O(7)(z) dx (32)
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16 J.-P. Zolésio

Setting P = poT;(V') we get the same equation as 6, but with final condition at ¢t = 7
and the following boundary condition:

(DT,(V) " .(DT,(V) ")*.VP,n > + < DT;(V) L.V (t)oTy(V),n > P

+ < V(t)oTy(V),(DTy(V) 1)*n>P=0 (33)

For element (V,() in 73(’)”” of course we have ( = (q,0T;(V)™1, then the element ( is
uniquely associated to the vector field V.

What is important to understand here is that in the definition 28 the fact that V €
LY 0,7, Wh>°(D, RY)) is not "important" in the sense that in 27 we could replace the set
7}21(;”‘” by the one derived from the vectors fields smoother,

for example V € C°([0,7],C*(D,RY)), k > 1. From "transitivity" of the density
property, we will get the same set 75°%.

10 Stability of weak relaxed solution

10.0.2 The weak formulation

Given a tube (V,() € 75>, we consider the solution u to the weak parabolic problem:

Vo € CL(0,7] x R™) with ¥(r) = 0, /OT/D (—u %w +HIY)dtdz = | p(O0)(a)da

(34)
Where
H=Vu

For the optimal control purpose we introduce the adjoint problem:

10.0.3 The weak relaxed Dual Problem

is the following one:
Y4 € C*([0,7] x R™) with ¥(0) = 0,

/OT/D C(P%lﬁ + H.V¢)dtdx+/OT /Qt pYudl,dt = /QT (1) (z) do (35)

10.0.4 solution stability

In order to get H® = (Vu)? in 34, we need the tube to be an open set or at least such
property for a.e. t concerning the set ; such that {(t) = xq,, a.e.t. A technic to that
approch is to “replace” the perimeter by the “density perimeter” P,0€; that we recall bellow.
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Dynamical Shape Control and Shape Metric by Tube Geodesic 17

Proposition 10.1 Assume that ((u,V,) s a sequence of smooth tubes , (, = xq., we
say that Q is builts by smooth speeds vector fields V,,. For each n we classiquely have a
solution u, . Assume that (V,,,(,) converges to (V, () in o(L?, L?) x L topology, with ¢, =
Ca, 0T (V,). And assume that ul (the extension by zero) weakly converges in L*(0,T, D)
to a limit element u as weel as (Vu,)® to some element H.. Then (u,H) € L2(Q)N+' and
is solution to the problem 34 in Q.

11 Optimal Control Problem

Let V € C°([0,7],CY (D, RY)) with V.n = 0 on D and ¢ = (ooT;(V)™?

iV.0) =172 / ' /D C( (- Ua)? +|Vul?)dedt (36)

Je(V,0) = §(V,0) + of / ' /D (IVI? + (dioV)? )dedt + || P00 |svon ) (7)

11.1 Optimization Problem

We consider the minimization problem

Inf{j(V,Q) | (V,{) €T} (38)

12 Minimizing Sequences

Let (V,, () be a minimizing sequence. The tube @, is smooth and the heat equation solution
uy, is classiquely defined. Obviously the nul extensions to the cylinder [0,7] X D of both
un, and the gradients Vu, are bounded in L?([0,7] x D). We consider a weakly converging
subsequence, still denoted u,, weakly converging to u and Vu, weakly converging to some
vector field Z. On the other hand, as the BV (0,7) norm of P,(0€}) is bounded there
exists a subsequence, still denoted Q7, such that P,(0Q7) converges in L*(0,7) to some
integrable function f. Then for almost every ¢, P,(0Q}) — — > f(t) as n — — > c0. As
a result a.e.t, P,(00Q}) < M(t) then for almost every time ¢, the open set Q' converges
to some open set ; both in H® and L? topologies and meas(9Q;) = 0 and P,(09;) <
limin fr—>c0 Py (097) = f(t)

Let ¢ € D([0,7] x D) such that a.e.t, ¢(t) € D() . For n > N, we have ¢(t) € D(Q})
so that , a.e. t, we have :

/ < Vun(t), ¢(t) > dx = —/ un(t) dive(t) dz
Qp Qr
Obviously

/ < Vun(t), ¢(t) > dx :/ < Vun(t), ¢(t) > dx
D

Q7
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18 J.-P. Zolésio

And the same concerning u so that in the limit we get Z = Vu.

