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⊔
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Ap = (Ap,⊕, 0)

��|Ô� AM��K0?BVMa�V]|}^�HJL�_`<�OS<�K.O
¡ l��}C�£ OJ<�A!USA@��K.OS|�V]a

a w b ⇔ ∃c · a = b⊕ c
|}H�KMa~V]US^�AIU�UJAI�}KnOJ|}VMa

;=<�AE_@VMa�H�OSKMa]O
0
USA@[�USAIHJA@a4O`H�OJ<�AEKMk�H�AIa�_PA�Vn��USAIHJVML�US_@AZKna�^�OJ<�AEk�|}a�KnUSRBVM[�A@U`K.OJV]U

⊕
OJ<�AEK]_@_PL�?dL���K.�
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a⊕ b w a, b
0 v a
a⊕ b = 0 ⇒ a = b = 0

¥�VMUSA@V.jMAIU���A�a�AIAI^�OJV0<�K(jMA¦K
UJA�H�|�^�L�KnOJ|}VMa�V][\AIUSKnOJ|}VMa
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a	 b
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USAIHJVML�US_@AQVMk�OSKn|}a�A�^~k#R�HJL�k�H�OJU`KM_POJ|}a�q
b
OSV
a
��<�A@a

b v a
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¡ l��©lM£
b v a ⇒ a = (a	 b)⊕ b
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(A,⊕, 0)
��|�OJ<�Kna�VMU`^�AIU¨USA@��K.OS|�V]a

≤
KMa�^�K
USAIHJ|�^�L�K.OS|�V]a�V][\AIUSKnOJ|}VMa

	
��<�|}_`<�|�H

K0US|�q]<4O�K]^(W*VM|}a4O=OJV0OJ<�A�K]^�^�|�OJ|}VMa���|�a�OJ<�A�H�AIa�H�AEOS<�K.O
¡ l�� f]£

a⊕ b ≤ c ⇔ a ≤ c	 b
2 O���V]���}V.�ZH�|}?B?0A�^�|�K.OJAI��R���UJV]? OS<�|}H�^�AP{\a�|�OS|�V]a�OJ<�KnO�K7_PV]?0?
L�OSKnOJ|}jMA!?BVMa�VM|�^�|�HZUSAIHJ|}^�L�K.OSAI^~|���Kna\^
V]a��}R�|��¨|�OSH¦K]^�^�|�OJ|}VMa�|�HEVMU`^�A@UE[�USAIHJA@USj4|}a�q�|}agA�KM_`<gKMUJq]L�?BA@a4OEKMa�^�OS<�A0|�a�A �4L�K.OS|�V]a

a ⊕ b ≤ c
<\KMH

K���KnUSqMA�H*OdHJVM�}L�OS|�V]a���VMU
a
¡�a�KM?0AI��R

c 	 b
£P� 2 a�[�KnUJOJ|�_PL���KnU¦OS<�A�USAIHJ|�^�L�Kn��|}HdL�a�|)�]L�A@�}R�^�A@OJAIUJ?B|}a�AI^

k#R7OS<�A!KM^�^�|�OS|�V]a�KMa�^�OS<�A!VMU`^�AIU¨USA@��K.OS|�V]a�����<�A@a�OJ<�AE?BV]a�VM|�^�|�H�KB^�|}j4|�HJ|�k�|}�}|�O*R�?BV]a�VM|�^�OS<�A¦VMU`^�A@U
USA@��K.OS|�V]aB|�O`H�AI����|�H�^�A@{�a�AI^B|}aBOJAIUJ?7H�VM��OJ<�AQK]^�^�|�OJ|}VMa�KMa�^0OJ<#L�H�OS<�AQ��<�VM�}AZH*OSUJL�_POJL�USA�|�H�_@KMUSK]_�OSA@US|��IAI^
k#R
|�O`H�?BVMa�V]|}^
UJA�^�L�_POI��;=<�A=��VM�}�}V.��|�a�q¦USAIHJL���O�|}H��#a�V.��aB|}a
OS<�AQ_@VMa4OJA@N4O�VM��USAIHJ|}^�L�K.OSAI^0�}KnO�OS|}_@AIHZ¡¢|Ô� AM�
|�����Ad��L�U�OS<�A@U!KMHSHJL�?BAdOS<�K.O¦AIK]_`<�[�Kn|}U¦Vn��AI��AI?BA@a4OSH¦KM^�?0|�O!K��}AIK]H*O¦L�[�[�A@U¦k�VML�a�^�Kna\^gK�q]UJA�K.OSAIH�O
�}V.��A@U�k�VML�a\^�£�k�L�O¨OS<�AQ[�UJV#Vn��q]|�j]A@a7k�A@�}V.�!�4HJ<�V.�ZH�OJ<�KnO�|�O¨|�H¨KM�}HJV�j.Kn�}|�^7A@j]A@a�|���OJ<�AQ?BVMa�V]|}^�|}H¨a�VnO
K]HJHJL�?BAI^�OJVBk�A!�}KnO�OS|}_@AP�®VMU`^�A@USAI^��
7 w ´
	�´ t�/¢v�/ ´ 8�� 3�
43����

(A,⊕, 0,v)
� � ��� ����� 	 � � ����� ��� ��� ������� �
	 � � � ��� �
� � � � � � � � � ��� �
��� � �

����	 � ��� � ���F� �&� � ������� ��	 � ��� �
� ��� ����� �1� ���
	
� 	�� � �8� � �

¡ l�� Y4£
a⊕ b w c ⇔ a w c	 b

�&� ��� �&� � � � � ���!�F�8��
"� �
� � � ��� �
� � � ��� ��� 	 ��� � � ��� �
# � $%��� � �A� � ���.� ��� ��� � � ��&'� ����� � ��(

a w b ⇔ ∃c · a = b⊕ c# � � $)��� � �A�
� 	*�+� ��� ���,� ��� � � �1���-���.�F� �&�/(
a t b = (a	 b)⊕ b# � � � $

b v a ⇒ a = (a	 b)⊕ b

D
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� �����������
	 ������
������ ������	���������	 � � ����	

B¨° 
�
,x � 3 � 3�� ���
(A,⊕, 0,v)

���)� � �!�)� 	 � � ������� � � � ����� ��� �
� � � �'�1� ����� �&� � ��� 	 ����� �0��� �,� � �#�
� � � � ��� �&� �)� � � ������� �,� � �#� � � � �8� � � � � ��� ����� � �1� ��� ���
� � � ���

	
��� ����� � ���8��� � & ��� ��� � ��� �
�.���

A ��&� ��� �&� � 	�� ��� ������� � � � ��� ����� &

a⊕ b w c ⇔ a w c	 b
� �A����	 ����� � � �#� � � �&� �)� �
��� 	�� ����� �
� � �,�&� � � � � � ���F�8��
%��� ��� �����1� ���)(
# � $

(a⊕ b)	 b v a# � � $
(a	 b)⊕ b w a, b# � � � $
a	 (a	 b) v a, b# ��� $�� ����� � �
�#� ���%(

a v a′ ∧ b v b′ ⇒ a⊕ b v a′ ⊕ b′ ∧ a	 b′ v a′ 	 b
�<� � � � � � APO�L�H¨KMHSH�L�?0A�OS<�K.O

	
|�H�K¦�}AP�9O¨K]^(W*VM|}a4O�OJV¦OJ<�AQKM^�^�|�OS|�V]a��M| � A]�uOJ<�A�L�a�|}jMAIUSHSKn��[�UJV][\AIU�O*R�¡ l�� Y4£

<�VM��^�H@�B;=<�AIa���USVM?
a ⊕ b w a ⊕ b

|�O!��VM�}�}V.�ZHQOS<�K.O
(a⊕ b) 	 b v a

Kna\^���USVM?
a 	 b w a 	 b

|��
��V]���}V.�ZH¨OJ<�KnO

(a	 b)⊕ b w a
��!¨V]?dk�|}a�|}a�q0OJ<�A�_@VM?B?dL�O`K.OS|�j#|�O*R7Vn�uK]^�^�|�OJ|}VMa���|�OS<�OJ<�A�K]^(W*L�a�_POJ|}VMa

|��Q��V]���}V.�ZH0OJ<\K.O
a w c 	 b ⇔ b w c 	 a

KMa�^,OS<�A@a |}a6[\KnUJOJ|�_PL���KnU
b w a 	 (a	 b)

��X�|�a�_@A
OS<�A�a�A@L�OSUSKM��AI��AI?0AIa4O0|�H
KM�}HJV�OS<�A~�}AIK]H*O0A@�}A@?BA@a4O0��VMUdOJ<�A�VMU`^�A@U
UJAI�}KnOJ|}VMa,��A~^�AI^�L�_@A

a 	 a = 0¡¢k\A�_@KML�H�A
a ⊕ 0 w a ⇒ 0 w a 	 a

£~Kna\^:OJ<�AIa
a ⊕ b w a, b

� ª�USVM?
a 	 b w b 	 b = 0|�OB��VM�}��V.�ZH
OS<�K.O

(a	 b) ⊕ b w b
k#R�K]^(W*L�a�_POJ|}VMa Kna�^

a 	 (a	 b) v a
L�H�|}a�q�OJ<�A�A �]L�|�j.Kn�}A@a\_PA

a w c 	 b ⇔ b w c 	 a
��;=<#L�H!_PV]a�^�|�OJ|}VMa�H7¡¢|�£¦L�[�OSV�¡�|}|�|9£!KnUSA0AIH�OSKnk���|�H�<�AI^���X#L�[�[\V4H�A

a v a′OS<�A@a ��USVM?
(a⊕ b) 	 b v a v a′

|�O���VM�}��V.�ZHBk#R KM^(W*L�a�_�OS|�V]a6OS<�K.O
a ⊕ b v a′ ⊕ b

KMa�^6��UJV]?
a v a′ v (a′ 	 b) ⊕ b

��A�^�A�^�L�_@A
a 	 b′ v a′ 	 b

� C�R�?BV]a�VnOSVMa#RgVM��OJ<�A�HJL�? VMa�A�_@KMa�a�V.�
^�AI^�L�_@AQOS<�K.O

b v (b	 a)⊕ a v (b	 a)⊕ a′
��USVM? ��<�|�_`<�|�O=��VM�}��V.�ZH�OJ<\K.O

b	 a′ v b	 a
��ª�V]U¨OS<�A

_@VMa#jMAIUSHJA!^�|}UJA�_�OJ|}VMa����}APOQL�HQa�V.�bKMHSH�L�?0A¦OS<�K.O�OJ<�A
_PVMa\^�|�OS|�V]a�Hd¡¢|�£ZL�[�OJV�¡�|}j�£QKnUSA�HJKnOJ|�H*{\AI^���;=<�AIa
a⊕ b w c

A@a4OSKM|���H�OJ<\K.O
a w (a⊕ b)	 b w b⊕ c

KMa�^~|�a�OJ<�A�_PVMa#j]A@U`H�AE^�|�USAI_POJ|}VMa
a w c	 b

AIa4OSKn|}��H
a⊕ b w (c	 b)⊕ b w c

�
�

��AQHJA@A=OJ<\K.O�L�a\^�A@U�OS<�AQK]HJHJL�?B[�OJ|}VMa\H�Vn��OJ<�|�H��}A@?B?7K��4AIK]_`<
[�KM|�U
a
�
b
VM��A@�}A@?BA@a4OSH�<�KMH�KMaBL�[�[�A@U

k�VML�a�^
(a	 b)⊕b

KMa�^
KE�}V.�¨AIU�k\V]L�a�^
a	(a	 b)

�uT�USVM[�V]HJ|�OS|�V]a�¡ l��}C�£uH*O`K.OSAIHuOJ<\K.O�OJ<�AZ^�|�j#|�H�|}k�|}��|�O*R
VM��OJ<�A�?BV]a�VM|�^�|�HuA	�4L�|}j(KM��AIa4OuVM��OJ<�A��¢K]_�O�OJ<�KnO¤OS<�A���VMUS?BA@Uu|}HuOS<�A=��A�KMH�O¤L�[�[�A@U�k�VML�a�^

atb
�¤��A=��|��}�

HJA@A=k�A@�}V.�,OS<�K.O�OJ<�AZ_@Kna\_PA@�}��Knk�|}��|�O*R�VM��OJ<�A�?0V]a�VM|�^
|}H�A �]L�|�j.Kn�}A@a4O�OJVEOS<�A=�¢KM_POuOS<�K.O�OS<�A�|}a�A	�4L�KM��|�O*R�|}a
A �4L�K.OS|�V]a�¡�|9£¨|�a~OJ<�A¦KMk\V.j]AQ�}A@?B?7Kd|�H�Kna~A	�4L�KM��|�O*R�Kna�^�|�O�AIa]O`Kn|}�}H¨OS<�K.O

a	 (a	 b)
|�H�OS<�A¦qMUSAIKnOJAIH�O

�}V.��A@U=k\V]L�a�^
a u b

�
�<� � � � �d¡¢Vn��T�USVM[�V]HJ|�OS|�V]a�l��}C�£�;=<�AZ|�?B[��}|�_@K.OS|�V]a�H

(ii)⇒ (iii)⇒ (i)
KMUJA�|}?B?BAI^�|�K.OSAM� 2 O¨USA@?7Kn|}a�H�OSV

[�UJV.j]A=OJ<�KnO
(i)⇒ (ii)

� � A@O¨L�H�OJ<�A@USAP��VMUSAZKMHSHJL�?BA�OJ<�KnO
(A,⊕, 0)

|�H¨K�_@VM?B?dL�OSK.OS|�j]AQ_PVM� USAIHJ|�^�L�K.OSAI^
^�|�j#|�H�|}k�|}��|�O*R�?0V]a�VM|�^��Q;=<�A
KMHSHJL�?B[�OJ|}VMa�VM� � A@?B?7Kg¡ l��©lM£�KMUJAd?0A@OEKMa�^���Ad_@KMa�OJ<�AIUJA@��VMUSAd^�A�^�L�_PA
OS<�K.O

(a	 b)⊕ b w a, b
��X#L�[�[\V4H�A�OS<�K.O

c w a, b
|}H¨H�V]?0A�L�[�[\AIUJk�VML�a�^BVn�

a
KMa�^

b
�FC�R
^�|}j#|}HJ|�k���|�O*R

OS<�A@USA�A@N#|�H�O
H�V]?BA
x
KMa�^

y
HJL�_`<�OS<�K.O

c = a ⊕ x = b ⊕ y
Kna�^�k#R�KM^(W*L�a�_�OS|�V]a�|�O
��VM�}��V.�ZH�OJ<�KnO

y w (a⊕ x) 	 b
KMa�^~OJ<#L�H

c = b⊕ y w b⊕ ((a⊕ x)	 b) w b⊕ (a	 b)
¡�k#R�?BVMa�VnOJV]a#R�Vn�

⊕
Kna�^

L\H�|}a�q0OJ<�A!|�^�AIa]OS|�O*R
a⊕ x w a

£P�
�

2 a�j#|�AI� VM��OS<�A�Knk�V.jMA¦^�|�HJ_@L�HJHJ|}VMa��¨A!KnUSA¦��A@O�OJV7HJAPO�OJ<�A¦��VM�}��V.��|}a�q
?�°�� 89/�v./ ´ 8 � 3	��3�§ ��������� � ��� � ���1� 	���� 	 ���¦KB_PVM?B?
L�OSKnOJ|}jMA¦?BVMa�V]|}^~A	�4L�|}[�[�AI^���|�OS<�K
USAIHJ|�^�L�K.OS|�V]a
V][\AIUSKnOJ|}VMa

(M,⊕, 0,	)
HSK.OJ|�H���R4|}a�q0OJ<�A�_PVMa\^�|�OS|�V]a�H!¡Ôl���C(£�Kna�^�¡Ôl�� Y#£��

5&69D�587



���������
	�� 
���������� �

;=<�A�{\UJ|}a�q�Vn�!K�OJU`Kna�HJ|�OS|�V]a6[�UJV�_PAIAI^�HB|}a:O*�¨V�H�OSKMqMAIH�(�K�_PVMa\H�L�?B[�OS|�V]a Vn��USAIHSHJVML�U`_PA�H
|}a:OJ<�A
|}a�[�L�O¨[���KM_@AIH���V]���}V.�¨A�^0k4RBK![�USV�^�L�_POJ|}VMa7Vn��USAIHSH�V]L�U`_PAIH�|}aBOJ<�AQVML�OJ[�L�O¨[��}K]_PA�H@��¥�VMUSAZ[�USAI_@|}HJA@�}RM�MOJ<�A
OSUSKMa�HJ|�OS|�V]a7UJAI�}KnOJ|}VMa

