N

N
N

HAL

open science

Robust control for an uncertain chemostat model

Jean-Luc Gouzé, Gonzalo Robledo

» To cite this version:

Jean-Luc Gouzé, Gonzalo Robledo. Robust control for an uncertain chemostat model.

INRIA. 2004, pp.16. inria-00070705

HAL Id: inria-00070705
https://inria.hal.science/inria-00070705
Submitted on 19 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

RR-5295,


https://inria.hal.science/inria-00070705
https://hal.archives-ouvertes.fr

ISRN INRIA/RR--5295--FR+ENG

ISSN 0249-6399

ZIINRIA

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Robust control for an uncertain chemostat model

Jean-Luc Gouzé and Gonzalo Robledo

N° 5295
August 2004

Theéme BIO

apport
derecherche







% I N R I A

SOPHIA ANTIPOLIS

Robust control for an uncertain chemostat model

Jean-Luc Gouzé* and Gonzalo Robledof

Théme BIO — Systémes biologiques
Projet Comore

Rapport de recherche n° 5295 — August 2004 — 16 pages

Abstract: In this paper we consider a control problem for an uncertain chemostat model
with a general monotone growth function. This uncertainty affects the model (growth func-
tion) as well as the outputs (measurements of substrate). Despite this lack of information,
an upper bound and a lower bound for those uncertainties are assumed to be known a priori.

We are able to build a family of feedback control laws on the dilution rate, giving a
guaranteed estimation on the unmeasured variable (biomass), and stabilizing asymptotically
the two variables in a rectangular set, around a reference value of the substrate. This could
be implemented in a real chemostat, keeping a high level of substrate, avoiding the washout
of the bioreactor.
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Controéle robuste pour un modéle incertain du chemostat

Résumé : Dans cet article, nous considérons un probléme de controle pour un modéle
incertain du chemostat avec une fonction de croissance monotone. Cette incertitude affecte
tant le modéle (fonction de croissance) que la sortie (la mesure du substrat). Malgré ce
manque d’information, on connait a priori des bornes supérieures et inférieures pour les
incertitudes.

Nous construisons une famille de lois de controle en boucle fermée sur le taux de dilution,
permettant de donner des estimations pour la variable non mesurée (biomasse) et stabilisant
asymptotiquement les deux variables dans un ensemble rectangulaire autour d’une consigne
pour le substrat. Cette loi de contrble pourrait étre appliquée dans un chemostat réel,
permettant un niveau élevé de substrat tout en évitant le lessivage du chemostat.

Mots-clés : Chemostat, Modéle biologique incertain, Contréle en boucle fermée, Systéme
dynamique compétitif
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1 Introduction

The chemostat is a laboratory apparatus used to culture microorganisms in concentration
x which consume a substrat s to grow. Mathematical modeling of chemostat has been
extensively developed, mainly using ordinary differential equations and several results have
been validated experimentally. See [1, Chapt.9],[17] for a review of mathematical results on
the theory of chemostat.

Feedback control of biological models has been a focus of intensive research [2],[7],[11];
the problem we investigate in this paper deals with the feedback control and estimation of
an uncertain chemostat model. In this control context, uncertainty must be understood in
two basic types:

(1) Internal: Some parts of the model are not precisely known; for example the functions
that describe the kinetic reactions or some parameters.

(2) Ezternal: The measure of the variables is susceptible to having different kinds of noise
such as unknown additive or multiplicative disturbances.

There are several theoretical approaches for the feedback control and estimation of uncer-
tain biological models: Robust deterministic control, Adaptive control [13], Fuzzy Logic [8],
Neural Networks [11, Chapt.7], among others. Although much research has been devoted to
control of uncertain biological systems, few results considering simultaneously internal and
external sources of uncertainty are available. In fact, motivated by the work of [15],[16], we
will follow the deterministic approach in order to study an uncertain chemostat in this pa-
per: we will consider internal and external uncertainties as deterministic disturbances with
bounds assumed to be known a priori. Moreover, given those bounds on the uncertainties,
we will build a family of feedback control laws that gives dynamic bounds on the unmeasured
variables and makes possible the stabilization of the system in a compact set whose bounds
will be related to the uncertainties bounds. Our technics are also similar to the approach in
[6], where the problem is to obtain coexistence for two competing species.