13 Boundedness of the Density Perimeter

13.1 Density Perimeter

Following [7] ,[8] , we consider for any closed set A in D the density perimeter associated to
any 7 > 0 by the following.

meas(A*)

3 (39)

P’Y(A) = SUPce(0,7) [
Where A€ is the dilation A€ = U,c4B(z,€). We recall some main properties:
The mapping Q@ — P, (01) is lower-semi continuous in the H°-topology

The property P,(0) < oo implies that meas(0Q2) = 0andQ — 0Q is open in D.
If P,(09,) <m and , converges in the H° — topology to some open subset
Q C D, then the convergence holds in the L*(D)topology of the characteristic functions

13.1.1 Clean Open tube

A Clean open tube is a set Q in ]0, 7[x D such that for a.e.t, Q; = {x € D | (t,z) € Q} is
an open set in D verifying for almost every ¢ in (0,7) the following cleaness property:

meas(aﬂt) =0, Q= interior of cl(Qt). (40)

Notice that as the previous openess condition holds at almost every time ¢ , the set () is not
necessarelly itself an open subset in |0, 7[x D. Nethertheless when the field V' is smooth the
tube {J,_,__{t} x T:(V)(£20) is open (resp. open and clean open) when the initial set () is
open (resp. clean open) in D.

We say that two tubes @ and Q' are equivalent if the characteristic functions are equal
as elements in L2(0,7, L%(D)) (i.e. &g = &g ), that is to say that at almost every time ¢
the two sets {z € D | (t,z) € Q} and {z € D | (t,z) € Q'} are the same up to a mesurable
subset E of D verifying meas(E) = 0.

Lemma 13.1 Let () be a mesurable set in |0, 7[x D, if there exists a clean open tube Q such
that £, = 5@’ then that clean tube is unique.(There exists at most one equivalent clean open

tube)

Proof: assume two such clean tubes Q and Q'. Then at a.e. ¢t we have Q; = fl,@ up to a
mesurable set E; verifying meas(E;) = 0. As those two open set verify (40) they are equals.
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Dynamical Shape Control and Shape Metric by Tube Geodesic 19

When Qg is a clean open in D and @ is a clean open tube in ]0,7[xD, with {g €
C°([0, 7], H~'/2(D)) and such that there exists a divergence free field V in E such that :

S+ VEV =0, &)=, gy

we say that V builts the tube and we note () = Qy. Now such field when it exists is not
unique. The set of fields that built the clean open tube () is closed and convex:

Vo={VeE |Qv=0C} (42)

Lemma 13.2 If the set Vg is non empty, then it is closed and convez in E so it contains
a unique element Vg which minimizes the L*>(0,7,L*(D)) morm in that class.

When the tube @ is built by a smooth field V' € L'(0,, W01’°°(D,RN)), that is Q = Qv
(ie. Uy ={x €D |(t,z) € Q} = T,(V)(Q)), obviously the convex set Vg, is non empty
as V € Vg, . But in general Vg, , the minimum L?-norm element in Vg, , is different from
V.

We describe now a construction of clean open tubes for which the set Vg is non empty.

13.1.2 The "parabolic" situation

We turn to the situation of dynamical domain. One could think to use the time-space
perimeter as it was considered in ([12]). For any smooth free divergence vector field, V €
Co([0, 7], Wy (D, RN)), we consider,

0,(V.9%) = Min { [ Dy dt pe My (v,90) ) (43)
Where
M,(V,00) = { 1€ HY(0,7), P,(O(V)) < u(t) avet, p(0) < (1+7)P(0%%) }

In general that set is non empty. When that set is empty we put 0., (V, Q) = +oco. Notice
that even when the mapping p = (t — P,(Q(V)) ) is an element of H'(0,7) (then p €
M., (V,Q) }), wemay have: O(V,Qq) < ||p’||%2(0,r) as the minimizer will escape to possible
variation of the function p.