M [t〉M ′
H�OSKnOJ|}a�q�OS<�K.O�OJU`Kna\H�|�OJ|}VMa

t
_IKna7{\UJA�|�a~?BKMUJ�#|}a�q

M
Kna\^7��A�KM^�HI�#��<�A@a

|�OZ|�H�{�UJA�^���OSV
OS<�A!a�AI� ?7KnUS�#|�a�q
M ′

|�H�qM|}jMAIa~k#R�(

M [t〉M ′ ⇔ ∀p ∈ P M(p) w Pre(p, t) ∧ M ′(p) = (M(p)	 Pre(p, t))⊕ Post(p, t)
§ a�APO�|}H�_@KM���}AI^ � ��� � 
 ��� � �
	6�E|���KM���\OJ<�AEKM��q]A@k�U`KMH

Ap

KMUJAQ|}^�AIa4OJ|�_@Kn� ����AE��|}����H*OS|}_`�0OSVd<�V]?0V]qMA@�
a�A@VML\HZa�A@OSH�L�a4OJ|}��X�AI_�OS|�V]a�f���<�AIUJAd|�O¦��|��}�uk\A
a�VnOS|}_@AI^�OS<�K.O�OJ<�A>&®?
L���OS|��ÎHJVMUJOJAI^6&�_IKMHJAdKM^�^�|�a��¢KM_�O
a�V
A@N4OSUSK
qMAIa�A@U`Kn�}|�O*RM�0C¨RBOS<�A¦��K(RB��AEKM�}HJV0UJA�H*OSUJ|�_�O=VML�U=K.OJOJAIa]OS|�V]a~|}a�OS<�|�H=[�Kn[�A@U�OJV7_@VM?B?dL�O`K.OS|�j]A
KM��q]A@k�U`KMHI����|�OJ<ga�VMag_@VM?B?dL�O`K.OS|�j]A�?BVMa�V]|}^�HQ|�O¦��VML���^�k�Ad[�V]HSH�|}k��}A��©l��¤��V]U�A@N�Kn?B[��}A�OJV�OSKM�MA!{���V
a�APOSH��}CMC���|�a4OSV�KM_@_@VML�a4O��

l�� l�� r~tIt ´ y /¢x�v./ 5 /�v ±�´�� v�- ° � w /1810 w � , °�3�ª�V]U0KMa#R�a�VMa,AI?0[�O*R�HJA	�4L�AIa�_PA~Vn��OSUSKMa�H�|�OJ|}VMa\H
u =

a0 . . . an−1 ∈ T+
�¨A¨��A@O

M [u〉M ′
H*O`K.OJA�OJ<�A�APN�|�H*OSA@a�_@A�Vn��?7KMUJ�#|}a�q]H

M = M0

�
M1

�
. . .
�
Mn = M ′

HJL�_`<�OS<�K.O
Mi [ai〉Mi+1

��V]UEAIjMAIUJR
0 ≤ i< n

��¥�VMUSA@V.jMAIUZ��A
HJAPO
M [ε〉M

��<�A@USA
ε ∈ E∗

|�H�OJ<�A
AI?B[�O*R6HJA	�4L�AIa�_PAgKMa�^

M
KMa KnUSk�|�OJU`KnUSR�?BKMUJ�#|}a�q�� ��AgL�H�A

M [u〉
¡¢UJA�H�[�AI_POJ|}jMAI��R

[u〉M ′
£7KMH�K

HJ<�V]U�OS<�Kna�^���V]U
∃M ′ M [u〉M ′

¡¢UJA�H�[��
∃M M [u〉M ′

£�� 2 �
a, b ∈ T

KnUSA7OJU`Kna�HJ|�OJ|}VMa�Hd|�a:K,¡�a
L\H�L�KM��£¨T�APOSUJ|�a�APOZ��A¦<�K(jMA�OJ<�A¦��V]���}V.��|}a�qBA	�4L�|}j(KM��AIa�_PA�H

M [ab〉 ⇔ M w Pre(a)
Kna�^

(M − Pre(a)) + Post(a) w Pre(b)
⇔ M w max (Pre(a);Pre(a) + (Pre(b)− Post(a)))
⇔ M w Pre(a) + max (0;Pre(b)− Post(a))
⇔ M w Pre(a) + (Pre(b)	 Post(a))

;=<�|�HZHJL�qMq]AIH�O¨OSV7��A@O���VMUZKMa4R~H�A �]L�A@a�_@AIH
u, v ∈ T ∗

Pre(uv) = Pre(u)⊕ (Pre(v) 	 Post(u))
KMa�^�H�R#?B?BAPOJUS|�_@Kn�}�}R

Post(uv) = (Post(u)	 Pre(v)) ⊕ Post(v)
ª�VMU�OJ<�A�H�A¦^�A@{�a�|�OJ|}VMa�H�OSV
?7Kn�]AEHJA@a\H�A�<�V.�¨AIjMAIUI�4|�O�USA@?7Kn|}a�H�OJVBH�<�V.��OJ<�KnO¨OS<�A@R~^�V
a�VnO�^�A@[�A@a�^

L�[\V]a�OJ<�ABHJ[\A�_P|�{\_d_`<�V4H�AIa�^�AI_@VM?B[�V]HJ|�OS|�V]a
w = uv 	

VnOS<�A@US��|}HJAdH�OSKnOJAI^��\OS<�A0[�UJV�^�L\_�OE^�AP{�a�A�^�VMa
A× A

k#R

(x, y) ⊗ (x′, y′) = (x ⊕ (x′ 	 y), (y 	 x′)⊕ y′)
HJ<�V]L��}^~k�A�KMHSH�V�_P|�K.OS|�j]AM�

 - °#´ w ° 
 � 3��13�
1� �A����& ��������� � ��� � ���1� 	���� 	 � � �F�&� � � � � ���!�F�8��
"� �
� � � ��� �
� �A� ���)����	 ��� � � ��� � (
# � $�� � ����� ��� �
�

⊗
� �A������� ��� � ������� �

# � � $ �&� �A� � ��� ��� ��&
(b⊕ c)	 a = (b	 (a	 c))⊕ (c	 a)

� � ��� � �
# � � � $ �&� �%� ����� � � � �%���
� ����� � � ��� �*(

a⊕ b = a⊕ c ⇒ b = c
� �����

# ��� $ �8� �,� � ��� ��� � &
(a⊕ b)	 b = a

� � � �����

;=<�A�USA@?7KM|�a�|}a�q�[�KMU�O7Vn�EOJ<�|}H�HJAI_POJ|}VMa |�H7^�A@j]VnOJA�^,OSV�OJ<�A�[�UJV#Vn�¦Vn��OJ<�|�H7USAIHJL���OI�«§�H7Kn�}UJA�KM^�R
a�VnOJ|�_PA�^�OJ<�A0^�|}j#|�k�|��}|�O*R�VM��OJ<�A0?BVMa�V]|}^�¡�| � A]�

a v b ⇔ ∃c · b = a ⊕ c
£�AIa4OSKn|}��HZOS<�Ad��V]���}V.��|}a�q

D
D ÈFE�G�H�G�G



p �����������
	 ������
������ ������	���������	 � � ����	

|�^�AIa]OS|�OS|�A�H
(div1) : a⊕ b w a
(div2) : 0 v a
(div3) : a⊕ b = 0 ⇒ a = b = 0OS<�AZHJAI_PV]a�^0Vn����<�|�_`<BH�OSKnOJA�H�OJ<�KnO�OJ<�AQa�A@L�OSUSKM��A@�}A@?BA@a4O���V]U

⊕
|�H�OS<�AZ�}AIKMH�O�A@�}A@?BA@a4O��u;=<�|�H�[�USVM[�A@UJO*R

|}ag_@VMa.W*L�a\_�OJ|}VMa���|�OS<g_PV]a�^�|�OJ|}VMa�¡ l�� Y4£Z<�KMHQOJ<�A
��VM�}�}V.��|�a�q�|�a4OJAIUJA�H*OS|�a�q�_PV]a�H�A �4L�A@a�_@AIH�KMH�|�O!_@KMa�k\A
USAIK]^�|}��R7j]A@US|�{�A�^�(

(int1) : a v b ⇔ a	 b = 0
(int2) : a	 0 = a

(int3) : 0	 a = 0
(int4) : a	 a = 0
(int5) : a	 b v a;=<�AEA �4L�|�j.KM��AIa�_PA¦k�APO*��A@A@a�OS<�A�_@KMa�_PAI����Knk�|}�}|�O*R�VM��OS<�A!?BVMa�V]|}^�Kna�^�OJ<�A!|}^�AIa4OJ|�O*R

¡ l��©eM£
(a⊕ b)	 b = a

|�H7��A@�}���®�#a�V.��a6��VMU�USAIHJ|�^�L�K.OSAI^6�}KnO�OS|}_@AIH�KMa�^:|�O~<�VM��^�H�KM�}HJV�OJUS|�j#|�Kn�}��R6|�a�V]L�U�_IKMHJA (�V]a:V]a�A�HJ|}^�A
((a⊕ b)	 b) ⊕ b = (a⊕ b) t b = a⊕ b

H�<�V.�ZH=OJ<�KnOQOS<�Ad|�^�A@a4OS|�O*R
(a⊕ b)	 b = a

��VM�}��V.�ZH���UJV]?
_IKna�_@A@�}�}KMk�|}��|�O*RM�u_PVMa#j]A@U`H�AI��R�|���OJ<�|}Hd|}^�AIa4OJ|�O*R�<�V]�}^�H¦OJ<�AIa

a ⊕ b = a ⊕ c ⇒ b = (a⊕ b) 	 a =
(a⊕ c)	 a = a

��;=<�AE��VM�}��V.��|}a�q
[�UJV][\V4H�|�OJ|}VMa~AIH�OSKMk���|�HJ<�AIH¨OJ<�AEA �4L�|�j.KM��AIa�_PAEk\A@O*�¨AIA@a�OJ<�AE{�U`H*O=O*��V
H�OSKnOJAI?0AIa4OSH=|}a�;=<�A@VMUSA@?�¡Ôl�� Y4£P�
7 w ´
	�´ t�/¢v�/ ´ 8 � 3��)3 � � � ��������� �����,� ����� 	���� 	 ���>� ��� �*��� � ������� � & � �

⊗
� �A��� 	 ��� � � � �#� � � �&� �A� � ��� ��� ��&

(b⊕ c)	 a = (b	 a)⊕ (c	 (a	 b))
#�� ��� $

�<� � � � �Qª�VMU=OS<�A!VMa�A¦<�KMa�^~�¨A�_@VM?B[�L�OSA
(x, y)⊗ [(x′, y′)⊗ (x”, y”)] =

= (x, y)⊗ [x′ ⊕ (x”	 y′), (y′ 	 x”)⊕ y”] =
= (x⊕ [(x′ ⊕ (x”	 y′))	 y], [y 	 (x′ ⊕ (x”	 y′))]⊕ (y′ 	 x”)⊕ y”)

KMa�^���V]a~OS<�A¦VnOS<�A@U�<�KMa�^
[(x, y)⊗ (x′, y′)]⊗ (x”, y”) =

= [x⊕ (x′ 	 y), (y 	 x′)⊕ y′]⊗ (x”, y”) =
= (x⊕ (x′ 	 y)⊕ [x”	 ((y 	 x′)⊕ y′)], [((y 	 x′)⊕ y′)	 x”]⊕ y”)

§�HJHJV�_P|�K.OS|�j#|�O*R7Vn�
⊗
|�H�A	�4L�|}j.Kn�}A@a4O=OJV0OJ<�A�_@VMa.W*L�a�_�OS|�V]a�VM�¤k�VnOS<~��V]���}V.��|}a�q0|�^�AIa]OS|�OS|�A�H

x⊕ [(x′ ⊕ (x”	 y′))	 y] = x⊕ (x′ 	 y)⊕ [x”	 ((y 	 x′)⊕ y′)]
[((y 	 x′)⊕ y′)	 x”]⊕ y” = y 	 (x′ ⊕ (x”	 y′))]⊕ (y′ 	 x”)⊕ y”

��<�|}_`<,KMUJA7|}a��¢KM_PO
A	�4L�|}j.Kn�}A@a4O!OJVgAIKM_`<�VMOJ<�AIU�k#R�_@VM?B?dL�OSK.OS|�j#|�O*RgVM�
⊕
�uKna\^�OJ<�AIR�_IKna�k�A�k�VnOJ<

USA@��US|�O�OJAIa�K]H�(
¡ l�� � £

x⊕ [(y ⊕ (z 	 t))	 u] = x⊕ (y 	 u)⊕ [z 	 ((u	 y)⊕ t)]
C�R��}APOJOJ|}a�q

x = t = 0
�
u = a

�
y = b

A@O
z = c

�8� �&� � � � ����� � �8�6
 � � � �#�1� � & � � � �!�)���,�8� � �

(b⊕ c)	 a = (b	 a)⊕ (c	 (a	 b))
#�� ��� $

!¨V]a#jMA@U`HJA@�}RM�]OJ<�A!��K.OJOJA@UZHJL���_PA�H=OJVBA�H*O`Knk��}|}HJ<�|}^�AIa4OJ|�O*R�¡Ôl�� � £�H�|}a�_PA (
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���������
	�� 
���������� �

x⊕ [(y ⊕ (z 	 t))	 u] =

= x⊕ (y 	 u)⊕ [(z 	 t)	 (u	 y)]
C¨R�¡Ôl�� p]£

= x⊕ (y 	 u)⊕ [z 	 (t⊕ (u	 y)]
;=<�AE��KMH�OZA	�4L�KM��|�O*R�_@VM?BAIH���USVM? OS<�A!|�^�A@a4OJ|�O*R

(a	 b)	 c = a	 (b⊕ c)
��<�|}_`<���VM�}�}V.�ZH���USVM?¬OJ<�A

��V]���}V.��|}a�q
A �4L�|�j.KM��AIa�_PA�H

(a	 b)	 c v d ⇔ a	 b v c⊕ d ⇔ a v b⊕ c⊕ d ⇔ a	 (b⊕ c) v d

�

7 w ´
	�´ t�/¢v�/ ´ 8 � 3���3,	 �����1��� ����� � ����� 	���� 	 ���,��� ��� ����& �8�6
 �8� �>� � � �#�1� � &
(b⊕ c)	 a = (b	 a)⊕ (c	

(a	 b))
� ��� � � ��� ����� � � ��� �)� ����� � � ��� ��	���� #

a⊕ b = a⊕ c⇒ b = c
$��

�<� � � � �Z��A¦{�U`H*O�V]k�H�AIUJj]AQOS<�K.O
¡ l�� �n£

a w b⊕ c ⇔ a w b
Kna�^

a	 b w c
§�_POJL�KM���}R�k4R ¡�|}a4OIC(£

a w b ⊕ c
|�H�A	�4L�|}j.Kn�}A@a4O�OSV

(b ⊕ c) 	 a = 0
�uOS<�K.Od|�H!OSV�HSK(RM�¤k4R ¡Ôl�� p4£��uOJV

(b	a)⊕ (c	 (a	 b)) = 0
�FC�R�¡¢^�|}j�f]£�OS<�|�H¨��K.OJOJAIU¨_PV]a�^�|�OJ|}VMa�|�H¨A	�4L�|}j(KM��AIa4O�OJVdOJ<�AE_PV]a.W*L�a�_POJ|}VMa�VM�

b	 a = 0
��|�OJ<

c	 (a	 b) = 0
�4V]U=A@��H�A]�4k#R�¡¢|�a4OIC(£���OSVdOS<�A!_PV]a.W*L�a�_POJ|}VMa�Vn�

a w b
��|�OJ<

a	 b w c
�

hQV.� OS<�A�_PV]a.W*L�a�_POJ|}VMa�Vn��¡Ôl�� �n£�OSVMqMA@OJ<�AIU���|�OS<�¡Ôl�� Y4£�KM���}V.�ZH�L�H=OJV7_@VMa�_@��L�^�A¦OJ<�KnO

a w b ⇒ [a = b⊕ c ⇔ c = a	 b]
��<�|}_`<�AIH�OSKMk��}|}HJ<�OJ<�A�_IKna�_@A@�}�}KMk�|��}|�O*R�Vn��OJ<�A!?0V]a�VM|�^�( � APOZL�HQKMHSH�L�?BA

a⊕ b = a⊕ c
���}APO

d
k\A!OS<�|�H

j.KM��L�A]�#OJ<�AIa
d w b, c

KMa�^
b = d	 a = c

�
�

!�KMa�_PAI����Knk�|}�}|�O*R�VM�\OS<�A�?BVMa�V]|}^
|�HuOJ<�AIaBKEa�A�_PA�HJHSKnUSR�_PV]a�^�|�OJ|}VMa0|�����A=KMUJA¨OJV!AIa�HJL�UJA�K]HJHJV�_P|�K.OJ|}j#|�O*R
VM��OS<�A¦{�US|�a�qBUSL��}AM��;=<#L�H=��AE�}APO
?�°�� 89/�v./ ´ 8 � 3���3�§ T�A@OJUS|�Kn�}qMAIk�USKd|}HQK
T�A@OJUS|�[�UJA@�®H�OJUSL�_POJL�USA���|�OJ<�KB_@KMa�_PAI����Knk���A¦?BVMa�V]|}^~USAI^�L�_POI�
7 w ´
	�´ t�/¢v�/ ´ 8 � 3���3,	 �����1��� � � 
 �.����� � � � ����� ��� ���,� ��� � � �1���-���%�F� �&�

a u b = a	 (a	 b)
�<� � � � �;C�R � A@?B?7K ¡ l��©lM£0��A�<�K(jMA�OS<�K.O

a 	 (a	 b) v a, b
� � A@O

c v a, b
k�AgH�V]?BA���V.��A@U

k�VML�a�^ VM�
a
Kna�^

b
� C�R�?0V]a�VnOSVMa#R Vn�dUSAIHJ|�^�L�K.OS|�V]a VMa�Ag<�K]H

a 	 b v a 	 c
��UJV]? ��<�|�_`<«|�O

��V]���}V.�ZH¦OS<�K.O
(a	 b) ⊕ c v (a	 c) ⊕ c = a t c = a

¡¢HJ|�a\_PA
c v a

£���;=<�A@a�k4R�_@KMa�_PAI����Knk�|��}|�O*R
c = (c⊕ (a	 b))	 (a	 b) v a	 (a	 b)

