
HAL Id: inria-00070635
https://inria.hal.science/inria-00070635

Submitted on 19 May 2006

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

An Alternating-Priority Server with Correlated
Switchover Times

Eitan Altman, Robin Groenevelt

To cite this version:
Eitan Altman, Robin Groenevelt. An Alternating-Priority Server with Correlated Switchover Times.
RR-5368, INRIA. 2004, pp.55. �inria-00070635�

https://inria.hal.science/inria-00070635
https://hal.archives-ouvertes.fr


IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
53

68
--

F
R

+
E

N
G

appor t  
de  r ech er ch e 

Thème COM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

An Alternating-Priority Server with Correlated
Switchover Times

Robin Groenevelt — Eitan Altman

N° 5368

Novembre 2004





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

���������	��
����������������
�����
�������� ��
"!#��
%$&����')(*��
�
��+����	��,
�-$.���	/0'��1!���
.23��45��6

798;:�<>=@?BAC8"DE=�DGF;DEHJI ∗ KML <JION�=QP�H>ICRSNT= ∗
UWVYX�Z\[-]�^�_�`badcfehgiX�Z\[je+k�lmZ\Z#nYoYpqk�rmoGg�e

sMtulwvh[�gx_Byxz{afU�|+^
|+rm}Y}�lmtug+~f[�ti[jk�VY[�t�k�VY[3o��0�w�G�m��`��+lO�m[�Z#�Yti[��m�m�m��`b�m�#}Trw�m[Ce

���	�j���O�Y�m�m� UWVYpqe�~flfk�nYZ\[�oGg�rmo�rw��cd��[je9r�e�p�oY�G��[�eu[�ti�m[�t9�EnY[�n�[�p�oY��eucde�gu[jZ p�o¢¡�VYpqkiV£eu[�ti�Epqk�[Bp�e
rm�¤gi[�tio�rOgi[j~¥��[�g¦¡§[�[�o�gh¡¨l��EnY[jnY[je�rwo�~BguVY[©eu[�ti�m[�t1ti[j�EnYp�tu[Ce1r«ªJ¬�oYp�gu[Cxeu¡�p�gik�VYl®�m[jt+gip�Z\[#gil�eu¡�p¤g�kiV
¯ tilmZ�lGoY[-�EnY[jnY[#gul�guV�[-lwgiVY[�tC°�UWVY[©~fpqehgip�o�k�gup�lmo ¯ tilmZ�k���rGeueupqk�rw�	tu[Ce�nY��g�e1pqe1guV�rwgxguV�[©eu[j�EnY[�oTk�[#l ¯
eu¡�p¤g�kiV�l®�m[jt	gip�Z\[Ce ¯ tilmZ3[jrGkiV©l ¯ giVY[+�Gn�[�nY[je�oY[j[j~-oYlmg0��[Wp±° p²° ~³°�oYlmt�p�o�~f[j}�[�o�~f[joGg ¯ tilmZ3[Crmk�V-lwgiVY[�tC´
[Crmk�V�eu[j�EnY[jo�k�[©pqe�Z\[�ti[���cBti[j�EnYp�tu[C~Bgul ¯ lmtiZµr¶e�girwgup�lmo�rmtuc¥[�ti�mlY~fp�k-eu[j�EnY[jo�k�[m°-·¢p¤giV�giVY[\VY[���}�l ¯
e�gulfk�V�rGehgip�k�ti[jk�nYt�e�p��m[�[j�En�rOgip�lGo�e�[�¸f}Y��p�k�p¤g1[�¸f}Yti[jeieup�lGo�eWrmtu[�~f[�tip��G[j~ ¯ lmt1r\odnYZ#��[�t1l ¯ }�[jt ¯ lGtuZ rwoTk�[
Z\[jrGe�nYti[jej¹YZ\lEehg1oYlmgirm�Y��c ¯ lGt�giVY[-rC�m[jtirm�m[�~f[��qrCc�l ¯ r k�n�ehgilmZ\[�txrwo�~¶giVY[-rC�m[jtirm�m[��EnY[jnY[���[�oY�mguV�e
nYo�~Y[�t-~fp�º�[jtu[joGg-eu[�ti�dp�k�[ ~fpqeuk�p�}���p�oY[jej°�·¢p�giV»giVY[jeu[ [�¸f}Ytu[Ceueup�lmo�e�rBk�lmZ\}�rwtipqe�lGo�pqe�Z rG~f[ ��[�g¦¡¨[j[�o
giVY[�eu[�ti�Epqk�[x~fpqeuk�p�}Y��p�oY[je§rmo�~\giVY[xp�of¼�nY[jo�k�[�l ¯ k�lmtitu[j��rOgip�lGo\pqe§ehgin�~fp�[j~³°M½	p�o�rm����cm¹EguVYtilmn��mV�r�odnYZ#��[�t
l ¯ [�¸YrwZ\}Y��[jexp�g�p�e�e�V�l®¡�o«guV�rwg�giVY[\k�lmtitu[j��rwgup�lmo«k�rmo�eup��GoYp�¬Tk�rmoGgu��cBp�oTk�ti[jrmeu[#guVY[\Z\[jrmo�~Y[��qrCc�rmo�~
giVY[©r®�m[�t�rw�m[#�EnY[�n�[#��[�o��wguVTexp�o�~Yp�kjrOgup�oY��guVTrOgxgiVY[\k�lmtitu[j��rwgup�lmoB��[�gh¡¨[�[jo�e�¡�p�gik�VYlO�m[�t1gip�Z\[je�e�V�lmnY�q~
oYlmg ��[¥p��GoYlmti[j~³°¾UWVYpqe\V�rGe©p�Z©}�lGt�g�rwoEg\p�Z\}Y��pqk�rwgup�lmo�e ¯ lmt9k�lGZ©Z#n�oYp�kjrOgip�lGo¾e�cfe�gu[jZ\e\p�o¾¡�V�p�k�V¿r
k�lmZ\Z\lmo�k�lmZ\Z#nYoYpqk�rOgip�lmo�k�V�rwoYo�[��mpqe"e�VTrwti[j~�rwZ\lmoY�EehgÀ�wrwtip�lGn�e;n�eu[�t�eÀrwo�~�¡�VY[jtu[0guVY[Mgup�Z\[M��[�g¦¡¨[j[�o
k�lmo�eu[jk�nYgup��m[�~�rOgir-gitirmo�e ¯ [jtieWp�e+k�lGtuti[��qrOgu[C~«ª ¯ lGt�[�¸YrwZ\}Y��[�p�oBrm~dÁÂVYlfkxoY[�g¦¡§lmtiÃfei�°
ÄBÅEÆ;ÇuÈ-É �®Ê��G� s	lG����p�o��Ëeucde�gu[jZ e�¹{�EnY[�n�p�oY��guVY[jlmticm¹{rw��gu[jtuo�rwgup�oY��eu[�ti�m[�tC¹0k�lmtitu[j��rwgu[j~�eu¡�p¤g�kiVYlO�m[�t
gip�Z\[jej¹�e�gulfk�V�rme�gupqkxti[jk�nYtieup��m[x[C�En�rOgip�lGo�e�¹Ye�gulfk�V�rme�gupqk�}Ytulfk�[jeie�[Ce

∗ Ì�Í+Î�ÏÑÐqÒTÓuÔ±Õ×Ö®ÏÑØGÙ Ú×Ô±Õ�ÛhØ®ÛhÜ�Û�Ð Ý¦Þ�ÓuÛ�Ï Ý²Î×ØEÙ Î�Ð Ý±Í+Î�ØmÞ�ß�à±Õ×á®â®ÏãÎCÙ ÏÑØ®Ô>ÏãÎCÙ ä�Ô
å â®ÏÑà³æ³Õ×Ô±ç�æÀÎ�à"áOÎ�ÔJÝ²ÏãÎ�ÐÑÐ è1à²áwÕ×Ø®à±Õ×Ô±Ûhé�Ö�è+Ý±â®ÛMÌ�ê�ëÀì�í�î�ï³í"ÛhÝðæ;Õ×Ô±ç1Õ�äTÌYñCòhÛhÐÑÐÑÛhØ®òhÛ×Ù



� �)�©� 6À���+4 ��� �Q�#���j����� 1!���/��µ���	��
¿������6 ,�h� �À�	�+�#��� �§� ,���6
2»�+4���6 ,�� �£#6"6"#��� (*��
�
��+����6

��� ����� � � ]¨[9~flfk�nYZ\[�oEg�t��jeulmnfg�n�o�e�cfe�guXjZ©[	�Bs	lG����p�o����Gn�p{k�lGo�e�pqe�gu[\[jo�~f[�nf¸�¬���[je#~�� rwg�gi[�oGgi[
eu[�ti�dp�[Ce+}�rwtxnYo�e�[�ti�m[�n�tj°1y+}�tuXCexrC�mlGp�txeu[�ti�Ep	nYoY[#¬���[-~�� rwg�gu[joGgi[m¹;��[©e�[jtu�m[jnYtxr9��[jeulmp�o�~�� nYo�gu[jZ\}�e
~f[¥}�rmeieirw�m[�rm}YtiXje-��[j�EnY[���p���k�lmZ\Z\[�o�k�[���eu[�ti�dp�t©��� rmnfguti[�¬���[¥~�� rOgugu[joGgu[G°! À[je\eunYp�gu[Ce\~f[Ce-gu[jZ\}�e
~f[�}�rGeueirw�G[je¨}�[jnY�m[�oEg [̂�guti[�k�lmtit"�j�#�j[je�°��1lmn�e�lm�Ygu[�oYlGo�eW��� [�¸f}Ytu[Ceueup�lmo¶~f[�}Y��nTe�p�[�nYt�e��En�rwoEgup�g"�Ce�¹�~flGoGg
oYlmgirmZ©Z\[joGg���[Bgi[�Z\}�e�~$� rwg�gu[joGgi[�Z\l®cm[jo¿[�g��qrËg�rwp�����[�Z©lOcm[�o�oY[�~f[��qrË¬���[«~�� rOgugu[�oEgu[G°&%�t�'Gk�[(�
k�[je�[�¸d}�tu[Ceueup�lGo�e×¹"oYlmn�e�k�lGZ©}�rmtulGo�ex��[Ce�~fp�º)��ti[�oGgi[je�~fpqeuk�p�}���p�oY[je�~f[ eu[�ti�Epqk�[G°-½	p�o�rm��[jZ©[joGgC¹À}�rmt�~f[je
[�¸d[jZ\}Y��[Ce9oYlmn�e9Z\lGoGgutilmoTe9�EnY[���r�k�lmtit"�j��rOgip�lmo¿~Y[je gi[�Z\}�e�~f[�}�rGeueirw�G[¥}�[�nfg¶rwn��mZ\[�oGgi[�t�e�p��moYp�Á
¬TkjrOgip��m[jZ©[joGg\��[�gi[�Z\}�e\~�� rOgugu[�oEgu[¶Z\lOcm[�o [�g©�qr�girmp�����[¶~f[je#¬T��[Ce©~�� rOgugu[joGgu[G¹Mp�o�~fpq�En�rwoEg\�EnY[¶k�[�gugu[
k�lmtit"���qrOgip�lGo oY[B}�[�nfg9}�rGe [̂�gitu[¥p��mo�lmt���[m°Q]¨[��qr»r»~f[je p�Z©}Y��pqk�rwgup�lmo�e\p�Z\}�lmtugirmoGgu[Ce\}�lmnYt9~f[Ce eucfehÁ
giX�Z\[je§~Y[�k�lGZ©Z#nYo�p�kjrOgup�lGo�~Yrwo�e¨��[jei�EnY[��qe{nYo¶k�rwo�rm��~f[�k�lmZ\Z#nYoYpqk�rwgup�lmo�k�lmZ\Z#nYo�[je�g§}�rmt�g�rw�*�1}�rwt
}Y��n�eup�[jnYtie�nfgup���p�eirOgi[�nYt�ex[�g�l*+«��[-gu[jZ©}Te�[�oEguti[©~f[Cexgut�rwo�e ¯ [�tugie�~f[\~flGoYo,��[Ce�k�lmo�e"�jk�nfgup ¯ e�[jehg�k�lmtit"�j�#�
ª>}�rwt�[�¸d[jZ\}Y��[�~YrwoTeW��[CeWt��jeu[jrmnf¸�rm~fÁ²VYlfkC×°
-3É �j� Ç �/. � �x� adcfe�guX�Z\[0��1�243537658:9m¹C¬T��[CeÀ~�� rOgugu[�oEgu[G¹;�C�GnTrOgup�lmoTe;t��jk�n�tieup��m[Ce;e�gulYkiV�rGehgip��EnY[Ce�¹j}Ytilfk�[Ceueun�e
e�gulfk�V�rGehgip��EnY[Ce



� 8 � 3������ 8��	��658:9�
 1�� 6 2� 6������������������ 6������ 2	������3�����! "�#� 6���$�� 2	�	�%�'& 6�(��%) �

(*�#�-�	�+�#�	6

*,+�- �j� É Ê �"�m�/. É - � - Ê -*É �0.�1f�Y�/. É - 2

3 -3É Ê Å .54 Å �C�w�	.76	�/. É - 8

9;:=<?> � �	���0.�1 ÅA@ :B<?> � �"�j�/.�1 ÅDC"Å ��1E.J� Å�CÀÆ ��� Å � F
�Y°HG,I¦oGgutilf~fnTk×gup�lmo«°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�° J
�Y°Ñ� s	[�t ¯ lmtiZ rwo�k�[�_¥[CrmeunYtu[CeQ°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°KG�G

�Y°Ñ�f°HG I¦oEgu[�ti�dpqe�p�g+UWp�Z©[&°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°KG�G
�Y°Ñ�f°Ñ� �1nYZ#��[�t+l ¯ ]¨n�ehgilmZ\[�t�e§·»rmp¤gip�oY� ·¢VY[�o�ad[jtu�m[jt�y1tutip��m[Ce%°�°�°�°�°�°�°�°�°�°KGC�
�Y°Ñ�f° � LxnYt�rOgup�lGo�l ¯NM n�e�c�s	[�tip�lf~Ye�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°KGC�
�Y°Ñ�f° � ]¨cfk���[�gip�Z\[ °�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°KGj�
�Y°Ñ�f°Ñ� �1nYZ#��[�txad[jtu�m[C~�}�[jtx]¨cfk���[ °�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°KG��
�Y°Ñ�f° � z0¸d}�[Ck×gu[C~¶·»rwp�gup�oY� UWp�Z\[�rmo�~¶y"�m[jtirm�m[POxnY[�nY[  À[�oY�mguV °�°�°�°�°�°�°�°�°�°KGC�

�Y° �QIh~f[�oEgupqk�rw�"�EnY[�n�[jex°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°KGj�
�Y° � R+[jr®�dp���cTS1oE��rm��rmo�k�[C~¶U"t�r	U9k�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°KGj�
�Y°Ñ� ad¡�p¤g�kiV�l®�m[jt�UWp�Z\[je+zM�En�rw�³gilTV�[�til °�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°KGj�

WQ:=<?> � �	���0.�1 ÅA@#X �f� Å Ê C"Å ��1E.J� ÅDC³Æ �j� Å � *ZY
��°HG,I¦oGgutilf~fnTk×gup�lmo«°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°KGj�
��°Ñ� s	[�t ¯ lmtiZ rwo�k�[�_¥[CrmeunYtu[CeQ°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°KG/J

��°Ñ�f°HG ad[jtu�dpqk�[�UWp�Z©[#ad[jk�lmo�~[OxnY[�nY[¾°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°KG/J
��°Ñ�f°Ñ� ]¨cfk���[�UWp�Z\[�adgirwtugup�oY� ¯ tulGZ giVY[#ad[jk�lmo�~\Oxn�[�nY[ °�°�°�°�°�°�°�°�°�°�°�°�°�°µ�w�
��°Ñ�f° � I¦oEgu[�ti�dpqe�p�g+UWp�Z©[�½�p�t�e�gBOxnY[jnY[ °�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°µ�ZG
��°Ñ�f° � LxnYt�rOgup�lGo�l ¯ guVY[ M n�euc�s�[�tip�lf~¶rwgWguV�[�½	p�t�ehg]OxnY[�nY[�°�°�°�°�°�°�°�°�°�°�°�°�°µ�m�
��°Ñ�f°Ñ� �1nYZ#��[�t+l ¯ ]¨n�ehgilmZ\[�t�e§·»rmp¤gip�oY� ·¢VY[�o�ad[jtu�m[jt�y1tutip��m[Ce%°�°�°�°�°�°�°�°�°�°µ�w�
��°Ñ�f° � �1nYZ#��[�t+l ¯ ]¨n�ehgilmZ\[�t�e�af[�ti�m[j~�}�[�tx]¨cfk���[ °�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°µ�w�
��°Ñ�f°�^ z0¸d}�[Ck×gu[C~¶·»rwp�gup�oY� UWp�Z\[�rmo�~¶y"�m[jtirm�m[POxnY[�nY[  À[�oY�mguV °�°�°�°�°�°�°�°�°�°µ�O�

��° �QIh~f[�oEgupqk�rw�_OxnY[jnY[je °�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°µ�m�
��° � ]¨lmZ\}�rwtipqe�lGo�l ¯ ·»rwp�gup�oY�9UWp�Z\[je�p�oBz�¸fV�rmn�ehgip��m[�` %�rwgu[C~¶adcfe�gu[�Z °�°�°�°�°�°�°�°�°�°µ�w�

��° ��°HG adp�oY�G��[#ad[�ti�m[�tBOxnY[�nY[�¡�p�guV«]¨lGtuti[��qrOgi[j~"aMrGk�rwgup�lmo�e °�°�°�°�°�°�°�°�°�°�°�°�°µ�w�
��° ��°Ñ� �1lmoYpq~f[�oEgupqk�rm�bOxn�[�nY[je¢°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°µ�c^
��° ��° � Ih~f[joGgip�kjrw�_OxnY[�n�[je.°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°µ�c^
��° ��° � ad¡�p�g�kiVYlO�m[�t+UWp�Z\[je+zM�En�rw�³guldV�[�til °�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°µ�w�
��° ��°Ñ� R1[jr®�dp���c  ÀlErm~f[C~¶adcfe�gu[�Z °�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°µ�w�

2e:=< � �D6�. Å � 3 F
�f°HG z�¸YrwZ\}Y��[fGcg{]¨lmtiti[��qrOgu[C~�ad¡�p�gik�VYlO�m[�t+UWp�Z\[Ce�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°µ�J
�f°Ñ� z�¸YrwZ\}Y��[��AgMaEgilfkiVTrme�gupqk�|+[jk�nYt�eup��m[�ad[j�EnY[jo�k�[�l ¯ ad¡�p�gik�VYlO�m[�t+UWp�Z©[Ce�°�°�°�°�°�°�°�°��AG
�f° � z�¸YrwZ\}Y��[��hgNIh~f[joGgupqk�rm�"af¡�p¤g�kiVYlO�m[�t+UWp�Z\[je °�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°�°��m�
�f° � z�¸YrwZ\}Y��[��#gMad¡�p�gik�VYlO�m[�t+UWp�Z\[Ce1]¨lGZ©p�oY� ¯ tulGZ giVY[#afrwZ\[�af[j�EnY[�oTk�[�°�°�°�°�°�°�°�°��w�

ë	ë&Øihj�k�l�m



� � �"2/��8�������3���� � 3�� (��48

8 � É - �*. �	�/. É - � 9��

����� ÉÀÉ	�+É	��
 > ÅdÉ � Å � 9��3�� 9 F

� ��� ÉÀÉ	�+É	��
 > ÅdÉ � Å � 9� 9� W��

� � .ð� Å � - �f�/.71 Å 6"� ÉÀÉ	��É	��
 > ÅdÉ � Å � 9���W�� W�9

4���� ÉÀÉ	�+É	��
 > ÅdÉ � Å � W�� 9� W�W

:�� .J�j� É	���BÉ �C�f�/. É - � 2hW

ïðí�ëÀï��



� 8 � 3������ 8��	��658:9�
 1�� 6 2� 6������������������ 6������ 2	������3�����! "�#� 6���$�� 2	�	�%�'& 6�(��%) �

� � �-�	
	� ,���/{�����#� #��,�� �����×!x������#�

adl ¯ rwt�lmoY��c ¯ [�¡�[�¸f}Y��p�k�p¤g¶tu[Ce�nY��gie�V�r®�m[���[�[�o£ÃdoYlO¡�o¢p�oQ�Gn�[�nY[jp�oY��guVY[jlmtic ¯ lGt�eucde�gu[jZ e9¡�VYlEe�[
[j�mlm��nfgup�lmo pqe\~f[jeik�tip���[C~��Ec��G[�oY[jtirm�§e�girOgip�lGo�rwticË[jtu�Glf~fpqk9}YtulYk�[jeieu[jej°�^xoY[¶��p�oY[¶l ¯ ti[jeu[jrwt�kiV�guVTrOg
rm����l®¡+e§lmoY[xgil©V�rmo�~f��[�e�girOgip�lmo�rmtuc\[�ti�mlY~fp�kxeu[j�EnY[jo�k�[je§pqe§�Trmeu[j~�lmo�pq~f[�oEgup ¯ cEp�oY�\Z\[jrGe�n�tu[Ce{guV�rwg+rwti[
p�o�eu[�o�eup¤gip��m[¶gil»k�lmtitu[j��rwgup�lmo�e�°¾½Ylmt [�¸YrwZ\}Y��[m¹{guV�[¥}Ytilm��rm�Yp���p�ghc�l ¯ ¬�o�~fp�oY��r %P` %P`ZG¶�EnY[jnY[¥oYlGofÁ
[jZ©}fghc\p�eÀvhn�e�g{guV�[1tirwgup�l���[�gh¡¨[�[jo guVY[1[�¸d}�[Ck×gu[C~ eu[�ti�dp�k�[Wgup�Z\[xrwo�~\guVY[1[�¸f}�[jk×gi[j~\p�oGgi[�t�rwtitup��Orw�fgup�Z\[
l ¯ k�n�e�gulmZ\[jtie©ª>¡�VYpqkiV ¯ lm����l®¡+e�~fp�tu[Ck×gu��c ¯ tilmZ  Àp�g�gu��[*� e  "r®¡1×°-UWVY[\[�¸f}�[jk�gu[C~�k�cfk���[\~fnYt�rOgip�lGo«p�o»r
}�lG����p�o��©eucde�gu[jZµªJnYoT~f[�t ¯ rwp�tu��c\�G[�oY[jtirm��k�lmo�~fp�gup�lGoTMguldlT¹d~Y[�}�[�oT~Ye§lGo9guV�[�p�oGgi[�t�rwtitup��Orw�²¹Eeu[�ti�Epqk�[�rmo�~
�OrGk�rwgup�lmo�gup�Z©[Ce�lmoY��c�guV�tulGnY�mV�guVY[�p�t�[�¸f}�[jk×g�rOgip�lGo�e"n�o�~f[�t��m[joY[�t�rw�Ee�girOgip�lmo�rwtic�[�ti�mlf~Yp�k{rmeie�nYZ\}fgip�lmo�e
ª±e�[j[§[G° �T°�� ���J×°�y1o©[�¸frmZ\}Y��[Wl ¯ }�[�t ¯ lmtiZ\rmo�k�[§Z©[CrmeunYti[je	guV�rwgM~f[j}T[jo�~-lGo#giVY[W¡�VYlG��[�~fpqehgitup��Ynfgip�lGo-l ¯
eu[�ti�dp�k�[Wgip�Z\[je¨�Ynfg§p�e{p�o�eu[�o�eup�gup��m[�gil-k�lmtiti[��qrOgup�lmo�e0pqeMguVY[x�mtil®¡WgiV\t�rOgi[+l ¯ guVY[xoEnYZ#��[�t§l ¯ k�n�e�gulGZ©[jtie
lGt\l ¯ guVY[�e�lwvhlGnYtio�gip�Z\[Bp�o¿r¿ª>~Yp�eik�tip�Z\p�o�rOgilmticY�}�tulfk�[jeie�lmt\euV�rwtip�oY�»�EnY[�n�[¶p�o¾lO�m[�ti��lGrm~�� �Y¹ G����Â°
^1giVY[�t�p�o�eu[�o�eup¤gip��dp�g¦c�ti[jeunY��gieWlGo��Trwo�~f¡�pq~dgiVBe�V�rmtup�oY�©p�o¥r©oY[�g¦¡§lmtiÃ9kjrwo¶��[ ¯ lmnYo�~¶p�o	��^d¹��
�Â°
UWVY[�}�lG����p�oY��Z\lf~f[��qe9¡¨[�e�gun�~fc¢~fl�oYlmg�[�¸dV�p��Yp�g�p�o�e�[jo�eup¤gip��dp�g¦cG°3y1}Y}YtilC¸fp�Z\rwgup�oY��k�lmtitu[j��rwgu[j~

�OrGk�rwgup�lmo�e��Ec�p�oT~f[�}�[jo�~f[�oEg#lmo�[je�k�rwo»ti[jeunY�¤g�p�o»�qrwti�m[\[�titulGtie�p�oËguV�[ }�[jt ¯ lGtuZ rwoTk�[m¹	eu[�[ [m° ��°�� �AG��
p�o�giVY[ k�lmoGgi[�¸dg�l ¯ ����nY[�guldlmguVÀ° U	lBehgin�~fc�guVY[Ce�[9e�cfe�gu[jZ\e�¡¨[\Z rmÃm[©n�eu[\l ¯ e�gulfk�V�rGehgip�k-ti[jk�nYtieup�lmo�e
[C�GnTrOgup�lmoTe�ª²af|+z{Wp�oGgutilf~fn�k�[j~�p�o	�HG�À¡�VYpqkiV¶[�¸dgi[�o�~��Yt�rwoTkiVYp�oY�©}Ytilfk�[Ceueu[je¨¡�p�guV¶Z\p��mt�rOgup�lmo�lmo�lGoY[
V�rmo�~³¹YrwoT~���p�oY[Crwt�ehgilfk�V�rme�gupqk1ti[jk�nYtieup��m[1[C�En�rOgip�lGo�e��+lGo�guVY[�lmguVY[�tC°NIÂg�V�rmeWrm��tu[jrG~fc\��[j[�o¶euVYlO¡�o�p�o
�HG�"giV�rOgx�m[jk�gulmt1�Orw��nY[j~�af|+z£kjrwoB��[�n�eu[j~¶gul�~f[jeik�tip���[#e�lGZ\[�[�Z#��[C~Y~f[j~B}Ytilfk�[Ceueu[je+rw}Y}�[jrmtup�oY� p�o
}�lG����p�o��©Z\lf~Y[��qe�° �

I¦oËgiVYp�e�}Trw}�[�t�¡§[ pq~f[�oEgup ¯ cËlmoY[9~fp�Z\[�o�eup�lmo�rm�¨af|+z ¡�V�p�k�V�¡¨[ n�eu[ p�o�lmt�~f[�t�gil�k�lmZ\}Ynfgi[\giVY[
[�¸d}�[Ck×gu[C~\¡§rmp¤gip�o���gup�Z\[je¨rwo�~9�Gn�[�nY[1��[joY�wgiV�eMp�o�r�e�cfe�gu[�Z ¡�p�guV gh¡¨l#�EnY[jnY[je{¡�VY[�ti[1r�e�p�oY�m��[1eu[�ti�m[�t
rm�¤gi[�tio�rOgi[je\��[�gh¡¨[�[jo¾g¦¡§l��EnY[jnY[je9rwoT~Sti[j�EnYp�tu[Ce\eu¡�p�gik�VfÁ²lO�m[�t\gup�Z\[je�ª>Z\lf~f[���[j~¿rGe\�OrGk�rOgip�lmo�e��gul
Z\lO�m[ ¯ tilmZ lGoY[B�EnY[�n�[¶gulËgiVY[BlwguV�[�tC°¾·Ë[�k�lmo�eupq~f[�t\guVY[B[�¸fV�rmn�ehgip��m[Beu[�ti�Epqk�[¥~fpqeik�p�}Y��p�oY[B¡�VY[�ti[
giVY[#eu[�ti�m[�t+eu[�ti�m[je+r �EnY[jnY[�nYoGgip��	p�g1[�Z\}fgip�[je+��[ ¯ lmti[�e�¡�p�gik�VYp�oY� gul guVY[#oY[�¸dgx�EnY[jnY[#rme�¡¨[j����rmeWgiVY[
�ErOgu[C~\~fp�eik�p�}Y��p�o�[+¡�VY[�ti[�lmoY��c©k�n�e�gulGZ©[jtie0}Yti[jeu[�oEgMnY}�lGo©giVY[1rwtitip��wrw�dl ¯ giVY[1eu[�ti�m[�tMrwti[+e�[jtu�m[C~³°�U	¡¨l
eucfehgi[�Z eMrmtu[+ehgin�~fp�[j~ g�lGoY[�p�o ¡�VYpqkiV ��lmguV9�EnY[�nY[CeMrmtu[+eu[�ti�m[j~©[�¸fV�rwn�e�gup��m[j��c-rmo�~©lGoY[�p�o ¡�VYpqkiV lGoY[
�EnY[jnY[1pqe§e�[�ti�m[j~ [�¸fV�rmn�ehgip��m[j��c\rmo�~\giVY[xlwgiVY[�t§rGk�k�lGti~Yp�oY��gul#guVY[x�ErOgi[j~9~fpqeuk�p�}Y��p�oY[m°{^xnYt§rmo�rw��cEgupqk�rm�
ti[jeunY��gieWrwti[1guV�[�o¶n�eu[j~9gil\ehgin�~fc9odnYZ\[�tip�kjrw����c\giVY[�p�Z\}�rGk×g�l ¯ k�lGtuti[��qrOgi[j~9eu¡�p¤g�k�VYl®�m[jt¨gup�Z\[jeWlmo�giVY[
}�[�t ¯ lmtiZ rwo�k�[m¹frGeW¡¨[����"rme§guVY[�~Yp¤º;[�ti[�o�k�[�p�o¶}�[jt ¯ lGtuZ rwoTk�[�~fnY[�gul\guVY[�eu[�ti�dp�k�[�~fpqeuk�p�}Y��p�oY[�nTe�[C~³°
UWVY[�}�lG����p�o�� eucfehgi[�Z.ehgin�~fp�[j~¥p�o¥guVYpqe+}�rm}�[�tC¹Y�Ynfg1¡�p�guVYlGnfg+guVY[#k�lmtitu[j��rOgip�lGoÀ¹fV�rme���[�[jo¥n�eu[j~¥p�o

giVY[�}Trme�g��HG	^��"gil9Z\lf~f[���k�lmZ\Z#nYoYpqk�rwgup�lmo�e�cfe�gu[jZ\e+p�oB¡�VYpqkiVBgut�rwo�euZ\p�eieup�lGo¶��[�gh¡¨[�[jo¥gh¡¨l�e�girOgip�lGo�e
kjrwo�g�rwÃm[�}Y�qrmk�[�lGoY��c�p�oBlmoY[�~fp�ti[jk×gip�lGo¥rwg1r-gip�Z©[G°¨UWV�[�}�lGeup�gup�lmo¶l ¯ giVY[#e�[jtu�m[jt§giVY[�o�k�lmtitu[Ce�}�lmo�~Ye
gil¶giVY[9~Yp�ti[jk×gip�lmo»~Yrwgir¥p�e�gitir®�m[�����p�oY�¥p�o"°�y%e�p�Z\p��qrwt�eup�gun�rwgup�lmo»rmtutipqe�[Cexp�o�rG~dÁ²VYlYk-o�[�gh¡¨lmtiÃ;´"guV�[�ti[
pqe r�k�lmZ\Z\lmo¿k�V�rwoYoY[j�+¡�VYp�k�V¿oY[�[C~Ye\gul»��[�euV�rwti[j~SrmZ\lmoY�Eehg\�wrwtip�lGn�e©n�eu[�tiej°¢UWVY[BZ\lmti[¶nTe�[jtie
giVY[�ti[�rmtu[G¹fgiVY[���lGoY�m[�t+lGoY[�V�rGeWgil9¡§rwp�g1��[ ¯ lGtu[��T[jp�o���rw�Y��[�gil�k�rw}YgunYti[�giVY[#k�V�rwo�oY[��"oY[Ck�[Ceueirwtic gul
ª>tu[®Âgut�rwoTe�Z\p�g{~�rOgir�°_I¦o }�rmt�gip�k�nY��rmtj¹mp ¯ lGoY[+V�rme0gil�¡§rwp�g¨r���lmoY��gup�Z©[1��[ ¯ lmti[���[jp�oY�#rm�Y��[Wgil�gitirmo�e�Z\p�g
~Yrwgir�¹"guV�[�o�p�g#pqe��m[�tic«��p�Ãm[j��c«giV�rOg#guVY[jtu[�rwti[ Z\rmoEc�n�eu[�t�e�rwtilmnYoT~Ërmo�~�giV�rOg�giVY[9o�[�¸dg�gup�Z\[9lGoY[
V�rGe-gul»¡§rwp�g lmo�k�[¥rw�Grmp�o ¯ lGt r���lmoY�Ë}�[�tip�lf~�l ¯ gup�Z\[m°¿½�lmt©guV�p�e\ti[jrGe�lGo�giVY[Bk�lGtuti[��qrOgip�lmo l ¯ giVY[
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odnYZ#��[�t�l ¯ n�eu[�t�e1lO�m[�t1gup�Z\[-p�o�rwo�rm~dÁÂVYlfk�oY[�gh¡¨lmtiÃ¶p�oYVY[jtu[joGgi��cBp�oEgutilf~fn�k�[Cexk�lmtitu[j��rOgip�lGo¥��[�g¦¡¨[j[�o
giVY[�¡§rwp�gup�oY�Bª>eu¡�p�gik�VYlO�m[�t×Mgip�Z\[Ce�¹�rmo�~�guVYpqe�p�o�ginYtuo¥��[jrm~�e§gul rmo¶p�o�k�tu[Crmeu[�p�o¶guV�[�Z\[Crwo¥~f[j��r®c�rmo�~
�EnY[jnY[���[�oY�mguV�ej°
UWVY[xtu[jZ rwp�o�~f[�t¨l ¯ giVYpqe§~flYk�nYZ\[�oEg§pqe§ehgitunTk×gun�tu[j~�rme ¯ lm����lO¡+e�°NI¦o�e�[Ck×gip�lGo���guVY[�}�lm����p�oY�©e�cfe�gu[�Z

pqe�~f[Ceuk�tup���[j~�p�o«Z\lGtu[©~f[�g�rwp���rwoT~¥giVY[©oYlwg�rOgip�lGo«rwo�~«eulmZ\[ ¯ lmtiZ#nY��rGexrmtu[#[Cehg�rw�Y��p�euVY[C~³°�af[jk×gip�lGo��
ª>tu[Ce�}�[jk�gup��m[���c#e�[Ck×gip�lGo-�d	p�e0[�oGgip�tu[j��c-~f[��mlmgu[j~#giVY[�rmo�rw��cfe�pqe�l ¯ giVY[�[�¸fV�rwn�e�gup��m[	`®[�¸fV�rmn�ehgip��m[�ªJti[jeu}T[Ck×Á
gip��m[j��c�[�¸fV�rwnTehgip��m[	`®�GrOgi[j~�1�EnY[�nY[jp�o��¶eucfehgi[�Z¥°#UWVYpqe�pqe�~flmo�[-�dc¥¬�t�e�g�~f[jtup��dp�oY�¶r¶af|1zQp�oËeu[jk�gup�lmo
��°�G9ª>��°HGCW¡�VYpqk�VB��[jrG~YeWgil guV�[#~Y[�tip��wrOgup�lmo¥l ¯ r odnYZ#��[�txl ¯ }�[jt ¯ lGtuZ rwo�k�[�Z©[CrmeunYtu[Ce�p�o�eu[jk×gip�lGoB��° �
ª>��°Ñ�m×¹�l ¯ ¡�VYpqkiVBZ\lEehg1oYlwg�rw�Y��c9giVY[�[�¸d}�[Ck×gu[C~¶¡Wrwp�gup�oY�\gup�Z\[je1rmo�~¥�EnY[jnY[���[joY�wgiV�e+p�o�eu[jk×gip�lGoB�Y°Ñ�f° �
ª>��°Ñ�f°�^w×°0UWVY[�}�[jt ¯ lGtuZ rwoTk�[xZ©[CrmeunYti[je§rwti[xn�eu[j~9guV�[�o¶n�e�[C~�p�o�guVY[�[�¸YrmZ©}���[Ce¨l ¯ eu[jk�gup�lmo¥��gul\euVYl®¡
giVY[�p�oY¼�nY[�oTk�[�l ¯ k�lmtiti[��qrOgu[C~�eu¡�p¤g�kiV�l®�m[jtWgip�Z\[jej°W½�p�o�rm����cG¹�k�lmo�k���nTe�p�lmo�e+rwti[��Gp��m[jo¥p�o�eu[jk×gip�lmoB�Y°§U	l
rmp�~�giVY[�tu[Crm~f[jtj¹fr©��p�e�g+l ¯ oYlmgirwgup�lmo�eWpqeW�Gp��m[jo¶rm}Y}�[�o�~fp�¸¶z�°
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·Ë[�[�¸YrwZ\p�oY[�giVY[�}�lm����p�oY�\l ¯ gh¡¨l �EnY[jnY[jej¹Yp±° [m°MlmoY[��EnY[�nY[�pqe�eu[�ti�m[j~¶r ¯ gu[jt�¡�VYpqk�V¶guVY[�lmguVY[jt+�EnY[�nY[
pqe{eu[�tu�G[j~³°��1l���p�Z\p�g{pqe{eu}�[jk�p¤¬�[C~ ¯ lmtMguVY[1��[�oY�wgiV l ¯ [�p�guV�[�t¨�EnY[jnY[m°�y ¯ gu[jt§e�[�ti�dp�oY���EnY[jnY[

i
ª
i = 1, 2


¯ lGt	guVY[

n
Á²guV#gup�Z\[m¹OgiVY[Weu[�tu�G[�t	ti[j�EnYp�tu[Ce	rxeu¡�p¤g�kiVYlO�m[jt"gup�Z\[§l ¯ ~fnYt�rOgip�lGo

