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PObcaed7\[aOfZ\hgji1NSk?]_\lY[mnfMP

o�p+]7qjPObsrut;d_avPvg

wsd7tZt?]_pjb�xZP$p+Pva+KMPOp+a�KMPyX!z){`|`{`}~T���aOb+]_kZp+PSR`�`�7��T�R`|�t;d7^�Pvg

�����v�e���Z���`� U$d7\���g3d_avaOfZp�d7b+P�b�d7kZ\[Pvg3d7\l^�]_pjYlbjKZN�d7YlNQg3d7b�tZp+]��uY[x�YlXZ^�d7X
P<��aOY[POXnbIYlN�tZ\[P<�
NQPOXub�d7bjY[]_X�]7��PO\[PONQPOXub�d7pji��5fZXMaObjY[]_XMgW��YlbjK av]_pjp+PvaOb$p+]_fZXMx�YlXZ^Id_gW]7�¡b+POX�d_gWt�]`g�gjYlkZ\[P`¢?J�KZY[g
NQPObjKM]1xIp+PvmnfZYlp+Pvg~d7X£P<¤1t?POXMgjYl��P�tZp+P<��av]_N�tZfZb�d7bjY[]_X�]7��d�b�d7kZ\[P�N�d_xZP�]7�¥bjKMP��`d7\lfMPvg�b�d7¦�POX
kui�bjKMP��¡fZXMaObjY[]_X�§�]_pEkni�g+PO��POp�d7\�p+PO\¨d7b+Pvx��5fZXMaObjY[]_XMg©§�d7bEg+]_NQP�x�Y[gjbjYlXZ^`fZY[gjKMPvx�t�]_YlXub+ge¢Z�sfZp
YlN�tZp+]���PONQPOXnb+gQ]7�$U$d7\���gSNQPObjKM]1xªd7p+P�b«�E]7�¬�¬]_\[xD�]_X9bjKMP®]_XMP�K;d7XMx9��P�xZPvg�aOpjYlk�P®��K;d7b�Y[g
bjKMP~d7pj^`f;d7kZ\li�k?Pvgjb�g+POb�]7�)x�Y[gjbjYlXZ^`fZY[gjKMPvx¯�`d7\lfMPvgcd7XMx�KM]��
Ylb�YlN�tZp+]e��PvgsbjKMP$P<��aOY[POXMaOi¯d7XMx
av]_pjp+PvaObjXMPvg�g�]7��bjKMP�YlN�tZ\[PONQPOXnb�d7bjY[]_X°]7��bjKMPQ�¡fZXMaObjY[]_X²±�d7XMx³]_X9bjKMP�]_bjKMPOp/K;d7XMx9�EP�^`Yl��P
d7X�d7\l^�]_pjYlbjKZN´��KZY[a+K¯x�p�d_g+bjY[aed7\l\li�xZPvaOp+Ped_g+Pvg�bjKMPWav]`gjb�]7�hbjKMP�tZp+P<��av]_N�tZfZb�d7bjY[]_X²¢MJ�KMPvg+PsYlN/�
tZp+]���PONQPOXnb+g~d7p+P�p+PO\¨d7b+Pvx3b+]�bjKMP~��]_p+gjbWaed_g+Pvg��¬]_pcbjKMP�av]_pjp+PvaOb�p+]_fZXMx�YlXZ^�]7�¥N�d7bjKMPON�d7bjY[aed7\
�¡fZXMaObjY[]_XMg~d7XMx�b+]®bjKMPQd7\l^�]_pjYlbjKZNQgW�¡]_psµMXMx�YlXZ^�bjKMPON¯¢?¶ P/gjKM]e��bjK;d7bWbjKMP���KM]_\[P/NQPObjKM]1x
aed7X3k�PWbjfZpjXMPvx3YlXnb+]�tZp�d_aObjY[avPSkni�^`Yl�uYlXZ^�av]_N�tZ\[POb+P~b�d7kZ\[Pvg��¬]_p

2x d7XMx sinx
�¡]_p

x ∈ [ 12 , 1[
±

YlX¯xZ]_fZkZ\[PStZp+PvaOY[gjY[]_X²¢
·¯¸�¹?º+»�¼ ��½��`� U$d7\���g~NQPObjKM]1xD±PO\[PONQPOXub�d7pji �¡fZXMaObjY[]_XMge±²\¨d7bjbjY[avP�p+Pvx�fMaObjY[]_X²±�gjYlNSfZ\lb�d7XMPv]_fMg
��]_p+gjbcaed_g+Pvg�¢
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d7NQVO\lY[]_p�d7bjY[]_XMg�g+]_Xub¥p�d7Y[g+]_XZX;d7kZ\[Pvg�POXQtZp�d7bjY[mnfMPsPOX�xZ]_XZX;d7Xnb�xZPvg¥b�d7kZ\[PvgEav]_N�tZ\[LOb+Pvg©t?]_fZp

2x

POb
sinx

dv��Pva
x ∈ [ 12 , 1[

±MPOXIxZ]_fZkZ\[P$tZp+VvaOY[gjY[]_X²¢
� ¼ �e� º ��� � �¯��� VObjKM]1xZPSxZP�U$d7\�±Z�¡]_XMaObjY[]_XMgcN�d7bjKMVON�d7bjY[mnfMPvgWVO\[VONQPOXnb�d7Ylp+Pvg�±;p+Vvx�fMaObjY[]_X�xZP
p+Vvg�Ped7f�¤?±�tZYlp+Pvgsaed_g�gjYlNSfZ\lb�d7XMVvg�¢
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xZ]1Pvg¥XM]_bEp+PvmnfZYlp+Psd~av]_pjp+PvaOb©p+]_fZXMx�YlXZ^��¬]_pEd7XniQ]_bjKMPOp�PO\[PONQPOXnb�d7pjiQN�d7bjKMPON�d7bjY[aed7\��¡fZXMaObjY[]_X²±
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p+PvmufZYlp+Pvx¯tZp+PvaOY[g+Y[]_X3Y ��gjfMa+K£d/k�]_fZXMx3Y[g�¦1XM]e��X FIHe|�±^HO�ZJ��<¢;J�KMPSmufZY[a+¦�tZK;d_g+PSY[g�Ylb+g+PO\ ��]7�¡b+POX
g+fZk�x�Yl�1Y[xZPvx�YlXnb+]�bjKZp+PvP~gjfZk���tZK;d_g+Pvge

�
	 '������9�d�ZX�z��f����!Z��
(�*'* ZX �J�KMP~�5fZ\l\xZ]_N�d7YlX�]7��bjKMP$�¡fZXMaObjY[]_X�Y[g�p+PvgjbjpjY[aOb+PvxIb+]�dQg+N�d7\l\[POp
]_XMP©kui~fMgjYlXZ^cbjKMPEN�d7bjKMPON�d7bjY[aed7\ZtZp+]_t?POpjbjY[Pvg�]7�MbjKMP�av]_XMgjY[xZPOp+Pvx��¡fZXMaObjY[]_X²± �"w z�w

exp(x+
k ln 2) = 2k ·exp(x)

^`Yl�uYlXZ^WbjKMP�p�d7XZ^�P
[0, ln 2[

±
2x+k = 2k ·2x ^`Yl�1YlXZ^WbjKMP�p�d7XZ^�P [0, 1[

±
sin(x + k π

2 ) = fk(x)
��YlbjK

fk = ± sinx
]_p

fk = ± cos x
xZPOt?POXMx�YlXZ^3]_X

k mod 4
±

^`Yl�uYlXZ^QbjKMPWp�d7XZ^�P
[−π

4 , π
4 [
±²¢v¢v¢

� ����
� ZXR!y���ZXjz��}����!���
^�*'U ZX ��Ei d b�d7kZ\[PI\[]1]_¦1fZt²±EbjKMP£p�d7XZ^�P£Y[g�gjKZpjfZXZ¦ �5fZpjbjKMPOpe¢�K;]_p
P<¤Zd7N�tZ\[P`±E�EPI��pjYlb+P

2x = 2x0 · 2h ±v�5p+Pvgjt²¢ sinx = sinx0 · cosh + cos x0 · sinh
�

��KMPOp+P
(x0, 2

x0)
�5p+Pvgjt²¢

(x0, sinx0, cos x0)
�sY[g$gjb+]_p+Pvx£YlX bjKMP/b�d7kZ\[PQd7XMx

h = x − x0Y[g®g+N�d7\l\�� |h| Y[g�d7tZtZp+]v¤�YlN�d7b+PO\li�gjN�d7\l\[POp�bjK;d7X�bjKMPI\[POXZ^`bjK�]7�SbjKMP�p�d7XZ^�P£]_kZb�d7YlXMPvxd��5b+POpsbjKMP~µMp+gjb�p+Pvx�fMaObjY[]_X²±?x�Yl�uY[xZPvx3kni¯bjKMP�XnfZN�k�POp$]7�©x�Y[gjbjYlXZ^`fZY[g+KMPvxIPO\[PONQPOXub+g��<¢�¶ P
aed7\l\ �����I������!a\���X�
^�*'U ZX_� bjKMP��¡fZXMaObjY[]_XMg�fMg+Pvx�YlXIbjKZY[gWp�d7XZ^�P�p+Pvx�fMaObjY[]_X²��¬]_p

2x bjKMPOp+P�Y[g
]_XMP�p+PO\¨d7b+Pvx �¡fZXMaObjY[]_X��5X;d7NQPO\li

2x �<±DkZfZb$�¬]_p sinx
bjKMPOp+P�d7p+P�b���]¯p+PO\¨d7b+Pvx �¡fZXMaObjY[]_XMg

�5X;d7NQPO\li
sinx

d7XMx
cos x

�<¢
� �� Z�~[�XR ZV$'*�Z�n��&.�Z�~���3�*'* ZX !J�KMPSp+PON�d7YlXZYlXZ^®b+POpjNQg$� �(w�z�w

2h, cos h, sinh, . . .
��d7p+PSPO�`d7\lf��

d7b+Pvx¯kni�fMg+YlXZ^�dQt�]_\li1XM]_N�Y¨d7\�d7tZtZp+]e¤1YlN�d7bjY[]_X ]7�¥bjKMP$�¡fZXMaObjY[]_Xy�¡]_pcbjKMP�p+PO\¨d7b+Pvx��¡fZXMa<�
bjY[]_XMg���]e��POpsbjKMP$p+PvgjbjpjY[aOb+Pvx�p�d7XZ^�P`¢
J�KMPOp+Pcd7p+P���POpji�g�d7bjY[g,��d_aOb+]_pji/d7XMgj��POp+g��¬]_p�bjKMP�µMp+gjb�F R`�.J�d7XMx�\¨d_g+b¥gjfZk���tZK;d_g+Pvg�F R.J�¢uU~d7\���g

NQPObjKM]1x£d_xZx�p+Pvg+g+Pvg�bjKMP�g�Pvav]_XMx�g+fZk���tZK;d_g+P`¢!J�KMP/]_pjYl^`YlX;d7\)b+Pva+KZXZY[mufMP�Y[g�k;d_g+PvxI]_X d�b�d7kZ\[P
]7�� d7\lNQ]`gjb$p+PO^`fZ\¨d7pj\li gjt;d_avPvx���x�Y[g+bjYlXZ^`fZY[gjKMPvx t?]_YlXnb+g$��KZY[a�K YlN�d7^�Pvg$kni�bjKMP��¡fZXMaObjY[]_X��¡]_p
bjKMP�p+PO\¨d7b+PvxI�¡fZXMaObjY[]_XMg���d7p+P�fZXufMgjf;d7\l\liIaO\[]`g�P�b+]�N�d_a+KZYlXMP/XufZNSk?POp+ge¢DJ�KMP�b�d7kZ\[P`±?]7�EgjYI�eP�d
�¬PO��¦1Yl\[]_kni1b+PvgaF {.J�±�Y[g�]_kZb�d7YlXMPvx &('*� d/tZp+P<��av]_N�tZfZb�d7bjY[]_XIk;d_g�Pvx�]_XId�X;d7Yl��P~g+Ped7p+a�K²¢

