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ZC[%fhX/dgf
x → f(x)

_pn�ca_pm
nhu�X
_£f_`w �uti�j~fh_aj
i�b
ntµ#W5X
[�_aj
_£fo_ad�c�utikj q _pfo_pikj
v0

_an�d�nhnsb
ZC[ q
_pj

L1
loc(R)

µ
��[f

V n
j

q [tjKi�fo[nCd�j~b
Z8[tys_autd�c1dgm
m
yhi©v`_aZCdgfh_aikj¨foi�foXK[�nhikcpbKfo_pikj
v(xj, tn)

¬���X
[yh[
xj =

j∆x, tn = n∆t
¬�d�j q

∆x, ∆t
d�ys[fhX
[&Z8[tnsX�ns_`t[ntµ � [utikjKnh_ q [ty�dlj~b
Z8[tys_au©dgc~d�m
m
ysiMv`_pZ-dgfh_aikj

i�¥5§ � «5_pj$foX
[�¥¦ikcpcaiM��_ajK��¥¦ikyhZ K

V n+1
j − V n

j

∆t
+ f(xj)

V n,L

j+ 1

2

− V n,R

j− 1

2

∆x
= 0,

§<\�«

d�j q ��_£foX�foX
[(_pj
_pfh_ed�cp_`©d!fo_ai�j K

V 0
j :=

1

∆x

∫ x
j+1

2

x
j− 1

2

v0(x)dx,
��XK[tyh[

xj+ 1

2

= (j +
1

2
) ∆x.

§ä�k«

¼l[tyh[
V n,L

j+ 1

2

d�j q
V n,R

j+ 1

2

d�ys[#j~b
Z8[tys_autd�c�� 4�� ��� fhX/dgflX/d©¤k[(foi8�I[ q [�»/j
[ q µ � [(��ys_pfh[-§ \ «*_aj�foXK[
[¿AbK_p¤gd�ca[j�f�jKikj` �uikj
ns[tys¤gdgfh_p¤�[(¥¦i�yhZ K

V n+1
j = V n

j − νj

(

V n,L

j+ 1

2

− V n,R

j− 1

2

)

,
§�B�«
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��X
[yh[
νj :=

∆t

∆x
f(xj)

_pn�foXK[ L¾cpi`utd�c��MW �fN#j~b
Z%�I[tytµ0J�j foXK[%u©d�ns[
νj = 0

¬I�&[�foX~b
n|utikj
ns_ q [y
V n+1

j = V n
j

¬Fdgj q foXK[
� bAvK[n

V
n,R/L

j+ 1

2

j
[[ q j
i�f|foi$�I[ q [�»/j
[ q µ"J�j�fhX
[%u©dgnh[
νjνj+1 > 0

¬FfhX
[tns[ � b`v`[tn���_pcac�d�c£�*d©rAn
nhdgfo_pns¥>r

V n,L

j+ 1

2

= V n,R

j+ 1

2

µVJ�j�m/d�yªfo_aub
cedgyt¬~_p¥
νj ≥ 0 ∀j

¬KfoXK[tj�nh[�fhfh_aj
�
V n

j+ 1

2

:= V n,L

j+ 1

2

¬`fhX
[�nhu�XK[tZ8[
_pnlns_aZ8m
cpr8��yh_£fhfh[tj�d�n K

V n+1
j = V n

j − νj

(

V n
j+ 1

2

− V n
j− 1

2

)

.

¼li��&[¤�[ty¬U_aj¶foXK[Cutd�nh[
νjνj+1 < 0

¬�_âµ±[gµ8��X
[jÁfhX
[�nhmI[t[ q
f(x)

u�X/dgj
�k[tn#nh_p�kj
n(�I[f��&[t[tj
xjd�j q

xj+1

¬
�1[���_pcacËX/d©¤�[
V n,L

j+ 1

2

6= V n,R

j+ 1

2

_aj���[tj
[yod�c§¦nh[t['d�cpnhi���[tZCd�y*c �AµaE �I[tcaiM��«wµ
� [(uikj
nh_ q [ty5fhX
[(jAbKZC[yh_autd�c�d�mKm
yhi©v`_aZCdgfo_pikj

V∆x,∆t

d�n�d�m
_a[ut[���_anh[w �uikj
nsfod�j�f�¥¦b
j
ufh_aikj

V∆x,∆t(t, x) = V n
j , xj−1/2 < x < xj+1/2, tn ≤ t < tn+1.

§ä�k«
W/iky�d0yh[©dgcF¥¦b
j
u�fo_ai�j

v ∈ L1
loc(R)

¬KfhX
[�foi�fod�cF¤gd�yh_adgfo_pikj
TV (v)

_an q [�»/j
[ q _aj
[0,∞]

�~r

TV (v) := sup
{

∫

R

φ′v, ||φ||∞ ≤ 1, φ ∈ C1
0(R)

}

,

��X
[yh[
C1

0 (R)
_an$foXK[¨ns[f�i�¥'utikZ8m/d�u�f�nhb
mKmQikyªf

C1 ¥¦b
j
ufh_aikjKntµ J�j m/d�ysfh_aub
ced�y¬5foX
[¶foigf�d�c
¤gd�ys_edgfh_aikj�i�¥

V n = V∆x,∆t(·, tn)
_an

TV (V n) =
∑

j

|V n
j+1 − V n

j |.
§�G�«

��Ã < ? ;>�>; Ç&?�� @���@�� � �5��].���������=���0�����������0����&�!� ��(
	��� T�������$�!��� ���.��������[���� �V�! �����	���� � � �
���! "��(�(

n ≥ 0
�
TV (V n+1) ≤ TV (V n) �

� [(ys[tu©dgcacFfhX/dgfld0nhu�X
[ZC[(��yh_£fhfh[tj�_aj�¼|dgysfo[jË° n�_pj
utys[tZ8[tj�f�d�cQ¥¦ikyhZ O d ¬Vx�ysikmËµ/�Kµ BAPâ¬/_äµ [�µ£¬

V n+1
j = V n

j − Cj− 1

2

(V n
j − V n

j−1) + Dj+ 1

2

(V n
j+1 − V n

j ), Cj− 1

2

, Dj+ 1

2

∈ R,
§�dk«

_pnlW ��� _£¥�d�j q ikj
cpr-_p¥�foX
[�¥¦ikcpcaiM��_ajK��uti�j q _pfh_aikjKn�d�yh[�ys[©d�cp_`t[ q ¥¦iky�d�cac
j K

0 ≤ Cj+ 1

2

, 0 ≤ Dj+ 1

2

,
d�j q

Cj+ 1

2

+ Dj+ 1

2

≤ 1.

À�i�fh[CfhX/dgf�d ()���f�*�� W ��� nsu�X
[tZ8[�¬P[¤k[j¸_aj¯foX
[Cu©d�ns[
f(x) = c = const

¬�ca[td q n'fhi�d�j
dgf'Z8iknsf#»/yhnªfs ßiky q [y'nsu�X
[tZ8[¶§¦nh[[C¥¦iky(_ajKnsf�dgj
ut[ 
(i q ca[���n*c~_£ ���d©¤A_edgysf O d ¬��1X
d�mËµ��K¬��l[Z-dgy*c
�KµÙ�!Pe«�µVJ�j$i�y q [y&foi�X/d©¤k[�dgf1ca[td�nsf1nh[tuikj q iky q [ty1d�utub
yodgurk¬`�1[�X
dM¤�[�foi#�1ikybc8��_£foX$jKikj` �cp_aj
[td�y
nsu�X
[tZ8[tnµ
��Ã < ? ;>�>; Ç&?�� @ � @�� �^�5��] �������M� ������������� � � ��

L∞
�$��� ���5(� � � �����U���!(�(� Y ����.���!( 	!�

νj ≥ 0 ⇒ min(V n
j , V n

j−1) ≤ V n+1
j ≤ max(V n

j , V n
j−1),

§,EM�kd�«
νj ≤ 0 ⇒ min(V n

j , V n
j+1) ≤ V n+1

j ≤ max(V n
j , V n

j+1).
§,EM���V«
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���~¤A_pikb
nhc£rk¬1fhX
[�dg�QiM¤k[ q [»
j
_pfh_aikj¹i�¥�nsfod��
_pca_pf�r _aZ8m
ca_p[tn%foXK[ Z8ikyh[�b
nhb
d�c
L∞  ßnsf�dg�
_acp_pf�r K

||V n+1||L∞ ≤ ||V n||L∞

µ�|[�»/j
_pfh_aikj �Aµ � d�cpnhi0_aZ8m
cp_a[tnfoX
[�W ��� m
ysikmI[tysf�r$_aj$foXK[#utd�nh[���X
[j
νj ≥ 0

¬
∀j

O d PâµW5XK_an5yh[nhb
c£fl_an5j
i�Z8ikyh[�fhyhb
[(_p¥
νj

u�X/d�j
��['ns_a�kj
n¬/d�n5�&[#nsX/d�cpcËnh[['_pj�ns[tu�fo_ai�j
�KµÙ� µ
��Ã < ? ;>�>; Ç&? � @ � @�� �R�5��] �=�����V� ����������� � � �"�� ���!�������� ����� � ����(�( �=��� � 4 � ���

V n,L

j+ 1

2

���&	
V n,R

j+ 1

2�5������=�T]��

νj > 0 ⇒ min(V n
j , V n

j+1) ≤ V n,L

j+ 1

2

≤ max(V n
j , V n

j+1),
§,EhEMd�«

νj+1 < 0 ⇒ min(V n
j , V n

j+1) ≤ V n,R

j+ 1

2

≤ max(V n
j , V n

j+1).
§,EhE©�V«

À�i�fh['fhX/dgf�_pj³fhX
[�utd�nh[���XK[tj
νj ≥ 0

¥¦iky|d�cac
j
¬VfoX
[%uikj
ns_ansfh[tj
u�r uikj
ns_ansfhn�_aj�f�d�c~_pj
�CfhX
[

� bAv
V n

j+ 1

2

= V n,R

j+ 1

2

= V n,L

j+ 1

2

d�n5d%uikj�¤k[wv�utikZ%�K_aj/dgfh_aikjCi�¥
V n

j

§<nsfod��
cp[�nhu�X
[ZC[g¬/�
bKf q _p¢Qb
nh_£¤k[M«
d�j q i�¥

V n
j+1

§âd�j�fh_ q _£¢Fb
ns_p¤�[�nhu�X
[ZC[g¬I�KbKflb
j
nsfod��
cp[M«�µ

$Ã �º�K��� � @���@�� ���

j ∈ Z
��4���� �������

νj−1 > 0
�
νj > 0

���&	
νj+1 < 0

�
νj+2 < 0 �

�:�����
V n,L

j− 1

2

= V n,R

j− 1

2

���&	
V n,L

j+ 3

2

= V n,R

j+ 3

2

� �54[� ����� �!��()4����
V n,L

j+ 1

2

���&	
V n,R

j+ 1

2

�� _� �f�!� �f���������5�� ���()]'�*354���(
���! "� ���!�������� ����� ���&	.��� ���5(�^�����������

�	� �! ^�������$���f�����U� � Y � �!����4[��� �������

V n
k =

{

0
���! 

k ≤ j,

1
���! 

k ≥ j + 1,

�������%�=���.���!�������� ���f��]'���!�&	������$�!�+�����&()�$���
V n,R

j− 1

2

= V n,L

j− 1

2

= 0
� ���&	 � � �.��.�*354 ���!��(�����U� �
�

V n+1
j = −νjV

n,L

j+ 1

2

.

