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Abstract: In this work we present an extension of the continuous interior penalty method
of Douglas and Dupont [Lecture Notes in Phys., Vol. 58 (1976) 207] to the incompressible
Navier-Stokes equations. The method consists of a stabilized Galerkin formulation using
equal order interpolation for pressure and velocity. To counter instabilities due to the pres-
sure/velocity coupling, or due to high local Reynolds number, we add a stabilization term
giving L2-control of the jump of the gradient over element edges (faces in 3D) to the standard
Galerkin formulation. Boundary conditions are imposed in a weak sense using a consistent
penalty formulation due to Nitsche. We prove energy type a priori error estimates inde-
pendent of the local Reynolds number and give some numerical examples recovering the
theoretical results.
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Stabilisation par pénalisation intérieur d’'une méthode
d’éléments finis pour les équations de Navier-Stokes
incompressible

Résumé : Dans ce travail on introduit une extension de la méthode de pénalisation in-
térieure due a Douglas et Dupont [Lecture Notes in Phys., Vol. 58 (1976) 207] au cas des
équations de Navier-Stokes incompressible. La méthode est obtenue aprés stabilisation de la
méthode de Galerkin avec le méme ordre d’interpolation pour la vitesse et la pression. Les
instabilités issues du couplage vitesse/pression, ou liées & des Reynolds locaux élevés, sont
traitées en rajoutant & la formulation de Galerkin un terme stabilisant qui donne controle L?
du saut du gradient sur les arétes (faces en 3D). Les conditions aux limites sont imposées fai-
blement en utilisant la formulation pénalisée de Nitsche. On montre des estimations d’erreur
dans la norme de I’énergie indépendantes du nombre de Reynolds local. Les exemples nu-
mériques reproduisent les résultats théoriques.

Mots-clés : Equation d’Oseen, pénalisation intérieure, saut de gradient, méthode stabilisée
minimale
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1 Introduction

The construction of finite element methods for the incompressible Navier-Stokes equations
that are robust and accurate for a wide range of Reynolds numbers remains a challenging
problem. The standard Galerkin method requires the fulfillment of the inf-sup or Babuska-
Brezzi condition, which leads to the need of using mixed interpolations (see [, 21]). Obvi-
ously, from the computational point of view, it is more practical to use equal order interpo-
lation for the velocity and pressure spaces. This requires that stability is imposed in some
other fashion. Usually by resorting to stabilized finite element properties where some terms
are added to enhance the stability properties of the method. In addition to the satisfaction
of the inf-sup condition the method must be stable with respect to the convective terms,
and also give sufficient control of the incompressibility condition.

A popular approach has been to stabilize both the velocities and the pressure using
the streamline upwind Petrow-Galerkin method (SUPG). This method was first analyzed
for the Navier-Stokes equations in a velocity vorticity formulation in [26], and then in
pressure velocity formulation in [23, 20, 29]. The SUPG method owes it success to the
unified treatment of velocities and pressures. It allows for a priori error estimates that are
independent of the Reynolds number and has been used extensively in practice with good
results. However, the SUPG method has some undesirable features:

e artificial boundary conditions on velocities and pressure are introduced;
e artificial non-symmetric terms are introduced;
o the least squares term introduces artificial pressure-velocity couplings in the matrix;

o the least squares term makes mass lumping impossible and time stepping awkward;
to stay consistent one has to ressort to a space-time finite element approach using
discontinuous approximation in time;

e how to use mixed finite elements in combination with SUPG is still unclear.

To overcome these disadvantages some new stabilization techniques have been developed
such as the projection method proposed by Codina [15, [14], the subgrid viscosity method or
local projection method proposed by Guermond [22] and Becker and Braack [T]] and the poly-
nomial pressure projection method by Bochev and Dohrmann reported in [2]. More recently
the edge stabilization method of Douglas and Dupont [I6] was revived as an alternative.
It was shown in [I1, [I0] that the method stabilizes both instabilities due to dominating
convection and instabilities due to the velocity-pressure coupling. Moreover it was shown in
[7] how this method provides a natural link between conforming and non-conforming finite
element methods. It was used in [I2] to provide a Reynolds number independent stabi-
lized formulation for the classical non-conforming P; Crouzeix-Raviart approximation for
the velocities combined with elementwise constant pressures.

In this paper we give the first extension of the method to the linearized Navier-Stokes
equations. We point out that the proposed method circumvents all the above mentioned
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4 E. Burman, M.A. Ferndndez, P. Hansbo

inconveniences of the SUPG method at the price of some added couplings in the Jacobian
matrix; the bandwidth of the system matrix doubles in two space dimensions and triples in
three space dimensions. The formulation allows for general unstructured meshes. In this
paper we only treat the case of equal order interpolation for pressures and velocities. For
the case of similar stabilization strategies for element pairs satisfying the LBB-condition we
refer to [8].

For the linearized Navier-Stokes equations (a.k.a. Oseen’s equations) we prove a (quasi)
optimal a priori error estimate in the energy norm independent of the Reynolds number if
the solution is sufficiently regular. We then consider physically realistic global regularities
for the different Reynolds number regimes. An error estimate for the L2-norm of the velocity
is then proved. Finally we study the performance of the numerical scheme on some linear
model cases in two and three space dimensions. Somme of these results have been already
announced as a brief note in [9].

2 A finite element method for the Oseen’s equation

We consider, in Q ¢ R? with boundary 02, the problem of solving

ou+B-Vu+Vp—2vV-g(u)=£f in Q,
V-u=0 in Q, (1)
u=0 on ON.

where u € [H}(Q)]% N Ho(div; ), B € Wh>(Q) N Ho(div;Q), p € L3(Q), f € [L2(Q)]? is
a given source term, o and v are bounded positive functions. By Hy(div; ) we denote the
functions in [L2(Q)]¢ such that V - u = 0. We denote the L2-scalar product over Q by (-, -)
and the corresponding norm by || - |[o,o. The H*(£2) norm will be denoted by || - |5 a.
The weak formulation of problem () reads: find (u,p) € [H(Q)]? x L3(2) such that
VMﬂ+WM=@w

bgw =0 V9 € H@I X L§(9), @

where '
a(u,v) f (cu, v)+ (8- Vu, v) + 2(rve(u),e(v)),
b(p7 V) dZCf _(pa V- V).
The well-posedness of this problem follows by the Lax-Milgram lemma applied in the space
[HE()]4 N Ho(div; Q) (see, for instance, [21]).
Let 75, denote a triangulation of the domain Q without hanging nodes. For each K € 7p,
we let

3)

def
hx = max he,
eCOK

with h. the diameter of the edge e. The interior of a triangle K will be denoted by [o( .
Moreover we will assume that the mesh is regular the sense that

INRIA



A Continuous Interior Penalty Finite Element Method 5

¢ (local shape regularity)
hx

diam(K)
where diam(K') stands for the diameter of the largest inscribed ball in K and C is a
fixed constant;

<O, VK €T,

e (local quasi uniformity) for any two elements K, K’ € 7}, having at least one common
node there holds hx < phgs where p > 0 is a parameter depending on the mesh
regularity.

For the error analysis, we shall use the following trace inequality
013 oxc < € (R0l s + hcllvllE i) V0 € H (K, (4)

where C' is a generic constant independent of hx (for a proof see |28, p. 26]).
For a given piecewise continuous function ¢, the jump [¢]. over a edge e is defined by

o] () & Jim (p(x +tn.) — p(x —tn,)), if e g 0D,
Ple(X) =
0, if ecCoQ,

where n. is a normal unit vector on e and x € e.
In this paper we let th denote the standard space of continuous functions of piecewise
poynomial order k£ > 1,

VE o e HY(Q) : vk € Pu(K), VK €T},
and H?(7;,) the space of piecewise H? functions
HY(T) € {v:Q —R: vg e H}(K), VKecT}.