Our application concerns the stabilization of the chemostat at a high level of nutri-
ent.Chemostat has been used currently in marine laboratories (see for example [4]) to simu-
late in vitro the growth of unicellular phytoplanktonic algae in marine ecosystems, where
the phytoplankton feeds on limiting substrate (for example nitrate, iron, phosphorus, sili-
con, inorganic carbon, etc.) supplied at a constant rate. As it is easy to see, the standard
equilibrium point in a chemostat with a monotone classical growth functions as the Monod
function correspond to a low level of substrate, for realistic values of the parameters (see
[3],[20]): it comes from the fact that the growth function has a large slope at the origin,
attaining very fast its maximum. In fact, experimentally, the value of the substrate at the
equilibrium is often so small that is not measurable with the usual apparatus.

To reproduce growth conditions with a high level of nutrient in vitro, we wish to be able
to maintain a high level of substrate at the equilibrium. At the level, the risk of washout
(loss of biomass) is very high if there are uncertainties in the model. Therefore we need a
control to stabilize the chemostat and avoid washout.
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This paper is organized as follows: In section 2 we recall some facts of the chemostat
model and state the assumptions about uncertainty. Section 3 presents the robust regula-
tion/estimation problem in full detail. The main result and its proof is given in section 4.
The application and simulations are given in section 5 and 6.

2 Modeling of an uncertain chemostat
Let us recall the chemostat equations (see, for example [17, Chapt.1]):

s = D(Sln - S) - Ct.’L'f(S),
& =z(f(s) — D), 1)
s(0) € (0,8:n), x(0)> 0.

Where s(t) and z(t) are the concentration of the nutrient and the density of biomass at
time t, s;, > 0 denotes the input concentration of nutrient, D > 0 is the dilution rate, a > 0
is a growth yield constant. The function f: R, +— Ry represents the per capita growth rate
of nutrient of the biomass.

Notice that if s(0) > s;, there exists to > 0 such that 0 < s(t) < sin for any t > to;
hence, we consider only initial conditions s(0) € (0, $;y,)-

Now, we make the assumptions about uncertainty of chemostat model:

(H1) The function f is unknown but locally Lipschitz and functionally bounded, é.e. there
exist a couple of well known increasing continuous maps f~ and f* such that:

f7(8) < f(s) < f*(s), foranys>0and f~(0)=f*(0)=0.
(H2) The only output available takes the form:
y(8) = s(O)[1 + A®)]

where the function A: Ry — R is bounded and measurable. Moreover, there exists two
bounded and measurable functions: a negative function A~ (¢) and a positive function
AT (t) such that:

A (t) < A(t) < A*(t) for any t > 0.

Output y(t) is known as a deterministic multiplicative disturbance (see for example [14]).
Finally, we will denote by A~ and AT the minimum and maximum of functions A~(t) and
AT (t) respectively.

Remark 1 (i) Assumption (H1) follows from the fact that the explicit formulation of the
function f is based on experimental evidence. Indeed, in several erperiments it has been
observed that the Monod function:

fim$
= maks 0
f(s) ey >

INRIA



Robust control for a Chemostat 5

provides a reasonable approzimation for the experimental data. ., is the maximum specific
growth rate of limiting nutrient and ks is the half-saturation constant (also called Monod’s
constant). Normally, there are uncertainty in the identification of these kinetic parameters
(see for example [2],[7, Chapt.3-5],[12]).

(ii) Assumption (H2) is very common in the measure of biological variables: the information
about the state variables is restricted and the available data are few and biased. Notice
that there is not any statistical assumption for disturbance A(t) because every measurable
function between [A™(t), AT(t)] is considered to be as good as any other one. We need only
deterministic bound on the uncertainties.

Recall that (H1) and (H2) are assumed for the remainder of this paper.

3 Formulation of problem

In several bioprocesses, the goal is that the substrate reaches a neighborhood of level s*;
moreover it is important to produce an estimation -even during the transients of systems-
for the unmeasured variable z: this task is made difficult by the uncertainty of the model.
Motivated by this technical difficulty, we formulate the following problem:

Problem 1 (The robust regulation problem P) Given s* € (0, s;1,), a set 2 C (0, $;,) X
R, of initial conditions and considering D as a feedback control variable; find a family of
positive feedback control laws D:Ry x 2 — Ry \ {0} that renders the closed-loop system
(1) with the following properties:

(a) There exist two bounded intervals, an upper one and a lower one, for the unmeasured
variable z(t) and s(t), that means a couple of well known functions z~,z7: Ry — Ry
such that:

r(t) <a(t) <azt(t) and s (t) <s(t) <st(t) foranyt>0.