Vn,i
°�y1eie�n�Z©[Wrw���

Vn,i
V�r®�m[

giVY[#eirwZ\[�~fpqehgitup��Ynfgip�lmo�rme
Vi
ª
Vn,i ∼ Vi

�¹T¡�VY[�ti[
Vi
pqe1rmeie�nYZ\[j~�gil ¯ lmtiZ&r �m[joY[�t�rw�"~fp�e�gitup��Ynfgip�lGo

¡�p�guV�¬�t�e�g-rwoT~�eu[jk�lGo�~»Z\lmZ\[�oEg
vi
rmo�~

v
(2)
i

¹0rmo�~»¡�p�guV��wrwtip�rmo�k�[
δ2i := v

(2)
i −v2

i

¹
i = 1, 2

°  À[�g
R :=v1+v2

rwoT~
∆2 :=δ21+δ

2
2

°�UWVY[�eu[j�EnY[jo�k�[Ce�l ¯ e�¡�p�g�kiVYlO�m[�t�gip�Z\[jeMrwti[Wrmeie�nYZ\[C~�gul���[�ehg�rOgip�lGo�rwtic
[jtu�Glf~fpqkxp�o�ehgi[jrG~�l ¯ giVY[�n�e�n�rm�Àp±° p²° ~À°�¹Trmo�~¶}�lGeie�p��Y��c�~f[j}�[�o�~f[joGg1lGo¶[Crmk�V¶lwgiVY[�tC°{UWVYpqe�p�Z\}Y��p�[je�guVTrOg
giVY[�ti[9k�rmo»�T[�rBk�lGtuti[��qrOgip�lmoË�T[�g¦¡§[�[�o»giVY[�e�¡�p�gik�VYlO�m[�t�gip�Z\[Ce�l ¯ guVY[ gh¡¨l��EnY[jnY[je#rwo�~#`Olmt�¡�p�guVYp�o
giVY[¥eu[j�EnY[�oTk�[�l ¯ eu¡�p¤g�kiV�l®�m[jt#gip�Z©[Ce ¯ lGt©[jrGkiV¾�Gn�[�nY[m°SUWVY[¥rwtitup��Orm�¨l ¯ k�n�e�gulmZ\[jtie©rOg �EnY[jnY[

i
p�e

s�lmpqeueulmo�¡�p¤giV tirwgu[
λi
rmo�~»giVY[¶eu[�ti�Epqk�[9gup�Z\[je©rwti[9oYlGoYoY[j�GrOgip��m[G¹�p±° p²° ~³°Ët�rwo�~YlmZ �Orwtipqrw�Y��[je�¡�p�guV

ªJ¬�oYp�gu[CW¬�t�ehg1rmo�~¥eu[jk�lGo�~�Z\lGZ©[joGgie ¯ lmt1�EnY[jnY[
i
�mp��m[�o¶�dcm¹�ti[jeu}�[jk�gup��m[���cm¹

bi
rwo�~

b
(2)
i

°¨UWVY[	3#2/�c �rOg
�EnY[jnY[

i
p�e
ρi := λibi

rmo�~�guVY[ e�cfe�gu[jZ�p�e�e�girm�Y��[��HG/Jf¹À}�rw�G[\�w�G����p ¯ rmo�~«lmoY��cBp ¯ giVY[\l®�m[jtirm��� 3#2/�� 
ρ := ρ1 + ρ2 < 1

¹T¡�VYpqkiV�¡¨[#rmeie�n�Z©[�guVYtilmn��mVYlGnfgj°W½�nYtuguVY[�tiZ\lmti[m¹�¡¨[�¡�p�����k�lGoGgip�odnYlmn�eu��c¥rmeie�nYZ\[
giV�rOg�guVY[��EnY[jnY[je+rwti[�lm}�[jtirwgup�oY�©nYo�~f[jt+e�girwgup�lmo�rmtuc ti[��Gp�Z\[m°

I¦oGgutilf~fn�k�[�guVY[�k�l®�wrwtip�rwoTk�[ ¯ nYo�k�gup�lmo�e�ª
i = 1, 2



ci(n) =IE[V0,iVn,i] − IE[V0,i]IE[Vn,i], n ∈ N,
ª G®

c12(n) =IE[V0,1Vn,2] − IE[V0,1]IE[Vn,2], n ∈ Z.
ª±�G

�1lwgu[�guV�rwg
c12(n)

p�e\~f[�¬�o�[j~ ¯ lGt
n ∈ Z

°»·¢p�guV giVYp�e\k�lmoE�m[joGgip�lGo�p�g©pqe-oYlmg©oY[Ck�[jeieirwtic«gil�¡¨lmtiÃ
¡�p�guV

c21(n) := IE[V0,2Vn,1] − IE[V0,2]IE[Vn,1]
¹�eup�oTk�[ n�o�~f[�t-ehg�rOgip�lGo�rwtic�ti[��mp�Z\[\p�g ¯ lm����l®¡+e�guVTrOg

c21(n) = IE[V0,2Vn,1] − IE[V0,2]IE[Vn,1] = IE[V−n,2V0,1] − IE[V−n,2]IE[V0,1] = c12(−n)
° I¦o

}�rmt�gip�k�nY�qrwtC¹®p ¯T¯ lmt0[jrGkiV©�EnY[jnY[§guVY[+e�[C�Gn�[�o�k�[Wl ¯ e�¡�p�gik�VYlO�m[�t�gup�Z\[je�pqe�nYo�k�lmtitu[j��rwgu[j~À¹CgiVY[�o
ci(0) = δ2irmo�~

ci(n) = 0
¹ ¯ lGt

n ∈ N
° I ¯ giVY[�ti[�pqeWoYl k�lmtitu[j��rwgup�lmo���[�gh¡¨[�[jo�giVY[�e�¡�p�gik�VYlO�m[�t§gip�Z\[CeWl ¯ guVY[�gh¡¨l

�EnY[jnY[jej¹dguV�[�o
c12(n) = 0

¹ ¯ lmt
n ∈ Z

°

ïðí�ëÀï��
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M [Ck�rmn�e�[�l ¯ guV�[�rGeueunYZ\}fgip�lGo¶l ¯ giVY[#�EnY[�nY[Ce�lG}�[�t�rOgup�oY�\nYo�~f[jt1e�girwgup�lmo�rmtuc9ti[��mp�Z\[ ª GC�rwo�~»ª²�m
kjrwo¶��[�ti[�¡�tip�g�gu[jo¶rGe

IE[V0,iVn,i] = v2
i + ci(n), i = 1, 2, n ∈ N,

ª>�GrG
IE[V0,1Vn,2] = v1v2 + c12(n), n ∈ Z.

ª>�w��
I¦o�lGti~f[jt�gil«[Cehg�rw�Y��p�euV�guV�[¥af|+z�¹���[�g

Dn,i(N)
��[�guVY[¥~fnYt�rOgup�lmo�l ¯ guVY[���n�e�c»}�[jtup�lf~�p�o�giVY[

ith
�Gn�[�nY[G¹;p�oYp�gupqrOgi[j~«�dc

N
k�nTehgilmZ\[�t�e1¡Wrwp�gup�oY��p�o�giV�rOg��EnY[jnY[©¡�VY[�o«guV�[\e�[jtu�m[jt�rwtitup��m[jexrOg�guVTrOg

�EnY[jnY[ ¯ lmt¨guVY[
nth gup�Z\[m°{adp�Z\p���rmtu��cG¹E��[�g Nn,i(T )

��[1guV�[xoEn�Z#��[�t§l ¯ k�n�ehgilmZ\[�t�e¨rwtitup��dp�oY��rwgW�EnY[�nY[
i
~fnYtip�oY� r©}�[jtup�lf~�l ¯ gup�Z\[

T
~fnYtip�oY�©guVY[�eu[�ti�m[�t;� e

nth �dp�eup¤g�gul9�Gn�[�nY[ i ° À[�g�n�exoYlO¡3[je�girw����pqe�V�r�oEnYZ#��[jt�l ¯0¯ lGtuZ#nY�qrmex¡�VYpqkiV�¡�p�������[©n�eu[j~BguVYtilmn��mVYlGnfgj°�½�p�tie�g�ti[jk�rm���
giV�rOg{p ¯

Di
pqe{r�t�rwo�~YlmZ eu[j�EnY[�oTk�[�¡�p�guV

IE[Di] = d
rwo�~

IE[D2
i ] = d(2) ¹Gp�o�~f[j}�[�o�~f[joGg¨l ¯ r�t�rwoT~flmZ�Ormtupqrm�Y��[

N
¹�rwo�~

τ(N) :=

N
∑

i=1

Di,
ª>�E

giVY[�o

IE[τ2(N)] =
∞
∑

n=1

nIE

[

n
∑

i=1

Di ·
n
∑

i=1

Di|N = n

]

P (N=n)

=

∞
∑

n=1

n
(

IE[D2
1]+(n−1)(IE[D1])

2
)

P (N=n)

=d2IE[N2] + (d(2)−d2)IE[N ].
ª²�m

adp�Z\p��qrwti��cm¹

IE[N 2
n,i(T )] =

∫ ∞

0

IE[N 2
n,i(t)|T = t]dT (t) =

∫ ∞

0

(

(λit)
2 + λit

)

dT (t)

=λ2
i IE[T 2] + λiIE[T ].

ª±�G
�1[�¸dg�¡¨[«}Ytilfk�[j[j~¿p�o£r eup�Z\p���rmt�Z rwoYoY[jt9gil�lG�fgirmp�o¢guVY[Ëe�[Ck�lmoT~¿Z©lGZ\[�oGg¶l ¯ guVY[«��n�e�c¿}�[�tip�lf~
�G[�oY[�t�rOgi[j~¥�Ec

Y
k�n�e�gulGZ\[�t�e�p�oYp�gupqrw����c¶p�oBgiVY[-eucfehgi[�Z¥°1½�p�t�ehgxti[jk�rm���ÀgiV�rOg

Dn,i(1)
pqexr9eup�oY�m��[��Yn�euc

}�[�tip�lf~Ëp�o�p¤gip�rwgu[j~��Ec»rBeup�o��m��[9k�n�e�gilmZ\[�t�p�o�rmo�_ ` % ` G9�Gn�[�nY[9¡�p�guV�s�lmpqeueulmo�rmtutip��Orw�qe�¡�p�giV�tirwgu[
λi
rmo�~��G[�oY[jtirm�¨eu[�ti�dp�k�[9gup�Z©[¶¡�p�guV�¬Ttie�g\rwo�~ e�[Ck�lGo�~�Z\lmZ\[�oEgie

bi
rwoT~

b
(2)
i

tu[Ce�}�[Ck×gup��m[j��cG°ËUWVY[
¬�t�e�g�gh¡¨l¥Z\lmZ\[�oEgie�l ¯ r¥e�p�oY�m��[©�YnTe�c«}T[jtup�lf~«p�oYp�gupqrOgu[C~��Ec�r¶eup�oY�m��[\k�n�ehgilmZ\[�t�rwti[-�Gp��m[jo��Ec ��G®�d¹
[C�GnTrOgup�lmoTe��Y°�Gj�hG�rmo�~¥�f°HG��d�
�

di := IE[Dn,i(1)] =
bi

1 − ρi
,

ª ^OrE

d
(2)
i := IE[D2

n,i(1)] =
b
(2)
i

(1 − ρi)3
, i = 1, 2.

ª ^O�T

ë	ë&Øihj�k�l�m
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UWVY[ ��n�e�c�}�[�tip�lf~³¹
Dn,i(Y )

¹	�G[�oY[jtirwgu[j~��Ec
Y
k�n�ehgilmZ\[�t�e�pqe�guVY[�e�nYZ l ¯

Y
p�o�~f[j}�[�o�~f[joGg-eup�oY�m��[

�Yn�euc�}�[�tip�lY~Ye�¹f[jrGkiV¶¡�p�guVB~fpqehgitup��Ynfgip�lGo
Dn,i,k ∼ Dn,i(1)

° R+[jo�k�[�guVY[�eu[jk�lmo�~�Z\lmZ\[�oEg�pqe

IE[D2
n,i(Y )] = IE

[

Y
∑

k=1

Dn,i,k

]2

= IE

[

Y
∑

k=1

Dn,i(1)

]2

= d2
i IE[Y 2] +

(

d
(2)
i − d2

i

)

IE[Y ].
ª±�G

M c g�rwÃdp�oY�
Y = Nn,i(T )

¡¨[�lG�fgirmp�o»ª
i = 1, 2



IE[D2
n,i(Nn,i(T ))] =d2

i IE[N 2
n,i(T )] + (d

(2)
i − d2

i )IE[Nn,i(T )]

=λ2
i d

2
i IE[T 2] + d

(2)
i λiIE[T ].

ª�JG

ïðí�ëÀï��



� 8 � 3������ 8��	��658:9�
 1�� 6 2� 6������������������ 6������ 2	������3�����! "�#� 6���$�� 2	�	�%�'& 6�(��%) J

� � ��'� ��6À���×!���� � ��'� ��6³���×!�� � ��
"!9��/¨� �\� 6³�	�+4

����� 	�
�����������������

·Ë[©ehg�rwtug1�dc¥[�¸YrwZ\p�oYp�o�� guV�[-[�¸fV�rwn�e�gip��m[#}�lm����p�oY��l ¯ gh¡¨l��EnY[jnY[jej¹�p±° [m°xlGoY[-�Gn�[�nY[-p�e�e�[jtu�m[C~¥nYoGgip��
p�g©pqe-[�Z\}fghc�r ¯ gu[jt-¡�VYpqk�V�guVY[¶lwguV�[�t©�EnY[jnY[�p�e©eu[�ti�m[j~�nYoGgip��W[jZ\}fgup�[j~³° ]¨lGo�e�pq~f[�t#giVY[¶eucfehgi[�Z rOg
giVY[©Z\lmZ\[�oEg�giVY[\eu[�ti�m[�t�e�girmt�g�e�eu[�ti�Ep�oY�9giVY[-¬Ttie�g��EnY[jnY[ ¯ lmt�guVY[

nth gup�Z\[©¡�p�guV L∗
n,1

k�n�e�gulGZ©[jtie
¡§rmp¤gip�o��©p�o�guVY[��EnY[�nY[G°0½�tulGZ%VY[�ti[�lGo�guV�[ ¯ lG����l®¡�p�oY�\e�gu[j}�e§girmÃm[�}Y�qrmk�[\ª±e�[j[�½�p��mnYti[ G ¯ lmt+r-�dpqe�nTrw�
ti[�}Yti[jeu[�oEgirOgip�lmo�l ¯ guVYpqe+~f[Ck�lmZ\}�lEe�p�gup�lmoT%g

• ��� �Z��� )�� 658 9P��� �! �!)��#"$�h�%�h�'&0UWVY[ L∗
n,1

k�n�e�gulmZ\[jtie�p�o-giVY[§¬Ttie�gM�EnY[�nY[Wti[j�EnYp�ti[Wrx�YnTe�c#}�[�tip�lf~
~fn�tirwgup�lmo�l ¯

Dn,1 := Dn,1(L
∗
n,1)

gul [�¸fV�rwnTehgC°

•
��� 6���$%�/658 9 � 2 ��� � )%�!$�2 8� ("$�h�%�h�)&�y ¯ gi[�t¶e�[jtu�dp�oY�»guVY[�¬�t�ehg��EnY[�n�[BguVY[�eu[�ti�m[�t9tu[j�EnYp�ti[je9r
eu¡�p¤g�kiV�l®�m[jt§gup�Z\[�l ¯

Vn,1
nYo�p¤g�e�l ¯ gip�Z\[m°

• ��� �Z��� )�� 658 9 ���Z�T)��!$�248� *"$�h�%�h�)& I¦o�guVY[�gup�Z\[�o�[�[j~Y[j~»gul�eu¡�p�gik�V ¯ tulGZ guVY[¶e�[Ck�lGo�~Ëgul�giVY[
¬�t�e�g��EnY[�n�[ ª

Vn−1,2
×¹�gil�[�¸fV�rmn�e�g9guVY[«¬�tie�g��EnY[jnY[Sª

Dn,1
�¹1rwo�~¿gulSe�¡�p�gik�V£��rmk�Ã gil�giVY[

eu[jk�lmo�~©�EnY[jnY[�ª
Vn,1

×¹mgiVY[�ti[WVTrC�m[��T[j[�o
L∗

n,2 := Nn−1,2(Vn−1,2)+Nn,2(Dn,1(L
∗
n,1)+Vn,1)k�n�ehgilmZ\[�t�e1rmtutip��dp�oY��rOg1giVY[©eu[jk�lGo�~��Gn�[�nY[G°BIÂg�tu[C�Gn�p�ti[je

Dn,2 := Dn,2(L
∗
n,2)

nYoYp�giexl ¯ gup�Z\[
gil\[�Z\}fghc9giVYp�e+�EnY[jnY[m°

•
��� 6���$%�/658 9,+��c$.- � 2f���Z�� �!)��"$�h�%�h�)&0y ¯ gu[jt�e�[jtu�dp�oY��guVY[�eu[jk�lmo�~��EnY[�nY[xguVY[�eu[�ti�m[�t¨ti[j�EnYp�tu[Ce¨r
eu¡�p¤g�kiV�l®�m[jt§gup�Z\[�l ¯

Vn,2
nYo�p¤g�e�l ¯ gip�Z\[m°

Busy period
time V
Switchover Busy period

of duration D
Switchover
time Vof duration Dn,1 n,1 n,2 n,2

½�p��mnYti[ G�g L1[jk�lmZ\}�lGeup�gup�lmo�l ¯ giVY[
nth k�cdk���[�p�oEgul©�Yn�euc }�[�tip�lf~Ye�ª Dn,1

rwo�~
Dn,2

¨rmo�~�eu¡�p¤g�kiVYlO�m[�t
gip�Z\[je�ª

Vn,1
rwoT~

Vn,2
�°

y ¯ gu[jtxgiVYp�exguVY[©}Ytilfk�[Ceue1e�g�rwtugie1lO�m[�t�rw�Grmp�o«rwo�~«r9oY[j¡ $���$ 3H�x��[��Gp�oTe�° R+[�oTk�[#guV�[
nth k�cfk���[-p�eZ rm~Y[�nY}¥l ¯

Cn =Dn,1 + Vn,1 +Dn,2 + Vn,2.

ë	ë&Øihj�k�l�m
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UWVY[#gip�Z\[©��[�g¦¡§[�[�o«guV�[\e�[jtu�m[jt1¬�oYpqe�VYp�oY�¶¡¨lmtiÃ¥rwg��EnY[jnY[
i
rwoT~�tu[�gunYtioYp�oY�9gil¶�EnY[jnY[

i
p�o�giVY[

oY[�¸dg+k�cdk���[�pqeWguVY[ 658#������� 6 ) 6��³gip�Z©[
In,i

rmo�~�pqeW�Gp��m[jo��dc

In,1 = Vn,1 +Dn,2 + Vn,2,
ª GC�mrG

In,2 = Vn,2 +Dn+1,1 + Vn+1,1.
ª Gj�w��

y af|+zQ¡�p�������[-[Cehg�rw�Y��p�euVY[C~ ¯ lmtxgiVYp�e��En�rwoEgup�g¦c�rmo�~B¡§[-¡�p����0e�[j[�giV�rOg�p¤g�}Y�qr®cde�r�k�[�oEgut�rw��tulG��[ ¯ lGt
giVY[-~f[jtup��Orwgup�lmoBl ¯ guVY[-[�¸f}�[jk�gu[C~¥¡Wrwp�gup�oY� gip�Z©[Cexrmo�~B�EnY[jnY[#��[�oY�mguV�ej°1UWVY[#gup�Z\[

Dn+1,i
eu}�[�oEg�rOg

�EnY[jnY[
i
p�o¶guVY[

(n+1)th k�cfk���[�pqeWti[��qrOgi[j~�gul©giVY[�p�oGgu[jtu�dpqe�p�gWgip�Z\[�rGk�k�lGti~fp�oY�-gul

Dn+1,1 = Dn+1,1(Nn,1(In,1)),
ª G�GCrG

Dn+1,2 = Dn+1,2

[

Nn,2(Vn,2)+Nn+1,2

(

Vn+1,1

+Dn+1,1(Nn,1(In,1))
)] ª G�G���

UWVY[�[�¸f}�[jk�girwgup�lmo¶p�eWguVY[�eunYZ l ¯ [�¸f}�[jk×gi[j~¶�Yn�e�c�}�[jtup�lf~Ye ��G®�d¹Y}À°Ñ�ZG�^
�Àrmo�~�guVdn�e

IE[Dn,1] =
b1IE[Nn,1(In,1)]

1 − ρ1
=
ρ1IE[In,1]

1 − ρ1
.

ª G®�wrG

Sxe�p�oY�BguVY[�e�girwgup�lmo�rmtup�ghc�rwo�~ËgiVY[�~Yp��dpqe�p��Yp���p�ghc¿ª
Nn,2(a+b) = Nn,2(a)+Nn,2(b)

�l ¯ giVY[�rwtitup��Orw�
}Ytilfk�[Ceue§p�g1k�rmo¶�T[�euVYlO¡�o�giV�rOg

IE[Dn,2] =
ρ2IE[In,2]

1 − ρ2
.

ª GC�O��

adp�oTk�[�guV�[��Yn�euc�}�[�tip�lf~Ye�rwti[�eunYZ e�l ¯ e�[jtu�dpqk�[�gup�Z\[jej¹fguV�[�~fp��dp�eup���p���p¤ghc�}YtulG}�[�tug¦c�rm��eul©V�lm�q~Ye ¯ lGt
Dn,i

°MUWVYpqeWZ\[Crwo�e§giV�rOg ¯ tilmZ ª>eunY��e�gup�gunfgi[�GcG���p�oGgil GC�mrE

In+1,1 =Vn+1,1 + Vn+1,2 + Dn+1,2

[

Nn,2(Vn,2) + Nn+1,2

(

Vn+1,1 + Dn+1,1(Nn,1(In,1))
)]

,

n ∈ N
¹�¡¨[�eu[�[«r af|1zµª±rme9}Yti[jeu[�oEgu[C~¢rwo�~¢eulm���m[C~ ¯ lmt¶ehg�rOgup�lGo�rwtic [�ti�mlf~fpqkBeu[j�EnY[�o�k�[je9p�o ��G�J

rmtupqe�p�oY�T°�y+��guVYlGnY�mV9guV�[�eucde�gu[jZ p�e{gh¡¨l©~fp�Z©[jo�eup�lGo�rw��ª>rme{guV�[�ti[xrmtu[+g¦¡§l-�EnY[jnY[je�×¹EguVY[�tu[C~fn�k×gip�lmo gul
r\lGoY[�~fp�Z\[�o�eup�lmo�rm�	af|+z¢p�e1r\Ãm[jc�[j��[jZ\[�oGgxp�oBlG�fgirmp�oYp�oY� [�¸d}���pqk�p�g ¯ lmtiZ#nY�qrme ¯ lmt+guVY[�}�[jt ¯ lGtuZ rwoTk�[
Z\[jrGe�nYti[jej°

 > ÅdÉ � Å � 9��* � ª±af|+z ¯ lmt©[�¸fV�rmn�e�gup��m[�`®[�¸fV�rwn�e�gup��m[�e�cfe�gu[jZ9×° &E�Z��658h������� 6 ) 6��P� 6�(�� 2��T��� �  �!)��
"%�h�$�h� � 353#2	�N) 6���)�� 3 � � 2,+�� � � 6�� ����8 �	) � 2 8���
  46�(�� 8h) 6 248�� 3?��� ���

In+1,1 =An(In,1) + Bn
ª Gj�E

� 6����

An(·) := Dn+1,2

(

Nn+1,2

(

Dn+1,1(Nn,1(·))
))

,
ª G��d

Bn := Vn+1,1 + Vn+1,2 + Dn+1,2

(

Nn,2(Vn,2) + Nn+1,2(Vn+1,1)
)

.
ª GC�G

� 2	��� ��� ����!�"2	(	��
� ���T�48� ���
� +��f� ��� �	�	�
IE[An(In,1)] = αIE[In,1]

�N�Z�%���
α := ρ1ρ2

(1−ρ1)(1−ρ2)

&
�

ïðí�ëÀï��
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UWVY[\[�¸dpqe�gu[�oTk�[\l ¯ r¥e�girOgip�lGo�rwticB[�ti�mlf~Yp�k
In,1

¡�VYpqk�V»eirOgip�e�¬�[je ª GC�Gxpqe��mp��m[�oËp�oËguVY[ ¯ lG����l®¡�p�oY�
giVY[�lGtu[�Z ¡�VYpqkiV¥p�e�}Ytil®�m[jo�p�o¥y1}Y}�[�o�~fp�¸¥y�°


 > ÅdÉ � Å � 9��3���� �
ρ < 1

��� ��8 ��� �����'� � 6 )!��)"�[)!���	��6 248��	��� ��� 9/20 46�$'��� 9 6�(�� I∗n,1

�N�:6�$��D)��	��6 )  5�%)
��
�� � &

�

����� ��� �
	 � �����
����������� � �����

I¦o«guVY[©oY[�¸dg�k�lmnY}���[-l ¯ e�[Ck×gip�lGo�e1guVY[-¬�t�e�gxgh¡¨l�Z\lmZ\[�oEgie�l ¯ �wrwtip�lGn�e1}�[�t ¯ lmtiZ\rmo�k�[#Z\[jrGe�n�tu[jex¡�p����
��[�~f[jtup��m[j~À°MaEgirmt�gip�oY�\¡�p¤giV�guV�[�¬�t�ehgWgh¡¨l\Z©lGZ\[�oGg�eWl ¯ guVY[�p�oEgu[jtu�dpqe�p�gWgup�Z\[�l ¯ guV�[�¬�t�ehg+�EnY[�n�[m¹f¡¨[
eu[�[©guV�rwg�rw���0l ¯ guVY[ lwguV�[�t��En�rmoGgip¤gip�[Ce�k�rwoË[jrmeup���c���[\[�¸f}Yti[jeie�[C~�p�o�gu[�tiZ e�l ¯ giVY[\p�oGgi[�ti�dp�eup�g�gip�Z\[G°
_¥lEehg¨p�Z©}�lGt�g�rwoEgu��cm¹Ek���lEe�[C~ ¯ lmtiZ [�¸f}Yti[jeie�p�lmo�e ¯ lGtMgiVY[xr®�m[jtirm�m[W¡§rmp¤gip�o���gip�Z\[�rwo�~\guVY[xZ\[jrwo��EnY[�nY[
��[�oY�mguV¶¡�p����À��[�~f[jtup��m[j~�p�o�giVY[�}Yti[jeu[�o�k�[�l ¯ k�lmtitu[j��rwgu[j~�e�¡�p�g�kiVYlO�m[�tWgup�Z©[Ce�°

9�� 3��* +�- � Å ��1E.J�0.ð� 
 . � Å
U�rwÃdp�oY�-giVY[�[�¸f}�[jk�girOgip�lGo�l ¯ guVY[�ei�En�rwti[�l ¯ ª Gj�E¨�mp��m[je

IE[I2
n+1,1] =IE[An(In,1)]

2 + IE[B2
n] + 2IE[An(In,1)Bn].

ª Gj�E
UWVYpqe�[�¸f}Yti[jeie�p�lmo�p�e+k�[�oEgut�rw�;gil©guV�[�}Ytuldl ¯ l ¯ giVY[ ¯ lm����lO¡�p�oY�-giVY[�lGtu[jZ¥°


 > ÅdÉ � Å � 9��H9�� ª�I¦oGgi[�ti�Epqeup¤g gip�Z\[�p�o¢[�¸fV�rwn�e�gup��m[	`®[�¸fV�rmn�ehgip��m[¥eucfehgi[�Z9×°���8� ���� ��� �\)����� 6 2 8�����
��� 9 6�(�� ��� � � ��� �!$%���  	658#������� 6 ) 6�����6�(f� 2�� "$�h�%�h� i 6 )�9*6��	� 8 +%�

E[In,i] =
R(1 − ρi)

1 − ρ
, ρ := ρ1 + ρ2, i = 1, 2.

ª G�^m

&E� � )�� $ 248� "( 2	(���8h� 6 ) 9 6��	��8*+%�

βIE[I2
n,1] =

R

1−ρ

(

λ1ρ
2
2b

(2)
1

(1−ρ1)2
+λ2b

(2)
2

)

+δ21+

(

1−
2ρ2(1−ρ)

1−ρ1

)

δ22+

(

1−ρ+2ρ1ρ2

1−ρ

)

R2+2C
ª Gj�E

�N�Z�%���

α :=
ρ1ρ2

(1 − ρ1)(1 − ρ2)
, β :=

(1 − ρ)(1 − ρ+ 2ρ1ρ2)

(1 − ρ1)2
.

� 8� 

C :=
∞
∑

j=1

[

c1(j)+c2(j)+
(1−ρ)2

ρ1(1−ρ1)
c2(j) +

1−ρ2

ρ1
c12(−j)+

1−ρ2(1−α)

α
c12(j−1)

]

αj ª G/JE

6 )���� � �c � 6�� 6 2 8�� 2"���Z� 658h������� 6 ) 6���� 6�(��  �h�P� 2����Z� $ 2	������3��	��6 248 + �%� � � ��8 ��� �P)!� 6���$%� 2	�	���P��6�(f�%)%&
�

ë	ë&Øi���� *�k �%j�l"!!m$#



G®� � �"2/��8�������3���� � 3�� (��48

�=�%(��	� -�� M c¥girwÃdp�oY�
λ2 = 0

¹;lGoY[-lm�Ygirwp�o�e�rwo«lGti~fp�o�rmtucB_ ` %P`ZG-�EnY[�nY[-¡�p�giV�k�lmtitu[j��rOgi[j~¥�wrOÁ
kjrOgup�lmoTeÀ¡�V�[�ti[

IE[I2
n,1] (= v

(2)
1 +v

(2)
2 +2v1v2)

oYl1��lmoY�G[�t	~f[j}�[�o�~�e	lmo�giVY[§k�lGtuti[��qrOgup�lmo9ª>eup�o�k�[
α = 0

×°

UWVY[-}Ytildl ¯ pqex�mp��m[�o�p�o�y+}Y}�[jo�~fp�¸ M °À^xoBgiVY[-��rGe�pqe1l ¯ guV�p�exguVY[jlmti[�Z�r9odnYZ#��[�t�l ¯ lmguVY[jtxti[jeunY�¤g�e
�EnYpqkiÃd��c ¯ lG����l®¡�°
� É � É . .J�Y� Æ 9���*	� ª�I¦oGgu[jtu�dpqeup¤g1UWp�Z\[�·¢p¤giV\S+oTk�lmtiti[��qrOgu[C~�af¡�p¤g�kiVYlO�m[�t+UWp�Z\[je�×°
� �P��� � ).�h$ $!��) 6��	� )�� 6���$�� 2	�	�%� ��6�(f�%) 658 �!��$%� "$�h�%�h�f�	��� � 8�$ 2	������3��	���  '���Z� 8

c1(j) = c2(j) = 0
� 2	�

j ≥ 1
&�� �Z����� ����( 2	���

�
6 � ���Z� )�� 6���$%� 2�����f� 6�(���) +���� � � ��8D��� �f���02 "%�h�%�h��) ���� � 8�$ 2	������3��	���  

�
���Z� 8

c12(j) = 0
� 2	�

j ∈ Z
& &E�:6 ) 3H� �c �)"� 2

C = 0
& &E� �'� ��� ���%)!) 6 2 8 ��� ��8 ��9���� �%)�� 6���� ��� �'$ 3��	)!) 6�$!�43���%) � 3 � (�� 8#� 6 2 8��! 658�� 
 


�
� "$�h�� 6 2 8 ����� �
	 2	� 658���
��

�
� "%�h�	��6 248� ����& ���� ��	$&

�

9�� 3� 3 � ���«� Å � É	� � �"�j� É � Å �®���*�A.ð�0. -�� � > Å - CÀÅ ��1 Å �����C�	.�1 Å �
UWVY[9[�¸fV�rmn�ehgip��m[ o�rOginYti[\l ¯ guVY[�eu[�ti�m[�t�p�Z©}���p�[je�guVTrOg�guVY[9oEn�Z#��[�t#l ¯ k�nTehgilmZ\[�t�e��YnYp��q~fp�oY�BnY}�rOg
�EnY[jnY[

i
pqe1[�¸Yrmk�gu��c�giVY[-oEnYZ#��[�t�l ¯ k�nTehgilmZ\[�t�e�guVTrOg�rmtutip��m[j~¥rOg1giV�rOg��EnY[�n�[-~fnYtup�oY��p¤g�e1p�oGgi[�ti�dp�eup�g

gip�Z\[m°{UWVEn�ej¹

L∗
n+1,1 = Nn,1(In,1).