For the velocities we will use the space [V/¥]? and for the pressure we will use QF =
ViE N L3(Q). In the sequel, we let 7, denote the standard L2-projection operator onto
the finite element spaces, and we make no notational difference between the projection onto
the velocity and pressure spaces. We also introduce a piecewise linear approximated velocity
By, € [V;}]¢ such that

18 = Bhllo.co.x < Ch|Bll1,00.56, VK € T (5)

Denoting the product space W¥ < [V¥]? x Q¥ our finite element method reads: find
(upn, pr) € WF such that

A((un,pn), (viran)) =F((Vasan)),  Y(Vh,qn) € Wy, (6)
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6 E. Burman, M.A. Ferndndez, P. Hansbo

with

A((an,pn); (Vi,an)) C ap(wn, vi) + bn(pns vi) — ba(an, up)
+ju(uh,Vh) +jp(phth)v (7)

def
ah(uh,vh) = a(uh,vh) — <21/E(11h)n, Vh>69 — <uh, 21/€(Vh)n>69

14
- </8 . nuhavh>352;n + <’7V hUh7Vh>8Q + <'7n max{|ﬁ|, E} up - N, vy - n>8ﬂ 3 (8)
br(pr, Vi) o b(ph, Vr) + (Phs Vi - 1) 5 9)

Juunvi) &3 ﬁllﬁIIOmK /{)Kwh-[[Vuh]n-(ﬁh-[[wu)ds

KeTy
+ Z 'Ydivh%(”5||0,oo,K/ [V -up][V - vp] ds, (10)
KeTy, 9K
: def h2
Joonan) = D wERex) —=—=— [ [Vps] - [Vau] ds, (11)
P 1Bllo.cr Jox

def
F((Vh,Qh)) = (fa Vh)7
n the outward pointing normal to 02, and using the notation

e o0 h ° i
def M7 5()\) Lef mln{l,)\}7

RGK
xyaﬂd_efz/xyds 0 £ {x €99 : (8-m)(x) < 0}.

eCon
The gradient jump terms serve three purposes:
1. stabilization of the convective terms (the first sum in (I0));
2. giving additional control of the incompressibility condition (the second sum in (I0));

3. making the discretization inf-sup stable (the sum in ([ITI)).

We will see in the analysis that these three objectives are all obtained in the same fashion
and that essentially the gradient jump operator can stabilize any instability provoked by a
first order term. It should be noted that for the case of the incompressible Navier-Stokes
equations it might be advantageous to substitute the term controlling the jumps in the
divergence by the classical least squares stabilizing term (v4;,hV - up, V - vp) in order to
keep down the bandwith of the matrix. However for more complex problems such as low-
Mach flow the jump term is expected to have some advantages.

Assuming sufficient regularity of the exact solution the above formulation is strongly
consistent.

INRIA



A Continuous Interior Penalty Finite Element Method 7

Lemma 2.1 (Galerkin Orthogonality) Assume that (u,p), the solution of ([l), belongs
to the space [H3/2T<(Q)]%H! ) with € > 0, and let (uy,py) € WF be the solution of @). Then

A((u—up,p—pn), (Vheqn)) =0, Y(vi,qn) € Wy.

Proof. This is an immediate consequence of the consistency of the standard Galerkin method
and the fact that under the regularity assumptions j,(p,¢n) = 0 and ju(u,vy) = 0, since
[Vp]e = 0 and [Vu]. = 0 for all interior edges e. O

3 Stability of the method

Stability in the edge stabilization method is based on the following lemma which was proved
for piecewise linear continuous approximation in [7]. Here we extend this result to arbitrary
polynomial degree. Note that we give a lower bound as well. This is not needed for the
analysis, but shows that in some sense the stabilizing terms are optimal.

Lemma 3.1 There exists an interpolation operator w; : [H?(T,)]¢ — [V¥]? and constants
V8, Viow depending on the local mesh geometry and the polynomial degree, but not on the
local mesh size, such that

Yowis (v, Vi) < 1% (B), - Vvi — 77(By, - Vvi)) 2.0 < ds(Vh, Vi)
for all v), € [V}F]?, where
o) =70 X [ 1By [Vl ds,
KeTy, oK

Proof. For each node z;, let n; be the number of elements containing x; as a node. Then
we define a quasi-interpolant 7} of degree k by

X def 1
WhV(Ii) = n—l Z VIK(CCZ'), Vv € [HQ(/];I)]d
{K:z,eK}
For each element K € 7}, consider the function

def , L *
hi (Bh - Vviik — 75 (Bh - VVi)|k)-

ok =

Clearly, 0 (z;) = 0 for each interior node x; € [o{ whereas on the element edges, i.e. for all
nodes z; € 0K, we have

11

O (z;) = h;; Z B, - (Vi i (25) = Vi ()
J {K':z;€K'}
—if Y Y Bule) - [Yvaley). (12)

.
T Kz €K'} e P(K,K')
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8 E. Burman, M.A. Ferndndez, P. Hansbo

where P(K, K') stands for the set of edges between K and K’ (the shortest path). We now
introduce the reference element K and, for each K € 7, the affine mapping

Fx(X) = Bgx+bg, VxeK,

such that FK(K ) = K. Finally, let c,ojK , for j = 1,...,k, the basis functions on K. Since

0k (z;) = 0 for each interior node x; 6[0(, H5KOFKH§ oi = 0 implies that dx o Fx = 0in K.

Therefore, by equivalence of norms on discrete spaces, using a standard scaling argument
(see |21, p. 96]) and ([I2), it follows that

16|15, = det B [|ox o Frc |

< Cdet Bil|dk o FK”o oK

1
—/ B ||6KoFK|2detBK|B n|ds
oK

ds

< O|B£|/ 6 ? ds
oK

gOhK/aK|5K|2ds
k
< Ohic [ 3% Bty Plef s
<o [ KZ S 8w) [l s

" {K':z;€K'} e€ P(K,K’)

<CR, / z > 18ues) - [VVale () (e )2 d

" ecE(K)

<Chi > /|5h [Vva]e|?ds,

ecE(K)

where, in the two last inequalities, F(K) denotes the set of edges containing some node of
K. On the other hand, the local quasi regularity of 7;, implies that the maximum number
of occurrences of a edge in all the sets F(K) is bounded by a fixed constant independent of
hx. Then, by summation on K, we get the upper bound

10 (B - Vi — m By Vv Ba <€ 3 02 Y / 1By - [VValel? ds,

KeT, e€E(K)

<C Z/ h2|8;, - [Vva])? ds,

KeTy,

INRIA



A Continuous Interior Penalty Finite Element Method 9

The lower bound follows by considering the L?-norm of the discontinuous function § over the
reference patch G consisting of the reference element K and its nearest neighbors. Clearly
if |0]| = 0 then By, - Vv, = 758, - Vvy, in G. This means that 3, - Vv, is continuous in G
and hence 3°_c i) [, hi[By - Vv;]? ds = 0. Hence by norm equivalence on discrete spaces
we have

3 / 18, - Vval? ds < 62 ¢

ecE(K)

The claim then follows in the same fashion as the first part of the proof by scaling and
extension to all of 7;,. O

Using the same technique we immediately have the following corollary where for simplic-
ity the lower bounds are omitted.

Corollary 3.1 Under the same assumptions as Lemma [Tl we have

1B (Vv = 7 (V- vi) B < e / B2V - vi]? ds,
KeT,

Ih* (Van — 75 (Vo) 2 < 3 / B2 |[Van]? ds, (13)
KeT,,

for all (vi,qn) € W,f and with vdiv, ¥p > 0 constants independent of h.