� � Y � ����� ���$���5��()����]F���!�&	������$�!� �������������
V n+1

j ≥ min(V n
j , V n

j−1) = 0
���&	e���[4Z�

V n,L

j+ 1

2

≤ 0 �� �%�����.�!�=���� ������&	 � �5] �����.���!��������,���f��]'���!�&	������$�!��� Y �S�������"��(����

V n,L

j+ 1

2

≥ min(V n
j , V n

j−1) = 0,

�����f���
V n,L

j+ 1

2

= 0 �
1R]��=��� �5����� �� �4[����������� Y � � �5� ����� �������

V n,R

j+ 1

2

= 1 �
� � ���!�f��()46	[� �=�����

Y �^�������
V n,L

j+ 1

2

6= V n,R

j+ 1

2

�

�  )���"P���/34�5� ��������� �,�#��	 �'�����*"P�#)����5�(���� '���

����� ��������� �"!$#%#'&)(�*+#-,.#/�1032546#%7983�;:%7<�>=?�1@BA1C��;DFEG�;#IHJAK�L,MC3�F�N�ODFAB0
� [#d�nhnsb
ZC[(_pj³dgcacFfhX
_an5ns[tufh_aikj�fhX/dgf�¥¦iky�d�cpc

x ∈ R
¬

f(x) > 0.
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W/yhi�Z j
iM� ikjF¬
�1[ q yhi�m�fhX
[#fh_aZ8[�_aj q [�v
n
d�j q�q [j
i�fo[(ns_aZ8m
cpr

Vj = V n
j

d�j q
Vj+ 1

2

= V n
j+ 1

2��X
[j³fhX
[tys[#_pn5j
iCd�Z%�
_p�kb
_pf�r�µ ��[f

mj−1/2 := min(Vj, Vj−1), Mj−1/2 := max(Vj, Vj−1),
§,E��k«

d�j q cp[f5foXK[#cp_aZ8_pfh[tyhn
b+
j

d�j q
B+

j

�I[ q [»/jK[ q ��r K

b+
j := Mj−1/2 +

1

νj
(Vj − Mj−1/2),

§,EM�kd�«

B+
j := mj−1/2 +

1

νj
(Vj − mj−1/2).

§,EM���V«

´lj q [tyCfoX
[¯�MW � uikj q _£fo_pikj
0 < νj ≤ 1

¬5_pfC_anCutcp[©d�y�foX/d!f-foXK[�_aj�fo[ys¤gd�c
[b+

j , B+
j ]

_pn-j
i�j
[ZCmKf�r�µ(W5X
[�´�c£foyod� ¾²1[[�nhu�XK[tZ8[�¬�d�n�¥¦ikysZ%b
cadgfo[ q ��r¶�|[nhm
y��tn#d�j q ��d���ikbKfo_pYtys[ O B P�§¦nh[t[�dgcanhi
��d��ki�bKfo_pYtyh[ O E©\ ¬Vu�X/dgmËµ0E P�¥¦iky5foX
[(j
ikjA �uti�j
nh[ys¤gdgfo_£¤k[#u©d�ns[M«w¬Iuikyhys[tnsmQikj q n�fhi�fhX
[#nhu�X
[ZC[-§ � «
��X
[yh[�foXK[ � b`v

V UB
j+ 1

2

_an q [»/jK[ q d�n*foX
[�ucaikns[tnªf5¤�dgcab
[|fhi
V n

j+1

_aj$foXK[�_aj�fo[ys¤gd�c
[b+

j , B+
j ]
¬
_âµ±[gµp¬

V UB
j+1/2 := argmin

{

|V − V n
j+1|, b+

j ≤ V ≤ B+
j

}

= min(max(V n
j+1, b

+
j ), B+

j ).
§,E©\~«

Jßf�_an5m
ysiM¤k[ q _aj O B Pä¬Kb
j q [y�fhX
['�MW �ºuikj q _£fo_ai�j
0 < νj ≤ 1

¬
∀j
¬
foX/dgf5fhX
[#´|² nhu�X
[ZC[(_pn

uikj
nh_pnsfh[tj�f©¬
L∞  �nªf�d��Kca[�d�j q W ����µ
W5X
[ � bAv¨§ Et\ «1u©dgj�d�cansi0�Q[|��ys_pfsfo[tj�d�n&¥¦ikcacpi���n O � Pä¬
bKnh_ajK�fhX
[�¥¦ikyhZCd�ca_pnhZ�i�¥U^A�&[t��r O ��� P K

�zÃ � �º� � @���@ �S����4[��� �=�����
0 < νj ≤ 1

�U�������%�=��� � 4�� � ��� � �� �������� �5]��

V UB
j+ 1

2

:= Vj +
1 − νj

2
ϕj(Vj+1 − Vj),

§,E��k«

Y ���� _�
ϕj

�� 	[���U�f�*	 � Y �����
Vj+1 6= Vj

���&	
νj 6= 1

�
�5]

ϕj = max

(

0, min
(2rj

νj
,

2

1 − νj

)

)

,
Y ���� ��

rj =
Vj − Vj−1

Vj+1 − Vj
,

§,E�B�«

���&	
ϕj = 0

�!������ Y ����
�

J�j$foX
[�utd�nh[�ig¥�foX
[�cp_aj
[td�y1d q ¤k[ufo_pikj$��_pfhX�utikjKnsf�dgj~f5¤�[tcpi`u_pf�r
f(x) = c > 0

¬`foXK[�nhu�X
[ZC[
d q ¤k[tu�fon L�[�vKd�u�focpr#N0fhX
[8ut[tcpc£ �dM¤�[tyhd��k[tn(i�¥*d�m
d�ysfh_autbKced�y�ns[f'i�¥*m
_p[tu[��_ans[-uikj
nsfod�j�f'¥¦bKj
ufh_aikj
n
§¦iky L�nsfh[tm ¥¦b
jKufo_pikj
n,Nª«�¬/_pj³fhX
[#¥¦i�cacaiM��_pj
��nh[tjKnh[�µ É nhnhbKZC[#foX
[#¥¦b
j
ufh_aikj

(V 0
j )

�I[tcpikj
�kn�foi�foXK[
ns[f

S
q [�»/j
[ q ��r

S := {(uj), ∃α ∈ [0, 1], ∀j ∈ Z, u3j+1 = u3j ,
dgj q

u3j+2 = αu3j+1 + (1 − α)u3j},

fhX
[tj���r�W5X
[ikyh[Z
3
i�¥ O B Pâ¬Vb
j q [y�foXK[0�MW �ºuikj q _£fo_pikj

0 < c∆t/∆x ≤ 1
¬/foX
[�´|² nhu�X
[ZC[

nhdgfo_pns»/[nl¥¦iky�dgcac
j
d�j q

n ≥ 0 K

V n
j =

1

∆x

∫ x
j+1

2

x
j− 1

2

v(t, x)dx.
§
E���«
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W5X
[nhu�XK[tZ8[ cg[t[m
n�fhX
_an�[wv
dguf�d q ¤�[tufh_aikj#m
ysikmQ[ysf�r�_pj�f��1i q _aZ8[tjKnh_ai�j
nz§<i�y�ZCikys[M«Q��X
[j'bKnh_ajK�
fhX
[�W�ysi�fhfh[ty�nhmK_pfhfhca_pj
�
¬�_pj0foX
[5utd�nh[�i�¥Fd q ¤�[tufh_aikj�i�¥Quti�j
nsfod�j�f&nsmQ[[ q §<_âµ±[gµ

vt +a vx +b vy = 0
¬

��_£foX
a, b

utikjKnsf�dgj~f�«�¬Id�nl[�v`m
cad�_aj
[ q _aj O E©\ ¬I�1X
d�m E5P&§¦nh[[�d�cpnhi O B P>«wµ É canhiK¬/�~r O B ¬/W5XËµV\�Pâ¬
foXK[
´�² nsu�X
[tZ8['nhdgfo_pns»/[n

||V∆t,∆x(tn, .) − v(tn, .)||L1(R) ≤ 3∆x TV (v0).
§,E�G�«

W5X
_pn�yh[tnsb
cpf%_aj q _pu©dgfh[tn�d�uikj�¤k[tys�k[tjKut[ ig¥�i�y q [y0ikj
[�¬���_£foXSd¶b
j
_p¥¦i�yhZ,�QikbKj q _aj fo_pZC[gµFJßf
X/dgn'dgcanhi�d�j¯iM¤k[yª �d�j�fo_ q _anhns_am/d!fo_p¤�[�§<i�y0L¾iM¤k[yª �uikZ8m
yh[nhnh_£¤k[TNª«��Q[X/d©¤A_aiky(d�n(nsX
iM��jÁikj¯¤gd�yh_pikb
n
j~b
Z8[tys_au©dgcË[�vKd�Z8m
ca[n O E©\ ¬ B P&§<ns[t[�foXK[#ns_aj~b
n�[�vKd�Z8m
cp[�_aj³^`[tu�fo_pikj³�`µaEM«�µ

����� � 05�����O�;� �"!$#%#�� #%03#G���1�FD�� #%2 7O(�*+#-,.#
J�j8foX
_pnns[tu�fo_ai�jË¬��1[lm
yhi�mQikns[|d(nh_pZCmKca[5�k[j
[tyhd�ca_a`©dgfh_aikj%ig¥FfoXK[|´lcpfoyhd��I[t[5nhu�XK[tZ8[�¥¦iky�u�X/dgj
�k_ajK�
ns_a�kj
n�¤k[caiAut_£fo_a[ntµ1§�J�j ��dg�kikbKfh_aYtys[ O E©\ PKd�¥¦ikyhZ�b
cedgfh_aikj�ig¥V´|²¨nhu�X
[ZC[&_an�m
yhikmIikns[ q ¥¦i�y�j
[��dgfh_p¤k[
¤�[tcaiAut_£fo_p[tn%rk[�f-ig¥�uti�j
nsfod�j�f-ns_a�kjËµÙ«�W5X
_an��k[j
[tyhd�ca_a`©dgfh_aikjË¬�XK[tyh[tdg¥>fo[y�yh[¥¦[yh[ q d�n Lª´lcpfhyod! �²1[t[

�[tj
[yod�cp_`[ q N�d�j q d��
ys[¤A_edgfh[ q ´|²  
�¬K_an q [�»/j
[ q ��r¨§ B «*dgj q fhX
[�¥¦ikcacpiM��_aj
� K

•
Jß¥

νj > 0
foX
[j q [�»/j
[

V n,L
j+1/2 = min(max(V n

j+1, b
+
j ), B+

j )
d�n�_ajÁ§ E©\ «wµ

•
Jß¥

νj < 0
foX
[j q [�»/j
[

V n,R
j−1/2

_pj�d�nªrAZCZ8[fhyh_au��1d©r�d�n5¥¦ikcacpiM��n K

b−j := Mj+1/2 +
1

|νj|
(Vj − Mj+1/2),

B−
j := mj+1/2 +

1

|νj|
(Vj − mj+1/2),

§¦yh[tutd�cacQfoX/dgf
mj+1/2 = min(V n

j , V n
j+1)

Q
Mj+1/2 = max(V n

j , V n
j+1)