¶ P£YlN�tZp+]e��P U~d7\���g�NQPObjKM]ux�YlX b��E] ��dvi�ge¢�K�Ylp+gjb���P XM]_bjY[avP bjK;d7b�bjKMP k?Pvgjb�g+POb¯]7�
x�Y[g+bjYlXZ^`fZY[gjKMPvx�t�]_YlXub+gWY[gWN�d_xZP�]7�EbjKMP��`d7\lfMPvgs�¡]_pW��KZY[a�K bjKMPS�¡fZXMaObjY[]_X��5p+Pvgjt²¢�bjKMP�p+PO\¨d7b+Pvx
�¡fZXMaObjY[]_XMg���Y[g~K;d7p+x£b+]�p+]_fZXMx��5p+Pvgjt²¢Db+]�p+]_fZXMx�gjYlNSfZ\lb�d7XMPv]_fMgj\liL�WYlX�bjKMP�aed_g+PQ]7��x�Ylp+PvaOb+Pvx
p+]_fZXMx�YlXZ^��5b+]���d7p+xZg

0
]_p ∞ �<�bjKZY[g/tZp+]_kZ\[PON Y[g/bjKMPOp+P<�¬]_p+P�aO\[]`g+PO\li�p+PO\¨d7b+Pvx³b+]�bjKMP�Jd7kZ\[P

� d7¦�POpe��g�MsYl\[PON�N�d �¡J � M �¬]_p�gjKM]_pjb��<¢�� x�Ylp+PvaOb�av]_XMg+PvmnfMPOXMavP£]7�~bjKZY[g��¬d_aOb®Y[g�bjK;d7b���P
aed7X d_xMd7tZb�bjKMP�NQPObjKM]1xZg���KZY[a�KªµMXMx³bjKMP��E]_p+gjb�aed_g+Pvg�]7�Wd£]_XMP<���`d7pjY¨d7kZ\[P��¡fZXMaObjY[]_X FIHe|�±
HO�M±+R`R�±+R`|.J)YlXI]_p+xZPOpsb+]�av]_XMgjbjpjfMaOb�bjKMP~b�d7kZ\[Pvg�±MY �¥bjKMPOp+P~Y[g�dQgjYlXZ^`\[PSp+PO\¨d7b+Pvx¯�¡fZXMaObjY[]_X²¢�J�KZY[g
Y[gWN�fMa+K NQ]_p+P�P<��aOY[POXub~bjK;d7X9U$d7\���gWX;d7Yl��PQg�Ped7p+a+K²¢�=«X�bjKMP�aed_g�P�]7��]_XMP�p+PO\¨d7b+Pvx£�¡fZXMaObjY[]_X²±
U~d7\���g¥NQPObjKM]1x�aed7X�k?Pcd_xMd7tZb+Pvx��¡]_p©bjKMPsd_avaOfZp�d7b+PstZK;d_g+P�b+]S^`f;d7p�d7Xnb+PvPWd~av]_pjp+PvaOb©p+]_fZXMx�YlXZ^
�¬]_p�d7Xni®YlXZtZfZbe¢ZJ�KMP$g+Pvav]_XMx�YlN�tZp+]e��PONQPOXubcY[g�d7X3d7\l^�]_pjYlbjKZN�b+]�av]_XMg+bjpjfMaOb�bjKMPWb�d7kZ\[PW��KMPOX
bjKMPOp+P/d7p+P~b«�E]®p+PO\¨d7b+Pvx3�5fZXMaObjY[]_XMge;�EP�NQ]ux�Y �¡i�bjKMP~\¨d7bjbjY[avP<��k;d_g�Pvx£d7\l^�]_pjYlbjKZN ]7��F R`R�±+R`|.J�b+]
µMXMx3gjYlNSfZ\lb�d7XMPv]_fMgj\li�k;d_x¯aed_g�Pvg��¡]_p�b«�E]Q�5fZXMaObjY[]_XMge¢

=�X£bjKMP�t;d7t�POpe±²d7\lbjKM]_fZ^`K bjKMP/NQPObjKM]1x aed7X£k�P/Ped_gjYl\liI^�POXMPOp�d7\lYI�ePvx b+]�]_bjKMPOpW�5fZXMaObjY[]_XMg
d7XMx�b+]�d7pjkZYlbjp�d7pji�tZp+PvaOY[gjY[]_X²±u�EP��¡]1aOfMg©]_X

2x d7XMx sinx
�¬]_p

x ∈ [ 12 , 1[
YlX�xZ]_fZkZ\[PstZp+PvaOY[gjY[]_X²¢

��� ¶����
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K;]_psbjKZY[g�a+KM]_Y[avP�]7�¥t;d7p�d7NQPOb+POp+ge±?]_fZpcYlN�tZp+]���PONQPOXnb+g$b+]���d7p+xZgSU$d7\���g�]_pjYl^`YlX;d7\)NQPObjKM]ux�d7p+P
bjKMP��¬]_\l\[]e��YlXZ^M
H`¢cJ�KMP�b�d7kZ\[P��¡]_p

sinx
Y[g�av]_XMgjbjpjfMaOb+Pvx/N�fMa+KQNQ]_p+P�P<��aOY[POXubj\li/bjK;d7X�kni�X;d7Yl��P�g+Ped7p+a+K��5bjKMP

av]`gjb�]7��bjKMP�X;d7Yl��P�g�Ped7p+a+K��E]_fZ\[x�K;de��P�k�PvPOX
252 aed7\l\[g�b+] sinx

d7XMx
cos x

YlX�P<¤�b+POXMxZPvx
tZp+PvaOY[gjY[]_X��<¢

R�¢%KM]_p
sinx

±�bjKMP�tZp+]_t�]_pjbjY[]_X®]7�?POXubjpjY[Pvg¥�¬]_p���KZY[a+K�bjKMP�mufZY[a+¦/tZK;d_g+P���d7Yl\[g¥xZPvaOp+Ped_g+Pvg©�5p+]_N
≈ 2−10 b+] ≈ 2−20 ¢

|�¢cJ�KMP/d_avaOfZp�d7b+P�tZK;d_g+P��¬]_p
2x aed7X�k�P�k;d_g+Pvx�]_X�U$d7\���g�NQPObjKM]ux�kniIfMgjYlXZ^®bjKMP���]_pj¦I]7�

� P<�¡LO�1p+P�FIHe|�±^HO�ZJ�¢Y=«b�p+PvmufZYlp+Pvg�]_XZ\li�mnf;d_x�pjfZtZ\[P$tZp+PvaOY[g+Y[]_X3aed7\[aOfZ\¨d7bjY[]_XMge¢
J�KMP/p+Pvgjb$]7�EbjKMP�t;d7t�POp$Y[g$]_pj^nd7XZYI�ePvx9d_g��¡]_\l\[]���ge¢�=�X�r1PvaObjY[]_X9R��EP/p+Pvaed7\l\¥g�]_NQP�k;d_g+Y[a

��d_aOb+g/d7k�]_fZb�bjKMP�J � M d7XMx U~d7\���g�d_avaOfZp�d7b+P®b�d7kZ\[Pvg�NQPObjKM]uxD¢ =�Xªr1PvaObjY[]_X³|3�EP�xZPvg+aOpjYlk?P
��K;d7b©Y[g¥bjKMP�k?Pvgjb¥g+POb©]7�²x�Y[gjbjYlXZ^`fZY[g+KMPvxQ�`d7\lfMPvg�YlXQbjKMP�b�d7kZ\[Psd7XMx�KM]e�°bjKZY[g©a+KM]_Y[avPcYlN�tZp+]e��Pvg
bjKMP/mufZY[a+¦Id7XMx d_avaOfZp�d7b+P/tZK;d_g+Pvg�¢�=«X r1PvaObjY[]_X �®�EP/P<¤�tZ\¨d7YlX£KM]e��b+]®]_kZb�d7YlX bjKMPvg+PSb�d7kZ\[Pvg�¢
K�YlX;d7\l\li�±hYlX r1PvaObjY[]_X³{��EP�g+KM]e�ybjK;d7bSbjKMPQNQPObjKM]1x Y[g~tZp�d_aObjY[aed7\©�¡]_p�xZ]_fZkZ\[PQtZp+PvaOY[gjY[]_X9kni
^`Yl�1YlXZ^�t;d7pjb+gc]7�)bjKMP$b�d7kZ\[Pvg��¬]_p

2x d7XMx sinx
¢

�a ��;���*'U ZX_��� ¶ P~xZP<µMXMP
[|a, b|] �5p+Pvgjt²¢ [|a, b[| �cd_g�bjKMP$g+POb�]7�)YlXnb+PO^�POp+gsYlX [a, b]

�5p+Pvgjt²¢
[a, b[

�<¢
K;]_pWd7Xui¯YlXnb+PO^�POp

n
±
[a, b[n

xZPOXM]_b+Pvg�bjKMP�g+POb�]7�¥bjKMP m
2n

��gs��KMPOp+P
a ≤ m

2n < b
d7XMx

m
Y[g�d7X

YlXub+PO^�POpe¢LKM]_p�P<¤Md7N�tZ\[P`±
[12 , 1[53

av]_pjp+Pvgjt?]_XMxZg�b+]�bjKMP$xZ]_fZkZ\[Pvg���YlbjK¯P<¤1t?]_XMPOXnb −1
¢�KM]_pcd7Xui

p+Ped7\[g
x
d7XMx

c
±
x
aONQ]ux

c
xZPOXM]_b+Pvg

x−bx
c e
±`d7XMx�Y � x

c

Y[g�K;d7\ �?d7X/]uxZx�YlXnb+PO^�POpe±_��P�a+KM]1]`g+P�d7Xni
]7�bjKMPct?]`g+gjYlkZYl\lYlbjY[Pvge¢�=«X�t;d7pjbjY[aOfZ\¨d7pe±

x
aONQ]1x

1
Y[g�bjKMP «avPOXub+POp+Pvx��s�¡p�d_aObjY[]_X;d7\?t;d7pjb�]7�

x
¢n¶ P

xZPOXM]_b+P/kui
o(x)

d�N�d_a+KZYlXMP�XnfZN�k�POpSaO\[]`g�PvgjbWb+]
x
YlX xZ]_fZkZ\[P/tZp+PvaOY[gjY[]_X²¢ K�YlX;d7\l\li�±?��PvaOb+]_p+g

d7p+P�xZPOXM]_b+Pvx£YlX�k�]_\[x d7XMx3�¡]_p$d���PvaOb+]_p�� ∈ R
n ± || � || d7XMx || � ||1

d7p+P�p+Pvgjt�PvaObjYl��PO\liIYlb+g
L2d7XMx

L1
XM]_pjNQge±ZY�¢�P`¢ ||(x1, . . . , xn)|| =

√

∑n
i=1 x2

i

d7XMx ||(x1, . . . , xn)||1 =
∑n

i=1 |xi|
¢

� �W1��	��:�
G:@-��1�:��	�

J�KZY[gWg+PvaObjY[]_X£^`Yl��Pvg�bjKMP�XMPvavPvg+g�d7pji¯k;d_a�¦u^`p+]_fZXMx£b+]�xZPvg+aOpjYlk?P�]_fZp�YlN�tZp+]e��PONQPOXub+gS]7��U~d7\���g
d_avaOfZp�d7b+P�b�d7kZ\[PvgENQPObjKM]uxD¢1¶ PsxZPvg+aOpjYlk�PWd7X®YlX��¡]_pjN�d7\�NQ]uxZPO\���KMPOp+PsbjKMP��¡fZXMaObjY[]_XMg��EP�av]_X��
g+Y[xZPOp�d7p+P�p+PO^nd7p+xZPvx³d_g$kZ\¨d_a+¦u��k�]e¤�Pvg�p+PObjfZpjXZYlXZ^�fZXZY �¡]_pjN�\li x�Y[gjbjpjYlkZfZb+Pvx ]_fZbjtZfZb+ge¢ ?)¤�t?POpjY �
NQPOXub+gcav]_pjp+]_k?]_p�d7b+PS��POpji®�EPO\l\bjKZY[g�NQ]1xZPO\�¢Z¶ P$fMg+P~Ylb�b+]QxZPvg+aOpjYlk?P�U$d7\���gs]_pjYl^`YlX;d7\g+a�KMPONQP
d7XMx¯b+]/^`Yl��P$bjKMP$k;d_gjY[aWY[xZPed_gsav]_XMavPOpjXZYlXZ^�bjKMP$Jd7kZ\[P � d7¦�POpe��g%MsYl\[PON�N�d�¢