Moreover, the boz [s~(t),sT ()] x [z~ (t), zT (t)] tends to a minimal area as the time is
large.

(b) There exists a compact set K = [s7,st] x [zx7,27] € Q and T > 0 such that
(s(t),z(t)) € K for any t > T; moreover s* € (s—,s™).

Although much research has been devoted to problems related to (P) (see for exam-
ple [2],[7],[9],[10],[15] and [16]), few results considering simultaneously (H1) and (H2) are
available.

4 Main result

In this section, we give sufficient conditions to solve the problem (P) summarized in Theorem
1. The key idea of the proof is to transform the closed—loop system (1) in a system that can

RR n° 5295



6 Gouzé € Robledo

be compared with competitive systems (see Def.1 in Appendix). Planar competitive systems
theory (see Appendix) will be the main tool employed.

Theorem 1 The problem (P) is solvable by the following family of feedback control laws:
D(y(t)) = g(s™ —y(t)) 2)

where g satisfies the following assumptions:
(G1) g: R — Ry s Lipschitz, bounded and nondecreasing.
(G2) f~(s*) < g(—s*A") and  g(—s"A%) < fH(s),
(G3) The constants s*, s, and A~ satisfy:

—1< A7 and g(s* = sin[l + A7]) < f7(Sin)-

Remark 2 (i) Note that assumptions (G1)—(G2) are in some sense natural. In fact pro-
vided that A(t) = 0 and f~(s) = f*(s) (absence of uncertainty), assumption (G2) is
equivalent to g(0) = f(s*) and combined with (G1) implies trivially that the closed—loop
system satisfy:

t_légloo s(t) =s* and x(t) = a [sin — s(t) + o(1)]

and the problem (P) is solved.

(if) Assumption (G3) gives a lower bound for the function A(t) which guarantees positive
outputs and gives bounded estimates for the substrate:

y(t) y(t)
T+ar SSOS T

(iii) Because D is defined on a bounded interval, we will be able to fulfill the physical con-
straints: 0 < Dpin < D(y(t)) < Dmax for all t.

Proof: Replacing D by D(y(t)), system (1) becomes:

§=g(s* = s[1+ A®)])(sin — 8) — axf(s) = F(t,s,x),
i =a[f(s) - g —sL+AQD] = Glt.s,a), 3)
sin > s(0) >0, z(0) > 0.

Note that, after (H1)-(H2), system (3) satisfies Carathéodory conditions (see [5, Th
2.1.1]), guarantees existence and uniqueness of solutions. Let (s, z) be the solution of system
(3). Using a standard argument, we build the function v: Rﬁ_ — R defined by:

V=8+ax — Sin. (4)
Clearly, it follows that (s,v) is a solution of the system:

§=[g(s* = s[L+ A@)]) = £(5)](sin — 5) —vf(s) = H(t,s,v),
b= —g(s* — s[1+ A(E)])w = J(t,5,0), (5)
s(0) >0, wv(0)eR.

The following properties of v(t) are elementary:

INRIA
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(i) lim w(¢) =0.

t—-+oo
(ii) v(t) = v(0)exp (= fy g(s* — s(r)[1 + A(r)]) dr).
(iii) If v(0) < 0 (resp. v(0) > 0) then v(¢) < 0 (resp. v(t) > 0) for all ¢ > 0.

Let us introduce the following equations that will be useful for to study the asymptotic
behavior of system (5):

g(s” = s[L+AT]) = f7(s)
9(s" —s[L+AT]) = f7(s)
Case (i) v(0) < 0, let us define the set:

0, (6)
0. (7)

Dy = {(z1,22) € R%:0 < 21 < Sin, T2 < 0}.

Notice that system (5) is competitive in Dy, i.e. the off-diagonal entries of the Jacobian
matrix are nonnegative or zero. Now we build the following comparison systems in Dy :

0= [g(s* —n[l + AT®)]) = fFr(m)](sin —n) — 2f~(n) = H (t,, 2),
i =—g(s* — [l + A=(1)))z =J=(t,n,2), (8)
n(0) <s(0) and 0> 2(0) > v(0).