«�¬/d�j q

V n,R
j−1/2 := argmin

{

|V − V n
j−1|, b−j ≤ V ≤ B−

j

}

= min(max(V n
j−1, b

−
j ), B−

j )
§,E�d�«

•
Jß¥

νj ≤ 0
dgj q

νj+1 ≥ 0
¬KfhX
[tj q [»
j
[

V n,R

j+ 1

2

:= Vj+1
d�j q

V n,L

j+ 1

2

:= Vj.
§â����«

•
Jß¥

νjνj+1 > 0
¬
fhX
[tj q [»
j
[

V n,R

j+ 1

2

:= V n,L

j+ 1

2

§<_p¥
νj > 0

«1i�y
V n,L

j+ 1

2

:= V n,R

j+ 1

2

§<_p¥
νj+1 < 0

«wµ
À�iM� cp[fzb
nu�X
[tu�c0fhX/dgfzfoX
[lnhu�XK[tZ8[�_pn_pj q [[ q �1[cac q [�»/j
[ q µ � [5»/yhnªf1ys[tZCd�y*c'foX/dgfz��X
[j

νj 6= 0
¬`foX
[ � b`v

V n,L

j+ 1

2

_an*d�cp�1d©r`n q [»/jK[ q µ J�j q [[ q ¬/_£¥
νj > 0

¬KfhX
[tj
V n,L

j+ 1

2

_an q [»/jK[ q ��r¯§ Et\ «�µ
Jß¥

νj < 0
¬�fhX
[tj¨[t_£foX
[y

νj+1 < 0
d�j q

V n,L

j+ 1

2

= V n,R

j+ 1

2

q [�»/j
[ q d�n(_ajS§ E�d «�¬�iky
νj+1 ≥ 0

dgj q

V n,L

j+ 1

2

= Vj

d�n�_ajÁ§ ��� «wµ
��j foX
[�i�foX
[y�X/d�j q ¬Ë_p¥

νj = 0
¬QfoXK[tj

V n,L

j+ 1

2

ZCdMr³j
i�f|�Q[ q [»/jK[ q _aj fhX
[%utd�nh[
νj+1 < 0

µ
¼li��&[¤�[ty*_pj0foX
_pn�nh_pfhb/dgfh_aikjË¬

V n,L

j+ 1

2

_pn�j
i�fzj
[[ q [ q _aj0foXK[lnsu�X
[tZ8[�§ B «P�I[tutd�b
nh[�_pf�i�j
cpr�dgm
mQ[td�yhn
_pj�fhX
[ q [�»/j
_£fo_ai�j�ig¥

V n+1
j

��X
ikns['¤gd�cpb
[���_acac��I[#nh[flfoi
V n

j

nh_pj
ut[
νj = 0

µ J�j³foXK['nhd�ZC[(�1dMr
�&[�u©dgj�nh[t[�foX/dgf

V n,R

j+ 1

2

_pn1d�c£�*d©rAn q [»/j
[ q ��X
[tj
νj+1 6= 0

¬`d�j q-q i`[n1j
igf*j
[[ q foi'�Q[ q [»
j
[ q
_pj�fhX
[(u©d�ns[

νj+1 = 0
µ
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�
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ϕUB(r, ν) := max(0, min( 2r
ν
, 2

1−ν
)) �

�:�����

• � � νj > 0
�
V n,L

j+ 1

2

= Vj +
1−νj

2
ϕUB(rj, νj)(Vj+1 − Vj)

Y ���� ��
rj =

Vj−Vj−1

Vj+1−Vj �
• � � νj < 0

�
V n,R

j− 1

2

:= Vj +
1−|νj |

2
ϕUB(r−j , |νj|)(Vj − Vj+1)

� Y ���� _�
r−j :=

Vj+1−Vj

Vj−Vj−1
= 1

rj �
• � � νj ≤ 0

���&	
νj+1 ≥ 0

�U�������
V n,R

j+ 1

2

:= Vj+1

���&	
V n,L

j+ 1

2

:= Vj �
• � � νjνj+1 > 0

�U�=�����
V n,R

j+ 1

2

:= V n,L

j+ 1

2

� � �
νj > 0

���! 
V n,L

j+ 1

2

:= V n,R

j+ 1

2

� � �
νj+1 < 0

�
�
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νj ≤ 0

���&	
νj+1 ≥ 0

�'����� �����!�$���e��� � �	� � ���! T _��� ���!�&	!�e� � �����
	[� Y � Y ���&	 �,��������	�� 
R4#������� � � 4��'��� ��(�(\�*�!������� Y ���=� �f� ()���.��� �� _�

�
� [�»/ysnsflnsfodgfo[#d0nh_pZCmKca[�ys[tnhbKcpf©µ

� � Ç��Ç ��;>�>; Ç&? � @�� @ � �&	[�� ^������� � � ���!�&	������$�!�
|νj| ≤ 1

�
∀j
�

(i)
�=�����:1R��� ����������� ��.���!�������� ����� �

(ii)
�=�����:1R��� �����������S��

L∞
�$���$���5(�

�
� � ÇËÇ�� @

(i)
Jß¥

νj > 0
d�j q

νj+1 > 0
fhX
[tj��1['X/d©¤k[

V L
j+ 1

2

∈ [mj+ 1

2

, Mj+ 1

2

]
��r�uti�j
nh_pnsfo[j
ur

i�¥PfoX
['´|² nhu�X
[ZC[g¬Fd�j q d�cpnhi
V R

j+ 1

2

= V L
j+ 1

2

��r q [�»/j
_£fo_ai�j³i�¥�foX
['´|²z  
 nhu�XK[tZ8[�µ5W5X
['u©d�ns[
νj < 0

d�j q
νj+1 < 0

_pnPns_aZ8_acedgytµ J�j0foX
[1u©d�ns[
νj ≤ 0

d�j q
νj+1 ≥ 0

¬��&[5X/d©¤k[*fhX
[*uikj
nh_pnsfh[tj
u�r
��r q [»/j
_£fo_pikj § ��� «wµ�Jßf�ys[tZCd�_aj
n�foi-nsfob q r³fhX
[%utd�nh[

νj ≥ 0
d�j q

νj+1 ≤ 0
µ � [%X/d©¤�[%[t_£foX
[y

νj > 0
d�j q

V L
j+ 1

2

∈ [mj+ 1

2

, Mj+ 1

2

]
��r(uikj
nsfhyhb
u�fo_pikjË¬�i�y

νj = 0
d�j q _aj(foXK_an�u©d�ns[&jKi�uikj q _£fo_ai�j

_pn�yh[¿~b
_ays[ q ikj
V L

j+ 1

2

µXJ�j fhX
[-nhd�Z8[C�1dMr�¬�[t_£foX
[y
νj+1 < 0

dgj q
V R

j+ 1

2

∈ [mj+ 1

2

, Mj+ 1

2

]
��r

uikj
nsfhyhb
u�fo_pikjË¬/iky
νj+1 = 0

d�j q _aj�fhX
_an5utd�nh[#j
i�utikj q _pfh_aikj�_pn5yh[t¿~b
_pyh[ q ikj
V R

j+ 1

2

µ
(ii)

Jß¥
νj > 0

¬Ënh_pj
ut[%�&[0X/d©¤k[
V L

j+ 1

2

∈ [b+
j , B+

j ]
d�j q

V R
j− 1

2

∈ [mj− 1

2

, Mj− 1

2

]
¬Ë�&[0ik�Kfod�_aj

V n+1
j ∈ [mj− 1

2

, Mj− 1

2

]
µ W/iky

νj < 0
¬
foX
[#d�ys�kb
Z8[tj�fonld�ys[(fhX
[(nod�Z8[�µ WP_pj/d�cac£rk¬A_p¥

νj = 0
foXK[tj

V n+1
j = V n

j

µz¼�[tjKut[(�1[#ik�Kfod�_aj$fhX
[
L∞ nsfod��
_acp_pf�rC_aj�d�cpcËu©dgnh[tnµ
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j ��� �+����� �����!��� �& _�������������$�!��� Y �����

νj ≤ 0���&	
νj+1 ≥ 0

���f� ()���.���,�� _� ���! 
V R

j+ 1

2

���&	
V L

j+ 1

2

�� _� �f���*	[�*	R���! ^�����
L∞

���$���5��()����]  _����4 ()� �U�����
���!�������� ���f��] ���!�&	������$�!� ��(�!�f� ��^��4�� ���$�����

��� � � �[��� � ���%�=�[��.�*�!����� Y � ���!4 ( 	 ������� �$� �#��� ���! 
V R

j+ 1

2

���&	
V L

j+ 1

2

����] �!��()4 ������� Y �����
Vj

���&	
Vj+1

���F�! b	[�� �,�.�������"���
L∞

�$���$���5(�S�����������
�

À�iM� �&[|fob
ysj$ikj$nªfob q _aj
��fhX
[�fhi�f�dgcI¤gd�ys_edgfh_aikj�i�¥
V n µ � [|nsX/d�cacInod©r8foX/d!f x∗ _pn*d'uyh_£fo_autd�cmIik_aj�f�i�¥

f
_p¥

f(x∗) = 0
µ

��Ä���Ç ��� Ã ��;<��� � � ��(�(��� T�����$�*��(5���!�������
x∗

�,�
f
�� _�V��4���� �=����� �����=�6�� 

f
�� �,�M���!����� ��������� �� ��� �

�f��� !� ���! b	!�����5	 �,�
x∗
� �! 

f
��������[�V��� ���� �A�

x∗
� �
�
�
�
�:�=���� _�R� �h����=�

ε > 0
�
�
�
�
�,� � [

f|[x∗−ε,x∗[ >
0,

���&	
f|]x∗,x∗+ε] < 0

] �! �� � � [

f|[x∗−ε,x∗[ < 0,
���&	

f|]x∗,x∗+ε] > 0
]
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V 0

��M��4 ��� �������
TV (V 0) < ∞

�
f
�� ()���������[����� ���!��������4 �!4#�����&	

�5��������M��� ��- ���0���&	 ������� � � ���!�&	������$�!�
|νj| ≤ 1 �

�:����� �=��� �:1R��� ����������� ��'�,�����!4[�&	[�*	
� �!� ��(U�!�� T�������$�!� ��� �=���R���!(�(� Y ����'��������� � ������ ��C� �h�������� ���!�����$�����

C ≥ 0
� ���&	[� �����&	#�������,�

����� �������X���&	 �,�
V 0
�.��4 ��� �������

∀n ≥ 0
�

TV (V n) ≤ TV (V 0)(1 + C∆t).
§ä� EM«
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νj < 0
���&	

νj+1 > 0
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� �!� ��( �!�� T�������$�!�F�,�^�����^����������� � ��] ���f�� ��*�!���
�

� � ÇËÇ�� @ � � � � � �U ����'���!������	[�� e����� �*�!��� Y �����
νj < 0

���&	
νj+1 > 0

�f������ X�����#�������
�����.4[()� ���f���!4#��()] ���! 