����� ��� ¸ � ���h½ ¼ � � ¼ ½ ¸ �
¶ P�av]_XMgjY[xZPOp�bjK;d7b�d$�5fZXMaObjY[]_X®k?POK;dv��Pvg�d_g�d$p�d7XMxZ]_N kZ\¨d_a+¦u��k�]e¤���KMPOX®bjKMP�µMp+gjbEkZYlb+g�]7�²Ylb+g
]_fZbjtZfZb�d7p+P�bjKZp+]e��X�dv��dvi�¢ZrufMa+K�d7X�d_g�gjfZN�tZbjY[]_X�Y[g¥]7�Dav]_fZp+g+Pc��POpji�gjbjp+]_XZ^�d7XMxQav]_N�tZ\[POb+PO\li

¶0¶¸·�¹Lº�»�º�¼
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KMPOfZpjY[g+bjY[a`¢ �sPO��POpjbjKMPO\[Pvg+gEP<¤1t?POpjYlNQPOXnb+g¥b+POXMx/b+]W�_d7\lY[xMd7b+P�bjKZY[g)Kuiut?]_bjKMPvgjY[g©d7XMx/YlX�t;d7pjbjY[aOfZ\¨d7p
bjKMP$P<¤�t?POpjYlNQPOXnb+g�]7�¥r1PvaObjY[]_XI{/xZ]QXM]_bcav]_Xnbjp�d_x�Y[aObsYlbe¢

� ^`Yl��POX3�¡fZXMaObjY[]_X
f : [12 , 1[→ [a, b[

�¬]_p�g+]_NQP
a < b

� �(w�z�w
2x : [12 , 1[→ [1, 2[

�sY[g�g+PvPOX
d_g~d®p�d7XMxZ]_N kZ\¨d_a+¦u��k�]e¤??�¬]_pSd7Xni

n
d7XMx

k1 < k2
\¨d7pj^�POp~bjK;d7X g+]_NQP/bjKZp+PvgjKM]_\[xZg�±DY �

x
Y[g

a�KM]`g+POX®p�d7XMxZ]_N�\li®d7XMx�fZXZY �¡]_pjN�\liQYlX
[12 , 1[n

±�bjKMPOX®bjKMPckZYlb+g�d7b�t�]`g+YlbjY[]_XMg
k1
d7XMx

k2
]7�²bjKMP

kZYlX;d7pji P<¤1t;d7XMg+Y[]_X ]7�
f(x)

d7p+P�YlXMxZPOt�POXMxZPOXubQp�d7XMxZ]_N �`d7pjY¨d7kZ\[Pvg�fZXZY �¡]_pjN�\li x�Y[gjbjpjYlkZfZb+Pvx
YlX {0, 1} ¢!J�KZY[g�YlN�tZ\lY[Pvgcg+]_NQP$fMg�P<�5fZ\DtZp+]_t?POpjbjY[Pvge

� J�KMPstZp+]_k;d7kZYl\lYlb«i�]7��]_kZb�d7YlXZYlXZ^�d�pjfZX¯]7�
p
av]_XMg+PvaOfZbjYl��P$Y[xZPOXubjY[aed7\²kZYlb+g §�gjb�d7pjbjYlXZ^/�¡p+]_N

g+]_NQPW^`Yl��POX¯t?]`gjYlbjY[]_X�§�YlX¯bjKMPWkZYlX;d7pji�P<¤�t;d7XMgjY[]_X3]7�
f(x)

Y[g
21−p ¢

� =��c��P�av]_XMgjY[xZPOp
2p av]_XMg+PvaOfZbjYl��P x

��ge±bjKMPOp+P�Y[g
O(1)

]7�sbjKMPON&gjfMa�K³bjK;d7b�bjKMP�kZYlX;d7pji
P<¤1t;d7XMgjY[]_X9]7�

f(x)
K;d_gSd®pjfZX9]7�

p
av]_XMg+PvaOfZbjYl��P�Y[xZPOXnbjY[aed7\EkZYlb+g~gjb�d7pjbjYlXZ^��¡p+]_N g+]_NQP

^`Yl��POX¯t�]`g+YlbjY[]_X²¢
� J�KMP�g+POb�]7��bjKMP

x ∈ [12 , 1[n
gjfMa�K9bjK;d7b

f(x)
K;d_g�d�pjfZX³]7�

p
av]_XMg�PvaOfZbjYl��P�Y[xZPOXubjY[aed7\

kZYlb+g¥§�gjb�d7pjbjYlXZ^��5p+]_N g+]_NQPs^`Yl��POX�t?]`gjYlbjY[]_X�§/Y[g�]7�haed7p+x�YlX;d7\lYlb«i�d7p+]_fZXMx
2n−p ±�d7XMx�bjKMP

N�d�¤1YlN�fZN x�Y[gjb�d7XMavP�k�POb«�EPvPOX�b«�E]~av]_XMg+PvaOfZbjYl��P�PO\[PONQPOXub+g�Y[g)\[Pvg+g�bjK;d7X ≈
(

1 + n− p
2

)

·
2n−p �¡g+PvPWbjKMP�d7tZt�POXMx�Y ¤��¬]_pcd�tZp+]u]7���<¢
¶ P�^�POXMPOp�d7\lYI�eP�bjKZY[gSNQ]uxZPO\©b+]�b���]¯�¡fZXMaObjY[]_XMg

f1, f2 : [12 , 1[→ [a, b[
�¬]_pSg+]_NQP

a < b� �"w z�w
sinx

d7XMx
cos x

�<¢nJ�KMPOi®d7p+Pcg+PvPOX�d_g©p�d7XMxZ]_N YlXMxZPOt�POXMxZPOXub�kZ\¨d_a+¦u��k�]e¤�Pvg��µMp+gjbj\li�bjKMPOi
k?]_bjK�d7p+P�kZ\¨d_a�¦n��k?]v¤ZPvge±nd7XMx�g+Pvav]_XMx�\li�±`�¬]_p©d7Xni

n
d7XMx

k1, k2
\¨d7pj^�POpEbjK;d7X�g+]_NQP�bjKZp+PvgjKM]_\[xZg�±

Y �
x
Y[g$a+KM]`g+POX�p�d7XMxZ]_N�\li£d7XMx fZXZY �¬]_pjN�\li�YlX

[12 , 1[n
±�bjKMPOX bjKMP�kZYlbSd7b$t?]`gjYlbjY[]_X

k1
]7��bjKMP

kZYlX;d7pjiQP<¤�t;d7XMgjY[]_X®]7�
f1(x)

d7XMxQbjKMPskZYlb�d7bEt�]`gjYlbjY[]_X
k2
]7�²bjKMP�kZYlX;d7pjiQP<¤�t;d7XMgjY[]_X�]7�

f2(x)d7p+PcYlXMxZPOt�POXMxZPOXub�p�d7XMxZ]_N �`d7pjY¨d7kZ\[Pvge¢�KMp+]_N gjfMa�K®d7X�Kni1t�]_bjKMPvgjY[gE�EP�aed7X®d7\[g�]SxZPOpjYl��P�g+]_NQP
tZp+]_t?POpjbjY[Pvge

� J�KMPstZp+]_k;d7kZYl\lYlb«i�]7��]_kZb�d7YlXZYlXZ^�d�pjfZX¯]7�
p
av]_XMg+PvaOfZbjYl��P$Y[xZPOXubjY[aed7\²kZYlb+g §�gjb�d7pjbjYlXZ^/�¡p+]_N

g+]_NQPc^`Yl��POX®t?]`gjYlbjY[]_X�§�YlX�bjKMPckZYlX;d7pji�P<¤1t;d7XMgjY[]_XMg�]7�hk?]_bjK
f1(x)

d7XMx
f2(x)

Y[g
22−2p ¢

� =����EP®av]_XMgjY[xZPOp
22p av]_XMg+PvaOfZbjYl��P x

��ge±DbjKMPOp+P�Y[g
O(1)

]7��bjKMPON gjfMa+K9bjK;d7bSbjKMPQkZYlX;d7pji
P<¤1t;d7XMgjY[]_XMg/]7�ck?]_bjK

f1(x)
d7XMx

f2(x)
K;dv��P�dIpjfZX³]7�

p
av]_XMg+PvaOfZbjYl��P�Y[xZPOXnbjY[aed7\�kZYlb+g

gjb�d7pjbjYlXZ^��¡p+]_N�g+]_NQP$^`Yl��POX¯t?]`gjYlbjY[]_X²¢
� J�KMP~g+POb�]7�bjKMP

x ∈ [12 , 1[n
gjfMa�K¯bjK;d7b

f1(x)
d7XMx

f2(x)
K;de��P�d�pjfZX3]7�

p
av]_XMg+PvaOfZbjYl��P

Y[xZPOXnbjY[aed7\¥kZYlb+g~g+b�d7pjbjYlXZ^��5p+]_N g+]_NQP/^`Yl��POX t?]`gjYlbjY[]_X Y[g$]7��aed7p+x�YlX;d7\lYlb�i d7p+]_fZXMx
2n−2p ±

d7XMx bjKMPIN�d�¤1YlN�fZN x�Y[gjb�d7XMavPIk?POb��EPvPOX�b«�E] av]_XMg+PvaOfZbjYl��P£PO\[PONQPOXnb+g®Y[g�\[Pvg�gQbjK;d7X ≈
(1 + n− p) · 2n−2p ¢

�s]_bjY[avP�bjK;d7b�Ylb�Y[g�Ped_gji�b+]�N�d7¦�P$d7\l\�bjKMPvg+PWgjb�d7b+PONQPOXnb+g�pjYl^�]_p+]_fMg�d7XMx®b+]�^�POXMPOp�d7\lYI�ePWbjKMP
NQ]1xZPO\Db+]�NQ]_p+P$bjK;d7X3b��E]Q�5fZXMaObjY[]_XMg�¢

��� ¶����
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��� � �®� ���l���/����
����� ¸ � �Z� � ¸ � �'¸ � � ¼ ½

