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T�UWVQXAY[ZA\^]`_aX�b%cadfeg_ahji�Y�e0hjkWeg_aXA_mlndoeg_ahji
p Y�lgqrlsenVtXuYQl�v�hIXukWcwYtxrYQl
y{zghj|sY�e}]:~���� �

�0djkWkEhjzge p Y�znYQv�U%Ytz�v�UWY�iE�&�I�f�j��\���hj�re}�f�I�fZ�\^�f�Ak%dj�jYQl

�$�&�Q�t�o�W�f�I�	� Y p _alnv�b�lgl}�%z�lsedfi p l�Y8v�hji p hjz p Ytz�hjkWeg_aXudjcw_wesq�v�hIi p _weg_ahji%l�� hjz�iWhIiWcw_aiWY8dfz[l�Y8v�hji p`¡ hIz p Ytz}vthjiWY
kWznhj�IzndjXAXu_aiW��kWznhj¢WcaYtX�lQ£¤dfi p enUWYt_az[zgYQcadfeg_ahji?¥ _wegU¦l�YQXu_ p Yt�%iW_wegYAkWznhj�jz�dfXuXu_aiW�$kWznhj¢WcaYtX�lQ§�¨%hjz p hj_aiW�	egUW_ml
¥!Y�Ytx:enYti p _ai�dji�dj¢%lsenzndIv�e l�Yte�en_wiW�AenUWY[iWhfen_whIi	hf��hjkren_wX�djc¤k%dfzgeg_weg_ahji©§6T�UWYQi�¥!Ylse�doenY�duv�U%djzndIv�egYQzg_aªQdfeg_ahji�hj�
l�egznhjiW�AzgYQ�jbWcmdfzn_wesqj§
«�¬:C®g¯�° �o±��I�³² hji%cw_aiWYQdjz{hIkreg_aXu_wª8doeg_ahji�£:vthji%l�egz�df_ai:e(´:b%dfca_µ�Evtdoen_whIi©£:zgY p b%v�en_whIi©£rlsenzghIiW�znYt�jb%cadjzg_wesqj£Ihjkren_wX�dfc ¡
_wesq	v�hIi p _weg_ahji%lQ§
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 ��² hjb�l p _mlgvtbreghIi%l�caYQl	vthji p _µen_whIi%l p�� hjkren_wX�djcw_we�� p b k%zgYQXA_aYtz	Y�e�lgYQvthji p hjz p znY/k�hIbWz p Y8l$kWznh ¡
¢WcaVtXuYQl p�� hjkren_wXu_mlgdfeg_ahji�iWhji�cw_ai��Qdj_wznYQl�d��jY8v�v��IiWY p b�lgYQv�hIi p hIz p znYj£CYte�caYtbWz�l�zgYQcadfeg_ahji%l�d��jY8vcwY8l�kWzghI¢WcaVtXuYQl
p�� hjkren_wXu_mlgdfeg_ahji�lgYtXu_ p �t�%iW_aY(kEhIlg_weg_��jYj§�y&hjbWz6v�Y8v�_`iWhIb%l���egYQi p hIi%l��0bWiuvtd p zgY!df¢%l�egz�df_we�cmd�iWhfen_whIi p Y!k%dfzgeg_weg_ahji
hjkWeg_aXudjcwYI§��4ir�%i�iWhIb%l p hIiWiWhji�l�bWiWYvtdjzndIv�e��Qzg_mlndoeg_ahji p YcadAz��t�IbWcadjzg_we���� hjzgegYI§
��° �Q� ® � � 
 ��� ��kren_wXu_mlgdfeg_ahji�iWhIi ca_ai��Qdj_wznYj£�´:b%dfca_µ�Evtdoen_whIi p Y?v�hIiIenzndj_wi:enYQlQ£(z�� p b�v�eg_ahji�£(z��t�IbWcadjzg_we���� hIz�enYj£
v�hIi p _weg_ahji%l p!� hIkreg_aX�dfca_µe��j§
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Min
x∈IRn,sj∈IR

mj+1
f(x) ; gj(x) = sj , (sj)0 ≥ ‖s̄j‖, j = 1, . . . , J, 3 ]%��(y'4

¥ UWYQzgY
f
dfi p

gj
£
j = 1, . . . , J

dfznY
C1 X�djkWkW_aiW�Il{� zghIX IRn _wi:enh IR

dfi p
IRmj+1 £rznYQlgkEYQv�en_ �IYtcaqj§ � Y[b%lgY0enUWYl�endfi p dfz p vthji �jYQiIen_whIi�hj��_ai p Ytxr_wiW��vthjXuk�hIiWYti:e�l�hf���jYQv�eghIznl�hj�

IRmj+1 � znhjX�� enh
mj

£W¥ U%_wcaY �jY8v�eghIznl!_ai
IRndfznY�_wi p Y�xrY p � znhjX65�egh

n
§87�_��jYQi

s ∈ IRmj+1 £W¥!Y[djcalgh p Yti%hfegY s̄ := (s1, . . . , smj
)>
§

T�UWY�lgYQv�hIi p`¡ hjz p Ytz�v�hIiWY 3 hIz _avtY ¡ v�znYQdfX vthjiWYI£rhjz:9�hjznYti:egª[v�hIiWY;4!hj� p _aXuYti%lg_whIi
m + 1

_ml p Y���iWY p djl

Qm+1 := {s ∈ IRm+1 ; s0 ≥ ‖s̄‖},

dfi p enUWYhjz p Ytz�znYtcmdoen_whIi
�Qm+1

_ai p b%vtY p ¢`q
Qm+1

_ml �j_��jYQi	¢`q

s �Qm+1
0

_=<
s ∈ IRm+1, s0 ≥ ‖s̄‖.

T�UWY�_ai:egYtzn_ahjz�hf��egU%_al�v�hji%Y�_aluenUWY lgY�e$hj�
s ∈ IRm+1 lgb%v�U egU�doe s0 > ‖s̄‖

§?>½i egU%dfe�vtdIl�Y/¥!Y?lgdÁq egU%dfe
s �Qm+1

0
§ � Y�djcalgh p YtiWhjegY

Q := ΠJ
j=1Qmj+1

§6� lgYQvthji p`¡ hjz p YQz!vthjiWY
Q = Qm+1

vQdfi�¢�Y p YQlnv�zn_w¢EY p djl d
ca_wiWY8dfz�X�doenzg_wx	_aiWYQ´:b%djcw_wesq$¢`q	b%lg_aiW�AegUWYA@`iWho¥ i�YQ´:bW_��odfcaYti%vtY 3 Yj§ �%§CB05�DE4

s �Q 0
_F<

Arw(s) :=

(

s0 s̄·

s̄ s0Im

)

� 0, 3 5;4

¥ UWYQzgY
Im

p YQiWhfenYQl}egUWY _ p Yti:eg_wesq/Xudfegzn_µx/_ai
IRm×m £ Arw(s)

_ml}egUWYG�����#�H?+I���J���=K hj�6egUWY �jY8v�eghIz
s
£¤dfi p

�p YQiWhfenYQl&enUWY0kEhIlg_µen_ �IY0l�YQXA_ p Yt�%iW_wegY0hIz p YQzQ£jegU%dfe{_mlt£
A � B

_F<
A, B

dfznY0l�q`XuXuY�enzg_mv�X�doegzn_mv�YQl{dfi p
A−B

_al{d
kEhIlg_µen_ �IY�lgYtXu_ p Y��%iW_wegY�X�doenzg_wx¤§ � Y[dfcml�h p YtiWhjegY�egUWY[lgY�e�hf�

m + 1
¢`q

m + 1
lgq`XuXAYtegzn_av}X�doegzn_mv�YQl(¢`q

Sm+1 £_ai p Y�xrY p � znhjX���enh
m
£%YQ´:bW_akWk�Y p ¥ _µenU/egUWY_aiWiWYQz kWzgh p b�v�e

A · B := Tr(AB) =
∑m

i,j=0 AijBij L egUWY�lgbW¢%lgY�ehf��lgq`XuXAYtegzn_av}k�h:l�_weg_��jY�l�YQXu_ p Yt�%iW_wegY�Xudfegzn_avtYQl(_al p YQiWhfenY p
Sm+1

+

§6¨�_wi%djcwcaqj£:� hIz{es¥!h�dfzn¢W_wegz�dfznq �IYQv�enhjz�l
x
dfi p

z
hf�6dfi`q p _aXuYti%lg_whIi�¥!Yl�Yte

x · z := x>z =
∑

i xizi

egU%Y�v�hjznznYQlgk�hIi p _aiW� �4b�v�ca_ p _mdfi/_aiWiWYQz kWzgh p b�v�eQ£Wdji p � hjz
dfi/dfzn¢W_wegz�dfznquhjkren_wXu_aªQdoen_whIi�k%zghI¢WcwYQX 3 yM4 ¥(Y p YQiWhfenY�¢`q S(P )

£
F (P )

dji p
val(P )

_µe�l l�hIcwbren_whIi�lgY�e8£`� YQdIl�_a¢WcaY
lgY�edfi p hjkren_wX�dfc��odfcabWYI£¤zgY8l�kEYQv�eg_��jYtcaqj§T�UWYAYQ´:bW_��odfcaYti%vtY 3 5;4}_wXukWca_aYQl�egU%dfe 3 ]%��(yM4�_ml%NPOQ�'"R�#�R&(�#�������S�T�/
��F�t£_O§ YI§w£WvQdfi/¢�Y¥ zn_we�egYQi�dIl!egUWYi%hjiWca_wi%YQdfz0lgYtXu_ p Y���iW_µenYkWznhj¢WcaYtX

Min
x∈IRn

f(x) ; Gj(x) := Arw(gj(x)) � 0, j = 1, . . . , J. 3 ]r��yM4
¨WhIz�d��jYQiWYtz�dfc��`_wYQ¥ hj�(l�YQXu_ p Yt�%iW_wegYukWznhj�IzndjXAXu_aiW�$kWznhj¢%cwYQXulQ£¤l�YQYUB05WV%£X5Q��Dì§ � �%z�lse[hj¢r|sY8v�en_ �IY _ai enUW_ml�k�d ¡
kEYtz0_ml�egh$vthjXuk%djzgY�egU%Y�cw_aiWY8dfz}lgYQvthji p`¡ hjz p YQz!k%zghI�jz�dfXuXu_wiW�AkWznhj¢WcaYtX 3 lgYtY 3 9�]%��(yM4 ¢�YQcwho¥Y4�dji p _µe�l0ca_wiWY8dfz]r��y ¡ zgYQkWzgY8l�YQi:endoen_whIi 3 lgYtY 3 9�]r��yM4�¢EYtcaho¥Y4}_ai�egYtznX�l�hf� p b%dfca_µesq zgY8l�bWcwenlQ§ � Y$l�U%ho¥ egU%dfe�enUWYt_az p b%djc6kWznhj¢ ¡caYtX�l�dfznY�iWhAcahjiW�IYtz!YQ´:bW_��ÁdjcwYQi:eQ£Wdfi p lghjXuY�_aXuk�hIz�e�dfi:e�iWhfen_whIi%l�djl(egUWY[bWi%_a´:bWYQiWYQlnl!hf�Z9�df�IzndjiW�jY0X bWcweg_akWcw_aYtz�l
3 hIz�Y8´Ib%_ �odfcaYti:encwqI£ p b%dfc!kWznhj¢WcaYtX�l�lghjcabren_whIi%l)4 p h iWhjeAlg_wX bWcwendfi%Ythjb�l�caq�U%hjc p � hjzA¢�hjegU kWznhj¢%cwYQXul 3 9�]%��(yM4dfi p 3 9�]W�}yM4t§ � Y�k�YQz�� hIzgX�egU%_al�dfi%djcwqrlg_al _ai?dfi?dj¢%l�egz�djv�e � z�dfXuYQ¥(hIz#@C§ � U%Yti lgk�Y8v�_mdfca_wªQY p enh	l�Y8v�hIi p hjz p Ytz
v�hIiWY�kWzghI¢WcaYtX�lt£(¥(Y�znYQv�h �IYtzul�hIXuY�hj�}egU%Y�znYQlgbWcwenluhj�[]`_aX dfi p\[ U�dfh]BF5�^WDO§ ]:en_wcac0hjb%zAX�dj_wi zgY8l�b%cµe�_ml�enUWY
v�U%djzndIv�egYQzg_aªQdfeg_ahji/hf�{egUWYU�����#��-*G�)�J*$�	�F����,���_&(�#��&`�����J��� hIz�]%��(y kWznhj¢%cwYQXul�_ai enYtznXul�hf�!l�Y8v�hji p`¡ hIz p Ytz}hIkreg_ ¡
X�dfca_µesq�v�hji p _µen_whIi%lQ§uT�U%_al_mld�¥(YQcwc4l�egb p _wY p l�bW¢W|sYQv�e�_ai iWhji%cw_aiWYQdjz[kWzghI�jz�dfXuXu_wi%��dji p enUWY�znYQd p Ytzvtdji¦lgYtY
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es¥!h p _F<CYtznYti:e}dfkWk%zgh:djv�UWY8l{_ai	enUWY�dfzgeg_mv�caYQl�hj���!hji%i%dfi%l�dji p ]`bWcaYtX6B�^;Dì£%dfi p ��hji:env�U%Y �	dji p �0h`v�@odf� Ytcacadjz�B ��Dì§
² Y �jYQz�enUWYtcaYQlnlt£I_µe�_ml{l�eg_acwc¤dfi	hjkEYti$kWznhj¢%cwYQX _ai	d��IYtiWYQzndjc�vthjiW_mv hjkWeg_aXA_aªQdfeg_ahji�� z�dfXuYQ¥(hIz#@C£fY �jYti	_wi$k�dfzgeg_mv�bWcmdfz
_ai%lse�dfi%vtYQl djl�lgYtXu_ p Y���iW_µenY	kWznhj�IzndjXuXA_aiW��§ ² YQvtYQlnlgdjzgq¦dfi p lgb��$v�_aYti:eAlgYQvthji pr¡ hIz p YQz�v�hIi p _weg_ahji%l�egh?hI¢rendj_wi
egU%Y�lsenzghIiW� znYt�IbWcmdfzn_µesq�kWznhjkEYtzgesq�_ai�]W�}y dfznYlsenb p _aY p ¢`q�egU%Y�dfbrenUWhjz�l�_wi BÜ��Dì§

T�UWY�k%djk�YQz_alhIzg�:dfiW_aªtY p dIl�� hjcacwho¥0lQ§$]`YQv�eg_ahji ��¢WzgY8d@rl�_wi:enh/egUWznYtY�lgbW¢%lgYQv�en_whIi%lQ§I>½i�enUWYu�%z�lsehIiWYj£�¥(Y
znY �`_wYQ¥ egUWYuX�df_ai p b%dfca_wesq�zgY8l�bWcwenl[vthji%vtYtzniW_wi%�$egU%YAca_aiWYQdjz[lgYQvthji pr¡ hIz p YQz}kWznhj�IzndjXuXA_aiW�$k%zghI¢WcwYQX 3 9�]%��(yM4dfi p enUWYt_az{vthjXuk%dfzn_ml�hIi�enhcw_aiWYQdjz(]r��y kWznhj¢WcaYtX�lQ§&]`Y8v�en_whIi��W§ � p YQdfcml6¥ _wegU�dfi$dj¢%l�egz�djv�e&� z�dfXuYt¥!hjz)@_ai �Ihjc��`_wiW�
es¥!h0YQ´:bW_��odfcaYti:e�ca_wi%YQdfz�v�hIiW_av{hjkren_wXu_aªQdfeg_ahjikWznhj¢WcaYtX�l�¥ _µenU�v�hIi%l�egz�df_aiIe�l©_ai�kWznh p b%v�e�� hjznX/£QenU%doe6dfznY4znYtcmdoenY p ¢`q
dca_wi%YQdfz!X�dfkWk%_wiW� 3 djl(_ai$zgYQcadfeg_ahji 3 5;4�4�§ >ìe(_ai:egznh p b%v�Y8l{d�i%hfeg_ahji	hf�©hjkWeg_aXudjc%k%djz�en_µen_whIi$hf��dIv�en_ �IY}v�hIi%lsenzndj_wi:e�lt§>ìe�dfcacwho¥0l	b%l�egh p Y p b�v�Y l�Y �jYtz�dfc p b%djcw_wesq lse�doegYQXuYti:enl/dfi p znYtcmdoegY p kWznhjkEYtzgeg_aYQlQ§ ]rbW¢%lgYQv�en_whIi �W§ � dfkWkWca_aYQl
egU%_aldj¢%lsenzndIv�e�� zndjXAYQ¥(hIz#@�enh�ca_wi%YQdfz[kWznhj¢%cwYQXul 3 9�]%��(yM4�dji p 3 9�]r��yM4t§A]`Y8v�en_whIi¦��¥(Y p _mlgvtb%lnl�¢%zg_aY��%q/enUWYp b%djcw_wesq�enUWYthIzgq�� hjz4iWhIiWca_wiWY8dfz{]%��(y k%zghI¢WcwYQX�lt§6]`YQv�eg_ahjiuZznYQvtdjcwcml6lghjXuY�@jYQq�iWhfen_whIi%l4dIl&egUWY_�(����!$�T*-�������#�/ ��
 �����!��,�J�����	dji p enUWYA�#��!��  ��J�����U��&$&(�)�W�/ ��r£:X�dj_wiWcaq� hIz�enUWYt_az6b%lgY�_wi�lgYQv�en_whIiA��¥ UWYQzgY�_ml6lse�doegY p hIbWz&X�df_ai znYQlgbWcwe �
egU%Y$v�U%dfz�djv�egYtzn_aªQdoen_whIi hj�(enUWY	l�egznhjiW�/znYt�jb%cadjzg_wesq?kWznhjkEYtzgesq�� hjzA]%��(y kWznhj¢WcaYtX�l[_ai egYtznX�lhf� lgYQv�hIi p`¡ hjz p Ytz
hjkWeg_aXudjcw_wesq�v�hIi p _weg_ahji%lQ§¨Whjz�enUW_alQ£¤¥!Y�b%lgY�enUWYuv�hji�v�YtkWenl��j_��jYQi?_wi¦l�Y8v�en_whIi?Z�dIl}¥!Ytcac&l�hIXAYulgbW_µe�df¢WcaY_@`iWho¥ i
egU%YthjznYtX�l�dfi p ]���(y enYQv�UWi%_a´:bWY8lt§