∆x
��4 � ���$������()]X��� ��(�(

�
Jß¥

νj ≥ 0
¬�bKnh_ajK� foX
[

L∞  �nªf�d��K_aca_£f�r¶m
ysikmQ[ysf�r�&[0X/d©¤k[
V n+1

j = V n
j − Cj− 1

2

(Vj − Vj−1)
��_£foX

Cj− 1

2

∈ [0, 1]
¬Fd�j q �&[0u©d�j���ys_pfh[�§ d «5��_pfhX

Dj+ 1

2

= 0
µ J�j¶foXK[8utd�nh[���X
[yh[

νj+1 ≤ 0
¬��1[�utd�jºdgcanhi���ys_pfo[

V n+1
j+1

_aj¶foX
[0¥¦ikysZ § d «���_pfhX
Cj+ 1

2

= 0
µ¼�[tjKut[#_aj�d�cacFu©d�ns[tn��1[#X/d©¤k[(foX
[(_pj
utys[tZ8[tj�f�d�cQ¥¦ikyhZ § d «&��_pfhX

Cj+ 1

2

+ Dj+ 1

2

≤ 1ns_aj
u[5ikj
[*i�¥/fhX
[*ui`[	�Cu_a[j~f
Cj+ 1

2

iky
Dj+ 1

2

d�c£�*d©rAnP¤gd�j
_pnhX
[ntµ � [*uti�j
utcpb q [1fhX/dgfUfhX
[*nhu�XK[tZ8[
_pnlW ����µ

� ��� � � � Y Y �'���!������	[�� "�=���'�*�!��� Y �����
f
��������[� ��� ���� �T ��!� �f� #��������� �,� �����������������!��()]

�!�f����� �
�
���h���! ���!���

ε > 0
Y � �������

f|[x∗−ε,x∗[ < 0,
���&	

f|]x∗,x∗+ε] > 0 �
D³ikyh[1m
yh[ut_ans[tc£rk¬��&[

nsb
m
mIiknh[%XK[tyh[
νj < 0

d�j q
νj+1 > 0

§>��_pfoX
νj−1 ≤ 0

d�j q
νj+2 ≥ 0

¥¦i�y
∆x

nhZCd�cpcË[tj
i�b
�kXV«wµ
²1[u©d�bKnh[�ig¥�fhX
[

L∞ nsfod��
_pca_pf�r�¬ q [j
i�fh_aj
�
∆Vj+ 1

2

:= Vj+1 − Vj

¬K�1[#u©dgj���ys_pfo[

V n+1
j−1 = V n

j−1 + Dj− 1

2

∆Vj− 1

2

§â�k��d�«

V n+1
j = V n

j + Dj+ 1

2

∆Vj+ 1

2

§â�k�g�V«

V n+1
j+1 = V n

j+1 − Cj+ 1

2

∆Vj+ 1

2

§â�k�guM«

V n+1
j+2 = V n

j+2 − Cj+ 3

2
∆Vj+ 3

2

§â�k� q «
��_£foX�utiA[ �8ut_p[tj�fon

C, D
_aj

[0, 1]
µ � [(fhX
[tj�ik�Kfod�_aj�fhX
[(caiAu©d�cQ�QikbKj q

|∆V n+1
j− 1

2

| + |∆V n+1
j+ 1

2

| + |∆V n+1
j+ 3

2

| ≤ (1 − Dj− 1

2

)|∆V n
j− 1

2

| + (1 − Cj+ 3

2

)|∆V n
j+ 3

2

|

+
(

|1 − Cj+ 1

2

− Dj+ 1

2

| + Cj+ 1

2

+ Dj+ 1

2

)

|∆V n
j+ 1

2

|.
§â����«

J�j�foX
[�u©d�ns[
Cj+ 1

2

+ Dj+ 1

2

≤ 1
foXK[%nhu�X
[ZC[0_pn�W ������r ¼|d�yªfo[tjF°±n�uyh_pfh[tys_edKµ(^Ab
m
mIiknh_pj
�

fhX/dgf��&[0d�ys[%_aj fhX
[%�/d q nh_pfhb/dgfh_aikj
TV (V n+1) > TV (V n)

§<igfoX
[ys��_ans[�foXK[tyh[�_an�j
igfoX
_pj
�Cfhi
m
ysiM¤k[M«w¬
�1[�fhX~b
n5X/d©¤k[

Cj+ 1

2

+ Dj+ 1

2

> 1
d�j q [_pfoXK[ty

Cj+ 1

2

> 1/2
iky

Dj+ 1

2

> 1/2
µ � [�d�cansi

ik�`f�d�_pj�¥¦ysikZ § ��� «&fhX
[�¥¦ikcacpi���_pj
�%�Iikb
j q

TV (V n+1) ≤ TV (V n) + 2|∆V n
j+ 1

2

|.
§â�g\~«

W5X
[tys[(yh[tZCd�_pj
n*foi��Iikb
j q
|∆Vj+ 1

2

|
µz²&r q [�»/j
_£fo_ai�j�ig¥

V n+1
j+1

¬/b
ns_aj
�³§ �k�gu «w¬
V R

j+ 1

2

= Vj+1

¬
d�j q

V L
j+ 3

2

= Vj+1+
1−νj+1

2
ϕj+1(Vj+2−Vj+1)

��X
[yh[
ϕj+1 = ϕUB(rj+1, νj+1)
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�&ikb
c q X/d©¤�[
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≤

νj+1

rj+1
≤

1

2
.

J�j�m/d�yªfo_aub
cedgy
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��_pfhX

C =
4L
µ ¼�iM�&[¤k[yt¬|fhX
[¶u©dgnh[
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_pj ¥<d�uf�dgm
mQ[td�yhn�i�j
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v ∈ L1
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ϕ ∈ C1(R × R)
�

∫

R

v0(x)ϕ(0, x)dx +

∫

(0,∞)×R

{

vϕt + v
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f ′ϕ + fϕx)
}
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2
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2
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j
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Vj+1−Vj

¬Qnsb
u�X�foX/d!f|foXK[�nhu�XK[tZ8[
�I[-W ����¬
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yhiM¤�[ q _aj O � Päµ � [�dgcanhi

_pZCmIiknh[
ϕNB(1) = 1

_aj�iky q [tyUfhi(X/d©¤k[lnh[tuikj q iky q [tytµ � [5foXK[tj8u�X
i`i�nh[5foX
[5¥¦b
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[�À5 ¾²1[[*nhu�X
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≤

rj+1

νj+1

¬`�1[#ik�Kfod�_aj

Cj+ 1

2

= νj+1

(

1

2
+

(1 − νj+1)

2

ϕj+1

rj+1

)

≤ νj+1

(

1

2
+

(1 − νj+1)

2

1

νj+1

)

=
1

2
.

W5X
[#m
ysi`i�¥�i�¥
Dj+ 1

2

≤ 1
2

_pn5nh_aZ8_acad�ytµ
�


$Ã �º�K��� � @���@ �S� �����R��� �� � �
�
� �:����� � �$1����V�����������M���!������ [��� �,� Y �� b	!� ����� Y �*� � ���!()4 ���$�!�

�,��� � �
�

É cpnhi
¬~d�nz_pj O d ¬~m
mËµ E�GhdAPâ¬k�1[lu©dgj-nhXKi��¹foX/d!ffhX
[lÀ� �²1[t[lnhu�X
[ZC[l_an�ig¥Fns[tuti�j q iky q [tyd©�*d©r
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���
	������������� 	���� � ��µ&W�d�c�[(foXK[(d q ¤k[ufh_aikj�[t¿~b/dgfh_aikj K
{

vt + vx = 0 − 1 ≤ x ≤ 1;
v(x, 0) = v0(x);

§<��E�«

��_£foX�mQ[yh_ai q _pu|uti�j q _pfh_aikjKn�dgf
x = ±1

¬Vd�j q ¼|d�yªfo[jË°±nl_ajK_pfo_ad�c q dgfod O E©� P K

v0(x + 0.5) =







−x sin(3
2
πx2), −1 < x < −1

3
,

| sin(2πx)|, |x| < 1
3
,

2x − 1 − sin(3πx)/6, 1
3

< x < 1.

� [&uikZ8m/d�yh[�_pj(WPd��Kca[�µ � foXK[[yhysikyhn�d�j q utmKb'fo_pZC[Pi�¥`fhX
[&´�cpfhyod! �²1[t[g¬!À� ¾²&[t[�¬gd�j q#É   � j~fhyhikm�r
§ É j�fo_ q _p¢Qb
nh_£¤k[ � j~fhyhikm�r O \ P>«�nhu�X
[ZC[nt¬���_£foX%d��MW �$i�¥

0.8
µ�¼�[yh[1�&[1bKnh[1fhX
[&Z8i q _p»/[ q À5 ¾²1[[

nsu�X
[tZ8['��_£foX
δ = 0.7

§¦nh[[0^`[ufo_pikj \
µ±� «1��X
_pu�X uikyhys[tnhmIikj q n�foi0fhX
['Z8_ajK_aZCd�c q _anhuikj�fo_pjAbK_pf�r
�&[#�1d�j�f�foi q [fh[tu�f���r�fhX
[(nhu�X
[ZC[gµ

� [5i��
nh[ys¤k[5fhX/dgfUfhX
[*utmKb�fh_aZ8[1i�¥QÀ5 ¾²1[[5_anUysikb
�kX
c£r Ekµ±\�fh_aZ8[tnPfhX
[*um
b0fo_aZ8[1ig¥F´�²|¬�d�j q
ikjK[� �X
d�cp¥Pi�¥ É   � j~fhyhikm�r�µlW5XK[�[tysyhiky�_aj

L1 j
ikysZ�d�yh[#¤k[tyªr�utcai�nh[(¥¦iky|À5 ¾²1[[%d�j q É   � j~fhyhikm�r
nsu�X
[tZ8[tnµ

À�i�fh[�foX
dgf É   � j~fhyhikm�r¶uikZ8m
bKfo[n�_aj ¥<dguf � Y � �!��()4���� mI[ty|ZC[nhX¯_aj�fo[ys¤gd�câ¬Fikj
['��X
_au�X¯_an
d�j³d�m
mKyhi©v`_aZCdgfo_pikj$i�¥�foX
[#d©¤k[yod���[#¤gd�cpb
[�¬/dgj q foX
[(nh[utikj q d�j�[tj�foysikm�r$¤gd�cabK[�µ

J�j WP_a�Kµ \ �1[¶uikZCm
d�yh[ À� ¾²&[t[ §>��_pfhX q _ansutikj�fo_pj~b
_pf�r q [�fo[tu�foikyo«-d�j q É   � j�foysikm�rk¬5��_pfhX
P = 100

Z8[tnsX³mIik_aj�fhnt¬/dgf5fh_aZ8[
t = 1

µ
J�j WP_a�Kµ � �&[¶utikZ8m/d�ys[�´lcpfoyhd! ¾²&[t[�¬lÀ5 ¾²1[[¶d�j q É   � j~fhyhikm�r nhu�X
[ZC[n�dgf�cai�j
�k[ty8fo_pZC[

t = 5
µ � [|fhX
_aj6c0fhX
[��I[tX/d©¤A_aiky&i�¥�foXK[�À� �²1[t[|nhu�X
[ZC[�_pn1¿~b
_£fo[��kiAi q ¥¦iky&d�yh[cedgfh_p¤�[tcpr�ns_aZ8m
ca[

_pZCm
cp[tZ8[tj�f�d!fo_ai�jËµ
���
	�������	� � 	�
������� ��� ������
��5Àli��º�1[utikjKnh_ q [ty�foX
[d q ¤k[tu�fo_pikj'[¿~b/dgfo_pikj(_aj'� q _aZ8[tj
ns_aikjKn K

{

vt +
1

2
vx + vy = 0 − 1 ≤ x, y ≤ 1;

v(0, x, y) = v0(x, y);