U~d7\���gEd_avaOfZp�d7b+P�b�d7kZ\[PvgENQPObjKM]1x�F���±+}.J?d_xZx�p+Pvg�g+Pvg¥bjKMPsg+Pvav]_XMx�p�d7XZ^�P�p+Pvx�fMaObjY[]_X�]7�DbjKMP�mufZY[a+¦
tZK;d_g�P�]7�!bjKMP�aed7\[aOfZ\¨d7bjY[]_X�]7�

f(x)
¢_J�KMPENQPObjKM]1x�Y[g)^�POXMPOp�d7\�±_kZfZb)KMPOp+PE��P�b�d7¦�P�d_g�P<¤Md7N�tZ\[Pvg

f(x) = 2x d7XMx f(x) = sinx
¢ZJ�KMP~Y[xZPed�]7��bjKMPSg+Pvav]_XMx�p�d7XZ^�P~p+Pvx�fMaObjY[]_X¯Y[g�b+]���pjYlb+P`

2x = 2x0 · 2h,

sinx = sinx0 · cos h + cos x0 · sinh,
��KMPOp+P

x0
Y[g©YlX�d$b�d7kZ\[P�]7�x�Y[gjbjYlXZ^`fZY[g+KMPvx�t?]_YlXnb+g�d7XMx�Y[gEgjb+]_p+Pvx���YlbjK�d7X�d7tZtZp+]e¤1YlN�d7bjY[]_X¯]7�

Ylb+gEav]_pjp+Pvgjt?]_XMx�YlXZ^
2x0

�5p+Pvg+t²¢
sinx0

d7XMx
cos x0

���
h = x−x0

Y[gEgjN�d7\l\��p+]_fZ^`KZ\li�g+t�Ped7¦1YlXZ^M±
|h| Y[g�gjN�d7\l\[POpEbjK;d7X 1

2

x�Yl�uY[xZPvx�kni�bjKMPcXufZNSk?POp�]7�hx�Y[g+bjYlXZ^`fZY[gjKMPvx�t?]_YlXnb+g�¢ �c�5b+POpEbjKZY[g�b�d7kZ\[P<�
k;d_g�Pvx/p�d7XZ^�P�p+Pvx�fMaObjY[]_X²±

2h �5p+Pvgjt²¢ cos h
d7XMx

sinh
�Y[g¥av]_N�tZfZb+Pvx�d7tZtZp+]v¤�YlN�d7b+PO\li�kni�fMgjYlXZ^

d�\[]�� xZPO^`p+PvP/t�]_\li1XM]_N�Y¨d7\%�5p+Pvgjt²¢�b���]�\[]e� xZPO^`p+PvP/t?]_\liuXM]_N�Y¨d7\[g��s��KZY[a�K aO\[]`g+PO\li�d7tZtZp+]e¤1Y �
N�d7b+Pvg

2h �5p+Pvgjt²¢ sinh
d7XMx

cos h
����KMPOX

h
Y[g¥aO\[]`g+P�b+]

0
¢uJh]WµZ¤�bjKMP�Y[xZPed_ge±��EPcaed7X�gjfZtZt�]`g�P

bjK;d7b�bjKMPvg+Pst�]_\li1XM]_N�Y¨d7\[g�d7p+PcbjKMP�Jdeiu\[]_p�P<¤�t;d7XMgjY[]_XMg�]7�hbjKMPc�5fZXMaObjY[]_XMg�d7b
0
±ukZfZb�YlbEY[gEt�]`gj�

g+YlkZ\[P�b+]�xZ]®k?PObjb+POpNF R.J�¢�=����EP�av]_XMgjY[xZPOp$bjKMP/xZ]_fZkZ\[P�tZp+PvaOY[gjY[]_X��5Y�¢�P`¢
53
kZYlb+g~]7��N�d7XnbjY[g+g�d3�<±

g+YlXMavP���P�d7p+P�YlX bjKMP®mufZY[a+¦�tZK;d_g+P`±�bjKMP�aed7\[aOfZ\¨d7bjY[]_XMgQg+KM]_fZ\[x�k?P�N�d_xZP®YlX³xZ]_fZkZ\[P®tZp+PvaOY �
g+Y[]_X3d_g�]7�5b+POX�d_g�t�]`g�gjYlkZ\[P`±Md7XMx�Ylb�Y[g�YlXub+POp+PvgjbjYlXZ^�b+]/K;de��P~b�d7kZ\[Pvg���YlbjK�d7tZtZp+]v¤�YlN�d7b+PO\li

210

x�Y[g+bjYlXZ^`fZY[gjKMPvx¯PO\[PONQPOXnb+g�±Z�¬]_p�aed_a+KMPS]_tZbjYlN�YI��d7bjY[]_XIp+Ped_g+]_XMga�¡g+PvPWF {�±^H�J��<¢
J�KMP�X;d7Yl��P���dvi³]7��a�KM]u]`g+YlXZ^ bjKMP�x�Y[gjbjYlXZ^`fZY[gjKMPvxªPO\[PONQPOXnb+g�Y[g�b+]£b�d7¦�P�bjKMPON&Pvmnf;d7\l\li

g+t;d_avPvxD±nbjKufMg�N�YlXZYlN�YI�vYlXZ^�bjKMPcN�d�¤�YlNSfZN �`d7\lfMPsb�d7¦�POX®kni |h| ¢�U~d7\���gEY[xZPed�Y[gEb+]Sp+PO\¨d�¤®��POpjig+\lYl^`Knbj\li bjKMPIN�d�¤1YlN�fZN �_d7\lfMPIb�d7¦�POX�kni |h| YlX ]_p+xZPOp®b+] a+KM]1]`g+P3k?PObjb+POp�x�Y[gjbjYlXZ^`fZY[gjKMPvxt?]_YlXnb+g��KMP�b�d7¦�Pvg�d7\lNQ]`gjbEp+PO^`fZ\¨d7pj\li�gjt;d_avPvx�x�Y[g+bjYlXZ^`fZY[gjKMPvx�t?]_YlXnb+g
x0
gjfMa+K�bjK;d7b©bjKMPcg+b+]_p+Pvx

d7tZtZp+]e¤1YlN�d7bjY[]_X°]7�
2x0

�5p+Pvgjt²¢
sinx0

d7XMx
cos x0

�SY[g�fZXnfMgjf;d7\l\li aO\[]`g+P®b+]IYlb+g�bjpjfMP®�`d7\lfMP`¢
� ]_p+P�tZp+PvaOY[g+PO\li�±�YlX xZ]_fZkZ\[P®tZp+PvaOY[gjY[]_X²±�¬]_p/d7Xui

0 ≤ i < 210 ± xi
0

Y[g/d3N�d_a+KZYlXMP�XnfZN�k�POp
aO\[]`g�Pvgjb�b+] 1

2 + i
211

gjfMa�K¯bjK;d7be

∣

∣

∣
252 · 2xi

0
aONQ]ux

1
∣

∣

∣
≤ 2−10 �¬]_p

2x

∣

∣253+e · sinxi
0

aONQ]ux
1
∣

∣ ≤ 2−10 d7XMx ∣

∣253 · cos xi
0

aONQ]1x
1
∣

∣ ≤ 2−10 �¬]_p
sinx,

��KMPOp+P
e = 1

Y � |xi
0| ≤ π

6

d7XMx
0
]_bjKMPOpj��Y[g+P`¢ ��avav]_p+x�YlXZ^Qb+]/bjKMPWp�d7XMxZ]_N�NQ]1xZPO\�±

xi
0

g+KM]_fZ\[x
k?P�P<¤�bjp+PONQPO\li aO\[]`g+P�b+] 1

2 + i
211

±?YlN�tZ\li1YlXZ^�d�XMPO^`\lYl^`YlkZ\[P�YlXMaOp+Ped_g+PQ]7��bjKMP��_d7\lfMP�bjK;d7b�aed7X
k?P�b�d7¦�POX kui |h| ¢ � ]_p+Pv]e��POpe±¥bjKZY[g�g+POb�]7�~x�Y[gjbjYlXZ^`fZY[gjKMPvx t�]_YlXub+gQ^`Yl��Pvg®d£NQ]_p+P3d_avaOfZp�d7b+PYlN�tZ\[PONQPOXub�d7bjY[]_X�]7�?bjKMP��5fZXMaObjY[]_X²ugjYlXMavP |x−x0|

Y[g¥k?]_fZXMxZPvxQkni ≈ 2−12 ±`bjKMP�µMX;d7\�]_fZbjtZfZb
�¬]_p

f(x)
aed7X¯k?PWN�d_xZP~d_avaOfZp�d7b+P~��YlbjK ≈ 63

kZYlb+g�]7�)tZp+PvaOY[gjY[]_XId7\lbjKM]_fZ^`K¯bjKMP$aed7\[aOfZ\¨d7bjY[]_XMg
d7p+PIN�d_xZP£��YlbjK�xZ]_fZkZ\[Pvge¢ �c^nd7YlX YlX�bjKMP3p�d7XMxZ]_N NQ]1xZPO\�±�bjKZY[g®YlN�tZ\lY[Pvg�bjK;d7b®bjKMPI�`d7\lfMP
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]_fZbjtZfZb��¬]_p
f(x)

Y[g�av]_pjp+PvaObj\li p+]_fZXMxZPvx���YlbjK�tZp+]_k;d7kZYl\lYlb�i
d7p+]_fZXMx
1 − 2−10 ±���KZY[a�K�Y[g

KZYl^`KMPOpcbjK;d7X
99.9%

¢
J�KMP�b�d7kZ\[Pvg�d7p+P�av]_XMgjbjpjfMaOb+Pvx�kniQP<¤�K;d7fMgjbjYl��Pcg+Ped7p+a�K²±ng+]~bjK;d7b©bjKMPOp+Psd7p+P�d7tZtZp+]v¤�YlN�d7b+PO\li

29 bjpjY¨d7\[g��¬]_p�d7Xui¯x�Y[gjbjYlXZ^`fZY[gjKMPvx�PO\[PONQPOXnbW]7�¥bjKMP 2x ��b�d7kZ\[P`±�d7XMx�d7tZtZp+]v¤�YlN�d7b+PO\li 218 bjpjY¨d7\[g
�¬]_pcd7Xni�x�Y[gjbjYlXZ^`fZY[g+KMPvx¯PO\[PONQPOXnb�]7��bjKMP

sinx
��b�d7kZ\[P`¢

����� � ¼ � ¸ �®¸ �����h½ ¸ �7� ¼ �ª� � ¸ � ���

� POb
n
k�P�bjKMP�tZp+PvaOY[g+Y[]_X³d7XMx

f : [12 , 1[→ [12 , 1[
k�P�bjKMP®av]_XMgjY[xZPOp+Pvx9�5fZXMaObjY[]_X²¢��

m
k����3!


i���^�
x
�¡]_p

f
Y[gsd

n
��kZYlbsN�d_a+KZYlXMP�XnfZN�k�POpWgjfMa�KIbjK;d7bWd7bs\[Ped_gjb

n + m
kZYlb+gWd7p+P�XMPvPvxZPvx3b+]

p+]_fZXMx
f(x)

av]_pjp+PvaObj\li�¢ � ]_p+PWtZp+PvaOY[g+PO\li�bjKMPvg+P~d7p+P$bjKMP
x
��g�YlX

[ 12 , 1[n
gjfMa�K¯bjK;d7be

� |2n · f(x)
aONQ]1x

1| ≤ 2−m �¡]_p�bjKMP x�Ylp+PvaOb+Pvx�p+]_fZXMx�YlXZ^ NQ]1xZPvg��5b+]���d7p+xZg
0
±