¢ =[9(s* = g[1 + A=(1)]) = f~(®)] (sin — &) — uf T (9) = HT (t, $,u),
u=—g(s* = ¢[1 + A*(t)])u = J*(t, ¢, u), 9)
Sin > #(0) > 8(0) and u(0) < v(0).

Note that systems (8)—(9) are positively invariants in D;; moreover (H1)-(H2) give the
following inequality for any (¢, s,v) € Ry x Dy:

H™(t,s,v) < H(t,s,v) < HY(t,s,v) and JT(t,s,v) < J(t,s,v) < J (t,s,0).

Let (1, z) and (¢, u) be the solutions of systems (8) and (9) respectively. Moreover, by
Proposition 1 (see Appendix) it follows that:

s7(t) < s(t) < st(t) and wu(t) <wo(t) < z(t) forallt>0,

where s~ (t) and s (t) are defined by:

s~ (t) = max {n(t), %} and s*(t) = min {¢(t), H%tl(t)} (10)

Notice that we have improved the estimations for s(¢) stated in Remark 2
Finally, Eq.(4) implies that for any ¢ > 0:

(1) = a Hsim — sT(t) +u(t)] < z(t) < a sy — s (t) + 2(t)] = 27 (¢) (11)

RR n° 5295



8 Gouzé € Robledo

g(s -s[1+a7])

f(s)

| f(s)

g(s -s[1+4"])

S . S
min max

Figure 1: Geometrical interpretation of Egs.(6)—(7)

and property (a) is verified.
In order to verify property (b), let us define by spin and spax the solutions of equations (6)
and (7) respectively. Notice that (G2)—(G3) implies that s* € (Smin, Smax) a0d Smax < Sin-
Let us denote by (8’) and (9’) the competitive systems (8) and (9) with A~ (¢) and
At (t) replaced by A~ and A* respectively. Moreover, let (7, Z) and (¢, @) be the solutions
of systems (8’) and (9’); applying again Proposition 1 it follows that:

7(t) < s(t) < 4(t) and a(t) <wv(t) < z(t) for any t > 0.
Letting ¢t — 400, we use Proposition 2 (see Appendix) and obtain:

Smin < liminf s(t) < limsup s(t) < smax and  lim a(t) = z(¢) = 0. (12)
t—+o0 t—+4o0o t—+oo

Combining these estimates with (11) gives that property (b) is verified with:
K = [$min, Smax] X [ofl(sm — Smax), @ L (Sin — Smin)]-
Case (ii) v(0) > 0, let us define the set:
Dy = {(z1,22) € R*:0 < 21 < 8in, 22 > — In(a)}.

Note that in this case it is clear that z(t)[sin — s(t)]7! > a~! for any ¢t > 0. Let us build
the function w: R§ +— R defined by:

w=ln <5-$—s>' (13)

INRIA




Robust control for a Chemostat 9

Tt is easy to show that (s, w) is a solution of the system:

(s* —s[1+ A(?)]) — ae“’f(s)](sm —s) = H(t,s,v),
)1 — ae] = J(t,s,v), (14)

In the same spirit as before, we build the following systems of differential equations:

€= [g(s* — &L+ AT@)]) — ae fH(E)] (sin — &) = H™ (1€, 2),
= (O — ae?] =J7(t,§,2), (15)
0 < £(0) < 5(0), 2(0) = w(0).

b= [g(s* = Y[+ A™(@)]) — ae f~(¥)] (sin — ¥) = HT (t,,u),
W= fr(¥)[1 - ae’] = J*(t, ¥, u), (16)
5(0) < Y(0) < Sin, w(0) < u(0).

Note that systems (14)—(16) are positively invariants in D,. Moreover, systems (15)
and (16) are competitive in Dy and (H1)-(H2) give the following inequalities for any
(t,s,w) € Ry x Dy :

H™(t,s,w) < H(t,s,w) < H(t,s,w) and Jt(t, s,w) < J(t, s,w) < J (t,s,w).

Let (£,2) and (¢,u) be the solutions of systems (15) and (16) respectively. Moreover,
by Proposition 1, it follows that:

sT(t) < s(t) <st(t) and wu(t) <w(t) < z(t) foranyt >0,

where the functions s~ (¢) and s*(t) are defined by:

s(t)zmax{ﬁ(t),%} and sT(t) = min {¢(t)a H_%tz(t)}

Finally, Eq.(13) implies that for any ¢ > 0:
7 (t) = e“D[s;, — sH(1)] < 2(t) < D[ss — s ()] = 2 (). an

and property (a) is verified.