! " �����t�����^�#�� ����^�o��³������� ��%$'&)( � )��&�
/���0,.�

*,+.- /10325464�7.8�9:2�;1<3=?>A@CB3;EDGFH4.9:IKJ
� Y�dIlglgbWXuY}_ai$enUW_al lgYQv�eg_ahji�enU%doe

f(x) = c · x
dfi p

gj(x) = Ajx− bj
£
j = 1, . . . , J

£r¥ UWYtznY
c ∈ IRn dji p AjdfznY

(mj + 1) × n
X�doenzg_mv�Y8lt§X>½i�egU%dfe}vtdIl�Y[¥!Y[lgkEYQd@	hf�6d ca_aiWYQdjz}]%��(y k%zghI¢WcwYQXL�

Min
x∈IRn,sj∈IR

mj+1
c · x ; Ajx − bj = sj , (sj)0 ≥ ‖s̄j‖, j = 1, . . . , J. 3 9�]%��(y'4

T�UWY p b%djc©kWznhj¢WcaYtX hf� 3 9�]%��(yM4!_ml��j_��jYti�¢`q

Max
yj∈IR

mj+1

J
∑

j=1

bj · yj ;

J
∑

j=1

(Aj)>yj = c, (yj)0 ≥ ‖ȳj‖, j = 1, . . . , J. 3 9�]%��(y ∗
4

]`_ai%v�Y�¢EhfegU	egUWY[kWzn_aXudjc¤dfi p$p b%dfcCkWznhj¢WcaYtX�l�dfznY�vthji �jYtx¤£I¥!Y�U�d��jY enUWY�� hjcacwho¥ _aiW��znYQlgbWcwenl(hf�&v�hji �IY�x�dfi%djcwqrlg_al
� hrv�@odo� YQcwcmdfzMBF5QZ�DO§&T�UWY�H ��� M%!�� ���=�,���[_aiWYQ´:b%djcw_wesq

val 3 9�]%��(yM4 ≥ val 3 9�]%��(y ∗
4©UWhIc p lt£o¥ _wegU egUWY�v�hIi �jYti:en_whIi

egU�doe�egUWYAhjkren_wX�djc��odjcwbWY 3 val
4}hf�{kWznhj¢%cwYQX 3 9�]���(yM4 3 znYQlgk©§ 3 9�]���(y ∗

4�4}_al�Y8´Ib�dfc�egh
+∞ 3 zgY8l�k©§ −∞

40_w�
egU%_al kWznhj¢WcaYtX _ml�_air� YQdIl�_a¢WcaYj§�>ì�0egUWY �odfcabWY	hj� 3 9�]%��(yM4�_al��%iW_wegYI£6_µeu_ml_@`iWho¥ i enU%doe 3 9�]%��(yM4_ml ���J���� ����������������
��F��£&_O§ YI§w£�egU%YtznY�Y�xr_al�enl�d/k�hI_wi:e

x̂
lgb%v�U¦egU%dfe

Aj x̂ − bj ∈ int Qmj+1
� hjz�dfcac

j = 1, . . . , J
£�_F<NenUWY	lgY�e

hf�{lghjcabren_whIi%l}hj�6egUWY p b%djc�k%zghI¢WcwYQX³_al�iWhIiWYtXukresq�dfi p ¢�hIbWi p Y p §Q>½i�egU�doevtdjlgY�¥!Y�U�d��jYenUWY ���J�#���P* !�� ����,���
kWznhjkEYtzgesqj£E_=§ Yj§a£

val 3 9�]%��(yM4 = val 3 9�]%��(y ∗
4�§�� lgq:XuXuY�enzg_mv�l�endfegYtXuYQiIe[UWhIc p l}¢`q�kEYtznX�bWeg_aiW�	enUWY�¥!hjz p l

N kWzg_aX�dfcPOudji pQN�p b%dfcPO 3 ¥(Y	¥ _wcac!lgYtY�_ai caYtXuX�d �/d�znY��%i%YtXuYti:e�hj�!enUW_ml�l�endoenYtXuYti:e�4�§G>ì� egUWY�lsenzghIiW� p b%djcw_wesq
kWznhjkEYtzgesq�U%hjc p lt£EenUWYti¦d	k%dj_wz�hf�4k%zg_aX�dfc ¡ìp b�dfc&l�hIcwbren_whIi

(x∗, y∗) ∈ IRn × ΠJ
j=1IR

mj+1 _ml�v�U�dfz�djv�enYtzn_wªQY p ¢`qegU%Y[� hjcacwho¥ _aiW�Ahjkren_wX�dfca_wesq	l�qrl�egYQX

A>y∗ = c, Ax∗ − b ∈ Q, y∗ ∈ Q, (Ax∗ − b) ◦ y∗ = 0, 3 �$4

Ä Å�Æ�ÄÈÇ



���������	��
��������������������������������� �����!�"���#!$���% ������'&(�)�#*$�#��+�+��,�-*.&(�#�/
��0��+%� �

¥ UWYQzgY�¥(Y�U%d��jY p Y���iWY p
A := (A1; · · · ; AJ )

dIl4enUWY[Xudfegzn_µx�¥ UWh:l�Y�zgho¥0l!dfznY0enUWhIlgY}hj�
A1 enh AJ

dji p ¥ UWh:l�Y
v�hIcwb%XAi�l

ai

dfznY�YQ´:b%djc�enh
vec(a1

i , . . . , a
J
i )
£¤¥ _wegU

aj
i

egUWY
i
¡ enU v�hIcwb%XAi�hf�

Aj
£
b := vec(b1, . . . , bJ)

dfi p enUWY
hjkEYtz�doen_whIi

◦ 3 YI§ ��§�BF5�D,4!_ml��j_��jYQi�¢`q

x ◦ s := Arw(x)s =

(

x>s
x0s̄ + s0x̄

)

,
� hjz0dfcac

x, s ∈ IRm+1,

dfi p � hIz
x
£
s
_wi

ΠJ
j=1IR

mj+1 ¥!Yl�Yte

x ◦ s := vec(x1 ◦ s1, . . . , xJ ◦ sJ).

� Y}X�dÁqu¥ zg_wegY
(Ax∗ − b) · y∗ = 0

_ai%lsenYQd p hf�¤enUWY�cmdjl�e(znYtcmdoen_whIi�_wi 3 �$4�£`_wi �`_aYt¥ hj�¤egUWY�¥(YQcwc(@`iWho¥ i�kWznhjkEYtzgesq
3 YI§ ��§CBF5I£ 9©YQXAX�d 58��D,4 ¨%hjz0dfcac

x, s ∈ Qm+1, x ◦ s = 0
_=<

x · s = 0. 3 �-4
>½i��¹djv�e0_we0_ml YQdIl�_acwq$v�U%YQv�@jY p enU%doe znYtcmdoen_whIi%l�_wi 3 �/4!dfznYlgdfeg_mls�%Y p _F< x

dji p
s
¢�YQcwhIiW�Aegh

Qm+1
dji p

�4_wegUWYQz
x = 0

hIz
s = 0,

hjz�enUWYtznY[Y�xr_mlse�l
α > 0

lgb%v�U�egU%dfe
s0 = αx0

dfi p
s̄ = −αx̄. 3 ZP4

]`_aXu_wcmdfz p b�dfca_µesq$znYQlgbWcwenl�UWhIc p � hIz�egUWYca_wi%YQdfz lgYtXu_ p Y��%i%_µenYkWzghI¢WcaYtX/£r¥ UW_mv�U/vQdfi�¢�Y¥ zn_we�egYQi�djl

Min
x∈IRn

c · x ;

n
∑

i=1

xiG
j
i � Gj

0, j = 1, . . . , J, 3 9�]r�}y'4

¥ UWYQzgY[¥!Y�U�d��jY[l�Yte

Gj
0 := Arw(bj)

dji p
Gj

i := Arw(aj
i ), i = 1, . . . , n. 3 �/4

>½i�egUW_ml0vtdIl�YI£`egUWY p b%dfc¤kWznhj¢%cwYQX hf� 3 9�]r��yM4 _ml

Max
Y j∈S

mj+1







J
∑

j=1

Gj
0 · Y

j ;

J
∑

j=1

Gj(Y j) + c = 0, Y j � 0, j = 1, . . . , J,







, 3 9�]r��y ∗ 4

¥ UWYQzgY enUWY�XudjkWkW_aiW�Il
Y ∈ Smj+1 → Gj(Y ) := (Gj

1 ·Y, ..., Gj
n ·Y )>

djzgY0egUWY[d p |shI_wi:e!hjkEYtz�doeghIznl4hf�
Gj
£rdfi p

dAkWzn_wX�dfc ¡½p b%dfc¤lghjcabreg_ahji
(x, Y ) ∈ IRn × ΠJ

j=1S
mj+1 _ml v�U%djzndIv�egYQzg_aªtY p ¢`q

J
∑

j=1

Gj(Y ∗)j + c = 0, Gj(x) � 0, Y j � 0, Gj(x)Y j = 0, j = 1, . . . , J. 3�� 4

>½i�egUWY�lgYQ´:bWYQc©¥(Y p YQiWhfenY
G(Y ) :=

∑J

j=1 G
j(Y ∗)j

§
² hjegY(egU%dfe&d}cw_aiWYQdjz�lgYQvthji pr¡ hIz p YQz�v�hIiWY{k%zghI�jz�dfXuXu_wiW� k%zghI¢WcwYQX djl 3 9�]���(yM4�lndoen_al��%Y8l©enUWY!l�egznhji%� p b%djcw_wesqkWznhjkEYtzgesqu_µ��¢�hjegU	k%zghI¢WcwYQX�l 3 9�]%��(y'4(dji p _wenl p b�dfc 3 9�]%��(y ∗ 4{djzgY�� YQdIl�_a¢WcaYj£rlgYtY]`U%dfk%_wznh dji p	² YtXu_wznh �rl�@`_B05

�
Dì£W¥ UWYQzgY8djl(egUW_ml _ml�iWhucwhIiW�jYQz�egznbWY�� hjz0dAca_wiWY8dfz0lgYtXu_ p Y��%i%_µenYkWzghI�jz�dfXuXu_wi%��kWznhj¢WcaYtX/£WlgYtYIB05WVr£rk�df�jY

�
��Dì§

Æ�Æ'ËaWÐ�è�b�ê



�
����� ����!������� 	�Y�� �(��`��
���� ��T����Y��+��,�#�������

*,+ * � 8 25FHJ���; 2�������; 2�I 9	� D ;�

T�UWY/df_aX hf�}egUW_ml�l�Y8v�en_whIiN_ml�enh v�cmdfzn_µ� q lghjXuY�kWzghIk�YQz�en_wY8l�hj��hIkreg_aXu_wª8doeg_ahji kWznhj¢WcaYtX�l ¥ _µenU vthji%l�egz�df_ai:enl _wi
kWznh p b%v�e}� hjznX�£Edjl}¥(YQcwc�djl0znYtcmdoen_whIi%l ¢EY�es¥!YtYQi/egUWY p b%dfc�l�hIcwbWeg_ahji%l}hf� 3 9�]%��(yM40dji p 3 9�]r��yM4�§¤¨WhIz0enUW_alQ£E¥(Yv�hIi%lg_ p YQz d �IYtiWYQzndjcCcw_aiWYQdjz0v�hIiW_av�hIkreg_aXu_wª8doeg_ahji/kWznhj¢%cwYQX ¥ _µenU�v�hji�lsenzndj_wi:enl!_ai/kWzgh p b�v�e�� hjznX/£r_=§ Yj§a£

Min
x∈IRn

c · x ; Ajx − bj ∈ Kj , j = 1, . . . , J, 3 � ��yM4
¥ UWYQzgY

Kj

dfznY�vtcwh:l�Y p vthji �jYtx	v�hji%YQl�_ai
IRqj

§ � Y�l�Yte
K := K1 × · · · × KJ

£�dfi p�p Y���iWY
A = (A1; · · · ; AJ)djl{egU%Y}X�doenzg_wx�¥ UWhIlgY}znho¥0l{djzgY}egUWh:l�Y�hf�

A1 egh AJ
£Wdfi p

b := vec(b1, . . . , bJ)
lgh�enU%doe

(COP )
_al(YQ´:bW_��odfcaYti:e

egh
Minx∈IRn{c · x; Ax − b ∈ K}

§6T�UWY p b%djc¤kWzghI¢WcaYtX _ml

Max
y1,...,yJ

J
∑

j=1

bj · yj ;

J
∑

j=1

(Aj)>yj = c, yj ∈ K+
j , j = 1, . . . , J, 3 � ��y ∗

4

¥ UWYQzgY[enUWY 3 kEhIlg_µen_ �IY;4�kEhjcmdfz}hf�6d�l�Yte C ⊂ IRm _al p Y��%iWY p djl
C+ := {y ∈ IRm; y · z ≥ 0,

� hIz0dfcac
z ∈ C}

§
>ì�©enUWY�k%zg_aX�dfcCdfi p�p b%dfc �odfcabWYQl!dfznY}Y8´:b%dfcO£rd�k%dj_wz

(x, y)
hj�©egUWY�kWzn_wX�djcEdji p	p b�dfcEkWzghI¢WcaYtX�l{_ml�v�U%dfz�djv�egYQzg_aªtY p

¢`q�egU%Yhjkren_wX�dfca_wesq	l�qrl�egYQX

Ajx − bj ∈ Kj , yj ∈ K+
j , yj · (Ajx − bj) = 0, j = 1, . . . , J ; A>y = c. 3 � ��y��[]`4

� Y p YtiWhjegY/¢`q
S 3 � ��y!�[]`4 egU%Y/lgY�e$hj��lghjcabreg_ahji�luhf��znYtcmdoen_whIi%l 3 � ��y��[]`4�§ >½i egUWY?lgYQ´:bWYQc ¥(Y/_ai:egznh p b%v�Y

iWhjeg_ahji%l�hj��v�hIXuk�hIiWYti:es¥ _ml�Yl�egzn_av�e!� Y8djlg_w¢%_wca_µesq�dfi p l�egzn_av�e vthjXukWcaYtXuYti:e�dfzn_µesqI§
��¬����� � �=°���������� ����_� �`���X���J���� ��(&����,+ ����T�#���J&��Y!�� �� �'����������
��,���,�J���`���0!�� �����

j ∈ {1, . . . , J}
� � � � ���)�A�#K/�������

x ∈ F (COP )
���  �� � �`���

Ajx − bj ∈ int Kj

�J�)���J& �
y ∈ F (COP ∗)

���  ��G� � ���
yj ∈ int K+

j

� �

�{¬ � �N��� ��� ���
j

��U���J���� ��J���I&����,+ ����J�)���J& �\!� ��� �%����������
��F� �! �`���\� � �U�����

{yj ; y ∈ S(COP ∗)}
�T�#���J& �

{Ajx − bj ; x ∈ S(COP )}
�I���.
���	�(!$��! �

" � °©°�#$�'>ì�
j
_al�l�egzn_av�egcaq$kWzn_wX�dfcE� Y8djlg_w¢WcaYj£`enUWYtznY�Y�xr_al�enl

ε > 0
l�b%v�U	egU%dfe

s = Ax− b
lndoen_al��%YQl

sj + εB ⊂ Kj

£
hjzY8´:bW_ �odjcwYQiIencwq

εB ⊂ sj − Kj

§ 9�Y�e
y ∈ S(COP ∗)

§�]`_ai%v�Y
yj ∈ K+

j

£�_µe�� hjcacwho¥0l�egU�doe
ε‖yj‖ ≤ yj · sj

§
%}lg_aiW��dfcml�h

yj′ · sj′ ≥ 0
£`� hjz0djcwc

j′
£W¥!Y��IY�e

0 = x · (c − A>y) = c · x − y · Ax = c · x − b · y − y · s ≤ c · x − b · y − ε‖yj‖.

>½i�hfegU%Ytz�¥(hIz p lt£
ε‖yj‖ ≤ c · x− b · y = c · x − val(COP ∗)

£r¥ UW_mv�U��j_��jYQl(enUWY p YQlg_wznY p YQl�eg_aX�doegYI§4T�UWY�kWzgh`hj�
� hjz�enUWY p b%djc©lse�doenYtXuYti:e0_ml l�_aXu_wcmdfz8§

���iWY}lndÁqrl 3 Yj§ �%§a£ B � £`��Y��s§&Z%§�^ÁZ$D,4�enU%doe4enUWYA���J���� ��8 ���+Y&(�F��+I���S�T����,���	�P�)& ��� �`�������4U%hjc p l&� hjz{kWzghI¢WcaYtX
(COP )_w�{egU%YtznY Ytx`_ml�enl[d	k�df_az

(x, y)
l�hIcwbWeg_ahji hj�4egU%YAhIkreg_aX�dfca_µesq?lgqrlsenYtX/£©lgb%v�U?enU%doe

−y ∈ ri NK(Ax − b)
£¤¥ UWYtznY

NK

_al�enUWY[iWhjznX�dfc©vthjiWY[hf�6v�hIi �jY�x	dji%dfcaqrl�_mlQ§&]`_ai%vtY
K
_ml d�v�cahIlgY p v�hIi �IY�x	vthjiWYI£W¥(Y[U%d��IY}� hIz

s ∈ K
egU%dfe

NK(s) = (−K+) ∩ s⊥, 3 ^4

3 ¥ U%YtznY s⊥
p YQiWhfenYQl!egU%Y�l�Yte�hj�&djcwc¤hIz�enUWhj�Ihji%djc �IYQv�eghjz�l(egh

s
4�dfi p

NK(s) = ∅
_µ�

s 6∈ K
§

Ä Å�Æ�ÄÈÇ



���������	��
��������������������������������� �����!�"���#!$���% ������'&(�)�#*$�#��+�+��,�-*.&(�#�/
��0��+%� ^

¨WhIz�k%zghI¢WcwYQX�l}¥ _wegU¦v�hji�lsenzndj_wi:enl�_ai kWznh p b%v�e�� hjznX/£¤_µe[_ml�¥!hjzgegU`¥ _acwY�egh�_wi:enzgh p b%vtY�enUWY�v�hji�v�YtkWe�hj�� ���+�"
& ���(��� �JH �����_���J���� ��C ���+Y&(�0��+I���S�T����,��� �P�)& ��� �`��������£E¥ UW_mv�U/� hjz0Y8djv�U/v�hIXAkEhji%Yti:e

j
XuY8dfi%l�enU%doe}egUWYQzgYYtx`_ml�enl0d

k%dj_wz
(x, y) ∈ S 3 � ��y��[]`4�£Wlgb%v�U�egU%dfe −yj ∈ riNKj

(Ajx − bj)
§

� Y�vtdji�Y�x`egYQi p dfi p znY���iWY � hjz{egUW_ml{� zndjXAYQ¥(hIz#@�egUWY0i%hfeg_ahji�hj�©hjkren_wX�djc%k%djz�en_µen_whIi©£j¥!Ytcac @`iWho¥ iu� hIz{ca_wiWY8dfz
kWznhj�IzndjXAXu_aiW� dji p XAhIiWhfenhjiWY[ca_wi%YQdfz0vthjXukWcaYtXuYti:e�dfzn_µesq�kWznhj¢%cwYQXulQ£WlgYtY[Yj§ �%§�B ZW£�]`Y8v�en_whIi�5;VW§Ü�r§ ZDì§
�{¬ � �N��� ���E�

S 3 � ��y!�[] 4'���M�(�� ��+Y&(�J� 
 � �`���#���#K/�������C� & �����J�,������ (B, N, R, T )
���
{1, . . . , J}

���  ��%� � ��� 
 3 _�4 �`�%�����
B

���_� �`�%�	� ���� � �
j
���  �� � � ���C� � ���)���)K/�������

(x(j), y(j)) ∈ S 3 � ��y��[]`4A��������E�����,�-* Ajx(j) − bj ∈
int Kj


 3 _w_,4  �`� �����
N

��� � �`� �	�S����� � �
j
���  �� � � ���Q� �`���#� �#K/�������

(x(j), y(j)) ∈ S 3 � ��y!�[]`4 �����J���E�����,�-*
yj(j) ∈ int K+

j


 3 _a_a_�4  �`� �����
R

��� � � �U�	� ����� � �
j

A�����.
����F��-*$�,�-* �R�

B
��

N

����  �� � � ���A� �`���#�G�#K/�������

(x(j), y(j)) ∈ S 3 � ��y!�[]`4IH �,� � −yj(j) ∈ riNKj
(Ajx(j) − bj)


���(! 3 _ �`4����� ���,� j ∈ T

Y���������

(x, y) ∈
S 3 � ��y!�[]`4.!/�W���.�(��8�����J���E���I�������� ��' ���+Y&(�0��+I���S�T����,��� �����% ���+Y& ���(��� � j

�
" � °©°�#$�%9©Y�e

(B, N, R, T )
¢EY p Yt�%iWY p djl}_wi egUWY cwYQXuXud L ¥(Y�U%d��jYenh�v�U%YQv�@�egU%dfe}egU%_al�_ml�d	k%dfzgeg_weg_ahji©§�T�UWYp Yt�%iW_weg_ahji	hj�

T
_aXukWca_wY8l{enU%doe�enUWYt_az�bWiW_ahji	Y8´:b%dfcml

{1, . . . , J}
£rdfi p ¢:q p Y��%iW_weg_ahji�hf�

R
dfi p

T
£`¥(Y�U%d��jY}egU%dfe

(B∪N, R, T )
_ml4d[k%djz�en_µen_whIiAhj�

{1, . . . , J}
§ >ìe(zgYQXudj_wi�l�eghkWznh �jY(egU%dfe

B∩N = ∅
§&]`_ai%vtY

S 3 � ��y��[]`4�_al4iWhfeYtXukresqI£�¥!YI@`iWho¥�enU%doe
S 3 � ��y!�[]`4 = S(COP ) × S(COP ∗)

§	T�UWYQzgYt� hjznY
x̂ := |B|−1

∑

j∈B x(j)
lndoeg_ml�� q

x̂ ∈ S(COP )
§ � Y�lgYtY�egU%dfe

Aj x̂ − bj ∈ int Kj

£`� hjz0djcwc
j ∈ B

§4T�U%YtznY�� hjznY�dji`q
y ∈ S(COP ∗)

_ml l�b�v�U$egU�doe
yj = 0

£`� hjz0djcwc
j ∈ B

§4T�UW_ml kWznh �jYQl{egU�doe
B ∩ N = ∅

§
�

		¬ � �W���	� ��
%���R�Q� � ��� 
 �����Q+I���(��T��(�.���,�(�����. ���+Y&(�0��+I���S�T����,����&��#�$
��F��+_�A� �`�%�)&(�J�,+I���P& �����J�,������ ���.� ��� � �
������+

(B, N, T )

_���,�� )� �,� � � ���  )������� ���J���� ��J���  ���+Y&(�F��+I���S�T����  )�+:& �������S�%
����0���-*� ���,� �`���G�T�

B
���

N
�

 �`���#�������#�%� �`�_+ ��,� �(���������J�  ����`���������Q�,���,� �J�#�;!��  ��,�-* � � �Q�����
R
�

��¬����� � �=°��� ��� � �%& ���,�
(x, y) ∈ S 3 � ��y!�[] 4������J���,�����,�P*�� � �I�#���F���J����� �I
����F��H ��� ������! �T� 
)�U� � +I��K/�,+I���

 ���+Y&(�F��+I���S�T����,�����
{

(i) Aix − bi ∈ int Ki, ∀i ∈ B, (ii) yi ∈ int K+
i , ∀i ∈ N,

(iii) − yi ∈ ri NKi
(Aix − bi), ∀i ∈ R.

3 V/4
9©Yte

x(j)
dji p

y(j)
¢EY�djl�_ai/cwYQXAX�du�W§ � Y p Y���iWY

x̂ := (|B| + |R|)−1
∑

j∈B∪R

x(j); ŷ := (|N | + |R|))−1
∑

j∈N∪R

y(j).

9©Yte{b%l!lse�doenY�lghjXuY0kWznhjkEYtzgeg_aYQl6hj�¤egUWY�l�Yte(hj�CX�dfx`_aX�dfcEv�hjXukWcaYtXuYQiIe�dfzn_µesqulghjcabreg_ahji%lQ§ � Y�iWYtY p dkWznYtca_wXu_ai%dfznq
caYtXuX�dW§
�{¬ � �N��� ��� ���

K

)�G�  ��F������!  )������#K  ���(� � � ���

si ∈ K

X����

i = 1, 2


−y1 ∈ NK(s1)


_����!
−y2 ∈

riNK(s2)
���C�������

α ∈]0, 1[

������

(s, y) := α(s1, y1)+(1−α)(s2, y2)
�����

−y ∈ NK(s)

 � �`���

−y ∈ riNK(s)
�

" � °©°�#$��]`_ai%v�Y
−NK(s) = K+ ∩ s⊥

£`¥(Y}U%d��jY enU%doe
−y ∈ riNK(s)

_F<�£:� hIz(dfcac
z ∈ NK(s)

£
y± εz ∈ K+ � hjzlgXudjcwcEYti%hjbW�IU

ε > 0
§���l

K+ _ml(d v�hIiWYj£
y + εz ∈ K+ dfca¥�dÁq`l4UWhjc p lQ§&T�U%YtznY�� hjznY0¥!Y}U%d��IY egh kWznh �jY enU%doe(� hjz

z ∈ NK(s)
£
y−εz ∈ K+ � hIz6l�X�dfcac:YtiWhIbW�jU ε > 0

§�%�l�_aiW�
NK(s) = NK(s1)∩NK(s2)

£jhj¢re�df_ai
z ∈ NK(s2)

£
dfi p UWYQi%v�YI£

y2 − ε′z ∈ K+ � hIz l�hIXAY
ε′ > 0

§ 9©Y�e
ε := (1− α)ε′

§4T�UWYti
y − εz = αy1 + (1− α)(y2 − ε′z)¢EYtcahjiW�:l!egh

K+ §4T�UWYvthji%vtcwb%lg_ahji�� hjcacwho¥0lQ§
�
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V ����� ����!������� 	�Y�� �(��`��
���� ��T����Y��+��,�#�������

�{¬ � �N��� � 3 _�4  � ��& ���,� (x̂, ŷ)
��� � � +I��K/�,+ ��  ���+Y&(�F��+ ��� �R�����,�J��� 3 _w_,4�� �S�.& ���,� (x̂, ŷ) ∈ ri S 3 � ��y!�[]`4�J�����C����� ��� �T�

riS(COP ) × riS(COP ∗)
� ���_���Q+ �WK$�,+I���X ���+Y&(�F��+ ��� �R�����,�J���

" � °©°�#$� 3 _�4}T�U%doe Aj x̂ − bj ∈ int Kj

£E� hjz�dfcac
j ∈ B

£E_al�d	vtcadIlglg_mvtdfc�kWzghIk�YQz�esqI§�]`_aXu_wcmdfzncwqI£
ŷj ∈ int K+

j

£�� hjz
dfcac

j ∈ N
§4¨�_wi�dfcacwqI£regU%dfe

−ŷj ∈ ri NKj
(Aj x̂ − bj)

£W� hjz0dfcac
j ∈ R

£r_al}v�hji�l�Y8´Ib%Yti%vtY�hj��caYtXuX�d
�
§

3 _a_,4:9©Yte (x̂, ŷ) ∈ ri S 3 � ��y��[]`4�£Cdfi p (x̃, ỹ) ∈ S 3 � ��y!�[]`4�¢EY�hj�4Xudfxr_wX�dfc�v�hIXAk%cwYQXAYQi:endfzn_wesqj§ T�UWYti?egUWYQzgYY�xr_mlse�l
ε > 0

lgb%v�U�egU%dfe
(x̂, ŷ) − ε(x̃, ỹ) ∈ S 3 � ��y!�[]`4�§{]rY�e α = 1/(1 + ε) ∈ (0, 1)

§ � YX�dÁq$¥ zn_wegY

α(x̂, ŷ) = α[(x̂, ŷ) − ε(x̃, ỹ)] + (1 − α)(x̃, ỹ).

]`_aXu_wcmdfzncwqI£Wl�Yte�en_wiW�
ŝ := Ax̂ − b

dfi p
s̃ := Ax̃ − b

£r¥(Y[U%d��IY�egU%dfe

α(ŝj , ŷj) = α[(ŝj , ŷj) − ε(s̃j , ỹj)] + (1 − α)(s̃j , ỹj).

� Y�v�hji�v�cab p Y[¢`q	dfkWk%cwq`_aiW�ucwYQXAX�d
�
eghAenUWY�df¢Eh �jY�zgYQcadfeg_ahji©§

�� Y�iWho¥�_wi:enzgh p b%vtY}dfi%hfegU%Ytz{k%zghI¢WcwYQX znYtcmdoenY p enh
(COP )

£rU�d��:_aiW��_ai�Xu_wi p egU%Y}znYtcmdoeg_ahji�l6¢�Ytes¥(YQi�]%��(y
dfi p ]r��y kWznhj¢%cwYQXulQ§Q9©Y�e

K = K1 × · · · × KJ

¢�Yudfi%hfegU%Ytz0��iW_µenYA�¹dfXu_wcaq/hf�(vtcwh:l�Y p v�hIi �jY�x�v�hIiWYQl�_ai
IRrj

£
j = 1

egh
J
£%dfi p

M j
¢�Y

rj × qj

X�doenzg_mv�Y8l l�b%v�U�egU�doe

sj ∈ Kj

_F<
M jsj ∈ Kj , j = 1, . . . , J. 3 �/4

9©Yte
M = (M1; · · · ; MJ)

¢�Y�egUWY�X�doenzg_wx�¥ UWhIlgY}znho¥0l{djzgY enUWhIlgY}hj�
M j

§4T�UWYti 3 � ��yM4{_al!Y8´Ib%_ �odfcaYti:e(egh�enUWYca_wiWY8dfz v�hIiW_mv[kWzghI¢WcaYtX
Min

x∈IRn
c · x ; M j(Ajx − bj) ∈ Kj , j = 1, . . . , J, 3�� � ��yM4

¥ UWh:l�Y p b%djc¤_al

Max
z∈K+

J
∑

j=1

bj · M>zj ;
J

∑

j=1

(Aj)>(M j)>z = c; zj ∈ K+
j , j = 1, . . . , J. 3�� � ��y ∗

4

>ì�©enUWY�k%zg_aX�dfcCdfi p�p b%dfc �odfcabWYQl!dfznY}Y8´:b%dfcO£rd�k%dj_wz
(x, y)

hj�©egUWY�kWzn_wX�djcEdji p	p b�dfcEkWzghI¢WcaYtX�l{_ml�v�U%dfz�djv�egYQzg_aªtY p
¢`q�egU%Yhjkren_wX�dfca_wesq	l�qrl�egYQX

{

M j(Ajx − bj) ∈ Kj , zj ∈ K+
j , zj · M j(Ajx − bj) = 0, j = 1, . . . , J ;

∑J

j=1(A
j)>(M j)>zj = c.

3 58�/4

� Y}�%z�l�e�l�endfegY�es¥(hAcwYQXuXudIl(egU%dfe p Y8dfcC¥ _wegU�kWzghIk�YQz�en_wY8l4enU%doe p hAiWhje!_ai �jhjc��jY�Y�xrkWca_avt_µenYtcaquegUWY[kWznh p b%v�e(� hIzgX/§
�{¬ � �N��� �  �`�X����,�F��H �,�P*��`��F!�� 3 _�4 MS(COP ) = S(MCOP )



M>K+ ⊂ K+ 
 ���(!

M>S(MCOP ∗) ⊂
S(COP ∗)

� 3 _a_�4 �E� M>K+ ���  ��F������! 
I� �`���
M>K+ = K+ ��(!

M>S(MCOP ∗) = S(COP ∗)
� 3 _a_w_,4�X�F������!������������

M>K+ � ���F!��_� �
M>

���% ��W���# ������I��
K+ 
 � �,� � 
�� �

‖M>z‖ ≥ c‖z‖
��������,�

z ∈ K+ � ��� � � ���
 �������


S(MCOP ∗)
���_
����	��!$��!I� 	

S(COP ∗)
���_
����	��!$��!��

" � °©°�#$� 3 _�4�T�U%doe MS(COP ) = S(MCOP )
_ml�d0vthji%lgYQ´:bWYQi%v�Y{hf� 3 �-4�§6]`_ai%v�Y MK ⊂ K

£odji:q
z ∈ K+ _al�l�b%v�UegU�doe

M>z ∈ K+ § >ìe � hjcacaho¥0l{� znhjX egUWY[Ytx`k%zgY8lglg_whIi	hj� p b�dfc¤kWznhj¢WcaYtX�l!enU%doe
M>S(MCOP ∗) ⊂ S(COP ∗)

§

Ä Å�Æ�ÄÈÇ



���������	��
��������������������������������� �����!�"���#!$���% ������'&(�)�#*$�#��+�+��,�-*.&(�#�/
��0��+%� �

3 _a_,4���lglgbWXuYAiWho¥ egU%dfe K̂ := M>K+ _ml[v�cahIlgY p §�]`_ai%vtYA¥!Y_@`iWho¥�egU%dfe
M>K+ ⊂ K+ £©¥!Y�U%d��IY�enh�kWznh �jYegU%Y/vthji �jYQznlgY$_ai%v�cab%lg_whIi©§ >ì��egU%_alu_mlAiWhfeuegznbWYI£4egU%Yti egUWYQzgY/Y�xr_mlse�l

y ∈ K+ £ y 6∈ K̂
§ �!q enUWY�l�YQk%dfz�doen_whIi

egU%YthjznYtX*egU%YtznY$Y�xr_mlse�l
h ∈ K̂+ l�b�v�U egU%dfe

h>y < 0
§ T�U%doe

h ∈ K̂+ _al YQ´:bW_��odfcaYti:e�egh
Mh ∈ K

£6UWYti�v�Y
egh

h ∈ K L ¢WbWeulg_wi�v�Y y ∈ K+ £4egUW_mluv�hji:enznd p _av�enl h>y < 0
§ T�UW_ml k%zgh �IYQl

M>K+ ⊂ K+ £4� zghIX ¥ UW_av�U
M>S(MCOP ∗) = S(COP ∗)

� hIcwcaho¥0l!YQdIl�_acwqI§
3 _a_a_�4[¨�_ai%dfcacwqI£¤egU�doe[egUWY�vtcwh:l�Y p iWYQlnl�hf� M>K+ _mld�vthji%lgYQ´:bWYQi%v�YAhf��v�h`Ytz�v�_��`_µesq�hj�

M>
_al[Y8djlgq?dfi p cwYt�Èeegh

egU%YzgY8d p YQzQ£rdjl�¥!Ytcac©djl!enUWYYQ´:bW_��odfcaYti%vtY[hf��¢Ehjb%i p Y p iWYQlnl hf�
S(MCOP ∗)

dji p
S(COP ∗)

§
�

�{¬ � �N��� � �Q�����	+I��� � ���
M

��� ����� �T�\����� �  � ��� � �`� �����,�0��H �,�-*?�`��F!�� � 3 _�4  � � + ��&$&(�,�P*
M>

���
���S�T� 
Y���(!