+∞]_p −∞ �<±
� |2n · f(x)− 1

2

aONQ]1x
1| ≤ 2−m �¬]_p�bjKMP$p+]_fZXMx�YlXZ^�b+]/XMPed7p+Pvgjb�NQ]1xZP`¢

��]_bjY[avP¯bjK;d7b�YlX bjKZY[g�xZP<µMXZYlbjY[]_X²±
m
aed7X°k�PId7Xniªp+Ped7\cXufZNSk?POpe¢9O�POp+P¯bjKMP¯�5fZXMaObjY[]_XMg��EP

av]_XMg+Y[xZPOp$K;dv��P�]_fZbjtZfZb~p�d7XZ^�Pvg~x�Y��DPOp+POXnbW�¡p+]_N
[12 , 1[

±²g+]®�EPQd_xZ]_tZb$bjKMP�xZP<µMXZYlbjY[]_X b+]�]_fZp
aed_g�P`¢¶ P�g�dei bjK;d7b

x ∈ [12 , 1[53
Y[g�d

m
��k;d_x aed_g�P��¬]_p

2x Y � |252+x aONQ]ux 1| ≤ 2−m ±�d
m
��k;d_x aed_g+P��¡]_p

cos x
Y � |253 · cos x

aONQ]ux
1| ≤ 2−m ±�d m

��k;d_x9aed_g+P��¬]_p
sinx

Y � |253 ·
sinx

aONQ]ux
1| ≤ 2−m ��KMPOX

x ∈]π6 , 1[
d7XMx |254 · sinx

aONQ]ux
1| ≤ 2−m Y �

x ∈ [12 , π
6 [
¢

J�KMP�¦uXM]���\[Pvx�^�P©]7�ZbjKMP �����d!ZX����i�9�; ]�� Z��X�!
f
±OY�¢�P`¢vbjKMP¥N�d�¤1YlN�fZN

m
gjfMa�K~bjK;d7b

f
d_x�N�Ylb+g

d
m
��k;d_x�aed_g+P`±N�d7¦�PvgSYlb�t�]`g�gjYlkZ\[PQb+]IYlN�tZ\[PONQPOXnb

f
P<��aOY[POXubj\li�±k?Pvaed7fMg+P�bjKMPQN�d�¤�YlNSfZN

XufZNSk?POp¥]7�!kZYlb+g���KZY[a+K�d7p+P�XMPvPvxZPvx/Y[g)¦1XM]e��X/YlXQd_x��_d7XMavP`¢`J�KMP�x�p�de��k;d_a+¦�]7�;bjKZY[g¥d7tZtZp+]�d_a+K
Y[g®bjK;d7b�bjKZY[g®�_d7\lfMPIY[g®K;d7p+x b+] av]_N�tZfZb+P`¢�J�KMP�P<¤�K;d7fMgjbjYl��P£g+Ped7p+a+K�Y[g®kni �¬d7p®YlX��¡Ped_g+YlkZ\[P
k?Pvaed7fMg+P�]7�!Ylb+g ≈ 2n av]_N�tZ\[P<¤�Ylb�i�¢ � P<�¬LO�1p+P�d7XMx � fZ\l\[POp�tZp+]_t?]`g+Pvx�d ≈ 22n/3 d7\l^�]_pjYlbjKZN FIHe|�±
HO�ZJ�±���KZY[a+K
��d_g3gjf���aOY[POXub3b+]³t?POp,�¡]_pjN g�]_NQP gji1g+b+PON�d7bjY[a �E]_pj¦�YlX
xZ]_fZkZ\[P tZp+PvaOY[g+Y[]_X²¢
rub+POKZ\[V`± � P<�¬LO�1p+P�d7XMx��!YlN�NQPOpjN�d7XZX�F R`R.J1^nde��P�d�^�POXMPOp�d7\lYI��d7bjY[]_XQ]7�MbjKZY[g�d7\l^�]_pjYlbjKZN kni~fMg+YlXZ^
\¨d7bjbjY[avP<��k;d_g�Pvx ��]_tZt�POp+gjN�YlbjK²��gW��]_pj¦3b+]�µMXMx£gjN�d7\l\p+]1]_b+gW]7�©NQ]1x�fZ\¨d7p�t?]_\li1XM]_N�Y¨d7\[g�F |�±,�ZJ�¢
J�KMPOi9]_kZb�d7YlXMPvx d7X³d7\l^�]_pjYlbjKZN ��YlbjK dIKMPOfZpjY[gjbjY[a ≈ 23n/5 av]_N�tZ\[P<¤�Ylb�i�±)��KZY[a+K³��d_g/\¨d7b+POp
YlN�tZp+]���Pvx�b+] ≈ 25n/7 F R`|.J�¢ �s\lbjKM]_fZ^`K®bjKMPvg+P�av]_N�tZ\[P<¤�Ylb�iQk?]_fZXMxZg�d7p+Pck�PObjb+POpEbjK;d7X�bjKMPs]_XMP
]7� � P<�¬LO�up+P`��g~d7\l^�]_pjYlbjKZN¯±DYlb$g+PvPONQgWbjK;d7b$bjKMP�tZp�d_aObjY[aed7\©aOfZb,��]	� k�POb«�EPvPOX k?]_bjK NQPObjKM]1xZgWY[g
d7p+]_fZXMx¯bjKMP~xZ]_fZkZ\[P~P<¤�b+POXMxZPvx�tZp+PvaOY[gjY[]_X²±MY�¢�P`¢

n = 64
¢
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�sfZp©YlN�tZp+]e��PONQPOXnb�Y[g�k;d_g+Pvx�]_XQbjKMP�Y[xZPedWbjK;d7b¥Ylb¥Y[g¥t�]`g+g+YlkZ\[P�b+]Wp+PvmnfZYlp+P�pjfZXMgE]7��NQ]_p+P�bjK;d7X
10
av]_XMg+PvaOfZbjYl��P~Y[xZPOXnbjY[aed7\²kZYlb+gcd_gcU~d7\²xZ]uPvge¢1¶ P�µMp+gjb�xZPvg�aOpjYlk�PW��K;d7bcd7p+PWbjKMPWk?Pvgjb�g+POb+g�]7�

x�Y[g+bjYlXZ^`fZY[gjKMPvx�t?]_YlXnb+g©�¬]_p
2x d7XMx sinx

±ud7XMx�bjKMPOX®g+KM]e� bjK;d7b¥�¬]_p
2x ±�U$d7\���g©NQPObjKM]1xQk;d_g�Pvx
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]_X�bjKZY[gSg+PObSaed7X9k�P/fMg�Pvx �¬]_p$bjKMPQ��KM]_\[P�PO�`d7\lf;d7bjY[]_X9g�a+KMPONQPm�5k?]_bjK9mufZY[a+¦ d7XMx�d_avaOfZp�d7b+P
tZK;d_g�Pvg��<¢

� ��� � � �Z� � ¸ � �Z½ ¸�¼���� �Z½��S�Z� ¸ � �«¼ ��� � ¸ � �A� ¸ ��� ¸ ½ ��¼ 
 �½ ����� �'¼ ½ ¸ �
�sXMxZPOp)bjKMP�p�d7XMxZ]_N NQ]1xZPO\Zd_g�gjfZN�tZbjY[]_X²±`Ylb)Y[g)t�]`g�gjYlkZ\[P�b+]$gjbjp+POXZ^`bjKMPOX�bjKMP�p+PvmnfZYlp+PONQPOXub+g©]7�
U~d7\n]_X~bjKMP¥\[POXZ^`bjKMg]7�ZbjKMP�pjfZXMgh]7�Mav]_XMg+PvaOfZbjYl��P©Y[xZPOXnbjY[aed7\1kZYlb+ge¢(KM]_pbjKMP

2x �¡fZXMaObjY[]_X²±v�EPEaed7X
b�d7¦�P$d_g�g+POb�]7�x�Y[gjbjYlXZ^`fZY[g+KMPvx�t�]_YlXub+g�d7\l\�bjKMP

42
��k;d_x�aed_g+Pvge¢�J�KMPOp+P$d7p+P$d7tZtZp+]v¤�YlN�d7b+PO\li

212

]7�¥bjKMPON d7XMxIbjKMP�N�d�¤1YlN�fZN x�Y[g+b�d7XMavP�k?POb���PvPOX b���]®av]_XMg�PvaOfZbjYl��P�]_XMPvg�Y[g�k?PO\[]e�
2−9.914 ±

g�PvP�r1PvaObjY[]_X {�¢ �EKM]1]`gjYlXZ^�gjfMa+K d�g�PObs]7�©x�Y[gjbjYlXZ^`fZY[gjKMPvx��`d7\lfMPvgsxZPvaOp+Ped_g�PvgsbjKMP�POpjp+]_p�N�d_xZP
]_X

2x0
YlX

2x = 2x0 · 2h,
kZfZb�g+YlXMavP$bjKMPWN�d�¤1YlN�fZN x�Y[gjb�d7XMavP~k�POb«�EPvPOX3b«�E]�x�Y[gjbjYlXZ^`fZY[gjKMPvx��`d7\lfMPvg�Y[g�XM]_bcxZPvaOp+Ped_g�PvxD±
bjKMP�POpjp+]_pSN�d_xZP���KZYl\[P�PO�`d7\lf;d7bjYlXZ^IbjKMP�t�]_\li1XM]_N�Y¨d7\�d7tZtZp+]e¤1YlN�d7bjYlXZ^

2h �¬]_p h
aO\[]`g+PQb+]

0Y[g�p+]_fZ^`KZ\li9bjKMP®g d7NQP`±Y�¢�P`¢ ≈ 2−10 �gjYlXMavP®bjKMP�av]uP<��aOY[POXub+gQ]7�cbjKMP®t�]_\li1XM]_N�Y¨d7\�d7p+P�xZ]_f��
kZ\[Pvg/d7XMx�g+YlXMavPQbjKZY[g~Y[g/d7\[g+]3bjKMPQ�E]_pj¦1YlXZ^�tZp+PvaOY[gjY[]_X²±²bjKMP®xZPO^`p+PvP<�

1
av]1P<��aOY[POXnb�Y[g�av]_pjp+PvaOb

��YlbjK³POpjp+]_p�k�]_fZXMxZPvx9kni ≈ 2−53−10 ¢ ��g�d3av]_XMg+PvmufMPOXMavP`±bjKMP�POpjp+]_p�N�d_xZP�YlX bjKMP�mufZY[a+¦
tZK;d_g�PSY[g�p+]_fZ^`KZ\li¯bjKMP/g�d7NQP`¢ ��fZbWd_g��EP���Yl\l\�g+PvP�YlXIbjKMP�XMP<¤1bWgjfZkMg+PvaObjY[]_X²±�bjKZY[gWa+KM]_Y[avP/]7�
x�Y[g+bjYlXZ^`fZY[gjKMPvx�t?]_YlXnb+g�N�d7¦�PvgcbjKMP~d_avaOfZp�d7b+P~tZK;d_g+P~NQ]_p+P~P<��aOY[POXnbe¢