Now, in order to give our main stability result, namely the inf-sup condition for A, we
define respectively the following mesh-dependent semi-norm and norm in W}:

def . 1
(v, g)I* = oz valdo + V2 Vval}, £2+]u(vhvvh)+3p(Qhth)+ 118 - 02 val[§ o0,
+ I (/) max {18 2} v, -l o
1w @I v @)l + llanl3

for all (vy,, qn) € WS
The following lemma gives the coercivity of our operator with respect to the above
mesh-dependent semi-norm.

Lemma 3.2 (Coercivity) There ezxists a constant C' > 0, depending only on Q and ~,,
such that

an(Vi, Va) + ju(Vh, Vi) + jp(an, an) = Cll(va an)I”,
A((Vha qh)7 (th Qh))

for all (v, qn) € WE.

RR n° 5349



10 E. Burman, M.A. Ferndndez, P. Hansbo

Proof. From (@) we get
an(Va, Vi) + Ju(Vas Vi) + Jo(ans an) > [lo3 Va5 g
+2[v2e(vi)§a + Julva, va) + jplan, an) + %Illﬁ 1|74 g (14)
1 1
11 (%) valldoa + i max {181, 5} vi 0l oq — Are(vi)n, vidog

where we used the fact that, after integration by parts,

(B-Vvpy,vp) = % (B-nvi, Vi) g -

The last term in ([[@) can be bounded using the Cauchy-Schwarz inequality followed by a
local inverse inequality, to obtain

cr 1 1 L /uN\3
[ {vevi)n,vidon | < 5= lvievidliia+ 5l () villdon

We choose 7, > 4 > 0 and we conclude the proof using Korn’s inequality. [J
We now state the stability result for the discrete formulation (@) the proof of which can
be found in Appendix [Al

Theorem 3.1 (Stability) There exists a constant C > 0, independent of h and v, such

that
A((uha pr); (Vi Qh))
sup
07’5(Vh7Qh)€W}’f ||| (th Qh)m*

for all (un,prn) € WF.

> Cll(up, pa)ll.,

Remark 3.1 The previous theorem implies that the discrete problem @) admits a unique
solution.

4 Convergence of the method

Note that the stabilized formulation is not entirely independent of the local Reynolds num-
ber. The parameter for the pressure stabilization scales as h?/|3| when the local Reynolds
number Reg is big and as h3 /v when Reg is small. We will now show that this scaling
gives optimal a priori error estimates in the high (local) Reynolds number regime when the
solution is smooth, (u,p) € [H¥T1(Q)]?*! and in the low (local) Reynolds number regime
under standard regularity assumptions. We then prove, using the Aubin-Nitsche duality
technique (see, e.g. [I7]), that the velocities have optimal convergence order also in the
L?norm when the local Reynolds number is low, without any additional modifications of
the stabilization. First of all we prove the following property of the L2-projection on the
space V¥, we define a triple norm and show an approximability result.

INRIA



A Continuous Interior Penalty Finite Element Method 11

Lemma 4.1 Let 75, be a locally quasi uniform mesh and | > 1 then

S I Vmhulfg < Cllull} o
KeT,

with C' > 0 a constant independent of h.

Proof. The proof is an immediate consequence of the H!-stability of the L2-projection on
locally quasi-uniform meshes (see [E]) in combination with a local inverse estimate, namely,

Z thKVFhUH%,K < C||V7Thu||3,sz < C”U”isz-
KG'Z’}L

O

Lemma 4.2 Let (u,p) € [H*1(Q)]9+Y, for some k > 1. Under the assumption of local
quasi-uniformity for the mesh we have

1 1
I(w=mpu,p—map)| < C (0'2 WY max {v, [|Blo,00,0h } 2 hk) [ufle41,0
1 kel
+C max [|Bllo & ch™ 2 P40,
with C' > 0 a constant depending only on v, ,Yn, V8, Yaiv and vp.
Proof. By the standard error estimate for the L?-projection (see [[I7]) we have
1 1
lo® (u = mu)flo,0 < Cozh™lulls1,0.

Using now the H!'-stability of the L?-projection on locally quasi-uniform meshes (see [4])
we get, with 7;, denoting the nodal interpolant and a standard interpolation error estimate,

1 . 1 . 1
[v2V (inu = mhw) o0 < Cllv2V(ipu = u)llog < Crzh*|ulli0.

We treat the boundary terms using the trace inequality @) in combination with the above
estimates for the L2-norm and the H'-semi norm, e.g.,

lu—mpuld 00 <C Y (ot u—mul? k. + hellu—mul? )
eCOoN (15)

< Ch2k+1|‘u||i+l,ﬂa

where K. denotes the simplex such that e C dK. N 9. The interior penalty terms are
treated in the same fashion as the boundary terms. We have

Ju(u —mpu,u — mpu) < ju(ipu — Tpu,ipu — THRU) (16)
+ ju(u—ipu,u—izu).

RR n° 5349



12 E. Burman, M.A. Ferndndez, P. Hansbo

The first term in this inequality can be estimated using the trace inequality @) and then
Lemma BTl yielding

ju(ihu — TTp4, ihu — 7Thu) = E
KeTy,

+ 'Ydivh%(”5||0,oo,K/ [V - (ipu — mpu)]? ds}
oK

< CllBllosocs S BNV (inu - mw)|3 ox (17
KG'Z’}L

<ClBllocc Y, (hlV(inu—mu)llf x + |V (inu — maw)[F i)
KeTy,

< ClBllo.sooh® i 41,0,

For the second term in ([If) we obtain, in the same fashion,

Ju(u— i, u—ipu) < C|Bllocc.oh™ ulii g (18)

o

__ Mk e ,
2 1Bllo 0001 /M 1B+ [V (inu — mu)] | ds

Finally, the pressure jump term is treated using the same argument and the fact that
¢(Reg) < 1. This yields,

oo = T, p = mp) < € mnax 181151 b Bl 1.0
h

which completes the proof. [

4.1 Energy norm error estimate, smooth solutions

In this section we prove convergence in the triple norm. These results are optimal indepen-
dently of the local Reynolds number when the exact solution is sufficiently smooth.

Theorem 4.1 Assume that (u,p) € [H*T1(Q)]9Y, for some k > 1, is the solution of (I
and (up,pn) € W be the solution of @). Then

1 Q 1
la = wnp =)l < €| (o4 L) 1t sl 8l )05 a0

_1 N
+ C'Ir‘:nea%l ||5||0,30,th+2 1Pl k+1,0,

with C' > 0 a constant depending only on v, ,Yn, V8, Yaiv and vp.
Proof. Let decompose the error (u — uy,p — pp) in two parts

u—u,=u-—mTput+mT,u—u, =e" —eyp,
————  —\—
e” —ep
P—DPh=D—ThD+Thp —DPh =Y" — Yn.
—— —\

T

Y —Yn

INRIA
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It follows then that

I(w = wp, p = pu)l < (™, ™) + ll(en, yn)ll-

Lemma gives an estimate for ||(e™,y™)|, hence it suffices to study ||(en,yn)|- Using
coercivity and orthogonality, Lemmas and 1] we get

Cll(en, yn)I* < A((en,yn), (en. yn))
= A((ewvyw)v (ehvyh))
=ap(e”,en) +br(y",en) — bn(yn,e")
+ ju(e”, en) + Jp(y™, yn)

By an application of the Cauchy-Schwarz inequality in the symmetric part of the discrete
elliptic operator and integrating by parts in the convective term we obtain

an(e”; en) < [[(e™, 0)[l[[(en, 0)]| + |(e™, B - Ven)|

— (2ve(e™)n, ep) 5 — (€7, 2ve(en)n) g ,

(19)

where, for simplicity, the boundary term from the integration by parts has been included
in the first term on the right hand side. We note that in the same way we have, using the
Cauchy-Schwarz inequality, a trace inequality and a local inverse inequality,