M> intK+ ⊂ int K+ � 3 _a_�4������,� �$!$!�,������
M>K+ ���I ��F������! 
:� �`���

M> intK+ = int K+ ��(!
M> int S(MCOP ∗) = int S(COP ∗)

� 3 _a_a_�4��Z�(!/����� � ������+I� ���)���	+Y&(�J����� � �����,� 3 _a_,4�H � �������'�`� ���I� �`�� 

�����_��,�

s ∈ K


M> ri(K+ ∩ (Ms)⊥) ⊂ ri(K+ ∩ s⊥)

�
" � °©°�#$� 3 _,40T�U%dfe0egUWY�egz�dfi%lgk�h:l�_weg_ahji�hf�4dji�_wio|sY8v�en_ �IYXudjkWkW_aiW�$_ml0lgbWz¹|sY8v�en_ �IY�_al0¥(YQcwc ¡ @`iWho¥ i�§ >ì� z ∈ intK+ £egU%Yti�enUWYtznY�Ytx`_ml�enl

ε > 0
lgb%v�U�enU%doe

z + εB ⊂ K+ 3 ¥ UWYtznY B
p Yti%hfegY8l enUWY �{b%v�ca_ p YQdfi ¢%dfcac�4�§[]r_wi%vtY

M>
_ml

hji:enh%£
M>B ⊃ αB

� hIz0l�hIXuY
α > 0

£�dfi p UWYti�v�Yj£
K+ ⊃ M>(z + εB) ⊃ M>z + εαB

£W¥ UW_mv�U�k%zgh �IYQl{egU%dfe
M>z ∈ int K+ §
3 _a_,4]`_wi�v�Y M> _ml[hji:enh%£

M> intK+ _aldji�hIk�YQi¦lgY�e8§��}l
M>K+ _alvtcwh:l�Y p £CegUWY$vtcwh:l�b%zgYAhf�

M> intK+ _ml
M>K+ £{dji p egU%Y�cmdoegegYQz _mlAYQ´:b%dfc(egh K+ ¢`q caYtXuX�d V%§ T�U%_alAXuYQdji%l�enU%doe

M> intK+ = int K+ § T�UWYYQ´:b%djcw_wesq$¢EY�es¥!YtYQi
M> int S(MCOP ∗)

dfi p
int S(COP ∗)

_ml kWznh �jY p _ai�d�lg_wXu_acadjz�XudjiWiWYQzQ§
3 _a_a_�4 � Y.@`iWho¥ enU%doe M>K+ = K+ £Cdfi p enU%doe�� hjz}djcwc x ∈ K+ £ z · Mx = 0

_=<
(M>z) · x = 0

§C>ìe}� hIcwcaho¥0l
egU�doe

M>(K+ ∩ (Ms)⊥) = (K+ ∩ s⊥)
§

9©Yte
z ∈ ri(K+ ∩ (Ms)⊥)

£!dfi p l�Yte
y = M>z

§\9©Yte
y′ ∈ K+ ∩ s⊥

§ � YG@`iWho¥ egU�doeuegUWYQzgY/Ytx`_ml�enl
z′ ∈ K+ ∩ (Ms)⊥

l�b�v�U�enU%doe
y′ = M>z′

§�]`_ai%v�Y
z ∈ ri(K+ ∩ (Ms)⊥)

£�enUWYtznY�Y�xr_mlse�l
ε′ > 0

lgb%v�U¦egU%dfe
z ± εz′ ∈ K+ ∩ (Ms)⊥

§ >ìe � hjcacaho¥0l{enU%doe
y ± εy′ ∈ K+ ∩ s⊥

§4T�UWY�v�hIi%v�cab%lg_whIi	� hIcwcaho¥0lt§
�� Y p Yti%hfegY�¢`q

(BCOP , NCOP , RCOP , TCOP )
dfi p

(BMCOP , NMCOP , RMCOP , TMCOP )
enUWY}hIkreg_aX�dfc

k%djz�en_µen_whIi%l!hf�
(COP )

dfi p
(MCOP )

£%znYQlgk�Y8v�eg_��jYQcwqI§
�{¬ � �N� ��� ���Q�����	+I�Q� �`��

M>K+ ���_ ��F������! 
 � �`��
M

���%��(�A�R� ��(��
'����!I� �`��
� ��_���,�

sj ∈ Kj , M
jsj ∈ ∂Kj

� 	
sj ∈ ∂Kj . 3 5/5;4

 �`��� � �`�M�����,�F�H �,�-* �#���F�������`�H�`��F!G
)���JH �)��� � �`���)&����,+I���`&`������,�J����� �.���'&(�)�$
��F��+%�
(COP )

���(!
(MCOP )

�

BCOP = BMCOP , NCOP = NMCOP , RCOP ⊃ RMCOP , TCOP ⊂ TMCOP . 3 5Á�$4
���I&`������� ��	�F����
M� � �A���J���� ��C )�+:&��F��+ ��� �R�����,�J���P�)& ��� �`���������`��F!�� ����

(COP )
� �Q�,��� ���F!�� �����

(MCOP )
�

" � °©°�#$� T�U%dfe
BCOP = BMCOP

_mludfi _wXuXuY p _mdoenY�vthji%lgYQ´:bWYQi%v�Y�hf� 3 �-4�dji p 3 5$5;4�§N�0kWk%cwq`_aiW� enUWY��%z�lsek%djz�e hf��cwYQXuXudu� 3 _a_�4(enh (Ki,Ki, M
i)
¥!Y p Y p b%vtY[egU%dfe

NCOP = NMCOP

§4¨�_ai%dfcacwq$egU%dfe
RCOP ⊃ RMCOP� hjcacaho¥0l� znhjX cwYQXuXud�� 3 _w_a_�4 dfk%kWcw_aY p egh (Ki,Ki, M

i)
§ T�UWY�zgYQcadfeg_ahji

TCOP ⊂ TMCOP

� hjcacwho¥0l�� zghIX*enUWY
egU%zgYQY�hjegUWYQznlQ§

�}l�d v�hji�l�Y8´Ib%Yti%vtYj£!_µ�
TMCOP

_ml�YtXukresqNegUWYQi
TCOP

_ml	dfcmlgh¦YQXukresqj£�¥ UW_mv�U XuYQdfi�lAegU%dfe$egUWY�lsenzg_mv�e
v�hIXukWcwYQXuYti:endjzg_wesq�U`q:kEhfenUWYQlg_ml�UWhjc p l!� hjz

(COP )
_µ�&_we0UWhjc p l!� hjz

(MCOP )
§

�
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5Q� ����� ����!������� 	�Y�� �(��`��
���� ��T����Y��+��,�#�������

*,+�� �?B3B 4.7$� 2 � 7.D 8 D � ����9 2�F J�� ;E2�������;E25I 9	� DG;�

� Y$dfkWkWcaq?enUWY�znYQlgbWcµe�l[hf�!egUWY$dj¢�h �IY�l�Y8v�eg_ahji�§��0YtznY

Kj = Qmj+1
£
Kj := S

mj+1
+

£�dji p
M jsj = Arw sj

§
² hjegY�egU�doe0¥!Y[vQdfi�¥ zg_wegY

Arw(s) = (s0 − ‖s̄‖)Im+1 +

(

‖s̄‖ s̄>

s̄ ‖s̄‖Im

)

. 3 58�/4
T�UW_ml(lgUWho¥0l4egU%dfe(� hIz

s ∈ Qm+1 \ {0}
£
Arw(s)

_ml(hf��z�dfi`@
m
_=<

s ∈ ∂Qm+1
£rdfi p hf�©z�dfi`@

m + 1
hjegUWYQzg¥ _mlgYj§

>½i k%djz�en_avtbWcadjzQ£
Arw ∂Qm+1 ⊂ ∂Sm+1

+

£�dji p
Arw int Qm+1 ⊂ intSm+1

+

§/T�U%YtznY�� hjznY 3 5/5;4[UWhIc p lt§G9©Yte�b%l
p Y8v�hjXukEhIlgY�dji`q$X�doegzn_wx

Y ∈ Sm+1 djl!� hIcwcaho¥0l

Y =

(

Y00 Ȳ >
0

Ȳ0 Ȳ

)

, 3 5QZ-4

¥ UWYQzgY
Y00 ∈ IR

£
Ȳ0 ∈ IRm dji p

Ȳ ∈ Sm
§ � YiWhfenY[egU%dfe!� hIz0dfi`q

s ∈ IRm+1 ¥!Y�jY�e

Arw(s) · Y = s0 Tr(Y ) + 2s̄ · Ȳ0. 3 5Á�$4
>ìe � hjcacaho¥0l{enU%doe

Arw> : Sm+1 → IRm+1 _ml�iWhfenUW_wi%�A¢%bre

Arw>Y :=

(

Tr(Y )
2Ȳ0

)

. 3 5 � 4

�(hji�l�Y8´Ib%Yti:egcaq

M>(Y 1, . . . , Y J) = vec

((

Tr(Y 1)
2Ȳ 1

0

)

, . . . ,

(

Tr(Y J)
2Ȳ J

0

))

. 3 5�^4
" � °��(° � � � �¹°�������� 3 _,4 ���3� � ���Q� �`���

y
���Y�����=�	������ � �

(LSOCP ∗)
� 	 � �`���#�.�)K$�������

z
�������	�J����� � �

(LSDP ∗)���  �� � �`���
y = M>z

� 3 _a_�4	�C�(��� �%� �`����� !� ��� &(�#�/
��F��+%�	�`�����G
����	�(!/��!I���������.������	������`�.� 	 � � � ��� �`���������
�`��� � �`�����+ �M&��#�)& ��������� 3 _a_a_�4
�C�(�A����� � �����.!� ���/&(�#�/
��0��+%� � ���.��� �,� �R���������X���)������
��F�C&`��,� �8� 	 � �`�.�� � ���A�����
�`���A� � �A����+I��&(�#��&`��������� 3 _ �`4��'�#�$
��F��+_� (LSOCP )

��(!
(LSDP )

�`�����%� �`�.���+ ���)&����,+I���`&`������,�J����� �
" � °©°�#$� ]r_wi%vtY

Arw> _ml?v�h`Ytz�v�_��jY hIi
Sm+1

+

£
M>

_ml?dfcml�h vth:YQznvt_ �IYj§%�!q�caYtXuX�d V%£
S(LSOCP ∗) =

M>S(LSDP ∗)
dji p

S(LSDP ∗)
_al�¢�hIbWi p Y p _=<

S(LSOCP ∗)
_ml�¢EhjbWi p Y p §�T�UW_ml�kWznh �jY8l[k�hI_wi:e�l�_,4dfi p

3 _a_,4�§6y&hj_ai:e 3 _a_w_,4!_al}v�hji�l�Y8´Ib%Yti%vtY�hj��caYtXuX�du� 3 _a_,4�§ � YiWho¥ kWznh �jY 3 _��`4�§ �!q$caYtXuX�d 5Q�%£ BLSOCP = BLSDP

£
NLSOCP = NLSDP

£0dji p
RLSOCP ⊃ RLSDP L _we	zgYQX�df_ai%lueghNkWzgh �IY�egU%dfe RLSOCP ⊂ RLSDP

lg_ai%v�Y
(B, N, R, T )

_al d/k%dfzgeg_weg_ahji�§ 9©Yte
j ∈ RLSOCP

§/T�UWYti¦enUWYtznY�_al d/k%df_az
(x, y)

lghjcabreg_ahji hf� 3 �$4[lgb%v�U¦egU%dfe
sj 6= 0 6= yj

£4dfi p ¢�hjegU
sj
dfi p

yj
¢�YQcwhIiW��egh egUWY�¢�hIbWi p djzgq¦hf�

Qmj+1

§¦�}l hj¢%lgYtz��jY p df�ÈegYQz 3 5Q�/4�£�egUW_ml_aXAk%cw_aYQl!enU%doe
Arw sj

_ml hj��z�dfi`@
mj
£%dfi p UWYQi%v�YI£regU%Y�v�hjznznYQlgk�hIi p _aiW� lgY�e0hj��iWhIzgX�dfcml!_al}d U�dfcw��ca_wiWY 3 hf�&zndji`@hji%YAlgYtXu_ p Y��%i%_µenYAkEhIlg_weg_��jYuX�doegzn_mv�YQlQ£¤hjzgegU%hj�jhIi%dfc�egh

Arw sj
4�§�]`_ai%v�YAegU%YuvthjznzgY8l�kEhji p _wi%�	X�b%cµen_wkWca_aYtz

Y
� hjz

kWznhj¢WcaYtX
(LSDP )

_al!lgb%v�U$enU%doe
0 6= yj = Arw> Y j

£`¥(Y�U%d��jY}egU%dfe
Y j 6= 0

£:kWzgh �`_aiW��enU%doe
−Y j

¢�YQcwhIiW�Il{egh
egU%YzgYQcadfeg_��jY�_wi:egYQzg_ahjz�hj��enUWYiWhjznX�dfc¤v�hIiWY 3 enhuegUWY�lgY�e0hj��lgYtXu_ p Y��%iW_wegYkEhIlg_weg_��jY[X�doegzn_mv�YQl�4!doe Arw sj

§
�T�UWY�df¢Eh �jY[dfi�dfcaq`lg_ml(lgUWho¥0l!egU�doe0lsenzghIiW� p b%dfca_wesq$UWhjc p l!� hIz kWzghI¢WcaYtX 3 9�]%��(yM4!_F< _we0UWhjc p l!� hIz!k%zghI¢WcwYQX

3 9�]r��yM4�§4T�U%Y�i%Y�x`e0kWznhjkEhIlg_µen_whIi�l�endoenYQl dji�_ai:egYtznYQl�eg_aiW�uznYtcmdoeg_ahji�¢�Ytes¥(YQYti�egU%Y[lghjcabren_whIi%l�hf� 3 9�]%��(y ∗
4�dfi p

3 9�]r��y ∗
4�§

Ä Å�Æ�ÄÈÇ
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��0��+%� 5$5

" � °��(° � � � �¹°�� � � � � ����� �`�M���J�#���P*�!� �����,�J� &��#�)& ������� �`���0!X����� &(�#�/
��F��+ 3 9�]%��(y'4 � � ��� I 
��M� � �M����� � � �,�(!/�#KP���
�,�

1, . . . , J
���  �� � �`���� � ���#�I�)K/�������

x∗ ∈ S 3 9�]%��(yM4%�����J���E�����,�-* Ajx∗ 6= bj
�  �`��� � �������

Y ∈ S 3 9�]r��y ∗
4

���Q���  �� � � ��� 
 �����Q����+I�
y ∈ S 3 9�]���(y ∗ 4�
8� �`�M�����,�F�H �,�-* �#���F���J����� �`��F!����

Y j = 0,
� �

yj = 0; Y j = 1
2

(

‖ȳj‖ (ȳj)>

ȳj ȳj(ȳj)>/‖ȳj‖

)

,
��� �`����H ����� � 3 5;V/4

" � °©°�#$�C9©Yte
j ∈ I

£
x∗
¢EY[egUWY�dIlglghrv�_mdoenY p lghjcabren_whIi�hj� 3 9�]%��(yM4�£%dfi p caY�e Y ∈ S 3 9�]r��y ∗

4�§ � Y�v�cmdf_aX egU�doe

Y j
00Ȳ

j − (Ȳ j
0 )(Ȳ j

0 )> = 0, 3 58�/4
¥ UWYQzgY

Y j
00

£
Ȳ j

dji p
Ȳ j

0

djzgY��I_ �IYti�¢`q 3 5tZP4�§ ]`_ai%v�Y
Y j ∈ S

mj+1
+

£ ¢`q ]rv�U`bWz	v�hIXukWcwYQXuYti:e	enUWY?X�doenzg_wx
Y j

00Ȳ
j − (Ȳ j

0 )(Ȳ j
0 )>

_ml kEhIlg_µen_ �IYl�YQXA_ p Yt�%iW_wegYj£�dfi p UWYti�v�Yj£%_µe0_ml Yti%hjbW�IU$egh$lgUWho¥ egU%dfe

Tr
(

Y j
00Ȳ

j − (Ȳ j
0 )(Ȳ j

0 )>
)

≤ 0. 3 �j�/4
�!q�l�egznhjiW� p b�dfca_µesqI£�dfi`q�kWzg_aX�dfc ¡ìp b%dfc�lghjcabren_whIi

(x∗, y∗)
hf� 3 9�]%��(y'4�_al�l�hIcwbWeg_ahji/hf� 3 �/4�§ ]`_ai%v�Y Ajx∗ 6= bj

£
egU%Y	v�hIXAk%cwYQXAYQi:endfzn_wesq v�hIi p _weg_ahji _wXukWca_aYQlenU%doeAdfi`q

y ∈ S 3 9�]%��(y ∗
4lndoen_al��%Y8l

yj
0 = ‖ȳj‖

§/T�d$@`_wiW�
yj =

Arw> Y j
£%¥(Y p Y p b%v�Y

Tr(Y j) = yj
0 = ‖ȳj‖ = 2‖Ȳ j

0 ‖,
¥ UW_av�U�_aXAk%cw_aYQl

Tr
(

Y j
00Ȳ

j − (Ȳ j
0 )(Ȳ j

0 )>
)

= Y j
00 Tr

(

Y j
)

− (Y j
00)

2 − ‖Ȳ j
0 ‖

2 = −
(

Y j
00 − ‖Ȳ j

0 ‖
)2

≤ 0, 3 �`5;4
kWznh �`_wiW� 3 �f�/4!dji p enUWYtznY�� hIzgYdjcalgh 3 5Q�-4�§(�(hjX ¢W_aiW_wi%� 3 5 � 4!dfi p 3 �`5;4�£%hj¢re�df_ai

Y j
00 = ‖Ȳ j

0 ‖ = 1
2‖ȳ

j‖. 3 �I�$4
² ho¥£!¥!Y p _al�eg_aiW�jb%_algU es¥(h vtdIl�Y8l ��d-4_>ì�

Y j
00 = 0

£(¥!Y�hj¢Wendf_ai � zghIX 3 �I�$4�egU�doe Ȳ j
0 = ȳj = 0

dfi p egU%Yti
Tr(Y j) = yj

0 = 0
§ �}Yti%vtYj£El�_ai%v�Y

Y j
_ml kEhIlg_µen_ �IY�l�YQXu_ p Yt�%iW_wegYenUW_ml _wXukWca_aYQl

Y j = 0
§(¢S4��4cml�Y�_w�

Y j
00 6= 0

£W¥!Y
�jYte p _wznYQv�egcaq�� znhjX 3 5Q�/4�dji p 3 �j�/4{egU%dfe

Ȳ j = (Y j
00)

−1(Ȳ j
0 )(Ȳ j

0 )> =
2

‖ȳj‖
(ȳj/2)(ȳj/2)> = 1

2 (ȳj)(ȳj)>/‖ȳj‖,

¥ UW_mv�U©£Wv�hIX�¢W_aiWY p ¥ _wegU 3 �I�$4�£%dfcacwho¥0l(enhuvthji%vtcwb p Y[egUWYk%zgh`hf�s§ �

� " �����t�����^�#�� ����^�o��³�������t����� ��� $ & ( � )����
/���0,.�

T�UWY_9�df�IzndjiW�j_mdfi�� bWi%v�eg_ahji?djlnlgh`vt_adfegY p ¥ _wegU kWzghI¢WcaYtX 3 ]%��(yM4 3 l�endfegY p _ai�enUWY�_ai:egznh p b%v�en_whIiS4�_ml L(x, y) :=
f(x) −

∑m

j=1 yj · gj(x)
£�dji p egUWY p b�dfc¤kWznhj¢WcaYtX _al

Max
y∈Q

inf
x

L(x, y), 3 ��]���(yM4
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¥ UWYQzgYu¥!YAU�d��jY�l�Yte
Q := ΠjQmj+1

§I>ì� kWzghI¢WcaYtX�l 3 ]%��(yM4�dfi p 3 �[]%��(yM4U%d��jY egUWY$lndfXuYu�%i%_µenY �Ádjcwb%Yj£
egU%Yti�dAk%df_az

(x, y)
hf�&kWzg_aX�dfc©dji p�p b%dfc©lghjcabreg_ahji�_ml0v�U%dfz�djv�egYQzg_aªtY p ¢`q$egU%Yhjkren_wX�dfca_wesq	l�qrl�egYQX

L(x, y) = min
x′

L(x′, y); gj(x) ∈ Qmj+1; yj ∈ Qmj+1; yj ◦ gj(x) = 0, j = 1, . . . , J. 3 �f�-4
T�UWY�df¢Eh �jY�l�endfegYQXAYQi:e _ml hj�}l�kEYQvt_adjc�_wi:egYQzgY8lseA¥ UWYti kWznhj¢WcaYtX 3 ]���(yM4�_mluv�hIi �IY�x¤£&_=§ Yj§ 3 l�YQY�YI§ ��§]B