KM]_psbjKMP
sinx

�5fZXMaObjY[]_X²±?gjYlXMavPSbjKMPOp+P�d7p+P�b���]�p+PO\¨d7b+Pvx3�¡fZXMaObjY[]_XMgsYlXIbjKMP�g�Pvav]_XMx3p�d7XZ^�P
p+Pvx�fMaObjY[]_X �5X;d7NQPO\li

sinx
d7XMx

cos x
�<±D�EP�aed7XZXM]_b�P<¤�t�PvaOb$pjfZXMg�]7��av]_XMg+PvaOfZbjYl��PQY[xZPOXubjY[aed7\

kZYlb+g�d_g)\[]_XZ^~d_g�¡]_p
2x ¢Z=�XMxZPvPvxD±7bjKMP�k?Pvgjb�a�KM]_Y[avP�]7�!x�Y[gjbjYlXZ^`fZY[gjKMPvx/�`d7\lfMPvg)Y[g�N�d_xZP�]7��d7\l\�bjKMP

x
��g)bjK;d7bEd7p+P�gjYlNSfZ\lb�d7XMPv]_fMg+\li

21
��k;d_x�aed_g+Pvg)�¬]_p

sinx
d7XMx

cos x
¢`J�KMPOp+Psd7p+P�d7tZtZp+]v¤�YlN�d7b+PO\li

212 ]7�bjKMPON¯±Zd7XMx�bjKMP$dv��POp�d7^�P$x�Y[g+b�d7XMavPsk?POb���PvPOX¯b���]�av]_XMg+PvaOfZbjYl��P$]_XMPvg�Y[g�k�PO\[]�� 2−9.977

d_gEgjKM]e��X�kni/bjKMPcP<¤�t?POpjYlNQPOXnb+g�]7�hr1PvaObjY[]_X�{�¢�J�KZY[g©NQPed7XMg©bjK;d7bEbjKMPcPOpjp+]_p+g¥N�d_xZPs]_X
sinx0d7XMx

cosx0
YlX

sinx = sinx0 · cos h + cos x0 · sinh (1)
d7p+P$xZPvaOp+Ped_g�Pvx®�5p+]_N ≈ 2−63 b+] ≈ 2−74 ¢�¶ P$d7pj^`fMP$bjK;d7b�bjKMP$POpjp+]_p+g�N�d_xZPWYlX�bjKMPWt�]_\li1XM]7�
N�Y¨d7\�PO�_d7\lf;d7bjY[]_XMgWav]_pjp+Pvgjt?]_XMx�YlXZ^®b+]

cos h
d7XMx

sinh
aed7X�d7\[g�]Qk?P~N�d_xZP~bjK;d7b�gjN�d7\l\�±!YlX�d

��POpji�P<��aOY[POXnbs��dei�¢M¶ P~xZP<µMXMP

S(h) = h− a3h
3 + a5h

5 d7XMx
C(h) = 1− 1

2
h2 + a4h

4,

��KMPOp+P
ai
Y[g©bjKMP�xZ]_fZkZ\[PsaO\[]`g�Pvgjb©b+] 1

i!

�¬]_p
i ∈ {3, 4, 5} ¢	��gjYlXZ^�bjKMP���d_aOb©bjK;d7b |h| ≤ 2−10.977

d7\[]_XZ^���YlbjK � d7^`p�d7XZ^�P`��g�k?]_fZXMxD±Z��P~]_kZb�d7YlX3bjK;d7be

| sinh− S(h)| ≤
∣

∣

∣

∣

sinh−
(

h− h3

6
+

h5

120

)
∣

∣

∣

∣

+

∣

∣

∣

∣

a3 −
1

6

∣

∣

∣

∣

|h|3 +

∣

∣

∣

∣

a5 −
1

120

∣

∣

∣

∣

|h5|
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≤ 2−76.839 · 2−12.299 + 2−56.584 · 2−32.931 + 2−62.906 · 2−54.885

≤ 2−88.314,

| cos h− C(h)| ≤
∣

∣

∣

∣

cos h−
(

1− h2

2
+

h4

24

)∣

∣

∣

∣

+

∣

∣

∣

∣

a4 −
1

24

∣

∣

∣

∣

|h|4

≤ 2−65.862 · 2−9.491 + 2−58.584 · 2−43.908

≤ 2−75.352.
¶ P®XM]�� P<¤�tZ\¨d7YlX³KM]e�´b+]£PO�`d7\lf;d7b+P®Pvmuf;d7bjY[]_X

(1)
¢ � POb

c0
d7XMx

s0
k?P�bjKMP®b«�E]£N�d_a+KZYlXMP

XufZNSk?POp+gEd7tZtZp+]e¤1YlN�d7bjYlXZ^
cos x0

d7XMx
sinx0

¢ ��i/av]_XMgjbjpjfMaObjY[]_X���P�K;dv��P |c0−cos x0|, |s0−
sinx0| ≤ 2−74 ¢ � POb C∗(h) = C(h)−1

d7XMx
S∗(h) = S(h)−h

¢nwsPvaed7\l\ZbjK;d7b
h ≤ 2−10.977 ¢¶ P¥µMp+gjbav]_N�tZfZb+P�d7tZtZp+]v¤�YlN�d7bjY[]_XMg�]7�

S∗(h)
d7XMx

C∗(h)
��YlbjKfO�]_pjXMPOpe��gNQPObjKM]ux�YlX�xZ]_fZkZ\[P

tZp+PvaOY[g+Y[]_X²

k← o(h2) |k − h2| ≤ 2−54−21 ≤ 2−75 k ≤ 2−21.953

k′ ← o(h · k) |k′ − h3| ≤ 2−10.977−75 + 2−54−32 ≤ 2−84.988 |k′| ≤ 2−32.930

S∗ ← o(a5 · k) |S∗ − a5 · h
2| ≤ 2−6.906−75 + 2−54−28 ≤ 2−80.952 |S∗| ≤ 2−28.859

S∗ ← o(S∗ − a3) |S∗ − (−a3 + a5 · h
2)| ≤ 2−80.952 + 2−54−2 ≤ 2−55.999 |S∗| ≤ 2−2.584

S∗ ← o(k′ · S∗) |S∗ − S∗(h)| ≤ 2−84.988−2.584 + 2−55.999−32.930 + 2−54−35 ≤ 2−86.754 |S∗| ≤ 2−35.513

C∗ ← o(a4 · k) |C∗ − a4 · h
2| ≤ 2−4.584−75 + 2−54−26 ≤ 2−78.777 |C∗| ≤ 2−26.536

C∗ ← o(C∗ − 1

2
) |C∗ − (− 1

2
+ a4 · h

2)| ≤ 2−78.777 + 2−54−2 ≤ 2−55.999 |C∗| ≤ 2−1.000

C∗ ← o(k · C∗) |C∗ − C∗(h)| ≤ 2−75−1.000 + 2−55.999−21.953 + 2−54−22 ≤ 2−74.824 |C∗| ≤ 2−22.951 .

J�KMPSaed7\[aOfZ\¨d7bjY[]_XI]7�
sinx

POXMxZg���YlbjK¯bjKMPSgjfZN¯

s = s0 + c0 · h + (s0 · C∗ + c0 · S∗),

bjKMP/b+POpjN 
c0 · h

�/k?POYlXZ^3PO�_d7\lf;d7b+Pvx YlX�d7X P<¤1b+POXMxZPvx tZp+PvaOY[g+Y[]_X²±?�¡]_p~P<¤Md7N�tZ\[P�kuiIfMgjYlXZ^�d
muf;d_x�pjfZtZ\[P`±Md/xZ]_fZkZ\[P<��xZ]_fZkZ\[P`±;]_p�kui®g+YlNSfZ\¨d7bjYlXZ^QbjKMP$P<¤�b+POXMxZPvx�tZp+PvaOY[gjY[]_X¯��YlbjK�bjKMPWfMg+PW]7�
d��¡N�d/]_t?POp�d7bjY[]_X²¢YKM]_pcP<¤Md7N�tZ\[P$��P~xZ]/bjKZY[g���YlbjKId��¡N�d�¢

� h′ ← ofma(s0 + c0 · h)
¢

� t← o(h′ − s0)
¢

� l← ofma(t− c0 · h)
¢

ruYlXMavP |c0 · h| ≤ s0

2

±Z��P~K;de��P
h′ ≥ s0

2

d7XMx�bjKMPSg+Pvav]_XMx3]_t?POp�d7bjY[]_X3Y[g�P<¤Md_aObe¢MJ�KMPOp+P<�¬]_p+P~��P
K;de��P`

h′ + l = s0 + c0 ·h
d7XMx |(h′ + l)− (sin x0 +cos x0 ·h)| ≤ 2−74 +2−74−10.977 ≤ 2−73.999.

¶ P�XM]���av]_N�tZfZb+P�g+]_NQPS\[Pvg�g�g+Yl^`XZY µ;aed7Xnb$kZYlb+ge±!��KZY[a+K YlX£t;d7pjbjY[aOfZ\¨d7p~gjf���avP�b+]®p+]_fZXMx
av]_pjp+PvaObj\li�bjKMP$p+Pvg+fZ\lb�NQ]`gjbc]7�)bjKMPWbjYlNQP`¢

S∗ ← o(c0 · S
∗) |S∗ − cos x0 · S

∗(h)| ≤ 2−74−35.513 + 2−0.188−86.754 + 2−54−35 ≤ 2−86.631 |S∗| ≤ 2−35.700

C∗ ← o(s0 · C
∗) |C∗ − sin x0 · C

∗(h)| ≤ 2−74−22.951 + 2−0.249−74.667 + 2−54−23 ≤ 2−74.610 |C∗| ≤ 2−23.199

��� ¶����
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C∗ ← o(S∗ + C∗) |C∗ − (cos x0 · S
∗(h) + sin x0 · C

∗(h))| ≤ 2−86.631 + 2−74.610 ≤ 2−74.609

C∗ ← o(l + C∗) |(h′ + C∗)− sin x| ≤ 2−74.609 + 2−73.999 + 2−1−106 ≤ 2−73.271.
¶ KMPOX bjKMP¯x�Y[g+b�d7XMavP¯k?POb��EPvPOX

253+e · sinx
d7XMx

Z
Y[gQKZYl^`KMPOp�bjK;d7X

253+e · 2−73.271 =
2−19.271+e §I��KMPOp+P e

Y[g
1
YlX bjKMP�aed_g+P�]7�cd®p+]_fZXMx�YlXZ^3b+]�bjKMP�XMPed7p+Pvg+b~NQ]uxZP`±d7XMx

0
�¡]_p

d9x�Ylp+PvaOb+Pvx p+]_fZXMx�YlXZ^³NQ]uxZP¯§³bjKMP d_xZx�YlbjY[]_X
h′ + C∗

^`Yl��Pvg®bjKMP£av]_pjp+PvaOb�]_fZbjtZfZbe¢�J�KZY[g
YlN�tZ\lY[Pvg�bjK;d7b�kni®fMgjYlXZ^QgjfMa+K3d/g�a+KMPONQP$bjKMPWp+PvgjfZ\lb�Y[g�av]_pjp+PvaObj\li�p+]_fZXMxZPvx���YlbjK�tZp+]_k;d7kZYl\lYlb«i
d7b©\[Ped_gjb

1−2−19.271 ±���KZY[a+K�N�d7¦�PvgEbjKMP 99.9%
Pvg+bjYlN�d7b+Pc]7�U$d7\;YlXMaOp+Ped_g�P�b+] ≈ 99.9998%

¢

� � � ��� 
 ��`� � ¼ �����Z� � 
h��� � ¼ � � � � ¸ � ¸ � �Z� ¸ ½ ¼ � �®� ���l� � ¸ � � ¼ ½
=«X bjKZY[g�gjfZkMg+PvaObjY[]_X���P�xZPvg+aOpjYlk?PQKM]�� ]_XMP�av]_fZ\[x�PO�`d7\lf;d7b+P

2x : [12 , 1[→ [1, 2[
YlX xZ]_fZkZ\[P

tZp+PvaOY[g+Y[]_X���YlbjK�av]_pjp+PvaOb�p+]_fZXMx�YlXZ^�kni�fMgjYlXZ^S]_XZ\li�U~d7\���g¥NQPObjKM]1xD±nYlXQbjKMPsaed_g+Pc]7�hd$x�Ylp+PvaOb+Pvx
p+]_fZXMx�YlXZ^�NQ]1xZP`¢ ��g~fMgjf;d7\�±hbjKMPOp+P®d7p+P�b���]3tZK;d_g�Pvge²bjKMP®mnfZY[a�¦ tZK;d_g+P�d7XMx9bjKMP�d_avaOfZp�d7b+P
tZK;d_g�P`¢

� � ¸�� 
 �5�	��
 � �Z� ¸
¶ PSfMg+PQU$d7\���g�NQPObjKM]1x3��YlbjK£bjKMP�b�d7kZ\[P�N�d_xZP/]7�©bjKMP
42
��k;d_x aed_g+Pvg�¢

J�KZY[g�YlXMx�fMavPvg�d7X�POpjp+]_p�k?]_fZXMxZPvx�kni
2−41 �¡]_p�bjKMPsb+POpjN 2x0

±1d7XMx�bjKMPstZp+]_kZ\[PON Y[g�p+Pvx�fMavPvx
b+]�av]_N�tZfZbjYlXZ^�d7tZtZp+]v¤�YlN�d7b+PO\li

2h ��KMPOp+P |h| Y[g�g+N�d7\l\[POp�bjK;d7X 2−10.914 �¡g+PvP�r1PvaObjY[]_X {3�<¢
¶ P/xZ]®bjKZY[gWkni£PO�`d7\lf;d7bjYlXZ^�bjKMP�t?]_\li1XM]_N�Y¨d7\

P (h) = 1 + a1h + . . . + a4h
4 ±���KMPOp+P ai

Y[g
bjKMPsxZ]_fZkZ\[PcbjK;d7b�Y[g©aO\[]`g�Pvgjb©b+] (ln 2)i

i!