§<���k«

��_£foXºmI[tys_ai q _au0�Iikb
j q d�ysr¨uikj q _£fo_ai�j
n#dgf
x, y = ±1

¬Udgj q ��_£foX dÁ§<uikj�fo_pjAbKikb
n�«(m�r`yhd�Z8_ q d�c
_pj
_pfh_ed�c q dgfod

v0(x, y) := min(max(1 − 2|x|, 0), max(1 − 2|y|, 0)).
J�jCfhX
_an[�vKd�Z8m
ca['§<d�j q fhX
[�¥¦i�cacaiM��_pj
�#� q [wvKd�ZCmKca[tno«�¬~foX
[�´|²z  
 d�j q À� ¾²&[t[lnhu�X
[ZC[n5d�yh[

[wv`fh[tj q [ q ��r�b
ns_aj
�Cd0W�ysi�fhfh[ty�nhmKca_pfsfo_pj
�
µ
� [luti�ZCm/dgyh[l_aj WP_a�
µ B foXK[�´�c£foyhd! ¾²1[[�¬AÀ� �²1[t[�d�j q [�vKd�u�f*nhi�cabKfh_aikj0»/ysnsf1¥¦i�y&d#j~b
Z%�I[tyi�¥

q _pnhuyh[fh_`tdgfo_pikj³Z8[tnsX mIik_aj�fhn
Px = Py = 20

d�j q fhX
[tj³��_pfoX
Px = Py = 40

µl�1ikZCmKbKf�dgfh_aikjKn
d�ys[ q i�j
['��_£foX�d-�MW � i�¥

0.8
µ�Àli�fo[#foX/d!f|X
[yh[�´|²  
�uik_ajKut_ q [tn���_pfoX ´�c£foyod� ¾²1[['ns_aj
u[#fhX
[

¤�[tcaiAut_£fo_p[tn q i�j
i�flu�X/dgj
�k[(nh_p�kj
ntµ
W5X
[znhikcpbKfo_pikj�_pn�mQ[yh_ai q _puPi�¥AmI[tyh_pi q

T = 4
¬!d�j q fhX
[�j~b
Z8[tyh_pu©d�c�nhikcpbKfo_pikj�_an�dgcanhi5uikZ8m
bKfo[ q

dgf
t = 4

µz��j8foX
_pn[wvKd�ZCmKca[5�1[�nh[[lfhX/dgf1À� ¾²&[t[lX/d�nd'�kiAi q �I[tX
dM¤A_piky��XK[tyh[�foXK[�nsikcabKfh_aikj�_pn
j
i�j` �uikj
nsfod�j�f©¬I��X
_au�X³_anlj
i�flfoX
[#u©d�ns['¥¦iky�´|²z  
0µ WVbKysfoXK[tyhZ8ikys[#fhX
[#f��&i$nsu�X
[tZ8[tn�§<d�caZ8iknªfw«
q i8j
i�f q _p¢Qb
nh[(ikbKfhnh_ q [�foX
[(�Ii©v

−1 ≤ x, y ≤ 1
µ

ê�ê�Úhg
éwî�î©è
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A−entropy
Exact

W�_a�kb
ys[�\ K �1ikZ8m/d�ys_anhi�j�dgf5fo_pZC[ t = 1
¬
P = 100

mQik_pj�font¬
d�j q
CFL = 0.8

µ

L1 [tyhysiky utm
b�fo_pZC[
x ´lcpfhyod��I[t[ À� ��I[t[ É  ß[tj�foysikm�r ´�c£foyodg�Q[[ À5 ��I[t[ É  �[j�foyhi�m~r
50

Ekµ �!\ �  ¾��E \
µ B�E �  ¾��� �Kµ d�\ �  ���� �KµaE�E �Kµ E�B �KµÙ� E
100

�`µ G�� �  ¾��� Ekµ dhG �  ¾�k� E�µ�B�E �  ���� �KµÙ� E �KµÙ��G �`µ±\#G
200

�Kµ±�hd �  ¾��� Ekµ±��E �  ¾�k� G`µÙ��\ �  ��k� �Kµ \k\ �KµÙ��d E�µaE�B
400

Ekµ \�� �  ¾��� \
µÙ��� �  ¾��� �`µ�dk� �  ��k� Ekµ±�hB Ekµ \#G �`µ±\~�
800

BKµÙ��� �  ¾�k� EkµÙ�g\ �  ¾��� E�µÙ�hG �  ��k� �Kµ±��E \
µÙ�k� E�Ekµ ���

WPd��Kca['� K L1 dgututbKyod�u�r�¥¦iky5[�vKd�Z8m
ca[#��§<¼|d�yªfo[tjF°±no«�Q t = 1
¬
CFL = 0.8

µ
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WP_p�kb
yh[#� K ´�cpfhyod! ß�Q[[�¬KÀ� ��I[t[#d�j q³É  �[tj�fhyhikm�r�nsu�X
[tZ8[tnlikj³¼|d�yªfo[tjF°±n�[�vKd�Z8m
cp[�µ
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UB−G N−BEE Exact

§âd�«
Px = Py = 20

UB−G N−BEE Exact

§<�/«
Px = Py = 40

W�_a�kb
ys[ B K �1ikZ8m/d�ys_anhi�j�i�¥U´�²  
 d�j q À� ¾²&[t[�nhu�XK[tZ8[tntµ

�¦÷�ê�¦ú
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J�j+W�_a�
µ � �&[#utikj
ns_ q [y�d���d�_pj�[t¿~b/dgfh_aikjÁ§ �k� «1��_pfhX�fhyod�mI[5`ik_ q d�cF_pj
_pfh_ed�c q dgfod K

v0(x, y) :=

{

1 + x
_p¥

(x, y) ∈ [−0.5, 0.5]2

0
i�foX
[ys��_pnh[

.

� [(ik�
nh[ys¤�[%d0�kiAi q �I[tX/d©¤A_ai�ylig¥�fhX
[C§<Z8i q _£»/[ q «1À� �²1[t[(nhu�XK[tZ8[�µ
���
	��������� � � � � 	 � ��� � ����
�� � [(uikj
nh_ q [ty*fhX
[�¥¦ikcacpiM��_aj
�%[¿~b/dgfo_pikj K

{

vt − yvx + xvy = 0 − 1.2 ≤ x, y ≤ 1.2;
v(0, x, y) = v0(x, y);

§<�k��«

��_£foXe`[tyhi$�|_ays_au�X
cp[f��QikbKj q d�yªr³uikj q _£fo_pikj
nldgf
x, y = ±1.2

¬Fdgj q ��_pfhX¶dCuikj�fo_pjAbKikb
n�_pj
_pfh_ed�c
q d!f�d

v0(x, y) :=
1

R2
max(R2 − (x − xc)

2 − (y − yc)
2, 0); xc = 0, yc = 0.5, R = 0.5.

J�j�foX
_pn�[�vKd�Z8m
ca[g¬KfoX
[�¤�[tcaiAut_£fo_p[tn*u�X/dgj
�k[(nh_p�kj
ntµ
� [luti�ZCm/dgyh[�foX
[|´|²  
 nhu�X
[ZC[g¬`foXK[�À� �²1[t[lnhu�XK[tZ8[�d�j q foX
[ � v
dguf*nsikcab`fo_ai�jC_pj�WP_p�
µ G ¬

dgf�fo_aZ8[
t = 2π

��XK_au�X uti�yhyh[nhmIikj q n%fhi¶d�uti�ZCm
cp[fh[-yhigf�dgfh_aikjÁi�¥5foX
[-_aj
_£fo_edgc q dgf�d d�yhikbKj q
fhX
[¯ikyh_p�k_ajËµ W5X
[¯j~b
Z%�I[ty�i�¥ q _pnhutys[fh_`©d!fo_ai�jÊZC[nhX mIik_aj�fon�_pn

Px = Py = 20
d�j q fhX
[tj

Px = Py = 40
µ1�1ikZCmKbKf�dgfh_aikjKn�d�yh[ q ikj
[���_£foX³d-�MW � ig¥

0.8
µ � [#nsfh_acpcËik�
ns[tys¤�['fhX/dgf�foX
[yh[

_pn�d�caZ8iknsf1j
i q _£¢Fb
ns_aikj$��_£foX$fhX
[#À� ¾²&[t[�ikbKfhnh_ q [|foXK[#�
d�cac
|x − xc|

2 + |y − yc|
2 > R2 ¬K��X
_pca[fhX
[tys[�_an5d�fh[tj q [j
ur-foi0iM¤k[yª ¾dgj~fh_ q _£¢FbKnh[�_pj
nh_ q [|foXK[��/d�cpc�§¦r�[f5¥<d�y&ca[nhn*foX
d�j$foX
[(´lcpfhyod! �²1[t[©«�µ

�	��� � 8+8��FDF( �N�ODFAB05�;A����	! #��	C+�K�ODFA1037
Àli�� �1[�uikj
nh_ q [ty(dgj¨[wvAfo[tjKnh_ai�jÁi�¥foXK[�´|²  
 nhu�XK[tZ8[�¥¦i�y�foX
[ q _pnhuyh[fh_`tdgfo_pikj¶i�¥zfoX
[8¼|½k²
[¿Ab
dgfo_pikj § � «wµ

� [(»/ysnsf�uikj
ns_ q [y
(uk)k=1,...,Nu

dC��_p¤k[j q _pnhuyh[fh_`tdgfo_pikj�i�¥UfoXK[�d q ZC_pnhnh_p�
ca[�ns[f
U
µ�W5X
[j

fhX
[(nhu�X
[ZC[#_an

V n+1
j − V n

j

∆t
+ max

uk

(

−f(xj, uk)[DV ]nj (uk) − `(xj, uk)
)

= 0

��_£foX

[DV ]nj (u) :=
V n,L

j+ 1

2

(u) − V n,R

j− 1

2

(u)

∆x��X
[yh[
V n,L

j+ 1

2

(u)
d�j q

V n,R

j− 1

2

(u)
d�ys[¶foX
[ � b`v`[tn d�nhnsi`u_edgfh[ q foi¸foX
[Á´|²z  
 nhu�XK[tZ8[Á¥¦iky$fhX
[

q _pnhuyh[fh_`tdgfo_pikj�i�¥
vt − f(x, u) vx = 0

¥¦iky�d��k_£¤k[tj
u ∈ U

¬Vd�n q [»/jK[ q _pj�^`[tugµ �KµÙ� µ
É j�[�vAfo[j
nh_pikj�i�¥�fhX
[#À� �²1[t[(nhu�XK[tZ8[#¥¦iky#§ � «*_an5i��Kf�d�_pj
[ q _pj$foX
[(nodgZC[��1dMr�µ

���
	������� � ��[flb
n�uikj
nh_ q [ty5fhX
[�L�f�dgyh�k[�fbN|m
yhik�Kca[tZ


















vt + max
u∈[−1,1]

(

−
1

2
(u − x) · vx

)

= 0

v(x, 0) =

{

0
_p¥

x ∈ T := [−c, c]

1
i�foXK[tys��_pnh[
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UB−G N−BEE Exact

WP_p�kb
yh[#� K ´|²  
 d�j q Z8i q _£»/[ q À5 ¾²1[[�nhu�X
[ZC[n0§¦��_£foX
δ = 0.4

«*dgf
t = 4

Q
Px = Py = 50

µ

UB−G N−BEE Exact

§âd�«
Px = Py = 20

UB−G N−BEE Exact

§<�/«
Px = Py = 40

WP_a��b
yh[ G K ´�²  
0¬/À5 ¾²1[['dgj q [�vKd�uf�nhi�cabKfh_aikj�dgf t = 2π
µ

�¦÷�ê�¦ú



���������
	�������������������������������������! "�#	����������$�!�%���&	'���#�&()�$�*�����$�!�+�,�.-0/#12�*3546�����$�!��� �g�

��_£foX
c ≥ 0

µ¯§<W5XK[8»/ysnsf'[t¿~b/dgfh_aikj¨_an�fhX
[-nhd�ZC[8d�n
vt + 1

2
|vx| −

x
2
vx = 0

µÙ«¹W5X
_pn'mKyhik�
cp[tZ
uikZC[n%¥¦yhikZ,d�jS��mKfh_aZCd�c1�1ikj�foyhi�c1m
ysik�
ca[Z O E�B ¬ � ¬ E Päµ¯W5X
[��� ß¤gd�cabK[-nh[�f0i�¥�foXK[-¥¦b
j
u�fo_ai�j
v(., t)

utikysyh[nhmIikj q n1fhi�foXK[�yh[�k_aikjCi�¥�mIik_aj�fhn
x
¥¦yhi�Z���XK_au�X$foXK[�f�dgyh�k[�f

T
utd�j��Q[�yh[td�u�X
[ q d!f

fh_aZ8[
t
��r$fhyod�{s[ufhikyh_p[tn*i�¥

ẏ(s) = 1
2
(u(s)− y(s)))

d�j q
y(0) = x

¬K��_£foX
u(s) ∈ [−1, 1]

µ�W5X
[
[wv
dguf%§¦¤A_ansutikns_pf�rK«*nhikcpbKfo_pikj�i�¥�foX
_pn5m
yhik�Kca[tZ yh[td q n K

v(x, t) =

{

0
_p¥

x ∈ [1 − (c + 1)et/2,−1 + (c + 1)et/2];

1
_p¥�j
i�f

.