�
£{��Y��

�r§05
�
��DE4�_µ�

f(x)
_ml�v�hIi �jY�x¤£&dfi p enUWY$X�dfk%kW_wi%�

g(x)
_ml�vthji �jYtx�¥ _wegU znYQlgk�Y8v�e�enh�egUWY�l�Yte

Q′ := −Q
§�T�UWY

cmdoe�enYtz XuYQdji%lQB
�
£�]`Y8v�eg_ahji?�W§ �%§ ��DEenU%doe

g(tx + (1 − t)x′) �Q tg(x) + (1 − t)g(x′),
� hjz0djcwc

x, x′ ∈ IRn dji p
t ∈ [0, 1]. 3 �fZ-4

]`_ai%v�Y
Q
_ml _ai/kWzgh p b�v�e � hjznX/£regU%_al _ml Y8´Ib%_ �odfcaYti:e�egh$lndÁq�enU%doe

gj(x)
_ml0vthji �jYtx$¥§ z8§ e8§

Qmj+1
� hjz0dfcac

j
£regU�doe

_mlt£
x → ‖ḡj(x)‖ − gj

0(x)
_ml�v�hIi �IY�x?� hIz�dfcac

j
§/T�UW_al�UWhjc p lQ£©� hIz�_wi�lse�dfi%vtYj£�_µ�

ḡj(x)
_al d ��iWY$dfi p

gj
0(x)

_ml
v�hIi%vtd��IY0� hIz0dfcac

j
§

T�UWY¦zgY8l�bWcwenl�hf��egUWY¦kWznY �`_whIb%l�l�Y8v�eg_ahji�l	U%d��IY�dNi%doenbWzndjc�Ytx`egYti�l�_ahji enh i%hjiWca_wi%YQdfz/lgYQv�hIi p hIz p YQz�vthjiWY
kWznhj¢WcaYtX�lQ§�]`_ai%v�YI£�� hIz�lgXAh`hjegU kWznhj¢WcaYtX�lQ£ 9�dj�jz�dfiW�IY X bWcweg_akWcw_aYtz�l�djzgY$lghjcabreg_ahji�l[hf��egUWY p b%dfca_wª8doen_whIi¦hj�(enUWY
ca_wiWY8dfzn_wªQY p kWznhj¢WcaYtX�l�¥!Y�U%d��IY/egU%dfeQ£�� hjz�d iWhji%vthji �jYtxNkWznhj¢WcaYtX/£!egU%YtznY?_al	d i%doenbWz�dfc0iWhjeg_ahji�hf�hIkreg_aX�dfc
k%djz�en_µen_whIi�hf��v�hIi%l�egz�df_aiIe�l

(B, N, R, T )
§�¨%hjz�v�hji �IY�x i%hjiWca_wi%YQdfz!l�Y8v�hIi p hjz p YQz{v�hIiWY}kWznhj¢%cwYQXulQ£:¥(Y}vQdfi$_ai�enUWY

lndfXuYu¥!dÁq p Y��%iWYuenUWY$hIkreg_aX�dfc6k%djz�en_µen_whIi¦hj��vthji%l�egz�df_ai:enl
(B, N, R, T )

£ p Y���iWY p dIl�� hjcacwho¥0lQ§$T�UWY	lgY�e
B
_ml

egU%Y�bWiW_ahji�hj�
j
lgb%v�U�enU%doe}egUWYQzgY Y�xr_al�enl

x ∈ S(SOCP )
lgdfeg_mls� q`_aiW�

gj
0(x) > ḡj(x)

£�enUWY lgY�e
N
_al}egUWY bWiW_ahji

hf�
j
lgb%v�U�egU%dfe�egU%YtznYAYtxr_al�enl

y ∈ S(DSOCP )
lgdfeg_mls� q`_aiW�

yj
0 > ‖ȳj‖

£�egUWY	lgY�e
R
_ml[enUWY$bWiW_ahji hj�

j
£�lgb%v�U

egU�doe[egUWYQzgYuYtx`_ml�enl
x ∈ S(SOCP )

dji p
y ∈ S(DSOCP )

lndoeg_ml�� q:_aiW�
gj(x) 6= 0 6= yj

£�dji p � hIz�dfcac
j ∈ T

£
x ∈ S(SOCP )

dfi p
y ∈ S(DSOCP )

£©Yt_wegU%Ytz
gj(x)

hjz
yj
_ml�YQ´:b%djc&egh/�W£©hIz�¢EhfenU¦djzgY ªtYQzgh�£©dfi p iWYt_wegU%Ytz

gj(x)
hIz

yj
¢EYtcahjiW�AeghuenUWY[_wi:enYtzn_whIz hf�

Qmj+
§
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x ∈ S(SOCP )
���(!

y ∈ S(DSOCP )
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gj(x) = 0 = yj
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x ∈ S(SOCP )
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y ∈ S(DSOCP )
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K̂ ⊆ Y
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 ���� ���)K ������� � � �U����� � � ���A� �`� �����

K
����zgY p b%v�_a¢WcaY �T�

K̂
���

s∗ ∈ K
� �U� � ���#� �#K/�����_� �(���=* �`
������ �W�;!

V� �
s∗

��(! � ��+I�W�� � + ��&$&��,�-*
φ : V → Y

���  �� � �`�� � � �_����U���,�
s ∈ V



s ∈ K

� 	
φ(s) ∈ K̂


A��(! �,� �
Dφ(s∗) : X → Y

���%�� �R�����E�.� �`�_�����
K

��� znY p b%v�_a¢WcaYU�R�
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�����,�
s∗ ∈ K


 H �	���P���M���� � � ���C� �`�%�����
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¨WhIz6hjbWz6kWb%zgkEhIlgYQlQ£jdlgXAh`hjegUAXudjkWkW_aiW�[¥ _wcacW¢EY}d�es¥ _avtY0v�hIiIen_wi`bWhIb%lgcwq p _F<CYtznYti:eg_mdf¢WcaY 3 C2 4�X�dfkWkW_aiW��§�¨%hjzkWznhj¢WcaYtX�l�¥ _wegU?vthji%l�egz�df_ai:enl�_ai�kWzgh p b�v�e0� hIzgX/£W_O§ YI§
K = K1 × · · · × KJ

£WenUWY�znY p b%v�eg_ahji�dfk%kWzgh:djv�U�U%djl�enUWY
� hjcacaho¥ _wiW�Ahj¢ �`_ahjb%l p Y8v�hIXAkEhIlg_weg_ahji�kWzghIk�YQz�esq �6v�hIiWY[zgY p b%vt_w¢W_aca_µesq�UWhjc p l�¥ UWYQiWY �IYtz _we0UWhjc p l!� hjz Y8djv�U/l�Yte

Kj

£
j = 1

egh
J
§
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���������	��
��������������������������������� �����!�"���#!$���% ������'&(�)�#*$�#��+�+��,�-*.&(�#�/
��0��+%� 5Q�

�{¬ � �N� �  �  � � ���) ���(!�"���#!$���� ���(�
Qm+1

���  )��(���#��!�  ���
��F�A���8���������C& ���,�S�
ŝ ∈ Qm+1


Z�,�U� �`�Z�����,�0��H �,�-*
H ����� 3 _�4��E� ŝ = 0


8�R� M/�
K̂ = Qm+1

��(!
φ(s) = s


 3 _w_,4��E� ŝ0 > ‖¯̂s‖

8�T� M$�

K̂ = {0}
����!

φ(s) = 0

 3 _w_a_,4 ���

0 6= s̄0 = ‖s̄‖

8�T� M$�

K̂ = IR−

����!
φ(s) = ‖s̄‖ − s0

�
��¬����� � �=°�� � � ���8��`����!$���_�������
��,�J�#�����&(�#�/
��F��+ 3 yM4 Minx∈X{f(x) ; g(x) ∈ K}


ZH� ���#�
f, g

��#�Q��+I�W�� �
���	�( ��J�����`��


X



Y
��(!

Z
���#�	�8�S�,�T��!��,+I���`����������� ��& �$ ����_���(!

K ⊆ Y
���%�  ��F������!G )������#KG ������ 
M�#��!��  ���
��F�%�R�

�  ��F������!  ��������)K  ����(�
K̂ ⊆ Z

��
g(x∗) ∈ K


�� � + ��&$&��,�-*
φ
� ���%����� � � ���

x∗
���uiWhji p Yt�IYtiWYQzndfegY �JH �,� �

�#���J&`�� �� �R�I� �`�_�#��!��  �������U*������� 
��
φ
� � �.� � �_!$�����������J�����

DA(x∗)
� �A� �`�M���	�( �������

A := φ ◦ g
���_��� �R���

T�UW_ml�iWhfen_whIi©£`_wi:egznh p b%vtY p _ai B �;Dì£r�jYQiWYtz�dfca_aªtYQl{eghAkWznhj¢WcaYtX�l!¥ _wegU��jYti%Ytz�dfcCv�hji�lsenzndj_wi:enl{egU%Y[vthjznzgY8l�kEhji p _wi%�
v�hIi%v�YQkre b%lgY p _wi�ca_aiWYQdjz hjz iWhIiWcw_aiWY8dfz kWznhj�IzndjXAXu_aiW�%§ ² hfegY[enU%doe enUWYtznY�dfznY[hfenUWYtz p Y��%iW_weg_ahji�l hf�&iWhji p Yt�IYti ¡
Ytz�djvtqj£WYI§ ��§ABF5j£E��Y��s§.5;V�D�dji p znY�� YtznYti�v�YQl egUWYQzgYQ_wi©§�>½i/enUWY vQdjlgYhf�{lgYQvthji p hjz p YQz}v�hIiWYQl0djcwc�egUWY8l�Y p Y���iW_µen_whIi%l
dfznY�YQlgYti:eg_mdfcacwq	YQ´:bW_��ÁdjcwYQi:eQ§

��iWY�hf�EegUWY�X�df_aiu_wXukWca_mvtdoen_whIi hj��iWhIi p YQ�jYti%Ytz�djv�q_ml6l�endoenY p _wiAenUWY iWY�x`e6kWznhjkEhIlg_µen_whIi©£okWznh �jY p _ai B
�
£Iy4zghIk©§

Z%§�^f��DO§
" � °��(° � � � �¹°�� � � �L� ��`����!$���_� �`�Y&��#�$
��F��+ 3 yM4Q*������� �,� !$���8�S�,���������� � � ���

x∗

���� �����=�	������ ��� 3 yM4 ��(!���;&$& ����� � �`���Q� �`� �����

K
��� �#��!��  ���
��F� �T� � &`��,� �R��!  ��F������!  ���� ���)K  ����(�

K̂
���A� �`�.& ���,� �

g(x∗)
� �E�

x∗
���

�(��(!/�J*-���(���#���R� � �`��� � �`���#� �#K/������� � �	� ����� � � ��*$�#���P*/�U+��	����� &��������
y∗

�������; �����T��!�� � ���������������� 
Q� �I� � �Q& ���,�
(x∗, y∗)

��� ���J���� ������I ���+Y&(�F��+I���S�T����,��� 
 ����!
y∗ ���Y� �`�Q�	�S����� � � ��*$�#���P*/�A+%�	���J� &(�=�����.�������; �����T��! H �,� �

x∗ 
 � � ���
x∗

���A�(��(!$�T*-�������)���R� �
" � °��(° � � � �¹°�� � � � � ���

x∗

�� �U�������	�J����� ���%� �`� ���� �����!�"���#!$���:&��#�$
��F��+ � �ZN ��� ���UH �,� �

J = 1
� N ���

s∗ =
Ax∗−b

���(!
m = m1

�  � ���E

x∗

����iWhji p Yt�IYtiWYQzndfegY�� �'��(!A���S���Y� ����(��� �M� �`�������,�0��H �,�-*� �����!��,�J�����`�G�`��F!����:� �
s∗ ∈ int Qm+1


Z
 �
s∗ = 0

����!.� �`�Y+ ������=K
A
���:�� �R� 
Z �

A>Rm(Ax∗−b) 6= 0

 H�`���#�

Rm :=

(

1 0>

0 −Im

) �

" � °©°�#$��T�UWYznYQlgbWcwe�_ml d p _azgY8v�e}v�hIi%lgYQ´:bWYti�v�Y�hf�&cwYQXAX�d 58�W§
�� YYtx`egYti p enUWY�df¢Eh �jY�znYQlgbWcµe�enhuegUWY�vQdjlgY

J > 1
§

" � °��(° � � � �¹°���� � � � ���
x∗ 
��Q�%������	�J����� � � � � � ���� �����!�"���#!$��� &��#�$
��F��+ � �ZN ��� � � 
X��(!_�����

sj = Ajx∗− bj �N����
I∗ = {1 ≤ j ≤ J ; sj ∈ int Qmj+1}



Z∗ = {1 ≤ j ≤ J ; sj = 0}


Q��(!
B∗ = {1 ≤ j ≤ J ; sj ∈

∂ Qmj+1 \ {0}}

 H�`���#�

∂ Qmj+1
���A� � ��
���	�(!$����U� �

Qmj+1
�  � ���E


x∗
����iWhIi p YQ�jYti%Ytz�doegY � �_����!U�� ��� � �

� �`������,�F��H �,�P*  ���(!��,�J����� � �`���0!����  � �I+I���J���=K
A

H�`����� �#�HX�I��#�I� �`� �	� ����� ��� � � ����� ���
Aj


 �����
j ∈ Z∗



����!I� �`������ ��T����A�#��HX�

(Ajx∗ − bj)>Rmj
Aj


 �����
j ∈ B∗


8���.�� �R���
" � °©°�#$��T�UW_ml�_al�hIi%v�Ydj�Idf_ai�duvthji%lgYQ´:bWYQi%v�Y[hf��cwYQXuXud 5Á�r§X>½i p YQY p £r� hIz

Aj(x) := φ(gj(x)) = φ(Ajx − bj)
£

¥ UWYQzgY
φ
_ml!egU%YzgY p b%v�en_whIi�X�djk�hj��caYtXuX�dG58�W£r_µe�l p Ytzn_ �odfeg_��jYdoe

x∗
_al��I_ �IYti�¢`q

DAj(x∗) =
{

0,
_w�

j ∈ I∗; Aj ,
_w�

j ∈ Z∗; −(sj
0)

−1(Ajx∗ − bj)>Rmj
Aj ,

_µ�
j ∈ B∗

}

.

]`h�£`egUWY p YQzg_��odoen_ �IY
DA(x∗)

hj��� bWi�v�eg_ahji
A := (A1; . . . ;AJ)

_al0hji:eghu_F<?egUWYX�dfegzn_µx
A
_al hIi:egh%§

�

		¬ � �W��� � � � ��� �)�) ��������U� �`� �)�����	���_������� 
  �	+��
	���� �:
��W����P����� 
.� �
(A1; · · · ; AJ)

��� �� �R� 
.� �`��� ��� �
����������
��F�:&`��,� �'���Q������!$�T*/���(���#��T� �
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5tZ ����� ����!������� 	�Y�� �(��`��
���� ��T����Y��+��,�#�������

¨WhIz�kWznhj¢WcaYtX 3 9�]%��(yM4�£©egU%YU9�dj�jz�dfiW�IYuX�bWcweg_akWca_wYQznl y∗
dfznYuegUWY�l�hIcwbWeg_ahji%lhj� 3 9�]%��(y ∗

4�£6lgh%£�_µ�
x∗

_ml
iWhIi p Yt�IYtiWYQzndfegY egUWYQi kWzghIk�h:l�_weg_ahji]5�^	lndÁq`l[b�l�egU%dfeegUWY p b%dfc6kWznhj¢%cwYQX 3 9�]%��(y ∗

4�U%djld�bWi%_a´:bWY$lghjcabreg_ahji
y∗ §ß��i enUWY/hfegU%YtzAU%dfi p £4¥(Y @`iWho¥ � znhjX kWznhjkEhIlg_µen_whIi 5$5	egU%dfe�dji`q

Y ∗ ∈ S 3 9�]r��y ∗ 4�_alulgb%v�U enU%doe y∗ =
Arw>Y ∗ ∈ S 3 9�]%��(y ∗

4�§��!q[kWznhjkEhIlg_µen_whIi 58�W£8_w�
Ajx∗ 6= bj

� hIz�djcwc
j
£obWiW_m´:bWYti%YQlnl�hj�%l�hIcwbWeg_ahji�hj� 3 9�]%��(y ∗

4
_aXAk%cw_aYQl!bWiW_m´:bWYti%YQlnl(hj��enUWY�lghjcabren_whIi	hf� 3 9�]r��y ∗

4�§�~4Y�e _we XudÁq�U�dfkWkEYti	egU%dfe
S 3 9�]W�}y ∗

4(_ml(i%hfe d lg_wi%�jcaY�eghIi©£
Y �IYti�¥ UWYti

x∗
_al�i%hji p YQ�jYQiWYtz�doenY}� hIz kWzghI¢WcaYtX 3 9�]%��(yM4t£Wdjl!enUWYiWYtx:e0YtxWdfXukWcaY[lgUWho¥0lQ§

��� ��� � � ¬ � ��� �8���`����!/��� ���P��������� 
��F�; �M
J = 1

� � ���
A = I3 ∈ IR3×3 � �`�%��!/���S���,�J� +I���J���=K 


m = 2


b = 0����!

c = (1, 0, 0)>
� ���������,�F�HX�%� �`��

x∗ = 0
���_� � �%�	� ����� �A�����=�	������ ��� 3 9�]%��(y'4 � ��(! � � ��� � � 3 9�]r��yM4 � 
H�P�� �� ��� �/ ��J� ���,�=� �(����!$�T*-�������#��T��
 ���(!

y∗ = (1, 0, 0)>
��� � � � �	�S����� � �������	�J����� ��� 3 9�]%��(y ∗

4 � � ���,�-*
&(�)�)& �����,�������� � �T� � ��(! 3 5 � 4�
'��(! ���,�( �� Ax∗ − b = 0


 H �%�����.� �`��
Y ∈ S 3 9�]r��y ∗

4_� 	
Y � 0



Tr(Y ) = 1����!

Ȳ0 = 0
� � ���A�,� ���R���� �� 


y∗(y∗)>
��(!