Let us define by (15°) and (16’) the competitive systems (15) and (16) with A~(¢) and
At (t) replaced by A~ and At respectively. Moreover, let (£,%) and (1, %) the solutions of
systems (15’) and (16’) respectively. Applying Proposition 1 it follows that:

E(t) < s(t) <(t) and 2z(t) < w(t) <u(t) for any t > 0.
Letting t — +00, Proposition 2 implies that:

Smin < liminf s(t) < limsup s(t) < Smax (18)

t—+oco t— 400

RR n° 5295



10 Gouzé € Robledo

lim z(¢t) = lim @(t) = —In(a). (19)

t—+oco t—+oo

Finally, property (b) is verified with the set K defined above O.

Notice that the area of K is oz_l(smax — smin)2 and it can be reduced by choosing a
control g such that the difference between $.,;, and sy.x is minimal. The following result
gives an estimation depending of A~ and A*.

Corollary 1 Given € > 0, there exists an appropriate control g such that:

Smax 1+ AT
Smin 1+ A-

Proof: We can choose a neighborhood V' of s* such that ($min, Smax) C V. Hence, Egs.(6)—
(7) and mean value Theorem give:

Smax 1+ AT
Smin 1+ A~

_C(A—,AY)
9'(€)

for some £ € (Smin, Smax) and C > 0 is a constant depending of A~ and At. Now, choosing
a control such that ¢’(u) > Ce~! for any u € V completes the proof. O

Remark 3 (i) The corollary above means that, if At = A~ = 0 (small noise in the output),
the we are able to stabilize s nearly exactly around s*. (ii) The most realistic choice for g
is to choose the slope positive enough between Spmin and Smax and then to build a smooth
increasing function with two lower and upper bounds, interpreted as the extreme dilution
rates Dmin and Dyax. As it is clear on Figure 1, the minimal difference between these two
values will be of the order of | ¥ (Smin) — f~ (Smax)|-

5 Application: Modeling marine ecosystems in a chemo-
stat avoiding washout of biomass

A potential application of problem (P) is the improvement of simulation of marine ecosys-
tems using chemostat (see [3] and the references given there). In fact, several features of
the homogeneous liquid medium (e.g. temperature and light intensity) can be reproduced
externally. Moreover, controlling chemostat allows reproduction of several fixed levels s* of
limiting substrate, and consequently, makes possible study the growth of unicellular phyto-
planktonic algae in a wide range of substrate levels, temperature and/or brightness.

Nevertheless, to run a chemostat with a level of limiting substrate close to s;, is a
difficult task. Indeed, notice that Ey = (s;n,0) is an equilibrium of system (1); hence if we
choose a reference value s* close to s;,, uncertainties stated in (H1)—(H2) can destabilize
the chemostat, and the point Fg could become stable, forcing washout of biomass from the
chemostat.

INRIA



Robust control for a Chemostat 11

The washout of biomass must be avoided in any experiment concerning unicellular phy-
toplanktonic algae because it will be necessary to start the experiment again with a loss of
time and material. However, solving problem (P) we avoid the washout; in fact, property (b)
gives a lower bound for the biomass, guaranteeing the uniform persistence of the biomass,
that means that for any positive initial condition it follows that:

liminfz(t) > 2~ > 0.

t—+4o0

6 Numerical example

We consider Dunaniella Tertiolecta growth (a chlorophilian phytoplanktonic microalgae) in
a chemostat with nitrate as limiting substrate (see [3] for more details), and realistic values
(from experiments [4]) for uncertainties and parameters.

For numerical simulations we take Monod’s function defined in Remark 1 with the kinetic
parameters f., and ks, with uncertainties given in [20] summarized in the following table
(Liters are denoted by L, micro atom grams by patg and number of cells by Cell):

Parameter Uncertainty Units
m tm € [1.2,1.6] Day ™'
ks ks € [0.01,0.2] patg/L
Sin Sin € [80,120) patg/L
a ! a1 €10.15,0.6] | patg/Cell

Hence, for any growth function f(s) it follows that:

1.2s 1.6s

= < <
02rs =T < G0

C) = f*(s).