� [(utikZ8m/d�ys[�ikb
y5Z8[foXKi q §<bKnh_ajK��fhX
[(´|²z  
 nsu�X
[tZ8[M«1��_pfhX�foX
['^`[ZC_¡  ��d��kyhd�j
�k_ad�j-Z8[fhX
i q
��X
_pu�X�_pn cAjKi���j(foil�k_£¤k[��kiAi q ys[tnhbKcpfonË¥¦i�y�yh[t��b
ced�yË¥¦bKj
ufh_aikj
nµP¼l[tys[�¬�¥¦ikyËfoX
[&^`[ZC_¡  ��d��kyhd�j
�k_ad�j
nsu�X
[tZ8[�¬
�&[�X/d©¤k[�bKnh[ q dgj$[�v`m
cp_aut_£f1\! ßfoX-iky q [y*��b
j
�k[w ���bKfsf�d�Z8[fhX
i q _aj-i�y q [y1foi%uikZ8m
bKfo[
fhX
[(u�X/d�yodgufo[yh_pnsfo_putnµ

WP_a��b
yh[ d nhX
iM��n%fhX
[$j~b
Z8[tyh_pu©d�cnhi�cabKfh_aikjÁutikZ8m
bKfh[ q ¥¦iky
t = 1.5

��_£foX
c = 0.5

§¦ced�ys�k[
fod�yh�k[�fw«wµ

WP_a��b
yh[ EM� nsX
iM��n�foX
[%j~b
Z8[tys_autd�c�nhikcpbKfo_pikj³¥¦iky|dCfoXK_aj fod�yh�k[�f©¬I��_pfoX
c = ∆x

2

µ|W5X
_an�_an�dgj
d�mKm
yhi©v`_aZCdgfo_pikj8i�¥ËfoXK[|u©dgnh[

c = 0
§¦fhX
_an�k_£¤k[tn*d'uti�ZCm
b`fo[ q _aj
_£fo_edgc q dgfod

v0
j = 0

_p¥
j 6= 0

d�j q
v0

j = 1
_p¥

j = 0
«�µ

W/iky'fhX
[tns[$fo[tnªfon¬U�1[�X/d©¤�[$f�d�cg[tj
Nu = 3

d�j q
{(uk)} = {−1, 0, 1}

µ � [$nh[[�X
[tys[�_aj
WP_p�
µ d d�j q EM� foX/dgf�fhX
[tys['_pnljKi q _£¢FbKnh_ai�j�bKnh_ajK�8fhX
[�´lcpfhyod! �²1[t[8§¦ikyl´|²  
'«1nsu�X
[tZ8[�¬Vfoi0foXK[
uikj�foyodgysr�foi8d8^`[ZC_¡  ��d��kyhd�j
�k_ad�j-nsu�X
[tZ8[�µ
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Ο Ο Ο
Ο

Ο

Ο

Ο

Ο

Ο
Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο

Ο

Ο

Ο

Ο

Ο

Ο
Ο Ο ΟΟ Ο Ο

Ο

Ο

Ο

Ο

Ο

Ο
Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο Ο

Ο

Ο

Ο

Ο

Ο

Ο
Ο Ο Ο

Ο
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Exact

WP_p�kb
yh[Sd K ´�cpfhyod! ß�Q[[�d�j q ^`[ZC_¡  ��d��kyhd�j
�k_ad�j-nsu�X
[tZ8[tn¬ T = [−0.5, 0.5]
µ
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Exact

WP_a�kbKyh[ EM� K ´�cpfhyod! ß�Q[[(d�j q ^`[ZC_¡  ��d��kyhd�j
�k_ad�j-nsu�X
[tZ8[tn¬ T = [−∆x
2

, ∆x
2

]
µ

���
	��������� � [(utikj
ns_ q [yld�i�j
[ q _aZ8[tj
ns_aikj
d�c L¾²1b
yh��[tyt° n�[t¿~b/dgfh_aikj[N K






vt +
(vx + 1)2

2
= 0 − 1 < x < 1

v(x, 0) = − cos(πx)

§<���k«

uikZCmKbKfo[ q d�n
vt + max

u∈[−π+1,π+1]

(

−u(vx + 1) +
u2

2

)

= 0
µ � [�X/d©¤k[�bKnh[ q d��MW �¶i�¥

0.5
d�j q

d�j³d�m
mKyhi©v`_aZCdgfo_pikj-��_pfhX
Nu = 20

uti�j~fhyhikcFZC[nhX�mQik_pj�fontµ
�l[nhb
c£fonld�ys[�nhX
iM��j _pj WP_a�Kµ EhE d�j q _aj�W�d��
cp[ � ¬K��X
[yh[(foX
[

L∞ [yhysiky�_an5ikj
c£r$uikZCmKbKfo[ q
_pj�fhX
[(yh[�k_aikj

[−1,−0.95] ∪ [−0.75, 1]
§>��X
[tys[(fhX
[(nhikcpbKfo_pikj�_an5ys[t�kbKced�yo«�µ

��j(fhX
_an�[wvKd�ZCmKca[zÀ� �²1[t[z_pn�ca[tnsn�m
yh[ut_ans[�foX/d�j(X
_p�kX` ßiky q [y�ZC[�foX
i q n�nsb
u�X%d�n � À|�¹nhu�X
[ZC[n
i�¥0��nhX
[y³dgj q ^AXAb §<ns[t[¨WPdg�
ca[¶_pj O E�� P>«wµ ¼liM�1[�¤k[ty��1[¯nªfo_acpc|ik�Knh[tyª¤k[ºd¸��i`i q j~b
ZC[yh_pu©d�c
uikj�¤k[tys�k[tjKut[�µ

$Ã �º�K��� �:@���@ � � ������� ��(������,����� �*	 ����� � 1R��� �������������54[� Y � ������� � ������ T���*	'�=����� ������ _�
�� �f�C���!������ [���f���^� � Y �� b	!� �����^���!()4 ���$�!�

�

���
	������� � � ���  	�� 
�������� � ��� � ��� � [(utikjKnh_ q [ty5foX
[�¥¦ikcpcaiM��_ajK�0¼�½k² [t¿~b/dgfh_aikj K
{

vt + f(x, y) · ∇v + ||∇v|| = 0, −3 < x, y < 3;
v(0, x, y) = v0(x, y), −3 < x, y < 3.

§<�hB�«

��_£foX
f(x, y) = (−y, x)

¬f`t[yhi��Iikb
j q d�ysr³utikj q _pfh_aikj
n|dgf
x, y = ±3

§âdgj q
|| · ||

q [j
i�fh[tn|fhX
[
� b
uca_ q [©d�jÊjKikyhZ-«�µ�W5X
[�_ajK_pfo_ad�c q dgfodºuti�yhyh[nhmIikj q nCfoiºf��&iFL¾ns[tm/d�yhdgfo[ X
ikca[n
N�u[tj�fo[yh[ q _aj
A = (−1, 0.5)

dgj q
B = (1,−0.5) K

v0(x, y) =

{

0
_p¥

(x + 1)2 + (y − 0.5)2 ≤ 0.25
iky

(x − 1)2 + (y + 0.5)2 ≤ 0.25

1
i�fhX
[tyª��_anh[
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Exact

§âd�«�E©��mIik_pj~fhn §¦�V«*\��0mQi�_aj�fon
W�_a�kb
ys[ EhE K ��j
[w  q _pZC[j
nh_pikj/d�cQ[t¿~b/dgfh_aikjF¬[Lª²1bKyh�k[y
N�¬ t = 1.5/π2 µ

W5X
['d�m
mKyhi©v`_aZCdgfo_pikj$_an q ikj
[#d�n5¥¦ikcacpiM��n K
vt + max

k
(f(x, y) · ∇v + uk · ∇v) = 0.

W5X
['[�vKd�u�f|nsikcabKfh_aikj�i�¥�foX
[#utikj�fh_aj~b
ikb
nlm
ysik�
ca[Z _an�b
ns[ q ¥¦i�ylys[¥¦[yh[tjKut[�§¦nh[[ O E�� P�d�j q yh[�¥¦[tyª 
[j
ut[n�foXK[tyh[_ajV«wµ

� [³utikZ8m/d�ys[³_pj WP_p�
µ E�� fhX
[�´lcpfhyod! �²1[t[�nhu�X
[ZC[g¬5foX
[ À� ¾²&[t[ nsu�X
[tZ8[¶d�j q foX
[³[�vKd�u�f
nsikcabKfh_aikj���_pfhX

Px = Py = 30
Z8[tnsX-mIik_aj�fhntµz�1ikZ8m
bKfodgfo_pikj
n&d�yh[ q ikjK[���_pfhX$d��MW �¶i�¥

0.967
µ

� [0yh[Z-d�ybc�fhX/dgf�fhX
[�¥¦yhi�j~fhn(d�yh[%�&[tcpcPcpi`utd�ca_a`t[ q ��_pfhX
_aj¯d$ikjK[� �Z8[tnsX¶nh_a`t[�µ'W5X
[0Z8[t[fh_aj
�-i�¥
fhX
[�f��1i�¥¦yhikj�fhn�dgf

t = 0.5
§<uti�ZC_pj
�%¥¦yhikZ [©d�u�X�[�v`m/dgj q _ajK�8XKikca[©«�¬
dgj q fhX
[tj�fhX
[(ZC[yh�k_pj
�%i�¥

fhX
[�¥¦yhikj�fon¬Vdgf
t = 1

¬
_pn�d�cansi��&[tcpc�yh[m
yhi q b
u[ q ¬/��_pfhX�j
i q _p¢Qb
nh_pikj�m
yhi��
ca[ZCnµ
���
	��������� ��� � ��� � � W/iky*foXK_an5cedgnsf�[�vKd�Z8m
cp[�¬K�&['uikj
ns_ q [y*foX
[#¼�½k² [t¿~b/d!fo_ai�j K

{

vt + 1

2
||∇v||2 = 0, −1 < x, y < 1;

v(0, x, y) = v0(x, y), −1 < x, y < 1.