Y ∗ = 1
3I3


����F��-*U�R�
S 3 9�]r��y ∗

4 �

� $A���&����+���� ��� +�������� $u�����$��������� ��� $ & ( �

>½i�egUW_ml0lgYQv�en_whIi�¥!Y�v�hIi%lg_ p YQz!egUWYkWznhj¢%cwYQX 3 ]%��(y'4 p Y��%i%Y p _wi�enUWY_wi:enzgh p b%v�eg_ahji/djl!� hIcwcaho¥0l �
Min

x∈IRn,sj∈IR
mj+1

f(x); gj(x) = sj �Qmj+1
0, j = 1, . . . , J, 3 ]%��(y'4

¥ UWYQzgY
f : IRn → IR

dfi p
gj : IRn → IRmj+1 djzgY�l�Xuh`hfenUN� bWi�v�eg_ahji�l 3 doe�caYQdIlse C2 4�§ T�U%Y���znl�e ¡ hjz p YtzhjkWeg_aXudjcw_wesq	lgqrlsenYtX _ml

DxL(x∗, y) = Df(x∗) −
J

∑

j=1

Dgj(x∗)>yj = 0, 3 �j�jd/4

gj(x) = sj �Qmj+1
0, yj �Qmj+1

0, sj ◦ yj = 0, j = 1, . . . , J, 3 �j�f¢S4
¥ UWYQzgY

L : IRn × IRm+1 → IR
_ml!egU%Y.9�df�IzndjiW�j_mdfi$� bWi%v�en_whIi/hf�&kWzghI¢WcaYtX 3 ]%��(yM4

L(x, y) := f(x) −
J

∑

j=1

yj · gj(x). 3 � � 4

>ì�
(x∗, y∗)

lndoen_al��%YQl 3 �j�/4�£WenUWYti x∗ ¥ _acwc�¢�Y vtdfcacaY p d�v�zn_µen_avQdfc©hIz0lse�doen_whIi%dfznq$kEhj_aiIe�hf� 3 ]%��(yM4�§(9�Y�e0b%l}zgY8vtdjcwcegU%Y p Y��%i%_µen_whIi�hj� ���J�#���P*���I�)�J*$�	�F���l�hIcwbWeg_ahji%lQB05Q��D �
��¬����� � �=°�� ��� � ���%���� � �`��

(x∗, y∗)
���I�?l�egznhjiW�Icwq�zgYQ�jbWcmdfz������=�	������ � ������ "� �����!��,�J�����`� 3 �j�/4_� ��� �`���#��)K$�������Q� �����=* �`
�����`�;�W!

V
� �

(x∗, y∗)
���  �� � �`��S�����.���������

δ := (δ1, δ2) ∈ IRn ×ΠJ
j=1IR

mj+1  ��F�����_���(���$* �
�R� 	 
 � �`���E���,���)���� �;�)!
	:�������T��+ �

D2
xxL(x∗, y∗)(x − x∗) − Dg(x∗)>(y − y∗) = δ1, 3 �-^od/4

g(x∗) ◦ y + Dg(x∗)(x − x∗) ◦ y = δ2 ◦ y, 3 �/^o¢S4
g(x∗) + Dg(x∗)(x − x∗) − δ2 �Q 0, y �Q 0, 3 �/^fvW4

�`���_�I�	� ����� �.������	�J�����
(x, y) = (x∗(δ), y∗(δ))

�,�
V

8H�P�� �� ���_� �X� &(�� ��	�,� �  ����S���,�S� ���P�Q+ ��& ���

δ
�
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>ìeAvQdfi ¢EY�lgUWho¥ i egU%dfe�enUWY�l�egznhjiW��znYt�IbWcmdfzn_µesq¦v�hji p _µen_whIi _wXukWca_aYQl6�Y�$
��,�`������ �U ���`�����)���,� � ��� ����� �' ����J�����
v�hIi p _weg_ahji��

T�UWYtznY[Y�xr_al�enl
h∗ ∈ IRn lgb%v�U�egU%dfe g(x∗) + Dg(x∗)h∗ ∈ intQ, 3 �$V/4

¥ UW_mv�U�vthj_ai%v�_ p YQl�¥ _wegU�egUWY N(�F���R��� 3 hjz &����,+ ��X���J���� �� ����������
��,�=�,���P4�v�hIi p _weg_ahji � hjz[cw_aiWY8dfz[kWznhj¢WcaYtX 3 9�]%��(yM4�§T�UW_ml v�hIi p _weg_ahji�_al p _alnv�b%lnlgY p _wi B
�
£�]`Y8v�eg_ahji?�W§ �%§ Z$DO§

>½i?enUW_allgYQv�eg_ahji?¥!Yuv�U%dfz�djv�egYtzn_aªtYenUWYAl�egznhji%�	znYt�jb%cadjzg_wesq�_ai?enUWY�v�hIiIenY�x`e�hj�{kWznhj¢WcaYtX 3 ]%��(yM4}¢`q�b%l�_aiW�lgYQv�hIi p hIz p YQz�hIkreg_aX�dfca_µesq�vthji p _µen_whIi%lt§&T�UW_ml&v�U%dfz�djv�egYtzn_aªQdoen_whIi_al&d�v�hIi%l�Y8´:bWYti%vtY{hj�Ed0¥!Ytcac p Y �jYtcahjk%k�Y p egU%Ythjznq
_ai¦d��jYQiWYtz�dfc6v�hIiW_mv�hIkreg_aXu_wª8doeg_ahji�� z�dfXuYt¥!hjz)@��I_ �IYti�¢:q kWzghI¢WcaYtX

(P )
l�endfegY p _wi p Yt�%iW_weg_ahji]5

�
§ ² hjegY egU%dfe

egU%Y�lsenzghIiW� znYt�IbWcmdfzn_µesq$vthji p _weg_ahji 3 p Y��%iW_weg_ahji?�I�$4!vtdji�¢EY¥ zg_we�enYti/_ai�enUW_ml��jYti%Ytz�dfcC� z�dfXuYt¥!hjz)@�djl

D2
xxL(x∗, y∗)(x − x∗) − Dg(x∗)>(y − y∗) = δ1, 3 �j�jd/4

(g(x∗) + Dg(x∗)(x − x∗) − δ2) · y = 0, 3 �f�j¢S4
g(x∗) + Dg(x∗)(x − x∗) − δ2 ∈ K, y ∈ K−. 3 �f�IvW4

>½i hIz p Ytz�egh	Y8lse�df¢Wca_ml�U�hjbWz�X�df_ai znYQlgbWcµe[¥!Y ¥ _acwc&znYQvQdfcac�lghjXuY_@IYtq�iWhjeg_ahji%l�dfi p egU%YthjznYtX�lQ§¨Whjz[_ai%l�endfi�v�Yj£¤d
b%lgY�� bWc p Y���iW_µen_whIi?_ai �Ihjc��jY p _ai/egU%_al�l�Y8v�en_whIi�_ml enUWY�� hIcwcaho¥ _aiW� �	� � �����+ ���� �����!U��#!$����*$�#�H � ��v�hIi p _weg_ahji B058��Dì§
¨WhIz�egUW_mlQ£W¥(Y p Yt�%iWY�d �¹dfXu_acwq	hf�&k�YQz�enbWzg¢�doeg_ahji�hf� 3 yM4�£ p YQiWhfenY p 3 y u

4�£%djl!� hIcwcaho¥0l

Min
x∈X

{f(x, u) ; g(x, u) ∈ K}, 3 �j�-4
¥ UWYQzgY

X
£

Y
dji p

U
dfznY��%iW_wegY p _wXuYti�l�_ahji%djc0l�k�djv�Y8lt£

u ∈ U 3 kEYtzgegb%zg¢%dfeg_ahji lgk%djvtY;4 _al�egUWY�kEYtzgegbWzn¢%dfeg_ahjik%djzndjXAYtegYQz$dfi p enUWY�� bWi%v�eg_ahji%l
f(x, u) : X × U → IR

dfi p
g(x, u) : X × U → Y

djzgY?dfe	caYQdjl�e�es¥ _mv�Y
v�hIi:eg_ai:b%hjb%lgcwq p _=<CYtznYti:eg_mdf¢%cwYdfi p lndoen_al�� q

f(·, 0) := f(·)
dIl�¥(YQcwc©dIl

g(·, 0) := g(·)
§

��¬����� � �=°�� � � � � ���
x∗


�� �I���R���J�����(���� � ���% ����,�J�� )�� �Q& ���,� �:���'&(�#�/
��0��+ 3 yM4 � ���'���A������!U� � ���'� � �AbWiW_w� hjznXlgYQv�hIi p hjz p Ytz��jznho¥�egU  �����!��,�J�����Q�`��F!��%��
x∗ � �Q� �`���#���#K/�����

α > 0
���(!U�I�����=* �`
������ �W�;!

N
� �

x∗ ���  �� � � ���
�����Q���S�

u ∈ U
�F&`�����J�	��
)������� ��& �$ �� �  ��F�����A���(��$* �U�R��	I��(! ���S�.���R���J�����(���� � ��� ����,���� ���� �:& ���,� �

x∗(u) ∈ N� �Q� �`��& �����J�	��
��)!Q&(�#�/
��0��+ 3 y u

4�
8H ���`� ���%� � ���

f(x, u) ≥ f(x∗(u), u) + α‖x − x∗(u)‖2, ∀x ∈ N , g(x, u) ∈ K. 3 �`5�4
���������Q� � ���Z� � �}lgYQvthji p hjz p Ytz��jznho¥�egU  )��(!�,������6�`��F!�� ��

x∗
� � 3 �`5�4 �`��F!�� ����Z&(�#�/
��0��+ 3 y'4�
 � �`�� ����
 � �`���#��)K$�����

α > 0
���(!I�������=* �`
�����`�;�W!

N
� �

x∗
���  ��U� �`��  )��(!�,������ 3 � 5;4 ���Y�������� �M��!I�� u = 0

����!
x∗(0) = x∗

�
� Y	iWYtY p egUWY�iWYtx`e�zgY8l�b%cµe8£�hI¢rendj_wiWY p _wi B

�
£&T�U©§/�W§ �fZDì£©enU%doe�l�endfegYQl�d/�%z�lse�v�U%djzndIv�enYtzn_wª8doeg_ahji ¥ UW_av�U _ml

�odfca_ p _ai/dA�IYtiWYQzndjcCvthji:egYtx`eQ§
��� ¬`° � ¬ � ��� � � ���

x∗

)�A�%�F�; ����S�������	�J����� � � &(�#�/
��0��+ ��� ����(!

y∗
�,���� �����#���J& ����!��,�-* � ��*$�#��-*-��+%�	���J� &(�=����� �

NS�;&/&`�����.� �`��
K

���Q�)�)!�  ���
��F�%�R� �A&`��,� �R�)!  ��F������!U �������#KG ������
K̂ ⊆ Z

���C� �`��&`��,� �
g(x∗)

�  � ���
(x∗, y∗)��� �.���J�#��-*$���.�#�T*$�	�F����������	������ � �:� �`� � �����P���	" �_� �	� "  `�  �M/���Y )��(!�,������`�Y� �����(!����S���_� �

x∗
���:�(��(!/�J*-���(���#���R�

� !$���8�S�,������ ��� � ���(! � �`�A�	�S� ������+ ���� )��(!U���#!/���Y*$�#��H � �  ���(!��,�J�����Q�`��F!��%��
x∗

�
T�UWYthIzgYQX��oZ�XuY8dfi%l!enU%doe}¥!Y�vtdji�vthjXukWcaY�enYtcaq�v�U%djzndIv�egYQzg_aªtY�egU%Y�lsenzghIiW�uzgYQ�jbWcmdfzn_wesq$v�hji p _µen_whIi/¢:q��j_��`_wiW�

lgb��$v�_aYti:e	dfi p iWY8v�YQlnlndfznq v�hji p _µen_whIi%lAegh hI¢rendj_wi enUWY�bWiW_w� hjznX lgYQv�hIi p hjz p Ytzu�Izgho¥�enU v�hIi p _weg_ahji©£�bWi p Ytz$d
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5
�

����� ����!������� 	�Y�� �(��`��
���� ��T����Y��+��,�#�������

iWhIi p Yt�IYtiWYQzndIv�q�U`q`k�hjegUWY8l�_mlQ§ %0ir� hIz�enbWi%dfegYtcaqj£�l�b%v�U�d�v�U%djzndIv�enYtzn_wª8doeg_ahji 3 _ai/egYtznX�l hf� p YQzg_��odoeg_��jY8l�hf� p doe�d�doeegU%YAi%hjXu_wi�dfc&k�hI_wi:e�4}_ml�@`iWho¥ i hIiWcwq�_ai �jYtznq�l�kEYQvt_µ�Ev�YtxrdjXukWcwY8l[djl�� hjz[iWhIiWcw_aiWY8dfz�kWzghI�jz�dfXuXu_wi%�	kWznhj¢WcaYtX�l
¥ _wegU

C2 p doend%£rl�YQY�YI§ ��§5�!hIiWi%dfi�l!dji p ]rbWcwYQX6B�^;D�dfi p ��hji:env�UWY �$dfi p � hrv�@odo� YQcwcmdfz�B ��D�dfi p egUWYQ_wz znY�� YQzgYQi%v�Y8lt§
¨WhIz vthjiW_mv�hjkWeg_aXA_aªQdfeg_ahji k%zghI¢WcwYQX�lt£6lgb%v�UNd?v�U%djzndIv�enYtzn_wª8doeg_ahji¦_ml�iWhje%@`iWho¥ i©§ >½i �¹djv�e�egU%Y 3 iWhji b%iW_µ� hIzgX 4lgYQv�hIi p hjz p Ytz�Izgho¥�enU¦vthji p _weg_ahji _wenlgYtcw�0vtdfi ¢EY	v�U%djzndIv�egYQzg_aªtY p Y8lglgYti:eg_mdfcacaq?_wi es¥!h?lg_µenb%doen_whIi%lt§�T�UWY��%z�lse�_ml
¥ UWYQi�egU%Y!vthjiWY!_al&lgYQvthji p hIz p Ytz�znYt�IbWcmdfz8£ÁlgYtY,�!hjiWi�dfi%lQ£j�(hjXu_wi%Y�e�en_rdfi p ]`U%dfk%_wznh_B ��Dì£fdfi p egUWY�lgYQv�hIi p _ml�¥ UWYti
znY p b%v�eg_ahji�enh�d	k�hI_wi:enY p v�hji%Y�UWhIc p lQ§ � Yu¥ _acwc6djkWkWcaq�enUW_mll�Y8v�hji p dfkWk%zgh:djv�U�cmdoegYQz�_ai?enUW_ml�lgYQv�eg_ahji©§.9�Y�e[b%l
p YQiWhfenY}¢`q

Λ(x∗)
egU%Y�lgY�e!hf� 9�dj�jz�dfiW�IY�X�bWcweg_akWca_wYQz!dIlglghrv�_mdoegY p ¥ _µenU

x∗
� hIz(kWznhj¢%cwYQX 3 yM4�£`_O§ YI§w£ y∗ ∈ Λ(x∗)

_F<
DxL(x∗, y∗) = 0

dfi p
−y∗ ∈ NK(g(x∗)) 3 egU%Y:�(���+ ��P ������6enh K

doe
g(x∗)

4�£Á¥ UWYQzgY
L(x, y) := f(x)−y·g(x)_ml{enUWYA9�dj�jz�dfiW�I_adji � b%i%v�en_whIi�hj��kWznhj¢WcaYtX 3 yM4�§ � Y p Y��%i%Y�enUWY��T��-*-���S�M ����(�[egh egUWYlgY�e K ⊆ Y

dfe(enUWY[k�hI_wi:e
y ∈ K

djl
TK(s) := {d ∈ Y : s + td + o(t) ∈ K, ∀t > 0}, 3 �I�/4

dfi p enUWY  ����,�J�� ����X!��,�#�� �������`�_ ����(� doe
x∗
� hjz kWznhj¢%cwYQX 3 yM40djl!� hjcacaho¥0l

C(x∗) := Df(x∗)⊥ ∩ Dg(x∗)−1TK(g(x∗)) 3 �I�/4
hjz�Y8´Ib%_ �odfcaYti:encwqI£W_µ�

Λ(x∗)
_ml iWhfe YQXAkWesqj£%lndÁq$v�hIiIe�df_ai%l lghjXuY

y∗
�

C(x∗) := {h ∈ X : Dg(x∗)h ∈ TK(g(x∗)) ∩ (y∗)⊥}.

�{¬ � �N� �  �'�8��`����!$���.� �`�.���� �����! ��#!$���_ ����(�
Q := Qm+1

��(! �F���
s ∈ Q

�� � ���E


TQ(s) =







IRm+1, s ∈ int Q,
Q, s = 0,

d ∈ IRm+1 : d̄ · s̄ − s0d0 ≤ 0, s ∈ ∂Q \ {0}.







3 �jZ-4

" � °©°�#$�0T�U%Y�vtdjlgYQl�¥ U%Yti
s ∈ int Q

dji p
s = 0

� hjcacwho¥ p _azgY8v�egcaq$� znhjX egUWY p Y��%iW_weg_ahji/hj�
TQ(s)

dfi p enUWY�¹dIv�e
egU�doe

Q
_al duv�hIiWYj§{]rbWkWkEhIlgY�enUWYti�enU%doe

s ∈ ∂Q \ {0}
£`enU%doe _mlt£

s0 = ‖s̄‖ 6= 0
§

]`_ai%v�Y�egUWY�lgY�e
Q
vtdfi�¢EY�¥ zn_µegegYQi�_wi�enUWY� hIzgX

Q = {s ∈ IRm+1 : φ(s) ≤ 0},
¥ UWYQzgY

φ(s) := ‖s̄‖ − s0_ml d�v�hji �IY�x p _F<EYQzgYQi:eg_mdf¢WcaY�� bWi%v�en_whIi?doe0dfcac
s
l�b%v�U�egU�doe

s̄ 6= 0
£W¢`q B

�
£Wy{zghIk©§{�r§

�
5�D¤egUWY[e�dfiW�IYti:e0v�hji%Y

TQ(s)_ml��j_��jYti�¢`q
TQ(s) = {d ∈ IRm+1 : φ′(s; d) ≤ 0}.

T�UWYQzgYt� hjznYj£�¥(Y�v�hji�v�cab p Y?¢`q iWhfen_wiW� egU%dfe$egUWY p _azgY8v�eg_ahji�dfc p YQzg_��odoen_ �IY
φ′(s; d)

¥ UWYti
s̄ 6= 0

_ml$YQ´:b%djc0enh
φ′(s; d) = Dφ(s) · d = s̄ · d̄/‖s̄‖ − d0

£�dfi p b%lg_wiW�
0 6= s0 = ‖s̄‖

§
�

� ° � ° � �=�r�  ��� � � ���
x∗


�� � ���R���J�����(���� � ��  ����,���� ��� �.& ���,�S� � �:&(�#�/
��0��+ �JN � � � �G���(!
y ∈ Λ(x∗)

� �C�������
h ∈ IRn 
C!$���(��T� dj(h) := Dgj(x∗)h


����.H ���,�X���
sj = gj(x∗)

�  �`��� 
C� � �� ����,�J�� )��X!�,�#�� ��J����� �� ������
C(x∗)���Y*������� 
��

C(x∗) =























h ∈ IRn :
�����_��,�

j = 1, . . . , J,
dj(h) ∈ TQmj+1

(sj), yj = 0,

dj(h) = 0, yj ∈ int Qmj+1,

dj(h) ∈ IR+(yj
0,−ȳj), yj ∈ ∂Qmj+1 \ {0}, sj = 0,

dj(h) · yj = 0, yj , sj ∈ ∂Qmj+1 \ {0}.