Proposition 13.1 For any smooth free divergence field V € CO([O,T],WOI"’O(D,RN)), we
have:
P, (094(V)) < 2P, (8%%) + /T O(V, Q)" (44)

proof. As

P,(00(V)) < u(t) < 2P, (800) + / ’ %u(t)dt
0
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20 J.-P. Zolésio

Then
P OU(V,)) < utt) < 2P, (0600) + VA [ (grue))? e )2
as p is chosen being the minimizer element associated with V', the estimation is proved.
Proposition 13.2 Let V,, € C°([0,7], Wy ™ (D, RN)), with the following convergence:
V,, — V in L*((0,7) x D, RY)
and the uniform boundedness :
AM >0, O(V,,Q) <M

Then
OV, Q) < liminf ©(V,, Q)

Proof. With the boundedness assumption :
P,(09:(V,)) < C = 2P, (8Q%) + /T M'/?

Let i, be the unique minimizer in H'(0,7) associated with ©(V,,). There exists a
subsequence, still denoted p, , which weakly converges to an element y € H'(0,7). That
convergence holds strongly in L?(0,7), then almost every where. By definition we have

P,(0%(Vs)) < pn ace.
Then in the limit:
P,(0Q(V)) < liminfP,(0%(V,)) < u(t), ae.t

Also the square of the norm being weakly lower semi continuous we have

/T(aat (t))2dt < lzmmf/ 8tun ))2dt

that leads to - g
OV, ) < [ (gu®)dt < liminf (V%)
0

14 The Dual Problem

—5P = Ap = 0in Qv (45)
p(7) = ur (46)
0
P = 0 on the moving boundary I’ (47)
i
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Dynamical Shape Control and Shape Metric by Tube Geodesic 21

14.0.3 The adjoint weak formulation

is the following one:
Y € C'([0,7] x R™) with ¢(0) =

/ /Q pgqt + TV + / /8 , pYvdlidi = /Q V@ (4

Setting P = poT;(V) we get the same equation as 6, but with final condition at ¢t = 7 ,
and the following boundary condition:

(DT, (V) L(DT,(V) Y)*VP,n >+ < DT,(V) L.V(t)oTy(V),n > P
+ < V()T (V),(DT(V) ™ )*n>P =0 (49)

15 Metric and Geodesic

Before giving the definition of the tube metric in some subfamilly of subsets 2 C D with finite
perimeter let us analyse sevral “pseudometrics” for which the third metric axiom (triangle
inequality). The question adressed here is to showthat with distance definition involving
only the integral of th perimeter of a tube we are obliged, in order to verify the first axiom,
to introduce a correction term. That correction term will always empeche to reach the
triangle inequality.

15.1 First pseudometric dp, p > 1

We consider the final time 7 = 1, and for any sets Q;and Qs with bounded perimeter in D
we consider the set (may be empty):

73)1,92 = { (V7C = C2) € 73)1’1 such that C(O) = X1 C(]-) = X }

We have ¢ € C°([0, 1], W—/21(D)) so that we consider the sets Q; and Qs defined up to a
set of measure zero by there characterlstic function, xq, = €(0) xa, = {(1). The elements
Xa, € L'(D) ¢ W='/21(D) and T3’} 2, € C°0, 1], W_1/2’1(D)) we set

100,902 = INF( [ o)~ 2ELELED gy ([ [ o +aior @ o)

(50)

Infimum being peformed over the tubes 7q, 0,p, 1.
It is obviously symmetrical and if d(Qq,Q2) = 0 we get V = 0 then Q; = Qy which
is compatible with Vt,0 < t < 1, (V) = Q; = Q, then P(Q,) = 22(2UtPo(@2) e
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22 J.-P. Zolésio

delicate point is the triangle inequality. The idea is based of the monotonicity of the perimeter
Pp () ( with respect to t) for optimal tubes. Assume P({22) > Pp(£24), then

|PD(Q1) Pp(Q)| /|P Pp( );‘PD(%)

Assume that (£1,V1!) is an optimal tube for d(€2;,Qs) while (£2,V?) is optimal tube for
d(Qs,Q3). We consider the vector field