½�tulGZ guVYpqe�¡¨[�p�Z\Z\[j~fpqrwgu[���c�lm�fg�rwp�o

IE[L∗
n+1,i] =λiIE[In,i] =

Rλi(1 − ρi)

1 − ρ

ª±�w�E

rGe#guVY[¶[�¸d}�[Ck×gi[j~���[�o��wguVSl ¯ guVY[¥�EnY[jnY[m¹{nYo�~f[�t e�girwgup�lmo�rmtucËti[��Gp�Z\[G¹MrOg©guVY[¥Z©lGZ\[�oGg©giVY[¥eu[�ti�m[�t
rmtutip��m[Ce§rwg+�EnY[�nY[

i
ª
i = 1, 2

×°{UWVY[�eu[jk�lmo�~�Z\lmZ\[�oEg ¯ lG����lO¡+e¨giVYtilmnY�GV¶ei�GnTrwtip�oY�T¹

IE[(L∗
n+1,1)

2] =IE[N 2
n,1(In,1)] = λ2

1IE[I2
n,1] + λ1IE[In,1],

¡�VYpqk�V¶��[jrm~�e§gul

IE[(L∗
n,i)

2] :=λ2
i IE[I2

n,i] +
Rλi(1 − ρi)

1 − ρ
.

ª±�ZG®

9�� 3�H9 4��À�O�f�0. É - É ��� �	� Æ � Å �	. É Ê	�
UWVY[�[�¸f}�[jk×gi[j~�gip�Z\[�}�[�t1k�cfk���[G¹Yp�o�ehgi[jrG~fc�ehg�rOgi[m¹ ¯ lGtWgiVY[#e�[jtu�m[jt§gil ¡¨lmtiÃ9lmoB�EnY[�n�[

i
ª
i = 1, 2

§pqe
�Gp��m[jo��dc

IE[Dn,i] =
Rρi

1 − ρ
.

ª±�m�G

� ïqØ®à±Ý±Û�Î�éWÕ�äOà±æ"Ï Ý²ò²â®ÕuÜ�ÛhÔYÝ±ÏÑÍ�Û�àEÝ²â®ÏÑàfæ³Õ×Ô>çMÔ>Ûhä�ÛhÔ>à�Ý±Õ�Ô>Ûhá®Ð è{ÏÑØ�Ý²ÛhÔJÜ×Î�ÐÑàuÙ�ê"ØCä�Õ×Ô>Ý%�®ØOÎiÝ±Û�Ð è���Ý±â®Û³éCÛ�&®Ø®Ï Ý²ÏÑÕ×Ø¨Õ×ÔfÝ±â®Û³ÏÑØ®éCÏãòhÛhà
ÏÑØ�� �®Ù k�l×Î��	Î�Ô±Û¨Ø®Õ�Ý�ò�Õ×âCÛ�Ô>ÛhØ�Ý0ä�Õ×Ô	Ý±â®Û¨ò�Î�à±Û N = 2 Î�à	Ý±â®Û¨ÏÑØ®é®ÏÑòhÛhà�Õ�ä�Õ×Ø®Ûhà0Î�Ø®é�Ýðæ³Õ+âOÎhÜ�Û{Ý²Õ+ÖwÛ¨ÏÑØ�Ý±Û�Ô>òÂâOÎ�Ø®Ú×Û�é���ä�Õ×Ô
δ1
Î�Ø®é δ2

�dÎ�à�æ;Û�ÐÑÐ�Î�à�ä�Õ×Ô r1
Î�Ø®é r2

�"Ý±ÕxÕ×ÖCÝÂÎ�ÏÑØ�Ý±â®Û§ò�Õ×Ô>Ô>Û�ò¦Ý¨Ô>Ûhà��®Ð Ý�Ù å âCÛ§Ô±Ûhà%�®Ð ÝMÏÑà�Í�ÛhØ�Ý±ÏÑÕ×Ø®Ûhé#òhÕ×Ô>Ô±ÛhòhÝ±ÐÑè�ÏÑØ  �$���
Û�'��®Î�Ý±ÏÑÕ×Ø��Hj�j�� !ðÙ

ïðí�ëÀï��
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UWVYpqe ¯ lm����lO¡+e�~fp�ti[jk�gu��c ¯ tilmZ
IE[Dn,i] = IE[Dn,i(L

∗
n,i)] =

biIE[L∗

n,i]

1−ρi

°
adp�oTk�[

IE[D2
n,1] = IE[D2

n,1(Nn,1(In,1))]
¹;giVY[\e�[Ck�lGo�~�Z©lGZ\[�oGg ¯ lG����lO¡+ex¡�p¤giV¾ª�JE1rmo�~�pqe��mp��m[�o

�dc

IE[D2
n,1] =

ρ2
1IE[I2

n,1]

(1 − ρ1)2
+

Rλ1b
(2)
1

(1 − ρ1)2(1 − ρ)
.

ª±�w�E

9�� 3��W � Æ �*. Å �/. � Å
M c�~Y[�¬�oYp�gup�lmo

Cn+1,i = Dn+1,i + In+1,i
°©½�tulGZ�guVYpqe�guVY[\[�¸f}�[Ck×gu[C~�~fnYt�rOgip�lGo«l ¯ r¶k�cdk���[©nYoT~f[�t

e�girwgup�lmo�rmtuc ti[��mp�Z\[�p�Z\Z\[j~fpqrOgi[���c ¯ lG����lO¡+e�g

IE[Cn+1,i] =
R

1 − ρ
, i = 1, 2.

ª²�O�d
U�rwÃdp�oY�-giVY[�[�¸f}�[jk�girOgip�lGo�lO�m[�tWguVY[�ei�En�rwti[�}Ytilf~fn�k�[Ce

IE[C2
n+1,1] =IE[D2

n+1,1] + IE[I2
n+1,1] + 2IE[Dn+1,1In+1,1].

UWVY[��qrme�gWgu[�tiZ lmo�giVY[�tup��mVEg�V�rwo�~¥e�pq~f[�kjrwo¶��[�~f[�tip��m[C~�nTe�p�oY�Bª GC�G{gil\�mp��m[

IE[Dn+1,1In+1,1] =IE[Dn+1,1 ·
(

An(In,1) + Bn

)

] = IE[Dn+1,1 · An(In,1)] + IE[Dn+1,1 · Bn]

=IE
[

Dn+1,1 · Dn+1,2

(

Nn+1,2(Dn+1,1)
)]

+ IE
[

Dn+1,1

(

Nn,1(In,1) · Bn

)]

=
ρ2

1 − ρ2
IE[D2

n+1,1] +
ρ1

1 − ρ1
IE[In,1Bn].

s0��nY�G�mp�oY�©p�o¶guVY[�[�¸d}�tu[Ceueup�lGo�e ¯ lGt
IE[In,1Bn]

ªJ[C�GnTrOgup�lmoTe�ª ^w�G§rwo�~Ëª�^w�G�¨ti[��m[Crw�qe¨guV�rwg

IE[C2
n+1,1] =IE[D2

n+1,1] + IE[I2
n+1,1] +

2ρ2

1 − ρ2
IE[D2

n+1,1] +
2ρ1

1 − ρ1
IE[In,1Bn]

=

(

1 + ρ2

1 − ρ2

)

IE[D2
n+1,1] + IE[I2

n,1] +
2ρ1

1 − ρ2

(

R2

1 − ρ
+

ρ2δ
2
2

1 − ρ1

)

+
2

ρ2

∞
∑

j=1

αj

[

c1(j) + c2(j)

1 − ρ2
+

(1 − ρ)2c2(j)

ρ1(1 − ρ1)(1 − ρ2)
+
c12(−j)

ρ1
+ c12(j)

(

1 +
αρ2

1 − ρ2

)

]

− 2c2(1) +
2(−c12(−1) + αc12(0))

1 − ρ2
.

UWVY[�[�¸f}Yti[jeie�p�lmo ¯ lmt
IE[D2

n+1,1] = IE[D2
n,1]

pqe��mp��m[�o¶p�o¥[j�En�rwgup�lmo»ª±�w�E§rwo�~¶��[Crm~Ye§gil

IE[C2
n+1,1] =

((

1 + ρ2

1 − ρ2

)(

ρ2
1

(1 − ρ1)2

)

+ 1

)

IE[I2
n+1,1] +

2ρ1

1 − ρ2

(

R2

1 − ρ
+

ρ2δ
2
2

1 − ρ1

)

+
2

ρ2

∞
∑

j=1

αj

[

c1(j) + c2(j)

1 − ρ2
+

(1 − ρ)2c2(j)

ρ1(1 − ρ1)(1 − ρ2)
+
c12(−j)

ρ1
+ c12(j)

(

1 +
αρ2

1 − ρ2

)

]

− 2c2(1) +
2(−c12(−1) + αc12(0))

1 − ρ2
.

ë	ë&Øihj�k�l�m
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�=��(f�� -��0y k�cdk���[�k�rwo�rm��eul���[�~f[�¬ToY[j~�rGe
Cn,1 = In,1 +Dn+1,1

°0UWVY[1¬�t�ehg§Z©lGZ\[�oGg§l ¯ guV�[�k�cfk���[
gip�Z\[�pqe§giVY[�o¶guV�[�eurmZ©[G° R+lO¡¨[��m[jtj¹dguV�[�eu[jk�lmo�~�Z\lmZ\[�oEg+p�eWguVY[joB~fp¤º;[�ti[�oEg1e�p�o�k�[

IE[C2
n,1] =IE[I2

n,1] + IE[D2
n+1,1] + 2IE[In,1 · Dn+1,1(Nn,1(In,1))]

=IE[I2
n,1] + λ2

1d
2
1IE[I2

n,1] + λ1d
(2)
1 IE[In,1] + 2λ1d1IE[I2

n,1]

=
IE[I2

n,1]

(1 − ρ1)2
+
λ1b

(2)
1 IE[In,1]

(1 − ρ1)3
.

UWVYpqe���rGehg�[�¸d}�tu[Ceueup�lGo�k�lmtitu[Ce�}�lmo�~Ye¨gul ��GC�f¹Y[j�En�rwgup�lmo�� ª>��°Ñ�w�m�T �Â°

9�� 3� 2 � ���«� Å � C"Å ��1 Å Ê 6 Å � � Æ �*. Å
U	lx~Y[�tip��m[{guVY[¨¬�t�ehg�rwoT~�eu[jk�lmo�~�Z\lGZ©[joGg�e	l ¯ guV�[¨oEn�Z#��[�t�l ¯ k�n�e�gulGZ©[jtie	eu[�ti�m[j~�}�[jt�k�cfk���[m¹wk�lmoTe�pq~f[�t
rmo

M/G/1
�EnY[jnY[�¡�p�guV9rwtitup��Orw�dt�rOgi[

λi
¹Gr®�m[�t�rw�m[Weu[�ti�Epqk�[§gip�Z\[

bi
¹Grmo�~-guVY[1e�[Ck�lGo�~-Z\lmZ\[�oEgMl ¯ giVY[

eu[�ti�dp�k�[§gip�Z©[
b
(2)
i

°�UWV�[�o\giVY[1[�¸f}�[jk×g�rOgip�lGo �HGC�d¹E[j�En�rwgup�lmoBª²�f°HGC�m�G �Trmo�~©guVY[1�Ormtupqrmo�k�[ �HGC�f¹G[j�En�rwgup�lmo
ª²�f°HGC�O�d �³l ¯ guVY[�odnYZ#��[�t+l ¯ k�n�e�gulmZ\[jtie�e�[jtu�m[C~�p�oBr\eup�oY�G��[��YnTe�c�}�[�tip�lf~�rmtu[

IE[Γi] =
1

1 − ρi
,

aMrwt
[Γi] =

ρi(1 − ρi) + λ2
i b

(2)
i

(1 − ρi)3
.

 "[�g
Tn,i(N)

��[§giVY[�oEnYZ#��[�tMl ¯ k�n�ehgilmZ\[�t�e�eu[�ti�m[j~-rwgM�EnY[�nY[
i
~fnYtip�oY��giVY[

nth k�cfk���[Wp ¯ giVY[�ti[�rwti[ Nk�n�ehgilmZ\[�t�e0p�o guVY[x�EnY[jnY[1rwgMgiVY[1Z\lmZ\[�oEg¨l ¯ }�lG����p�oY��°0adp�o�k�[+giVY[1oEnYZ#��[jt§e�[jtu�m[C~©pqe0giVY[xe�n�Z l ¯ giVY[
odnYZ#��[�t�eu[�ti�m[j~B~fn�tup�oY�

N
�YnTe�c¥}�[�tip�lf~�e�¹�ªJ�dWgi[�����exn�e+guVTrOg1giVY[-[�¸f}�[jk�gu[j~BodnYZ#��[�t�l ¯ k�n�e�gulGZ©[jtie

eu[�ti�m[j~³¹f}�[�t1k�cfk���[m¹Yrwg+�EnY[jnY[
i
p�e

IE[Tn,i] =IE[Tn,i(L
∗
n,i)] =

IE[L∗
n,i]

1 − ρi
=

λiR

1 − ρ
,

ª±�m�G

¯ lGt
i = 1, 2

°MU	l ~f[�tip��m[�guVY[�eu[jk�lGo�~�Z©lGZ\[�oGg+oYlmgu[�giV�rOg

IE[T 2
n,i] =IE[T 2

n,i(L
∗
n,i)]

=(IE[Γi])
2IE[(L∗

n,i)
2] +

aMrmt
[Γn,i]IE[L∗

n,i]

=
IE[(L∗

n,i)
2]

(1 − ρi)2
+
Rλi

(

ρi(1 − ρi) + λ2
i b

(2)
i

)

(1 − ρi)2(1 − ρ)
.

Sxe�p�oY�\[C�GnTrOgup�lmo»ª±�AGC¨�mp��m[Ce

IE[T 2
n,i] =

1

(1 − ρi)2



λ2
i IE[I2

n,i] +
Rλi

(

1 − ρ2
i + λ2

i b
(2)
i

)

1 − ρ



 i = 1, 2.
ª²�w�E

� å â®ÛhÔ>Û Ïãà�ÏÑØµä�Î�òhÝ*Î ä�Î�òhÝ±Õ×Ô λi
Í�ÏÑà²à±ÏÑØ®Ú%ÏÑØ  � m � ä�Õ×Ô>Í �®ÐãÎ � �®Ù *�k�Ö�� !ðÙ ïqÝ*à²â®Õ��CÐÑé Ô>ÛuÎ�é . . . +

λi[−(1−ρi)+λ2
i b

(2)
i

]
∑N

k=1 rk

1−
∑

N
k=1

ρk

Ù

ïðí�ëÀï��
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U	¡¨l+l ¯ guVY[{Z\lGe�g"p�Z\}�lmtugirmoGg"}�[�t ¯ lmtiZ rwo�k�[0Z\[jrmeunYti[jej¹�guV�[{[�¸f}�[jk×gi[j~�¡§rwp�gup�oY��gip�Z\[¨rmo�~�guV�[¨rC�m[jtirm�m[
�EnY[jnY[���[�oY�mguVÀ¹�e�gup����Àti[�Z rwp�o�gul\��[��mp��m[�o"°0UWVY[ ¯ lG����lO¡�p�o��-guV�[�lmti[�Z }YtulO�dp�~Y[je§n�e�¡�p�guV¶guV�p�e�ti[jeunY��gj°

 > ÅdÉ � Å � 9�HW�� ª±z�¸f}�[jk�gu[j~¢¡§rwp�gup�oY�»gip�Z\[«rmo�~¿�EnY[�n�[B��[�oY�mguV ¯ lGt guV�[�[�¸fV�rwnTehgip��m[	`®[�¸fV�rmn�ehgip��m[
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�
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�
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�
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IE[Wq,i] =
λib

(2)
i

2(1 − ρi)
+

(1 − ρ)IE[I2
n,i]

2R(1 − ρi)
,

ª±�c^m

i = 1, 2
&f&E�:6H) 9*6��	��)

IE[Wq,1] =
λ1b

(2)
1

2(1−ρ1)
+

λ1ρ
2
2b

(2)
1 +λ2(1 − ρ1)

2b
(2)
2

2(1−ρ1)(1−ρ)(1−ρ+2ρ1ρ2)

+
(1−ρ1)R

2(1−ρ)
+

(

∆2

2
−
ρ2(1−ρ)

1−ρ1
δ22+C

)

ψ,
ª±�w�E

�N�Z�%���
ψ := 1−ρ1

R(1−ρ+2ρ1ρ2)

� 8� 
C

�  ��  8��! 658 ��
�� ��� 6 )=���Z� 658�$���� ��)�� 658'��� � � ��� � $����! � � 6�� 658 9 � 6�(�� �h�P� 2d$�2	������3�����! ")!� 6���$%� 2	�	���P��6�(f�%)%&
& �Z�]���������9 � 8 �Z( + �%��2��=$$� )�� 2	(��%�!) ��#"%�h�$�h�

i
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IE[Ls,i] =λiIE[Wq,i] + ρi, i = 1, 2. �

I¦o¶guVY[�nYoTk�lmtitu[j��rwgu[C~�kjrmeu[\ª
C = 0

¨giVYpqe�p�e�p�oBk�lGtuti[jeu}�lmo�~f[jo�k�[�¡�p¤giV	�HG/JY¹ ¯ lmtiZ#nY��r��\ª>��°�G®�m �²°

��� ÉÀÉ � � ½YlGtMr�k�nTehgilmZ\[�tMrmtutip��dp�oY��rOg{�EnY[�nY[
i
ª
i = 1, 2

�guVY[1e�cfe�gu[�Z*��[jV�rC�m[Ce0rmeMrwo _ `*%P` G��Gn�[�nY[
¡�VY[jtu[�giVY[-e�[jtu�m[jt+�mld[Ce�lmoB�wrmkjrOgup�lmoBrGe1e�ldlGoBrme�giVY[-�EnY[�nY[#p�e1[�Z\}fghcG°+UWVY[#t�rwo�~flGZ&�Orwtip�rm�Y��[ ¯ lGt
giVY[

nth � �OrmkjrOgip�lmo � ¯ tulGZ guVY[1¬Ttie�g§�EnY[jnY[xp�e¨[�¸Yrmk×gi��c In,i
°{]¨lmo�~fp�gip�lGoYp�o���guVY[�¡§rwp�gup�oY��gip�Z\[�p�o9giVY[

�EnY[jnY[+lmo ¡�VY[�guVY[jt{lGtMoYlmg¨r�k�n�e�gilmZ\[�t¨rwtitup��m[je0¡�VY[�o guVY[xeu[�ti�m[�tMp�e{�Yn�euc©lmtMlGo �OrmkjrOgip�lGo©}Ytilf~fnTk�[je

IE[Wq,i] =
IE[In,i]

IE[Cn,i]
IE[Wq,i|vac] +

IE[Dn,i]

IE[Cn,i]
IE[Wq,i|busy].

ª²�JG

y�g�rw�m�G[j~Bk�n�e�gulGZ©[jt+giV�rOg�rmtutip��m[je+~fn�tup�oY��r9�OrGk�rwgup�lmo¥V�rGe�gil�¡§rwp�g ¯ lmt1guV�[#�OrGk�rwgup�lmo¶gil9¬�oYpqe�V
}Y��n�e	guVY[¨gip�Z\[§oY[j[j~f[j~�gul�e�[jtu�m[MgiVY[Wk�n�e�gulGZ©[jtie"guV�rwg�rmtutip��m[j~���[ ¯ lmti[{V�p�ZT`®V�[�t�p�o�guV�[¨�wrmkjrOgup�lmo"°"UWVY[
[�¸d}�[Ck×gu[C~�ti[�Z rwp�oYp�oY�©�OrGk�rOgip�lGo9gip�Z\[�pqe

IE[I2
n,i]/2IE[In,i]

rmo�~�guV�[�[�¸d}�[Ck×gi[j~�oEn�Z#��[�t+l ¯ k�n�e�gulGZ\[�t
giV�rOg1rwtitup��m[C~9��[ ¯ lGtu[�giVY[�girw�G�m[C~�k�n�e�gulGZ©[jt�p�e

λiIE[I2
n,i]/2IE[In,i]

°MUWVYpqe�Z\[jrwo�eWguV�rwg

IE[Wq,i|vac] =
IE[I2

n,i]

2IE[In,i]
(1 + λibi) .

ª>�m�E

	 å â®Û{ÐãÎ�à±Ý	Ý±Û�Ô>Í£ÏÑØ  � # �wä�Õ×Ô>Í �®ÐãÎ �HkCÙ � *�� !�ÏÑà�Í�ÏÑà²à±ÏÑØ®Ú�ÎWä�Î�ò¦Ý²Õ×Ô�Ýðæ³Õ1Î�Ø®é�Ý²â®ÛhÔ>Û§ÏÑà�Î�Í�Ï ñ��®á�ÖwÛ¦Ýðæ³ÛhÛhØ δ1
Î�Ø®é δ2

Ù
å â®Û0Û¦ñCáCÔ±Ûhà²à±ÏÑÕ×Ø�à²âCÕ��®ÐÑé�Ô>Û�Î�é · · · +

[1−ρ1−2ρ2(1−ρ)]δ2
2+(1−ρ1)2δ2

1
2R(1−ρ+2ρ1ρ2)

Ù

ë	ë&Øihj�k�l�m
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y�girm�m�m[C~¿k�n�e�gilmZ\[�t9giV�rOg¶rmtutip��m[Ce\¡�V�[�o¢guVY[Ëe�[jtu�m[jt9p�e��YnTe�c¾V�rGe gul ¡§rmp¤g ¯ lmt�guVY[�k�nYtitu[joGg
k�n�ehgilmZ\[�t§p�o¶eu[�ti�Epqk�[+gil#¬�oYpqeuV�}Y��n�e¨guVY[�[�¸f}�[Ck×gu[C~ gup�Z\[�oY[�[C~f[j~9gul©eu[�ti�m[+guVY[

Lq,i
k�nTehgilmZ\[�t�eMguVTrOg

rmtutip��m[C~�rwg�ª>rmo�~¶e�gup����"rwti[�p�oT¨guVY[��EnY[jnY[���[ ¯ lmti[xgiVY[�girm�m�G[j~�k�n�e�gulGZ\[�t+~fpq~³°MUWVYpqeW�Gp��G[je

IE[Wq,i|busy] =
b
(2)
i

2bi
+ biIE[Lq,i|busy].

ª±�AGC

U	l�lG�fgirmp�o\guVY[1oEnYZ-�T[jt{l ¯ k�n�ehgilmZ\[�t�e0p�o\guVY[x�EnY[�nY[G¹m¬�t�ehg{ti[jrm��p���[WguV�rwgMgiVY[+[�¸f}�[jk×gi[j~\¡§rmp¤gip�oY��gup�Z\[
l ¯ r\k�n�e�gulGZ©[jtWp�o�guV�[�eucde�gi[�Z%pqe

IE[Ws,i] = bi + IE[Wq,i]
°  Àp�g�gi��[ ��GC�
�Àgu[����qeWn�e§giV�rOg�guVY[�[�¸f}�[jk�gu[C~

odnYZ#��[�t+l ¯ k�n�ehgilmZ\[�t�ej¹
Ls,i

¹�rwgWguV�[��Gn�[�nY[
i
ªJp�oBeu[�tu�dpqk�[�rmo�~�p�o�giVY[��EnY[�nY[®§p�e

IE[Ls,i] := λiIE[Ws,i] = ρi + λiIE[Wq,i].

^xo�giVY[�lwguV�[�t�V�rmo�~³¹

IE[Ls,i] =
IE[Dn,i]

IE[Cn,i]
IE[Ls,i|busy] +

IE[In,i]

IE[Cn,i]
IE[Ls,i|vac]

=ρi(1 + IE[Lq,i|busy]) + (1 − ρi)
λiIE[I2

n,i]

2IE[In,i]
.

]¨lGZ#�Yp�o�p�oY�©giVY[jeu[���rGehgWgh¡¨l\[C�En�rOgip�lGo�e§�Gp��m[Ce

IE[Lq,i|busy] =
1

bi

(

IE[Wq,i] −
(1 − ρi)IE[I2

n,i]

2IE[In,i]

)

.
ª>�G�G

s0nYg�gup�oY� gulG�m[�giVY[�t�[j�En�rwgup�lmo�e�ª±��JG¦Á�ª±�G�m{�Gp��m[Ce

IE[Wq,i] =(1 − ρi)
IE[I2

n,i]

2IE[In,i]
(1 + λibi) + ρi

(

b
(2)
i

2bi
+ IE[Wq,i] −

(1 − ρi)IE[I2
n,i]

2IE[In,i]

)

=
λib

(2)
i

2(1 − ρi)
+

IE[I2
n,i]

2IE[In,i]
.

ª>�m�E

UWVY[�giVY[�lGtu[jZ ¯ lm����lO¡+e��dc�}Y��nY�m�Gp�o��\p�o¥giVY[��wrw��nY[je�l ¯
IE[In,i]

rwo�~
IE[I2

n,i]
°��+lmgupqk�[�guVTrOg1o�lwg1lmo�k�[

V�r®�m[�¡¨[�rGeueunYZ\[j~�guV�[�eu¡�p�gik�VYl®�m[jt§gip�Z\[je+rmo�~�guV�[��Yn�e�c�}�[jtup�lf~Ye§gul �T[�nYo�k�lmtitu[j��rwgu[C~��
y+oBrw��gu[jtuo�rwgup��m[�}Ytildl ¯ pqe��mp��m[�o¶p�oBy+}Y}�[jo�~fp�¸B]x°

��� � 	�� � 
 ������������ � � � �

 "[�g���lmguVË�Gn�[�nY[je���[-pq~f[�oEgupqk�rw����cB~Yp�e�gutip���nfgu[C~³¹³p±° [m°
λ := λi

¹
c(j) := ci(j)

¹
b(2) := b

(2)
i

¹
v := vi

¹
δ2 := δ2i

¹Wrwo�~
ρ̂ := ρi

¹ ¯ lmt
i = 1, 2

°¢UWVY[�ehg�rw�Yp���p¤ghc k�lmo�~Yp¤gip�lGoSpqe©giVY[�o
ρ̂ = λd < 1/2

° I¦o

ïðí�ëÀï��



� 8 � 3������ 8��	��658:9�
 1�� 6 2� 6������������������ 6������ 2	������3�����! "�#� 6���$�� 2	�	�%�'& 6�(��%) G�^

e�girwgup�lmo�rmtuc ti[��mp�Z\[m¹

IE[In,1] =
2v(1 − ρ̂)

1 − 2ρ̂

ª7I¦oEgu[�ti�dp�eup�gWgip�Z\[C

IE[L∗
n,1] =

2vλ(1 − ρ̂)

1 − 2ρ̂

ª�OxnY[�nY[���[joY�wgiV¶¡�VY[jo¥eu[�ti�m[�t�rwtitip��m[Cei

IE[Dn,1] =
2vρ̂

1 − 2ρ̂

ª M nTe�c�}�[�tip�lf~¶~fnYt�rOgip�lGoT

IE[Cn,1] =
2v

1 − 2ρ̂

ª²]¨cfk���[�gip�Z\[C

IE[Tn,1] =
2vλ

1 − 2ρ̂

ª>�+n�Z#��[�t1eu[�ti�m[j~�}�[jt+k�cfk���[C

UWVY[�eu[jk�lGo�~�Z\lGZ©[joGg�e�rmtu[

E[I2
n,1] = 2v

(

λb(2) + 2v(1 − ρ̂)2

(1 − 2ρ̂)2

)

+
2(1 − ρ̂)δ2

1 − 2ρ̂

+
2(1 − 3ρ̂+ 3ρ̂2)

β(1 − ρ̂)2

∞
∑

j=0

αjc12(j) +
2(1 − ρ̂)

ρ̂

∞
∑

j=1

[

c(j)

1 − 2ρ̂
+

1

β
c12(−j)

]

αj

IE[(L∗
n,1)

2] = λ2IE[I2
n,1] +

2vλ(1 − ρ̂)

1 − 2ρ̂

IE[D2
n,1] =

1

(1 − ρ̂)2

(

ρ̂2IE[I2
n,1] +

2vλb(2)

1 − 2ρ̂

)

IE[C2
n,1] =

IE[I2
n,1]

(1 − ρ̂)2
+

2vλb(2)

(1 − ρ̂)2(1 − 2ρ̂)

IE[T 2
n,1] =

1

(1 − ρ̂)2

(

λ2IE[I2
n,1] +

2vλ(1 − ρ̂2 + λ2b(2))

1 − 2ρ̂

)

¡�p�guV

α =
ρ̂2

(1 − ρ̂)2
, β =

(1 − ρ̂)4 − ρ̂4

(1 − ρ̂)2
=

(1 − 2ρ̂)(1 − 2ρ̂+ 2ρ̂2)

(1 − ρ̂)2
.

UWVY[�[�¸f}�[jk�gu[C~�¡§rmp¤gip�oY�©gip�Z\[�rmo�~¶rC�m[jtirm�m[��EnY[�nY[���[�oY�mguV¥rmtu[

IE[Wq,1] =
λb(2) + (1 − ρ̂)v

1 − 2ρ̂
+
δ2

2v

ª>·Ërmp¤gip�o��©gip�Z\[C

+
1 − 3ρ̂+ 3ρ̂2

v(1 − ρ̂)(1 − 2ρ̂+ 2ρ̂2)

∞
∑

j=0

αjc12(j) +
1 − 2ρ̂

2vρ̂

∞
∑

j=1

[

c(j)

1 − 2ρ̂
+

1

β
c12(−j)

]

αj

IE[Ls,1] = λIE[Wq,1] + ρ̂
ª>y	�m[�t�rw�G[��Gn�[�nY[���[joY�wgiVT

ë	ë&Øihj�k�l�m
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I¦o£guVY[Ëkjrmeu[�l ¯ nYo�k�lmtitu[j��rwgu[j~¢eu¡�p¤g�kiVYlO�m[�t�gup�Z\[je�giVY[jeu[«[�¸f}Ytu[Ceueup�lmo�e�k�lGp�o�k�p�~Y[«¡�p¤giV£guVY[�ÃdoYlO¡�o
ti[jeunY��gie ¯ lGt�guV�[Ëp�oEgu[�ti�dpqe�p�g�gip�Z\[¿ª>[j�En�rwgup�lmo ª>��°Ñ�ZGC9p�o ��GC�
�ð�¹xodnYZ#��[�t¥l ¯ k�n�ehgilmZ\[�t�e¶rOg¥}�lm����p�oY�
p�o�e�girwoEgËª>[j�En�rwgup�lmo*ªJ�T°�G®�O�T p�o ��GC�
�J×¹x~fnYt�rOgip�lGo¢l ¯ r���n�e�c¿}�[�tip�lf~�ª>��°HGC�O��×¹+k�cfk���[�gup�Z©[¾ª>��°Ñ�O�d×¹
odnYZ#��[�t+l ¯ k�n�ehgilmZ\[�t�e�e�[jtu�G[j~�}T[jt1k�cfk���[ ª>��°HGj�m�T×¹Y¡§rwp�gup�oY�©gip�Z\[�ªJ�T° �G�w�T�¹Yrmo�~�giVY[�r®�m[�t�rw�m[��EnY[�nY[
��[�oY�mguV»ª>��° �w�d×°

����� � ���� � ����� 

	 �� �
���� ��� �
� �
·¢V�rwg�V�rm}Y}�[�o�e§gil©guVY[�¡§rwp�gup�oY�©gup�Z\[jeWp ¯ ¡§[���[�g�guV�[�gut�r	U9k�rOgWguVY[�eu[jk�lGo�~��EnY[�n�[�rw}Y}YtilGrGkiV��j[�til��
M c9��[�gugup�oY�

λ2→0
p�o�ª±�w�E¨¡¨[�eu[�[�guV�rwgWgiVY[�[�¸f}�[jk�gu[C~�¡§rmp¤gip�oY�©gip�Z\[jej¹

IE[Wq,1] =
λ1b

(2)
1

2(1 − ρ1)
+
R

2
+

∆2

2R
,

IE[Wq,2] =
λ1b

(2)
1

2(1 − ρ1)2
+

R

2(1 − ρ1)
+

(

∆2

2
− ρ1(1 − ρ1)δ

2
2

)

1

R(1 − ρ1)
,

oYl9��lmo��m[�tx~f[�}�[�oT~Ye1lmo¥giVY[-k�lmtiti[��qrOgup�lmoÀ° M [jkjrwn�eu[�l ¯ giVYpqe+guVY[-k�lmo�k���n�eup�lmo�e�l ¯ �HGj�f¹�}�rw�G[��m� �	VYlm�q~
¡�VYpqk�V¢ehg�rOgu[¥guVTrOg9p ¯

ρ1 ≥ 0.5
¹Wlmt p ¯ rw���1e�¡�p�gik�VYp�oY�»gup�Z©[Ce l ¯ guV�[�eu[jk�lGo�~¾�EnY[�nY[�rmtu[Bk�lGo�ehg�rwoEg

ª
δ2 = 0

�¹Y¡¨[�V�rC�m[
IE[Wq,2] ≥ IE[Wq,1]

°

����� �
� � ����� ��� � ��� � � ����� ���  � ����� � ���
 "[�gxn�e+[�¸frmZ\p�oY[�¡�VTrOg1VTrw}Y}�[�oTe�gul9guVY[#[�¸f}�[Ck×gu[C~¥¡§rmp¤gip�o��\gip�Z\[#¡�VY[jo¥giVY[-e�¡�p�gik�VYlO�m[�t�gip�Z\[Cexrwti[
k�lmo�e�girmoGg�rwoT~�[j�En�rm��gulB��[�til�° M c«��ldlmÃdp�oY�¥rOg�guVY[ [�¸d}�tu[Ceueup�lGo�e ¯ lmt�giVY[ [�¸f}�[Ck×gu[C~�¡§rmp¤gip�o��¶gup�Z\[je
ª>[j�En�rOgip�lGoSª²�w�Gu×¹À¡¨[\eu[�[-guV�rwg�giVY[\�Orwtipqrwo�k�[Cexrwo�~Sª±k�tilGeiei1k�lmtitu[j��rOgip�lmo�e1l ¯ guV�[\eu¡�p¤g�kiV�l®�m[jtxgup�Z\[je
Z#n�e�g#�ml ¯ rme�gu[jt�gilB��[�til¶guVTrwoËguV�[ Z\[jrmo»eu¡�p�gik�VYl®�m[jt�gup�Z\[je#~fld[je�e�p�o�k�[ lwguV�[�ti¡�p�eu[©guVY[9[�¸f}�[jk�gu[C~
¡§rmp¤gip�o���gup�Z©[Ce¶k�lGnY��~£[�¸f}Y��lf~f[Sª ¯ lGt�[�¸YrwZ\}Y��[m¹

limR→0 δ
2
2/R

Z#n�ehg¥�ml�gil �j[�tilE�° ad[�o�~Yp�oY� giVY[
rm}Y}YtulG}Ytip�rwgu[x�wrwtip�rm�Y��[je{gil\�j[�til©p�o¶guV�[�tip��mVGg�lGti~Y[�tW}Ytilf~fn�k�[je

IE[Wq,1] =
λ1b

(2)
1

2(1 − ρ1)
+

λ1ρ
2
2b

(2)
1 + λ2(1 − ρ1)

2b
(2)
2

2(1 − ρ1)(1 − ρ)(1 − ρ+ 2ρ1ρ2)
.