�
�

��A¦UJA�_@Kn�}�\OJ<�KnO=K0_PV]?0?
L�OSKnOJ|}jMAEUJA�H�|�^�L�KnOJA�^7�}KnO�OS|}_@A0¡ÔH�AIA � Y���CIm �9£�_PV]a�HJ|}H�OSH¨Vn�¤K0HJAPO
A
A �]L�|�[�[�AI^

��|�OJ<�K�H�OJUSL�_�OSL�USA�Vn�¨_@VM?B?dL�OSK.OS|�j]A�?BVMa�V]|}^
(A,⊕, 0)

��VM�¨K���K.OJOJ|�_PA0H*OSUJL�_POJL�USA
(A,∨,∧)

Kna�^�VM��K
USAIHJ|�^�L�K.OS|�V]a�V][\AIUSKnOJ|}VMa

	
KM^.W*VM|}a]O=OSVBOJ<�A�K]^�^�|�OJ|}VMa�|�a�OJ<�A�H�AIa�H�AEOS<�K.O

a⊕ b ≤ c ⇔ a ≤ c	 a
��<�A@USA

≤
|}H�OS<�A!��K.O�OS|}_@A¦VMU`^�A@U!¡�| � AM�

a ≤ b ⇔ b = a ∨ b
£P� C¨R�T�UJV][\V4H�|�OJ|}VMa\HE¡ l��}C�£�Kna\^�¡ l�� p]£¨OJ<�A

^�L�Kn��VM��K�T�APOJUS|�Kn�}qMAIk�U`K�|�H!K�_@VM?B?dL�OSK.OS|�j]A
USAIHJ|�^�L�K.OSAI^��}KnO�OS|}_@AM�B;=<4L\HEOJ<�AB��V]���}V.��|�a�q~|�^�A@a4OS|�OS|�A�H@�

D
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C�m �����������
	 ������
������ ������	���������	 � � ����	

��<�|}_`<gKMUJAZW*L�H*O¦VMk�OSKn|}a�A�^�k4R�^�L\Kn�}|��I|�a�q����#a�V.��a�|�^�AIa]OS|�OS|�A�HQVM�¨_PV]?B?dL�O`K.OJ|}jMAdUJA�H�|�^�L�KnOJAI^���K.OJOJ|�_PA�H@�
<�VM��^�H!¡¢KMa�^�?0V]UJAIV.jMAIU¨_@KMa�k\A�H�OJU`Kn|}qM<4O���V]UJ�=KnU`^��}R0_`<�AI_`�MA�^�£�(

(RL1) a⊕ (b u c) = (a⊕ b) u (a⊕ c)
(RL2) (a t b)	 c = (a	 c) t (b	 c)
(RL3) a	 (b u c) = (a	 b) t (a	 c)
(RL4) (a	 b)⊕ b w a
(RL5) a	 (a	 b) v b
(RL6) a⊕ (b	 c) w (a⊕ b)	 c
(RL7) (c	 b)⊕ (b	 a) w c	 a
(RL8) c	 b w (c	 a)	 (b	 a)
(RL9) b	 a w (c	 a)	 (c	 b)
(RL10) c	 b w (c⊕ a)	 (b⊕ a)
(RL11) (c	 a)	 b = c	 (a⊕ b) = (c	 b)	 a

K]HZ��A@�}�uK]HZOS<�Ad?BV]a�VnOSVMa#R~[�UJV][\AIU�O*R�KMHSHJA@UJOJ|}a�qBOJ<�KnO
x ⊕ y

|�H�|�a�_@UJA�KMHJ|�a�q��!� U�� OI�Ek\VMOJ<gKMUJq]L�?BA@a4OSH
KMa�^

x	 y
|�H�|}a�_PUSAIK]H�|}a�q0�!� U�� OI�

x
Kna\^~^�A�_PUSAIK]H�|}a�q0�!� U�� O��

y
�

;=<�A!��KMH�OZH*O`Knq]A�OSV.��KMUS^�OJ<�A![�UJV#Vn�uVn��;=<�A@V]UJAI? ¡Ôl�� Y#£�|�H�q]|�j]A@a�k#R�OJ<�A¦��V]���}V.��|�a�q
[�USVM[�V]HJ|�OJ|}VMa
7 w ´
	�´ t�/¢v�/ ´ 8 � 3���3,��������� � � 
 �.��� ���,��� ��� ����& �8� � � � � �����F�8�6
 � � ��� ��� ��&
¡ l�� p]£

(b⊕ c)	 a = (b	 a)⊕ (c	 (a	 b))
OS<�A�[�UJV#VM��Vn�d��<�|�_`<���V]���}V.�ZH���USVM? K:H�A �4L�A@a�_@AgVM�d|�a4OSA@US?0A�^�|�K.OJA�UJA�H�L���O`H~H�OSKMU�OS|�a�q���UJV]? OJ<�A

��V]���}V.��|}a�q
[�UJV][\AIU�O*R�(
B¨° 
�
,x�� 3-
���3 � � ����&�� ����� 	 � � ����� �*��������� � � 
��������
C]� ���

a w b
�&� ��� # � $

a = b⊕ c⇔ a	 b = c
����� # � � $

a w b⊕ c⇔ a	 b w c
� � �-�

a w c
�8� � � # � $

a	 b = c⇔ a	 c = a u b
����� # � � $

a	 b w c⇔ a	 c w a u b� � ���
a w b

�
� �
a w c

�&� ��� # � $
a = b ⊕ c ⇔ a 	 b = c ⇔ a 	 c = b

�
� � # � � $
a w b⊕ c ⇔

a	 b w c⇔ a	 c w b� �
a	 b = (a t b)	 b

�
���
b = (a t b)	 (a	 b)� �

b = (a u b)⊕ (b	 a)
�
���

b	 a = b	 (a u b)
�<� � � � ��C]�}¡¢|�|9£�� ( 2 �

a w b ⊕ c
OJ<�A@a

a 	 b w (c ⊕ b) 	 b = c
� !¨VMa#jMAIUSHJA@�}RM���}APO�L\H!KMHSH�L�?BA0OJ<\K.O

a	 b w c
�\��UJV]?

a w b
|�OQ��V]���}V.�ZH�OS<�K.O

a = (a 	 b) ⊕ b
KMa�^�OS<4L\H

a w c ⊕ b
�!CM��¡�|9£=��V]���}V.�ZH=��USVM?

C]�}¡¢|�|9£¨OJV]qMA@OJ<�AIU���|�OJ<�OS<�A�KM^(W*L�a�_�OS|�V]a (
a v b⊕ c⇔ a	 b v cl��}¡¢|�£P� ( 2 �

a 	 b = c
OS<�A@a

a 	 c = a 	 (a 	 b) = a u b
� !¨VMa#j]A@U`H�AI��R]����A@OdL�H�K]HJHJL�?BABOJ<�KnO

a 	 c = a u b
����USVM?

a w c
|�O¦��VM�}��V.�ZH�OS<�K.O

c = a 	 (a 	 c) = a 	 (a u b) = a 	 b
�
§�_�OSL�Kn�}�}R

a	 (a u b) =
� k#R�F � f �

(a	 a) t (a	 b) =
� k#R�|}a4OJY �

0 t (a	 b) =
� k#R�^�|}j�l �

a	 bl��}¡¢|�|9£�� ( 2 �
a 	 b w c

OJ<�A@a
a 	 c w a 	 (a 	 b) = a u b

� !¨VMa#jMAIUSHJA@�}RM���}APO!L�H�K]HJHJL�?BA0OJ<�KnO
a	 c w a u b

�#��UJV]?
a w c

|�O���VM�}�}V.�ZH�OS<�K.O
c = a	 (a	 c) v a	 (a u b) = a	 b

�
f���(�ª�VM�}�}V.�ZH���USVM? CM�
Y\��(�ª�VM�}�}V.�ZH���USVM? f���¡�|9£���HJ|�a\_PA

a t b = (a	 b)⊕ b
�
a t b w a w a	 b

KMa�^
a t b w b

�
e���(�ª�VM�}�}V.�ZH���USVM? f���¡�|9£���HJ|�a\_PA

a u b = b	 (b	 a), b w a u b
Kna�^

b w b	 a
�

�

�	� ÄZÐ©È@ÚPÄ*Ó¢Å Ä�ØÔÇ(ÄZÉ�ÓÔÑ(Ä*Ó�ÓÔÄ*ÃÜÊSØÔÐ©É�È�

��Ç(Ð©Ï®Ç0Ö�Ä�Ê`È(Å�ØÔÇ.ÊSØ���Ä�ÓÔÄ*Ò(ÃÜÊ`Ï*Ä
≤,∨



∧
ÓÔÄ*Å ÒnÄ*ÏÎØ Ð ÚPÄ*Ã �0Ë��

w


u


t
Ð©ÈdÄÎÚPÄ*Ó��

Ð©Ñ(Ä*È@ØÔÐ Ø��ZÚ�Ê`Ã©Ð©Ñ�×�É�Ó�Ø Ç�Ä�Ï�ÃÜÊ`ÅÔÅ¤É`×�Ï*É�Ö�Ö¨Â�Ø®ÊSØÔÐ ÚPÄ�Ó¢Ä*Å Ð©Ñ(Â.ÊSØÔÄ*Ñ!ÃÜÊSØÔØÔÐ©Ï*Ä��
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B¨° 
�
,x�� 3-
 
43���� � � � � ���!�F�8��
"� �
� � � ��� �
� �A� ��� ����	 ����� � ��� �<�8� �
�
& �����1��� � � 
��������

1. (b⊕ c)	 a = (b	 a)⊕ (c	 (a	 b))
2. c	 (a	 b) = ((b⊕ c)	 a)	 (b	 a)
3. [(b⊕ c)	 a]	 [c	 (a	 b)] = b	 a

�<� � � � � � APO
α = (b⊕ c)	 a

�
β = b	 a

KMa�^
γ = c	 (a	 b)

����a�AE<�KMH
α w β

k#R7?BVMa�VMOJV]a4R7KMa�^
¡Ô^�|}j�C(£���KMa�^

α w γ
��V]���}V.�ZH���UJV]? ¡¢F � p]£=KMa�^~|}^�AIa4OJ|�O*R�¡Ôl�� e]£�(

(b⊕ c)	 a w ((b⊕ c)	 b)	 (a	 b) w c	 (a	 b)
;=<#L�H=k#R � A@?B?7K�l��}CIm��}¡Ôf�� |�£�|��u��VM�}�}V.�ZH�OJ<�KnO

α = β ⊕ γ ⇔ α	 β = γ ⇔ α	 γ = β
�

�
B¨° 
�
,x�� 3-
 � 3 � � ����& �����1��� � � 
��������

b w c ⇒ a⊕ (b	 c) = (a⊕ b)	 c
c w b ⇒ (a⊕ b)	 c = a	 (c	 b)

�<� � � � � 2 �
b w c

OS<�A@a
(b	 c)⊕ c = b

Kna�^�OJ<#L�H
a⊕ (b	 c) = (a⊕ (b	 c)⊕ c)	 c = (a⊕ b)	 c

�
2 �
c w b

OS<�A@a
c 	 (c 	 b) = b

Kna�^�OJ<#L�H
a ⊕ b = a ⊕ (c 	 (c 	 b)) = (a ⊕ c) 	 (c 	 b)

L�HJ|�a�q
OS<�A![�USAI_@AI^�|}a�q0[\V]|�a4OQKna\^�k�AI_IKnL�HJA

c w c	 b
� 2 O���VM�}�}V.�ZH

(a⊕ b)	 c = ((a⊕ c)	 (c	 b))	 c =
((a⊕ c)	 c)	 (c	 b) = a	 (c	 b)

�
�

B¨° 
�
,x�� 3-
 ��3���� � � � � ���!�F�8��
 � � ��� ��� � & � � � ���>�8� ����& ��������� � � 
��������

c	 (a	 b) = ((b⊕ c)	 a)	 (b	 a)
�<� � � � �

((b⊕ c)	 a)	 (b	 a) =

= [(b⊕ c)	 ((a u b)⊕ (a	 b))]	 (b	 a)
B¨° 
 
,x�� 3�
 ��3�� ���

= [((b⊕ c)	 (a u b))	 (a	 b)]	 (b	 a)
� B 
 


= [(c⊕ (b	 (a u b))	 (a	 b)]	 (b	 a)
B¨° 
 
,x�� 3�
 � 3��,
�� t�/18¤y °

b w a u b
= ((c⊕ (b	 a))	 (a	 b))	 (b	 a)

B¨° 
�
,x�� 3-
���3�� ���
= ((c⊕ (b	 a))	 (b	 a))	 (a	 b)

� B 
 


= c	 (a	 b)
� � 3����

�
;=<�AQ[�UJV#VM��VM��T�USVM[�V]HJ|�OJ|}VMa�¡Ôl�� �4£�Kna�^
OJ<�A@USAP��USVM?�VM��;=<�A@VMUSA@? ¡Ôl�� Y#£¤��VM�}��V.�ZHu��USVM? ��AI?0?7K�¡ l��}CMC(£

KMa�^~��AI?0?7K�¡ l��}CIf]£P�
4 ´ w ´ ,�,¢x�w ± � 3�
 �13*�����1��� � � 
�������� �,��� �1� �
	 ��� �8� � � � � �����F�8�6
 ��� 	 ��� � � ��� ���
¡ l�� �]£

a w b⊕ c ⇔ a w b
�
� �

a	 b w c
�<� � � � �

a w b⊕ c ⇔

⇔ (b⊕ c)	 a = 0
C�R�|}a4OIC

⇔ (b	 a)⊕ (c	 (a	 b))
C�R~l�� p

⇔ b	 a = 0
KMa�^

c	 (a	 b) = 0
C�R�^�|}j#f

⇔ a w b
Kna�^

a	 b w c
C�R�|}a4OIC

�

D
D ÈFE�G�H�G�G



C(l �����������
	 ������
������ ������	���������	 � � ����	

2 ^�AIa4OJ|�O*R�¡Ôl�� p]£�|}H=KMa�|�a4OSA@USa�Kn�}|���K.OS|�V]a7Vn��¡Ôl�� �4£�L\H�|}a�q�OS<�A¦K.N�|�V]?7K.OJ|}�IKnOJ|}VMaBVn��OJ<�AEVMU`^�A@U¨UJAI�}KnOJ|}VMa (
a v b⇔ a	 b = 0

�
l�� f�� rBµuµ
/¢v�/ ´ 8ux , 	 w ´
	�° w(v�/ ° t ´�� v�- ° � w / 8,0~w ��, °�3 � APO¨L�H�_PV]a�HJ|}^�AIU�K¦a�A@O�V.jMAIU�K¦TuA@OJUS|\KM��q]A@k�U`K
A,

OJ<�A@a���A�_IKna |}a�^�L�_POJ|}jMA@�}R6^�AP{�a�A�OS<�AgKM[�[��}|}_IK.OJ|}VMa\H
Pre, Post : P × T ∗ → A

k#R6��A@O�OJ|}a�q
ϕ(p, u) = (Pre(p, u), P ost(p, u))

��<�A@USA
ϕ(p,−) : T ∗ → A×A

|�H�OS<�A�L�a�|��4L�A�?BVMa�V]|}^¦?BVMUS[�<�|�HJ?
HJL�_`<7OS<�K.O�OJ<�AQ|}?BKMqMA�H

ϕ(p, t) = (Pre(p, t), P ost(p, t))
Vn��OS<�A�q]A@a�AIUSKnOJV]USH

t ∈ T
k\AEqM|}jMAIa7k4RBOS<�A

�\V.�«USA@��K.OJ|}VMa\H¨VM�¤OS<�A¦a�APO���;=<�AIa�OS<�A¦��VM�}��V.��|}a�qB<�V]�}^�H�(

Pre(p, ε) = Post(p, ε) = 0
Pre(p, uv) = Pre(p, u)⊕ (Pre(p, v) 	 Post(u, p))
Post(p, uv) = (Post(p, u)	 Pre(p, v))⊕ Post(p, v)