We will work with the following function:

_ Ldta)s
1) = 5105 T (D) + 5

where p,,, = 1.42,k, = 0.105 and the functions w; and ws has been constructed interpolating
two sets of random data bounded by [—0.19,0.19] and [—0.07,0.07] respectively. In the same
way we build a function A(t) bounded by [—0.03,0.03].

We will work with the following realistic values for parameters s;, and a:

sin = 85ugat/L  a = 2Cell/patg.
The feedback control law considered is:

g(u) = a+bh(s* —u), a>b>0;

RR n° 5295



12 Gouzé € Robledo

where h:R — R, is a piecewise linear function defined by:

h(s) = 6 1ts if —6<s<8,
| sign(s) otherwise.

Figure 2 shows the numerical results (Using MATLAB ODE23) for a reference value
s* =82,a = 13,b =12 and § = 0.5. Conditions (G1)-(G3) can be verified easily.
The concentration of Dunaniella Tertiolecta is graduated in 10 Cell L~!, nutrient axis is
graduated in pgat L~! and time axis in days. Notice that washout is avoided.

Notice that these estimations have been obtained mixing the output y(¢) with the solu-
tions of systems (8)—(9); we can compare these ones with the numerical results given in Fig.3
with the same values for parameters neglecting Eq.(10) but considering only the estimations
given for the comparison systems (8)—(9). We see that we are able to improve the estimates
of s and = by combining the bound of the outputs with the solutions of comparison systems

(8)~(9).

7 Discussion

In this article, we have proposed sufficient conditions for solve a problem of feedback sta-
bilization and estimation of unmeasured variables in a chemostat model with deterministic
uncertainties in its outputs and internal structure. Our approach is based on the theory of
competitive dynamical systems.

Many extensions are available in the spirit of (H1) and/or (H2): for example to suppose
that the parameter s;, is unknown and:

sin(t) < sin < 55, (2)
where s;, and s} are bounded and measurable functions.

Another natural extension of the present work would be to treat outputs of type y(t) =
s(t) + A(t) (additive disturbance). These two extensions can be certainly be solved by the
methods presented in the proof of Th.1 combined with alternative/additional hypothesis.

Finally, several extensions and generalizations of this initial study can be envisaged. For
example, the study of chemostat model with a more general uptake function (e.g. non
monotone function); we could also consider models with competition and different removal
rates with uncertainties in the growth functions and the outputs. Another way consists
in adding delay (discrete or distributed) in the measured output, representing the time
necessary to this measure: the resulting closed loop system is now a delayed system, the
behavior of which is the subject of ongoing work.

Appendix: Planar competitive systems
In this appendix we present some definitions and results from the theory of planar com-
petitive systems [18],[19].

INRIA
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Figure 2: Simulation of system (3), s;, = 85, s* = 82 and (a,b,6) = (1.3,1.2,0.5). Left,
the real substrate (blue) has an upper bound s*(t) (green) and a lower bound s~ (¢) (red).
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Definition 1 A wvector field in the Euclidean space determines a competitive system of
differential equations provided that all the off-diagonal terms of its Jacobian matriz are
nonnegative on a convexr domain.

Let the convex cone K g ;) defined as:
K(O,l) = {(ul,uQ) S R2 cup >0 and wus < 0}

and define an order in R? by 7 <k, ,, & if Z — § € K(,1), that means that y1 < z; and

Y2 > Ta.
The goal is to study the asymptotic behavior of the competitive system:

T = F(x) (20)
and to compare its solutions with these ones of the following systems of differential equations:

2= G(z), (21)

y=H(y) (22)
provided that the continuous functions G,H:Q — R? verify H <k, F <k, ,, G.

Proposition 1 (Comparison Theorem) Assume that system (20) is competitive. More-
over, let z(t) be a solution of (20) defined on [a,b], hence:

(i) If 2(t) is a continuous function on [a, b] satisfying (21) on (a,b) with z(a) <k, ,, z(a),
then z(t) <k, z(t) for all t in [a,D].

(ii) Ify(t) is a continuous function on [a,b] satisfying (22) on (a,b) withy(a) >r,, =(a),
then y(t) >k .., x(t) for all t in [a,b].

Proof: See Theorem 3.5.1 from [18] or lemma 2 from [19]. 0O

Proposition 2 (Asymptotic behavior) Assume that system (20) is competitive. More-
over, if, for any initial condition xo, w(xo) has a compact closure, then the solutions of
system (20) are convergent to a critical point.

Proof: See Theorem 3.2.2 from [18]. O
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