3 �:�$4

Ä Å�Æ�ÄÈÇ



���������	��
��������������������������������� �����!�"���#!$���% ������'&(�)�#*$�#��+�+��,�-*.&(�#�/
��0��+%� 5�^

" � °©°�#$��]r_wi%vtY�enUWYAvthji%l�egz�df_ai:enl0djzgY�_wi?k%zgh p b%v�e}� hIzgX/£EegUWYAv�zn_µen_avQdfc�v�hji%Y�U%dIl egU%Y�� hIcwcaho¥ _wi%� p YQvthjXuk�h:l�_weg_ahji
kWznhjkEYtzgesq �

C(x∗) =
{

h ∈ IRn; dj(h) ∈ TQmj+1
(sj), dj(h) · yj = 0, j = 1, . . . , J

}

. 3 � � 4
>ìe�lgb��$v�Y8l�eghNYQl�endf¢%cw_ml�U�enUWY?Y8´Ib%_ �odfcaYti�v�Y?¢EY�es¥!YtYQi�egUWY?znYtcmdoen_whIi%l�_ai 3 �:�$4udji p 3 � � 4�vthji%vtYtzniW_wi%� d �j_��jYQi
j
§ T�UWY vtdIl�Y¦¥ UWYti

yj = 0
_ml�hj¢ �`_whIb%lt§ >ì�

yj ∈ int Qmj+1
£�egU%Yti

sj = 0 3 ¢`q 3 �j�f¢S4�4�£�dji p UWYQi%v�YI£
TQmj+1

(sj) = Qmj+1
£4v�hIi%v�cab p _aiW� egU%dfe

TQmj+1
(sj) ∩ (yj)⊥ = Qmj+1 ∩ (yj)⊥ = {0}

dfi p enUWY	znYQlgbWcwe
� hjcacaho¥0lt§

]`bWkWkEhIlgY�iWho¥ enU%doe
yj ∈ ∂Qmj+1 \ {0}

§'>ì�
sj = 0

egU%Yti©£
TQmj+1

(sj) = Qmj+1
df�:df_ai©§ %}lg_wiW� 3 �-4�£E¥(Yhj¢Wendf_ai�do�ÈenYtz YtcaYtXuYQiIe�dfznq�vthjXukWbre�doeg_ahji�l!egU%dfe

Qmj+1 ∩ (yj)⊥
_al�enUWY�lgY�e0hj�

dj
lgdfeg_mls� q`_aiW�

dj
0(h) = ‖d̄j(h)‖djl(¥!YtcacCdIl

d̄j(h) ∈ IR−ȳj
§Z>ì�

sj 6= 0
£`¥(Y�hj¢re�df_ai	¢`q$l�_aXu_wcmdfz�v�hIXukWbrendfeg_ahji%l{egU�doe

TQmj+1
(sj)∩ (yj)⊥

_ml4enUWY
lgY�e hf�

dj
lndoeg_ml�� q:_aiW�

d̄j(h) · s̄j − sj
0d

j
0(h) = 0

§4T�UWYvthji%vtcwb%lg_ahji�� hjcacwho¥0lQ§
�¨WhIz egUWY l�Y8v�hji p`¡ hIz p Ytz�dfi%djcwqrlg_al�¥!YiWYtY p egUWYi%hfeg_ahji/hj� � ���	�R��� ������ �����!U��#!$���.�R���-*-��� �M����� doe

s ∈ K
_ai

egU%Y p _wznYQv�eg_ahji
d ∈ TK(s)

£ p Y���iWY p djl!� hIcwcaho¥0l

T 2
K(s, d) := {w ∈ Y ; ∃tn ↓ 0

lt§ eQ§
s + tnd + 1

2 t2nw + o(t2n) ∈ K}. 3 �P^4
9©Yte b%l0v�U%djzndIv�egYQzg_aªtY}egUW_ml0lgY�e0¥ UWYQi

K = Q
§

�{¬ � �N� � � � � ���
s ∈ Q = Qm+1


'����!
d ∈ TQ(s)

�  �`��� 


T 2
Q(s, d) =







IRm+1, d ∈ int TQ(s),
TQ(d), s = 0,

{w ∈ IRm+1 : w̄ · s̄ − w0s0 ≤ d2
0 − ‖d̄‖2},

��� �`����H ����� � 3 �/V/4

² hjegYenU%doe0enUWY�cmdjl�e�vtdIl�Y_ai 3 �/V/4!_ml0¥ UWYQi s ∈ ∂Q \ {0}
dfi p

d ∈ ∂TQ(s)
£%enUWY�cmdoe�enYtz0¢EYt_aiW��£%¢`q�caYtXuX�d

�j�W£`YQ´:bW_��ÁdjcwYQi:e egh
d̄ · s̄ − s0d0 = 0

§
" � °©°�#$�AT�UWY �%znl�e}es¥!h�vQdjlgYQl}� hjcacwho¥ p _wznYQv�egcaq�� znhjX'enUWY p Y��%iW_weg_ahji�l�hj�(lgYQv�hIi p hIz p YQz0e�dfiW�IYti:e�lgY�e8£©dfi p enUWY
�¹djv�e egU%dfe

Q
_al0d�vthjiWYI§(]`bWk%k�h:l�YiWho¥ egU%dfe

s ∈ ∂Q \ {0}
dfi p

d ∈ ∂TQ(s)
§(�}l}_wi/caYtXuX�d$�j�W£Wl�_ai%v�Y

Q
U%dIl

egU%Y[� hjznX
Q = {s ∈ IRm+1 : φ(s) ≤ 0},

¥ UWYtznY
φ(s) := ‖s̄‖ − s0

£W¢`q�B
�
£%y4znhjk©§!�W§ �j�DO£`enUWY�lgY�e

T 2
Q(s, d)

_ml
�j_��jYQi	¢`q

T 2
Q(s, d) = {d ∈ IRm+1 : φ′′(s; d, w) ≤ 0},

¥ UWYQzgY
φ′′(s; d, w) := lim

t↓0

φ(s + td + 1
2 t2w) − φ(s) − tφ′(s; d)

1
2 t2

_ml0enUWY �F& ���#�/
������� �U���� �����! ���#!/��� !��,�)�) ��J�����(�� !$����������������uhj�
φ
§ �(bWe

φ
_ml0es¥ _mv�Y p _F<EYQzgYQiIen_adj¢WcaYAdfe�dfcac

s
lgb%v�U

egU�doe
s̄ 6= 0

¥ UW_mv�U/_wXukWca_aYQl�enU%doe 3 YI§ ��§�B � £ �{´E§(�r§ V`5�D,4

φ′′(s; d, w) = Dφ(s)w + D2φ(s)(d, d) =
s̄ · w̄

‖s̄‖
− w0 +

‖d̄‖2

‖s̄‖
−

(d̄ · s̄)2

‖s̄‖3
, 3 �I�/4

dfi p egU%Y p YQlg_wznY p zgY8l�bWcwe!� hjcacwho¥0l!b%lg_wi%�
s0 = ‖s̄‖

dfi p
d0s0 = d̄ · s̄ 3 enUWY[cadfe�egYQz�¢�YQ_wiW��vthji%lgYQ´:bWYQi%v�Y�hf��caYtXuX�d�j� dfi p enUWY[�¹djv�e�egU%dfe

d ∈ ∂TQ(s)
4�§

�
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5WV ����� ����!������� 	�Y�� �(��`��
���� ��T����Y��+��,�#�������

� hjb%�jUWcaq?l�kEYQd$@`_wiW��£CegUWY�v�U%djzndIv�enYtzn_wª8doeg_ahji�hj�{enUWY�l�Y8v�hji p hjz p YQz��Izgho¥�enU v�hIi p _weg_ahji 3 p Yt�%iW_weg_ahji �f�-4�£¤YQl ¡endj¢Wca_algUWY p _wi B �r£WT�U©§4�%§ ��DO£rdjlnlgbWXuYQl�d�i%hfeg_ahji�hf�&l�Yte zgYQ�jbWcmdfzn_µesqAhji
K
£rvQdfcacwY p ���� ����(! ���#!/���A�#�T*$�	�F�����,�J�o£`egU�doe

UWhIc p l�b%i p Ytz�enUWY�U`q`k�hjegUWY8l�_ml!egU�doe egU%Y�l�Yte
K
_ml�znY p b%vt_w¢%cwY�egh$duvthjiWY

K̂ 3 YI§ ��§�B � £Wy4znhjk©§ �W§05Q� � DE4�§&T�UWYzgY8l�b%cµekWznYQlgYti:egY p ¢EYtcaho¥ _ml dul�_aXukWca_µ�%Y p �jYtz�lg_whIi	hf��egU%_al0v�U�dfz�djv�enYtzn_wª8doen_whIi©§ 3 v��s§�B � £%T�U©§4�%§F58�-^�DO§ 4
��� ¬`° � ¬ � � � � � ���

x∗

)�_�:����������
��F�C& ���,�S�'���8&��#�$
��F��+ ��� �������J���E�����,�-*��Y�$
��,�`������ �. ���� ���J�#��,� � ��� ����� �' ����J�����

 �����!��,�J�����
0 ∈ int{ g(x∗) + Dg(x∗)X − K} 3 ZI�-4NS�;&/&`������� �`�� � � �Y�����

K
��� �#��!��  ���
��F�A�T���  ��F�����)!I �������#KI ������

K̂
�� � � �8&`��,� �

g(x∗)
�� �`��� 
 � �`�Y���) ���(!

���)!$���Y*�#�H � �  ����(!�,������ � ���F!��%���
x∗ � 	 � �`�_�(�)K$� ���) ���(! ��#!$���_ �����!��,�J�����Q�`���0!����

sup
y∗∈Λ(x∗)

D2
xxL(x∗, y∗)(h, h) − σ(−y∗; T 2) > 0, ∀h ∈ C(x∗) \ {0}, 3 Z 5�4

H�`���#�
σ(· ; T 2)

!/�������R���A� �`�.���;&/&`����(���	�� ��J����� � �Q� �`�.�����
T 2 := T 2

K(g(x∗), Dg(x∗)h)
�

>½i$enUWY�vQdjlgY0hf�©kWznhj¢%cwYQX 3 ]%��(yM4 3 _O§ YI§w£ K = Q
4�£:enUWY�lgY�e

T 2 := T 2
Q(g(x∗), Dg(x∗)h)

vtdji$¢�Y�¥ zg_we�enYti$_ai
egU%Y�k%zgh p b%v�e�� hjznX

T 2 = T 2
1 × . . . × T 2

J

l�b�v�U$egU�doe0YQdIv�U
T 2

j

_ml��j_��jYQi	¢`q�� hIzgX bWcad 3 �/V/4(¥ UWYQzgY Q = Qmj+1
£

s = s∗j
dfi p

d = dj(h)
§ � YAU�d��jYul�Yte

s∗ := g(x∗)
dfi p

d(h) := Dg(x∗)h
§u]r_wi%vtY

−y∗ ∈ NQ(s∗) ∩ d⊥
£

¥!Y	dfca¥!dÁqrl[U%d��IY�egU�doe
y∗ · w ≥ 0

£�� hjz djcwc
w ∈ T 2 §�]`h�£�� hjznX�bWcmd 3 �/V/4_aXukWca_wY8legU�doe 0 ∈ T 2 dji p UWYQi%v�Y

σ(−y∗; T 2) = 0
£0YtxrvtYtkre�_wi�egUWY¦vtdjlgY?¥ UWYQi

s∗j ∈ ∂Qmj+1 \ {0}
dji p

dj(h) ∈ ∂TQmj+1
(s∗j) \ {0}

£
� hjz$lghjXuY/_ai p Y�x

j ∈ {1, . . . , J}
§���YQdfca_aiW� ¥ _µenU enUWY�cmdoe�enYtz	vQdjlgY/XAY8dfi%lQ£4enU%dfi @`l�egh 3 �/V/4�£(egh X�dfx`_aXu_wªQY

−(y0w0 + ȳ · w̄)
h �IYtz enUWY�lgY�e}hj�

w
lndoen_al�� q`_wi%�

w̄ · s̄ − w0s0 ≤ d2
0 − ‖d̄‖2 £%¥ UWYQzgY�¥(YU%d��IY�v�hIi%l�_ p YQzgY p enUWYiWhjendoen_whIi

y = y∗j
£Cdji p

s
dfi p

d
�j_��jYQi?df¢Eh �jYI£%¥ _wegU

j
�j_��jYQi�¢`q	enUWY vQdjlgYj§�]`_ai%vtY

ȳ = −(y0/s0)s̄
£C¥(Y�U%d��jY

egU�doe
−(y0w0 + ȳ · w̄) = (y0/s0)(w̄ · s̄ − w0s0)

§ >ìe � hjcacaho¥0l!egU%dfe

σ(−y∗; T 2) =
∑

j∈J

(y∗j
0 /s∗j

0 )(dj(h)20 − ‖d̄j(h)‖2), 3 Z`�$4

¥ UWYQzgY
J
_ml�egU%Y�l�Yte0hf�&_wi p Y�x

j
lQ§ e8§

s∗j ∈ ∂Qmj+1 \ {0}
dji p

dj(h) ∈ ∂TQmj+1
(s∗j) \ {0}

§(��i/egUWYhjegUWYQz
U%dji p £r¥!YA@:i%ho¥�egU�doe

Q
_ml�zgY p b%vt_w¢WcaYj£ 3 v��s§{cwYQXAX�d 58�/4�£%lghu¥(YvQdfi�dfkWk%cwq�enUWYthIzgYQX��V enh�kWzghI¢WcaYtX 3 ]%��(yM4dfi p l�endfegY�egUWY[� hIcwcaho¥ _aiW�AegUWYQhjznYtX/§

��� ¬`° � ¬ � � � � � ���
x∗


)� � ����������
��F� & ���,�S� ��� � � � &(�#�/
��F��+ �JN ��� � � ��������E�����,�P* � �$
��,�`����� � �  ���� ���J�#��,� �
��� ����� �' )�������? ����(!�,������ 3 �$V/4 �! �`��� 
_� �`�U���� ����(! ��#!$��� *�#�H � �] �����!��,�J����� � ���F!��G��

x∗
� 	 � �`�Q�����,�0��H �,�-*

���� )��(!U���#!/���_ �����!��,�J�����Q�`��F!����
sup

y∈Λ(x∗)

D2
xxL(x∗, y)(h, h) + h>H(x∗, y)h > 0, ∀h ∈ C(x∗) \ {0}, 3 ZI�-4

H�`���#� � �`�� ����,�J�� ���� !��,�#�� �������`�  ������
C(x∗)

��� �����T�/
��=���.� ��!_�,� 3 �I�$4 
Z����!.� �`� n×n
+I���J���=K

H(x∗, y)
���Y!/��� �(��!


��
H(x∗, y) =

∑J

j=1 H
j(x∗, yj)


MH�`���#� ����
sj = gj(x∗)



j = 1

�R�
J



Hj(x∗, yj) := −
yj
0

sj
0

Dgj(x∗)>Rmj
Dgj(x∗) = −

yj
0

sj
0

Dgj(x∗)>
(

1 0>

0 −Imj

)

Dgj(x∗), 3 ZIZ-4
� �

sj ∈ ∂Qmj+1 \ {0}

8����!

Hj(x∗, yj) := 0
��� �`����H ����� �

Ä Å�Æ�ÄÈÇ



���������	��
��������������������������������� �����!�"���#!$���% ������'&(�)�#*$�#��+�+��,�-*.&(�#�/
��0��+%� 5Q�

>½i�egUWYiWYtx`e egUWYQhjznYtX ¥!Y[�j_��jY[d�v�U%dfz�djv�egYtzn_aªQdoen_whIi$hf��egUWY�l�egznhji%� znYt�IbWcadjzg_wesq$v�hIi p _weg_ahji©§
��� ¬`° � ¬ � � � � � ���

x∗

��Q�.�F�; ����S�������	�J����� � �Z&��#�$
��F��+ �JN ��� � �%����!

y∗
�,���  ������)���J& ���(!�,�-* � ��*$�#���P*/� +��	���J�,"

&(�=����� �� �`��� 

(x∗, y∗)

���Y�Q���J�#���P*�=�A�#�T*�	�F��C�������	�J�����G� �Y��&(�J�,+ ����,���� )��(!�,������`� 3 �j�/4C� 	 x∗
�����(��(!/�J*-���(���#���R�

� !$���8�S�,������ ��� � ���(! � �`�A���#K/� ���� �����! ��#!$���% �����!��,�J�����L� ���F!��%���
x∗
�

Q0(h) := D2
xxL(x∗, y∗)(h, h) + h>H(x∗, y∗)h > 0, ∀h ∈ Sp(C(x∗)) \ {0}. 3 Z:�/4

" � °©°�#$��d/4 � YYQl�endj¢Wcw_mlgU�lghjXuY�kWzgYQcw_aXu_wi�dfznq�zgY8l�bWcwenlQ§G�!q�egU%YthjznYtX �fZu¥(YQ@`iWho¥ enU%doe
(x∗, y∗)

_ml dulsenzghIiW�jcaq
znYt�jb%cadjzAlghjcabreg_ahji hf� 3 �I�$4�_=< x∗

_alAiWhIi p YQ�jYti%Ytz�doegY�dfi p egU%Y�b%iW_µ� hIzgX �Izgho¥�enU vthji p _weg_ahji UWhjc p ludoe
x∗

� hjz
kWznhj¢WcaYtX 3 ]���(yM4�§©]`h�£�bWi p Ytz�egUWYAiWhIi p Yt�IYtiWYQzndIv�q�U:q`kEhfenUWYQlg_alQ£E¥(Y |sb�lse[iWYtY p egh�kWznh �jY[egU�doel�Y8v�hji p hjz p Ytzv�hIi p _weg_ahji 3 Z:�$40_al�YQ´:bW_��odfcaYti:e0enh$egU%Y�bWiW_w� hjznX³�jznho¥�egU?vthji p _weg_ahji�§Y>ìe�_ml�iWhfe p _P�$vtbWcµe�egh�v�UWYQv�@�egU%dfeQ£CbWi p Ytz
egU%_al U`q`kEhfegU%YQlg_alQ£`egUWYca_aiWYQdjz�lgk%dIv�Y[�jYQiWYtz�doenY p ¢`q	egUWY�vtzg_weg_mvtdjc©v�hji%Y�U�djl!egU%Y[� hjcacwho¥ _aiW�AY�xrkWznYQlnl�_ahji��

Sp(C(x∗)) =















h ∈ IRn :
� hjz0djcwc

j = 1, . . . , J,
dj(h) = 0, yj ∈ int Qmj+1,

dj(h) ∈ IR(yj
0,−ȳj), yj ∈ ∂Qmj+1 \ {0}, sj = 0,

dj(h) · yj = 0, yj ∈ ∂Qmj+1 \ {0}, sj ∈ ∂Qmj+1 \ {0},

3 Z � 4

¥ UWYQzgY�egU%zghIbW�jUWhIbre�egUW_ml kWznh`hf��¥(Y[¥ _acwc p YtiWhjegY[¢`q
yj enUWY j

¡ enU �IYQv�eghjz�¢Wcahrv�@$hf�
y∗ § 3 >½i/k%dfzgeg_mv�bWcmdfz8£:egUWYQzgY_mliWh�v�hIi p _weg_ahji�hji

dj(h)
_w�

yj = 0
§ 4

¢S4'9©Yte b%l�kWznh �jY0enU%doe�enUWY[bWiW_w� hjznX �jznho¥�egU	vthji p _µen_whIi�_aXukWcw_aYQl 3 Z:�/4�§(�(hji%lg_ p Ytz!egU%Y �IYQv�eghjz�lgk%djvtY E
p Y���iWY p

¢`q

E :=







h ∈ IRn :
� hjz0djcwc

j = 1, . . . , J,
dj(h) = 0, yj ∈ int Qmj+1,
dj(h) · yj = 0, yj ∈ ∂Qmj+1 \ {0}.