(2ve(en)n, e)yq < Cll(en, 0)[[[|(e™, 0)]]-

For the second boundary term we use the Cauchy-Schwarz inequality followed by a trace
inequality and an approximation argument, similar to ({I8)-(Id), to obtain

(2ve(e™n, ep) 5o < CvEhF||ulls1all(en, 0)]-

The convective term is controlled using a local inverse inequality and the orthogonality of the
L?-projection, after having replaced the continuous velocity field 3 by its piecewise linear
interpolant 3,,,

(€7, 8- Ven)| < [(e",(B—B1) Ven)| +[(e", B - Ven)|

< D 1Bl1coxlle™llo,xhuxc | Venllo,x
KeT,,
+1(e", By, - Ven — (B, - Ven))|
1811,00,0

< O R a0l (en, O)])

< o1/2
+ ||h7%e”| O,QHh%(ﬁh -Ven —m,(By - Ven))llo,o-

Now we apply Lemma Bl to obtain

_1 1 _1 i . 1
[h=2e™[lo,0llh2 (B - Ver — m8) - Ver)|lo.o < |h72e"[0,llBl§ w0 alul€n; ern)?

1 1
< ClBIIG 0.0 2 ull s 1,20l (e, ).
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14 E. Burman, M.A. Ferndndez, P. Hansbo

Collecting terms we have
an(e™, en) < Cf[(e,0)[ll|(en, O)]

+ CvERF |[ullpsr.0 [l (en, 0)]]
(20)

18ll1,00,02
+0701/020 R ul kel (en, 0)]]

i 1
+ ClBIIG 5o 0h™ = lulli+1.2ll(er, 0)].
For the second term we have, using the orthogonality of the L?-projection and replacing u
with p in (I3),
bn(y™,en) = —(y", V- en —mp(V-en)) + (¥, en m)yq

< W2y ol k2 (V - en — 75 (V - en)lo.g

1

_ hrgy]?
c i D e — i
+ }(neaé {mm“ﬁno,m,](a y }} Hy |

0,00l (en, O)l
-1 _1 . 1
< C pax 18lo.2. 122y  [lo,05u(en, en)?

1
h 2 1
. —1 K k+1

— hF T2

+C max {mm{mno,m,K, ! } Ipllk+1.0l (en, 0

< C o 8l % sch* Il srl (e, O
In a similar fashion, after integration by parts in the third term, one obtains
br(yn,€") = —(yn, V - €") + (yn, €™ - n)yq = (Vyn,e")

= (Vyn — m,(Vyn), €")

< |12 (Vyn — 75 (V) lo.allh~Ze o0 (22)

< Ch™ % max (1, [|Bllo.co.chac } 2 (yns yn) 21 2 [ullicsn 0

KeT,

< Cmax{, |B]lo,c0.0h} [0, yn) IA*[ulli11,0-
Finally, the interior penalty terms satisfy

Ju(e™,en) +dp(y™ yn) < Cll(e™, y™) Il (ens yn)ll- (23)
We conclude the proof collecting the results of @0)-E3) in (@) and applying the approxi-
mation Lemma O
4.1.1 Recovering the pressure

In the a priori error estimate provided by Theorem the pressure error is not controlled
in a norm. In this section, we show how to recover control of the L?-norm of the pressure
error.

INRIA



A Continuous Interior Penalty Finite Element Method 15

Theorem 4.2 Let (u,p) € [H*1(Q)]9H, for some k > 1, be solution of ) and (uy,ps)
be the solution of (@), then there holds

Ip = pallog < € (h+max{v, | Blloccah}? ) K (P10 + Iullri0),
with C' > 0 constant independent of h and v.
Proof. Following [21], Corollary 2.4], there exists v, € [H3 ()] such that
Vevp=p—=pn, |vpllre < Clp—pullog- (24)
Using this in combination with Galerkin orthogonality we readily obtain

llp —ph||(2),sz =p-pnV- Vp)
= (p — Ph, V ! (V;D - Whvp)) + <p — Ph; 77th ! n>8Q

+ ap(u —up, T Vy) + ju(u —up, T vy).

Thus, integrating by parts, it follows that

(2J,Q =(V(p - ph)vvp - 7Tth) +an(u— uhﬂrhvp)
I 11
+ju(11 — uh,ﬂ'hvp) .
— ——

II1

Ip = Pl

(25)

For the first term, using the orthogonality of the L2-projection, Cauchy-Schwarz inequality,
Corollary Bl (24) and approximation, we get

I=(V(p—pn) —mnVp+ 7 VP, vy — ThVp)
< (IMVp = VD)oo + 1M(Vpr — 7 Vpr) o) A~ (vp — Tvy)[lo.0

1., 1
<C (thHPHkH,Q + max{v, ||B||o,oo,ﬂh}2jp(]9haph)2) llp — ol

0,0+

Consider now the second and third terms in (ZH). Using the definition of the bilinear form
an, [B), we have, after integration by parts in the convective term,

I+ T < f[(a = g, O) [ | (7w vp, 0} + (0 = up, B - V)

26
— (2ve(u — up)n, TRV a0 — (U — uy, 2ve(TLVp)N) o0 (26)

For the convective term we have, using the H' stability of the L?-projection and (24,

(u—uy,B-Vmrvy) < |1Bllo,cc,0lla —uplloel| VIrvyllo.o

< CBllo,00,0lla = url|o,ellp — prllo.o-
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16 E. Burman, M.A. Ferndndez, P. Hansbo

The boundary terms are controlled in the following fashion

(2ve(u —up)n, T Vp)ea + (U — up, 2ve(TEVy)N) a0
< [[2vh)Fe(u —up)]lo.00ll(20) 2 h~ Em4v,lo.00

1

+[(2vh)2e(mvy)llo.00l (2v)Eh7% (u — up) 0,00
In addition, we have
[(2vh)Ze(u —wp) 0,00 < [|(2vh)2e(u — mpu)|0.00
+ [[(2vh) 2 e(mnu — un)lo.00,

where the first term satisfies, using an elementwise trace inequality followed by approxima-
tion, ) )
[(2vh)2e(u — mhu)llo,00 < Crzh¥|ups,0,

and the second, using a trace inequality followed by a local inverse inequality,
[(2vh)2e(mpu — wp)lo,.00 < Ol (mhu — us, 0)]).
In the same fashion we conclude that
12v) 2 A2 v, llo.00 < Cll(mnvy, O)I,

and .
|(2vh)2e(mnvp) 0,00 < Cll(Tavy, 0)].

We end the proof by noting that ||(7,v,,0)]| < Cllp — prlloo- O

Remark 4.1 A similar argument is used in Appendiz [Al to prove Theorem [FL

4.2 Energy norm estimate for u € [H*(Q)]%, p € HY(Q)

In the case we do not have the ideal regularity assumed in the previous theorem we still get
optimal order estimates in the low local Reynolds number regime. The main difference from
the point of view of analysis is that the pressure stabilization term has to be treated as an
inconsistent term. With this aim the following lemma will prove useful

Lemma 4.3 Let p € H*(Q) then

h
. . —1 K 2
ot o) < € oo (i (1815 e "2} Bl o
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Proof. The proof follows by the trace inequality an inverse inequality and Lemma BTl [
Clearly when the local Reynolds number is low we have j, (mp, mhp) < Ch?||p[|7 - Since

p no longer has the regularity required for j,(p,p) to make sense the triple norm must be

redefined. We simply use a triple norm without the pressure penalty term, namely,

2 1 1 . 1
Ivally = llo2vallg o + V2 Vvallg o + dv (Vi va) + 18 02 vallg oq,,

+ () Eh 2 vy

1
3,09 + ||%% max {|5|7 %} R n||%,aﬂa
for all v, € [V;}]4.
Lemma 4.4 (Approximability) Let u € [H?(Q)]? then there holds
lu—mul, < C (oh? + max {v, |Bllo.cc.h} 1) 20
Proof. Identical to the proof of Lemma O
Theorem 4.3 Let (u,p) € [H?(Q)]? x HY(Q2) be the solution of @) and (un,pn) € W) be

the solution of (@), then

la=wly < €| (0% + LR ) 12 s sty 0. 0} 20 o

1

C max { min {H/a” L —h } ’ h% || ||
+ a .
KeT, 1 0,00,K> v Pli1,0

Proof. We will only outline the proof here giving special focus on how to treat the non-
consistent interior penalty term for the pressure. As in the previous case it is sufficient to
prove the convergence of e;, = u;, — mpu.