UWVYp�e�p�e�o�rwgunYt�rw����c�oYlB��lmoY�G[�t�~f[�}�[�oT~f[�oEg#lmoËguVY[�k�lmtiti[��qrOgup�lmoËrwo�~Ëpqe�p�~Y[�oGgip�kjrw�Mgul�ªJ�T° �G�w�T�p�o
�HGj�
�Â°

� � ��'� ��6À���×!������������, �\��
	!9��/§� �©� 6À�	�+4

� ��� 	�
�����������������

�1l®¡£��[�g§giVY[x¬�t�e�gW�EnY[�n�[x��[�eu[�ti�m[j~9[�¸fV�rwnTehgip��m[j��c rmo�~ giVY[�eu[jk�lGo�~9��[�e�[jtu�m[C~ p�o¶r#�Grwgu[j~9Z rwo�oY[�tC°
UWVY[#gip�Z\[©oY[�[C~f[j~Bgul¶eu[�ti�m[

N
k�nTehgilmZ\[�t�e1p�o�giVY[©eu[jk�lmo�~��EnY[jnY[-p�o�giVY[

nth k�cfk���[#pqe�~f[�oYlmgu[C~B�dc

ïðí�ëÀï��
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Sn,2(N)
°¿�1rOginYt�rw����cG¹

IE[Sn,2(N)] = biIE[N ]
°¾UWV�[¥eu[�ti�dp�k�[�gup�Z\[¥l ¯ giVY[Beu[jk�lGo�~S�Gn�[�nY[m¹

Sn,2
¹

eirOgip�e�¬�[je§guV�[ ¯ lm����lO¡�p�o��©ti[jk�n�tieup��m[�ti[��qrOgip�lGo�e�V�p�}

Sn+1,2 =Sn+1,2

(

Nn,2

(

Sn,2 + Vn,2

)

+ Nn+1,2

(

Dn+1,1 + Vn+1,1

))

.

y§g�guV�[�eurmZ©[�gip�Z\[m¹YguVY[�gip�Z\[�guV�[�e�[jtu�m[jt§¡§lmtiÃde§}�[jt+k�cfk���[�rwgWguV�[�¬�tie�g+�EnY[jnY[m¹
Dn,1

¹�eurwgupqeh¬T[je

Dn+1,1 =Dn+1,1

(

Nn,1

(

Vn,1 + Sn,2 + Vn,2

)

)

.

M c�k�lmZ#�Yp�oYp�oY�©giVY[jeu[�gh¡¨l\[�¸f}Ytu[Ceueup�lmo�¡§[�lm�Ygirwp�o�guVY[ ¯ lG����lO¡�p�oY�©guV�[�lmti[�Z ej°


 > ÅdÉ � Å � W���* � ª²af|+z ¯ lmt�guVY[ [�¸fV�rmn�ehgip��G[�`®�ErOgu[j~«eucfehgi[�Z9×° &E� ��� � � � 2�f��� ��)��%���;6�$!�"��6�(f�d�	�
��� � 9c����! ,"$�h�%�h� 6 ) 9 6��	� 8 +%�

Sn+1,2 =Xn(Sn,2) + Yn,
ª>�w�d

� 6����

Xn(·) : = Sn+1,2

(

Nn,2

(

·
)

+Nn+1,2

(

Dn+1,1

(

Nn,1(·)
))

)

,
ª>�G�G

Yn := Sn+1,2

(

Nn,2

(

Vn,2

)

+ Nn+1,2

(

Dn+1,1

(

Nn,1(Vn,1 + Vn,2)
)

+ Vn+1,1

)

)

.
ª>�m�E

� 2	���P���Z�	�
IE[Xn(Sn,2)] = γIE[Sn,2]

�N� �����
γ := ρ2

1−ρ1

&
�


 > ÅdÉ � Å � W�� 3� � �
ρ < 1

��� ��8 ��� �����d� � 6 )!��)�� )����	��6 248��	��� ��� 9/20 46�$d����9*6�(�� S∗
n,2

�N�/6�$%� )��	��6 )  5�%)
� � �� &

�

UWVY[-}Ytulfl ¯ l ¯ guV�[-��rGehgxguVY[jlmti[�Z�p�exlGZ©p�g�gi[j~«~fn�[#gul�guVY[©e�gutilmo���eup�Z\p���rmtup�ghc¶¡�p¤giV�guV�[-}Ytulfl ¯ l ¯
UWVY[jlmti[�Z �Y°Ñ�f°

� ��� ��� �
	 � �����
����������� � �����

aEg�rwtugup�oY� ¡�p¤giV¶giVY[�eu[�ti�dp�k�[�gup�Z©[#rwg�guVY[#eu[jk�lGo�~¶�EnY[jnY[m¹YguVY[�oY[�¸Egxk�lGnY}Y��[�l ¯ e�[Ck×gup�lGo�eW¡�p����À}Yti[jeu[�oEg
r©odnYZ#��[�t+l ¯ }�[jt ¯ lGtuZ rwoTk�[�Z\[jrmeunYti[je§l ¯ guVY[�Z\p�¸d[C~�[�¸dVTrwn�e�gup��m[�`O�GrOgu[C~�eu[�ti�dp�k�[�e�cfe�gu[jZ¶°

W�� 3��* C"Å �01E.>� Å 
 . � Å C"Å � É - Ê � � Å � Å

 > ÅdÉ � Å � W��H9�� C"Å ��1E.J� Å 
 . � Å'C"Å � É - Ê � � Å � Å�� � ��8� c�%�=���Z�=)����� 6 2 8����� ��� 9 6�(��]��� ��� ��� �!$%���  ��6�(f�

�
��� $��$�3�� )

�
��8� �248[)������ 6�$!� ��6�(f� �	�����Z��)�� $ 248� ,"$�h�%�h� 6 ) 9 6��	� 8 +%�

IE[Sn+1,2] =
ρ2R

1 − ρ
.

ª>� ^m

ë	ë&Øihj�k�l�m
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ωIE[S2
n+1,2] =

R

1−ρ

(

λ1b
(2)
1 +

λ2(1−ρ1)
2b

(2)
2

ρ2
2

)

+ (1−2ρ1(1−ρ)) δ
2
1 + δ22 +

(

1−ρ1+ρ2

1−ρ

)

R2

+ 2ρ
∞
∑

j=0

c12(j)γ
j + 2

∞
∑

j=1

(

c2(j) +
1−ρ1(2−ρ)

ρ2

(

c12(−j)+ρc1(j)
)

)

γj .
ª>�m�E

� 6����

γ :=
ρ2

1 − ρ1
, ω :=

(1 − ρ1)
2 − ρ2

2

ρ2
2

. �

UWVY[�}Ytildl ¯"¯ lmti¡§rwt�~f[j~9gul9y+}Y}�[jo�~fp�¸'L

W�� 3� 3 � Æ �*. Å 
 . � Å C �j�f�®�0. -�� � � É � � > Å CÀÅ � É - Ê � � Å � Å
UWVY[-k�cfk���[�gup�Z\[m¹

Cn,2
¹;e�girmt�gip�o�� ¯ tilmZ&giVY[-eu[�ti�m[�txrwtitup��dp�o�� rwg+giVY[-eu[jk�lmo�~B�EnY[jnY[-k�rmoB��[-~f[jtup��m[j~

�dc9nTe�p�oY�©giVY[�tu[j��rwgup�lmo�euVYp�}

Sn+1,2 = Sn+1,2

(

Ṅn,2(Cn,2)
)

,

¡�VY[jtu[
Ṅn,2(·)

[�¸f}Yti[jeieu[je���giVY[©odnYZ#��[�t�l ¯ rwtitup��Orw�qexrOg�giVY[\eu[jk�lmo�~��Gn�[�nY[\~fnYtip�oY��giVY[
nth k�cfk���[G¹¡�p�guV�giVY[§k�cfk���[¨e�girmt�gip�o�� ¯ tilmZ@giVY[§rmtutip��Orw�ml ¯ guVY[We�[jtu�m[jt	rwg"giVY[We�[jk�lmo�~��EnY[jnY[m°�UWV�[{gup�Z©[¨guV�[§eu[�ti�m[�t

¡¨lGtuÃfej¹®}�[jt0k�cfk���[G¹OlGo#guVY[+e�[Ck�lmo�~-�EnY[jnY[§pqe�[j�En�rw�dgulxgiVY[§gup�Z\[WoY[j[j~f[C~�gil�eu[�ti�m[{guV�[�k�n�e�gulGZ\[�tie	guVTrOg
rmtutip��m[C~©rwgMgiVY[xe�[Ck�lGo�~\�EnY[jnY[1~YnYtup�oY��giVY[1}Yti[��dp�lGn�eMk�cfk���[m°�U�rwÃdp�oY��giVY[1[�¸f}�[jk�girwgup�lmo�ª

IE[Sn+1,2] =
ρ2IE[Cn,2]

§�mp��m[je§guVY[�¬�t�e�g�Z\lmZ\[�oGgC¹

IE[Cn,2] =
R

1 − ρ
.

ª>��JE

M c g�rwÃdp�oY�©guVY[�[�¸f}�[Ck×girwgup�lmo¶l ¯ giVY[�eu�En�rmtu[�lGoY[�lm�fg�rwp�o�e

IE[S2
n+1,2] = IE[S2

n+1,2

(

Ṅ2(Cn,2)
)

] = ρ2
2IE[C2

n,2] + λ2b
(2)
2 IE[Cn,2],

¡�VY[jtu[\ª�^O�E{¡§rmeWn�e�[C~³°{adnY��e�gup�gunfgip�o��Bª±�m�G¨p�oEgul©guV�p�eW�Gp��m[Ce¨guVY[�eu[jk�lmo�~�Z\lmZ\[joGg�l ¯ guVY[�k�cfk���[xgup�Z\[
e�girmt�gip�oY� ¯ tulGZ giVY[�}�lm����p�oY�\p�o�ehg�rwoGg+l ¯ guVY[�eu[jk�lmo�~¶�EnY[�nY[cg

ηIE[C2
n,2] =

R

1 − ρ

(

λ1b
(2)
1 + λ2b

(2)
2

)

+
(

1 − 2ρ1(1 − ρ)
)

δ21 + δ22 +

(

1 − ρ1 + ρ2

1 − ρ

)

R2

+ 2ρ
∞
∑

j=0

c12(j)γ
j + 2

∞
∑

j=1

(

c2(j) +
1 − ρ1(2 − ρ)

ρ2

(

c12(−j) + ρc1(j)
)

)

γj .
ªJ�G�E

¡�VY[jtu[
γ := ρ2

1−ρ1

rwoT~
η := (1 − ρ1)

2 − ρ2
2

°
� å â®ÏÑà�Ô>Û�áCÔ±Ûhà±Û�Ø�Ý²à¨Î+à²â®Ï ä¤Ý�ä�Ô>Õ×Í£Ý±â®ÛWÕ×Ô>ÏÑÚ×ÏÑØOÎ�Ð�Î�Ô>Ô>Ï Ü×Î�Ð�áCÔ±Õ�òhÛhà²à Nn,2(·) Ù���è�é®Õ×ÏÑØ®Úxà±Õ1Ý±â®ÛWò�Î�ÐÑò��®ÐãÎiÝ±ÏãÕ×ØCàMÖmÛhòhÕ×Í�Ûà²ÏÑÚ×Ø®Ï &®òuÎ�Ø�Ý±ÐÑè+ÐÑÛhà±à³ÏÑØ�Ü�Õ×Ð Ü�ÛhéEÙTí	Õ�Ý±Û�Ý²â®ÎiÝÀÝ²âCÏÑàÀá®Ô>Õ�ò�Ûhà±à"ÏÑà³òhÕ×Ô±Ô>ÛhÐãÎiÝ²Û�éxÝ±Õ Nn,2

Î�Ø®é Nn+1,2
�CÖ��CÝÀÏ ÝÀÏÑà;ÏÑØ®é®ÛháwÛhØ®é®ÛhØ�Ý	Õ�ä

Dn,1(·) Î�Ø®é Sn,2(·) Ù

ïðí�ëÀï��
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W�� 3�H9 +�- � Å ��1E.J�0.ð� 
 . � Å�� .ð�O��� � � Å � Å
UWVY[�gip�Z\[-��[�gh¡¨[�[joBgiVY[-eu[�ti�m[�t1��[CrC�dp�oY� guVY[#¬�t�ehg��EnY[�n�[-rwo�~�rwtitup��dp�oY� ��rmk�Ã¶rwg1guVY[#¬�t�ehg��EnY[�n�[#p�e
giVY[�p�oEgu[jtu�dpqe�p�gWgip�Z\[�rwo�~¶p¤g+pqeW�Gp��m[jo��dc

In,1 = Vn,1 + Sn,2 + Vn,2.

IÂg;� e�[�¸f}�[jk�girwgup�lmo¶p�e+ehgitirmp��mVGg ¯ lmti¡§rwti~³¹

IE[In,1] =
(1 − ρ1)R

1 − ρ
.

ªJ�hG®

½�lmtWguVY[�eu[jk�lmo�~�Z\lmZ\[�oEg+r©��p�g�gi��[�Z\lGtu[�¡¨lmtiÃ pqe�oY[�[C~f[j~¥rme

IE[I2
n,1] =IE[(Vn,1 + Sn,2 + Vn,2)

2] = δ21 + δ22 +R2 + 2IE[Sn,2(Vn,1 + Vn,2)] + IE[S2
n,2].

ªJ�E�G
UWVY[¨eu[jk�lGo�~���rGehg"gu[�tiZ@ti[�Z rwp�o�e³gul1��[¨rmeie�[jeieu[j~³°	adp�Z\p��qrwt"gul�giVY[¨e�gu[j}�g�rwÃdp�o��#ª>�m�E�gul-ª>�hGC�¹®UWVY[jlmti[�Z
�-l ¯ ��G�"}Ytil®�dpq~f[jeWn�eW¡�p�guV¶giVY[�rwo�eu¡¨[jtj°0y+}Y}Y��cdp�oY�©giVY[�guVY[jlmti[�Z�vhnTehg1rGeWp�o�ª>�hGC¨�Gp��m[Ce

IE[Sn,2(Vn,1+Vn,2)] =

∞
∑

j=0

γjIE[Y0(Vj+1,1 + Vj+1,2)]

=
∞
∑

j=0

γjIE
[

S1,2

(

N0,2

(

V0,2

)

+ N1,2

(

D1,1

(

N0,1(V0,1+V0,2)
)

+ V1,1

)

)

(Vj+1,1 + Vj+1,2)
]

=ρ2

∞
∑

j=0

γjIE
[(

V0,2 +
ρ1

1 − ρ1
(V0,1 + V0,2) + V1,1

)

(Vj+1,1 + Vj+1,2)
]

.

Sxe�p�oY�©giVY[�k�lO�Orwtipqrwo�k�[ ¯ n�o�k×gup�lGo�e+rwo�~¶k�lm����[Ck×gip�oY�©gu[jtuZ e��mp��m[je

IE[Sn,2(Vn,1+Vn,2)] =ρ2

∞
∑

j=0

γj
(R2 + c12(−j−1) + c2(j+1)

1 − ρ1

+
ρ1

(

c1(j+1) + c12(j+1)
)

1 − ρ1
+ c1(j) + c12(j)

)

.

R1[�ti[¶guVY[¥gi[�tiZ
R2 k�rmo¾��[¶g�rwÃm[�o¾lGnfg9l ¯ giVY[�e�nYZ\Z rOgip�lmo¿rwo�~SguVY[�k�l®�wrwtip�rwo�k�[�gu[jtuZ e9k�rwo¾��[ti[�ÁÂp�o�~Y[�¸f[j~Ëª ¯ lmt+[�¸YrwZ\}Y��[m¹

γ
∑∞

j=0 γ
jc1(j+1) =

∑∞

j=1 γ
jc1(j)

¨gul\�Gp��m[

IE[Sn,2(Vn,1 + Vn,2)] =
ρ2

1 − ρ
R2 + ρ2

(

c1(0) + c12(0)
)

+

∞
∑

j=1

[

c12(−j) + c2(j) + ρ1

(

c1(j) + c12(j)
)

+ ρ2

(

c1(j) + c12(j)
)

]

γj

=
ρ2R

2

1 − ρ
+ ρ2

(

δ21 + c12(0)
)

+
∞
∑

j=1

[

c12(−j) + c2(j) + ρ
(

c1(j) + c12(j)
)

]

γj .

ë	ë&Øihj�k�l�m
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UWVYpqe�[�¸f}Yti[jeie�p�lmo¶k�rwo¶��[�}Ynfg+��rGkiÃ�p�oEgul�ªJ�d�m{gul9~fpqeuk���lEe�[xgiV�rOg

IE[I2
n,1] =δ21 + δ22 +

(

1 +
2ρ2

1 − ρ

)

R2 + 2ρ2

(

δ21 + c12(0)
)

+ 2

∞
∑

j=1

[

c12(−j) + c2(j) + ρ
(

c1(j) + c12(j)
)

]

γj

+
1

ω

[

R

1 − ρ

(

λ1b
(2)
1 +

λ2(1 − ρ1)
2b

(2)
2

ρ2
2

)

+(1−2ρ1(1−ρ))δ
2
1+δ22+

(

1+
2ρ2

1 − ρ

)

R2

+ 2ρ

∞
∑

j=0

c12(j)γ
j + 2

∞
∑

j=1

(

c2(j) +
1 − ρ1(2 − ρ)

ρ2

(

c12(−j) + ρc1(j)
)

)

γj

]

,

¡�p�guV
γ := ρ2

1−ρ1

rwoT~
ω :=

(1−ρ1)
2
−ρ2

2

ρ2
2

°¢]¨lG����[jk�gup�oY��gu[jtuZ e\�mp��m[je-giVY[Beu[jk�lGo�~ Z\lmZ\[�oGg9l ¯ giVY[
p�oGgi[�ti�Epqeup¤g�gup�Z©[�l ¯ guVY[�¬Ttie�g+�EnY[�nY[G¹

IE[I2
n,1] =

λ1ρ
2
2b

(2)
1 + λ2(1 − ρ1)

2b
(2)
2

(1 − ρ)2(1 − ρ1 + ρ2)
R+

(1 − ρ1)
2∆2

(1 − ρ)(1 − ρ1 + ρ2)
+

2ρ2(1 − ρ1)(1 + ρ2)

1 − ρ1 + ρ2
δ21

+
(1 − ρ1)

2

(1 − ρ)2
R2 +

2ρ2

1 − ρ

(

1 − ρ1(2 − ρ)

1 − ρ1 + ρ2

)

c12(0)
ª>�G�E

+
2(1−ρ1)

2

(1−ρ)(1−ρ1+ρ2)

∞
∑

j=1

[(

1+
ρ2(1 − ρ)

1−ρ1

)

(

ρc1(j)+c12(−j)
)

+c2(j)+ρc12(j)

]

γj .

W�� 3��W 4��À�O�f�0. É - É � � > Å � �"� Æ � Å �	. É Ê¢�f�\� > Å�� .J�®�j� � � Å � Å
UWVY[�gup�Z\[�guVY[�eu[�ti�m[�t�eu}�[�o�~Yej¹Y}�[�t+k�cdk���[G¹YrOg�guVY[�¬Ttie�g+�EnY[�nY[�p�e�Z rm~f[�nY}¥l ¯

Dn+1,1 = Dn+1,1

(

Nn,1(In,1)
)

,

giVY[\gip�Z\[9oY[j[j~f[j~ËgulB[jZ©}Yg¦cËrB�EnY[�n�[�ªJ[�¸dVTrwn�e�gup��m[���cY×¹�ehg�rwtugup�oY�¥¡�p�guV»guVY[9oEn�Z#��[�t�l ¯ k�n�e�gulGZ©[jtie
giV�rOg¨VTrC�m[xrwtitup��m[j~\rwg¨rmo�~9rmk�k�nYZ#nY�qrOgi[j~ rwg{guVY[1¬�tie�g§�EnY[�nY[xeup�oTk�[+guVY[x��rGehg{gup�Z\[+giVY[xeu[�ti�m[�t¨e�[jtu�m[C~
giVY[�¬�tie�g+�EnY[jnY[m¹Yp±° [m°Meup�o�k�[�giVY[�p�oGgu[jtu�dpqe�p�gWgip�Z\[

In,1
°MUWVY[�[�¸d}�[Ck×gi[j~��wrw��nY[�p�e

IE[Dn+1,1] =
ρ1R

1 − ρ1
.

ªJ�m�d

U�rwÃdp�oY�+lGo�k�[§rw�Grmp�o�guVY[¨[�¸f}�[jk×g�rOgip�lGo�l®�m[jtÀgiVY[§ei�GnTrwti[M�mp��m[je
IE[D2

n+1,1] = IE[D2
n+1,1

(

Nn,1(In,1)
)

]
¹

¡�VYpqk�V¶¡�p�guV�ª�JE¨�Gp��G[je

IE[D2
n+1,1] =

ρ2
1IE[I2

n,1]

(1 − ρ1)2
+

λ1Rb
(2)
1

(1 − ρ1)2(1 − ρ)
,

ªJ�E�G

rGe¨giVY[�eu[jk�lGo�~�Z\lGZ©[joGg+l ¯ giVY[�~fnYt�rOgip�lGo�l ¯ guVY[��YnTe�c�}�[�tip�lY~�rOg�guVY[�¬�t�e�g+�EnY[�nY[G°

ïðí�ëÀï��
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UWVY[�odnYZ#��[�txl ¯ k�n�e�gulGZ©[jtiej¹

L∗
n+1,i

¹T¡§rwp�gup�oY�9p�o�r9�EnY[�n�[�rwg+guVY[#Z\lmZ\[�oEg+guVY[-�EnY[�nY[�pqe+}�lm����[j~¥p�e
[C�GnTrw�³gul [jp¤giVY[�t-ª

i = 1
§giVY[�odnYZ#��[�t1l ¯ k�n�ehgilmZ\[�t�e§giV�rOgxrwtitip��m[C~�~fnYtip�oY�\guVY[��qrme�g+p�oEgu[�ti�dp�eup�g�gup�Z\[

lGt�ª
i = 2

¨guVY[�odnYZ#��[�t+l ¯ k�n�ehgilmZ\[�t�e¨giV�rOg+V�r®�m[�rwtitip��m[C~�eup�o�k�[�giVY[��GrOgi[�k���lEe�[C~³°0UWVYpqeW�Gp��m[Ce

L∗
n+1,1 =Nn,1(In,1)

L∗
n+1,2 =Ṅn,2(Cn,2).UWVdn�e§giVY[�[�¸f}�[jk�gu[C~�oEn�Z#�T[jt+l ¯ k�n�ehgilmZ\[�t�e§¡Wrwp�gup�oY� rOgWgiVY[�}�lm����p�oY�\p�o�e�girwoTk�[je�rmtu[

IE[L∗
n+1,1] =

λ1(1 − ρ1)R

1 − ρ

ªJ�E�mrG

IE[L∗
n+1,2] =

λ2R

1 − ρ
.

ª>�G�w��
UWVY[�eu[jk�lGo�~�Z\lGZ©[joGg�e ¯ lG����l®¡+e§giVYtulGnY�mV¥eu�En�rmtup�oY�-gul �mp��m[\ª±e�[j[ ª±�G�

IE[(L∗
n+1,1)

2] = λ2
1IE[I2

n,1] +
λ1(1 − ρ1)R

1 − ρ

ªJ�Z^OrG

IE[(L∗
n+1,2)

2] = λ2
2IE[C2

n,2] +
λ2R

1 − ρ
.

ª>� ^®��

W�� 3�H8 � ���«� Å � É	� � �"�j� É � Å �®� CÀÅ ��1 Å Ê 6 Å � � Æ �*. Å
UWVY[#~f[jtup��Orwgup�lmo¥l ¯ giVY[�[�¸d}�[Ck×gi[j~¥oEnYZ#��[�txl ¯ k�n�e�gulGZ©[jtie+eu[�ti�m[j~³¹�}�[�txk�cfk���[m¹Trwg�giVY[�¬Ttie�g1�EnY[jnY[�p�e
k�lmZ\}Y��[�gu[j��c�p�~Y[�oGgip�kjrw�Àgul\giV�rOg1l ¯ giVY[�[�¸fV�rwn�e�gup��m[	`®[�¸fV�rmn�ehgip��m[�eu[�ti�dp�k�[�~fpqeuk�p�}Y��p�oY[��Gp��m[jo¶p�oBeu[jk�gup�lmo
��° �Y° ��ªJ¡�p�giV

i = 1
�°MzM�En�rwgup�lmo�e�ª±�G�m§rwo�~»ª±�w�E¨�mp��m[

IE[Tn,1] =
IE[L∗

n,1]

1 − ρ1
=

λ1R

1 − ρ
,

ªJ�G�E

IE[T 2
n,1] =

1

(1 − ρ1)2



IE[(L∗
n,1)

2] +
λ1R

(

ρ1(1 − ρ1) + λ2
1b

(2)
1

)

1 − ρ





=
1

(1 − ρ1)2



λ2
1IE[I2

n,1] +
λ1R

(

1 − ρ2
1 + λ2

1b
(2)
1

)

1 − ρ



 .
ªJ�cJE

UWVY[-oEnYZ#��[�t�l ¯ k�nTehgilmZ\[�t�e1eu[�tu�G[j~³¹T}�[�t�k�cfk���[m¹;rOg1guV�[-eu[jk�lmo�~B�EnY[jnY[#pqe1[jrGe�p�[�txeup�oTk�[m¹���[Ck�rwn�eu[�l ¯
p�gie¨�Grwgu[C~\o�rwgunYti[m¹Ep�g¨pqe{[C�En�rw��gil�guVY[xodnYZ#��[�t§l ¯ k�n�ehgilmZ\[�t�eM¡Wrwp�gup�oY�#p�o9guVY[��EnY[jnY[xrwg{guVY[xZ\lmZ\[joGg
giVY[��EnY[�nY[��m[�g�eW}�lm����[j~³°MUWVEn�e

Tn,2 = L∗
n,2

rmo�~³¹Yp�o¥}�rwtugupqk�n���rmtj¹

IE[Tn,2] =IE[L∗
n,2] =

λ2R

1 − ρ
,

ª±�w�E

IE[T 2
n,2] =IE[(L∗

n,2)
2] = λ2

2IE[C2
n,2] +

λ2R

1 − ρ
.

ª±�ZG®

ë	ë&Øihj�k�l�m
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W�� 3� � :B< 6 Å �m� Å Ê �*�A.J�/. -�� 
 . � Å � - Ê¢� 1 Å �O� � Å�� � Å � Å � Å - � � >

 > ÅdÉ � Å � W���W � :=< 6 Å �w� Å Ê � �A.ð�/. - � 
 . � Å � �ÂÉ � :=<?> � �	���0.�1 ÅA@#X �f� Å Ê C"Å ��1 Å Ê � � Å � Å � � �
� � "$�h�%�h� 
�6 ) )%�����;6�$ �! [� � � � � )!��6��	� 3��[�48� "%�h�%�h� �\� ��) 9c����! ')%�����;6�$ � � ��� ��8D��� �T� ��� �!$����! '��6�(f�T�$%� )�� 2(f��� � �46���) 658 "%�h�%�h�

i
�
i = 1, 2

� � 8#� 653!+ � 658 9")��%���	�  	6 ) 9*6��	� 8 +%�

IE[Wq,1] =
(1−ρ1)R

2(1−ρ)
+
ρ2(1−ρ)(1+ρ2)δ

2
1

R(1−ρ1+ρ2)
+

1−ρ1

2(1−ρ1+ρ2)

[

λ1b
(2)
1 + λ2b

(2)
2

1−ρ
+

∆2+2C1

R

] ª±�G�wrG

IE[Wq,2] =
(1+ρ2)R

2(1−ρ)
−
ρ1(1−ρ)(1+ρ2)δ

2
1

R(1−ρ1+ρ2)
+

1+ρ2

2(1−ρ1+ρ2)

[

λ1b
(2)
1 + λ2b

(2)
2

1−ρ
+

∆2+2C2

R

] ª²�m�O��

�N�Z�%���

C1 =

∞
∑

j=1

[

c2(j)+ρc12(j) +

(

1+
ρ2(1 − ρ)

1 − ρ1

)

(

c12(−j)+ρc1(j)
)

]

γj +
ρ2(1 − ρ1(2 − ρ))

(1 − ρ1)2
c12(0)

C2 =
∞
∑

j=1

[

c2(j) + ρc12(j) +
1 − ρ1(2 − ρ)

ρ2

(

c12(−j) + ρc1(j)
)

]

γj + 2ρc12(0)

6 )���� � 658�$�� �!��)��f ��h�P� 2T$�2����� 3H�	���  ")�� 6���$%� 2�����P��6�(���)%&�� ��� �
γ := ρ2

1−ρ1

&
& �Z� ���������9 � "$�h�%�h� 3���8:9����c)

�

IE[Ls,i] =λiIE[Wq,i] + ρi, i = 1, 2.
ª²�w�E

� 2 353#2	� 6�( (��  46������3�� + � $!��� )�� 2�� � 6�� � 3H�'&
�

I ¯ giVY[¨eu¡�p¤g�kiVYlO�m[�tÀgup�Z\[je ¯ lGt"[jrGkiV�l ¯ guVY[Mgh¡¨lx�EnY[�nY[Ce"rwti[0p�o�~f[j}�[j~f[joGgC¹OrGeÀ¡¨[����Erme³giVY[¨eu¡�p¤g�kiVYlO�m[�t
gip�Z\[je���[�g¦¡§[�[�oËgiVY[\gh¡¨lB�EnY[jnY[jej¹ÀguVY[jo

C1 = 0 = C2
rwo�~Ë¡¨[\lG�fgirmp�o�giVY[ ti[jeunY�¤g�e��Gp��m[jo�p�o ��GC�f¹

¯ lGtuZ#nY�qrme�ª±�G�m§rmo�~Ëª±�m�G �"lmt ��G0Jf¹ ¯ lmtiZ#nY�qr����T°�G �²°

��� ÉÀÉ � � ½YlGtMr�k�nTehgilmZ\[�t{rwtitup��dp�oY��rwg0guVY[�¬�t�ehg1ª>[�¸fV�rmn�ehgip��m[®��EnY[�nY[G¹wgiVY[+~Y[�tip��wrOgup�lmo©l ¯ giVY[�¡Wrwp�gup�oY�
gip�Z\[�pqeWpq~f[�oEgupqk�rm�;gil©guVTrOg+��[Crm~fp�oY�©gul�ª>�G�G¨p�o¥UWVY[jlmti[�Z �Y° ��°0UWVY[jtu[ ¯ lmti[�¡¨[�VTrC�m[

IE[Wq,1] =
λ1b

(2)
1

2(1 − ρ1)
+

IE[I2
n,1]

2IE[In,1]
.