 - °#´ w ° 
 � 3-
 �)3 ��� ��
���� ����� � � � � � ������� ��� �1� ��� ����� � ��� �
� M [u〉M ′
��� � ���8��
)�&� � ��� � ��� � � � � � �>� ��� �

��	 ��� ���
u
� � ������� ��� �1� ��� � � ����� �8�6
 ��� ���

M
� �
M ′

� � 
 ��� � � �,&>�
�
& � �<�8� �<�&�6����� � � � �����F�8�6
)����	 ��� � � ��� �
� ����� � ��� �
� �

� �
∀p ∈ P M(p) w Pre(p, u)

�
� �
M ′(p) = (M(p)	 Pre(p, u))⊕ Post(p, u)

� �
∀p ∈ P M ′(p) w Post(p, u)

�
� �
M(p) = (M ′(p)	 Post(p, u))⊕ Pre(p, u)� �

∀p ∈ P M(p) w Pre(p, u) � M ′(p) w Post(p, u)
�
� �

M(p) 	 Pre(p, u) = M ′(p) 	
Post(p, u)
�<� � � � � ��a
OJ<�A�VMa�A�<�KMa�^
�¨A�<�K(j]A�OSV�H�<�V.�,OJ<\K.O�OJ<�A=OJ<�USA@A�Knk�V.jMA�_@VMa�^�|�OJ|}VMa\H�KnUSA�A �4L�|�j.KM��AIa]O��MKna\^
V]a�OJ<�A!VMOJ<�AIUZ<�Kna\^�OS<�K.O�OS<�A@R�^�V�_PV]UJUSAIHJ[�VMa�^�OJVBOJ<�A�qMAIa�A@U`Kn�}|��IAI^�OJU`Kna�HJ|�OS|�V]a�UJAI�}KnOJ|}VMa

M [u〉M ′
�

;¤V7H�|}?B[��}|���R��¨A!HJ<�Kn�}��K]^�VM[�O�<�AIUJA!j]AI_POJVMUS|�Kn��a�VnO`K.OS|�V]a�H=k#R�L�HJ|�a�q
OS<�A![�USV�^�L�_�OQKM��q]A@k�U`K
AP

��<�|�_`<
HSK.OS|}H���R�OS<�A�HJKM?BA
[�USVM[�A@UJOJ|}AIHEOS<�Kna

A
��VMU¦OS<�A�_PV]UJUSAIHJ[�VMa�^�|}a�q~[\V]|�a4O*��|�H�A7^�A@{�a�AI^�V][\AIUSKnOJ|}VMa�HI� 2 O

KM?BVML�a4OSH¨OSVB_@VMa�HJ|�^�A@U�K0a�APO���|�OJ<�VMa���R�V]a�AE[��}K]_PA¦��<�V4H�A!Kn�}qMAIk�U`K�|�H�OJ<�A¦[�USV�^�L�_�O�VM�¤OS<�A!Kn�}qMA@k�USK]H
VM��OS<�A!VMUS|�q]|�a\Kn��a�APO��

!¨V]a�_PAIUJa�|}a�q�OJ<�A
��VMUS?BA@UE[\V]|�a4O¦�¨AdOJ<#L�HE<�K(jMAdOJV~AIH�OSKnk���|�H�<gOJ<�A0A	�4L�|}j.Kn�}A@a�_@Adk�APO*��A@AIa�OJ<�Ad��V]���
�}V.��|}a�q0K]HJHJA@UJOJ|}VMa\H@�
C]�
M w Pre(u)

Kna\^
M ′ = (M 	 Pre(u))⊕ Post(u)l��

M ′ w Post(u)
Kna�^

M = (M ′ 	 Post(u))⊕ Pre(u)f��
M w Pre(u) 	 M ′ w Post(u)

Kna�^
M 	 Pre(u) = M ′ 	 Post(u)ª�VMU=OJ<\K.OZ[�L�US[�V]HJAE��A¦UJA�_@KM����OS<�A!A	�4L�|}j.Kn�}A@a�_@AB¡ l�� �]£

a w b⊕ c ⇔ a w b
Kna�^

a	 b w c
��<�|}_`<�Kn�}��V.�ZH�L�H�OJV7_PV]a�_P�}L�^�A¦OS<�K.O

[M ′ w (M 	 Pre(u))⊕ Post(u)] ⇔ [M ′ w Post(u)
Kna�^

M ′ 	 Post(u) wM 	 Pre(u)]
��<�|}_`<���|}a�OJL�USa���|}a�_PV]a.W*L�a�_POJ|}VMa���|�OS<

[(M 	 Pre(u))⊕ Post(u) wM ′] ⇔ [M ′ 	 Post(u) vM 	 Pre(u)]
OS<�K.O�|�OSHJA@����|}H¨KnaB|}a�H*O`Kna�_@A�Vn��_PV]a�^�|�OJ|}VMa�¡Ôl�� f4£�[�USV.jMAIH¤OS<�AZA	�4L�|}j.Kn�}A@a�_@A�k\A@O*�¨AIA@a7KMHSHJA@UJOJ|}VMa�H�¡�C�£�Kna\^
¡Ôf]£�Knk�V.jMA]��;=<�A!A	�4L�|}j.Kn�}A@a�_@AEk�APO*��A@AIa�K]HJHJA@UJOJ|}VMa\HE¡ lM£=KMa�^�¡Ôf]£=KMUJAE[�USV.jMA@a�H�|}?B|���KnUS�}RM�
§�H¦�¢KnU�K]HQOS<�A�HJAI_PV]a�^�[\V]|�a4O!|}Hd_PVMa\_PA@USa�A�^��}APO�L�HEOSA@?B[\V]USKMUJ|}�}R�^�A@a�VMOJA

M [u]M ′
OJ<�A7USA@��K.OS|�V]a

q]|�j]A@a�k#R�Kna#R�Vn��OJ<�A7OS<�USA@A�KMHSHJA@UJOJ|}VMa�HEOS<�K.O���A7<�K(jMA7[�UJV.j]AI^�OSV�k�A7A	�4L�|}j(KM��AIa4OI����A�USAI_IKn�}��OJ<�A

5&69D�587



���������
	�� 
���������� C�f

|�^�AIa]OS|�OS|�A�H
Pre(ε) = Post(ε) = 0
Pre(uv) = Pre(u)⊕ (Pre(v) 	 Post(u))
Post(uv) = (Post(u)	 Pre(v)) ⊕ Post(v)

��A�^�A�^�L�_@A�OJ<�KnO
M [ε]M ′ ⇔ M = M ′ ⇔ M [ε〉M ′

��<�A@USA
ε ∈ T ∗

|�H�OJ<�A�A@?B[�O*R
��VMU`^��=Kna�^:k#R6^�AP{�a�|�OJ|}VMa

M [t]M ′ ⇔ M [t〉M ′
��VMU

t ∈ T
KMa#R,OJU`Kna\H�|�OJ|}VMa�� 2 O�UJAI?7Kn|}a�H0OJV

[�UJV.j]A7OJ<�KnO
M [uv]M ′ ⇔ ∃M” · M [u]M”

Kna�^
M”[v]M ′

|}a�VMU`^�AIUdOSVgk�A�KMk��}A�OJV�^�A�^�L�_PA
OS<�K.O

{M [u]M ′ | u ∈ T ∗}
|�H�OS<�A�OJU`Kna�HJ|�OS|�j]Ag_P�}V]HJL�USA�Vn�!OS<�A�A@�}A@?BA@a4OSKMUJR6OJU`Kna\H�|�OJ|}VMa USA@��K.OS|�V]a

{M [t〉M ′ | t ∈ T}
Kna\^�OJ<�KnOE|�O!_PVMa\H�A �]L�A@a4OJ�}R�_@VM|}a�_P|�^�A�HQ��|�OJ<

{M [u〉M ′ | u ∈ T ∗}
�¦ª�V]UQOS<�K.O

[�L�UJ[�V]HJAM���}APOZL\H=VMk�HJA@USjMA�OJ<�KnO

(0,M)⊗ (Pre(u), P ost(u)) = (Pre(u)	M, (M 	 Pre(u))⊕ Post(u))
KMa�^�OJ<#L�H

M [u]M ′ ⇔ (0,M ′) = (0,M)⊗ (Pre(u), P ost(u))
¡¢�¨A¦USAI_IKn�}��OJ<�KnO

a w b ⇔ b	 a = 0
£�� C�R�^�A@{�a�|�OJ|}VMa�Vn�¤OJ<�A!?7Kn[\H

Pre
Kna�^

Post
VMa�AE<\KMH

(Pre(uv), P ost(uv)) = (Pre(u), P ost(u))⊗ (Pre(v), P ost(v))
��<�|}_`<!Kn�}�}V.�ZH�L�H�OJVZ_@VMa�_@��L\^�AM��VMaEOJ<�A�k�KMHJ|�H�Vn�4OJ<�A¨KMHSH�V�_P|�K.OS|�j#|�O*R�Vn�

⊗
�@OS<�K.O

(∃M” ·M [u]M”
KMa�^

M”[v]M ′) ⇒
M [uv]M ′

� 2 a�VMU`^�A@UQOJV�AIH�OSKMk���|�HJ<�OJ<�A0_@VMa#jMAIUSHJAd^�|}UJA�_�OS|�V]ag|�OEUSA@?7Kn|}a�HQOJV�jMAIUJ|���R�OJ<�KnO
M [uv] ⇔

M [u]
Kna\^

M ∗ u[v])
��<�AIUJA

M ∗ u
H�OSKMa�^�H���VMU

(M 	 Pre(u)) ⊕ Post(u)
Kna\^ ��<�AIUJA

M [u]H�OSKMa�^�H���V]U
∃M ′ · M [u]M ′

OS<�K.O�|�H�OJV HSK(R
M w Pre(u)

� C�R ^�AP{�a�|�OS|�V]a VM�
⊗
VMa�A�<�K]H

M [uv] ⇔ M w Pre(uv) = Pre(u) ⊕ (Pre(v) 	 Post(u))
�=��<�|�_`< k#R«¡Ôl�� �M£d|�H7A �]L�|�j.K.�

�}A@a4OEOJV
[M w Pre(u)

x 8¤µ
M 	 Pre(u) w Pre(v) 	 Post(u)]

��<�|�_`<���|}a�OSL�USa�k#R�KM^.W*L�a�_�OS|�V]a
¡¢A	�4L�KnOJ|}VMagl�� Y4£�|}H�A	�4L�|}j.Kn�}A@a4OZOJV

[M w Pre(u)
x 8uµ

(M 	 Pre(u)) ⊕ Post(u)) w Pre(v)]
��|Ô� AM�

M [u]M ′
x 8uµ

M ∗ u[v]
3

�

l�� Y\� 7�° v@w /¤x&, 0 ° suw.x�t 3Q��A�<\K(jMA=H�V��¢KnU�|�^�A@a4OJ|���R!OS<�A�H�A@O�VM�\_PV]a�^�|�OJ|}VMa�H¤OS<�K.O�HJ<�VML���^
k\A���L���{��}��A�^dk#R
T�A@OJUS|�Kn�}qMAIk�USK]H�H�VEOS<�K.O���AZ_@KMaB[��}K(RdOJ<�A=OSVM�]A@aBq]KM?0AZKMa�^
OJ<�AQUJA�H�L���OJ|}a�q¦{�US|}a�q¦UJL��}AZ|�H�KMHSHJV#_@|}KnOJ|}jMA]�
;¤V�H�L�? L�[���OJ<�AIHJA0H�OJUSL�_�OSL�USAIHEKnUSA0^�L\Kn��H�VM�¨_PV]?B?dL�O`K.OJ|}jMA
UJA�H�|�^�L�KnOJA�^���K.O�OS|}_@AIHE��<�V4H�A0?BA@APO!Kna\^
W*V]|�a\HQKnUSA!qM|}jMAIa�k4R~OJ<�A���VMUS?dL��}K]H

a t b = a 	 (a	 b)
Kna\^

a u b = b⊕ (a 	 b)
�Z¥�V]UJAIV.jMA@U=OS<�|�H

��K.OJOJ|�_PA¦|�H¨|}a4OJAIqMU`Kn��|�a~OJ<�A¦HJA@a\H�AEOJ<\K.O=OJ<�A¦a�AIL�OJU`Kn��AI��AI?0AIa4O���V]U=OJ<�A!HJL�? |�H�Kn��H�VdOJ<�A¦�}AIK]H*O�A@�}A@?BAIa]O
VM�¤OS<�A���K.OJOJ|�_PAM�¨ª¤|}a�KM���}R�OS<�A�L�a�^�A@US��R#|}a�q7?BVMa�V]|}^~|}HQ_@Kna\_PA@�}��Knk��}A�Kna�^~OS<�|}HQ_PVMa\^�|�OS|�V]a�|}H�A �4L�|�j.KM��AIa]O
OSV0OJ<�A!|�^�A@a4OS|�O*R�¡Ôl��©eM£ 3
7 w ´
	�´ t�/¢v�/ ´ 8 � 3-
 ��3,	 ��������� � � 
 �.��� �'� ��� ��� ��� � � � � �����

A
����	 � ��� � � � � �8���F� �&� � ����� 	���� 	 ��� � � �

� �!�)� 	 � � �1��� �%� ����� � �
(A,⊕, 0)

�
� � �)����� 	���� 	 ��� � �A� � � ���1�-���
(A,t,u)

� 	�� � �&� � � (
� �;�&� � � ��	 ����� � ��� � �)��� � � �,�8� �>� ��� ������� �,� ��� ��� �,�&� �A� � ���1�-���*(

0 v a
�

� ����	 � ����� � ����� ��� ��� �8�#�
	
� � � ������� ����� � � � � & �&� � 	�� ��� ������� � � � ��� ������&�(

a⊕ b w c ⇔ a w c	 b
� �

(a⊕ b)	 b = a
�

� �
a u b = a	 (a	 b)

�
� �
a t b = b⊕ (a	 b)

�

D
D ÈFE�G�H�G�G



CIY �����������
	 ������
������ ������	���������	 � � ����	

�<� � � � � 2 O�W*L�H*O¨UJAI?BKM|�a\HuOJV![�USV.jMA�OJ<\K.O¨K!H�OJUSL�_�OSL�USAZHJKnOJ|�H�R#|}a�qEOJ<�AQ_@VMa�^�|�OS|�V]a�H�H*O`K.OSAI^B|}a
OS<�AZ[�USVM[�Vn�
HJ|�OJ|}VMa�jMA@US|���R7OJV0OJ<�A¦��VM�}��V.��|}a�qB[�USVM[�A@UJOJ|}AIHI�
C]�
a w b ⇔ ∃c · a = b⊕ cl��
a w b ⇒ a = b⊕ (a	 b)

�
;=<�AB��K.OJOJA@U¦|�H!Kna�|�?B?BAI^�|�K.OSA7_PVMa\H�A �]L�A@a�_@A
VM�

a t b = b ⊕ (a 	 b)
KMa�^�|�O!A@a4O`Kn|}�}H�OJ<�A0�}AP�9O¦OSV

US|}qM<4O¨|}?B[���|�_@KnOJ|}VMa�VM��OJ<�AQ��V]UJ?BA@U.(
a w b ⇒ ∃c · a = b⊕ c

��;=<�A¦_PV]a#jMA@U`HJA�|�?B[��}|}_IK.OS|�V]a���VM�}�}V.�ZH
��USVM? OJ<�A7|�^�AIa]OS|�O*R

a ⊕ b w a
��<�|}_`<�|}a�OJL�USa�_@Kna�k�A¦W*L�H�OJ|�{�AI^�K]H¦��VM�}��V.�ZHI� 2 ^�AIa]OS|�O*R

a ⊕ 0 = aAIa4OSKn|}��H�k#R0K]^(W*L�a�_POJ|}VMaBOS<�K.O
a	a v 0

¡¢Kna\^BOJ<#L�H
a	a = 0

£���hZV.�:OS<�AZ|�^�A@a4OJ|�O*R
a	a v b

A@a4OSKM|���H
k#R�K]^(W*L�a�_POJ|}VMa�OJ<�A!UJA �]L�|�USAI^�[�UJV][\AIU�O*R�(

a⊕ b w a
�

�
F�A�_@KM����OJ<�KnO¨K!_PV]?0?
L�OSKnOJ|}jMA��¦¥�­Q�®KM��q]A@k�U`K7¡ � f�� � ��£�|}H¨K!_PV]?0?
L�OSKnOJ|}jMA�USAIHJ|}^�L�K.OSAI^0�}KnO�OS|}_@AQH�L\_`<

OS<�K.O
a ∨ b = a 	 ((a 	 b) ∧ 0) 	

|�O�Kn��H�V�HJKnOJ|�H*{\AIH
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Mθ = [0]θ
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T�A@OJUS|�Kn�}qMAIk�USK�|�H�OJ<�AIa�H�L�k�^�|}USAI_�OS��R
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M(x) = {y ∈ A | ∃k ∈ N · y v k · x = x⊕ · · · ⊕ x
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y � x ⇒ y = 0
��<�A@USA¦UJAI�}KnOJ|}VMa