Using coercivity (Lemma B2) as previously and recalling that

2 2 .
lI(en, yu)I™ = llenlly + dp(yn, yn),
where y, = pp, — m,p, we have
Cll(en, yn)lI* < an(en,en) + julen, en) + jp(Yn, yn)- (27)

The modified Galerkin orthogonality takes the form

an(up, —u,vp) + bp(ph — P, va) + ju(un —u, vy)
—bn(gn,up —u) = —jp(Pn, qn), (28)

for all (vp,qn) € WF. Using now @8) in @7) we have

Cll(en, yn)l* < an(e™, en) — ba(y™, en) + bu(yn, €7) + jul(e™, en)
_jp(ﬂ—hp7 yh)
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18 E. Burman, M.A. Ferndndez, P. Hansbo

The first four terms in the right hand side of ([29) are treated as in the proof of Theorem
ETl This yields

181,000

i/ h?|[ufl2,0

an(e™,en) < c(m (e, 0)] + v} hlullaq +

1 3
+ 1813 0¥l ) ens o)
1
bn(yn, €") < Cmax{v, [|Blo.0c.0h} 2 hl[ull20ll (er, yn)ll;
Ju(€”;en) < €7l ll(en, yn)ll-
For the second therm in Z9) we first recall that
_1
(Y™, V-en) <v2ly"[lo.all(en, 0l
h
< C—llpllvell(en, 0,
and hence, by combining this estimation with the one using the technique of (Il we obtain

1
. _ hry]? 1
(o) < € e {min {1815 2 510 Il en )l

Finally, for the inconsistent term have in (29) we have

1
2

. . . 1
Jp(map,yn) < Jp(Tap, ThD) 2 5p(Yn, Yn) 2
. 1
< Jp(mnp, mhp) 2 (en, yn) |l

and we conclude by an application of Lemma B3l to estimate j,(mpp, whp)%. O
The following corollary is an immediate consequence of the above convergence analysis.

Corollary 4.1 Let (u,p) € [H2(Q)]? x HY(Q) be the solution of (), (un,pn) € W) be the

solution of @) and yp def pn — mnp- Then, there exists a constant C > 0 independent of h
such that

) 1 . 1 hx z 1
Golynyn)? < © max qmin {[IBllo e i =3 ¢ 22 lpllhe
+C (14 max{v, |Bllo.c.oh} ) Bllull2,

Jp(Phspr) < Cihip(yn, yn).

Now we state a convergence result for the pressure.

Theorem 4.4 Let (u,p) € [H2(Q)]? x H(Q), be solution of @) and (un,pn) be the corre-
sponding finite element solution of (@) then there holds

1
. _ hil?%,:1
lp = prllo.e < C max {mln{”ﬁHO,iO,K’ ;}} h2 ([l + lull2,0)-
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Proof. In the same spirit as the proof of Theorem Using Corollary LTl for proving that
the discrete pressure gradient jumps converges. [

The following theorem gives an optimal L2?-error estimate for velocity when the local
Reynolds number is low.

Theorem 4.5 Let (u,p) € [H?(2)]¢ x HY(2) be the solution of @) and (un,pn) € W) be
the solution of ). Assume that

18ll0,00,0h < v, (30)
and that the solution (p,v) of the adjoint problem
op—B-Veo—2vV-e(p)—Vp=u—u, in Q,

V-op=0 in Q, (31)
p=0 on 09,
belongs to [H?(Q)]? x [H*(Q)] and satisfies
[ellz.0 + [[¥ll10 < Clla = uplo.q- (32)

Then there exists a constant C' > 0 independent of h such that
[u—unfloq < Ch?([lullzg + [IpllLe)-
Proof. Multiplying the first equation of (BI) by u — u;, and the second by —(p — pz),
integrating by parts and using the modified Galerkin orthogonality (28), if follows that
[u—upl|§ o = an(a —an, @) + bu(p — pr, ) — bu(t,u — uy)
= ap(u —up, o — Tp) + bp(p — pry ¢ — Thp) — ba(Y — ), u — uyp)
I
+ Jju(u —un, © — ) + jp(Pn, THY) -
11 I11
Following the argument of the proofs of Theorems and 2, and [B0) we get

I<fu—unl,lle = el + 1 —un B V(e —me))|
— Que(u—up)n, @ — TP) o — (U —uy, 2ve(p — THE)N) 4
< Clla = wll,lle = el + Cllu = anfl,hlle]l2.0
+ Cllp = pulloehllell2.0 + Cllu — anll, 1R[|1]]1,0-

Using Cauchy-Schwarz and ([[8)-(I8) one obtains

. 1, 1
II < ju(u—up,u—up)?julp — T, ¢ — The)?
3
< O||Bllo,oo,0lla — unll 22 [[¢]l2,0-

RR n° 5349



20 E. Burman, M.A. Ferndndez, P. Hansbo

Finally, using Corollary EE3 and (@), for the last term we have

III < jp(ph,ph)%jp(ﬂm/% 7Th1/1)%
. 1 . 1 hx 3 1
< Clp(pns pn)* max min {|18llg oo~} ¢ P2l

C . 1
< ;]p(phaph);h”@bnlﬂ

The proof concludes by combining the above estimations with ([B0), Theorems B3 and B4l
Corollary 29, and the assumed regularizing behavior (82). O

Let us sum up the results obtained so far. Theorem ETl and Theorem show that
when the local Reynolds number is high and the solution is regular we will enjoy an optimal
O(h**+2) order convergence of the error in the L2 norm for the velocity and the pressure.
For solutions that are less regular Theorem shows that when the pressure is in H'(Q2)
and the velocity in [H2(Q)]¢ we get an optimal O(h) estimate in the energy norm when the
local Reynolds number is low, but a suboptimal estimate of O(h%) when the local Reynolds
number is high. This is due to the fact that the inconsistencies in the pressure stabilization
pollutes the energy norm estimate for the velocities.