½�p�����p�o��-p�o�guV�[��Orm��nY[Ce¨l ¯
IE[In,1]

rmo�~
IE[I2

n,1]
�mp��m[je{guV�[�[�¸f}�[jk�gu[C~9¡§rmp¤gip�oY�#gup�Z\[�l ¯ r-k�n�ehgilmZ\[�tWp�o

giVY[�¬�tie�g+�EnY[jnY[m°
�+lO¡£p�Z\rm�mp�oY[�r#girw�G�m[C~9k�n�e�gilmZ\[�tWrmtutip��Ep�oY�-rOg§guV�[�eu[jk�lGo�~��EnY[�n�[m°0UWVY[xg�rw�G�m[j~�k�n�e�gulGZ\[�t§V�rGe

gil©¡Wrwp�g ¯ lmtWguVY[�k�cfk���[�gul©¬�oYpqeuV»ªðgiVY[�[�¸f}�[jk�gu[j~�ti[�Z rmp�oYp�oY�\k�cfk���[�gup�Z\[�pqe
IE[C2

n,2]/2IE[Cn,2]
§}Y��n�e

giVY[�gup�Z\[�oY[�[C~f[j~�gul9eu[�ti�m[xguV�[�k�n�e�gulGZ\[�tieW¡�VYpqkiVBrmtutip��G[j~�p�o¶guV�[�eurmZ©[�k�cfk���[m¹Y�Ynfg�giVY[���[ ¯ lGtu[�giVY[
g�rw�m�G[j~-k�n�e�gulGZ©[jt0~fpq~¶ªðgiVY[�[�¸f}�[jk�gu[C~#odnYZ#��[�tMl ¯ k�n�e�gulGZ©[jtie�rmtutip��Ep�oY�x��[ ¯ lGtu[¨giVY[§g�rw�G�m[j~-k�n�e�gilmZ\[�t
� å â®ÛWä�Õ×Ô>Í �®ÐãÎ1á®Ô>Ûhà²ÛhØ�Ý±Û�é\ÏÑØ#Ý±â®ÏÑà{Ô>Û¦ä�ÛhÔ>Û�ØCò�Û1ÏÑà0ÝÂÎ�ç×ÛhØ\ÏÑØCò�Õ×Ô>Ô>Û�ò¦Ý²Ð è-ä�Ô>Õ×Í  � l"!ðÙ å â®Û &OÔ>à±Ý{Ý±ÛhÔ±Í ä�Õ×Ô0Ý²â®ÛWæÀÎ�Ï Ý±ÏãØCÚ

Ý²ÏÑÍ�Û	ä�Õ×ÔÀò �Cà±Ý±Õ×Í�ÛhÔ±à	Î�Ô±Ô>Ï ÜCÏÑØ®Ú�ÎiÝ"Ý±â®Û0à²ÛhòhÕ×Ø®é ' �®Û��®ÛMà±â®Õ��®ÐÑéxò�Õ×Ø�Ý²Î×ÏÑØ (1 + ρ2) ÏÑØ®à>Ý²Û�Î�é�Õ�ä (1 + ρ1) Ù

ïðí�ëÀï��



� 8 � 3������ 8��	��658:9�
 1�� 6 2� 6������������������ 6������ 2	������3�����! "�#� 6���$�� 2	�	�%�'& 6�(��%) �m�

pqe
λ2IE[C2

n,2]/2IE[Cn,2]
rwo�~�giVY[�c�ti[j�EnYp�ti[�rwo¥[�¸f}�[Ck×gu[C~�gulmgirm�³gup�Z\[�l ¯

λ2b2IE[C2
n,2]/2IE[Cn,2]

gul
eu[�ti�m[C�°�UWVY[jtu[ ¯ lmti[m¹EgiVY[�[�¸d}�[Ck×gi[j~�¡§rwp�gup�oY�©gup�Z\[ ¯ lmt+r\k�n�e�gulGZ©[jt�rmtutip��dp�oY�©rOgWguV�[�eu[jk�lGo�~��EnY[jnY[�p�e

IE[Wq,2] =
IE[C2

n,2]

2IE[Cn,2]
(1 + ρ2).

½�p�����p�o��\p�o�giVY[��Orm��nY[ ¯ lGtWguVY[�eu[jk�lmo�~�Z©lGZ\[�oGg+l ¯ guVY[�k�cdk���[�gip�Z\[��Ep��m[je
IE[Wq,2]

°

� � � 	�� � 
 ���������� � � � � �

I¦o#guVY[Wk�rGe�[¨l ¯ pq~f[�oEgupqk�rm�d�EnY[jnY[jeWª
λ := λi

¹
ρ̂ = ρi

¹
v := vi

¹
δ := δi

¹
b(2) := b

(2)
i

¹wrwoT~
c(j) := ci(j)

¹
¯ lGt

i = 1, 2
§¡§[�V�r®�m[�rme§guV�[�e�girm�Yp���p�ghc�k�lmo�~fp�gip�lGo

ρ̂ = λd < 1/2
rwo�~

IE[Dn,1] =
2ρ̂v

1 − ρ̂

ª±ad[jtu�dpqk�[�UWp�Z©[	` M n�euc�s	[�tip�lf~\O GC

IE[Sn,2] =
2ρ̂v

1 − 2ρ̂

ª±ad[jtu�dpqk�[�gip�Z\[�` M n�e�c�s	[�tip�lf~\O��m

IE[In,1] =
2(1 − ρ̂)v

1 − 2ρ̂

ª�I¦oGgi[�ti�Epqeup¤g�gup�Z\[ O GC

IE[Cn,2] =
2v

1 − 2ρ̂

ªÂ]¨cdk���[�gup�Z\[ O��m

IE[L∗
n,1] =

2λ(1 − ρ̂)v

1 − 2ρ̂

ª>�1nYZ#��[�t+·»rwp�gip�oY�dO GC

IE[L∗
n,2] =

2λv

1 − 2ρ̂

ª>�1nYZ#��[�t+·»rwp�gip�oY�dO��m

IE[Tn,i] =
2λv

1 − 2ρ̂

ª>�1nYZ#��[�txaf[�tu�G[j~�}�[�tx]¨cfk���[C

·Ëtup�gip�oY�«lmnfg#giVY[�eu[jk�lGo�~»Z\lmZ\[�oEgie#l ¯ guVY[Ce�[��En�rmoGgup�gup�[je-~flf[je�oYlmg-}YtulO�dp�~Y[ Z#n�k�V�p�o�eup��GVGgj°«UWVY[
[�¸d}�[Ck×gu[C~�¡§rmp¤gip�o��©gup�Z©[Ce+rwti[

IE[Wq,1] =
(1 − ρ̂)v

1 − 2ρ̂
+
ρ̂(1 − 2ρ̂)(1 + ρ̂)δ2

2v
+

1 − ρ̂

2

[

2λb(2)

1 − 2ρ̂
+
δ2 + C1

v

] ª±�w�GrG

IE[Wq,2] =
(1 + ρ̂)v

1 − 2ρ̂
−
ρ̂(1 − 2ρ̂)(1 + ρ̂)δ2

2v
+

1 + ρ̂

2

[

2λb(2)

1 − 2ρ̂
+
δ2 + C2

v

] ª²�O�m��

ë	ë&Øihj�k�l�m
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¡�p�guV

C1 =

∞
∑

j=1

[

2ρ̂c12(j) +
1 − 2ρ̂3

1 − ρ̂
c(j) +

1 − 2ρ̂2

1 − ρ̂
c12(−j)

)

]

γj +
ρ̂(1 − 2ρ̂(1 − ρ̂))

(1 − ρ̂)2
c12(0)

ª±�m�mrG

C2 =
∞
∑

j=1

[

2ρ̂c12(j) +
(

3 − 4ρ̂+ 4ρ̂2
)

c(j) +
1 − 2ρ̂(1 − ρ̂)

ρ̂
c12(−j)

]

γj + 4ρ̂c12(0)
ª²�m�O�T

��[�p�oY�\guVY[�p�o�k�ti[jrGe�[�~fn�[�gil k�lGtuti[��qrOgi[j~�eu¡�p�gik�VYl®�m[jt§gip�Z\[jej° I¦o¶guVYpqe+k�rGe�[
γ := ρ̂

1−ρ̂

°
UWVY[�r®�m[�t�rw�m[��Gn�[�nY[���[�o��wguVTe�rwti[��Gp��m[jo��dc

IE[Ls,i] = λIE[Wq,i] + ρ̂, i = 1, 2.
ª±�m�G

� ��� � � ��� #� � ��� 
 � 	�� �� ����
�� � � � ��� ��
 ��� � �� � ��� � �
	��  � � � � � � � � �

I¦o¢guVY[Ëe�nY��eu[j�EnY[joGg¶e�[Ck×gip�lGo�e guVY[�[�º;[jk×g¶l ¯ giVY[�eu[�ti�Epqk�[«~fp�eik�p�}Y��p�oY[�rOg9giVY[�gh¡¨l �EnY[jnY[je�¡�p����x��[
e�gun�~Yp�[C~³°�·�[�ehg�rwtug{�Ec\[�¸YrwZ\p�oYp�o���giVY[1[�¸f}�[jk×gi[j~ ¡§rwp�gup�oY��gip�Z©[Ce{p�o guVY[1[�¸fV�rwn�e�gup��m[�`O�GrOgi[j~\e�cfe�gu[jZ¶°
y1�¤giVYlmnY�GV�giVY[9~fp�eik�nTeueup�lGo�e�rwti[\rw��lGnfg�guVY[ [�¸f}�[jk×gi[j~�¡Wrwp�gup�oY�¶gup�Z\[jej¹ÀgiVY[9eurmZ\[\rmtu�GnYZ\[�oEgie�VYlm�q~
¯ lGtWguVY[�r®�m[�t�rw�m[��EnY[jnY[���[�oY�mguVÀ°

W���W���* C . -�� . Å�C"Å ��1 Å � � � Å � Å¥È .ð� > � É �®� Å .J�f� Å Ê���Y�m�Y�/. É - �
M c�ginYtioYp�o��»lwºQlGoY[¥l ¯ giVY[��EnY[�nY[Ce\lmo�[¥lm�fg�rwp�o�e rwo¢_ `*%P` G¥�EnY[jnY[¥¡�p�guV¿Z#nY��gip�}Y��[�k�lmtitu[j��rwgu[j~
�OrGk�rwgup�lmo�ej°  À[�g1n�e1e�girmt�g1�Ec�gunYtioYp�oY�9lwº�guVY[-eu[jk�lGo�~¥�EnY[jnY[�ªJ�dc¥e�[�g�gup�oY�

λ2 = 0
¹
ρ2 = 0

¹
v2 = 0

¹
rmo�~

v
(2)
2 = 0

¹w¡�VYpqkiV©��[jrm~Ye	gil
c2(j) = 0

¹
c12(j) = 0

¹mrwoT~
γ = 0

"gul�[jo�~#nY}©¡�p�guV\rwo-[�¸fV�rmn�ehgip��m[j��c
eu[�ti�m[j~¶_ `*%P` G��EnY[jnY[�¡�V�[�ti[xgiVY[�[�¸f}�[jk�gu[C~�¡§rmp¤gip�oY�©gip�Z\[

IE[Wq,1] =
λ1b

(2)
1

2(1 − ρ1)
+
v
(2)
1

2v1

ª>z�¸fV�rmn�ehgip��m[#_ `*%P` GC

pqeWp�o�~f[j}�[�o�~Y[�oGg+l ¯ guVY[�k�lmtitu[j��rwgup�lmo9��[�g¦¡¨[j[�o�guV�[��OrGk�rOgip�lGo�e ��UWVYpqeWtu[Ce�n��¤g�¡§rme§}Yti[��dp�lmn�eu��c\}�lGp�oEgu[j~
lGnfg�p�o �HGm¹À}�rwt�rw�GtirO}�V«�Y° ���0¡�VYpqkiV»k�rwnTe�[Cexp�g�gil¥k�lGtuti[jeu}�lmo�~¥gil�guVY[\[�¸d}�tu[Ceueup�lGo ¯ lmt�giVY[\[�¸f}�[jk�gu[C~
¡§rmp¤gip�o��©gup�Z©[���nfg+¡�p�guV¥p±° p²° ~À°0�OrGk�rOgip�lGo9gip�Z\[Ce � �m�f¹Y}�rw�G[ G®�w���Â°
^xoËgiVY[9lmguVY[jt�VTrwo�~³¹��Ec�gunYtioYp�oY��lwºSguVY[9¬�t�ehg-�EnY[jnY[9p�o�guVY[�[�¸fV�rmn�ehgip��G[�`®�ErOgu[C~Ëe�cfe�gu[�Z¥¹�¡¨[

rmtu[x��[ ¯ g�¡�p¤giV¶rmo¶_ `*%P` G��EnY[�nY[�¡�p�guV¥r#�ErOgu[C~�eu[�ti�Epqk�[�~fpqeuk�p�}���p�oY[m°My ¯ gi[�t+e�[�g�gip�o��#giVY[�rw}Y}Ytilm}YtipqrOgu[
}�rmtirmZ\[�gu[jtie¨gul ��[�til©¡¨[�lm�fg�rwp�o

IE[Wq,2] =
λ2b

(2)
2

2(1 − ρ2)
+
v
(2)
2

2v2
+

ρ2v2
1 − ρ2

+
1

v2

∞
∑

j=1

c2(j)ρ
j
2

ª %�rwgu[j~B_ `*%P` GC

rGe³giVY[¨¡§rmp¤gip�oY�+gip�Z\[¨l ¯ r1k�n�e�gulmZ\[jt	rmtutip��Ep�oY�+rwg�r+�Grwgu[C~�_ `*%P` G{�EnY[�n�[{¡�p�guV-k�lGtuti[��qrOgu[C~��wrmk�rwgup�lmo�ej°
I ¯ giVY[�ti[¥p�e\oYl�k�lGtuti[��qrOgip�lmo�giVY[�o¾guVYpqe\[�¸f}Ytu[Ceueup�lmo p�e p�o¿rm�mti[�[�Z\[joGg\¡�p¤giVSguV�[¥ti[jeunY�¤g }Yti[��dp�lmn�eu��c
lG�fgirmp�oY[C~�p�o ��Gm¹�UWVY[jlmti[�Z&�
�	rwo�~ �Ñ�w�Y¹f[C�En�rOgip�lGoËª²�f°Ñ�O�GrE �Â°

ïðí�ëÀï��
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IÂg�p�e�p�oGgi[�ti[je�gup�oY�¶gilBk�lmZ\}�rmtu[-giVY[9~Yp¤º;[�ti[�o�k�[\��[�g¦¡§[�[�oËgiVY[jeu[\gh¡¨l¥¡Wrwp�gup�oY�¶gip�Z\[je#~fnY[\gil¶giVY[
eu[�ti�m[�t��T[jV�r®�Ep�oY��~Yp¤º;[�ti[�oGgi��cm°By1eie�n�Z©p�oY�«�EnY[�n�[je�¡�p�guV�pq~f[�oEgupqk�rm�{}�rmtirmZ©[�gu[jtie ª>�Ec»~ftilm}Y}Yp�oY�¥giVY[
p�o�~fpqk�[je�l ¯ lmoY[CeWrmo�~�gh¡¨lGe+rwo�~¶eu[�gugup�oY�

ρ̂ := ρ1 = ρ2
¨¡§[�eu[�[�giV�rOg

IE[W ]gated M/G/1 − IE[W ]exhaustive M/G/1 =
ρ̂v

1 − ρ̂
+

1

v

∞
∑

j=1

c(j)ρ̂j ,
ª±�c^m

¡�VY[jtu[�giVY[�¬�t�ehg�gu[�tiZ lmo�giVY[�tip��GVGg�V�rmo�~¶eupq~f[�pqe§giVY[�Z\[jrmo¶��[joY�wgiV¶l ¯ r\e�[jtu�dpqk�[�}�[�tip�lf~ËªJ¡�VYpqk�V¥p�e
giVY[�eirwZ\[ ¯ lmt�guVY[�[�¸fV�rmn�e�gup��m[�rwoT~�giVY[��GrOgi[j~¥e�[jtu�dpqk�[�e�cfe�gu[jZ\e�×° I ¯ giVY[�ti[�p�e+oYl9k�lGtuti[��qrOgup�lmoÀ¹dguV�[�o
p�gWpqe¨¡§[����;ÃdoYl®¡�o9giV�rOg§giVY[�[�¸d}�[Ck×gi[j~�¡§rwp�gup�oY�#gip�Z\[�p�o¶rwo�[�¸fV�rwn�e�gup��m[j��c eu[�ti�m[j~��EnY[�nY[�pqe¨��[jeie{giV�rwo
giV�rOgxp�o«r �Grwgu[j~Beu[�ti�dp�k�[j~¥�EnY[jnY[m° I¦oBguVY[#}�tu[Ce�[jo�k�[�l ¯ k�lmtiti[��qrOgu[C~��wrmk�rwgup�lmo¶gip�Z\[je1guVYpqex~fp�º;[�ti[�o�k�[
pqeW�qrwti�m[jt§�Ynfg1tu[jZ\rmp�oTeWr\eunYti}Ytupqeup�oY�G��c9eup�Z©}���[�[�¸f}Yti[jeie�p�lmo"°

W���W�� 3 �BÉ - .>Ê Å - �0.J�m� . � � Å � Å �
UWVY[\~fp�º;[�ti[�o�k�[-��[�g¦¡§[�[�o«giVY[©¡Wrwp�gup�oY��gip�Z\[je�rOg�guV�[-gh¡¨l¶�EnY[jnY[je�pqe ¯ lmnYo�~«�dc�eunY�fgitirGk×gup�oY�Ëª²�m�O��
¯ tilmZ ª±�m�mrG{gul\�Gp��m[

IE[Wq,2] − IE[Wq,1] =

ρR

2(1 − ρ)
−
ρ(1 − ρ)(1 + ρ2)δ

2
1

R(1 − ρ1 + ρ2)
+

ρ

2(1 − ρ1 + ρ2)

[

λ1b
(2)
1 + λ2b

(2)
2

1 − ρ
+

∆2 + 2(C2 − C1)

R

]

=
ρR

2(1 − ρ)
−
ρ(1 − 2(ρ1 + ρ2ρ))δ

2
1

2R(1 − ρ1 + ρ2)
+

ρ

2(1 − ρ1 + ρ2)

[

λ1b
(2)
1 + λ2b

(2)
2

1 − ρ
+
δ22 + 2(C2 − C1)

R

]

,

¡�p�guV
C1
rmo�~

C2
~Y[�¬�oY[C~©p�o UWVY[jlmti[�Z3�T° �T°	y1�¤giVYlmn��mV©o�lwg{e�VYlO¡�o©VY[�ti[m¹mp�g{k�rmo©��[W�m[jtup�¬�[j~#giV�rOg ¯ lGt

rmoEc¶kiVYlGp�k�[�l ¯ }�rwt�rwZ\[�gu[�t�e
C2 ≥ C1

°W½�tulGZ%giVYpqe+[�¸f}Yti[jeup�lmo¶¡¨[#eu[�[�guV�rwg1p ¯
1 − 2(ρ1 + ρ2ρ) > 0

¹
rmo�~

C1 = 0 = C2
¹³rwo�~Bp ¯

δ21
pqe�e�nZU9k�p�[joGgu��c¥�qrwti�m[G¹YgiV�rOg�p�g�Z rCc¥�m[�tic�¡§[����	��[-}�lGeie�p��Y��[�giV�rOgxgiVY[

[�¸d}�[Ck×gu[C~¥¡§rwp�gup�oY� gup�Z\[#rwg+guVY[#�Grwgu[j~B�Gn�[�nY[�pqe1euZ\rm����[�t+guV�rmo¥guVY[#[�¸f}�[jk�gu[j~¥¡Wrwp�gup�oY�\gip�Z\[-rOg+giVY[
[�¸dVTrwn�e�gup��m[��EnY[jnY[ ��R+lO¡¨[��G[�tj¹�giVY[�tirmoY�m[9l ¯ }�rmtirmZ\[�gu[jt-e�[�g�gip�oY�Ee ¯ lmt-¡�VYpqk�V�giVYp�e-pqe�giVY[¶k�rGe�[�p�e
¯ rmp�ti��cBe�Z rw���²°=I¦o«}�rmt�gip�k�nY�qrwtC¹Tp�o�guV�[-oY[�¸dg�eu[jk×gip�lGo�e1p�g�¡�p�������[©e�V�l®¡�oBguVTrOgxguV�p�e�~Yld[je1oYlmgxVTrw}Y}�[jo
¡�VY[jo«rw���	}�rwt�rwZ\[�gi[�t�e+rwti[�[j�En�rm�±¹�p ¯ guVY[jtu[-rwti[�oYl�e�¡�p�gik�VYlO�m[�t+gip�Z\[jej¹�lGt1p ¯ guVY[©e�cfe�gu[jZ.p�exVY[jr®�dp���c
��lGrG~f[j~³°

W���W��H9 + Ê Å - �0.J�m�,. � � Å � Å �
yxeueunYZ\[MguV�rwgj¹O[�¸Yk�[j}fg ¯ lGtÀgiVY[§e�[jtu�dpqk�[{~fpqeuk�p�}Y��p�oY[m¹®guVY[{gh¡¨lx�EnY[�nY[Ce"p�o�guVY[¨[�¸fV�rmn�ehgip��m[	`®�ErOgu[j~�e�cfe�gu[�Z
V�r®�m[«[C�En�rw��}�rmtirmZ©[�gu[�t¶eu[�g�gip�oY�Gej° UWVY[»~fp¤º;[�ti[�oTk�[���[�gh¡¨[j[�o£giVY[Ë¡§rwp�gup�oY� gup�Z©[Ël ¯ rSk�n�e�gilmZ\[�t
rmtutip��dp�oY�©rwgWguVY[��ErOgi[j~�lmt+rOgWgiVY[�[�¸fV�rmn�ehgip��m[��EnY[jnY[�pqe

IE[Wq,2] − IE[Wq,1] =ρ̂

(

2λb(2) + 2v

1 − 2ρ̂
+
ρ̂(1 + 2ρ̂)δ2 + C2 − C1

v

)

,

¡�p�guV
C1
rmo�~

C2
~Y[�¬�oY[C~�p�oQª±�G�m�°«½YlGt-rm���¨}�rmtirmZ\[�gu[jt#eu[�gugup�oY�Ge

C2 ≥ C1
°�½YtilmZ giVYp�e-¡¨[�kjrwo

~f[C~fn�k×g�guV�rwgj¹YnYo�~f[jt�[j�En�rw�³}�rwt�rwZ\[�gi[�tWeu[�gugup�oY�Ee�¹ ��� � �	�	�%��� 9c� � �46���658:9T� 6�(�� �	�5���Z� 9c����! "%�h�$�h� 6 )
� 3�� �	��) 3��	� 9 �%� ���Z�48 ��� �f���������9 � � � 6�� 658 9d��6�(�� ������ �f� � � ��� )���6���� "%�h�%�h��°Wyxe+}�lmp�oGgi[j~¥lmnYg1p�o¥giVY[}Yti[��dp�lmn�e�e�[Ck×gup�lmo"¹dguVYpqe�pqeWoYlmg+rm��¡WrCcfe¨guV�[�k�rmeu[�p ¯ guVY[�}�rmtirmZ\[�gu[jtW�Orw��nY[CeWrmtu[�oYlwg+p�~f[joGgip�kjrw�²°

ë	ë&Øihj�k�l�m
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W���W���W CÀÈ .ð�j� > É 1 Å � 
 . � Å � :�� �"� .¨� É��{Å � É
 "[�gÀnTe³oYlO¡Ë[�¸YrwZ\p�oY[�guVY[0gh¡¨l+eu[�ti�dp�k�[0~fpqeuk�p�}Y��p�oY[jeÀp�o�guVY[Mp�oGgi[�ti[je�gup�oY�+e�p�gunTrOgup�lmo�¡�VY[jo�giVY[{e�¡�p�gik�VYlO�m[�t
gip�Z\[je§rmtu[+[C�GnTrw��gul#�j[�til�° M c\��lflmÃdp�o���rwg{guVY[x[�¸f}Yti[jeieup�lGo�e ¯ lGtMgiVY[x[�¸f}�[jk�gu[j~9¡§rwp�gup�oY��gup�Z\[je�ªJ[C�GnTrOÁ
gip�lGoSª±�G�m��¹;¡§[©eu[�[#guVTrOg�guVY[©�OrmtupqrwoTk�[jexrwo�~ ª±k�tilGeiei1k�lmtiti[��qrOgup�lmo�e+l ¯ guVY[\eu¡�p¤g�kiV�l®�m[jt1gup�Z\[je�Z#n�e�g
�Gl ¯ rme�gu[jt§gul\��[jtul-guV�rmo�giVY[�Z\[jrwo¥e�¡�p�gik�VYlO�m[�t§gup�Z©[Ce�~fld[CeWe�p�o�k�[�lwgiVY[�ti¡�pqe�[xguVY[�[�¸d}�[Ck×gi[j~�¡Wrwp�gup�oY�
gip�Z\[je+k�lmnY�q~�[�¸f}Y��lf~f[ ª ¯ lGt�[�¸frmZ\}Y��[G¹

limR→0 δ
2
1/R

Z#n�ehg+�Gl-gil\��[jtuld×°
M c-¬�t�ehg§e�[jo�~fp�oY��guV�[xe�[jk�lmo�~\Z\lmZ\[�oEgie¨rwoT~©guVY[-ª±k�tilGeiei0k�lGtuti[��qrOgup�lmo�e0l ¯ giVY[xe�¡�p�g�kiVYlO�m[�tMgup�Z\[je

gil��j[�tulT¹Grmo�~©giVY[�o9guVY[xZ©[Crwo9eu¡�p�gik�VYl®�m[jtMgup�Z©[CeMgul#��[jtulT¹m¡§[1eu[�[+guV�rwg{guVY[x[�¸f}�[jk�gu[j~ ¡§rmp¤gip�oY��gup�Z\[je
¯ lGtWguVY[�[�¸fV�rmn�e�gup��m[�`®�ErOgu[C~�eu[�ti�dp�k�[�~fp�eik�p�}Y��p�o�[�rmtu[

IE[Wq,1] =
1 − ρ1

2(1 − ρ1 + ρ2)

[

λ1b
(2)
1 + λ2b

(2)
2

1 − ρ

]

,

IE[Wq,2] =
1 + ρ2

2(1 − ρ1 + ρ2)

[

λ1b
(2)
1 + λ2b

(2)
2

1 − ρ

]

.

½�tulGZ guVYpqe�p�g+p�e+k���[jrmt§guVTrOg1r\k�n�e�gulGZ\[�t+rwtitup��dp�o��©rOg�guVY[�eu[jk�lGo�~¶�Gn�[�nY[�p�e�[�¸f}�[jk�gu[j~�gul\¡Wrwp�g

IE[Wq,2] − IE[Wq,1] =
ρ

2(1 − ρ1 + ρ2)

[

λ1b
(2)
1 + λ2b

(2)
2

1 − ρ

]

��lmoY�G[�t§giV�rwoBr\k�n�e�gulGZ©[jtWguV�rwg+rmtutip��m[je§rwgWguV�[�¬�tie�g+�EnY[jnY[m°

W���W�� 2 � Å �c1E. . Æ � É ��Ê Å Ê CÀÆ �j� Å �
 "[�g¨n�e{oYlO¡¢k�lGo�eup�~f[jt{¡�V�rOg¨V�rm}Y}�[�o�e{p ¯ guVY[�e�cfe�gu[jZ pqe{VY[jr®�dp���c©��lErm~f[C~¥ª

ρ
k���lEe�[�gul

1
×°NI¦o giVYpqe¨k�rGe�[

ª>¡�p¤giV¶guVY[�[�¸Yk�[�}Ygup�lmo¶l ¯ guVY[�kjrmeu[�¡�VY[jtu[
ρ1 → 1

rwo�~
ρ2 → 0

¹Yp�o¶¡�VYpqk�V¥kjrmeu[�¡§[�ti[ ¯ [�tWgil eu[jk�gup�lmo
�T° �T°�G®MguVY[�[�¸f}�[jk×gi[j~�¡Wrwp�gup�oY�©gup�Z\[je�ªðg�rwÃm[jo ¯ tulGZ&�G�m×¹

IE[Wq,1] →
(1 − ρ1)R

2(1 − ρ)
+

1 − ρ1

2(1 − ρ1 + ρ2)

[

λ1b
(2)
1 + λ2b

(2)
2

1 − ρ

]

IE[Wq,2] →
(1 + ρ2)R

2(1 − ρ)
+

1 + ρ2

2(1 − ρ1 + ρ2)

[

λ1b
(2)
1 + λ2b

(2)
2

1 − ρ

]

[�¸d}���lf~Y[�~fnY[Wgil�guVY[ ¯ rmk×gilmt
1−ρ

p�o©giVY[+~f[joYlmZ\p�o�rOgilmt�e�°�y1e0¡§[�kjrwo\eu[�[G¹wguVY[1k�lmtiti[��qrOgup�lmo-oYl���lGoY�m[jt
}Y�qr®cde�r©tilm��[m°0UWVY[�~fp¤º;[�ti[�oTk�[���[�g¦¡§[�[�o¶guV�[�[�¸f}�[jk×gi[j~�¡Wrwp�gup�oY�©gup�Z\[jeWgu[jo�~YeWgil®¡§rmti~�e

IE[Wq,2] − IE[Wq,1] →
ρR

2(1 − ρ)
+

ρ

2(1 − ρ1 + ρ2)

[

λ1b
(2)
1 + λ2b

(2)
2

1 − ρ

]

¡�VYpqk�V¶pqe�rm��¡WrCcfe§}�lGeup�gup��m[m°
_¥lmti[�~fpqeuk�n�eie�p�lmo�e+lmo¥guVY[-~fp�º;[�ti[�o�k�[Ce1rwtipqe�p�oY�9~fnY[�gul giVY[-e�[jtu�m[jt���[jV�rC�dp�lmnYt1kjrwoB��[ ¯ lGnYo�~Bp�o

giVY[�[�¸YrwZ\}Y��[jeWl ¯ giVY[�oY[�¸Eg1eu[jk×gip�lmoÀ°

ïðí�ëÀï��
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I¦o¾giVY[ ¯ lG����lO¡�p�oY��e�[Ck×gup�lmoTe\¡¨[B¡�p����1k�lmo�eup�~Y[�t9r»oEnYZ#��[jt9l ¯ [�¸YrmZ\}Y��[Ce\p�o¿¡�VYpqkiV¿guVY[«e�[C�EnY[�o�k�[je
l ¯ e�¡�p�gik�VYlO�m[�t�gip�Z\[Ce�rwti[\k�lGtuti[��qrOgu[C~³°\UWVY[9k�lO�Orwtipqrwo�k�[ ¯ n�o�k×gip�lGo�e�¡�p����M��[9k�rw�qk�n���rwgu[j~�[�¸f}Y��pqk�p�gu[���c
r ¯ gu[�t�¡�V�p�k�V¿giVY[�[�º�[Ck×g�l ¯ giVY[�k�lmtiti[��qrOgup�lmo¾lmo¿giVY[�¡Wrwp�gup�oY��gup�Z©[Ce�¡�p����1��[�ehgin�~fp�[j~³° I¦o£rm���1l ¯
giVY[¥[�¸YrmZ©}���[Ce-guVY[B[�¸f}�[jk×gi[j~S¡§rwp�gip�oY�Ëgup�Z©[Bl ¯ rËk�n�e�gulGZ\[�t rwtitip��dp�oY��rwg©giVY[¶¬Ttie�g �EnY[jnY[¥l ¯ giVY[
[�¸dVTrwn�e�gup��m[�`O[�¸fV�rwnTehgup��m[�e�cfe�gu[�Z%pqeW�mp��m[�o��dc«ª±�m�G�¹d¡�V�[�tu[Crme§p�o�giVY[�[�¸dVTrwn�e�gup��m[�`O�GrOgu[C~�e�cfe�gu[�Z giVY[
[�¸d}�[Ck×gu[C~«¡§rmp�gup�oY��gup�Z\[je�rwti[-�Gp��m[jo��Ec ª²�m�m�°-UWV�[\~fp�º;[�ti[�o�k�[\��[�gh¡¨[j[�oË[jrmk�V�l ¯ guVY[\[�¸frmZ\}Y��[Ce�p�e
giV�rOg

C
¹
C1
¹�rwo�~

C2
girmÃm[�lmo¥~fp�º�[jtu[joGg+�Orm��nY[Ce�°

����� ��� ���� � � ��� � � ���
� �  � � � � �(� ��� ����� � � � � � ���

]¨lGo�e�pq~f[�t�rxeu[j�EnY[jo�k�[¨l ¯ eu¡�p¤g�kiV�l®�m[jt"gip�Z\[je�¡�V�[�ti[{guVY[jtu[§p�e�oYl�k�lmtiti[��qrOgup�lmo���[�g¦¡§[�[�o#giVY[Weu¡�p¤g�kiVYlO�m[�t
gip�Z\[je�l ¯ guVY[\g¦¡¨lB�EnY[�n�[je ªðgiVYp�e��mp��m[Ce

c12(j) = 0
¹ ¯ lGt

j ∈ Z
×°  À[�g�guVY[ p�o�~Yp��dpq~fn�rw�{e�[C�Gn�[�o�k�[©l ¯

eu¡�p¤g�kiV�l®�m[jt§gup�Z\[je�}�[�t1�Gn�[�nY[�eurwgupqe ¯ c

Vn+1,i = xiVn,i + (1 − xi)εn,i, i = 1, 2,
ª²�w�E

¡�VY[jtu[
xi ∈ [0, 1)

pqe�r¶k�lmo�e�girmoGg�rwoT~
εn,i

rwti[-}�lGeup¤gip��m[©p²° p²° ~³°-�Ormtupqrw�Y��[jex¡�p¤giV�¬�oYp�gu[\[�¸f}�[Ck×girwgup�lmo
IE[εn,i] =: ε̄i

rwo�~¥eu[jk�lGo�~�Z\lmZ\[�oEg
IE[ε2n,i] =: ε

(2)
i

°{UWV�[�}�rwt�rwZ\[�gi[�t
xi
~Y[�gu[jtuZ\p�oY[jeWgiVY[�rmZ\lmnYoEg

l ¯ k�lmtiti[��qrOgup�lmo¶p�oBguVY[©e�[j�EnY[jo�k�[G´T¡�p�guV
xi = 0

giVY[-eu[j�EnY[�oTk�[�pqe+p²° p±° ~³°�¹�¡�VY[�ti[jrGe�¡�VY[�o
xi
gu[jo�~Ye+gul

lGoY[\giVY[�k�lmtiti[��qrOgup�lmoËpqe�Z rO¸fp�Z\rm�±°¥�1lwgip�k�[ guV�rwg�giVY[�ti[9[�¸fpqehg�e#rBe�girwgup�lmo�rmtuc«[�ti�mlY~fp�k e�[C�EnY[�o�k�[ l ¯
eu¡�p¤g�kiV�l®�m[jt¨gup�Z\[jeW¡�VYpqkiV¥eurwgupqeh¬�[Ce�ª²�w�E×° M c\girmÃdp�oY�-guV�[�[�¸f}�[jk×g�rOgip�lGo�p�g ¯ lG����lO¡+e{giV�rOg

IE[Vn+1,i] =
xiIE[Vn,i] + (1 − xn

i )ε̄i
° LxnY[¶gul�giVY[¥e�girwgup�lmo�rmtup�ghcËl ¯ guVY[¥}YtulYk�[jeie

IE[V0,i] = IE[Vn,i] = vi
p�e

p�o�~f[�}�[jo�~f[joGg�l ¯
xi
¹Wrmo�~ giVY[�ti[ ¯ lGtu[

vi = ε̄i
°£yµe�p�Z\p��qrwt ti[��qrOgup�lmoTe�VYp�}¾kjrwo¾��[�~f[�tip��m[C~ ¯ lmt\giVY[

eu[jk�lGo�~�Z©lGZ\[�oGg�eW�dc9girmÃEp�oY�©guV�[�[�¸f}�[jk×g�rOgip�lGo�lO�m[�tWguVY[�ei�En�rwti[�l ¯ ª±�m�G{gil\�mp��m[

IE[V 2
n+1,i] =x2

i IE[V 2
n,1] + (1 − xi)

2IE[ε2n,i]

+ 2xi(1 − xi)IE[εn,i]IE[Vn,i].