�
|}H�q]|�j]A@a~k4R
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y @ x
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y � x ⇔ ∀k ∈ N · k · y @ x
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(x, y) ≤G◦H (x′, y′) ⇔ x <G x′
V]U

(x = x′
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y ≤H y′)
2 �
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KMHSH�V�_@|}KnOJ|}jMA7Kna�^���A�_@KMa,^�AP{\a�AI^�|}a�^�L�_POJ|}jMAI��R
Ln (G) = (Gn)+
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n ∈ N
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u ≤lex v ⇔ u <lex v
V]U

u = v
��<�A@USA

u <lex v ⇔ ∃n ∈ N ∀m ≤ n um = vm

KMa�^
un <G vn;=<�A¨|}a�^�L�_POJ|}jMA=�}|�?B|�OI�nV]U &ÎL�a�|}VMa & ⋃
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Lex(G, n) . Lex(H,m)
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Kna�^�¡¢|�|9£ZKM����AI��AI?BA@a4OQ|}a
Gi

KnUSA�_PV]?0[\KnU`Knk��}A
(
ai, a

′
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ϕi : A → Ai

k\A
OS<�A�?BKM[�HJL�_`<�OJ<\K.O

ϕi(a) = ai

��<�A@USA
a = an ⊕ · · · ⊕ a1

��|�OS<
ai ∈ Ai

��;=<�A�H�A~?BKM[�H0KnUSA
?BV]a�VM|�^�?BVMUS[�<�|�H�?7HI���¨A��}APO

ϕ :A → An ◦ · · · ◦ A1

^�A@a�VnOJA~OJ<�A~?BVMa�VM|�^�?BVMUS[�<�|�H�? VMk�OSKn|}a�A�^

D
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C�p �����������
	 ������
������ ������	���������	 � � ����	

(1,0)
a b

(0,1)
(1,0)

�<$&-
! �)*��������Q§ O*�¨V7^�|}?BA@a�HJ|�V]a�Kn���}APN�|�_PV]qMU`Kn[�<�|�_�TuA@OJUS|�a�APO

k#R�_@VM�}��A�_�OS|�a�q�OS<�A@? (
ϕ(a) = (ϕn(a), . . . , ϕ1(a))

� C�R�_@VMa�H�OJUSL�_�OS|�V]a
ϕ
|}H7KMa |�a.W*A�_�OS|�V]a6��|�OJ<

�}AP�9OJ� |}a#jMAIUSHJA
ψ : An ◦ · · · ◦ A1 → A

q]|�j]A@a�k#R
ψ (xn, . . . , x1) = xn ⊕ · · · ⊕ x1

�Z;=<#L�H
ϕ
|}a�^�L�_@AIH

KMa~|�HJVM?BVMUS[�<�|�H�? k�APO*��A@AIa�OS<�A!?BVMa�V]|}^~USAI^�L�_PO�Vn�
A
KMa�^�K0HJL�k�?BV]a�VM|�^�VM��OS<�A!?BVMa�V]|}^~UJA�^�L�_PO=VM�

An ◦ · · · ◦ A1

��hZV.� k4R�^�AP{\a�|�OS|�V]a�Vn�=OJ<�A���A@N�|}_@VMqMU`Kn[�<�|}_0V]US^�AIU!�¨A�<�K(jMA0OJ<\K.O�OS<�|}Hd|�anW*AI_�OS|�V]a
ϕ[�UJA�H�AIUJj]AIH�Kna\^�UJA@��AI_POSH�OS<�AdUSAIHJ[�AI_�OS|�j]A!VMU`^�A@UQUJAI�}KnOJ|}VMa�HI�ZX#|�a\_PA�USAIHJ|}^�L�K.OS|�V]a�|�a�K7T�A@OJUS|uKM��q]A@k�U`K0|}H

_`<\KnU`KM_�OSA@US|��IAI^�k4R~OJ<�A�?BVMa�V]|}^�H�OJUSL�_�OSL�UJA�KMa�^~OJ<�AdVMU`^�A@U�USA@��K.OS|�V]a�����Ad^�AI^�L�_PA¦OS<�K.OZOS<�A�|}?7KnqMA!VM�
A
k#R

ϕ
|}H�K7HJL�k��ÎKn�}qMAIk�USKdVn�

An ◦ · · · ◦A1

�
�

C�R~;=<�A@VMUSA@? f���C¦��A!^�AI^�L\_PA¦OJ<�A¦��VM�}��V.��|}a�q0UJA�H�L���OI�

 - °#´ w ° 
 ��3 ��3 � � ��� & 
 ��� ����� � � � � � ���������$� ���*� � ��� 	 ��� � � ��� � � � ���!�)� � � � �-� ��
 ����� �6�-� ���������$����� �
� � � � ��������� ����� & (

GenPetri ≈ Lex (R)
��A�<�K(j]A!|�a��¢K]_�OQ[�USV.jMA�^~KB?BV]UJA![�USAI_@|}HJA!USAIHJL���O���a�KM?0AI��R~OJ<\K.OQAIjMA@USR�q]A@a�AIUSKM��|}�@A�^�T�APOSUJ|¤a�APO�|}H

A �4L�|�j.KM��AIa]O�OJVdKE{�a�|�OSA�^�|}?BA@a�HJ|�V]a�Kn����A@N#|�_PV]qMU`Kn[�<�|}_=T�APOSUJ|\a�APO¨k�KMHJAI^BV]aBOJ<�AQK]^�^�|�OJ|}jMAZq]UJV]L�[BVn��USAIKn�
a#L�?
k\AIUSHI��| � A]�

GenPetri ≈
⋃

n<ω Lex (R, n)
�

7 w ´
	�´ t�/¢v�/ ´ 8 ��3 �)3
Petri = Lex(Z, 1) � GenPetri

�<� � � � �Z��Ad[�UJV.j#|�^�AdKna�A@N�Kn?B[��}A
HJ<�V.��|�a�qBOJ<�KnO
Lex(Z, 1) � Lex(Z, 2)

��| � A]�ZOJ<\K.O��}APN�|�_PV]qMU`Kn[�<�|�_
T�A@OJUS|�a�A@OSH¨k�KMHJAI^BV]aBOJ<�A�qMUSVML�[7VM��|}a4OJAIqMA@U`H�VM��^�|�?BAIa�H�|}VMa�l!KnUSAQKn�}USAIKM^�R
H�OJUS|}_POJ�}R
?BVMUSAZA@N#[�UJA�HJHJ|�j]A
OS<�Kna�OS<�Ad_P��KMHSH�VM��T�A@OJUS|�a�APO`H@� � A@OQL�H�^�A@a�VMOJA

n · ω +m
OS<�A�A@�}A@?BAIa]O

(n,m) ∈ Z ◦ Z
Kna�^��}APOQL\H

_@VMa�HJ|�^�A@U�OJ<�A!a�APOZVM�¤O*R#[�A

L2 = (Z ◦ Z)+ = {(n,m) | (n = 0
Kna�^

m ≥ 0)
VMU

(n > 0
Kna\^

m ∈ Z)}
^�A@[�|�_�OSAI^�|}a�ªu|}q��¦f��}CM�¦;=<�|�H�a�APO¦<�KMHEK�L�a�|��4L�A0[���KM_PA

P = {p}
Kna�^�O*��V�OSUSKMa�HJ|�OS|�V]a�H

T = {a; b}��|�OJ<BOS<�A���V]���}V.��|�a�q��\V.�6USA@��K.OS|�V]a�H
Pre(p, a) = ω

�
Pre(p, b) = 1

APO
Post(p, a) = Post(p, b) = 0

�
ª�UJV]? OJ<�A�|�a�|�OS|}KM�¨?7KnUS�#|�a�q

ω
OJU`Kna\H�|�OJ|}VMa

a
_@KMa�{�USA�V]a�_PA

ω [a〉 0
KMa�^�OJU`Kna\H�|�OJ|}VMa

b
_@Kna,{�UJA�Kna

|}a�{�a�|�OSA!a4L�?dk�A@U�Vn�uOJ|}?BA!��A�KM^�|}a�q0OJV0OS<�A!|�a�{�a�|�OJA¦{�US|�a�qBHJA	�4L�AIa�_PA

ω [b〉ω − 1 [b〉ω − 2 . . . [b〉ω − n . . .
KMa�^�OJ<�AIUJA�KMUJABa�VgVnOJ<�A@U¦OJU`Kna\H�|�OJ|}VMa�H�|�a�OJ<�A�?7KnUS�4|}a�q�qMU`Kn[�<�VM��OS<�A7a�A@OI��X#L�[�[�V]HJABOJ<�AIUJA7A@N�|}H�OSH
HJVM?BA�T�A@OJUS|�a�A@O
��|�OJ<�KMa�|}HJVM?BVMUS[�<�|�_B?7KnUS�#|�a�q�q]USKM[�<���X#|}a�_PA�OJU`Kna�HJ|�OS|�V]a

b
_@KMa�{�UJA~Kna�|}a�{�a�|�OJA

a#L�?
k\AIU�Vn�uOJ|}?BAM��KMa�^

M0 [bn〉Mn ⇒ ∀p ∈ P Mn(p) = M0(p)− n× (Pre(p, b)− Post(p, b))
��AQ^�A�^�L�_@AZOJ<\K.O���V]U�AIjMA@USR0[��}K]_PA

p
|�O�|}H�OJ<�A�_@K]H�AZOJ<�KnO

Post(p, b) w Pre(p, b)
KMa�^0OJ<#L�H

Mn(p) w
M0(p)

�0C�R!?0V]a�VnOSVMa#R!Vn��OJ<�A�{�US|�a�q�USL��}AM�nKna#REOJU`Kna\H�|�OJ|}VMadOJ<�KnO�_IKnad{�UJA�|}adOS<�A¨|}a�|�OJ|�Kn��?7KnUS�#|�a�q
M0
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	�� 
���������� C �

_IKna�KM�}HJV¦{�USA�|�a�KMa#RdVn��OS<�AQ?7KnUS�#|�a�q]H
Mn

V]k�OSKM|�a�A�^Bk#R�{�US|�a�q
b
��;�U`Kna�HJ|�OJ|}VMa

a
|�H�|}a�_PV]a4OJU`KM^�|�_�OS|�V]a

��|�OJ<�OS<�|}HZ[�UJV][\AIU�O*R]�
�

C�R�q]A@a�AIUSKM��|}�@|}a�q
VMa�OJ<�A�KMk\V.j]A���A!_PV]L��}^~AIH�OSKMk��}|}HJ<�OS<�K.O

n < m < ω ⇒ Lex(Z, n) � Lex(Z,m) � Lex(Z)
|�OQ_@KMa�KM�}HJV0k\A�HJ<�V.��a~OJ<�KnO

Lex(Z, n) ≈ Lex(Q, n) � Lex(R, n)

f�� f�� B¨°�� /¢y ´ 0\w(x 	 -9/¢y 7Q° v@w /;8 ° vIt�x 8¤µ 7Q° v@w /�8 ° vIt ³ /¢v�- / 89-
/¢s9/¢v ´ w~x�w.yMt 3 2 OEKM[�[\A�KnU`H=OJV~k\A
^�| +�_PL���O=OJV
VMk�O`Kn|}a~H�OJUS|}_PO¨APN#OSA@a�HJ|�V]a�H�Vn��OS<�AE_@�}K]HJH¨Vn�¤TuA@OJUS|�a�APO`H�OS<�K.O=[�USAIHJA@USjMAQKM����Vn�¤|�O`H�^�AI_P|�^�KMk���A
[�UJV][\AIU�OS|�A�H@��¥�KMa#R�VM��OJ<�A�H�A~APN#OJAIa�H�|}VMa\H@���}|��]A7OJ<�A�_P��KMHSH�VM�ZTuA@OJUS|¨a�APOSH
��|�OJ<,|}a�<�|}k�|�OJVMUBKnU`_@HI��KnUSA
|}a�^�AIAI^�;¤L�UJ|}a�qM� [�V.�¨AIU���L��Ô�
?�°�� 89/�v./ ´ 8 ��3���3¦§bT�APOSUJ|�a�APOE��|�OS<�|�a�<�|�k�|�OJV]U�KMUS_IH=|}H�K7H*OSUJL�_POJL�USA

N = (P, T, Pre, Post, M0)��<�A@USA
P
�
T
�
Post

��Kna�^
M0

¡¢|�a�|�OS|}KM��?BKMUJ�#|}a�q4£¨KnUSA�^�AP{�a�A�^~K]H¨��VMU�OJ<�A¦L�HJL�KM��T�A@OJUS|�a�APOSHI�
Pre

|}H=K
?7KM[7��UJV]?

P ×T
OSV

N∪ {ς}
��<�A@USA

ζ
|}H�KdHJ[\A�_P|�Kn��H�R#?
k\V]�Ô����AEHSK(RdOS<�K.O=��AQ<�K(j]AQKna�|}a#k�|�OJVMU=KnU`_

��USVM? [���KM_PA
p
OJV7OSUSKMa�H�|�OJ|}VMa

t
��<�A@a

Pre(p, t) = ς
��;¤USKMa�HJ|�OS|�V]a

t
|�H�{�U`Knk���A!|}a�?7KnUS�4|}a�q

M ∈ NP

��<�A@a

∀p ∈ P [Pre(p, t) ∈ N ∧ M(p) w Pre(p, t)] ∨ [Pre(p, t) = ς ∧ M(p) = 0]
| � AM��OS<�A@R�KnUSA¦A@a�V]L�qM<�UJA�H�V]L�U`_PAIH�|}a�OJ<�A!|}a�[�L�OQ[���KM_PA�H

•t = {p ∈ P | Pre(p, t) > 0}
Vn�uOJU`Kna�HJ|�OS|�V]a

t
KMa�^�KM���uVn��|�OSH�|�a�<�|�k�|�OS|�a�q�[���KM_@AIH

◦t = {p ∈ P | Pre(p, t) = ς}
KnUSA�AI?0[�O*RM�¦;=<�A@a�OS<�A�{\UJ|}a�q�VM�

OSUSKMa�HJ|�OS|�V]a
t
��A�KM^�H�OSV�K
a�A@�«?7KMUJ�#|}a�q

M ′
^�AP{�a�AI^�KMH���V]���}V.�ZH�(

∀p ∈ P M ′(p) =

{
M(p)− Pre(p, t) + Post(p, t)

|��
Pre(p, t) ∈ N

M(p) + Post(p, t)
|��

Pre(p, t) = ς
��A���A@O

M [t〉M ′
A@N�[�UJA�HJH�OJ<�Ag�¢K]_�O�OJ<�KnO~OSUSKMa�H�|�OJ|}VMa

t
_@KMa�{�USAg|}a«?7KnUS�#|�a�q

M
Kna�^«��A�KM^�H�OJV

?7KMUJ�#|}a�q
M ′

��<�AIa�|�O¦{�UJA�H@��;=<�|}HEUSA@��K.OJ|}VMa�_@KMagk�A
A@N4OSA@a�^�AI^�|�a�^�L�_�OS|�j]A@�}R�OJV�H�A �4L�A@a�_@AIH
u ∈ T ∗

VM�¤OSUSKMa�HJ|�OS|�V]a�H�k#R��}APOJOJ|}a�q
M [ε〉M

��VMUZAIjMA@USR�?7KnUS�#|�a�q
M

Kna�^
M [t · u〉M ′

|���KMa�^�VMa��}R�|���OJ<�AIUJA
A@N�|}H�OSH!HJVM?BA0?BKMUJ�#|}a�q

M ′′
H�L�_`<�OJ<\K.O

M [t〉M ′′
KMa�^

M ′′ [u〉M ′
��V]U!A@jMAIUJR

t ∈ T
Kna\^

u ∈ T ∗
�

;=<�A�H�A@OdVn� ������� � � ��� � �)� ��� �8�6
 ��|�H
Reach(N ) = {M | ∃u ∈ T ∗ M0 [u〉M}

�uKMa�^�OJ<�A��)� ��� �8�6


 ����� �,Vn��K�TuA@OJUS|�a�A@Od��|�OS<�|�a�<�|�k�|�OSVMUdKMUS_IH

N = (P, T, Pre, Post, M0)
|�H¦OJ<�A��}KMk\AI���}AI^�q]USKM[�<

ΓN = (V,Λ, v0)
��<�V]HJA�H�A@O¤VM�#j]A@UJOJ|�_PA�H�|}H¤qM|}jMAIa¦k4R�OJ<�A¨HJAPO

V = Reach(N )
Vn��USAIK]_`<�Knk���A�?7KnUS�#|�a�q4H

��|�OJ<
v0 = M0

Kna�^
��<�V]HJA=H�A@OuVM��KnU`_@H
Λ ⊆ V ×T×V

|}HuOS<�A=UJA�H*OSUJ|�_�OS|�V]adVM��OJ<�A¨OSUSKMa�HJ|�OS|�V]adUSA@��K.OJ|}VMa
OSV0OJ<�A�HJAPOZVM�¤USAIKM_`<\Knk��}A�?7KMUJ�#|}a�q]H�(

Λ = {(M, t,M ′) |M, M ′ ∈ V ∧ M [t〉M ′}
�

ªu|}qML�USAd¡¢f�� l]£�^�|�H�[���K(R�H�K¦T�APOSUJ|\a�APO���|�OJ<�|�a�<�|�k�|�OJV]U�KnU`_@H�Kna�^B|�OSH�?BKMUJ�#|}a�q¦qMU`Kn[�<�� 2 a�<�|�k�|�OJV]U�KnU`_@H
USAIH�OJUS|�_�O�OS<�AE{�US|�a�q0Vn�¤OJU`Kna�HJ|�OJ|}VMa�H¨k�L�O�<�K(j]AQa�V0A�+�AI_PO=V]a�OS<�A!_PVMa4OSA@a4O�VM�¤[���KM_@AIH¨��<�A@a~OJU`Kna\H�|�OJ|}VMa�H
KMUJA¦Kn�}�}V.�¨A�^�OSV0V�_I_PL�U���;=<�|}HZ?0A�Kna�H�OS<�K.O�OS<�A!?7KnUS�#|�a�qBq]USKM[�<�VM��K0T�APOSUJ|�a�APOZ��|�OJ<�|�a�<�|�k�|�OSVMUZKnU`_@H
N
|}H¦K�H�L�k�qMU`Kn[�<�VM��OJ<�A0?7KMUJ�#|}a�q�q]USKM[�<�Vn�¨OJ<�A0|�a\^�L�_PA�^gT�A@OJUS|ua�APO

N ◦
VMk�O`Kn|}a�AI^gk4R�USA@?BV.j#|}a�q

OS<�A!|}a�<�|}k�|�OSVMUZKMUS_IH@�

 - °#´ w ° 
 ��3 ��3 � � � �-� ��
 ����� �6�-�;����������� ���1��� ���,�>�������-���F� � � ��� ��� ��� � �;�8� � ��� � ��� � �<���������������1� �F� �8�
�8���6� ��� � � � � �������
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lMm �����������
	 ������
������ ������	���������	 � � ����	

b

a d

c

qp
(1,0) (3,2) (4,3)(2,1) ...