¢j=�b¥Y[gEt?]`g+gjYlkZ\[P�b+]�a+KMPva�¦QbjK;d7b
P (h)

aed7X�k�PsPO�_d7\lf;d7b+Pvx
��YlbjK ]_XZ\li ]_t?POp�d7bjY[]_XMg~]_X xZ]_fZkZ\[Pvg~b+]¯d7tZtZp+]e¤1YlN�d7b+P

2h ��YlbjK�POpjp+]_p~k?]_fZXMxZPvx kni ≈ 2−63

��KMPOX |h| ≤ 2−10.914 ¢�J�KZY[g�YlN�tZ\lY[Pvg�bjK;d7b�Y � x
Y[g�XM]_bsd

10
��k;d_x¯aed_g+P`±�bjKMPW�`d7\lfMP$aed7\[aOfZ\¨d7b+Pvx

g�]��¬d7p~�¡]_p
2x Y[g~av]_pjp+PvaObe¢ � ]_p+Pv]e��POpe±)d_g�d¯gjY[xZPQP �DPvaObe±²Y � x

Y[g�d
42
��k;d_x9aed_g+P`±hbjKMP�p+PvgjfZ\lb

aed7X d7\[g+]�k�P�av]_pjp+PvaObj\li3p+]_fZXMxZPvxD��¬]_pWPed_a+K POXnbjpji
(x0, 2

x0)
]7�©bjKMP�b�d7kZ\[P`±��EP�d_xZx£d�kZYlbW]7�

YlX��¬]_pjN�d7bjY[]_X�b+PO\l\lYlXZ^���KMPObjKMPOp�bjKMP�g+b+]_p+Pvx��`d7\lfMPc�¡]_p
2x0

Y[g�gj\lYl^`Kubj\li�\¨d7pj^�POp�]_p�gjN�d7\l\[POp�bjK;d7X
Ylb+g�p+Ped7\²�_d7\lfMP`¢

� � ¸ �Z��� 
h�7��� ¸ 
 � �Z� ¸ rufZtZt?]`g+PsXM]e� bjK;d7bEbjKMP�mnfZY[a�¦QtZK;d_g+Ps��d_g�XM]_b�gjf���aOY[POXnb�b+]�^`f;d7p,�
d7Xub+PvP®dIav]_pjp+PvaOb�p+]_fZXMx�YlXZ^£]7��bjKMP®]_fZbjtZfZbe¢�¶ P�¦�PvPOt bjKMP�g d7NQP�t;d7Ylp

(x0, 2
x0)

d7XMx ]_XZ\li
a�K;d7XZ^�PcbjKMPct�]_\li1XM]_N�Y¨d7\?PO�_d7\lf;d7bjY[]_X�gjfZk���tZK;d_g+P`¢u¶ PcPO�`d7\lf;d7b+PcYlX®mnf;d_x�pjfZtZ\[PstZp+PvaOY[gjY[]_X�bjKMP
t?]_\li1XM]_N�Y¨d7\

Q(h) = 1 + b1h + . . . + b7h
7 ��KMPOp+P bi

Y[g�bjKMP�muf;d_x�pjfZtZ\[P�tZp+PvaOY[gjY[]_X N�d��
a�KZYlXMP$XnfZN�k�POpsbjK;d7b�Y[g�aO\[]`g+Pvgjb�b+] (ln 2)i

i!

¢_=�b�aed7X�k?P$a+KMPva�¦�Pvx¯bjK;d7b
Q(h)

aed7X�k?P$PO�_d7\lf;d7b+Pvx
��YlbjK ]_t�POp�d7bjY[]_XMg�]_X9muf;d_x�pjfZtZ\[PvgSb+]Id7tZtZp+]v¤�YlN�d7b+P

2h ��YlbjK9POpjp+]_pSk?]_fZXMxZPvx kui 2−106.821

��KMPOX |h| ≤ 2−10.914 ¢ � POb Q̄(h)
k�P~bjKMP$�_d7\lfMP�av]_N�tZfZb+Pvx��¬]_p

Q(h)
±�d7XMx

y0
k?P$bjKMP$�`d7\lfMP

�¬]_p
2x0

bjK;d7b�Y[g�gjb+]_p+Pvx¯YlX�bjKMP$b�d7kZ\[P`¢Z¶ PWµMX;d7\l\li¯d7tZtZp+]v¤�YlN�d7b+P
2x kui y0 · Q̄(h)

±ZbjKMP~POpjp+]_p
k?POYlXZ^�k?]_fZXMxZPvx�kni?

2−106.821+1 + 2−41−53 · 1.000360 + 2−114+1 ≤ 2−93.999.
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J�KZY[gcYlN�tZ\lY[PvgcbjK;d7bsY �
x
Y[g�XM]_bWd

41.999
��k;d_x aed_g+P`±MbjKMPOX3bjKMP$p+PvgjfZ\lbsY[g�p+]_fZXMxZPvxIav]_pjp+PvaObj\li�¢

J�KMPOp+P<�¬]_p+P`±_�EP�K;de��P�d7X�YlN�tZ\[PONQPOXnb�d7bjY[]_XQp+PObjfZpjXZYlXZ^~bjKMP�av]_pjp+PvaOb�p+]_fZXMx�YlXZ^W�¬]_p¥d7XniSYlXZtZfZb
xP<¤ZavPOtZb©bjKM]`g�PcbjK;d7b�d7p+P

41.999
��k;d_x�aed_g+Pvg©kZfZb�XM]_b

42
��k;d_x�aed_g+Pvge¢n¶ P�µZ¤QbjKZY[gEt�]_YlXubEYlX�bjKMP

�¬]_\l\[]e��YlXZ^$��dvi�¢_¶ P�av]_XMgjY[xZPOp©dsb�d7kZ\[P�N�d_xZP�]_XZ\li�]7�
42.00072

��k;d_x�aed_g+Pvg�YlXMgjb+Ped_x�]7�
42
��k;d_x

aed_g�Pvge±²��KZY[a�K9NQPed7XMg�bjK;d7b���P�p+PONQ]���P
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t0 ∈ [−T, T ]

��YlbjK |Fi(t0)
aONQ]1x

1| < 1
M

�¡]_p
i ∈ {1, 2} ¢�KZp+]_NbjKMPSxZP<µMXZYlbjY[]_X�]7�

Pi
± |Pi(t0)

aONQ]1x
1| < 1

M + ε ≤ 1
2M ′

¢!ruYlXMavP |C · Pi(Tτ)− P̃i(τ)| ≤ 3
2�¬]_p |τ | ≤ 1

±�kni�a+KM]1]`gjYlXZ^
τ0 = t0

T

��P$^�POb |P̃i(τ0)
aONQ]1x

C| < 3
¢

¶°KMPOXMavP�bjKMP
gi
��g�K;dv��P�d�av]_N�NQ]_X�p+]1]_b

(t0/T, υ0, φ0) ∈ [−1, 1]3
±!NQ]1x�fZ\[]

C
¢?ruYlXMavP

bjKMP
Qi
��g�d7p+P�\lYlXMPed7p�YlXub+PO^�POp�av]_N�kZYlX;d7bjY[]_XMg�]7��bjKMP

gi
��ge±²bjKMPOi�d_x�N�Ylb/d¯av]_N�NQ]_X³p+]u]_b�YlX

[−1, 1]3
NQ]ux�fZ\[]

C
±?d7XMx PO��POX9]e��POp~bjKMP/p+Ped7\[g~g+YlXMavP || � 1||1, ||

�
2||1, ||

�
3||1 ≤ C

¢�K�YlX;d7\l\li
t0
Y[gcd7X¯YlXub+PO^�POpcp+]1]_b�]7�

q(t)
d7XMx���Yl\l\hk�P��¬]_fZXMx3d7bsrub+POt

11
¢

Q '*�?<·��
 3 
	�>��· bC ·Pi(Tτ )e
�E? 3 ·21l
	� 3 
m)n?C�	��-�·24,
	�o
	�? ·2? 3 �	?�1\
*? 3 /T�p/���?TWE/���?d·�
*��+ C ·Pi(Tτ )

� '*���1
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M��+ Z[τ ]

�

��� ¶����



������� �	��
�
����������������������������� "!$#%��&(')��'*����! He{

� ¼ � � ��� ���~� ¸ � �5� � ¼ � =«X�rub+POt H`±M�EP�aed7X3fMg+P�D;]�d7bjYlXZ^_��t�]_YlXub$av]uP<��aOY[POXub+gcYlXIbjKMPSJdeiu\[]_p
P<¤�t;d7XMgjY[]_X

Pi(t)
YlXMgjb+Ped_x�]7�©gjiuN�k�]_\lY[a�av]1P<��aOY[POXnb+ge±Dd_gs\[]_XZ^�d_gsYlbcYlXubjp+]ux�fMavPvgWXM]�POpjp+]_p�YlX

rub+POt³|���KZYl\[P�av]_N�tZfZbjYlXZ^
P̃i(τ)

±²�¡]_p
i ∈ {1, 2} ¢ � POb ai

j

k?P�bjKMP
j
��bjK J�dvi1\[]_p�av]1P<��aOY[POXnb

]7�
fi
¢�=«X�]_p+xZPOpWb+]®^�PObSd�av]_pjp+PvaOb

P̃i(τ)
d7bSrub+POt |�±�bjKMP�POpjp+]_p~]_X

CN
(

T
N

)j · ai
j

NSfMgjbWk?P
\[Pvg�g�bjK;d7X 1

2

±1bjKnfMg�bjKMP$POpjp+]_p�]_X
ai

j

N�fMgjb�k?PW\[Pvg+g�bjK;d7X 1
2C·N

(

N
T

)j ¢;ruYlXMavP
N ≥ T

±1Ylb�bjKnfMg
g+f���avPvg©b+]�av]_N�tZfZb+P

ai
j

��YlbjK
log2(2CN) ≤ 2n

kZYlb+g�d��5b+POpEbjKMP�kZYlX;d7pji�t?]_YlXnbe¢��5¶ Pc��Yl\l\�g+PvP
k?PO\[]e� bjK;d7b