4.2.1 Alternative stabilization parameters for the high Reynolds number regime

A way of obtaining an estimate which is optimal in both the high order regime and the
low order regime when the pressure is only H! is to modify the stabilization parameters
to give control in a stronger norm in the high Reynolds number regime. In this section
we propose such an alternative set of stabilization parameters. Since the techniques of
proof are identical to those of the previous section we only outline the proofs. First we
drop the dependence of the local Reynolds number in the pressure stabilization and instead
increase the stabilization on the incompressibility condition. This way the triple norm will
be dominated by the H'-norm in the low local Reynolds number regime and by the H, div-
norm in the high Reynolds number regime. Since u € [H?(Q)]¢ and p € H'(Q)) we must
relax the stabilization of the pressure in order to account for the inconsistency. To obtain
optimality when estimating the pressure velocity coupling terms the stronger control of
the incompressibility condition is required. With this aim, we consider here the modified
stabilization terms, for the stabilization of the incompressibility and the pressure

Z Yaivhx /K[[V-uh]}[[v-vh]] ds,

a
et (33)
> whik / [Vl - [Van] ds.
KeTy, oK
We also modify the scaling with h of the last boundary term of () taking now
<7nh_1uh ‘n, vy - n>aQ . (34)
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First note that the inconsistent pressure jump term has the right order. This follows by
Lemma L3 with the new stabilizing parameter. Again, since p does not have the regularity
required for j,(p,p) to make sense the triple norm must be redefined in a similar fashion as
in Section Hence we use a triple norm without the pressure penalty term, namely,

2 1 1 . 1
villy = lozvalls.o + 172 VVallg o + dv(Va, va) + 118 - 0|2 vall§ o,
1.1 o1
+ ()2 h ™2 va[f o0 + i h ™2 v - 0§ oq;
for all v;, € [V}F]4.

Lemma 4.5 Let u € [H%(Q)]? then there holds

o = mnull, < [o2h? + max{[|Bllo,cc.0h, v} 2 h + yaivh| [ullze.

u —

Proof. Identical to the proof of Lemma LA taking into account the modified stabilization
parameter in the incompressibility stabilization. [

Note that the approximation order of Lemma is always h. In the high Reynolds
number regime, we show in the following lemma that the triple norm gives control of ||V -
upllo,o. Hence the approximability result is optimal.

Lemma 4.6 Using the modified stabilizing terms [B3)), the discrete formulation ) satisfies

IV - |

0.2 < [[(an, pa)ll,-
Proof. Testing with (vp,qr) = (0, 7,V - v},) yields
IV-upllgg < IV-up —anV - wllg g + dp(Prs TV - up) + (maV - up,up - m) o -
For the first term, we have
IV-up —mnVeun g o < IV -up =1V - upl[§ o < gu(an, ap).

For the second term, applying Cauchy-Schwarz inequality, a trace inequality and an inverse
inequality, we obtain

1
2

Nl=

Jp@n, TV - un) < Gp(Pr,oR) 2 Jp(mnV - up, T Vo uy,)

< € p(pnspn) + €C|IV - s ||,

with € > 0 constant to be fixed later on. Finally, for the boundary term, we obtain in the
same fashion

— 1
(TnV W, wp - 1) 5o < € Hlmh 2wy - 0 3g + €ClV -,

We conclude proof by choosing ¢ > 0 small enough. [
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Theorem 4.6 Let (u,p) € [H?(Q)]¢ x H' () be the solution of (M) and (un,pn) € W, be
the solution of (@) then

lu = unfl, < Chllplho

w 0| (of + P2 ) 42 {18l e )20+ 2

Proof. We follow the proof of Theorem taking into account the results of Lemmas 6l
and E£E3l Thus, we have
bu(y™ en) = —(y",V-en) +(y" en- n)asz
1 o1
<y llo.llV-en =7,V -enlloa + Clly"h2|lo,0allvah™ 2en - nllo,00
< Chllpll,ell(en, yn)ll,
) . 1.
Jp(Thps yn) < Jp(ThD, Thp) 2 Jp (Y, Yn)

. 1
< Jp(mhp, mhp) 2 | (en, yn)ll
< Chllpll.all(en, yu)l,

1
2

which allow us to obtained the desired estimate. [
An immediate consequence of the above convergence analysis is the following corollary

Corollary 4.2 For y; = pp, — mnp there holds
Gp(ynsyn)? < Chlpllg + C(2h+ h)|[ull2,
Jp(Pn,n) < Cip(Yn, yn)-

Theorem 4.7 Let (u,p) € [H*(Q)]? x HY(Q), be solution of [)) and (un,pr) be the cor-
responding finite element solution of [Bl) then there holds

Ip = pull < Ch(lpll0 + [[ull20)

Proof. In the same spirit as the proof of Theorem B2 using Corollary to control the
discrete pressure gradient jumps. [

5 Edge stabilization and large eddy simulation

The method presented above has some common features with variational multiscale methods
for large eddy simulations (VMS) as introduced in [24]. Even though our main objective is to
formulate a finite element method which is stable for all Reynolds numbers the interpretation
of the edge stabilization method using Nitsche type weakly imposed boundary condition as
method for LES is interesting. However unlike the VMS where two scales V}, and Vi are
considered, in our case the finite element space V}, represents the only resolved scale and the
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“turbulent” viscosity acts only on the scales that are not resolved on V;. Note also that the
weak boundary conditions will act as slip boundary conditions in the high Reynolds number
regime and as no-slip conditions when the boundary layers are resolved very much like one
would like them to do in LES. Recently a VMS was proposed using a projection method
framework [25]. The idea was to work on two different scales V}, and Vi and introduce the
turbulence model only on the finer scales represented by V;, \ V. The formulation of [25]
essentially takes the form of a standard Galerkin formulation for u;, supplemented with the
turbulent viscosity acting only on the fine scales in the form of an additional term

(vr(I — Pu)e(un), (I — Pu)e(vn)), (35)

where Py is some map from fine scales to coarse scales. Comparing now with the edge
stabilization method we would choose H = h and thus make the turbulent viscosity act only

on the scales that are not resolved on the space V},. Applying Lemma Bl we immediately

get an interior penalty interpretation of the term (BH), with Py def T,

WA - < S /6 vrhcle(w)] - [e(w)]ds

KeT,

and we conclude that a possible subgrid modeling term would be

jr(an,vy) = K;h /8 o vrhile(up)] : [e(vn)] ds

where the choice of v now is a modeling issue. It should be noted that the choice vy = vhg
gives us a term which is asymptotically equivalent to the edge stabilization operator using
the whole gradient. This means that any choice of vy with higher order in hyx will be
negligible compared to the effect of the stabilizing terms. For instance the Smagorinsky
turbulence model given by v = Ch%|e(uy,)| applied only on the fine scales must be expected
to be completely dominated by the stabilizing terms except when |Vuy| =~ hl}l. Another
interesting observation in this framework is that from polynomial degree three there exists a
C' subspace of V}, with approximation properties (starting with the reduced Hsieh-Clough-
Tocher space, see [[3]). It follows that the solution may be decomposed into one C'! part
which is untouched by the stabilizing terms and another C° part which is penalized. We
conclude that the method enjoys the scale separation property characteristic for variational
multiscale methods as proposed in [24] by polynomial order rather than by hierarchic meshes.
For a more detailed discussion concerning (local) projection stabilized finite elements and
large eddy simulation see [3].

6 Numerical results
In this section we report several numerical experiments that shows the good convergence

properties of our stabilized finite element method. In particular, we recover the convergence
rates obtained in Section Al

RR n° 5349



24 E. Burman, M.A. Ferndndez, P. Hansbo

6.1 Convergence study in a 2D case with small viscosity
Let A = (v~ ' — (12 +1672)2)/2. Then the exact solution to () is given by (see [27])

uy (21, m2) = 1 — e cos 27 9,

ug(x1,22) = %8)‘ sin 27 x4,
1
p — 562>\I + 07

with 8 = u, 0 = 0 and a right hand side matching the exact solution. In our examples,
we also chose C' to give zero mean pressure. We solved this problem approximatively on
Q = (-1/2,3/2) x (0,2), using stability parameters using stability parameters y3 = v, =
~v=1/100 and yg = 1/10. We present the solutions on two different meshes in figure @ and
M In figure B we show the convergence for v = 1074,

«««««« TTTTTrrrrroororroorIooer

Figure 1: Left: coarse mesh velocities. Right: fine mesh velocities

Figure 2: Left: coarse mesh pressure. Right: fine mesh pressure
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Figure 3: Convergence history for v = 1074

6.2 Convergence study in a 3D case with small viscosity

We consider now problem ([Il) in 3D with non-homogeneous boundary conditions. The right
hand side f and the boundary data are chosen in order to ensure that the exact solution of
(@ is given by the following expression [I8]:

U1(CC1,332,333) _ bea(ml—mg)-l—b(wg—wg) _ aea(mg—mg)ﬂ—b(wl—mg),
UQ($1,$2,$3) _ bea(mgfxl)er(ngmg) _ aea(m17I3)+b(I27I3),

U3($1,$2,$3) _ bea(mg—mg)-l—b(wl—mg) _ aea(mg—zl)ﬂ—b(wg—ml),
p(x1, 22, 23) = (a® + b? + ab) g1 =22)+b(w1—25)

+ea(mg—m3)+b(wg—m1) +ea(13—m1)+b(13—m2) i

with B=u,0=1,vr=10"% a=b=0.75 and Q = (0,1)? the unit cube.