3 Z	^4

3 �}�Idj_wi©£�egU%YtznY�_al�iWh$znYQl�egzn_mv�eg_ahji�hj� dj(h)
_µ�

yj = 0
§ 4 � Y�U�d��jYenU%doe

Sp(C(x∗)) ⊂ E
§}T�UWY%@jYtq�_ p YQd�_ml}egh

v�hIi%lg_ p YQz�d	k�YQz�enbWzg¢EY p �jYQznlg_whIi�hf�4kWznhj¢%cwYQX 3 ]%��(yM4�_ai l�b�v�U�d$¥�dÁq�egU%dfe x∗ _ml�lsen_wcac6d$cah`vQdfc&l�hIcwbWeg_ahji?¥ _wegUegU%Y�lndfXuYY9�dj�jz�dfiW�IY X�bWcweg_akWca_wYQz
y∗
£:¢%bre(¥ _wegU�d¢W_a�j�jYQz(vtzg_weg_mvtdjc�v�hIiWYj£:YQ´:b%djcWenh

E
§6T�UW_ml{kEYtzgegb%zg¢EY p k%zghI¢WcwYQX

_ml�hf��egUWY[� hIzgX
Min

x∈IRn
f(x) ; gj(x, u) := gj(x) + uδj �Qmj+1

0, j = 1, . . . , J, 3 ]%��(y u

4
¥ UWYQzgY�� hjz�dfcac

j
£
ej
1

p YtiWhjegYQl egUWY[�%z�l�e0YtcaYtXuYti:e0hf��egU%Yi%doenbWzndjc¤¢%djlg_ml hf�
IRmj+1 £ u > 0

_ml�egUWYkEYtzgegb%zg¢%dfeg_ahji
k%djzndjXAYtegYQzQ£rdfi p

δj =







ej
1

_w�
yj = 0,

(yj
0,−ȳj)

_w�
sj := gj(x∗) = 0, yj ∈ ∂Qmj+1 \ {0},

0
hfenUWYtzn¥ _ml�YI§ 3 Z-V/4

T�UW_ml{XuY8dfi%l4egU%dfeQ£`_µ�
yj = 0

£jenUWY�vthji%l�egz�df_ai:e
gj(x) �Qmj+1

0
_ml{X�d p Y}_ai%djv�eg_��jY 3 _ai	d�iWYQ_w�IU`¢�hIzgUWh`h p hf� x∗

4�£
dfi p _µ�

sj = 0
dji p

yj ∈ ∂Qmj+1 \ {0}
£oenUWYti	egUWY�v�hIi%lsenzndj_wi:e

gj(x) �Qmj+1
0
_al(lsen_wcacCdjv�en_ �IYj£:¢Wbre�doe!d�k�hI_wi:e

p _F<EYQzgYQi:e�� znhjX ��¥ UWYQzgYAenUWY�l�Yte[hj�{e�dfiW�IYti:e p _wznYQv�eg_ahji%l�enh
Qmj+1

_mld�U%dfcw�!lgk%dIv�Yj§uT�UWYukEhj_aiIe
(x∗, y∗)

_ml
l�eg_acwc¤lghjcabreg_ahji�hf�©enUWY�hIkreg_aX�dfca_µesq$lgqrlsenYtX hf� 3 ]���(y u

4�§X>ìe _al!YQdIl�_acaqulgYtYQi$enU%doe!egUWY�Y�xrkWznYQlnlg_whIi$hf�©enUWY[v�zn_µen_avQdfc
v�hIiWY�� hjz kWznhj¢%cwYQX 3 ]%��(y u

4�dfe�egUWYkEhj_ai:e
(x∗, y∗)

_al0�j_��jYti�¢`q 3 ZP^4�§

Æ�Æ'ËaWÐ�è�b�ê



�f� ����� ����!������� 	�Y�� �(��`��
���� ��T����Y��+��,�#�������

�}Yt�%iWY
I := {1 ≤ j ≤ J ; gj(x∗) = 0, yj ∈ ∂Qmj+1 \ {0}}.9©Yte

H(x∗, yj , u)
p YtiWhjegY egUWYAX�doenzg_mv�Y8l0_ai?egU%Y Ytx`k%zgY8lglg_whIi�hf�(lgYQvthji p hjz p Ytz�v�hji p _µen_whIi%lQ£�� hIz}enUWYAk�YQz�enbWzg¢EY p

kWznhj¢WcaYtX/§ � YU%d��jY�egU%dfe
H(x∗, yj , u) = H(x∗, yj)

� hjz0djcwc
j 6∈ I

£W¥ UWYQzgY8djl(� hjz
j ∈ I

¥!Y[hj¢re�df_ai

Hj(x∗, yj , u) =
1

u
Ĥj(x∗, yj),

¥ UWYtznY
Ĥj(x∗, yj) := −Dgj(x∗)>

(

1 0>

0 −Imj

)

Dgj(x∗). 3 Z:�/4

]`Yte
Q1(h) :=

∑

j∈I

h>Ĥj(x∗, yj)h =
∑

j∈I

(

‖d̄j(h)‖2 − (dj(h)0)
2
)

. 3 �j�/4

² hjegY�egU�doeQ£%_µ�
h ∈ E

£`egUWYQi�l�_ai%v�Y
dj(h) · yj = 0

dji p
yj
0 = ‖ȳj‖

�

|dj(h)0| = |d̄j(h) · ȳj |/yj
0 ≤ ‖d̄j(h)‖, 3 �`5;4

¥ _wegU/YQ´:b%djcw_wesq$_F<
dj(h) ∈ IR(yj

0,−ȳj)
§(�(hjX ¢W_wi%_wiW�u¥ _wegU 3 �j�/4�£W¥(Y[hI¢rendj_wi�egU�doeQ£W� hjz0dfcac h ∈ E

£
Q1(h) ≥ 0

£
dfi p enU%doe

Q1(h) = 0
_F<

h ∈ Sp(C(x∗))
§

� Y�lgYtY�enU%doe enUWYbWiW_w� hjznX�lgYQvthji p`¡ hjz p YQz(�Izgho¥�enU$� hjz�enUWYkEYtzgegbWzn¢�Y p kWzghI¢WcaYtX _aXukWcw_aYQl

Q0(h) +
1

u
Q1(h) > 0

� hjz0dfcac
h ∈ E \ {0}, 3 �j�$4

� hjz
u
lgXudjcwc�YtiWhIbW�jU�§0T�UW_al}_wXukWca_aYQl}egU%dfe

Q0(h) > 0
£%� hjz�dfcac

h ∈ E
lgb%v�U/egU%dfe

Q1(h) = 0
§0T�UWYQzgYt� hjznYj£renUWY

bWiW_w� hjznX lgYQvthji p`¡ hjz p YQz(�Izgho¥�enU�v�hIi p _weg_ahji/_aXAk%cw_aYQl 3 Z:�/4�§vW4!�(hji �jYQznlgYtcaqj£Idjlnl�bWXuY enU%doe(egUWY[lgYQv�hIi p hjz p YQz{v�hIi p _weg_ahji 3 Z:�$46UWhjc p lQ§Z>ì�¤enUWY�bWiW_w� hjznX lgYQvthji p hIz p Ytz4�Izgho¥�enU
v�hIi p _weg_ahji?dfe

x∗
_ml0iWhje�lndoeg_ml��%Y p £�egU%Yti�enUWYtznY�Y�xr_mlse�l}d$�¹dfXu_wcaq�hf�4kEYtzgegbWzn¢�Y p � bWi%v�eg_ahji%l

f(x, u)
dfi p

g(x, u)lgb%v�U�egU�doeQ£E� hIz�lghjXuY�lgYQ´:bWYQi%v�Y8l
un → 0

£EenUWYtznY�Ytx`_ml�e
(xn, yn)

lghjcabren_whIi�hf�6egU%Y hIkreg_aX�dfca_µesq�lgq`l�egYQX 3 �j�/4 hj�egU%Y k�YQz�enbWzg¢EY p k%zghI¢WcwYQX lndoen_al�� q`_wiW�
xn → x∗

£
hn → 0

_ai
IRn £:¥ _µenU hn 6= 0

£:l�b�v�U enU%doe
xn +hn

_al4d�� Y8djlg_w¢%cwY
kEhj_aiIe hj� 3 y un

4 3 v��s§ 3 �j�-4�4 3 egU%dfe0_alQ£ g(xn + hn, un) ∈ Q
4�dfi p egUWYQq�djcalghAlndoen_al�� q�egU�doe

f(xn + hn, un) ≤ f(xn, un) + o(‖hn‖
2). 3 �j�/4

T�UWY�iWhji p Yt�jYQiWYtz�djvtq vthji p _weg_ahji�¢EYt_aiW�ulse�df¢WcaY0bWi p Ytz�l�X�djcwcEk�YQz�enbWzn¢%doen_whIi%lt£j� hjz!cadjzg�IY YtiWhIbW�jU
n
£jenUWYtznY}Ytx`_ml�enl

d�bWiW_m´:bWY:9�dj�jz�dfiW�IY{X�b%cµen_wkWca_aYtz
yn

djlnl�hrvt_adfegY p ¥ _wegUuYQdIv�UAl�endfeg_ahji%djzgq 3 hjz4v�zn_weg_mvtdfcrk%zg_aX�dfc,4�k�hI_wi:e xn

hf� 3 y un

4�£
dfi p lg_wi�v�Y

xn → x∗
£%¥(Y[U%d��IY}enU%doe

yn → y∗
§

�6x`egz�djv�eg_aiW��_µ� iWY8v�Y8lglndfznq d�lgbW¢%lgYQ´:bWYti�v�Yj£�¥(Y�X�dÁq¦djlnl�bWXuYuenU%doe
hn/‖hn‖

vthji �jYQzg�IYQl�egh?lghjXuY
h̄ 6= 0

§
9©Yte b%l0v�UWY8v�@�egU%dfe

h̄ ∈ Sp(C(x̄))
§(]`_ai%v�Y

gj(xn + hn, un) ∈ Qmj+1
¥!Y�U�d��jY�egU%dfe

g(xn + hn, un) = g(xn, un) + Dxg(xn, un)hn + o(‖hn‖) �Qmj+1
0. 3 �fZ-4

]`_ai%v�Y
g(xn, un)

dfi p
(yn)j

dfznY�hIz�enUWhj�Ihji%djc%enUW_ml _wXukWca_aYQl

(yn)j · Dxgj(xn, un)hn + o(‖hn‖) ≥ 0. 3 �j�/4

Ä Å�Æ�ÄÈÇ



���������	��
��������������������������������� �����!�"���#!$���% ������'&(�)�#*$�#��+�+��,�-*.&(�#�/
��0��+%� �	5

��_ �`_ p _wi%�$¢`q
‖hn‖

£�lgY�e�en_wi%�
dj(h̄) := Dgj(x∗)h̄

£Cdfi p k%djlnl�_aiW�uenh�egUWY cw_aXu_µe8£Chj¢re�df_ai
yj · Dgj(x∗)h̄ ≥ 0

� hIz
dfc

j
§�y6dIlglg_wi%�[egh�enUWY0ca_wXu_we!_ai 3 �j�/4{dfi p vthjX�¢%_wiW_aiW��¥ _wegU 3 �j�jd/4�£:¥!Y0hj¢re�df_ai 0 ≥ ∇f(x∗) · h̄ = y ·Dg(x∗)h̄ =

∑J

j=1 yj · Dgj(x∗)h̄
§ � YU%d��jY[kWznh �jY p egU�doe

dj(h̄) · yj = 0, j = 1, . . . , J. 3 � � 4
�(hji�l�_ p Ytz�enUWY�vtdIl�Y¥ U%Yti

yj ∈ int Qmj+1
§!]`_ai%v�Y

yj
n → yj

£W¥(YU�d��jY�egU%dfe
gj(xn) = 0

� hIz0cadjzg�IY�YQiWhjb%�jU
n
§

9©Yte
ε > 0

¢EYulgb%v�U egU%dfe
yj + 2εB ⊂ Qmj+1

§�T�UWYQi � hIz�djcwc&bWi%_µe �jY8v�enhjz
z
£
yj

n + εz ∈ Qmj+1
§� hIz�cmdfzn�jY

Yti%hjbW�IU
n
§	�(hjXukWbren_wi%��enUWY$lnvtdfcmdfz�kWznh p b%v�ehj� 3 �oZP4}¢`q yj

n + εz
£�dji p k%djlnl�_aiW��egh�egU%YAca_aXA_we�djl[¥�djl p hIiWY

¢EY�� hjznYj£rhI¢rendj_wi
(yj + εz) · Dgj(x∗)h̄ ≥ 0.

%}lg_wi%� 3 � � 4�£%lg_ai%v�Y[enUW_al�_ml�enzgbWY�� hIz0dfi`q$bWiW_we0iWhIzgX z
£r¥!Y��IY�e

dj(h̄) = 0,
� hjz0djcwc

j; yj ∈ int Qmj+1. 3 �-^4
� YQcadfeg_ahji%l 3 � � 4 ¡ 3 �/^4(kWznh �jY�egU�doe h̄ ∈ Sp(C(x̄))

§
� Yi%ho¥ b%lgY�egUWY�lndfXuY[zgY p b%v�eg_ahji�dfzn�jbWXuYQiIe djl�_ai/cwYQXuXud 5Á�r§X>ìe}l�b ��vtYQl!� hIz _wi p Y�xrYQl _ai

I := {1 ≤ j ≤ J : gj(x∗) 6= 0 6= yj}. 3 �$V/4
egh�v�U�dfiW�IY�egUWY � hIzgX bWcmdoeg_ahjiuhj�¤vthjznzgY8l�kEhji p _wi%��vthji%l�egz�df_ai:e6egU%dfe{_alQ£

gj(x, u) �Qmj+1
0
£j_aiIenh

φ(gj(x, u)) ≤ 0
£

¥ UWYQzgY
φ(s) := ‖s̄‖−s0

§6T�UWY�v�hjznznYQlgk�hIi p _aiW��vthjXukEhjiWYQiIe(hf� 9�df�IzndjiW�jY�X bWcµen_wk%cw_aYtz(_al
yj
0 3 lgYtY�enUWY p _alnv�b%lnlg_whIihf� znYtcmdoen_whIi¦¢EY�es¥!YtYQi 9�dj�jz�dfiW�IYAX bWcweg_akWcw_aYtz�l�¢EY�� hIzgY�dfi p df�ÈegYtz zgY p b%v�eg_ahji _wi?B

�
£{]rYQv�en_whIi �W§ Z%§ ZDì£�Y8l�kEYQvt_adjcwcaq

YQ´:b%dfeg_ahji 3 �%§ � � ^4#4�§ � Y U%d��IY{enU%doe8£f� hIz6YQdjv�U � YQdIl�_a¢WcaY k�hI_wi:e6hf�EegU%Y k�YQz�enbWzg¢EY p kWznhj¢%cwYQX (Pun
)
£:dfi pAp Yti%hfeg_aiW�

¢`q
yn

egUWYA9�df�jz�dfi%�jY�X�bWcweg_akWca_wYQz0djlnl�hrv�_mdoenY p ¥ _µenU
xn

£
∑

j 6∈I

(yn)j · gj(x, u) +
∑

j∈I

(yn)j
0φ(gj(x, u)) ≤ 0. 3 �f�-4

� zg_weg_aiW�uegU%_al _aiWY8´Ib�dfca_µesq�doe0kEhj_aiIe
(xn + hn, un)

dfi p iWhjeg_mv�_aiW�uegU%dfe}YQ´:b%djcw_wesq$UWhIc p l0doe
(xn, un)

_ai �`_wYQ¥ hj�
egU%Y�v�hjXukWcaYtXuYQiIe�dfzn_µesq$vthji p _µen_whIi%lt£rhI¢rendj_wi

∑

j 6∈I

(yn)j · (gj(xn + hn, un) − gj(xn, un)

+
∑

j∈I

(yn)j
0(φ(gj(xn + hn, un) − φ(gj(xn, un)) ≤ o(‖hn‖

2).
3�� �/4

� pWp _aiW� _we$enh 3 �j�/4�£ _ai hjz p YQz�egh �IY�e�d p _=<CYtznYti�v�Y?hj�A9�df�IzndjiW�j_mdfiN� bWi%v�en_whIi%lQ£}dfi p df�ÈegYQz	d lgYQv�hIi p`¡ hjz p YtzY�xrk%dji%lg_whIi 3 b%l�_aiW�uenUWY�¹djv�e0egU�doe egU%Y p Ytzn_��Ádfeg_��jYhj�X9�df�jz�dfi%�j_mdfi$� b%i%v�en_whIi�¥§ z8§ e8§ x
£�doe

(xn, un)
£%_ml ªtYQzghP4�£W_we

� hjcacaho¥0l{enU%doe
D2

xxf(xn, un)(hn, hn) +
∑

j 6∈I

(yn)j · D2
xxg(xn, un)(hn, hn)

+
∑

j∈I

(yn)j
0D

2
xxφ(gj(x, u))(hn, hn) ≤ o(‖hn‖

2).
3�� 5;4

%}lg_aiW�$enUWY YtxrkWzgY8lglg_ahji�hf�{egUWYAY�xrk%dji%l�_ahji�hj�
φ
£©v�hIXAk%bregY p _ai 3 �I�/4�£©dji p k%dIlglg_aiW�$enh$egU%Y ca_wXu_we_wi n

£EhI¢rendj_wi
Q0(h̄) ≤ 0

§4]`_ai%vtY
h̄ ∈ Sp(C(x∗)) \ {0}

£IenUW_ml0v�hIiIenznd p _mv�enl 3 Z:�$4�§4T�UWYv�hIi%v�cab%lg_whIi	� hIcwcaho¥0lt§ �
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