LxnY[�gul\guVY[�e�girwgup�lmo�rmtup�ghc�ª
IE[V 2

n+1,i] = IE[V 2
n,i] = v

(2)
i

¨giVYpqe�p�Z\}Y��p�[CeWguV�rwg

v
(2)
i =

(1 − xi)ε
(2)
i + 2xiε̄ivi

1 + xi
,

¡�VYpqk�V¶�mp��m[CeWr\eu[jk�lGo�~�tu[j��rwgup�lmo�euVYp�}Ëª>eup�oTk�[
ε̄i = vi

�¹

δ
(2)
i =

1 − xi

1 + xi
V ar(εn,i).

UWVdn�e�¡¨[9eu[�[\guVTrOg ¯ lGt
xi ∈ [0, 1)

giVY[�ti[\[�¸fp�e�gie�r
εn,i

eun�k�VËguV�rwg#rwodc�~f[jeup�ti[j~Ë�Orw��nY[Ce�l ¯
vi
rmo�~

δ2i
k�rwo���[#lm�fg�rwp�oY[j~À°+�1l®¡�¡¨[#¡�p�����~f[�tip��m[�guVY[©k�lO�Orwtipqrwo�k�[ ¯ nYo�k�gup�lmo�e�rwo�~¥guVY[-[�¸f}�[jk�gu[C~¥¡Wrwp�gup�oY�

gip�Z\[m°

ë	ë&Øihj�k�l�m
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M c�p�gu[�t�rOgip�o��¥ª²�w�G§r©odnYZ#��[�t+l ¯ gip�Z©[Ce�p¤g+pqe��EnYpqk�ÃE��c�eu[�[jo�guV�rwg

Vn,i =xn
i V0,i + (1 − xi)

n−1
∑

k=0

εn−1−k,ix
k
i .

ª±�JE

½�tulGZ guVYpqe�¡¨[�lm�fg�rwp�o

IE[V0,iVj,i] =xj
i IE[V 2

0,i] + (1 − xj
i )ε̄iIE[V0,i] = xj

iv
(2)
i + (1 − xj

i )ε̄ivi.

UWVYpqe�Z©[Crwo�e§giV�rOg�giVY[�k�lO�Orwtipqrwo�k�[ ¯ n�o�k×gip�lGo�e�¹
ci(j) = IE[V0,iVj,i] − IE[V0,i]IE[Vj,i]

¹�rwti[��mp��m[�o¶�Ec

ci(j) =xj
iv

(2)
i + (1 − xj

i )ε̄ivi − vi

(

xj
ivi + (1 − xj

i )ε̄i

)

= xj
i

(

v
(2)
i − v2

i

)

= xj
i δ

2
i .

ª>�m�E

adp�o�k�[
∞
∑

j=1

ci(j)α
j =δ2i

∞
∑

j=1

(αxi)
j =

αxiδ
2
i

1 − αxi
,

ª>�AG®

¡¨[BV�r®�m[ ¯ tilmZ UWVY[�lGtu[jZ ��° �ËguV�rwg guVY[B[�¸f}�[Ck×gu[C~S¡§rmp¤gip�oY�Ëgip�Z\[Bp�oSgiVY[B[�¸fV�rwnTehgip��m[	`®[�¸fV�rmn�ehgip��m[
eucfehgi[�Z%pqe��mp��m[�o¶�Ec�ª±�m�G¨¡�p�guV

C :=
αx1δ

2
1

1 − αx1
+

αx2δ
2
2

1 − αx2

(

1 +
(1 − ρ)2

ρ1(1 − ρ1)

)

rmo�~
α = ρ1ρ2

(1−ρ1)(1−ρ2)

°
zM�EnYp��wrw��[�oEgu��cm¹�p�o giVY[�[�¸fV�rmn�ehgip��m[�`®�ErOgu[C~Qeucde�gu[jZ5¡¨[�V�r®�m[ ¯ tilmZ [j�En�rwgup�lmo ª±�AG®¶rwo�~ ¯ tilmZ

UWVY[jlmti[�Z%��° �-giV�rOg�giVY[�[�¸f}�[jk�gu[j~¶¡§rwp�gup�oY�©gip�Z\[je+rmtu[��mp��m[�o¶�Ec�ª±�G�m¨¡�VY[jtu[
γ = ρ2

1−ρ1

rwo�~

C1 =
γx1δ

2
1

1 − γx1

(

1 +
ρ2(1 − ρ)

1 − ρ1

)

ρ+
γx2δ

2
2

1 − γx2

C2 =
γx1δ

2
1

1 − γx1

(

1 +
ρ1

ρ2
(1 − ρ)2

)

+
γx2δ

2
2

1 − γx2
.

�+nYZ\[�tipqk�rw�Y[�¸YrwZ\}Y��[je0l ¯ giVY[+p�of¼�nY[�oTk�[+l ¯ giVY[1k�lGtuti[��qrOgip�lmo©lmo©guV�[+[�¸f}�[jk×gi[j~\¡§rwp�gup�oY��gup�Z\[je{kjrwo
��[ ¯ lmnYo�~¥p�oB½�p��mnYti[#�f°WadVYlO¡�o¥p�o¥[Crmk�V¶l ¯ guV�[�¬��mnYti[je�p�e�guV�[�[�¸f}�[jk�gu[j~¥¡§rwp�gup�oY�\gip�Z\[#~fp��dp�~f[C~¶�dc
giVY[�[�¸f}�[Ck×gu[C~-¡Wrwp�gup�oY��gip�Z\[ ¯ lGt0n�o�k�lGtuti[��qrOgi[j~-e�[C�EnY[�o�k�[je�l ¯ eu¡�p¤g�kiV�l®�m[jt�gip�Z\[jej°�UWVY[jtu[+rwti[Ws�lmpqeie�lGo
rmtutip��wrw��e¨¡�p�guV

λi = 0.4
°MUWVY[�¬�t�ehgWgh¡¨l©Z\lGZ©[joGg�eWl ¯ giVY[�eu¡�p¤g�kiV�l®�m[jt¨gip�Z\[je+rwti[�rm��¡§r®cfe¨Ãm[j}fgW¬Y¸f[j~

ªJ¬�tie�gMZ\lGZ©[joGg ¯ lmt{[jrmk�V\l ¯ giVY[1e�¡�p�g�kiVYlO�m[�t0gup�Z\[1~fp�e�gutip��Ynfgup�lGo�e0pqe�¬Y¸f[C~\rOg
vi = 3

0rwo�~©guVY[1eu[�ti�dp�k�[
gip�Z\[je+rmtu[�girwÃm[jo�gul\��[�[�¸f}�lGoY[�oGgipqrw�³¡�p�guV

bi = 0.4
lmt
bi = 1.2

°
M rGe�[C~»lGo�guVY[�¬��GnYti[je-rwo�~�[C�En�rOgip�lGo�e-rw��lO�m[ guV�[ ¯ lm����lO¡�p�oY��p�Z\}�lmtugirmoGg©k�lGo�k���n�eup�lGo�e#kjrwo���[

Z rm~Y[�g

•
I ¯
x1 = x2 = 0

guVY[jo¶guV�[�ti[�pqe�oYl k�lmtitu[j��rwgup�lmo���[�g¦¡¨[j[�o¶giVY[�eu[j�EnY[�oTk�[je�l ¯ eu¡�p�gik�VYl®�m[jtWgup�Z©[Ce
rmo�~

C = 0
¹
C1 = 0

¹�rwoT~
C2 = 0

´

ïðí�ëÀï��
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•
UWVY[#p�o�k�ti[jrGe�[�p�o�[�¸d}�[Ck×gi[j~B¡§rwp�gup�oY� gip�Z\[Cex~fnY[�gil�k�lmtiti[��qrOgu[j~¥eu¡�p�gik�VYl®�m[jt�gip�Z©[Cexk�rmoB��[#nY}
gil9eu[��m[�t�rw�;gip�Z\[Ce#ª>�Y°Ñ�-gup�Z\[je+p�o¶giVY[�[�¸YrmZ©}Y��[C§guVY[�[�¸f}�[jk×gi[j~¶¡Wrwp�gup�oY�\gup�Z\[je+p ¯ giVY[�ti[�¡§lmnY�q~
��[�nYo�k�lGtuti[��qrOgi[j~�e�¡�p�gik�VYlO�m[�tWgup�Z©[Ce�°

•
UWVY[�p�o�k�tu[jrGe�[�p�o¶guVY[�[�¸f}�[jk×gi[j~¶¡§rmp¤gip�o��©gup�Z\[je1~fnY[�gil k�lmtitu[j��rwgup�lmo��mtil®¡+e§��p�o�[jrwti��c9¡�p�guV¶giVY[
�wrwtip�rmo�k�[

δ2i
l ¯ guV�[�eu¡�p�gik�VYl®�G[�t§gip�Z\[jej´

•
S1o�~f[�t©��p��mVEg#gut�r	U9k�ª

α
rwoT~

γ
rwti[�euZ\rm���§rmo�~�eulE�guV�[�p�o�k�ti[jrGe�[9p�o�guVY[�[�¸f}�[jk�gu[j~�¡§rmp�gup�oY�

gip�Z\[�pqe�ª±rw}Y}Ytil®¸dp�Z rOgi[���cY{��p�oY[jrmt�p�o
xi
°

•
S1o�~f[�tMVY[CrC�dc�gitirU9k

α
rwoT~

γ
rmtu[�k���lGeu[¨gil�lGoY[�rmo�~³¹G~fnY[Wgil�giVY[ ¯ rmk�gulmt

1−αxi
lGt

1−γxi
p�o

giVY[�~f[�o�lmZ\p�oTrOgulGtiej¹GguVY[�p�o�k�ti[jrGe�[xp�o�¡§rwp�gup�oY�#gip�Z\[�~YnY[xgul\k�lmtiti[��qrOgu[j~9eu¡�p¤g�kiVYlO�m[�t¨gup�Z\[jeWkjrwo
��[1eup��moYp�¬Tk�rmoGgj°NR1[�o�k�[�guVY[1}Yti[jeu[�o�k�[�l ¯ k�lGtuti[��qrOgup�lmo©V�rme0guV�[+�Yp��m�G[je�gMp�Z©}Trmk×g{lGo©giVY[+¡Wrwp�gup�oY�
gip�Z\[\p ¯ guVY[ e�cfe�gu[jZ�V�rme�r�VY[jr®�dc¥��lGrG~ ª>rmo�~�guV�[\eu¡�p¤g�kiV�p�oY��gip�Z\[je�V�r®�m[©r�VYp��mV��OrmtupqrwoTk�[C�°
UWVYpqe+k�rwo¶��[�e�[j[�o¥k���[jrmtu��c9p�oB½�p��GnYtu[��Y°

•
I¦o@k�rwoQ��[»e�V�l®¡�o£guV�rwgj¹xnYoT~f[�t¥p�~Y[�oGgip�kjrw��}�rmtirmZ©[�gu[jt�eu[�gugup�oY��¹xp�o£giVY[Ë[�¸fV�rmn�ehgip��m[	`®�ErOgu[j~
eucfehgi[�Z guVY[�[�¸f}�[jk�gu[j~9¡§rwp�gup�oY��gip�Z©[�rOg¨guVY[x[�¸fV�rwn�e�gup��m[x�EnY[�nY[xpqe§rw��¡§rCcfe{��rmtu�G[�tMguV�rmo�rwg{giVY[
�ErOgu[C~¥�EnY[�n�[m° I¦o�rG~Y~fp¤gip�lmo¥gul giVYp�ej¹T¡¨[#eu[�[ ¯ tilmZ.½�p��mnYti[#�©giV�rOgxp�oB��p��mVGgi��c���lGrm~Y[j~¥eucfehgi[�Z e
giVY[+�ErOgu[C~\�EnY[�nY[#ª�O��m0e�nYº�[jtieMZ\lGe�g ¯ tilmZ k�lmtitu[j��rwgu[j~©eu¡�p¤g�kiV�l®�m[jt0gup�Z©[CeM¡�VY[jtu[Crme0p�o9VY[jr®�dp���c
��lGrG~f[j~#gitirU9k§��lmguV �EnY[jnY[jeMrmtu[W[�º�[Ck×gi[j~BªJti[��qrOgup��m[���cY�[j�En�rw����c��dc#guVY[1k�lGtuti[��qrOgu[C~-eu¡�p¤g�kiVYlO�m[�t
gip�Z\[jej°

����� ��� ���� � � � � � ����� �  � ����� � � � � ��� ��� � � � ��� �!
���� � 	 �
� � ��� ����� � � � � � ���

]¨lGo�e�pq~f[�t�r e�[C�EnY[�o�k�[�l ¯ e�¡�p�gik�VYlO�m[�t9gup�Z\[je�¡�V�p�k�VQeurwgupqe ¯ cSgiVY[ ¯ lm����l®¡�p�oY� e�gulfk�V�rme�gupqkBtu[Ck�nYt�e�p��m[
ti[��qrOgip�lGo�e�V�p�}

Vn+1,i =Fn,i(Vn,i) + En,i,
ª>�G�G

¡�VY[jtu[
Fn,i(·)

rmtu[�p�o�~f[�}�[jo�~f[joGgj¹{p�of¬�oYp�gu[j��c ~fp��dpqe�p��Y��[¶ehgilfk�V�rme�gupqk9}Ytilfk�[jeieu[je�¡�p�guV
IE[Fn,i(T )] =

xiIE[T ]
rmo�~

IE[F2
n,i(T )] = x

(2)
i IE[T 2] + yiIE[T ]

°=R1[�ti[
xi ∈ [0, 1)

¹
yi ≥ 0

rmo�~
x

(2)
i ≥ x2

i

°xUWVY[
eu[j�EnY[�oTk�[

En,i
pqe�r¶eu[j�EnY[jo�k�[©l ¯ p�o�~f[j}�[�o�~f[joGg��Ormtupqrw����[Ce1¡�p�guV

IE[En,i] = ε̄i
rwo�~

IE[E2
n,i] = ε

(2)
i

°
IÂgi[�t�rOgup�oY�\�mp��m[je

Vn,i =

(

n−1
∏

k=0

Fk,i

)

V0,i +

n−1
∑

k=0

(

n−1
∏

l=k+1

Fl,i

)

En−k,i,

rmo�~¶e�l

IE[Vn,i] =xn
i vi + ε̄i

n−1
∑

k=0

xk
i = xn

i vi +
1 − xn

i

1 − xi
ε̄i.

ë	ë&Øihj�k�l�m
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Normalized Expected Waiting Time at Q1 in Exh/Exh

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)
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Normalized Expected Waiting Time at Q1 in Exh/Gated

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)

0 0.2 0.4 0.6 0.8 1
1

1.2

1.4

x

E
[W

2] /
 E

[W
2|n

o 
co

rr
el

at
io

n]

Normalized Expected Waiting Time at Q2 in Exh/Gated

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)
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Normalized Expected Waiting Time at Q1 in Exh/Exh

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)
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Normalized Expected Waiting Time at Q1 in Exh/Gated

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)
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Normalized Expected Waiting Time at Q2 in Exh/Gated

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)

½�p��mnYti[��Zg ��� �	( �
3H� ��� 2����� 3�����! P�#� 6���$�� 2	�	�%� & 6�(���)%&MUWVY[§[�¸f}�[jk×gi[j~-¡§rwp�gup�oY�xgip�Z\[�~fp��dpq~f[j~-�Ec�giVY[

[�¸d}�[Ck×gu[C~\¡§rmp¤gip�o���gip�Z©[1¡�p�guV9nYoTk�lmtitu[j��rwgu[C~©eu¡�p¤g�kiV�l®�m[jt0gup�Z\[jej°�UWV�[1~fp�º;[�ti[�oGg¨��p�oY[je¨k�lmtiti[jeu}�lmo�~#gul
~fp�º;[�ti[�oGg+eu¡�p¤g�kiV�l®�m[jt¨gup�Z\[�~fpqehgitup��Ynfgip�lGo�e�¹Yrw���;¡�p�guV¶Z\[jrmo

vi = 3
° R1[�ti[

x := x1 = x2
~Y[�gu[jtuZ\p�oY[je

giVY[���[j�m[��"l ¯ k�lmtitu[��qrOgip�lmo"¹dguVY[jtu[�pqe+oYl9k�tilGeie�k�lGtuti[��qrOgip�lmoÀ¹fguVY[#eu[�ti�Epqk�[�gup�Z\[je1rwti[�[�¸d}�lGoY[�oEgupqrw�²¹�rmo�~
λi = 0.4

°�UWVY[§gilm}-¬��mn�tu[je�rmtu[§¡�p�guV\Z©[Crwo\e�[jtu�dpqk�[¨gup�Z©[Ce
bi = 0.4

ª
ρ = 0.32

	¡�VY[jtu[Crme	guVY[+e�[Ck�lGo�~
til®¡ l ¯ ¬T�mnYti[je1rmtu[�n�o�~f[�t�VY[jr®�dc�git�r	U9k�¡�p�guV

bi = 1.2
ª
ρ = 0.96

�°xUWV�[�¬�t�ehg�k�lm��nYZ\o�l ¯ ¬��GnYtu[Ce
k�lmtitu[jeu}�lmo�~�gul¥guVY[9[�¸fV�rwnTehgip��m[	`®[�¸fV�rmn�ehgip��m[©eucfehgi[�Z¥¹"¡�VY[�ti[jrGexgiVY[9eu[jk�lmo�~ËrwoT~«guV�p�t�~Ëk�lm��nYZ\oËl ¯
¬��GnYtu[Ce+euVYl®¡ giVY[�oYlGtuZ rm��p���[C~�¡§rmp¤gip�oY�\gip�Z\[je ¯ lmtC¹�tu[Ce�}�[Ck×gip��m[j��cG¹fgiVY[�[�¸fV�rwn�e�gup��m[��EnY[jnY[�ª O G®Wrmo�~
giVY[��GrOgi[j~¶�EnY[�nY[9ª O��G¨p�o¶guV�[�[�¸fV�rwn�e�gup��m[�`O�GrOgi[j~�eucfehgi[�Z¥°
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UWVYpqe§��[Crm~Ye¨gul#giVY[�k�lmo�~fp�gup�lmo
vi = ε̄i

1−xi

°MUWVY[�e�[Ck�lGo�~ Z\lGZ©[joGgWl ¯ guV�[�e�¡�p�gik�VYlO�m[�t¨gup�Z\[je§pqe ¯ lGnYo�~
�dc g�rwÃdp�oY�©guVY[�[�¸f}�[Ck×girwgup�lmo¶l®�G[�t§giVY[�eu�En�rmtu[�l ¯ ª>�G�G×° L1lGp�oY�©giVYpqe�}YtulY~fn�k�[Ce

IE[V 2
n+1,i] =IE[F2

n,i(Vn,i)] + IE[E2
n,i] + 2IE[Fn,i(Vn,i) · En,i] = x

(2)
i v

(2)
i + yivi + ε

(2)
i + 2xiviε̄i.

adp�o�k�[G¹Y�Ec�~f[�¬�oYp�gup�lmoÀ¹
IE[V 2

n+1,i]
rm��eul©[j�En�rm��e

v
(2)
i

¹Y¡¨[�V�rC�m[

v
(2)
i =

ε
(2)
i + (yi + 2xiε̄i)vi

1 − x
(2)
i

.

UWVdn�e"¡¨[¨e�[j[0giV�rOg"giVY[�ti[{[�¸fp�e�gie	r
En,i

¡�VYp�k�V��m[joY[�t�rOgi[jeÀr1e�[C�Gn�[�o�k�[
Vn,i

¡�p¤giV#rwti�Yp�gut�rwtucxk�lmtitu[j��rOgip�lGo
rmo�~¶rwodc�~f[jeup�tu[C~��wrw��nY[jeWl ¯

vi
rwoT~

v
(2)
i

°{afp�Z\p���rmtu��cm¹fp�g+pqeW[Crmeuc\gil euVYl®¡QguV�rwg

IE[V0,iVn,i] =xn
i v

(2)
i +

1 − xn
i

1 − xi
ε̄ivi.

UWVYpqe��mp��m[je§guVY[�k�lO�Ormtupqrwo�k�[ ¯ nYo�k×gip�lmo�e

ci(j) =IE[V0,iVj,i] − IE[V0,i]IE[Vj,i] = xj
iv

(2)
i +

1 − xj
i

1 − xi
ε̄ivi − vi

(

xj
ivi +

1 − xj
i

1 − xi
ε̄i

)

= xj
i δ

2
i

¡�VYpqk�VSrwti[�k�lmZ\}Y��[�gi[���c»pq~f[�oEgupqk�rm�¨gul¾ª±�m�E �»UWVYpqe-Z\[Crwo�e#guVTrOg©p ¯ giVY[�¬�tie�g-gh¡¨l�Z©lGZ\[�oGg�e-l ¯ giVY[
eu¡�p¤g�kiV�l®�m[jt�gup�Z©[Ce-rmtu[9Ãm[j}fg#¬�¸d[C~�¡�VYp���[��wrwticdp�oY�

x ∈ [0, 1)
¹�guV�rwg#giVY[�[�¸f}�[jk×gi[j~�¡§rmp¤gip�oY�Bgip�Z\[Ce

rmtu[9lmo�k�[�rw�Grmp�o»�Gp��G[�o��Ec¿ª²�w�G�rwo�~¢ª²�m�G�¡�p�guV
C
¹
C1
¹0rmo�~

C2
rGe��mp��m[�o�p�o�guVY[9¬�t�e�g#[�¸YrmZ©}���[G°

½�nYt�giVY[�tiZ\lmti[m¹EgiVY[�k�lGo�k���n�eup�lGo�e§l ¯ guVY[�¬�t�e�g�[�¸YrwZ\}Y��[�rw�qeul©VYlm�q~�VY[jtu[m°
y1e�r©e�}�[Ck�pqrw�³k�rGe�[�l ¯ ª±�G�G{¡¨[�kjrwo�girmÃm[

Vn+1,i = xiVn + εn,i
¡�V�[�ti[

xi ∈ [0, 1)
p�e�r©k�lGo�ehg�rwoEg

rmo�~
εn,i

p�e+r©}�lGeup¤gip��m[�eu[j�EnY[jo�k�[�l ¯ p²° p±° ~³°0�wrwtip�rm�Y��[jej°

��� � ��� ���� � � � � 	 � �!
������ � � � � ��� � � � � � � � ��� �

ad[�g
Vn,2 = Vn,1

°WUWVYpqe+p�oGgutilf~fnTk�[je1k�tilGeiehÁ¦k�lmtutu[��qrOgup�lmo¶��[�gh¡¨[�[jo¥guVY[�gh¡¨l9eu[j�EnY[jo�k�[Ce�l ¯ eu¡�p¤g�kiVYlO�m[�t
gip�Z\[je1rwo�~¶p�g1�mp��m[je

v2 = v1
rmo�~

δ22 = δ21
° I¦oBrG~Y~fp�gup�lmo¶gul\giVYp�e+��[�g

Vn+1,1 = xVn,1 + (1 − x)εn,1vhn�e�g1rmeWp�o¶guVY[�¬�t�ehg+[�¸YrwZ\}Y��[m°M½YtilmZ ª±�m�G§¡¨[�V�r®�m[
c1(j) = xjδ21

r ¯ gu[jt�¡�VYpqkiV

c2(j) =IE[V0,2Vn,2] − IE[V0,2]IE[Vn,2] = IE[V0,1Vn,1] − IE[V0,1]IE[Vn,1] = c1(j) = xjδ21

c12(j) =IE[V0,1Vn,2] − IE[V0,1]IE[Vn,2] = IE[V0,1Vn,1] − IE[V0,1]IE[Vn,1] = c1(j) = xjδ21

c12(−j) =IE[V0,2Vn,1] − IE[V0,2]IE[Vn,1] = IE[V0,1Vn,1] − IE[V0,1]IE[Vn,1] = c1(j) = xjδ21
p�Z\Z©[C~fpqrOgu[j��c ¯ lG����lO¡�°0UWVYpqeWZ\[jrmo�e§giV�rOg#ª

i = 1, 2


∞
∑

j=1

ci(j)α
j =

∞
∑

j=1

c12(j)α
j =

∞
∑

j=1

c12(−j)α
j =

αxδ21
1 − αx

ë	ë&Øihj�k�l�m
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kjrwo rw������[�}Y��nY�G�m[j~£p�oEgul¿UWVY[�lmti[�Z ��° �Seul guV�rwg�giVY[Ë[�¸f}�[jk�gu[j~Q¡§rwp�gup�oY� gup�Z\[�p�o£giVY[Ë[�¸fV�rmn�ehÁ
gip��m[	`®[�¸fV�rmn�e�gup��m[�e�cfe�gu[�Z pqeW�Gp��m[jo��dc�ª±�w�E¨¡�p¤giV

C =
αxδ21

1 − αx

(

1−ρ2(1−α)

αx
+ 2 +

(1 − ρ)2

ρ1(1 − ρ1)
+

1 − ρ2

ρ1

)

,

ψ := 1−ρ1

2v1(1−ρ+2ρ1ρ2)

¹�rmo�~
α = ρ1ρ2

(1−ρ1)(1−ρ2)

°

zM�EnYp��wrw��[�oEgu��cm¹�guVY[�[�¸f}�[jk×gi[j~�¡§rwp�gup�oY�Bgip�Z\[je#p�o�guVY[�[�¸fV�rwn�e�gup��m[�`O�GrOgi[j~Ëeucfe�gu[�Z rwti[ �Gp��m[jo»�dc
ª²�m�m¨¡�p�guV

C1 =
γxδ21
1−γx

(

2+
ρ2(1−ρ)

1−ρ1

)

(1−ρ)+
ρ2(1−ρ1(2−ρ))

(1−ρ1)2
δ21 ,

C2 =
γxδ21

1 − γx

(

1 +
1 − ρ1(2 − ρ)

ρ2

)

(1 − ρ) + 2ρδ21 .

U"lB�m[�g�r ¯ [�[j��p�oY�Bl ¯ giVY[ p�Z\}�rmk�g�l ¯ guV�[9k�tulEeue�k�lmtiti[��qrOgup�lmoÀ¹³giVY[ [�¸d}�[Ck×gi[j~Ë¡§rwp�gup�oY�¥gup�Z\[je#rwti[
}Y��lwgugu[C~�p�o¾½	p��GnYtu[¶� ¯ lGt-�wrwtip�lGn�e#eu¡�p¤g�kiV�l®�m[jt#gup�Z©[¥~fpqehgitup��Ynfgip�lmo�e©rwoT~»gitirU9k9��lGrm~�e�°�adVYlO¡�o p�o
[Crmk�VËl ¯ guVY[ ¬��GnYtu[Ce�pqe�giVY[9[�¸f}�[jk�gu[C~Ë¡§rmp¤gip�oY�¥gip�Z\[�~fp��dp�~f[C~Ë�dc«guVY[9[�¸d}�[Ck×gi[j~Ë¡§rmp¤gip�o��¥gup�Z©[ ¯ lGt
nYo�k�lmtitu[j��rwgu[C~¥e�[C�Gn�[�o�k�[je+l ¯ eu¡�p�gik�VYl®�m[jt+gup�Z©[Ce�°xUWVY[jtu[-rwti[�s�lmpqeueulmo�rmtutip��Orw�qeW¡�p�guV

λi = 0.4
°xUWVY[

¬�t�e�g�gh¡¨l¶Z\lGZ©[joGg�e�l ¯ giVY[ eu¡�p¤g�kiV�l®�m[jtxgip�Z\[je�rwti[©rm��¡§r®cfexÃm[j}fg�¬Y¸f[j~¾ªð¬�t�e�g�Z\lGZ©[joGg ¯ lGt�[jrGkiV�l ¯
giVY[\eu¡�p¤g�kiV�l®�m[jtxgup�Z©[ ~fpqehgitup��Ynfgip�lmo�e�pqex¬Y¸f[j~�rOg

vi = 3
�rwoT~BgiVY[\eu[�ti�dp�k�[�gip�Z©[Ce�rmtu[#g�rwÃm[�o«gul¶��[

[�¸d}�lGoY[�oEgupqrw�³¡�p�guV
bi = 0.4

lmt
bi = 1.2

°
aEgutip�Ãdp�oY�Ëpqe©guV�[¥p�Z\}�rmk×g9l ¯ guVY[�k�tilGeie©k�lGtuti[��qrOgip�lmo lmoSguVY[B¡§rwp�gip�oY�Ëgup�Z\[jej°¿½�lmt\[�¸YrwZ\}Y��[m¹¨p ¯

giVY[�ti[�pqe�oYl k�lGtuti[��qrOgip�lmo¿¡�p�guVYp�o£[jrGkiV£eu[j�EnY[jo�k�[�l ¯ eu¡�p¤g�kiVYlO�m[�t9gup�Z\[je�ª
x = 0

×¹�giVY[�o¢giVY[�ti[�pqe
e�gup�����rmoBp�o�k�ti[jrmeu[�p�oBguVY[#[�¸d}�[Ck×gi[j~¥¡Wrwp�gup�oY� gup�Z\[-~fnY[�gil guV�[-k�tilGeiehÁ¦k�lmtutu[��qrOgup�lmoÀ°W½�lmt+giVY[#[�¸fV�rmn�ehÁ
gip��m[	`®[�¸fV�rmn�e�gup��m[Be�cfe�gu[�Z guVYpqe9p�o�k�ti[jrGe�[¥pqe

(1 − ρ2(1 − α))ψδ21
rmo�~ ¯ lmt giVY[�[�¸fV�rmn�ehgip��G[�`®�ErOgu[j~

eucfehgi[�Z guV�p�e¨p�oTk�ti[jrmeu[+p�e{�Gp��m[jo �Ec ρ2(1−ρ1(2−ρ))
(1−ρ1)2

δ21
rwoT~

2ρδ21
¯ lmtC¹Etu[jeu}�[jk�gup��m[���cm¹mgiVY[1[�¸fV�rwn�e�gup��m[1rmo�~

giVY[��ErOgu[C~¥�EnY[�nY[G°W½YlGt+[�¸f}�lGoY[�oEgupqrw����c¶~fpqehgitup��Ynfgi[j~Beu¡�p¤g�kiV�l®�m[jtWgip�Z\[Ce�guV�p�exk�rmo¥Z\[jrwo�rwoBp�oTk�tu[Crmeu[
l ¯ gi[�o�e�l ¯ }�[�t�k�[joGg�exp�o�giVY[©[�¸f}�[jk�gu[j~�¡Wrwp�gup�oY��gup�Z©[G° M [Ce�pq~f[je1giVYp�ej¹Àrw����l ¯ guV�[©k�lmo�k���n�eup�lmo�e1Z rm~Y[
p�o9guVY[x¬�t�ehg§[�¸YrwZ\}Y��[xrm��eul#VYlm�q~ V�[�ti[m¹E¡�p�guV�guVY[�[�¸Yk�[�}Ygup�lmo giV�rOg§guVY[�p�oTk�ti[jrmeu[+p�o�[�¸f}�[Ck×gu[C~ ¡Wrwp�gup�oY�
gip�Z\[�k�rmo¶nY}�gil r ¯ rGk×gulGt+�Y°

����� ��� ���� � � � � � � � ��� � � � � � � � � ��� � � � ��
�� 	 ��� � � � � � �� � � � ��� � 
����
yxe§r#��rGehg§[�¸YrmZ©}���[�k�lGo�e�pq~f[jt{guVY[�k�rGe�[1¡�V�[�ti[+guV�[1gh¡¨l©eu[j�EnY[�oTk�[je¨l ¯ e�¡�p�g�kiVYlO�m[�t{gip�Z\[Ce§k�lmZ\[ ¯ tilmZ
r\eup�o��m��[�eu[j�EnY[jo�k�[cg

Yn+1 =xYn + (1 − x)εn,
Vn,1 := Y2n

Vn,2 := Y2n+1.