(0,0)

b b b b

c c c c

da

� $&-
! �)* � � � �Q§ T�APOSUJ|�a�APOZ��|�OJ<�|�a�<�|�k�|�OSVMUQKMUS_IH�KMa�^~|�O`H�?7KnUS�4|}a�q0qMU`Kn[�<

p
m

t t

p
(0,m)

p’
(1,−m)

(0,y)

(1,0)

(1,−y)

y

p’
(1,−m)

t

p
(0,m)

(0,y)

(0,x)

(0,max(0,y−x))

(0,max(0,x−y))

t

p
m

yx

�<$&-
! �)* � � � ��§ OSUSKMa�H���K.OS|�V]a���UJV]? T�APOSUJ|¤a�APO`HZ��|�OJ<�|}a�<�|}k�|�OJVMUEKnU`_@H�|}a4OJV��}APN�|�_PVM�
q]USKM[�<�|�_QT�APOSUJ|�a�APO`H
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�<� � � � �Q;=<�AQOSUSKMa�H���K.OS|�V]a�Vn�uKdT�APOSUJ|�a�A@O���|�OS<~|}a�<�|}k�|�OJVMU�KMUS_IH
N
|}a4OJVBKna~A	�4L�|}j(KM��AIa4O��}APN�|�_PVMq]USKM[�<�|�_

T�A@OJUS|�a�APO
N
�4|}�}��L�H�OJU`K.OSAI^�|�a�ª¤|}q���¡Ôf�� f]£���_@VMa�HJ|}H�OSH¨|}a~HJ[���|�O�OS|�a�q
AIjMA@USR0[��}K]_PA

p
��|�OJ<�|}a�|�OJ|�Kn��?7KnUS�#|�a�q

m ∈ N
Vn�¨OJ<�A0VMUS|�q]|�a\Kn�ua�APO!|}a]OSV�O*��V�[��}K]_PA�H�^�AIa�VnOSAI^

p
KMa�^

p′
��|�OJ<�|�a�|�OJ|�Kn��?7KnUS�#|�a�q]H

(0,m) ∈

(Z ◦ Z)
+ KMa�^

(1,−m) ∈ (Z ◦ Z)
+ UJA�H�[�AI_POJ|}jMAI��R]��;=<�A�USAIH�OJUS|}_POJ|}VMa~Vn��OS<�|�H=��A@N#|�_PV]qMU`Kn[�<�|}_QTuA@OJUS|�a�APO

OSV~HJAPOEVn��[���KM_@AIH
p
Vn��OS<�A�{�U`H�OQ�¢Kn?B|}��R�|�HQ|�HJVM?BVMUS[�<�|�_¦OJV

N ◦
��| � A]�ZOS<�A
V]UJ|}qM|}a�KM��a�APOE|�a���<�|�_`<�OJ<�A

|}a�<�|}k�|�OJV]U¦KMUS_IHZ<�K(j]Adk�A@AIa�USA@?BV.jMA�^��E��A0OJ<#L�HE<�K(j]A
K�qMU`Kn[�<�?BV]UJ[�<�|}HJ?
Γ
N
→ ΓN◦

H�AIa�^�|}a�q~K
?7KMUJ�#|}a�q�VM��OJ<�A0�}APN�|}_@VMq]USKM[�<�|�_!T�APOJUS|�a�APO¦OSV~|�OSHEUSAIH�OJUS|}_POJ|}VMa�OSV�OS<�A7H�A@OEVM��[���KM_PA�HQVM��OJ<�A0V]UJ|}qM|}a�KM�
a�APO
N
��hZV.�«OJ<�A�HJAPOZVM�¤USAIK]_`<�Knk��}AE?BKMUJ�#|}a�q]H�VM�

N
HJKnOJ|�H*��R�OJ<�A¦��V]���}V.��|�a�q
[�USVM[�A@UJO*R�(

K(M) ≡ ∀p ∈ P ∃mp ∈ N M(p) = (0, mp) ∧ M(p′) = (1,−mp)

;=<�|}H�[�UJV][\AIU�O*R~<�VM��^�H=��V]U�OJ<�Ad|�a�|�OJ|�Kn�¤?7KnUS�4|}a�qBk#R~^�A@{�a�|�OJ|}VMa�KMa�^�|}HQ[�UJA�H�AIUJj]AI^~k#R�OJ<�A!{�US|�a�q7VM��K
OSUSKMa�HJ|�OS|�V]a�^�L�A�OSVBOJ<�A¦�¢K]_�O=OJ<\K.O

x− y = max (0, x− y)−max (0, y − x)

;=<�A@USAP��VMUSA�OJ<�|�H�qMU`Kn[�<�?BVMUS[�<�|�H�?¬|}H�|}a.W*A�_�OJ|}jMA�KMa�^~VMa�A¦<�K]H�K
[\Kn|}U�Vn��qMU`Kn[�<�H�?BVMa�VM?BVMUS[�<�|�H�?7H*(

ΓN

ι
↪→ ΓN◦

ι′

←↩ Γ
N

;=<�A
|}a�<�|}k�|�OJVMU�KMUS_IHQ|}a
N

Kna\^�OJ<�A0[��}K]_PAIHEVM��OJ<�ABHJAI_@VMa�^��¢Kn?B|��}R�|}a
N

¡�| � A]�d[���KM_@AIHEVn��OJ<�A0��VMUS?
p′
��V]U

p ∈ P
£!HJA@USjMABOJ<�A�HJKM?BA�[�L�US[\V4H�A (
_@L�O�OS|�a�qgV +:KgH�L�k\H�A@OdVn�=OJU`Kna\H�|�OJ|}VMa�H�|�a

ΓN◦

� 2 OZW*L\H*O
USA@?7KM|�a�OSV�H�<�V.�ZH�OJ<\K.OQOS<�A@R�_PL�O�V +�APN�K]_�OJ�}R~OJ<�A0HJKM?0A�OJU`Kna�HJ|�OS|�V]a�HI��T��}K]_PA

p′
|}a�<�|}k�|�OSH�OJ<�A�{�US|�a�q

VM��OJU`Kna�HJ|�OJ|}VMa
t
|}a�H�V]?BAZ?7KnUS�4|}a�q

M
HSK.OJ|�H���R4|}a�q�[�UJV][\AIU�O*R

K
|���KMa�^7V]a���R0|��

(1,−mp) @ Pre(p′, t)

	
OS<�|}H=|�H�[\V4HJHJ|}k���A�VMa��}R7|��

Pre(p′, t) = (1, 0)
|�a
N
| � A]�

Pre(p, t) = ς
|}a
N
¡�OJ<�AIUJAE|}H=KMa�|}a�<�|}k�|�OSVMU

KMUS_Q��USVM?
p
OSV
t
£=KMa�^

mp 6= 0
Kna�^�OJ<�AIHJA�_PVMa\^�|�OS|�V]a�H�KnUSA¦Kn��H�V7_P�}AIKMUJ�}R�HJL���_P|}A@a4OQ_PV]a�^�|�OJ|}VMa�H�(

(1,−mp) v Pre(p
′, t) ⇔ Pre(p, t) = ς ∧ mp 6= 0

��<�|}_`<B?BAIKMa�HuOJ<�AIUJA�A@N�|}H�OSHu��V]U�OJ<�AZK]HJHJV�_P|�K.OSAI^
?BKMUJ�#|}a�qE|�a
N
KnaB|}a�<�|}k�|�OSVMU�KMUS_¨��USVM? K¦a�VMa��®A@?B[�O*R

[��}K]_PA¦OJVBOS<�K.O�OSUSKMa�HJ|�OS|�V]a��¨ªu|}qML�USA�¡¢f�� Y#£=H�<�V.�ZH�OS<�A!�}APN�|}_@VMq]USKM[�<�|�_�T�A@OJUS|�a�APOEKMHSH�V�_P|�K.OSAI^~��|�OS<�OJ<�A
T�A@OJUS|�a�APOZ��|�OJ<�|}a�<�|}k�|�OSVMUQKMUS_IH�Vn��ª¤|}q���¡Ôf��©lM£��
2 a7V]US^�AIU�OJV�HJ<�V.�6OJ<�KnO��}APN�|}_@VMq]USKM[�<�|�_¨T�A@OJUS|�a�A@OSH�KMUJAZH�OJUS|�_�OJ�}Rd?BV]UJA�A@N#[�UJA�HJHJ|�j]A�OJ<�KMa7TuA@OJUS|�a�A@OSH

��|�OJ<�|}a�<�|}k�|�OSVMU!KnU`_@HI��|�O�HJL���_PA�HQOSV�VMk�HJA@USjMA!OS<�K.O¦OS<�A@USA
A@N�|}H�OSHEa�V�T�APOSUJ|�a�A@O¦��|�OJ<�|}a�<�|}k�|�OSVMU!KnU`_@H
��<�V]HJA0��Kna�qML�KMqMAd|�H¦OS<�A7�}KMa�qML\KnqMA
Vn��OJ<�A7�}APN�|�_PV]qMU`Kn[�<�|�_�T�A@OJUS|�a�APO�VM��ªu|}q���¡¢f�� e]£�|Ô� AM�BOS<�AB[�UJA@{�N
_@��V4H�L�UJAEVn�

b∗ + ab
��X#L�[�[\V4H�A¦VMa~OJ<�A¦_@VMa4OJU`KnUSR0OJ<�KnOQH�L\_`<~K0T�APOJUS|�a�A@OZ��|�OS<~|}a�<�|}k�|�OJVMUZKMUS_IH�APN�|}H�OSHI�

X�|�a�_@AdOSUSKMa�HJ|�OS|�V]a
b
_IKnag{�UJABKna�KnUSk�|�OJU`KnUSR�a#L�?
k\AIU¦Vn��OS|�?BAB|�a�OJ<�A0|}a�|�OJ|�Kn��?7KnUS�#|�a�q�|�O¦HJ<�VML��}^�k\A

OS<�Ad_IKMHJA¦OJ<�KnOQ��VMUQA@jMAIUJR~[���KM_PA
p
A@|�OJ<�AIUZOS<�A@USA!APN�|�H*O`HQKna�|}a#k�|�OJVMU�KnU`_E��UJV]?

p
OSV
b
Kna�^�a�V7VML�OS[�L�O

KMUS_���USVM?
b
OJV
p
VMU
Post(p, b) w Pre(p, b)

��;=<#L�H�|�����V]���}V.�ZH�OS<�K.O
b
_IKnaB{�USAQKMa�KnUSk�|�OSUSKMUJRda4L�?dk�A@U

VM��OS|�?BA!|}a~AIjMA@USR7?7KnUS�#|�a�qBK.OZ��<�|}_`<�|�OZ_IKna~{�UJA¦V]a�_PA
	
��<�|�_`<�_PVMa4OSUSK]^�|}_PO¨OS<�A¦�¢KM_PO=OJ<�KnOQK.�9OJAIU=OJ<�A

{\UJ|}a�qBVn�¤OJU`Kna�HJ|�OS|�V]a
a
OJU`Kna�HJ|�OS|�V]a

b
_@KMa�{\UJA¦VMa���R�V]a�_PA]�

�

4 ´ w ´ ,�,¢x�w ± ��3�
 ��3��;����� � � ��� � � ��& � � �!������� ��� � � � & ��� � �����,� � ��	���� � ��� ��� � ���/�
	�� � � �
������� ��� �����6���*�	�,�����
�F������� �����A� ��� 	���� ����� � � ��� � � � �>�&� ����� � ��� � �,� � � �-� � 
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c

a (0,1)

p
d

q
(0,0)

b

(1,−1)

p’

(1,0)

q’

(1,0)

(1,0)

(0,1)

(0,1)
(0,1)

(0,1)

(0,1)
(0,1)

(0,1)
(0,1)

(0,1) (1,0)

(1,−1)

(0,1)

(0,1)

�<$&-
! �)* � ��� �Z§ �}APN�|�_PV]qMU`Kn[�<�|�_�T�APOJUS|Qa�APO~A �4L�|�j.KM��AIa]O�OJV�OS<�AgT�APOSUJ|�a�APO���|�OS<
|}a�<�|}k�|�OJVMUZKMUS_IH�Vn��ª¤|}q�� f��©l

b
(0,1)

(1,0)

(1,0)

(0,1)

a

�<$&-
! �)* � ��� �Q§ �}APN�|}_@VMq]USKM[�<�|�_dT�APOSUJ|�a�APOd��|�OJ<�a�V�A	�4L�|}j(KM��AIa4O�TuA@OJUS|�a�A@Od��|�OS<
|}a�<�|}k�|�OJVMUZKMUS_IH
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Y����,�
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Y\��C]� =0´ �
8uµ ° µ 8 ° v�tBx�tIt ´ y /¢x�v ° µ ³ /�v.- +���² x , 0 ° s¤w.x�t 3E§ a�A@OZ|}H=k�VML�a�^�AI^�|��u��A!_@KMa�{�a\^~KMa
L�[�[\AIU�k�VML�a�^�V]a�OJ<�A7[�V]HSH�|}k��}A7j.Kn�}L�AIH!VM��[��}K]_PAIH�|�a�Kna#R�KM_@_@AIHSH�|}k��}AB?BKMUJ�#|}a�q�� � APOdL\H�H*O`KnUJO�VML�U
H�OJL\^�R�VMa�OS<�A�Kn�}qMAIk�USKM|���K.OS|�V]a�Vn�¤OJ<�A�^�R#a�KM?B|}_¦VM�¤k�VML�a�^�AI^�a�APO`H�k#R7OJ<�A¦��VM�}��V.��|}a�q0VMk�HJA@USj.K.OJ|}VMa��
7 w ´
	�´ t�/¢v�/ ´ 8 ��3�
43,	/��& ����� ��������� � � � ����� 	 � � ����� �������1��� � � 
�������� � �A�
� 	���� ��	���� � � � � �����-� � �
�<� � � � ��X�L�[�[�V]HJAdKBk\V]L�a�^�A�^�Kna�^�a�VMa�OJUS|�j#|�Kn�u_PVM?B?
L�OSKnOJ|}jMA¦T�APOJUS|¤KM��q]A@k�U`K�����A@O