V(t,.) =2 (2)if 0 <t < 1/2, V(t,.)=2V32t-1)if1/2<t <1

with £(t) = £1(2t), 0 <t < 1/2, £€=E%(2t—1) 1/2 <t < 1 we verify easily that (£,V) is a
tube connecting ; to 23 so that

) < [ 1Pp@u)-PEITEEN g ([ (e + v o) diaa

| dt (51)

Pp(Q4) + Pp(Qs)
2

s [ ipoory - PO P09,
1/2

1/2 1/2
- / o (@ (V)) - ldt + ( / / (V@I + [dioV ()P ) dda )M/»
0 0 D

(/1/2/D( [V@|P + |divV (t)[P) dtdz ) /P

=1/2 /01 Po(Qu(V)) Pp(th) 42- Pp(92) . Pp () ;PD(Q3)|dt
w 1 L) iV (t)|P 2 )1/P
w27 ([ [ A @r + oy o) drdo)
+1/2/0 Po(@(V?) — PD(QQ);PD(Qg) L Pal) ;PD(Ql)ldt

1
p=l 2 P 172 (4)|P 1/p
+2 (/0 /D( V2@ + |dioV2 (@) ) dtda )

Pp(Q2) — Pp(3)

Pp(Q) + Pp(£22) |
2

2

<1/2 /01 |Pp(Qu(VY)) — |dt + |

p=d ' 1 P L) [P 1/p
+2 (/0 /D( VI[P + |dioV () ) dtda )

Pp(22) + Pp(Q3) Py(Q2) — Pp()
2 2 |

1
1172 / Po(Qu(V?)) - dt + |

4275 (/ /(||V2(t)||P | diwV3 (@) P ) dede )P

Then | d(2,Q3) < 2 (d(Qth) +d(Q2,93) ) + |Pd(92)_2PD(Ql)| + |PD(Q2);PD(Q3)|
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15.2 Second pseudometric Jp, p>1

In the very definition of the metric d, we replace d the midle value of the perimeter by its
average along the tube as follows:

1
002 = [ 1Po(0) = Po() |+ V1 0, x0

where Pp(Q,) = fol Pp(Q;) dt ( This term "replaces" the term w in the previous
metric dp). Again if dp,(1,Q2) = 0 we get V' = 0 then ( is constant with respect to time,
that is that the tube is a cylinder, then V¢, Pp(Q;) = Pp and Q; = Q3 we have

1 1/2
/ IV¢(t)]1dt = / I1V¢ (21)]dt + / V¢t — 1)) dt
0 0 1/2

That is:

1
Po() = 1/2(Ph + P3) with Pj = / ¢ (6) 1t

we get

1 1
L0 < [ 11Vl - [ 196 lds lat + (V]
0 0
Where, as previously,
V() =V2t),0<t<1/2, V({#)=V?>(2t-1), 1/2<t< 1

Similarly we get

1 1 1 1
Jp(nl,m)suﬂ/o |||v<1||—/0 V¢ | ds |dt+/0 |||v<2||—/0 V2 \ds | dt )

1
+ 1/2(/0 IV — [1V¢2)] |t

1
+5 (VA +11V2I)
that is
Proposition 15.1 Letp > 1

dp(21,Q2) =0 if and only if X, = Xa.
dp(1, ) = d(Q2, )

dp(,923) < 2071 (d(Q1,Q2) +dp(R2, ) +1/2 [ | |IVCY] = [IVE| |dt
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24 J.-P. Zolésio

15.3 Third pseudometric

We consider the family of tubes such that the mapping p = (t — Pp (%) := ||[V{(#)|| a1 (DsrY) )
is dominated by a H'(0, ) function u.
For any tube ({, V) we consider the (may be empty ) closed convex set

M, V) ={ pe H(0,1), st. p(t) < u(t), a.e.t, u(0) = Pp(), p(1) = Pp(Q2) }
and the family of tubes for which that set is non empty, that is:
7?21,92 = {(C:V) € 7221,92 s.t. 3” € M(C:V) }

Obviously, for any element (¢, V) € Tq, ., the previous function p(t) belongs to L>(0, 7).
is then