§<���k«

��_£foXe`[tyhi-�QikbKj q d�yªr�utikj q _pfo_pikj
n�dgf
x, y = ±1

¬Fd�j q ��_£foX�d8_aj
_£fo_ad�c q dgfodCuikyhys[tnhmIikj q _aj
�8foi
d L¾�I[tcpc N K

v0(x, y) = max(0, 1 − ||(x, y)||2)
J�j fhX
[$[�vKd�u�f0nhi�cabKfh_aikjÁd�m
mI[©d�ysn0d ns_aj
�kbKced�ys_pf�r¯dgf'fo_pZC[

t = 0.5
µ � [-uti�ZCm/dgyh[-_pj WP_p�
µ E©�

fhX
[ À5 ¾²1[[³nsu�X
[tZ8[�dgj q fhX
[�[�vKd�ufCnhi�cabKfh_aikj ��_pfhX
Px = Py = 19

Z8[tnhXSmIik_aj�fon8dgf�fh_aZ8[
t = 0.4

§<�I[¥¦i�yh[�nh_pj
�kb
cad�yh_£f�r
«�d�j q
t = 0.5

µ-�1ikZCmKbKf�dgfh_aikjKn�d�yh[ q i�j
[8��_£foX¨d³�MW � i�¥
0.9

µ
W5X
[#j~b
Z8[tyh_pu©d�cFyh[tnsikcab`fo_ai�j�_an q ikjK[#bKnh_ajK��fhX
[([t¿~b
_£¤�dgca[tj�f�¥¦ikysZ%b
ced!fo_ai�j-i�¥*§ ��� « K

vt + max
||u||≤1

(u · ∇v + 1

2
||u||2) = 0,

��_£foX
Nu = 37

utikj�fhyhikc�¤gd�cabK[tn(caiAu©dgfh[ q _ajKnh_ q [�fhX
[8b
j
_pf#�/dgcacäµ�W5X
[8[�vKd�u�f%nsikcabKfh_aikj¶¥¦iky�fhX
[
uikj�fo_aj~b
i�b
n�mKyhik�
cp[tZ _an c~j
iM��j�d�j q bKnh[ q ¥¦iky5yh[�¥¦[tys[tj
u[�µ
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t = 0.5/π2 t = 1.5/π2

À�i�i�¥�mQik_pj�fon
L1 [tysyhiky L∞ [tyhysiky

L1 [tysyhiky L∞ [tyhysiky
P = 10

�`µ�d �  ���� �`µ �g� �  ¾��� BKµ �g� �  ¾��� EkµÙ� E �  ¾��E
P = 20

EkµaEM� �  ¾��� Ekµ ��� �  ¾��� Ekµ±\k� �  ¾��� �`µaE�G �  ¾���
P = 40

�Kµ�dk� �  ¾�k� GKµaEM� �  ¾�k� �`µÙ�g\ �  ¾�k� GKµ ��� �  ¾�k�
P = 80

EkµaE�E �  ¾�k� �Kµ �AG �  ¾�k� �`µaE�G �  ¾�k� �`µ �AB �  ¾�k�

W�d��
cp[(� K L1 [yhysikyld�j q L∞ [tysyhiky5_pj�nhZ8i`i�fhX�yh[t��_aikj
n*¥¦i�y � vKd�Z8m
cp[#�`µ

UB−G at  t=0.5 Error (scale=1)

UB−G at  t=1 Error (scale=1)

W�_a�kb
ys[.E�� K ´�²  
 d�j q [tyhysiky�dgf�fo_pZC[
t = 0.5

dgj q
t = 1

µ
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N−BEE at  t=0.4 Exact

N−BEE at  t=0.5 Exact

WP_a��b
yh[.EM� K À� ¾²&[t[(d�j q [�vKd�u�flnhikcpbKfo_pikj�dgf�fo_pZC[ t = 0.4
d�j q

t = 0.5
µ
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� � "P � #�  '���¨��� � � � � �
� [|ys[tu©dgcac
foX
dgf&�&[�dgyh[l_aj�foX
[lnh_£fob/dgfh_aikj���X
[yh[

f
u�X/dgj
�k[tn1nh_a��j
n&i�j
cpr0i�j
ut[�d�j q fhX
[tys[�[wv`_ansfhn

d�j8_aj q [�v
j
nhb
u�X-fhX/dgf

νj < 0
§âd�j q

νj−1 ≤ 0
«�d�j q

νj+1 > 0
§<d�j q

νj+2 ≥ 0
«wµ � [ q _£¤A_ q [*fhX
[

m
ysi`ig¥�_aj�foi(f��&i�nsfh[tm
n¬K�k_£¤k[j-��r���[ZCZCd É µ E d�j q ��[tZ8Z-d É µÙ� �I[tcpiM�(µ�J�jCfhX
_anu©d�ns[��&[|X/d©¤�[
ns[t[tj%fhX/dgfU´|²  
 u©d�j%�I[&��ys_pfsfo[tj'_aj#foX
[¥¦ikyhZ

V n+1
k = V n

k −Ck− 1

2

(Vk−Vk−1)+Dk+ 1

2

(Vk+1−

Vk)
��_pfhX

Ck+ 1

2

+ Dk+ 1

2

≤ 1
¥¦i�yod�cpc

k 6= j
µ J�j¯foX
[8u©d�ns[0�1[8X/d©¤k[Cd�cansi

Cj+ 1

2

+ Dj+ 1

2

≤ 1fhX
[tj��1[(u©dgj³uikj
utcpb q [�foX
dgf5foX
[(nsu�X
[tZ8['_pn5W ����µ
�zÃ � �º� �e@���@ � � �!����4 ��� �������M�=���������#	 � ������46�����$�!�

TV (V n+1) > TV (V n)
������4[ _��� Y �����

f
�!��������[����'�!��()] �!�f��� � ���&	 ������� ������ _�.� �h����=� ���%���&	[� �

j
��4 ��� �������

νj < 0
���&	

νj+1 > 0 ��:����� Y �^�������
� � �

(V n
j−1, V

n
j , V n

j+1, V
n
j+2)

�� � ���!�f�!�,�!�f�����*354 ���f�����
� ��� �

(V n+1
j−1 , V n+1

j , V n+1
j+1 , V n+1

j+2 )
�� ���f�!��� ���!�f�!� �!�f�����*354����f���

�
� � ÇËÇ�� @ ^Afh[tm

(i)
��[�f�bKn�nsb
m
mIiknh[zfoX
dgf

(V n
j−1, V

n
j , V n

j+1, V
n
j+2)

_pn�j
i�f�d5ZCikjKi�foikjK[�nh[t¿~b
[j
ut[g¬
d�j q nsX
iM� foX/d!f

TV (V n+1) ≤ TV (V n)
_pj�fhX
_an5utd�nh[gµ

� � (Vj−1, Vj, Vj+1)
��^���!�f�!� �!�f� � �&[�utd�j$nhbKm
mQi�nh[�¥¦iky_aj
nªf�d�jKut[|fhX/dgf

Vj−1 ≤ Vj ≤ Vj+1

µ
J�jºfhX
_an#u©dgnh[�¬

Vj+2 < Vj+1

µ³dgj q fhXAbKn
Vj+1 ≥ max(Vj, Vj+2)

¬Pd�j q
ϕUB(rj+1, νj+1) = 0

µ
��[tutd�cacp_aj
�¨foX/dgf-�1[¯d�ys[ foys[©dgfh_aj
�ÁfoX
[�utd�nh[���XK[tj

νj+1 > 0
d�j q

νj < 0
¬5�1[¶foX~b
n�X
dM¤�[

V L
j+ 3

2

= Vj+1

d�j q
V R

j+ 1

2

= Vj+1

��r³�l[Z-d�ybc �Kµ E µ�´�ns_aj
� § ��� «5�&[�i��Kf�d�_pj
Cj+ 1

2

= 0
µ�¼l[tj
u[

Cj+ 1

2

+ Dj+ 1

2

≤ 1
¬U��X
_au�X¸_aZ8m
cp_a[tn¬P��rºfhX
[�W ��� uyh_pfh[tys_edK¬PfhX/dgf

TV (V n+1) ≤ TV (V n)
µ

§=J�j�foX
[%utd�nh[
Vj−1 ≥ Vj ≥ Vj+1

¬Q�&[%X/d©¤k[
Vj+1 < Vj+2

d�j q �&[�d�cansi-ik�`f�d�_pj
TV (V n+1) ≤

TV (V n)
_pj$foX
[(nhd�ZC[(ZCd�j
_p[tytµÙ«

� � (Vj−1, Vj, Vj+1)
��X�f�!��� ���!�f�!�,�!�f� � �&[�nh[[ foX
dgf$[_pfoXK[ty

Vj ≥ max(Vj−1, Vj+1)
iky

Vj ≤ min(Vj−1, Vj+1)
µ J�j¨�Qi�fhXÁutd�nh[n#�&[-i��Kf�d�_pj

ϕUB(r−j , |νj|) = 0
µ8W5X
[tjF¬���r¨��[tZCd�y*c

�Kµ E §âdgj q yh[tutd�cacp_aj
��foX
dgf
νj < 0

«l�1[0i��Kf�d�_pj
Dj+ 1

2

= 0
¬�d�j q fhX~b
n

TV (V n+1) ≤ TV (V n)
µ

W5X
_pn�utikj
ucab q [tn�foX
[(m
ysi`i�¥�i�¥
(i)
µ

^Afh[tm
(ii)

� X
[tj¨foX
[8�/d q nh_pfhb/dgfh_aikj
TV (V n+1) ≥ TV (V n)

iAututbKyhnt¬�foXK[tj ��r¯nsfh[tm
(i)

fhX
[
ns[t¿~b
[tjKut[

Sn := (V n
j−1, V

n
j , V n

j+1, V
n
j+2)

_an0Z8ikj
igfoikj
[gµ � [�utd�jSnhb
m
mIikns[���_£foX
ikb`f�caiknsn0i�¥
�k[j
[tyhd�ca_£f�r%foX
dgf�foX
[lnh[¿~b
[tj
u[|_pnjKikj`  q [tutys[©d�ns_aj
�K¬A_âµ±[gµp¬

V n
j−1 ≤ V n

j ≤ V n
j+1 ≤ V n

j+2

µ�WP_aysnsf��&[
j
igfo[0foX/d!f

γj+1 :=
(1−νj+1)

2
ϕUB(rj+1, νj+1) ≥ 0

µ���[tutd�cacp_aj
�CfoX/dgf
V n,R

j+ 1

2

= Vj+1
dgj q bKnh_ajK�

��[tZCd�y*c �KµaE �&[(ik�Kf�dg_aj

V n+1
j+1 = V n

j+1 − νj+1(V
n,L

j+ 3

2

− V n,R

j+ 1

2

)

= V n
j+1 − νj+1γj+1(V

n
j+2 − V n

j+1) ≤ V n
j+1.