ª>�m�E

R1[�ti[
Yn
pqe+r\e�girwgup�lmo�rmtuc9[�ti�mlY~fp�k�e�[C�EnY[�o�k�[m¹

IE[εn] = ε
¹Trmo�~

IE[ε2n] = ε(2)
° I¦o¶guV�p�e1k�rGe�[�giVY[�ti[�p�e

r#��rmtu�G[1k�lGtuti[��qrOgip�lmo ��[�gh¡¨[j[�o9giVY[1gh¡¨l©eu[j�EnY[�oTk�[jej¹E�YnfgWp�g§pqe¨oYlwg�rme¨e�gutilmo��#rme¨p�o�[�¸YrwZ\}Y��[x��°M^xoTk�[

ïðí�ëÀï��
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Normalized Expected Waiting Time at Q1 in Exh/Exh

V
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∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)
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∼ Poisson(3)

V
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∼ Gamma(5,3/5)
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Normalized Expected Waiting Time at Q1 in Exh/Gated

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)

0 0.2 0.4 0.6 0.8 1
1

1.2

1.4

1.6

1.8

2

2.2

2.4

x

E
[W

2] /
 E

[W
2|n

o 
co

rr
el

at
io

n]

Normalized Expected Waiting Time at Q2 in Exh/Gated

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)
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Normalized Expected Waiting Time at Q1 in Exh/Exh

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)
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Normalized Expected Waiting Time at Q1 in Exh/Gated

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)
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Normalized Expected Waiting Time at Q2 in Exh/Gated

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)

½�p��mnYti[��Ag � � �( �
3�� � �  c� 8#� 6�$!�43?�#� 6���$�� 2	�	�%� & 6�(f�%)%&§UWVY[�[�¸f}�[Ck×gu[C~¶¡§rwp�gup�oY�©gip�Z\[#~fp��dpq~f[j~¥�Ec9giVY[

[�¸d}�[Ck×gu[C~B¡§rmp¤gip�oY�9gup�Z©[©p ¯ guVY[jtu[-¡¨lmn���~B��[-oYl�k�lmtitu[j��rwgup�lmo¥��[�gh¡¨[j[�o�guVY[©eu¡�p¤g�kiV�l®�m[jt+gup�Z\[jej°�UWVY[
~fp�º;[�ti[�oGgx��p�oY[Ce1k�lGtuti[jeu}�lmo�~�gil9~Yp¤º;[�ti[�oEgxeu¡�p�gik�VYl®�m[jt�gup�Z\[#~fpqe�gutip��YnYgup�lmo�ej° R1[�ti[

x
~f[�gu[�tiZ\p�o�[je�giVY[

��[��m[j�Àl ¯ k�lGtuti[��qrOgip�lmo"¹Yk�tilGeie�k�lGtuti[��qrOgip�lmo¶pqe�p�oGgitulY~fn�k�[C~¶�Ec¥e�[�g�gup�oY�
Vn,2 = Vn,1

¹YguV�[#e�[jtu�dpqk�[�gup�Z\[je
rmtu[¥[�¸f}�lmoY[joGgip�rm�±¹Wrwo�~

λi = 0.4
°QUWVY[¥¬��mn�tu[Ce©p�o¾guV�[¥¬�t�ehg9tulO¡&rmtu[¥¡�p¤giV¿Z\[jrwo¢e�[jtu�dpqk�[¶gup�Z\[

bi = 0.4
ª
ρ = 0.32

WrwoT~�giVY[�¬��GnYtu[CeWlmo�giVY[���lwgugulGZ tulO¡ rmtu[�nYo�~Y[�t+VY[jr®�dc gitirU k�¡�p¤giV
bi = 1.2ª

ρ = 0.96
×°�UWVY[�¬Ttie�g\k�lm��nYZ\o l ¯ ¬��mnYti[je-k�lmtitu[Ce�}�lmo�~Ëgil«guVY[¶[�¸fV�rmn�ehgip��m[	`®[�¸dVTrwn�e�gup��m[9eucfehgi[�Z¥¹

¡�VY[jtu[Crme\giVY[�eu[jk�lmo�~¢rwoT~¾guVYp�t�~¢k�lm��nYZ\o¢l ¯ ¬��mn�tu[Ce9euVYlO¡&giVY[«oYlGtuZ rw��p���[j~¿¡§rwp�gup�oY��gip�Z\[Ce ¯ lmtC¹
ti[jeu}�[jk×gip��G[���cm¹�guVY[-[�¸fV�rwnTehgip��m[#�EnY[jnY[�ª O GC+rwo�~¥guV�[#�Grwgu[C~B�Gn�[�nY[�ª O��GWp�oBguVY[-[�¸fV�rmn�ehgip��G[�`®�ErOgu[j~
eucfehgi[�Z¥°

ë	ë&Øihj�k�l�m
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rm�Grwp�oË¡¨[ ¡�p����¨~f[jtup��m[ rmoË[�¸f}Y��pqk�p�g#[�¸f}Yti[jeie�p�lmo ¯ lGt�guVY[9[�¸d}�[Ck×gu[C~Ë¡§rmp¤gip�oY�¥gip�Z\[jej°¶zM�En�rOgip�lGo¢ª>�m�E
kjrwo¶��[�ti[�¡�tip�g�gu[jo¶rGe

Vn,1 =xVn−1,2 + (1 − x)ε2n

Vn,2 =xVn,1 + (1 − x)ε2n+1.

IÂgi[�t�rOgup�oY�©g¦¡�pqk�[��mp��m[je

Vn,1 =x2Vn−1,1 + (1 − x)
(

xε2n−1 + ε2n

)

Vn,2 =x2Vn−1,2 + (1 − x)
(

xε2n + ε2n+1

)

,

rmo�~�p¤gi[�t�rOgip�oY� r ¯ [�¡@Z\lmti[xgip�Z\[je+euVYlO¡+e¨giV�rOg

Vn,1 =x2nV0,1 +

n−1
∑

k=0

(

xε2(n−k)−1 + ε2(n−k)

)

x2k

Vn,2 =x2nV0,2 +
n−1
∑

k=0

(

xε2(n−k) + ε2(n−k)+1

)

x2k.

U�rwÃdp�oY�-giVY[�[�¸f}�[jk�girOgip�lGo�lO�m[�tWguVYpqe��mp��m[je

IE[Vn,i] =x2nvi +
1 − x2n

1 − x
ε, i = 1, 2,

¡�VYpqk�VB¡�p�guVBguVY[-e�girOgip�lGo�rwtip�g¦c��Gp��m[Ce
vi = ε

°�UWVYpqe+�qrme�g1ti[je�n��¤gxkjrwoB��[��m[joY[�t�rw��p���[j~�gul�eirCcdp�oY�\guVTrOg
rm���Ml ¯ giVY[ Z\lGZ©[joGg�e�l ¯

Vn,1
rwo�~

Vn,2
rmtu[\[C�En�rw�0gulB[Crmk�VËlwgiVY[�tC¹"p�o»}�rmt�gip�k�nY�qrwtC¹

δ21 = δ22
°�UWV�p�e

¯ lG����l®¡+e ¯ tilmZ%guVY[�e�girwgup�lmo�rmtup�g¦c9l ¯
Yn
¹Yp²° [G°

IE[V k
n,2] = IE[Y k

2n+1] = IE[Y k
2n] = IE[V k

n,1]
°

UWVY[�k�lO�Ormtupqrwo�k�[ ¯ nYo�k×gip�lGo�e+k�rmo¶��[�~f[jtup��m[j~�p�o�giVY[�eurmZ©[�¡§r®c�rGeWp�o¶guVY[�}Yti[��dp�lmn�eW[�¸YrwZ\}Y��[jej¹

c1(j) =IE[V0,1Vj,1] − IE[V0,1]IE[Vj,1] = x2j
(

IE[V 2
0,1] − IE[V0,1]

2
)

= x2jδ21 .
ª>�w�d

I¦o r«eup�Z\p���rmt#Z rwo�oY[�t-p¤g\kjrwo���[�~f[�tip��m[j~»guV�rwg
c2(j) = x2jδ22 = x2jδ21

°�UWVY[¶k�tulEeue#k�l®�Ormtupqrwo�k�[
¯ nYo�k�gup�lmo ¯ lGt

j ∈ N
pqe

c12(j) =IE[V0,1Vj,2] − IE[V0,1]IE[Vj,2]

=IE
[

V0,1

(

xVj,1 + (1 − x)ε2j+1

)]

+ IE
[

V0,1]IE
[

xVj,1 + (1 − x)ε2j+1

]

=xIE
[

V 2
0,1] + xIE

[

V0,1]IE[Vj,1] = xc1(j) = x2j+1δ21 .
ª>�G�G

adp�Z\p��qrwti��cm¹

c12(−j) =IE[V−j,2V0,1] − IE[V−j,2]IE[V0,1] = IE[V0,2Vj,1] − IE[V0,2]IE[Vj,1]

=IE[V0,2 ·
(

xVj−1,2 + (1 − x)ε2n

)

] − IE[V0,2]IE
[

xVj−1,2 + (1 − x)ε2n

]

=xc2(j−1) = x2j−1δ21
ª>�m�E

ïðí�ëÀï��
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s0nYg�gup�oY�¥giVY[jeu[\[�¸f}Yti[jeie�p�lGo�e ¯ lmt�guVY[9k�lO�Ormtupqrwo�k�[ ¯ nYoTk×gup�lmoTe�p�oGgil�ª G0JG1gu[����qe�n�e�giV�rOg�guVY[ [�¸f}�[jk�gu[C~
¡§rmp¤gip�o��\gip�Z\[ ¯ lmtxr9k�n�ehgilmZ\[�txrwtitip��dp�oY� rOg+giVY[�¬�t�ehgx�EnY[jnY[�l ¯ rmoB[�¸fV�rwn�e�gup��m[	`®[�¸fV�rmn�ehgip��m[�e�cfe�gu[�Z
pqeW�Gp��m[jo��dc�ª±�w�E¨¡�VY[jtu[

ψ := 1−ρ1

R(1−ρ+2ρ1ρ2)

¹
α = ρ1ρ2

(1−ρ1)(1−ρ2)

¹�rwo�~

C =

(

1−ρ2(1−α)

αx
+ 2+

(1 − ρ)2

ρ1(1 − ρ1)
+

1 − ρ2

xρ1

)

αx2δ21
1 − αx2

.
ª>� ^m

adp�Z\p���rmtu��cG¹Tp�oBgiVY[-[�¸fV�rwnTehgip��m[	`®�GrOgi[j~¥eucfehgi[�Z&giVY[#[�¸d}�[Ck×gi[j~B¡§rwp�gup�oY�9gup�Z\[je ¯ lG����lO¡ �Ec¥}Ynfg�gip�oY�
ª±�w�E¦Á�ª±�m�Exp�oGgil�UWV�[�lmti[�Z ��° ��°¶UWVYpqe���[jrm~�e�gulBguV�[9[�¸f}�[Ck×gu[C~Ë¡Wrwp�gup�oY�¥gip�Z\[���[�p�oY�B�Gp��m[jo»�Ec¿ª±�m�G
¡�p�guV

γ = ρ2

1−ρ1

rmo�~

C1 =
γx2δ21

1 − γx2

(

ρ+
1

x

)(

x+ 1 +
ρ2(1 − ρ)

1 − ρ1

)

+
ρ2(1 − ρ1(2 − ρ))

(1 − ρ1)2
xδ21

ª>�G�mrG

C2 =
γx2δ21

1 − γx2

(

p+
1

x

)(

x+
1 − ρ1(2 − ρ)

ρ2

)

+ 2ρxδ21
ª±�m�w��

UWVY[�¡§rmp¤gip�oY�©gip�Z\[Ce+rGe+r ¯ n�o�k×gip�lGo¥l ¯
x
rwo�~ ¯ lGt1~fp¤º;[�ti[�oEgxe�¡�p�gik�VYlO�m[�tWgip�Z\[#~fpqehgitup��Ynfgip�lGo�e+k�rmo

��[�e�[j[�o�p�o¶½�p��mnYti[���° LxnY[�gul©guVY[�e�gitulGoY�©e�p�Z\p��qrwtip�gup�[je¨guVY[�eirwZ\[�k�lGo�k���n�eup�lGo�e§k�rmo���[�Z rG~f[�rme ¯ lGt
giVY[�¬�t�e�g�[�¸frmZ\}Y��[Ce�¹Y¡�p¤giV¶giVY[�[�¸fk�[�}fgip�lGo�giV�rOg+p�o¶guV�p�e1k�rGe�[�guV�[�p�o�k�ti[jrGe�[�p�e�oYlmg+[�oEgup�tu[j��c���p�o�[jrwt+p�o
x
¯ lGt+e�cfe�gu[�Z eW¡�p�guVBr©��l®¡Qgut�r	U9k���lGrm~À°

� (*�#��/§� ��6	���#��6

·Ë[�V�r®�m[+ehgin�~fp�[j~-giVY[+}�[�t ¯ lmtiZ\rmo�k�[Wl ¯ rw��gu[jtuo�rwgup�oY�mÁ²}Ytip�lmtup�ghc��EnY[jnY[je0¡�p�guV �m[�tic�¡¨[CrwÃ-rmeie�nYZ\}fgip�lmo�e
lGoBgiVY[\e�¡�p�gik�VYlO�m[�t1gip�Z\[\eu[j�EnY[�o�k�[jej´³rm����¡§[©rmeieunYZ\[#pqe1guV�rwg�guVY[Ce�[©eu[j�EnY[jo�k�[Cexrmtu[-e�girwgup�lmo�rmtuc¶[jt�Á
�Glf~fpqkw°_I¦o�eu}Yp�gu[xl ¯ giVYpqe¨�m[joY[�t�rw��p¤ghc-¡§[1¡¨[jtu[xrw����[+gil-~f[jtup��m[1[�¸f}Y��p�k�p¤g§[�¸d}�tu[Ceueup�lGo�e ¯ lmt{giVY[x[�¸f}�[jk�gu[C~
¡§rmp¤gip�o��Bgup�Z\[je-rmo�~»odnYZ#��[�t-l ¯ k�n�e�gulGZ\[�t�e�p�o�[jrGkiV��EnY[jnY[m°«UWVY[�[�¸f}Yti[jeie�p�lmo�e�lG�fgirmp�o�[j~»p�oE�mlm���m[
giVY[-¡¨[�p��mVEgu[C~�eunYZ�l ¯ rw����k�lGtuti[��qrOgip�lmoTe�¡�VY[jtu[�giVY[-¡¨[jp��GVGgie�~f[jk�tu[Crmeu[�[�¸f}�lmoY[joGgip�rm����c ¯ rme�gxgul���[�til�°
·¢p�guV�guVY[�VY[���}�l ¯ lmnYt¨[�¸f}Y��pqk�p�g§[�¸d}�tu[Ceueup�lGo�ej¹m¡¨[�e�gun�~Yp�[C~9oEnYZ\[�tipqk�rw����c-giVY[xtilm��[+l ¯ k�lmtitu[j��rOgip�lGo rmo�~
�ErC�m[�[�¸frmZ\}Y��[Ce�¡�VY[�ti[�guVY[jc¶rm~Y~¥nY}¥gul �E�m��� gul guVY[�[�¸d}�[Ck×gi[j~¶¡Wrwp�gup�oY�\gup�Z\[jej°§UWVYpqe�V�rGe�p�Z\}�lGt�Á
g�rwoGg1p�Z\}Y��p�kjrOgip�lGo�e ¯ lGt#ª>rG~dÁÂVYlfkj§o�[�gh¡¨lmtiÃfeW¡�VY[jtu[#r k�lGZ\Z©lGoBk�lmZ\Z#nYo�p�kjrOgup�lmoBk�V�rmoYoY[��"pqe1e�V�rmtu[C~
rmZ©lGoY�Ge�gWr©oEnYZ#��[�t�l ¯ n�eu[�t�eWrwo�~�guVY[�odnYZ#��[�t�l ¯ n�eu[�t�e§��[�gh¡¨[�[jo¶k�lmo�eu[jk�nfgup��m[�~YrOg�r#gut�rwoTe ¯ [jtieWrwti[
k�lmtitu[��qrOgi[j~³°

�%/�� ���+$&����,¶���+4 �+�#��6

UWVYpqeW¡§lmtiÃ ¡§rGe§}Trwtugu��c ¯ nYo�~f[C~¶�Ec9giVY[�z S1|+^�� %]IW�+[�g¦¡§lmtiÃ9l ¯ z�¸Yk�[j����[�oTk�[m°MUWVY[�rwnYguVYlGtie§¡§lmnY�q~
��p�Ãm[0gul�guV�rmoYÃ]S+tip��M[CkiVYpqrw��p ¯ lmtÀ}Ytildl ¯ tu[Crm~fp�oY�¨guVY[MlGtup��mp�o�rm�®Z rmoEn�eik�tip�}Yg"rme³¡¨[j���GrmeEL�rwo�p�[j��[¨_¥p�lmt�rwo�~fp
¯ lGt�VYp�e+~fpqeuk�n�eie�p�lmo�eWlmo¶}�lG����p�o��\eucfehgi[�Z ej°

ë	ë&Øihj�k�l�m
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Normalized Expected Waiting Time at Q1in Exh/Exh

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)
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Normalized Expected Waiting Time at Q1 in Exh/Gated

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)

0 0.2 0.4 0.6 0.8 1
1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

x

E
[W

2] /
 E

[W
2|n

o 
co

rr
el

at
io

n]

Normalized Expected Waiting Time at Q2 in Exh/Gated

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)
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Normalized Expected Waiting Time at Q1 in Exh/Exh

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)

0 0.2 0.4 0.6 0.8 1
1

1.5

2

2.5

3

3.5

4

4.5

5

x

E
[W

1] /
 E

[W
1|n

o 
co

rr
el

at
io

n]

Normalized Expected Waiting Time at Q1 in Exh/Gated

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)
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Normalized Expected Waiting Time at Q2 in Exh/Gated

V
i
∼ LogNorm(0,ln(3))

V
i
∼ exp(1/3)

V
i
∼ Poisson(3)

V
i
∼ Gamma(5,3/5)

½�p��mnYti[©�hg ��� 6���$%� 2����� & 6�(f�%) �!�"2( ���Z�f���(f����� "$�h��8�$!�)&\UWVY[\[�¸f}�[Ck×gu[C~�¡§rwp�gup�oY��gip�Z\[ ~Yp��dpq~f[j~
�dc-guV�[1[�¸f}�[Ck×gu[C~ ¡§rwp�gup�oY��gup�Z©[xp ¯ guV�[�tu[1¡¨lGnY�q~\��[1o�l#k�lmtitu[j��rwgup�lmo©��[�g¦¡§[�[�o9guVY[�e�¡�p�gik�VYlO�m[�tMgup�Z\[jej°
UWVY[�~fp�º�[jtu[�oEg���p�oY[CeWk�lGtuti[jeu}�lmo�~\gil\~fp�º�[jtu[joGg+eu¡�p¤g�kiVYlO�m[�t§gup�Z\[�~Yp�e�gutip���nfgup�lmo�ej° R1[�tu[

x
~Y[�gu[jtuZ\p�oY[je

giVY[ ��[��m[j�Ml ¯ k�lGtuti[��qrOgip�lmo"¹"k�tilGeie�k�lmtitu[j��rOgip�lGo«pqe�p�oGgitulY~fn�k×gi[j~ËV�r®�dp�oY�¥guVY[�eu¡�p¤g�kiVYlO�m[�t�gip�Z\[Ce�k�lmZ\[
¯ tilmZ guVY[�eirwZ\[�eu[j�EnY[�oTk�[m¹dguVY[�eu[�ti�dpqk�[1gip�Z\[je�rmtu[�[�¸f}�lmo�[�oGgip�rm�±¹Yrwo�~

λi = 0.4
°0UWV�[x¬��GnYti[je§p�o�guV�[

¬�t�e�g+tulO¡@rwti[�¡�p�guVBZ©[CrwoBeu[�ti�dp�k�[�gup�Z©[
bi = 0.4

ª
ρ = 0.32

�rwoT~�guVY[�¬��GnYtu[CeWlGo�giVY[���lwgugulmZ&til®¡
rmtu[�nYo�~Y[�txVY[CrC�dc�git�r	U9k�¡�p�guV

bi = 1.2
ª
ρ = 0.96

×°xUWVY[�¬Ttie�g�k�lm��nYZ\o�l ¯ ¬��mnYti[jexk�lmtiti[je�}�lmoT~�gil
giVY[x[�¸fV�rwnTehgip��m[	`®[�¸dVTrwn�ehgip��m[+eucde�gu[jZ¥¹E¡�VY[�ti[jrmeMguVY[�eu[jk�lmo�~9rwoT~\guVYp�ti~�k�lG��n�Z©o�l ¯ ¬��GnYtu[Ce{euVYlO¡¾giVY[
oYlGtuZ rm��p���[C~¶¡§rwp�gup�oY� gup�Z\[je ¯ lGtj¹Tti[jeu}�[jk×gip��m[j��cG¹YgiVY[#[�¸fV�rmn�ehgip��m[#�EnY[jnY[�ª�O GC�rmo�~¶guV�[#�GrOgi[j~B�EnY[�nY[
ª�O��m¨p�o�giVY[�[�¸fV�rmn�ehgip��m[	`®�ErOgu[j~�e�cfe�gu[jZ¶°

ïðí�ëÀï��
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� ��
��\���¿���¿2*'�����
��+4 ��� ���

UWVY[{}Ytulfl ¯ l ¯ UWVY[�lGtu[jZ ��° �W¡�p����mZ rmÃm[0n�eu[0guV�[ ¯ lG����l®¡�p�oY����[�Z\Z r � �Y¹®s0tilm}�lEe�p�gup�lGo�e³��° �+rwo�~��Y° �AG ���HGj�d¹
}À°Ñ�JE�-rwo�~�}"° ��JG�
�
� Å � �»��� ��*	� �b�%�

X1, X2, . . .
+ ���T)����	��6 248����� �48� ��� 9/20 46�$

�
�"20$ �%) )

�
�48� 

φ(x)
+ ��� 2	����3N(f�!�	


).�Z��� + 3��
�
��� ��8 ���Z�

�
�"2/$ �%)!)

B1, B2, . . .
 c�  08��! ,+%�

Bn = φ(Xn, Xn+1, . . .)
6 ) )����	��6 248�����T��� 9:2/ 46�$)&

½�p�tie�g¥l ¯ rw����oYlwgi[�guV�rwg
An(y)

rmo�~
Bn

rmtu[�oYlGoYoY[��ErOgip��m[¾ª±k�lmZ\}�lmo�[�oGgh¡�pqe�[® ¯ lmtBrw���
n
rmo�~

y
°

_¥lGtu[jl®�m[jtj¹
An(y)

rmtu[1Z\lmo�lwgulGoY[1p�o�k�ti[jrGe�p�oY��p�o
y
¯ lmtWrw���

n
rwo�~ ¯ lmt§[Crmk�V�eirwZ\}Y��[1}TrOguV"°0UWVY[�lGtu[jZ

G�p�o	�HG�ÀguVY[jo¶gu[����qeWn�eWgiV�rOg
ª>pq�p ¯ guVY[�eu[j�EnY[�o�k�[

{(An(·),Bn),−∞ < n <∞}
pqe�e�girwgup�lmo�rmtuc [�ti�mlY~fp�k���rmo�~

ªJp�pq�p ¯
P (limn→∞In,1

pqe§¬�o�p¤gi[
) > 0

¯ lmt
I0,1 = 0

¹
giVY[�o¥guVY[jtu[�[�¸dpqe�gie+r ehg�rOgup�lmoTrwtic [�ti�mlY~fp�k�tu[j�mp�Z\[

I∗n,1

~f[�¬�oY[j~¥lmo¶guVY[�}Ytilm��rm�Yp���p�g¦c�eu}�rmk�[�rwo�~
I∗n,1eirOgip�e�¬�[je�ª GC�G�°

·�[+e�girmt�g0�dc#�m[�tip ¯ cEp�oY��guVTrOg
Bn
pqe0e�girwgup�lmoTrwtic�[�ti�mlf~fpqk¨�Ec©rwo�rm��cd��p�oY��p�g0gi[�tiZ*�Ec�gi[�tiZ¶°�½�p�tie�g0l ¯

rm���TguVY[�}Ytulfk�[jeie�[Ce
Vn,1

rwo�~
Vn,2

rwti[1�Ec rGeueunYZ\}fgup�lmo�e�girwgup�lmo�rmtuc-[jtu�Glf~fpqkw°�½YnYtuguVY[jtuZ\lGtu[+p�gWkjrwo9��[
euVYlO¡�o©guV�rwg

Nn,2(Vn,i)
¹
i = 1, 2

¹GpqeMrm��eul�ehg�rOgup�lmoTrwtic�[�ti�mlf~Yp�km°	U	l�~fl�guV�p�e{p�oEgutilf~fn�k�[�guVY[xe�[C�EnY[�o�k�[
l ¯ p±° p²° ~³°0nYoYp ¯ lmtiZ �Ormtupqrw����[Ce

Un
lmo

(0, 1)
rwo�~���[�g

Nn,2(ω)
¹
ω ∈ IR

¹dVTrC�m[�k�nYZ\Z#nY��rwgup��m[�~fpqehgitup��YnfÁ
gip�lGo ¯ n�o�k×gip�lGo

FNn,2(ω)(x) := P (Nn,2(ω) ≤ x)
°�·¢p�guV«guV�[-VY[j��}«l ¯ giVY[-p�od�m[�t�e�[�Á²gut�rwoTe ¯ lmtuZ rOgip�lmo

Z\[�giVYlf~ ¯ lmtW~ft�rC¡�p�oY�#t�rwoT~flmZ oEnYZ#��[jtie§p�g ¯ lm����lO¡+e{guV�rwg
Nn,2(ω) = F−1

Nn,2(ω)(Un)
¡�V�p�k�V���[jrG~Ye{gul

Nn,2(Vn,i) = F−1
Nn,2(Vn,i)

(Un)
°NI¦o9lwguV�[�t{¡¨lGti~Yej¹

Nn,2(Vn,i)
pqe{r ¯ nYo�k×gip�lGo9l ¯ g¦¡¨l#}�rmtirmZ©[�gu[jtiej¹

Unrmo�~
Vn,i

°M]§rm���YgiVYpqe ¯ nYoTk×gup�lmo
f(U, V ) := F−1

Nn,2(V )(U)
°0UWVYpqe ¯ nYoTk×gup�lmo�pqe M lmti[���Z\[jrGe�nYt�rw����[G¹GrwoT~

eup�oTk�[
Xn := (Un, Vn,i)

pqe�ehg�rOgup�lmoTrwticB[�ti�mlf~fpqk-p¤g ¯ lm����lO¡+e�¡�p¤giV  À[�Z\Z r¥y#°�G\guV�rwg
Nn,2(Vn,2) =

f(Un, Vn,i)
pqe9ehg�rOgup�lGo�rwtic�[�ti�mlf~Yp�km°¿y1o¿p�~Y[�oGgip�kjrw�1rmtu�GnYZ\[�oGg�rOgip�lGo ¡�p�guV¾giVY[�eu[j�EnY[jo�k�[¥l ¯ p²° p²° ~À°

nYoYp ¯ lmtiZ&�Orwtipqrw�Y��[je
Wn

lmo
(0, 1)

��[Crm~YeWgul\giVY[ ¯ n�o�k×gip�lGo
g(Wn, N) := F−1

Dn,2(N)(Wn) = Dn,2(N)¡�p�guV¥¡�VYpqk�V¶p�g1k�rmo¶��[�euVYlO¡�o�guV�rwg
Dn,2(Nn) = g(Wn, Nn)

p�e+rw�qe�l ehg�rOgip�lGo�rwtic [�ti�mlf~fpqkw° %�[�gugup�oY�
��rGkiÃ�gul

Bn
¹T¡�p�guVBgiVY[#�m[Ck×gulGt

Xn := (Vn,1, Vn,2, Un,Wn)
rmo�~¶giVY[#}Ytilwvh[jk×gip�lmo ¯ nYo�k×gip�lmo

Pi(Xn)¡�VYpqk�V¶�mp��m[Ce¨giVY[
i
Á±giV¥k�ldlmt�~fp�o�rOgi[xl ¯

Xn
¹f¡§[�kjrwo¶tu[j¡�tup�gu[

Bn
rme

Bn = Vn+1,1 + Vn+1,2 + g(Wn+1, f(Un, Vn,2) + f(Un+1, Vn+1,1))

= P1(Xn+1) + P2(Xn+1) + g(P4(Xn+1), f(P3(Xn), P2(Xn)) + f(P3(Xn+1), P1(Xn+1)))

adp�o�k�[©}Ytilwv¦[Ck×gip�lGo�e�¹³rm~Y~Yp¤gip�lGo�e�rwo�~«k�lGZ\}TlEe�p�gilmo�e1l ¯ Z\[jrmeunYt�rw�Y��[ ¯ nYo�k×gip�lGo�e�rwti[#lmo�k�[-rw�Erwp�oBZ\[CrOÁ
eunYt�rw�Y��[�p�g ¯ lm����lO¡+eW¡�p¤giV  À[�Z\Z r\y�°HG�giV�rOg

Bn
pqe�e�girwgup�lmo�rmtuc [jtu�Glf~fpqkw°

�+[�¸dg"¡¨[{euVYl®¡�giV�rOgÀgiVY[{e�[C�EnY[�o�k�[
An(·)

pqeÀe�g�rOgup�lmoTrwtic+[�ti�mlf~fpqk��Ec�e�g�rwtugup�oY�W¡�p�guV�giVY[Mp�oYoY[�tiZ\lGe�g
gi[�tiZ3l ¯ ª G��E�rmo�~-¡§lmtiÃEp�oY��lmnYg¦¡§rmti~�e�°�adp�oTk�[WguV�[�oEnYZ#��[�tMl ¯ rwtitip��wrw��e�p�o k�cfk���[

n
pqe0p�oT~f[�}�[�oT~f[�oGg{l ¯

giVY[xoEn�Z#��[�t§l ¯ rwtitip��wrw��eMp�o�k�cfk���[
k
¹ ¯ lmt

k 6= n
¹dp�g ¯ lm����l®¡+eMgiV�rOg

Nn,1(·)
pqe¨rmo9p²° p²° ~³°0eu[j�EnY[jo�k�[1p�o

n
°

·¢p�guV�r�eup�Z©p��qrwt¨rwti�mnYZ\[�oEgirwgup�lmo\p¤g ¯ lG����lO¡+e�giV�rOg
Dn,1(·)

p�e¨rwo p²° p±° ~³°0eu[j�EnY[�o�k�[+p�o
n
°�½�nYtuguVY[jtuZ\lmti[m¹

�
	 Û¨Í�Û�Î�Ø�Ö�è�Ý±âOÎiÝ0Ø®Õ�Ý²Î�Ý±ÏÑÕ×Ø�Ý±âOÎiÝ�Ý²â®Û¨à²Û�'��CÛhØ®òhÛ {((An(y))y∈Y ,Bn),−∞ < n < ∞} ÏÑà�à>ÝÂÎiÝ±ÏÑÕ×ØOÎ�ÔJè�Û�Ô>Ú×Õ�é®ÏÑòÔ²ÎiÝ±â®ÛhÔ"Ý²â®Î�Ø {(An(In,1),Bn),−∞ < n < ∞} Ù��"ÛhÔ±Û Y Ïãà"Î¨à��®ÖCà²Û¦Ý	Õ�ä IR Ù

ë	ë&Øihj�k�l�m
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r¶k�lGZ\}�lGeup¤gip�lGo«l ¯ p�o�~f[j}�[�o�~f[joGg�}YtulYk�[jeieu[je1ti[jeunY��gie�lGo�k�[\rw�Erwp�o«p�o»rwo�p²° p²° ~³°©eu[j�EnY[�oTk�[m°©U"l¶}YtilO�m[
giVYp�e���[�g

Dk(·)
rwo�~

Nm(·)
��[\p±° p²° ~À°\eu[j�EnY[�oTk�[je�rmo�~�p�o�~Y[�}�[�o�~Y[�oGg�l ¯ [Crmk�V�lwgiVY[�tC° ]¨lGo�~fp¤gip�lmoYp�oY�

lGo�giVY[�p�oYoY[�t+}Ytilfk�[Ceue§�mp��m[je�ª
k 6= l

rmo�~
m 6= n



P (Dk(Nm) ≤ x;Dl(Nn) ≤ y) =

∫ ∞

0

∫ ∞

0

P (Dk(r) ≤ x;Dl(s) ≤ y)dP (Nm ≤ r)dP (Nn ≤ s)

=

∫ ∞

0

∫ ∞

0

P (Dk(r) ≤ x)P (Dl(s) ≤ y)dP (Nm ≤ r)dP (Nn ≤ s)

=P (Dk(Nm) ≤ x)P (Dl(Nn) ≤ y).

I¦o }�rmt�gipqk�nY�qrwtC¹+guVYpqe¶Z\[Crwo�e�guVTrOg¶giVY[�e�[C�Gn�[�o�k�[
Dn+1,1(Nn,1(·))

pqe¥rwo p±° p²° ~À°&e�[C�EnY[�o�k�[�p�o
n
°

s�[�t ¯ lmtiZ©p�oY�«gh¡¨lËZ\lmti[¶k�lmZ\}�lGeup�gup�lmo�e-��p�Ãm[�giVYp�e\}Ytil®�m[Ce�giV�rOg
An(·)

pqe\rwoSp±° p±° ~³°Seu[j�EnY[�oTk�[Ëª±rwo�~
giVY[�ti[ ¯ lmti[�rm�qe�l\e�girwgup�lmo�rmtuc [�ti�mlY~fp�kC×°0UWVYpqeW}YtilO�m[je

(i)
°

U"l¾euVYlO¡�guVTrOg
(ii)

VYlG��~Ye¶p¤g¥pqe¶eunZU9k�p�[�oEg¶gul¾euVYlO¡�giV�rOgBk�[jt�g�rwp�oQk�lmo�~fp�gup�lmoTe�l ¯  "[�Z\Z r G
p�o �HG��+VYlm�q~Srme-guV�rwg\��[�Z\Z r���[Crm~Ye-gul

(ii)
°SUWVY[¶¬�tie�g k�lmoT~fp¤gip�lmoSp�e-giV�rOg

An(·)
¯ lGtuZ e\rwoSp±° p²° ~À°

eu[j�EnY[�oTk�[#p�o�~f[j}�[�o�~Y[�oGg�l ¯ giVY[-e�g�rOgup�lmoTrwtic�[�ti�mlY~fp�k�e�[C�Gn�[�o�k�[
Bn
°1UWVY[©e�[Ck�lmo�~�k�lmoT~fp¤gip�lGoBpqe+guVTrOg

IE[|A0(y)|] ≤ α|y|
¯ lmt+eulmZ\[

α < 1
rmo�~¶rw���

y ≥ D
¡�VY[�ti[

D > 0
p�e+eulmZ\[�k�lmo�e�girmoGgC°

IÂg-V�rme-rw��tu[Crm~fc��T[j[�o euVYl®¡�o»giV�rOg#giVY[�eu[j�EnY[jo�k�[
An(·)

¯ lmtiZ\e-rwo�p²° p²° ~³°«eu[j�EnY[�o�k�[�rwo�~»guV�rwg
Bn
pqe#r«ehg�rOgup�lmoTrwtic«[�ti�mlf~fpqk e�[C�EnY[�o�k�[m°�UWVY[�eu[j�EnY[jo�k�[

An(·)
p�e-rw�qe�l�p�o�~Y[�}�[�o�~Y[�oGg©l ¯

Bn
e�p�o�k�[

ª±k�lmZ\}�rmtu[9ª GC�G¨gul«ª Gj�E�
Vn+1,1

rwo�~
Vn+1,2

rmtu[�p�oT~f[�}�[�oT~f[�oEg1l ¯
An(·)

¹
Nn,2

p�e+p�oT~f[�}�[jo�~f[�oEg1l ¯
Nn+1,2

¹�rmo�~
Vn+1,1

p�e�p�oT~f[�}�[jo�~f[�oEg+l ¯
Dn+1,1(Nn,1(·))

°
½	p�o�rm����cm¹�eup�o�k�[

IE[|A0(y)|] = IE[An(y)] = αy
¹�¡�p�guV

α = ρ1ρ2

(1−ρ1)(1−ρ2)

¹�p�g ¯ lm����lO¡+e�giV�rOg�giVY[
eu[jk�lGo�~Bk�lmo�~Yp¤gip�lGoBVYlm�q~Ye1eup�oTk�[

α < 1
¡�VY[joY[��m[jt

ρ < 1
¹T¡�V�p�k�VB¡Wrme1rmeie�nYZ\[C~�giVYtulGnY�mVYlGnfgj°�UWVEnTe

(ii)
VYlG�q~YeWp ¯

ρ < 1
°

adp�oTk�[
(i)
rwo�~

(ii)
VYlG��~»guVY[jtu[�[�¸fp�e�gie�ª>UWV�[�lmti[�Z G�p�o ��G�J�r«e�girOgip�lGo�rwtic�tu[j�mp�Z©[

I∗n,1

¡�VYpqkiV
eirOgip�e�¬�[je�ª GC�G�°

� ��
��\� �¾���¿2*'�����
��+4 �������
��� ÉÀÉ � � U�rmÃEp�oY�-giVY[�[�¸f}�[jk�girwgup�lmo¶lmo¶��lwgiV¥eup�~Y[jeWl ¯ [j�En�rOgip�lGoËª Gj�E¨�mp��m[je

IE[In+1,1] =R+
ρ2

1 − ρ2

(

R+
ρ1IE[In,1]

1 − ρ1

)

.