B 1 b 1 ]
d($h, ) = INF¢ v)eTa, aymemc,v) /0 (&H(t) )? dt+/0 IV ®llze(,rr) +|divV|a(p) ) dt

That Infimum being considered among the admissible tubes (¢, V) € Ta,.0, and all p €
M((, V). Let
1
0 A
0(¢, V) := MIN,emc,v) /0 (aﬂ(t) )? dt

So that

_ 1
d(Q1;Q2)=INF(<,V)e7'—QLQ2( 8¢, V) + /0 (IVle(p,rry + |divV|pepy)dt ) (52)
1
4,(00,9) = MIN [ [ (W)l + |dioV (t,2)0de + ple) )it (53)
0 D

Proposition 15.2 The infimum is reached in 52.

Proof: let (¢n,Vn) be a minimizing sequence. Let u, be the minimizer in §((,,V,), then
there exist a constant M such that [pn|pe(o,-y < M. From the theorem 1 we get the
strong convergence (, — ( = (2 in L2(0,7, L2(D)), and V,, (resp.divV,) — V (resp.divV)
weakly in L2(D,RN) (resp. L?(D)). In the limit we get (¢,V) € Ta,.0,- Moreover p(t) <
liminf pn(t) then M(¢,V) is non empty and (¢, V) € Ta, .-

15.4 Shape Metric by Tube geodesic

In fact here we need not the perimeter to be bounded as it was necessary previously when
using the density perimeter. Then in stead of introducing the previous terms we can directely
introduce in the distance expression the following additive term :
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1
/0 p(t)dt, where p(t) = |[V¢(H)|lar (0)

So the "ideal" distance formulation would be

d(,Qp) =INF /0 (/D(llV(t,w)ll+|divV(t,w)|)d:c + p(t)] )dt

Now that kind of approach makes sens in the context of theorem 7.3as follows : introducing
any element § € L1(0,1) and taking the previous minimum over vector field in L' whose L*
norm is dominated by 8 which leads to a distance function dy. If we want to escape to that
"9 behavior", up to now, we need some power ¢ > 1 in the Speed norme term in order to
preserve in the limit the fundamental property of tube ¢ = (?

Definition 15.1 Let p > 1 and § € L((0,1) x D) be given. We set

T8 0, =L (V) €T, o, st |[v(t,2)|| + |divV (¢,2)| < 8(t,2) a.e.(t,) € (0,1) x D}
(54)
For any subset Q C D with finite perimeter in D, we consider the family of subset Q' in D
with finite perimeter and being “(p,0)-connected to Q” in the following sens:

T ={Q st 3 V) €TTE } (55)

For any couple (Qy,s) € 73”0 we set:

1
d(Q,22) = MIN )i / /D IVt 2| + |divV (¢, 2))dz dt + [Ip(®)]]sv 1) (56)
1,342 0

Notice that the definition is made possible as Q; € 73’"9, 1 = 1,2, implies that the set
7'5’1’?92 is non empty. From the same argument then in the previous proposition proof we
see that the minimum is reached. Notice also that the two sets ; and Qs in 73”0 have

not necessarely the same topology. The “(p, #)-connection” dees not implies any existence
of homeomorphisism between these two sets, but only the existence of a tube (¢, V), with

C € CO([07 1]7 H71/2(D)) and C(O)X917 C(]-) = XQ2-
Theorem 15.1 Let be given a subset Q of D with finite perimeter in Dand 8 € L>=((0,1) x
D). Then d is a metric on the family 7;21’9.

Proof: From the previous developments on the pseudometrics, the only point is to verify the
third metric axiom (which was missing in the previous pseudo metric). Assume be given
three sets ; with finite perimeter in D. Let ({1, V1) a tube connecting ; to Q2 and ({2, V)
connecting s to 3 and realizing the minimun in the associated distances expressions. As
previously we built the tube ((¢) = (1(2t) if 0 <t < 1/2, = (2t —1)if 1/2 <t < 1 and
the same for the field V' (t) = 2V1(2t) or = 2V5(2t — 1).

Definition 15.2 The tubes ((,V) achiving the minimum in that distance definition 56 are
called the T ube geodesic .
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