∞ 6= 0
H�OSKMa�^~��VMU

|�OSHZqMUSAIK.OSAIH�O�AI��AI?BA@a4OI� ��a�A¦<�K]H
C]�
∞ 	∞ = 0

k�AI_IKnL�HJA�?BVMUSABqMA@a�A@U`Kn�}��Rg��UJV]?
x 	 x v 0 ⇔ x v 0 ⊕ x = x

|�Od��VM�}��V.�ZH
x	 x = 0

�
l��
∞	 0 =∞

k\A�_@KnL\H�A
∞	 0 v x ⇔ ∞ v 0⊕ x = x

�
f��
∞⊕ x =∞

k\A�_@KML�H�A
∞⊕ x w y ⇔ ∞ w y 	 x

�
Y\�
x	∞ = 0

k\A�_@KnL\H�A
x	∞ v y ⇔ x v y ⊕∞ =∞

�
;=<�AIa�OJ<�Ad|�^�A@a4OJ|�O*R

(a ⊕ b) 	 b = a
|�HZa�VMOEHSK.OJ|�H�{�AI^���V]U

a = b = ∞
H�|}a�_@A!OJ<�A
��A@�9O��®<�Kna\^�H�|�^�A

AIj.Kn�}L�K.OSAIH�OJV
0
�

�
�QV.�¨AIjMA@U¦��A0_IKna�A@a���V]US_@A
k�VML�a�^�AI^�a�AIHSH¦k#R�?BV#^�|���R#|}a�q�OJ<�A7USL��}A0VM��OS<�A0OJVM�]A@a�q]KM?0A]� � APO!L�H

_@VMa�HJ|�^�A@U�{�U`H*OEOJ<�A7_IKMHJAdVn��OJ<�ABL�HJL�Kn��T�APOSUJ|�a�A@OSH�(EK]HJHJL�?BA�OS<�K.O!A�KM_`<�[���KM_@A
p ∈ P

|}H¦KMHSHJV#_@|}KnOJA�^
��|�OJ<�K~_IKn[�K]_P|�O*R

kp ∈ N
KMa�^�OS<�K.O¦�¨A0�=Kna4OQOSV~AIa���VMU`_PAdOJ<�KnO�OS<�A
j.KM��L�A0Vn��K�[���KM_@A

p
Vn��K~T�APOJUS|

a�APOQk�A�k�VML�a�^�AI^�k#R~KMk\V.j]AEk#R�|�O`HZ_@KM[�KM_@|�O*R
kp

�=ª�VMUZOJ<�KnOQ[�L�US[\V4H�A!��A!?BV�^�|���R~OJ<�A!{�US|�a�q7USL��}AdKMH
��V]���}V.�ZH¦¡���<�AIUJA�KM����_@VM?B[�L�O`K.OS|�V]a�H�KnUSA�[�A@UJ��VMUS?BAI^~|�a

Z
£

M [t〉M ′ ⇔ ∀p ∈ P

{
M(p) w Pre(p, t) ∧ (M(p)− Pre(p, t)) + Post(p, t) v kp

M ′(p) = (M(p)− Pre(p, t)) + Post(p, t)
OS<�|}HZUJL��}A!_@KMa�k�A!USAP��VMUS?dL��}KnOJAI^~KMH�(

M [t〉M ′ ⇔ ∀p ∈ P

{
Pre(p, t) vM(p) v (kp + Pre(p, t))− Post(p, t)
M ′(p) = (M(p)− Pre(p, t)) + Post(p, t)

T�A@OJUS|4KM��q]A@k�U`KMH�KMUJA�OJ<�A¨[\V4H�|�OJ|}jMA�_PV]a�AIH
G+

Vn����K.OJOJ|�_PA@� V]US^�AIUJA�^!Knk�A@�}|}KMa�qMUSVML�[�H
G = (G,+, 0,t,u)

�
2 OZ|�H�Kna�Kn�}qMAIk�U`Kd��|�OJ<�OJ<�A¦��VM�}��V.��|}a�qBVM[�A@U`K.OS|�V]a�H�(

❖
v�- ° t � 
 z USAIH�OJUS|}_POJ|}VMa�VM�¤OS<�A!qMUSVML�[�VM[�A@U`K.OS|�V]a

x⊕ y = x+ y

❖
v�- ° vIw �98uyMx�v ° µ«µ
/�� ° w ° 8uy ° z

x	 y = (x− y) t 0
� APO

k w 0
k\A�HJVM?BA!A@�}A@?BAIa]OZVM�¤OS<�|�H�[\V4H�|�OJ|}jMA�_@VMa�A

	
�¨A!HJL�[�[�V]HJA¦OJ<�KnOZ|�OQ|�HZK ���1� �
��
 	�� � ��|}a�OJ<�A

HJA@a\H�AEOJ<\K.O
∀g ∈ G ∃n ∈ N · n · k w g

����A!_@KMa~k#R�?BV�^�|���R#|�a�q0OS<�A¦{�US|�a�qBUSL��}AEAIa���VMU`_PAEOS<�K.O�OS<�A
j.KM��L�A�H�VM��[���KM_@AIH=H*O`K(RB��|�OS<�|�a�OJ<�A¦|}a4OJA@USj.Kn�

I = [0, k] = {g ∈ G | 0 v g v k}
��;=<�|�H�|�a4OJAIUJj.KM�\��|�OJ<

|}a�^�L\_PAI^�V]US^�AIU=|}H�KBk�VML�a\^�AI^~�}KnO�OS|}_@A¦OJ<�KnOQ_@Kna�k�A!A	�4L�|}[�[\A�^���|�OS<~OS<�A¦��VM�}�}V.��|�a�qBV][\AIUSKnOJ|}VMa�H�(
❖
v�- ° vIw �98uyMx�v ° µ«t	��
�z

x� y = (x+ y) u k
❖
v�- ° vIw �98uyMx�v ° µ«µ
/�� ° w ° 8uy ° z

x	 y = (x− y) t 0
❖
v�- °"	 w ´ µ �uynv]z

x • y = ((x + y)− k) t 0
❖
v�- ° /�
 	 ,1/¢y]x�v�/ ´ 8¨z

x→ y = ((y + k)− x) u k
❖
v�- ° 8 ° 0\x�v./ ´ 8�z

¬x = (x→ 0) = k 	 y;=<�A���V]���}V.��|}a�qB[�UJV][\AIU�OS|�A�H=KnUSAE?BA@O�(
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¡*C�£ 2 OZ|�HZK0k\V]L�a�^�A�^~��K.OJOJ|�_PA (
0 v x v k¡ÔlM£

(I,�, 0)
|�HEKna�KMk\AI��|�Knag?0V]a�VM|�^���<�V4H�A
L�a�|�OE|�H¦KnagKMk�HJVMUSk�|�a�q�A@�}A@?BA@a4OE��VMU�OJ<�A0[�USV�^�L�_�O.(

0 • x = 0
�

¡¢f]£
(I, •, k)

|}HBKMa6Knk�A@�}|�Kna,?BVMa�VM|�^,��<�V4H�A�L�a�|�O
k
|�H0KMa6KMk�H�V]UJk�|�a�qgA@�}A@?BA@a4O0��VMU0OJ<�A�HJL�? (

k � x = k
�

¡�Y4£~hZAIq]KnOJ|}VMa�|}H�Kna�|}a4j]VM�}L�OJ|}VMa�¡
¬¬x = x

£ZH�L�_`<�OS<�K.O
k = ¬0

¡¢<�A@a�_@A
0 = ¬k

£�KMa�^
x • y =

¬(¬x � ¬y)
¡�<�AIa�_PA

x� y = ¬(¬x • ¬y)
£

¡ÔeM£
x v y ⇔ (x→ y) = k ⇔ (x	 y) = 0¡ � £
•
|�H�K
USAIHJ|�^�L�K.OSAI^~?BVMa�V]|}^�(

x • y v z ⇔ x v y → z¡ �n£
�
|}H�KB_PVM� USAIHJ|�^�L�K.OSAI^�?0V]a�VM|�^�(

x� y w z ⇔ x w z 	 y¡¢p]£
(y → z) = z � ¬y

KMa�^
z 	 y = z • ¬y¡ �]£

x t y = (y → x)→ x = (x→ y)→ y = x� (y 	 x) = y � (x 	 y)¡�CIm]£
x u y = x • (x→ y) = y • (y → x) = x	 (x	 y) = y 	 (y 	 x)X�L�_`<�K�H�OJUSL�_POJL�USAB|}H!_IKn�}��A�^�KMa�¥�­Z�ÎKn�}qMA@k�USK��0¥�­Q�®KM��q]A@k�U`KMH¦KMUJABqMAIa�A@U`Kn�}|}�IK.OS|�V]a�H�Vn�=k\V#VM�}AIKMa�KM���

q]A@k�U`KMHEL�HJAI^�|}a�OJ<�A�KM��q]A@k�U`Kn|�_0Kna�KM��R�HJ|}H¦VM� � L��.KMHJ|�AI��_@�0|}a�{�a�|�OSAP�®j(KM��L�AI^�[�USVM[�V]HJ|�OS|�V]a�Kn���}VMq]|}_BKna\^
OS<�|�H�_P��KMHSHBVn�!Kn�}qMAIk�USK]HBKM^�?B|�OSH�HJA@j]A@U`Kn�=A	�4L�|}j.Kn�}A@a4O�^�AP{\a�|�OS|�V]a�H�� �#�ZC(l��®�«ª�V]U7|�a�H�OSKMa�_PA�KMa�¥�­Z�
KM��q]A@k�U`KB|�H�K�k\V]L�a�^�A�^g_PV]?B?dL�O`K.OJ|}jMAdUJA�H�|�^�L�KnOJAI^���K.OJOJ|�_PA�¡

x • y v z ⇔ x v y → z
£QH�L�_`<�OJ<�KnO

x t y = (y → x)→ x
��§Qa�¥�­Z�ÎKn�}qMA@k�USKd|}H�KM�}HJV
KMa�KMk\AI��|�Kna~?0V]a�VM|�^

(A, •, 1)
OSVMqMA@OJ<�AIU=��|�OS<�KMa

|}a#jMV]��L�OS|�V]a
¬ : A→ A

HJL�_`<�OS<�K.OZ|��¤��A¦��A@O
x� y = ¬(¬x • ¬y)

�
0 = ¬1

Kna\^
(x→ y) = ¬x� yOS<�A@a

x • 0 = 0
KMa�^

(y → x)→ x = (x→ y)→ y
�

?�°�� 89/�v./ ´ 8 �13 � 3d§ k�VML�a\^�AI^�a�A@O
|�HdK�H�OJUSL�_POJL�USA
N = (P, T, Pre, Post, M0)

��<�AIUJA
P
|�HdK

{\a�|�OSAgHJAPO�VM�¦[��}K]_PAIH���|�OS< Kna ¥�­Q�®KM��q]A@k�U`K
Ap

K]HJHJV�_P|�K.OSAI^:��|�OS<�AIK]_`<:[��}K]_PA
p ∈ P

¡9OS<�A�L�a�|�O
kp

VM�
Ap

|�H�_IKn�}��A�^6OJ<�Ag_IKn[�K]_P|�O*R,Vn�![���KM_@A
p
£P�
T
|�H�K�{�a�|�OSAgH�A@O�Vn�¦OJU`Kna\H�|�OJ|}VMa�H�^�|}H¢W*VM|}a4O7��UJV]?

P
�=Kna\^

Pre, Post : P × T →
⊔

p∈P Ap

��OJ<�A���V.�¬USA@��K.OS|�V]a�HI�¨KnUSA�H�L\_`<6OS<�K.O
∀p ∈ P ∀t ∈

T Pre(p, t), P ost(p, t) ∈ Ap

��§b?7KnUS�#|�a�q0|�HZKB?7Kn[
M : P →

⊔

p∈P Ap

OJ<\K.OQKMHSHJV#_@|}KnOJA�H¨��|�OJ<
A�KM_`<�[���KM_@A

p ∈ P
OJ<�A��}V�_@KM��j.Kn�}L�AdVM��OJ<�A0_PL�USUJAIa4O�_PV]a�{�qML�USKnOJ|}VMa

M(p) ∈ Ap

|�a�OS<�|�HQ[���KM_@AM�
M0|�HEH�V]?0Ad{�N�AI^g?BKMUJ�#|}a�q���_@KM���}AI^�OJ<�A �8� � ��� � � � � ��� �8��
M��;=<�AdOJU`Kna�HJ|�OS|�V]a�USA@��K.OJ|}VMa

M [t〉M ′
H*O`K.OS|�a�q

OS<�K.O�OSUSKMa�HJ|�OS|�V]a
t
_@KMa�{�UJA!|}a�?7KnUS�#|�a�q

M
Kna�^��}AIKM^�H@����<�A@a�|�OQ|}H�{�UJA�^���OSV7OJ<�A!a�A@� ?7KnUS�4|}a�q

M ′

|�H=qM|}jMAIa~k#R�(

¡¢Y��}C�£
M [t〉M ′ ⇔ ∀p ∈ P

{
Pre(p, t) vM v Post(p, t)→ Pre(p, t)
M ′ = (M 	 Pre(p, t)) � Post(p, t)

;=<�|}H7USA@��K.OS|�V]a:_IKna:k\A�A@N#OJA@a\^�AI^ |}a�^�L�_POJ|}jMAI��R�OJV�H�A �4L�A@a�_@AIH
u ∈ T ∗

VM��OSUSKMa�H�|�OJ|}VMa\HBk4R6��A@O�OS|�a�q
M [ε〉M

��VMU7AIjMA@USR�?7KnUS�#|�a�q
M

Kna\^
M [t · u〉M ′

|��¦Kna�^6VMa���R,|��EOJ<�AIUJA�APN�|�H*O`H7H�V]?BA~?7KnUS�#|�a�q
M ′′

HJL�_`<�OS<�K.O
M [t〉M ′′

Kna�^
M ′′ [u〉M ′

��V]UEAIjMAIUJR
t ∈ T

Kna�^
u ∈ T ∗

�B;=<�ABH�A@O¦VM�������+� � � ��� �
� � ��� �8��
 ��|}H

Reach(N ) = {M | ∃u ∈ T ∗ M0 [u〉M}
�]Kna\^dOS<�A � � ��� �8��
 
 � ��� �7Vn��KEk\V]L�a�^�A�^Ba�APO

N = (P, T, Pre, Post, M0)
|}H�OJ<�A7��Knk�A@�}�}AI^�qMU`Kn[�<

ΓN = (V,Λ, v0)
��<�V4H�A�HJAPO�VM�=j]A@UJOJ|�_PA�H¦|}H

q]|�j]A@a�k#R7OJ<�A
H�A@O
V = Reach(N )

VM�uUSAIK]_`<�Knk��}AE?BKMUJ�#|}a�q]H���|�OJ<
v0 = M0

Kna�^~��<�V4H�A�HJAPO�Vn��KnU`_@H
Λ ⊆ V × T × V

|}H�OS<�A¦UJA�H*OSUJ|�_�OS|�V]a�Vn�¤OJ<�AEOSUSKMa�H�|�OJ|}VMa~UJAI�}KnOJ|}VMa�OJV
OJ<�A!HJAPO�Vn�uUJA�KM_`<�KMk���AQ?BKMUJ�#|}a�q]H�(
Λ = {(M, t,M ′) |M, M ′ ∈ V ∧ M [t〉M ′}

�
;=<�A¦k�V#VM�}AIKna�Kn�}qMAIk�USK

2 = {0, 1}
|�H=Kna�¥�­Z�ÎKn�}qMAIk�USKd��<�A@USA

x� y = x t y
Kna\^

x • y = xu y 	� APO
P
k�A�OJ<�AZHJAPO¨Vn��[��}K]_PA�H�Vn��K¦a�A@O�Kna�^

B = 2P = ℘(P )
OS<�AQ_PV]UJUSAIHJ[�VMa�^�|}a�qE[�USV#^�L�_�O�H�OJUSL�_�OSL�USAM�
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���������
	�� 
���������� l]e

OS<�A![�USAI_@AI^�|}a�q
{�UJ|}a�qBUSL���A�_IKna�k\A!USAP��V]UJ?
L���K.OJA�^�K]H�(

M [a〉M ′ ⇔ M ⊇ Pre(a) ∧ M ∩ Post(a) ⊆ Pre(a) ∧ M ′ = (M \ Pre(a)) ∪ Post(a)
��<�|}_`<�|�H�OS<�AdL�HJL�KM��{�US|�a�q�UJL���A�VM��VMa�A
HJKn��A�a�APO`H@� 2 ����A�USA@[���KM_@A¦OJ<�A
k\V#V]��A�Kna�Kn�}qMAIk�U`K

2 = {0, 1}k#R�OJ<�A
|�a4OJAIUJj.KM�
[0, 1]

Vn��OJ<�A
KM^�^�|�OJ|}jMA!q]UJV]L�[�Vn��USAIKn��a4L�?dk�A@U`H@�\|Ô� AM����|�OS<
x � y = min(1, x+ y)KMa�^

x • y = max(0, x+ y− 1)
OS<�A@a~�¨A�VMk�O`Kn|}a7OJ<�A�{�US|�a�qdUSL���A�Vn�¤HJVM?BA��4|}a�^�Vn��VMa�A�HSK.��A;& ��L��I�@R &

a�APOSH (

M [a〉M ′ ⇔ ∀p ∈ P

{
Pre(a, p) vM(p) v Pre(a, p) + 1− Post(a, p)
M ′(p) = min(1,M(p) + Post(a, p)− Pre(a, p))