The resulting continuous problem was solved approximatively using the stabilized dis-
crete formulation (Bl), however the boundary conditions were strongly enforced. All numer-
ical tests have been performed using conforming linear and quadratic finite elements for
velocity and pressure, namely P;/P; and P»/P, (implemented in a 3D research code [19]).
The stabilization parameters involved in the jumps terms () and () were chosen as

L 1
Yp = VB = Vdiv =

8
1
3—2 if k—2,
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Figure 4: Convergence history: linear elements (k = 1)
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Figure 5: Convergence history: quadratic elements (k = 2)

In figures @l and B we show, respectively, the velocity and pressure convergence histories
for kK = 1 and k£ = 2. Note that, in both cases, the numerical solution exhibits optimal
convergence order, hence, in agreement with Theorems ETl and

We show, in figure [l the pressure contours in two different meshes (which are depicted in
figure B) using linear elements. No spurious pressure oscillations are observed. We report in
figure B the contours of the second component of uy, up2, with yg = 1/8 and yg = 0, on the
cutting plane x = 0.5. Although the exact solution is smooth the plot of the unstabilized
solution (right) exhibits spurious oscillations. Note that the spurious velocity oscillations
(right) are completely controlled by the streamline-derivative jumps (left).
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=

201

Figure 8: Velocity (up2) contours on a cutting plane: stabilized (left), with vg = 0 (right)

In the sequel we will replace, in [B6), the expression for the pressure by
1

S 57

<1

2:1)2 if 0 § X2
L. 1
2(1 — x9) if 3=
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Figure 9: Convergence history: linear elements, non-smooth pressure

Figure 10: Cutting plane pressure: coarse mesh and fine mesh

Clearly, this function satisfies p € H'(£2) but does not belong to H?(2), so that we are in
the framework of Section L2 Figure [[ shows the pressure contours in a cut of a coarse and
a fine mesh. Once more no spurious pressure oscillations are observed. Figure Bl shows the
velocity and pressure convergence histories using linear elements. We get the sub-optimal
O(h%) order for the velocity in the H'-norm in the case of high local Reynolds numbers, in
agreement with Theorem The L?-norm of the velocities on the other hand is still not
far from the quasi optimal O(h%) convergence order. As expected, when the local Reynolds
is low (for instance v = 0.1), we recover the optimal O(h), see figure [ In addition,
as predicted in Theorem EED, we notice that the convergence order for the velocity in the

L?-norm is O(h?).
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Figure 11: Convergence history: linear elements, non-smooth pressure, low local Reynolds
number
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Figure 12: Convergence history: linear elements, non-smooth pressure, alternative parame-
ters

Finally, figure [ shows that the alternative stabilization parameters proposed in Section
B2 give optimal convergence order for the velocity and the pressure.

7 Conclusion
In this paper, we propose a stabilized finite element method for the linearized incompressible
Navier-Stokes (Oseen’s) equations. The method allows equal velocity-pressure interpolation

and gives optimal control of the streamline derivative of the velocity. The stability properties
of the method are based on an interior penalty term giving L?-control of the jump of the
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gradient over interior element edges. We show that such a stabilization operator may be
used to control all the non-symmetric first order terms of the Oseen’s equations and that
they give control only of the part of the operator that is not in the finite element space. In
this sense the proposed method is a minimal stabilized method (see [6]).

The present work extends the results reported in [I11 [10] to the Oseen’s equations using
equal order interpolation and finite element spaces of any polynomial order.

One of the main properties of the method is that it overcomes some undesirable features of
SUPG-like stabilized methods. Thus, no artificial velocity-pressure couplings (pressure and
velocity stabilizations are independent [8]) nor artificial boundary conditions are introduced,
and the mass matrix can be lumped for low order elements. This is thanks to the fact that
our stabilization does not rely on the addition of low order element residuals of least squares
type. The price to pay is some added couplings in the matrix due to jump coupling. The
bandwidth of the system matrix doubles (with respect to SUPG) in two space dimensions
and triples in three space dimensions.

The convergence analysis shows that the method has (quasi) optimal convergence prop-
erties in both in the L?-norm and in the energy norm when the solution is sufficiently
regular or the local Reynolds number is low. When physical realistic regularities are con-
sidered (p € H'(Q2)) and the local Reynolds number is high, the convergence may become
sub-optimal O(h%), due to the inconsistencies in the pressure stabilization. Optimal conver-
gence order may be recovered by using an alternative set of stabilization parameters. Some
numerical results illustrated the theoretical results and showed very good performance in
all regimes. In particular we observe that in the high Reynolds number regime the scheme
degenerates to the theoretical O(h’”%) convergence in the L2 norm predicted by the the-
ory only in the case where the pressure is only H' and where the theoretical prediction
is O(hz). However recalling the results of [7] on Peterson meshes it seems likely that the
results obtained are sharp. In a forthcoming paper we will discuss how to minimize the
matrix bandwidth while retaining optimal convergence properties and extend the analysis
to the time-dependent problem.
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A Proof of Theorem BT
Let (up,pr) € WF. Following [21] there exists v, € [HJ (Q2)]¢ such that

V.-vp, =—pp,
P DPh (37)
IVplli,e < eillprlloo
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with ¢; > 0 depending only on 2. From () we have

A((up,pn), (mhvp, 0)) = an(un, 7hvp) + ju(an, Thvy)

(38)
+ b (P, ThVp)
From (@), since v, € [H}(Q)]¢, h < 1, v < 1, and using @7) and (3) we get
b (Ph, ThVp) = — (P, V - ThVp) + (Ph, ThVp - 1) 5
= —(pn, V- (Whvp - Vp)) + {(pn, (Whvp - Vp) : n>ag
+ ||Ph|‘3,sz
= (Vpn, ThVp — Vp) + ||Ph||(2),sz
= (Vpn =m0 (Vpn)s mnvp = Vi) + [pal3 0
> —[Von — 75 (Vpn)llo.allmnvy — villo.o + [lpallg o
1.1 .1
> —Cmax{v, ||Bll1.00.0} 212 5 (pn, p1) lpnllo.2 + |pnll5 o
Ch .
> —a—ljp(ph,ph) + (1= Cra1)lpnllg o
1 2
> —a—1||| (un, p)lly + (1 = Croa)llpallg o (39)

with oy a positive constant to be fixed later on.
Now, combining ([B7) with the argument used to estimate (2f) in the proof of Theorem
B3 it follows that

an(Wn, ThVp) + ju(n, Thvp) > =C|l(an, 0)[|[|vpll1,0
> —Cs||(un, pu)llllprllo.0
2 2
> —()[—2|||(11i1717iz)|||u — 22Cslpnllg .- (40)

with ao a positive constant to be fixed later on.