§<�hG�«
J�j�foX
[(nhd�ZC[��1d©r$�1[#u©dgj³nsX
iM� foX
dgf

V n+1
j ≥ V n

j .
§<�hd�«

��[flb
n�m
ysiM¤k[(¥¦b
ysfhX
[tysZCikys[�foX
[�¥¦ikcpcaiM��_ajK�

V n+1
j−1 ≤ min(V n+1

j , V n+1
j+1 ) ≤ max(V n+1

j , V n+1
j+1 ) ≤ V n+1

j+2 .
§¦\���«
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� [-nsX/d�cac�i�j
cpr¶u�XK[tu�c¯foX
[8ca[�¥>f'ns_ q [�_pj
[t¿~b/d�cp_pf�r�¬�_âµ±[gµ
V n+1

j−1 ≤ min(V n+1
j , V n+1

j+1 )
¬�foXK[Ci�fhX
[ty

ns_ q ['�Q[[t_ajK�-nh_pZC_pced�yµ5^`_pj
ut[
νj−1 < 0

¬Vb
nh_pj
�CfhX
[
L∞ nsfod��
_acp_pf�r-i�¥UfoXK[�nhu�XK[tZ8[0d�j q § �hd «*�&[

X/d©¤�[
V n+1

j−1 ≤ max(V n
j−1, V

n
j ) = V n

j ≤ V n+1
j .

��j�foXK[%i�foXK[ty|X
d�j q ¬ËbKnh_ajK�-foX/d!f
νj+1 ≥ 0

¬QfhX
[
L∞ nsf�dg�
_acp_pf�r�i�¥�fhX
[%nsu�X
[tZ8[�¬�d�j q § �hG «��&[

X/d©¤�[
V n+1

j−1 ≤ V n
j = min(V n

j , V n
j+1) ≤ V n+1

j+1

µ¼�[j
ut[-§ \k� «*_an5m
ysiM¤k[ q µ
À�iM�(¬�ca[�f�b
n(nhXKi�� foX
dgf

V n+1
j > V n+1

j+1

¬Q��X
_au�X¯��_acpc�m
ysiM¤k[0foX/d!f�foX
[�ns[t¿~b
[tjKut[
Sn+1 ¬�_aj

¤A_a[�� ig¥�§ \�� «w¬�_anUj
i�j` �Z8ikj
i�fhikj
[gµU��j0foX
[5uikj�foyhd�ysr�¬�nhb
m
mIikns[�fhX/dgf
V n+1

j ≤ V n+1
j+1

¬~dgj q�q [»/jK[

Σn+1 := |∆V n+1
j− 1

2

| + |∆V n+1
j+ 1

2

| + |∆V n+1
j+ 3

2

|

= |V n+1
j − V n+1

j−1 | + |V n+1
j+1 − V n+1

j | + |V n+1
j+2 − V n+1

j+1 |

§>��_pfoX�foXK[#jKi�f�dgfh_aikj
∆Vj+ 1

2

= Vj+1 − Vj
«�µzW5X
[tj��1[(X/d©¤�[

Σn+1 = V n+1
j+2 − V n+1

j−1 = V n
j+2 − Cj+ 3

2

∆Vj+ 3

2

− (V n
j−1 + Dj− 1

2

∆Vj− 1

2

)

= ∆Vj+ 3

2

(1 − Cj+ 3

2

) + V n
j+1 − (V n

j − (1 − Dj− 1

2

)∆Vj− 1

2

)

= |∆Vj+ 3

2

|(1 − Cj+ 3

2

) + |∆Vj+ 1

2

| + |∆Vj− 1

2

|(1 − Dj− 1

2

).

²&r�nªfoyhd�_a�kX�fs¥¦ikys�1d�y q utd�caub
ced!fo_ai�j
n(§<bKnh_ajK�C¼�d�ysfh[tjË° n�_aj
uyh[ZC[j~fod�cË¥¦ikysZ § d «h«�¬`�1[#�k[f

TV (V n+1) ≤
∑

k<j

|∆Vk+ 1

2

|(1 − Ck+ 1

2

) + |∆Vj+ 1

2

| +
∑

k>j+1

|∆Vk+ 1

2

|(1 − Dk+ 1

2

).

¼l[tj
u[
TV (V n+1) ≤ TV (V n)

¬5dgj q fhX
_an�_an8uti�j~fhyod q _aufhikysr ��_£foX¸foX
[ d�nhnsb
Z8mKfo_pikj¹ig¥|foXK[
��[tZ8ZCdKµ � [�X
dM¤�[#fhX~b
n�mKyhiM¤k[ q d�nsnh[tyªfo_pikj

(ii)
µ

�

�zÃ � �º� �e@ � @ � � ���!������	[�� %����� �5����� �!����4[���&���$�!���F�!� � ���.� � �
�
�
�
�:����� Y � �������

∀k ≥ n + 1
�

(V k
j−1, V

k
j , V k

j+1, V
k
j+2)

�f�!��� ���!�f�!� �!�f��� ���&	%�=���'�,�!�$��( �!�� T�������$�!� �� ���!4[�&	[�*	
�5]

TV (V k) ≤ TV (V n+1) �
� � ÇËÇ�� @ ²&rÁfoX
[�m
ys[¤A_ai�b
n ��[tZ8Z-d`¬

Sn _an%Z8ikj
igfoikj
[gµ ��[�f0b
n0nsb
m
mIiknh[�foX
dgf
Sn _pn%j
ikj` 

q [utys[©d�ns_aj
�
µ É nl_pj�foX
[(m
ysi`i�¥�i�¥�foX
[(m
ys[¤A_ai�b
n ��[ZCZCd��&[#i��Kf�d�_pj

(Hn+1) : V n+1
j−1 ≤ V n+1

j , V n+1
j > V n+1

j+1 , V n+1
j+1 ≤ V n+1

j+2 .

²&r q [»/j
_£fo_pikj¶i�¥1fhX
[8´|²  
 nhu�XK[tZ8[�¬
V n+1,L

j+ 1

2

= V n+1
j

§<nh_pj
ut[
νj ≤ 0

d�j q
νj+1 ≥ 0

«w¬�dgj q
d�cpnhi

ϕUB(r−j , |νj|) = 0
d�j q

V n+1,R

j− 1

2

= V n+1
j

µ�¼l[tj
u[-�&[-ik�Kfod�_aj
V n+2

j = V n+1
j

µ�²&r¶foXK[
nhd�ZC[#d�ys�kb
Z8[tj�f5�&['�k[�fld�cansi0foX/dgf

V n+2
j+1 = V n+1

j+1

µ
��jCfoXK[|i�fhX
[ty&X/d�j q �1[�X
dM¤�[

νj ≤ 0
d�j q

νj+1 ≥ 0
µUW5X~b
n

V n+2
j−1 ≤ max(V n+1

j−1 , V n+1
j ) =

V n+1
j

µUJ�j�foX
[(nodgZC[��1dMr�¬
V n+2

j+2 ≥ V n+1
j+2

µ � [(uikj
utcpb q [�foXK[tjË¬
¥¦iky
k = n + 2 K

(Hk) : V k
j−1 ≤ V k

j , V k
j > V k

j+1, V k
j+1 ≤ V k

j+2.

� [*u©dgj�d�cansi|m
ysi�¤�[5yh[utb
ysnh_p¤�[tc£r'fhX/dgf
Hk

X
ikc q n�¥¦iky
k ≥ n+2

µUW5XK[tj%foXK[*m
yhiAi�¥/ig¥
TV (V k) ≤

TV (V n+1)
¥¦i�y

k ≥ n + 1
_an5ns_aZ8_acedgy&foi0fhX
[(m
yhiAi�¥�i�¥
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W/ikyznh[¿~b
[tj
u[tn5nsb
u�X$foX/d!f
∆t → 0

¬
tn = n∆t → t

d�j q
xj = j∆x → x

¬`d�j q d�nhnsb
Z8_aj
�(foX/d!f
∆t
∆x

= λ
��X
[yh[

λ > 0
_pn�cg[tmKf�uikj
nªf�d�j�f©¬Q�1[��1d�j�f�fhi$m
yhiM¤�[�foX/d!f|foXK[%utikjKnh_anªfo[j
ur [tyhysiky

εn
j_pnlig¥Piky q [ty

O(∆x2)
¬`��X
[tys[

εn
j :=

v(tn+1, xj) − v(tn, xj)

∆t
+ f(xj)

vL
j+ 1

2

− vR
j− 1

2

∆x
.

§¦\6E�«

J�j § \6E «C�1[¨X/d©¤k[ q [tjKi�fo[ q
vL

j+ 1

2

d�j q
vR

j− 1

2

foX
[¯[nsfo_pZ-d!fo_ai�j i�¥'fhX
[ � b`v ¥¦ysikZ fhX
[¯[�vKd�u�f
nsikcabKfh_aikj

V̄ n
j = v(tn, xj)

µ � [5foys[©dgfX
[yh[�ikj
c£r�foXK[lutd�nh[���X
[yh[
f(x) > 0

¬k¥¦ikyU��X
_pu�X8�&[lX/d©¤k[
νj−1 > 0

d�j q
νj > 0

¥¦iky
∆x

nsZ-dgcacK[j
ikb
��XËµUW5X
[�m
ysi`i�¥Ii�¥IfoXK[5i�foX
[y�u©d�ns[tn¬A��X
[yh[
f(x) < 0iky

f(x) = 0
¬F_pn|cp[¥>flfoi-fhX
[%yh[td q [ytµ(¼�[j
ut[%�&[%X/d©¤�[

vL
j+ 1

2

= V̄j + 1
2
(1 − νj)ϕj(V̄j+1 − V̄j)d�j q

vR
j− 1

2

= V̄j−1 + 1
2
(1− νj−1)ϕj−1(V̄j − V̄j−1)

��X
[yh[
ϕk := ϕNB(rk, νk)

¥¦iky
k = j, j − 1

d�n�_pjº§ �k� «w¬Vd�j q
rk = V̄k−V̄k−1

V̄k+1−V̄k

µ � [���ys_pfh[

εn
j =

1

∆t

(

V̄ n+1
j − V̄ n

j + νj(V̄
n
j − V̄ n

j−1) +
νj

2
δ
)

,
§¦\~�k«

��X
[yh[
δ := ϕj(1 − νj)(V̄

n
j+1 − V̄ n

j ) − ϕj−1(1 − νj−1)(V̄
n
j − V̄ n

j−1).� _£foXºfhX
[$j
i�fodgfo_pikj
n
v′ = vx(tn, xj)

¬
v′′ = vxx(tn, xj)

d�j q bKnh_ajK��WPd©rAcai�y�[�v`m/dgj
nh_pikj
n%�&[
X/d©¤�[

V̄ n
j+1 − V̄ n

j = ∆xv′ +
∆x2

2
v′′ + O(∆x3)

§¦\���«

V̄ n
j − V̄ n

j−1 = ∆xv′ −
∆x2

2
v′′ + O(∆x3)

§¦\k\~«

V̄ n
j−1 − V̄ n

j−2 = ∆xv′ −
3∆x2

2
v′′ + O(∆x3),

§¦\~�k«

d�j q fhXAbKn

rj = 1 + ∆x
v′′

v′
+ O(∆x2)

d�j q
rj−1 = 1 + ∆x

v′′

v′
+ O(∆x2).

§¦\#B�«

É canhi³¥¦iky
x ∈ V (0±)

¬P�&[-X/d©¤k[
ϕNB(1 + x) = 1 + a±x

§>��_pfoX
a+ = 1

d�j q
a− = 0

«�µ Jß¥
ε = ±1

q [tj
igfo[tn�foXK[#ns_a�kj�i�¥ v′′

v′

¬
bKnh_ajK��§ \#B «1�&[#i��Kf�d�_pj

ϕj = ϕNB(rj, νj) = 1 + aε∆x v′ v′′ + O(∆x2)
§¦\~�k«
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