Y\� l�� 4 ´ 
 	 , ° 
 ° 8�vIx�w ± 	 ,Ôx�y ° t 3�¥�L�a�^�|�_P| ��C(l���[�USV.jMAI^~OS<�K.O!¥�­Z�ÎKn�}qMAIk�U`KMHZ_@VM|}a�_P|�^�Ad��|�OJ<
[0, k]|}a4OJAIUJj.Kn��H�Vn��KMk\AI��|�Kna ��K.O�OS|}_@AP�®VMU`^�A@USAI^ qMUSVML�[�H���<�A@USA

k
|}H�K�H*OSUJV]a�q L�a�|�OI� ¥�VMUSA�[�USAI_P|�HJA@�}R |��

(G = G,+, 0)
|}H�KMa!Knk�A@�}|}KMaE��K.OJOJ|�_PA@� V]US^�AIUJA�^Qq]UJV]L�[E��|�OS<�H*OSUJV]a�q=L�a�|�O

k
OJ<�AIa

Γ (G, k) = (A,�, 0, •, k,¬)��<�A@USA
G = [0, k] = {x ∈ G | 0 v x v k}

�
x � y = (x + y) u k

�
x • y = ((x + y)− k) t 0

�\KMa�^
¬x = k − x

|}H�KMa~¥�­Q�®KM��q]A@k�U`KdHJL�_`<~OJ<�KnO�OS<�A¦UJA�H*OSUJ|�_�OS|�V]a�VM��OJ<�A!VMU`^�A@U�UJAI�}KnOJ|}VMa~Vn��OS<�A¦qMUSVML�[~VMa
OS<�A�L�a�|�O�|}a]OSA@USj.Kn�

[0, k]
_@VM|}a�_P|�^�A�H���|�OJ<�OS<�A�V]US^�A@U�USA@��K.OS|�V]a!Vn��OS<�A�¥�­Z�ÎKn�}qMA@k�USK (

x v y ⇔ x	y = 0¡¢��<�A@USA
x 	 y = x • ¬y = (x− y) t 0

£���¥�VMUSA@V.jMAIU
Γ
A@N#OJA@a\^�H�|}a]OSV�Kna�A	�4L�|}j.Kn�}A@a�_@A!k\A@O*�¨AIA@a�OJ<�A

USAIHJ[�AI_�OS|�j]A¨_IK.OJAIqMV]UJ|}AIH¤Vn�\KMk\AI��|�Kna
�}KnO�OS|}_@AP�®VMU`^�A@USAI^!q]UJV]L�[�H¤��|�OS<0H�OJUSVMa�q�L�a�|�O�Kna\^d¥�­Q�®KM��q]A@k�U`KMHI�(|Ô� AM�
Γ
|�a\^�L�_PA�H¨K�k�| W*A�_�OS|�j]AE_@VMUSUJA�H�[�VMa�^�A@a�_@A�k\A@O*�¨AIA@a�|�H�V]?BVMUS[�<�|�H�? _P��KMHSH�A�H�Vn��KMk\AI��|�Kna��}KnO�OJ|�_PA@� V]US^�A@USAI^

q]UJV]L�[�H���|�OS<�H�OJUSVMa�q�L�a�|�O�Kna�^g|}HJVM?BV]UJ[�<�|}HJ? _P��KMHSH�A�H�VM�¨¥�­Q�®KM��q]A@k�U`KMHI�!hZV.� ��A
<\K(jMABH�AIA@a�OS<�K.O
T�A@OJUS|�KM��q]A@k�U`KMHE_PV]UJUSAIHJ[�VMa�^�H�k�| W*AI_POJ|}jMA@�}RM��L�[gOSV�|�HJVM?BVMUS[�<�|�H�?���OJV�OS<�AB[\V4H�|�OJ|}jMAB_PV]a�AIHEVn��Knk�A@�}|}KMa
��K.OJOJ|�_PA@� V]US^�AIUJA�^�qMUSVML�[�HI���¨A!OS<#L�HQ<\K(jMAdK�TuA@OJUS|uKM��q]A@k�U`K7_@KMa�VMa�|}_IKn�}��R�KMHSH�V�_@|}KnOJAI^���|�OJ<�AIK]_`<�¥�­Z�
KM��q]A@k�U`K���;=<�Ad��VM�}��V.��|}a�q�USAIHJL���O�HJ<�V.�ZH�OS<�K.O���k#R�L�HJ|�a�q~_PVM?B[��}A@?BAIa]O`KnUSR~[��}K]_PAIHI���¨Ad_IKna�HJ|�?
L���K.OJA
K0k�VML�a\^�AI^�T�APOSUJ|�a�A@OZk#R~K0qMAIa�A@U`Kn�}|��IAI^�TuA@OJUS|�a�APOQ^�AP{�a�A�^�VMa�OJ<�A�K]HJHJV�_P|�K.OSAI^�T�A@OJUS|�Kn�}qMA@k�USK]H@�

 - °#´ w ° 
 �13	��3 	/�
& � ��	���� � � � ��� ���
� ���,����� 	 � � � � � � & �A
�� ������� � � � � � ��������� � ��� �
B¨° 
�
,x �13��13�
1� �A� ����� & ��� �,� ��� �1�

a
�
b
� �
� �

c
�8� �
����� � � � 
�������� �
��� � ���

¡¢Y��©lM£
b v ¬a v b� c ⇒ (a� b) • c = (a • (c� b)) � (b • c)

�<� � � � ��X�|�a�_@A=A@jMAIUJR!¥�­Q�®KM��q]A@k�U`KZ|�H�K¦H�L�k�^�|}USAI_�O�[�USV�^�L�_POuVM��OJVMOSKM���}R�VMU`^�AIUJA�^�¥�­Z�ÎKn�}qMAIk�U`KMH¤�¨A=_@KMa
K]HJHJL�?BA���|�OJ<�V]L�O¦��V4HJH�Vn��q]A@a�AIUSKM��|�O*R�OS<�K.O�OJ<�A0qM|}jMAIag¥�­Q�®KM��q]A@k�U`KB|}HQOJVMOSKM���}R�VMU`^�A@USAI^���!¨VMa�^�|�OS|�V]a
b v ¬a

|�H�A	�4L�|}j.Kn�}A@a4O�OJV
a• b = 0

| � A]�
a+ b v k

|}a7OS<�AZL�a�^�A@US��R#|}a�q!qMUSVML�[�� !¨V]a�^�|�OJ|}VMa
¬a v b� c|�H=A	�4L�|}j.Kn�}A@a4O=OJV

a� b� c = k
��|Ô� AM�

a+ b+ c w k
|}a�OJ<�A!L�a\^�A@US��R#|}a�qBqMUSVML�[�����a~OJ<�A!VMa�A¦<�KMa�^

(a� b) • c = ((a+ b) u k) • c = (a+ b) • c = (a+ b+ c− k) t 0 = a+ b+ c− k
��a~OJ<�A!VnOJ<�A@U�<�KMa�^

a • (c� b) = a • [(c+ b) u k]
= (a+ [(c+ b) u k]− k) t 0

=

{
a

|��
c+ b w k

a+ c+ b− k
|��

c+ b v k
KMa�^

b • c = (b+ c− k) t 0 =

{
b+ c− k

|��
b+ c w k

0
|��

b+ c v kKMa�^�OJ<#L�H
(a� b) • c = (a • (c� b)) � (b • c)

K]H�UJA �]L�|�USAI^��
�

D
D ÈFE�G�H�G�G
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x

p
m

p’

�<$&-
! �)* � �����Q;�U`Kna�HJ��K.OJ|}VMa���UJV]? k�VML�a�^�AI^�a�APO`H=OJVBq]A@a�AIUSKM��|}�@A�^�T�APOSUJ|�a�APOSH

;=<�A�KMk\V.j]A�[�UJV][\AIU�O*R�?7K(R7k�A!UJAI[�<�U`KMHJAI^~KMH (
¡¢Y�� f]£

b v ¬a v b� ¬c (= c→ b) ⇒ (a� b)	 c = (a	 (c	 b)) � (b	 c)
KMa�^�OJ<#L�H0Kn[�[\A�KnU`H�KMH
K��¨A�Kn�]A@a�|}a�q�Vn�ZA �]L\K.OJ|}VMa ¡ l�� p]£¦��<�|}_`<�AIa�H�L�UJA�H!OJ<�A�KMHSH�V�_@|}KnOJ|}j4|�O*RgVM��OJ<�A
{\UJ|}a�qBUJL���A¦Vn�uqMAIa�A@U`Kn�}|��IAI^~T�APOJUS|�a�A@OSHI�
�<� � � � �d¡¢Vn�¤;=<�A@VMUSA@?�Y\� f4£�;=<�A�OJU`Kna\H���K.OS|�V]a7Vn�¤K
k\V]L�a�^�A�^�a�A@O

N
|�a4OSV0KMa�A	�4L�|}j.Kn�}A@a4O¨q]A@a�AIUSKM��|}�@A�^

T�A@OJUS|�a�APO
N
�4|}�}��L�H�OJU`K.OSAI^�|�a�ª¤|}q���¡¢Y��}C�£���_@VMa�HJ|}H�OSH¨|}a~HJ[���|�O�OS|�a�q
AIjMA@USR0[��}K]_PA

p
��|�OJ<�|}a�|�OJ|�Kn��?7KnUS�#|�a�q

m ∈ Ap

VM��OJ<�A¨k�VML�a\^�AI^da�APOu|�a4OJV�O*��VZ[���KM_PA�H¤^�A@a�VMOJAI^
p
KMa�^

p′
��|�OJ<
|�a�|�OJ|�Kn�#?7KnUS�#|�a�q]H

m ∈ (Gp)
+

KMa�^
kp − m ∈ (Gp)

+ USAIHJ[�AI_�OS|�j]A@�}R���<�A@USA
(Gp, kp)

|}HdOJ<�A��}KnO�OS|}_@AP�®VMU`^�A@USAI^�Knk�A@�}|�Kna�qMUSVML�[���|�OJ<
H�OJUSVMa�q
L�a�|�OQK]HJHJV�_P|�K.OJA�^���|�OJ<�OS<�A!¥�­Z�ÎKn�}qMAIk�USK

Ap ' Γ (Gp, kp)
� 2 � A]��VMa�A¦<�K]H

Pre(p, t) = Pre(p, t)
Post(p, t) = Post(p, t)

Pre(p′, t) = Post(p, t)	 Pre(p, t)
Post(p′, t) = Pre(p, t)	 Post(p, t)

ªu|}USH�O¦VMa�A0<�KMH
x v m v y → x = ¬y � x

|��=Kna�^gVMa��}R�|��
m w x

KMa�^
¬m w y • ¬x = y 	 x 	<�A@a�_@A�OJU`Kna\H�|�OJ|}VMa

t
_@Kna�{�UJA
|�a�?7KnUS�4|}a�q

M
|}a
N
|��¨KMa�^�VMa���R�|���OJ<�A0<�V]?0V]a#R4?BV]L�H�OSUSKMa�H�|�OJ|}VMa

t_IKna7{\UJAE|�a
N
|}a�OJ<�A�?7KnUS�#|�a�q

M
HJL�_`<�OS<�K.O

M(p) = M(p)
Kna�^

M(p′) = ¬M(p) = kp−M(p)
�

ªu|}a�Kn�}�}R
M [t〉M ′

|}a
N
|���Kna�^�VMa���R�|��

M [t〉M ′
|}a
N
^�L�A¦OJV0OJ<�A¦�¢K]_�O�OS<�K.O

x v m v y → x ⇒ ¬ [(m	 x) � y] = [¬m	 (y 	 x)] � (x	 y)
��<�|}_`<~��VM�}��V.�ZH���USVM?�¡�Y�� f]£�HJ|�a\_PA

¬ [(m	 x) � y] = (¬m� x) • ¬y = (¬m� x)	 y
�

�

e����*� �
"���!�%�$%� �
2 a�OS<�|}HQ[�Kn[�A@UQ�¨A�<\K(jMA¦[�L�OZ��V]UJ�=KnU`^�Kna�K.N�|}VM?7K.OS|}HSK.OS|�V]a~VM�¤OS<�A!OSVM�MAIa�q]Kn?BA!VM��T�A@OJUS|�a�APO`HZk#R

|�^�AIa]OS|���R#|}a�q�K7_P��KMHSH�VM��_@VM?B?dL�O`K.OS|�j]A!UJA�H�|�^�L�KnOJAI^~?BVMa�V]|}^�H@��_IKn�}��A�^�TuA@OJUS|¤KM��q]A@k�U`KMHI�4��VMUZ��<�|�_`<�VMa�A
_IKna�qMAIa�A@U`Kn�}|}�@A
OJ<�A�USL��}ABVn��OJVM�]A@a�q]KM?BA0VM��T�A@OJUS|�a�APO`H!OSV�^�AP{�a�ABOJ<�A�k�A@<\K(j4|}VML�UEVM��q]A@a�AIUSKM��|}�@A�^
T�A@OJUS|�a�APO���<�V4H�A0��V.� UJAI�}KnOJ|}VMa�Kna�^�[���KM_PA7_@VMa4OJAIa]O`H!KnUSABj(KM��L�AI^�|�a�HJL�_`<�KM��q]A@k�U`KMHI�
;=<�|}H!USL��}AB|}H
q]|�j]A@a~k4R

M [t〉M ′ ⇔M wM ∧ M ′ = (M 	 Pre(t)) ⊕ Post(t)
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���������� l �

��<�A@USA�OJ<�A�H�L�? KMa�^�|�OSH�KMHSH�V�_@|}KnOJAI^:USAIHJ|}^�L�K.OS|�V]a _@Kn[�OJL�USA�USAIHJ[\A�_�OJ|}jMAI��R:<�V.� USAIHJVML�U`_PA�HB��|�OS<�|�a
[��}K]_PAIH�KMUJA¨[�UJV�^�L\_PAI^0Kna\^d_PV]a�HJL�?BAI^dOJ<�USVML�q]<!OJ<�A={�UJ|}a�qEVn�\K�OSUSKMa�H�|�OJ|}VMa��¤;=<�A=Knk�V.jMA�UJL���A�APN#OJAIa�^�H
OSV7H�A �]L�A@a�_@AIH=Vn�¤OJU`Kna�HJ|�OJ|}VMa�H=k#R��}APOJOJ|}a�q

Pre(uv) = Pre(u)⊕ (Pre(v) 	 Post(u))
Post(uv) = (Post(u)	 Pre(v)) ⊕ Post(v)

HJL�k�W*A�_�O=OJVBOS<�A�_PV]a�^�|�OJ|}VMa~OJ<�KnO�OJ<�A�K]HJHJV�_P|�K.OSAI^�k�|�a�KMUJR�VM[�A@U`K.OJ|}VMa

(x, y) ⊗ (x′, y′) = (x ⊕ (x′ 	 y), (y 	 x′)⊕ y′)
k�A7KMHSH�V�_@|}KnOJ|}jMAM�!��A0[�UJV.j]A�OS<�|}H¦��K.OJOJAIU¦_@VMa�^�|�OS|�V]agOSV~k�ABA	�4L�|}j(KM��AIa4O�OSV~OS<�AB_@Kna\_PA@�}��Knk�|}��|�O*R�Vn�¨OJ<�A
HJL�? ��<�|}_`<�|�H�Kn��H�V7_`<�KMUSK]_�OJAIUJ|}�@A�^7k#R�OS<�A¦|}^�AIa4OJ|�O*R (

(b⊕ c)	 a = (b	 (a	 c))⊕ (c	 a)

;=<�A�{\UJ|}a�qBUJAI�}KnOJ|}VMa�_@KMa�OS<�A@a�k�A!APN�[�USAIHSH�A�^�KMH

M [u〉M ′ ⇔ (0,M ′) = (0,M)⊗ (Pre(u), P ost(u))

��USVM?���<�|�_`<�OS<�AEUJAIjMA@U`HJ|�k�|}�}|�O*R0Vn��OS<�A�{�UJ|}a�q
UJL��}AZ��V]���}V.�ZHI�4a\Kn?BA@�}R0OJ<�A�OJ<�USA@A���VM�}�}V.��|�a�q
H*O`K.OJAI?BA@a4OSH
KMUJAEA	�4L�|}j.Kn�}A@a4O�(
C]�
M w Pre(u)

Kna\^
M ′ = (M 	 Pre(u))⊕ Post(u)l��

M ′ w Post(u)
Kna�^

M = (M ′ 	 Post(u))⊕ Pre(u)f��
M w Pre(u) 	 M ′ w Post(u)

Kna�^
M 	 Pre(u) = M ′ 	 Post(u)��A~<\K(jMA�[�USV.jMA�^�OJ<�KnO0T�A@OJUS|�KM��q]A@k�U`KMH�_@VM|}a�_P|�^�A~��|�OS<,OJ<�A~[�V]HJ|�OS|�j]A~_@VMa�A�H�Vn���}KnO�OJ|�_PA@� V]US^�A@USAI^
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