C = O(N1/2)
¢ �

� � � � ¼ � 
�� ¸ � �A� ¹ � �h� � ¹ � �5� ¼ � � � ¸ �	� � ¼ � �A� � �
��]e��bjK;d7b�bjKMPWav]_pjp+PvaObjXMPvg+g�]7�hbjKMP$d7\l^�]_pjYlbjKZN´Y[g�tZp+]e��PvxD±���P�Pvg+bjYlN�d7b+PWYlb+g�av]_N�tZ\[P<¤�Ylb�i�¢ � POb
ai

0, a
i
1, . . .

k?P�bjKMP~Jdeiu\[]_p�av]uP<��aOY[POXub+gc]7�
fi
�¡]_p

i ∈ {1, 2} ¢YO�POp+PW�EP�d_g+gjfZNQP$bjK;d7b��¬]_pcd7Xni
k
d7XMx

i
± |ai

k| = O(1)
¢

� � ¹ � ¼ � �l� �/¼ 
 �h½ ruYlXMavP®�EP®XMPO^`\[PvaOb�Jdvi1\[]_pQav]1P<��aOY[POXnb+g�]7�sxZPO^`p+PvP®bjKZp+PvP�d7XMx KZYl^`KMPOpe±
bjKMPSPOpjp+]_pcN�d_xZP~YlX3bjKMP�d7tZtZp+]v¤�YlN�d7bjY[]_X�b+]

N · fi(
t
N )

kui
Pi(t)

Y[g ≈ ai
3 · T 3 ·N−2 ¢�ruYlXMavP

��P d7p+P£\[]u]_¦1YlXZ^³�¬]_p�g+YlNSfZ\lb�d7XMPv]_fMgj\li�k;d_x
aed_g+Pvg���YlbjK |Pi(t)
aONQ]1x

1| < 1
M

±���P£��d7Xnb

T 3 ·N−2 = O
(

1
M

) ±�Y�¢�P`¢
T 3 = O

(

N2

M

) ¢

� � ¸ � ��� ¸�¼ � � � ¸ � ¼D¸�� � � ¸ ���e� ¼�� � � ¸
P̃i

�l� J�KMP�xZPO^`p+PvP<�
2
t�]_\li1XM]_N�Y¨d7\[g

P̃i(τ) = p̃i
0 +

p̃i
1τ + p̃i

2τ
2 ∈ Z[τ ]

av]_N�tZfZb+Pvx�d7b�rub+POt�|S]7�²bjKMP�d7\l^�]_pjYlbjKZN´g�d7bjY[g,�¡i
p̃i
2 = O(M ·T 2 ·N−1)

¢
=«XMxZPvPvxD±`gjYlXMavP

Pi(t) = pi
0+pi

1t+pi
2t

2 Y[g)bjKMP�xZPO^`p+PvP<� 2 J�dvi1\[]_p©P<¤�t;d7XMgjY[]_XQ]7� N ·fi

(

t
N

) ±_��P
K;de��P

pi
2 = O

(

N−1
) ¢ � ]_p+Pv]���POpe±

P̃i
Y[gxZP<µMXMPvx�kni

P̃i(τ) = p̃i
0+p̃i

1τ+p̃i
2τ

2 = bC ·Pi(Tτ)e ¢J�KMP$�¬d_aOb�bjK;d7b
C = Θ(M)

av]_XMaO\lfMxZPvgsbjKMPWtZp+]1]7�,¢

� � ¸ � ���e� � � � ¼ � 
�
²� ¸ ½ª��� � � ¸ 
�� ¶ P�K;dv��PWb+]/p+Pvx�fMavP�bjKMPW\¨d7bjbjY[avP$gjt;d7XZXMPvx®kni�bjKMP
p+]���gc]7�)bjKMP��¡]_\l\[]���YlXZ^�N�d7bjpjY ¤D¢

L =









C
T · C

p̃1
0 p̃1

1 p̃1
2 3

p̃2
0 p̃2

1 p̃2
2 3
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=�b�Y[g�Ped_g+i�b+]�av]_N�tZfZb+PSbjKMP$xZPOb+POpjN�YlX;d7XnbW]7��bjKZY[g�\¨d7bjbjY[avP`

|det(L)| = 3C2 · T ·
√

(p̃1
2)

2 + (p̃2
2)

2 + 3 = O(M 3 · T 3 ·N−1).

¶0¶¸·�¹Lº�»�º�¼



H(� �a��Vb';��X������������������Z�j��� ')V$VW����V���XLX

� ¼ 
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 �½ =«X¯]_p+xZPOp�b+]QPOXMgjfZp+P~bjKMPSd7\l^�]_pjYlbjKZN xZ]1Pvg�XM]_b�p+PObjfZpjX�K �]= � d7b
rub+POt }�±��EP�fMg+P�J�KMPv]_p+PON HSb+]�tZp+]e�1Y[xZP�d7bs\[Ped_gjbW]_XMP/gjKM]_pjb���PvaOb+]_pe

det(L)1/4 K;d_g�b+]�k?P
g+N�d7\l\[POp©bjK;d7X

C
±`��KZY[a+K®^`Yl��PvgEbjKMP�k?]_fZXMx

T 3 = O(M ·N)
¢uJ�KZY[gEY[g¥XM]_b�POXM]_fZ^`K�b+]�POXMgjfZp+P

bjK;d7b$bjKMPOp+PQd7p+P�b«�E]¯]_bjKMPOp~gjKM]_pjb$��PvaOb+]_p+g�±?kZfZb�Ylb~g�PvPONQgWbjK;d7b$YlX�tZp�d_aObjY[avPQbjKMP�µMp+gjbWbjKZp+PvP
N�YlXZYlN�d/�¡]_p�bjKMPvg+P~\¨d7bjbjY[avPvgsd7p+PWNQ]`gjbc]7�¡b+POX���POpji�gjYlN�Yl\¨d7pe¢

� ¼ � 
�� ¸ � �A� ¹ � �h� � ¹ � �5� ¶ P$K;de��P$b���]Qk?]_fZXMxZg��¬]_p
T
±
N
d7XMx

M


M · T 3 = O(N2)
F�J�dvi1\[]_pe��gck?]_fZXMx�J

T 3 = O(M ·N)
F ��]_tZt?POp+gjN�YlbjK²��g�k?]_fZXMx�J

ruYlXMavP~bjKMP~av]_N�tZ\[P<¤1Ylb«i¯]7��bjKMPS]e��POp�d7\l\g�Ped7p+a+K�T�d7XIP<¤1t?]_XMPOXnb�p�d7XZ^�PS]7�
N/2

�`d7\lfMPvg�T Y[g
d7tZtZp+]e¤1YlN�d7b+PO\li�t�]_\li

(log N) · NT
±`bjKMP�k?Pvgjb¥a+KM]_Y[avP�]7�Dt;d7p�d7NQPOb+POp+g�Y[g

T ≈M ≈ N1/2 ±`bjKnfMg
^`Yl�1YlXZ^�d/KMPOfZpjY[gjbjY[aSav]_N�tZ\[P<¤1Ylb«i�]7� ≈ t?]_\li (log N) ·N 1/2 ¢

#%��VN�Z�il � J�KMP/b+Pva�KZXZY[mnfMP/fMg+Pvx£YlX �s\l^�]_pjYlbjKZN��������	��
�������������������������������������¯p+Pvg+PONSkZ\[Pvg
��POpji�aO\[]`g+PO\liQbjKMP$d7\l^�]_pjYlbjKZN�]7�9F R`R�±+R`|.J�±1kZfZb�bjKZYlXZ^�g�K;d7tZt�POX�b+]�k�P�g+]_NQPOKM]e�
g+YlN�tZ\[POpe¢�K;]_p
P<¤Md7N�tZ\[P`±?YlXMaOp+Ped_gjYlXZ^¯bjKMP/xZPO^`p+PvPQ]7��bjKMP/t�]_\li1XM]_N�Y¨d7\©d7tZtZp+]v¤�YlN�d7bjY[]_XMgS]_p$bjKMP�x�YlNQPOXMg+Y[]_X
]7�)bjKMP$\¨d7bjbjY[avP$kui�b�d7¦uYlXZ^Qt?]e��POp+gc]7�)bjKMP

P̃i
��g�Y[gcfMg+PO\[Pvg+g�KMPOp+P`;Ylb�g+PvPONQg�bjK;d7b�bjKMP~xZPO^`p+PvP<�

2d7tZtZp+]e¤1YlN�d7bjY[]_XMgEd7XMxSbjKMP©�¡]_fZp,��x�YlNQPOXMg+Y[]_X;d7\Z\¨d7bjbjY[avPE^`Yl��P�dck�PObjb+POp�av]_N�tZ\[P<¤�Ylb�iSk?]_fZXMx�bjK;d7X
d7Xui�]_bjKMPOpca+KM]_Y[avP~]7�)t;d7p�d7NQPOb+POp+ge¢

�  "! � �L1�:�
 �Y-0/ ��� � �	�Z6 �;/ �

¶ P�^`Yl��P�KMPOp+P�bjKMPEµMp+gjb��`d7\lfMPvg�]7�!bjKMP�b�d7kZ\[Pvg)�¬]_p
2x d7XMx sin(x)

±_bjKMP�av]_N�tZ\[POb+P�b�d7kZ\[Pvg)k?POYlXZ^
de�_d7Yl\¨d7kZ\[P�d7b�bjKMP$fZpj\����
�
�#%$'&�&�(�(�(%)'�����*���+)-,��	&�.���
���������&�/10�2�3	4�5�6�7�8�9�:;)<��
����M¢
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2

x

¶ PW^`Yl��P~YlX�K�Yl^`fZp+PNHWbjKMP~gjN�d7\l\[Pvgjb
340

�`d7\lfMPvg
t0 ∈ [|252, 253[| g d7bjY[g,�5i1YlXZ^M

∣

∣

∣
252+

t0
253

aONQ]ux
1
∣

∣

∣
≤ 2−m (2)

��YlbjK
m ≥ 41

¢hJ�KMP�b�d7kZ\[PQK;d_g$k�PvPOX�tZp+]e�1Y[xZPvx kni?>�YlXMavPOXnb � P<�¡LO�1p+P�d7XMx ��d_gSav]_N�tZfZb+Pvx
��YlbjK � P<�¡LO�1p+P`��gcd7\l^�]_pjYlbjKZN �¡]_p�µMXMx�YlXZ^QbjKMP~�E]_p+gjbcaed_g�Pvg�]7��dQ]_XMP<���_d7pjY¨d7kZ\[PW�¡fZXMaObjY[]_X²¢

J�KMPOp+P�d7p+P
4001

PO\[PONQPOXnb+g¥YlX�bjKMP�b�d7kZ\[P`±
1985

Y �;��P�a�KM]u]`g�P
m ≥ 42

±
973

��YlbjK
m ≥ 43

±
491

��YlbjK
m ≥ 44

d7XMx
265

Y ��EPWa+KM]1]`g+P
m ≥ 45

¢1J�KMP�N�d�¤1YlN�fZN�x�Y[gjb�d7XMavPsk�POb«�EPvPOX�b���]
PO\[PONQPOXub+gS]7��bjKMP�b�d7kZ\[P�Y[g$k?PO\[]e�

2−9.914 ±²d7XMx bjKMP��E]_p+g+bSaed_g+P/Y[g t0 = @1A � A�B ,���C���D�E�C�E����YlbjK
m = 52
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