Thus, from (B8), B9 and ) one gets

C C
A(unspn), (795, 0)) > — (—1 n —2) s o)l
a1 [6%)

+ (1= Croq — Co2) a0 (41)

Hence, if oy, as are chosen small enough we have

A((an,pn), (Thvp, 0)) = =Csll(an, pr) > + Csllpalld . (42)

with C3 > 0 constant independent of h and v.
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Now, by setting
def
(Vh7 Qh) :e (Uh + Ofﬂ-hvpaph)a a > Oa

using the bilinearity of A, Lemma and #J), and if « is chosen small enough we obtain

A((up,pn), (i, an)) = A((an, pr), (Wn, pr)v) + aA((an, pr), (71 vp, 0))
> Cll(an, p)I” = aCsll(un, pi)I* + aCslpall3 o
> Cu|(wn, pn)|12. (43)

with Cy > 0 independent of h and v. Finally, from @1), it follows that

I (7, 0)Il < Clipallo.0;

and therefore

I(vas an)llz = I(an + amn v, pi)lI* + Ipnlld
2 2
< 2[(un, p)I” + 202 [ (mn vy, O + llpallf o
2
< Csl|(un, pu)ll%

with C5 > 0 independent of h and v. The above estimation, combined with (3)), completes
the proof.

References

[1] R. Becker and M. Braack. A finite element pressure gradient stabilization for the Stokes
equations based on local projections. Calcolo, 38(4):173-199, 2001.

[2] P.B. Bochev and C.R. Dohrmann. Stabilized Finite Element Methods for the Stokes
Problem Based on Polynomial Pressure Projections. In Proceedings of the Fourth Eu-
ropean Congress on Computational Methods in Applied Sciences and Engineering, vol-
ume IT, 2004.

[3] M. Braack and E. Burman. A multiscale method towards turbulent flow based on local
projection stabilization. Technical Report 06.2004, Ecole Polytechnique Federale de
Lausanne, 2004.

[4] J.H. Bramble, J.E. Pasciak, and O. Steinbach. On the stability of the L? projection in
H(Q)). Math. Comp., 71(237):147-156 (electronic), 2002.

[5] F. Brezzi and M. Fortin. Mized and hybrid finite element methods, volume 15 of Springer
Series in Computational Mathematics. Springer-Verlag, New York, 1991.

[6] F. Brezzi and M. Fortin. A minimal stabilisation procedure for mixed finite element
methods. Numer. Math., 89(3):457-491, 2001.

INRIA



A Continuous Interior Penalty Finite Element Method 33

[7] E. Burman. A unified analysis for conforming and nonconforming stabilized finite
element methods using interior penalty. Siam journal of numerical analysis, 2004.
accepted.

[8] E. Burman and M.A. Fernandez. Stabilized finite element schemes for incompressible
flow using velocity /pressure spaces satisfying the LBB-condition. In Proceedings of the
6" World Congress in Computational Mechanics, WCCM VI, 2004.

[9] E. Burman, M.A. Fernandez, and P. Hansbo. Edge Stabilization: an Interior Penalty
Method for the Incompressible Navier-Stokes Equation. In Proceedings of the Fourth
European Congress on Computational Methods in Applied Sciences and Engineering,
volume I, 2004.

[10] E. Burman and P. Hansbo. Edge stabilization for the generalized Stokes problem: a con-
tinuous interior penalty method. Technical Report 2003-16, Chalmers Finite Element
Center, 2003.

[11] E. Burman and P. Hansbo. Edge stabilization for Galerkin approximations of
convection-diffusion problems. Comput. Methods Appl. Mech. Engrg., 193:1437-2453,
2004.

[12] E. Burman and P. Hansbo. A stabilized nonconforming finite element method for
incompressible flow. Technical Report 2004-06, Chalmers Finite Element Center, 2004.

[13] P.G. Ciarlet. Interpolation error estimates for the reduced Hsieh-Clough-Tocher trian-
gle. Math. Comp., 32(142):335-344, 1978.

[14] R. Codina. Analysis of a stabilized finite element approximation of the Oseen equations
using orthogonal subscales. Preprint.

[15] R. Codina and J. Blasco. Analysis of a pressure-stabilized finite element approximation
of the stationary Navier-Stokes equations. Numer. Math., 87(1):59-81, 2000.

[16] J. Douglas and T. Dupont. Interior penalty procedures for elliptic and parabolic
Galerkin methods. In Computing methods in applied sciences (Second Internat. Sym-
pos., Versailles, 1975), pages 207-216. Lecture Notes in Phys., Vol. 58. Springer, Berlin,
1976.

[17] A. Ern and J.-L. Guermond. Theory and Practice of Finite Elements, volume 159 of
Applied Mathematical Sciences. Springer-Verlag, New York, 2004.

[18] C.R. Ethier and D.A. Steinman. Exact fully 3-D Navier-Stokes solutions for bench-
marking. Int. J. Numer. Methods Fluids, 19(5):369-375, 1994.

[19] M.A. Fernandez, L. Formaggia, A. Gauthier, J.F. Gerbeau, C. Prud’homme, and
A. Veneziani. The LifeV Project. Web, 2002-2004. http://www.lifev.org.

RR n° 5349



34 E. Burman, M.A. Ferndndez, P. Hansbo

[20] L.P. Franca and S.L. Frey. Stabilized finite element methods. II. The incompressible
Navier-Stokes equations. Comput. Methods Appl. Mech. Engrg., 99(2-3):209-233, 1992.

[21] V. Girault and P.A. Raviart. Finite element methods for Navier-Stokes equations,
volume 5 of Springer Series in Computational Mathematics. Springer-Verlag, Berlin,
1986.

[22] J.L. Guermond. Stabilization of Galerkin approximations of transport equations by
subgrid modeling. M2AN Math. Model. Numer. Anal., 33(6):1293-1316, 1999.

[23] P. Hansbo and A. Szepessy. A velocity-pressure streamline diffusion finite element
method for the incompressible Navier-Stokes equations. Comput. Methods Appl. Mech.
Engrg., 84(2):175-192, 1990.

[24] L. Hughes, J.R. Mazzei and K.E. Jansen. Large eddy simulation and the variational
multiscale method. Comput. Vis. Sci., 3:47-59, 2000.

[25] V. John and S. Kaya. Finite element error analysis and implementation of a variational
multiscale method for the Navier-Stokes equations. Preprint University of Magdeburg,
2003.

[26] C. Johnson and J. Saranen. Streamline diffusion methods for the incompressible Euler
and Navier-Stokes equations. Math. Comp., 47(175):1-18, 1986.

[27] L. 1. G. Kovasznay. Laminar flow behind two-dimensional grid. Proc. Cambridge Philos.
Soc., 44:58-62, 1948.

[28] V. Thomée. Galerkin finite element methods for parabolic problems, volume 25 of
Springer Series in Computational Mathematics. Springer-Verlag, Berlin, 1997.

[29] L. Tobiska and R. Verfiirth. Analysis of a streamline diffusion finite element method for
the Stokes and Navier-Stokes equations. SIAM J. Numer. Anal., 33(1):107-127, 1996.

INRIA



/<

Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopble de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lés-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhone-Alpes : 655, avenue de I’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Editeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
http:/ /www.inria.fr

ISSN 0249-6399



	Introduction
	A finite element method for the Oseen's equation
	Stability of the method
	Convergence of the method
	Energy norm error estimate, smooth solutions
	Recovering the pressure

	Energy norm estimate for u[H2()]d, p H1()
	Alternative stabilization parameters for the high Reynolds number regime


	Edge stabilization and large eddy simulation
	Numerical results
	Convergence study in a 2D case with small viscosity
	Convergence study in a 3D case with small viscosity

	Conclusion
	Acknowledgements
	Proof of Theorem 3.1