S1o�~f[�t�giVY[ e�girwgup�lmo�rmtuc£ti[��Gp�Z\[
IE[In+1,1] = IE[In,1]

¡�VYp�k�V�p�Z\Z\[j~Yp�rwgu[���c ��[jrG~Ye¥gil¿giVY[�¬�t�e�g
Z\lmZ\[joGg

E[In,1] =
R(1 − ρ1)

1 − ρ
.

ª>��JE

ïðí�ëÀï��
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U	l�lm�Ygirwp�o�giVY[\eu[jk�lGo�~�Z\lmZ\[�oEg�¡¨[©oY[�[C~Bgil¶~Y[�tip��m[#giVY[-gi[�tiZ\e�lmo«guVY[\tup��mVEg�V�rwoT~«eup�~Y[-l ¯ ª GC�G�°
½�p�tie�g�l ¯ rm���²¹

IE[A2
n(In,1)] =IE

[

D2
n+1,2

(

Nn+1,2

(

Dn+1,1(Nn,1(In,1))
))]

=λ2
2d

2
2IE[D2

n+1,1(Nn,1(In,1))] + λ2d
(2)
2 IE[Dn+1,1(Nn,1(In,1))]

=λ2
2d

2
2

(

λ2
1d

2
1IE[I2

n,1] + λ1d
(2)
1 IE[In,1]

)

+ λ1d1λ2d
(2)
2 IE[In,1].

s0��nY�G�mp�oY�©[C�En�rOgip�lGo�e�ª ^wWrwoT~Ëª G	^w¨p�oGgul\guVYpqe�ti[jeunY�¤g�eWp�o

IE[A2
n(In,1)] =

ρ2
1ρ

2
2IE[I2

n,1]

(1 − ρ1)2(1 − ρ2)2
+

R

(1 − ρ2)2(1 − ρ)

(

λ1ρ
2
2b

(2)
1

(1 − ρ1)2
+ λ2ρ1b

(2)
2

)

.
ª ^O�E

�+[�¸dg#¡¨[ }�tulfk�[�[C~�¡�p¤giVËgiVY[�e�[Ck�lGo�~�nYoYÃdoYlO¡�o»l ¯ [�¸f}Ytu[Ceueup�lmo¾ª Gj�E×¹
IE[B2

n]
¹	¡�V�[�ti[\¡§[ ti[jk�rm���

giV�rOg
Bn
p�e+~f[�¬�oY[j~¶p�o¶[C�GnTrOgup�lmo»ª G®�m�°M_BrmÃEp�oY�\n�e�[�l ¯ ª±�G§�mp��m[je

IE[B2
n] =IE

[

Vn+1,1 + Vn+1,2 + Dn+1,2

(

Nn,2(Vn,2) + Nn+1,2(Vn+1,1)
)]2

=v
(2)
1 + v

(2)
2 + 2v1v2 + 2c12(0) + 2λ2d2

(

v
(2)
1 + v2

2 + 2v1v2 + c2(1) + c12(−1) + c12(0)
)

+ λ2
2d

2
2

(

v
(2)
1 + v

(2)
2 + 2v1v2 + 2c12(−1)

)

+ λ2d
(2)
2 R

=
∆2 +R2

(1 − ρ2)2
−

2ρ2δ
2
2

1 − ρ2
+

Rλ2b
(2)
2

(1 − ρ2)3
+

2ρ2c2(1) + 2c12(0)

1 − ρ2
+

2ρ2c12(−1)

(1 − ρ2)2
.

ª ^ G®

U"l�e�lG���m[{guV�[§��rGehg�}�rwtug	¬�t�e�g�oYlmgupqk�[¨guV�rwg�guV�[§}Ytilfk�[Ceueu[je
Nn,1(·)

¹
Nn,2(·)

¹
Nn+1,1(·)

¹
Nn+1,2(·)

¹
Dn+1,1(·)

¹frmo�~
Dn+1,1(·)

rmtu[xrw����p�o�~f[�}�[jo�~f[�oEgWl ¯ [Crmk�V9lwgiVY[�tC¹drmo�~ [Crmk�V9l ¯ giVY[�Z pqe¨p�o�~f[j}�[�o�~f[joGg
l ¯
In,1

¹
Vn,2

¹
Vn+1,1

¹�rwo�~
Vn+1,2

¹�UWVYpqeWZ\[Crwo�e§giV�rOg

IE[An(In,1)Bn] =αIE[In,1Bn],
ª ^w�G

¡�p�guV
α := ρ1ρ2

(1−ρ1)(1−ρ2)

°�UWVY[���rGehgM}Yp�[jk�[�l ¯ guVY[+}YnY���j��[+kjrwo©��[+~f[jtup��m[j~-¡�p�guV©giVY[�VY[j��}\l ¯ UWVY[jlmti[�Z
�-p�o	�HG�"¡�VYp�k�VBehg�rOgu[Ce§guVTrOg

In,1 =

∞
∑

j=0

( n−1
∏

i=n−j

A
(n−j)
i

)

(Bn−j−1), n ∈ Z,

¡�VY[jtu[ ¯ lmt1[jrGkiV¥p�oGgi[��G[�t
i
¹
{A

(−j)
i }j

rmtu[�p�o�~f[j}T[jo�~f[joGgxl ¯ [Crmk�V¥lwgiVY[�txrwoT~¶V�r®�m[�giVY[-eurmZ©[#~fpqehgitup�Á
�Ynfgip�lmo�rGe

Ai(·)
°�U	l9rw}�}Y��c�guVY[�guVY[jlmti[�Z&p�g1pqe1eunZU9k�p�[�oGg1gil VTrC�m[

α < 1
¹T¡�VYp�k�V¥ginYtio�e+lmnfg1gul9��[

[C�Gn�p��Orm��[�oGg�gil
ρ < 1

¹TrwoT~�guVTrOg
IE[Bn] < ∞

ª±e�[j[  "[�Z\Z r G�p�o ��G�J×°WUWVY[��qrOgugu[jt+p�o�~f[�[C~¥VYlm�q~Ye+rGe
IE[Bn] = R

1−ρ2

°

ë	ë&Øihj�k�l�m
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y+}Y}Y��cdp�o��©giVY[�guVY[jlmti[�Z%�Gp��m[Ce

IE[In,1Bn] =

∞
∑

j=0

IE

[ n−1
∏

i=n−j

(

Di+1,2

(

Ni+1,2

(

Di+1,1(Ni,1(Bn−j−1))
)

))

· Bn

]

=

∞
∑

j=0

αjIE [Bn−j−1Bn] =

∞
∑

j=0

αjIE [B0Bj+1] .
ª ^O�E

��[jkjrwn�eu[�l ¯ giVY[¶p�o�~f[�}�[jo�~f[jo�k�[¶l ¯ guV�[¶}YtulYk�[jeieu[je
Di,1(·)

¹
Dn,2(·)

¹
Ni,1(·)

¹¨rwo�~
Ni,2(·)

¹ ¯ lmt\rm���
i ∈ Z

°0·Ëtip¤gip�o��\lmnfg�guV�[���rGehgWgi[�tiZ%cdp�[��q~Ye

IE [B0Bj+1] =IE

[

(

V1,1 + V1,2 + D1,2

(

N0,2(V0,2) + N1,2(V1,1)
))

·
(

Vj+2,1 + Vj+2,2 + Dj+2,2

(

Nj+1,2(Vj+1,2) + Nj+2,2(Vj+2,1)
))

]

=v2
1 + c1(j+1) + v1v2 + c12(j + 1) + λ2d2

(

v1v2 + c12(j) + v2
1 + c1(j+1)

)

+ v1v2 + c12(−j−1) + v2
2 + c2(j+1) + λ2d2

(

v2
2 + c2(j) + v1v2 + c12(−j−1)

)

+ λ2d2

(

v1v2 + c12(−j−2) + v2
2 + c2(j+2) + λ2d2

(

v2
2 + c2(j+1) + v1v2 + c12(−j−2)

))

+ λ2d2

(

v2
1 + c1(j+1) + v1v2 + c12(j+1) + λ2d2

(

v1v2 + c12(j) + v2
1 + c1(j+1)

))

=
R2

(1 − ρ2)2
+
c1(j+1) + c2(j+1)

(1 − ρ2)2
+
ρ2(c2(j) − 2c2(j+1) + c2(j+2))

1 − ρ2

+
c12(−j−1) + c12(j+1)

1 − ρ2
+
ρ2(c12(−j−2) + c12(j))

(1 − ρ2)2
.

ª ^®�d

s0nYg�gup�oY�¢ª�^w�m¦Á�ª�^®�d�gilm�G[�guV�[�t\rwoT~�ti[�ÁÂp�oT~f[�¸fp�oY�«guVY[Be�nYZ\Z rOgip�lGo ª ¯ lmt\[�¸YrmZ©}���[G¹ ∑∞

j=0 α
j+1c2(j)

=
∑∞

j=1 α
jc2(j−1) = αc2(0) +

∑∞

j=1 α
jαc2(j)

§}Ytilf~fnTk�[je

IE[An(In,1)Bn] =

∞
∑

j=1

[

R2 + c1(j) + c2(j)

(1 − ρ2)2
+
ρ2

(

α− 2 + 1
α

)

c2(j)

1 − ρ2

+
c12(−j)

1 − ρ2

(

1 +
ρ2

α(1 − ρ2)

)

+
c12(j)

1 − ρ2

(

1 +
αρ2

1 − ρ2

)

]

αj

+
ρ2(αc2(0) − c2(1))

1 − ρ2
+
ρ2(−c12(−1) + αc12(0))

(1 − ρ2)2
.

ïðí�ëÀï��
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y1����l ¯ guVY[-gu[jtuZ ex¡�p¤giV
v1
rwo�~

v2
kjrwo«�T[-}�nY����[j~«lmnfg�l ¯ giVY[©eunYZ\Z rOgup�lmo�rwo�~�nYo�~f[jt�ehg�rOgip�lGo�rwtic

ti[��Gp�Z\[
c2(0) = δ22

°MUWVYpqeW�Gp��m[Ce

IE[An(In,1)Bn] =
ρ1ρ2R

2

(1 − ρ2)2(1 − ρ)
+

ρ1ρ
2
2δ

2
2

(1 − ρ1)(1 − ρ2)2
−
ρ2c2(1)

1 − ρ2
+
ρ2(−c12(−1) + αc12(0))

(1 − ρ2)2

+
1

(1 − ρ2)2

∞
∑

j=1

[

c1(j) + c2(j) +
(1 − ρ)2c2(j)

ρ1(1 − ρ1)
+

(1 − ρ2)c12(−j)

ρ1

]

αj

+
1 − ρ2(1 − α)

(1 − ρ2)2

∞
∑

j=1

c12(j)α
j .

ª ^w�G

s0nYg�gup�oY�9[j�En�rOgip�lmo�e�ª ^w�G×¹qª ^ZGC�¹frmo�~Ëª ^m�m¨p�oGgilBª Gj�GWrwo�~¶k�lm����[Ck×gup�oY�©gu[jtuZ eW�Gp��G[je

IE[I2
n+1,1] =

ρ2
1ρ

2
2IE[I2

n,1]

(1 − ρ1)2(1 − ρ2)2
+

R

(1 − ρ2)2(1 − ρ)

(

λ1ρ
2
2b

(2)
1

(1 − ρ1)2
+ λ2b

(2)
2

)

+
1

(1 − ρ2)2

(

∆2 −
2ρ2(1 − ρ)δ22

1 − ρ1
+

(

1 − ρ+ 2ρ1ρ2

1 − ρ

)

R2
)

+
2(1 − ρ2(1 − α))

(1 − ρ2)2

∞
∑

j=0

c12(j)α
j

+
2

(1 − ρ2)2

∞
∑

j=1

[

c1(j) + c2(j) +
(1 − ρ)2c2(j)

ρ1(1 − ρ1)
+

(1 − ρ2)c12(−j)

ρ1

]

αj .

S1o�~f[�txehg�rOgip�lGo�rwtic9tu[j�mp�Z©[
IE[I2

n+1,1] = IE[I2
n,1]
°§UWVY[�UWV�[�lmti[�Z ¯ lm����l®¡+e��Ec�}YnYg�gip�oY� giVY[jeu[�gi[�tiZ e

lGo�giVY[�eirwZ\[�e�pq~f[�rmo�~��Ec�Z rmÃEp�oY�\n�e�[�l ¯ giVY[�p�~Y[�oGgip¤ghc

1 −

(

ρ1

1 − ρ1

)2(
ρ2

1 − ρ2

)2

=
(1 − ρ)(1 − ρ+ 2ρ1ρ2)

(1 − ρ1)2(1 − ρ2)2
.

( �����	��
�������×!#� ��
�� ���¾� �¿23'�����
��+4 ��� � �
��� ÉÀÉ � � S1o�~f[�t�r odnYZ#��[�txl ¯ rGeueunYZ\}fgup�lGo�e �HGC�
�	}�tu[Ce�[joGgie1r9~Y[jk�lGZ\}TlEe�p�gip�lGo¶guVY[jlmtic�¡�VYp�k�V«ehg�rOgu[Ce
giV�rOgWgiVY[�[�¸d}�[Ck×gu[C~�¡§rwp�gup�oY�-gip�Z\[�p�o¥rwoB_ ` %P`ZG��EnY[jnY[�¡�p�giV¶�OrmkjrOgip�lGo�e§k�rmo���[�~f[jk�lmZ\}�lGeu[j~�p�oEgul
gh¡¨l\}�rmt�g�e�¹fo�rmZ\[���c

IE[Wq,i] =
λib

(2)
i

2(1 − ρi)
+ IE[Ṽi].

ë	ë&Øihj�k�l�m
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UWVY[§¬�tie�g�}�rwtug�p�e	giVY[�s	lm���qrmk��j[�ÃEÁ���VYp�oTkiVYp�o ¯ lmtiZ#nY��r ¯ lmt�guVY[W[�¸f}�[Ck×gu[C~#¡§rwp�gup�oY�xgup�Z\[§p�o©rmo#lmt�~fp�o�rwtic
_ `*%P` G1�EnY[jnY[1¡�p�guVYlGnfg§�OrGk�rOgip�lGo�ej°�UWVY[xeu[jk�lmo�~ }�rwtug¨pqeMgiVY[ ¯ lmti¡§rwt�~dÁ²ti[jk�nYtitu[�o�k�[�gup�Z©[�~Y[�¬�oY[C~�rme

IE[Ṽi] =
IE[I2

n,i]

2IE[In,i]
.

ad[j[ � J�� ¯ lGt�rwo»rw}Y}Y��pqk�rOgip�lmo�l ¯ giVYpqe�guVY[jlmticm° afp�o�k�[ r¥k�n�ehgilmZ\[�t�p�o»r¶}�lm����p�oY�Beucde�gu[jZ rmtutip��dp�oY�¶rOg
�EnY[jnY[

i
e�[j[je#guVY[¥e�cfe�gu[jZ rme©rwo¾_ ` %P`ZG9¡�p�guVS�OrmkjrOgip�lGo�e�¹0rmo�~»giVY[�guVY[jlmti[�Z ~fld[je-oYlmg\rmeie�nYZ\[

p�o�~f[�}�[jo�~f[jo�k�[Ë��[�gh¡¨[�[joQ�wrmk�rwgup�lmo�e�rwoT~Qe�[jtu�dpqk�[�gup�Z\[je»ªJlGt¶�Yn�e�c¢}�[�tip�lf~Ye�×¹1¡¨[Ëk�rmo rw}Y}Y��c¾giVY[
giVY[�lGtu[�Z%gul\lGnYt�}�lm����p�oY� eucfehgi[�Z¥°

� ��
	� ���¿���¿23'�����
��+4 � �����
��� ÉÀÉ � � ½�p�t�ehg¥l ¯ rw����oYlmgu[�guV�rwg¶guVY[Ë[�¸f}T[Ck×gi[j~ e�[jtu�dpqk�[�gip�Z\[Ël ¯

N
k�n�ehgilmZ\[�t�e¶rOg¶guVY[»eu[jk�lmo�~

�EnY[jnY[�pqeWguVY[�eunYZ l ¯ guV�[�p�t�p�o�~fp��dp�~Yn�rw�"eu[�ti�dp�k�[xgup�Z\[je+rmo�~�VY[jo�k�[
IE[Sn,2] = b2IE[N ]

°{U�rwÃdp�oY�-giVY[
[�¸d}�[Ck×girwgup�lmo¶l®�m[jt�ª±�w�E{giVY[�o¥�Gp��m[Ce

IE[Sn+1,2] =ρ2

(

IE[Sn,2] +R+ IE
[

Dn+1,1

(

Nn,1(Sn,2 + Vn,1 + Vn,2)
)]

)

=
ρ2

1 − ρ1

(

IE[Sn,2] +R
)

,

¡�VY[jtu[�guV�[+�qrme�g{��p�oY[ ¯ lm����l®¡+e{eup�o�k�[
IE[Dn,1] = ρ1IE[In,1])/(1−ρ1)

ªJ[C�En�rOgip�lGoBª GC�wrE�W° M [Ck�rwnTe�[�l ¯
giVY[We�girOgip�lmo�rmtup�g¦c ª

IE[Sn+1,2] = IE[Sn,2]
×¹OgiVYpqe��mp��m[je"giVY[¨¬Ttie�g�Z\lmZ\[joGgj¹

IE[Sn+1,2] = ρ2R/(1−ρ)
°

M [ ¯ lmti[�¡¨[x~f[�tip��m[�guV�[1eu[jk�lmo�~\Z\lmZ\[�oEgj¹E¡¨[�¬Ttie�g{oY[�[C~©gil�}�lmp�oGg¨lmnfg�ªJ¡�p�guV giVY[1VY[���} l ¯ ªJ�d0rmo�~
ª±�G�¨giV�rOg

IE[S2
n,2(Nn,2(T ))] =b22IE[N 2

n,2(T )] + (b
(2)
2 − b22)IE[Nn,2(T )]

=ρ2
2IE[T 2] + λ2b

(2)
2 IE[T ].

ª�^O�E
af�En�rmtup�oY�¥ª±�w�E¨�Gp��G[je¨giVY[�eu[jk�lGo�~�Z©lGZ\[�oGg+l ¯ guVY[�eu[�ti�Epqk�[�gup�Z©[�l ¯ guVY[�eu[jk�lmo�~¶�EnY[�nY[�rme

IE[S2
n+1,2] =IE[X 2

n(Sn,2)] + IE[Y2
n] + 2IE[Xn(Sn,2)Yn].

ª ^�^m
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UWVY[1tip��mVGg¨V�rwoT~9e�pq~f[1¡�p����T��[�e�lG���m[C~\}Yp�[Ck�[1�Ec\}Yp�[jk�[G°0½	p�t�ehg¨l ¯ rw���²¹Gn�eup�oY��ª�^O�E×¹drwo�~\guVY[jo«ª±�GMrm��lGoY�
¡�p�guV¶guV�[�p�o�~f[j}�[�o�~Y[�o�k�[�l ¯

Nn,2(·)
rmo�~

Nn+1,2(·)
�mp��m[je

IE[X 2
n(Sn,2)] =IE

[

S2
n+1,2

(

Nn,2

(

Sn,2

)

+ Nn+1,2

(

Dn+1,1

(

Nn,1(Sn,2)
))

)]

=b22IE

[

(

Nn,2

(

Sn,2

)

+ Nn+1,2

(

Dn+1,1

(

Nn,1(Sn,2)
))

)2
]

+ (b
(2)
2 − b22)IE

[

Nn,2

(

Sn,2

)

+ Nn+1,2

(

Dn+1,1

(

Nn,1(Sn,2)
))]

=λ2b
2
2

(

λ2IE[S2
n,2] + IE[Sn,2] + 2λ2IE

[

Sn,2 · Dn+1,1

(

Nn,1(Sn,2)
)]

+ λ2IE
[

D2
n+1,1

(

Nn,1(Sn,2)
)]

+ IE
[

Dn+1,1

(

Nn,1(Sn,2)
)]

)

+ λ2(b
(2)
2 − b22)IE

[

Sn,2 + Dn+1,1

(

Nn,1(Sn,2)
)]

.

y�k�lGnY}Y��[�l ¯ giVY[jeu[�gi[�tiZ e�k�rmo¶��[�k�tilGeieu[j~�lmnfg�gul\�Gp��m[

IE[X 2
n(Sn,2)] =ρ2

2

(

IE[S2
n,2] + 2IE

[

Sn,2 · Dn+1,1

(

Nn,1(Sn,2)
)]

+ IE
[

D2
n+1,1

(

Nn,1(Sn,2)
)]

)

+ λ2b
(2)
2 IE

[

Sn,2 + Dn+1,1

(

Nn,1(Sn,2)
)]

.

y1}Y}Y��cEp�oY� ¯ lmtiZ#nY��rBª>�EWrmo�~�guV�[�o�e�nY�Tehgip¤ginfgup�oY�
d1 = b1/(1 − ρ1)

rmo�~
d
(2)
1 = b

(2)
1 /(1 − ρ1)

3 ª>eu[�[ª�^w�§��[jrG~Ye§gul

IE[X 2
n(Sn,2)] =ρ2

2

(

IE[S2
n,2]
(

1 +
2ρ1

1 − ρ1
+ λ2

1d
2
1

)

+ λ1d
(2)
1 IE[Sn,2]

)

+
λ2b

(2)
2

1 − ρ1
IE[Sn,2]

=
ρ2
2IE[S2

n,2]

(1 − ρ1)2
+

IE[Sn,2]

1 − ρ1

(

λ1b
(2)
1 ρ2

2

(1 − ρ1)2
+ λ2b

(2)
2

)

=
ρ2
2IE[S2

n,2]

(1 − ρ1)2
+

ρ2R

(1 − ρ1)(1 − ρ)

(

λ1b
(2)
1 ρ2

2

(1 − ρ1)2
+ λ2b

(2)
2

)

ª ^O�E
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UWVY[ e�[Ck�lGo�~�}�rmt�g�l ¯ ª ^c^wxk�rmo��T[ ~f[jtup��m[j~�rw��lmoY�¶eup�Z©p��qrwt���p�oY[Ce�°©U	rmÃdp�o���guVY[\[�¸d}�[Ck×g�rOgup�lmo�l ¯ giVY[
ei�En�rwti[�l ¯ ª>�G�G�¹

IE[Y2
n] =IE

[

S2
n+1,2

(

Nn,2

(

Vn,2

)

+ Nn+1,2

(

Dn+1,1

(

Nn,1(Vn,1 + Vn,2)
)

+ Vn+1,1

)

)]

=b22IE
[(

Nn,2

(

Vn,2

)

+ Nn+1,2

(

Dn+1,1

(

Nn,1(Vn,1 + Vn,2)
)

+ Vn+1,1

)

)2]

+
(

b
(2)
2 − b22

)

IE
[

Nn,2

(

Vn,2

)

+ Nn+1,2

(

Dn+1,1

(

Nn,1(Vn,1 + Vn,2)
)

+ Vn+1,1

)

]

=λ2b
2
2

(

λ2IE[V 2
n,2] + IE[Vn,2] + 2λ2IE

[

Vn,2 ·
(

Dn+1,1

(

Nn,1(Vn,1 + Vn,2)
)

+ Vn+1,1

)]

+ λ2IE
[(

Dn+1,1

(

Nn,1(Vn,1 + Vn,2)
)

+ Vn+1,1

)2]

+ IE
[

Dn+1,1

(

Nn,1(Vn,1 + Vn,2)
)

+ Vn+1,1

]

)

+ λ2

(

b
(2)
2 − b22

)

IE
[

Vn,2 + Dn+1,1

(

Nn,1(Vn,1 + Vn,2)
)

+ Vn+1,1

]

.

y1��eul\VY[�ti[�gu[jtuZ e�kjrwo¶��[�k�tulEeueu[j~�lmnYg��m° Lxlmp�oY�©giVYpqe��mp��m[je

IE[Y2
n] =ρ2

2

(

IE[V 2
n,2] + 2IE

[

Vn,2 ·
(

Dn+1,1

(

Nn,1(Vn,1 + Vn,2)
)

+ Vn+1,1

)]

+ IE
[(

Dn+1,1

(

Nn,1(Vn,1 + Vn,2)
)

+ Vn+1,1

)2])

+ λ2b
(2)
2 IE

[

Vn,2 + Dn+1,1

(

Nn,1(Vn,1 + Vn,2)
)

+ Vn+1,1

]

,

r ¯ gu[�t+¡�VYp�k�V¶guVY[�[�¸f}�[Ck×girwgup�lmo�e�k�rmo¶��[�Z\lO�m[j~ ¯ rwtuguVY[jt���rmk�Ã9p�o�giVY[�[j�En�rwgup�lmo�gul\�Gp��m[

IE[Y2
n] =ρ2

2

(

IE[V 2
n,2] +

2ρ1

1 − ρ1
IE
[

Vn,1Vn,2 + V 2
n,2

]

+ 2IE[Vn+1,1Vn,2]

+ λ2
1d

2
1IE
[

(Vn,1 + Vn,2)
2
]

+ λ1d
(2)
1 IE[Vn,1 + Vn,2] + IE[V 2

n+1,1]

+
2ρ1

1 − ρ1
IE[Vn,1Vn+1,1 + Vn+1,1Vn,2]

)

+
λ2b

(2)
2 R

1 − ρ1
.

� å â®Û�à²ÐÑÏÑÚ×â�Ý²Ð è�Í�Õ×Ô±Û�ÛhÐãÎ�ÖwÕ×Ô±ÎiÝ²Û-òuÎ�ÐÑò��®ÐãÎiÝ±ÏÑÕ×Ø®à�Î�Ø®é¶Ý²â®ÛhØ¥Ý±â®Û#òhÔ±Õ×à±à²ÏÑØ®Ú Õ��CÝ�Õ×äMÝ²ÛhÔ>Í�à�ÏÑà1é
�®Û�Ý±Õ Nn,2(·) Î�Ø®é
Nn+1,2(·) ÖwÛhÏÑØ®Ú�Ý±Ô±Û�ÎiÝ²Ûhé9à²ÛháwÛhÔ±ÎiÝ²Û�Ð è�Ù �	Ð Ý²â®Õ��CÚ×â Ï Ý¨ÏÑàMÝ²ÛhÍ�áCÝ±ÏÑØ®Ú�Ý±Õ�òhÕ×Í§Ö®ÏÑØ®ÛWÝ±â®ÛhÍ�ÏÑØ�Ý²Õ�Õ×Ø®Û+Ý±ÛhÔ±Í ��Ï Ý¨ÏÑà{ÖwÛ¦Ý±Ý±ÛhÔØ®Õ�ÝWÝ±Õ-é®Õ#à±Õ#à²ÏÑØCò�Û1Ý±â®Û�ÏÑØ®é®ÛháwÛhØ®é®ÛhØ®òhÛ�Î�ØCé�òhÕ×Ô>Ô±ÛhÐãÎiÝ²ÏÑÕ×Ø®à+ÖwÛ¦Ýðæ³ÛhÛhØ�Ý±â®Û�é®Ï �mÛhÔ±ÛhØ�Ý1áCÔ±Õ�òhÛhà²à²Ûhà Nn,1(T ) � Nn,2(T ) �
Dn+1,2(T ) � Sn,1(T ) �CÎ�Ø®é Sn+1,1(T ) Î�Ô±Û�Ø®Õ�ÝÀÎ�Ð æÀÎ�èjà³Õ×Ö�ÜjÏÑÕ��®àÀÎ�Ø®é1â®Î�Ü�Û	Ý²Õ{ÖmÛ"Ý²Ô>Û�ÎiÝ²Ûhéxæ"Ï Ý±â+ò�Î�Ô±Û�æ"â®ÛhØ+à�' �OÎ�Ô>ÏÑØ®ÚÝ²âCÛ�Í�Ù

ïðí�ëÀï��
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I¦o¶gu[�tiZ eWl ¯ guVY[�k�lO�Ormtupqrwo�k�[ ¯ nYo�k×gip�lmo�e
c1(j)

¹
c2(j)

¹�rwo�~
c12(±j)

¹
j∈N

ª>eu[�[9ª>�Gu×¹

IE[Y2
n] =ρ2

2

(

v
(2)
2 +

2ρ1(v1v2 + c12(0) + v
(2)
2 )

1 − ρ1
+ 2v1v2 + 2c12(−1)

+
ρ2
1

(

v
(2)
1 + v

(2)
2 + 2v1v2 + c12(0)

)

(1 − ρ1)2
+

λ1b
(2)
1 R

(1 − ρ1)3
+ v

(2)
1

+
2ρ1(v

2
1 + c1(1) + v1v2 + c12(−1))

1 − ρ1

)

+
λ2b

(2)
2 R

1 − ρ1

=
ρ2
2

1 − ρ1

(

δ21 + δ22 +R2

1 − ρ1
+ 2ρ1δ

2
1 +

λ1b
(2)
1 R

(1 − ρ1)2

)

+
λ2b

(2)
2 R

1 − ρ1

+
2ρ2

2

1 − ρ1

(

ρ1c1(1) + c12(−1) +
ρ1c12(0)

1 − ρ1

)

.
ª ^	JE

UWVY[�guV�p�t�~�}�rmt�g�l ¯ ª ^c^w¨pqe

IE[Xn(Sn,2)Yn] =IE
[

Sn+1,2

(

Nn,2

(

Sn,2

)

+ Nn+1,2

(

Dn+1,1

(

Nn,1(Sn,2)
))

)

· Yn

]

=λ2IE
[(

Nn,2

(

Sn,2

)

+ Nn+1,2

(

Dn+1,1

(

Nn,1(Sn,2)
))

)

· Yn

]

=ρ2IE
[(

Sn,2 + Dn+1,1

(

Nn,1(Sn,2)
)

)

· Yn

]

= γIE[Sn,2Yn]
ª>�m�E

¡�VY[jtu[�p�oB[jrGkiVBe�gu[j}¥guVY[�p�o�~f[j}�[�o�k�[#rwo�~¥oYlmofÁÂlO�m[�ti��rw}Y}�p�oY�\l ¯
Sn,2

rwo�~
Vn,i

ª
i = 1, 2

�¡§rme+n�e�[C~³°
UWVY[jlmti[�Z&�-p�o	�HG�À}�tulO�dp�~Y[je§n�e�¡�p�guVBr©Z\[jrwo¶gul\¡¨lGtuÃ9lmnYg�ª>�G�G�°0UWVY[�guVY[jlmti[�Z e�girwgu[Ce§guV�rwg

Sn,2 =

∞
∑

j=0

( n−1
∏

i=n−j

X
(n−j)
i

)

(Yn−j−1), n ∈ Z,

¡�VY[jtu[ ¯ lGt+[jrGkiV¥p�oGgi[��G[�t
i
¹
{X

(−j)
i }j

rwti[�p�o�~f[j}�[�o�~f[joGgxl ¯ [jrmk�V¥lwgiVY[�t1rmo�~¶VTrC�m[�giVY[#eirwZ\[�~fpqehgitup�Á
�Ynfgip�lmo«rme

Xi(·)
°1U"l�rw}Y}Y��c�guV�[�guVY[jlmti[�Z.p¤g�p�exeunZU9k�p�[�oGgxgul�V�r®�m[

γ < 1
¹�¡�VYpqkiVBginYtuoTe+lGnfg1gul���[

[C�Gn�p��Orm��[�oGg�gil
ρ < 1

¹�rwo�~¶guV�rwg
IE[Yn] < ∞

ª>eu[�[  À[�Z\Z r\G�p�o �HG�ð�°§UWV�[��qrOgugu[jt+p�o�~f[�[C~¥VYlm�q~Ye+rGe
IE[Yn] = ρ2R

1−ρ1

°

ë	ë&Øihj�k�l�m
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S1eup�oY��giVY[�giVY[�lGtu[�Z rmo�~���[Ck�rmn�e�[¶l ¯ giVY[¥p�o�~f[j}�[�o�~Y[�o�k�[¥l ¯ guV�[¶}Ytilfk�[Ceueu[je
Dn,1(·)

¹
Sn,2(·)

¹
Nn,1(·)

¹�rmo�~
Nn,2(·)

¹ ¯ lGt+rw���
n ∈ N

¹Y¡§[�lm�Ygirwp�o

IE[Sn,2Yn] =

∞
∑

j=0

IE

[

n−1
∏

i=n−j

(

Si+1,2

(

Ni,2

(

Yn−j−1

)

+ Ni+1,2

(

Di+1,1

(

Ni,1(Yn−j−1)
))

))

· Yn

]

=

∞
∑

j=0

bj2IE

[

n−1
∏

i=n−j

(

Ni,2

(

Yn−j−1

)

+ Ni+1,2

(

Di+1,1

(

Ni,1(Yn−j−1)
))

)

· Yn

]

=

∞
∑

j=0

ρj
2IE

[

n−1
∏

i=n−j

(

Yn−j−1 + Di+1,1

(

Ni,1(Yn−j−1)
)

)

· Yn

]

=

∞
∑

j=0

(

ρ2

1 − ρ1

)j

IE [Yn−j−1Yn] =

∞
∑

j=0

γjIE [Y0Yj+1] .
ª>�AG®

¡�p�guV
γ := ρ2

1−ρ1

°M½	p�o�rm����cm¹Y¡�tip¤gip�oY�\lGnfgWgiVY[��qrme�gWgu[�tiZ l ¯ giVYp�e�[�¸f}Ytu[Ceueup�lmo�cEp�[��q~Ye

IE [Y0Yj+1] =IE

[

S1,2

(

N0,2

(

V0,2

)

+ N1,2

(

D1,1

(

N0,1(V0,1+V0,2)
)

+ V1,1

)

)

· Sj+2,2

(

Nj+1,2

(

Vj+1,2

)

+ Nj+2,2

(

Dj+2,1

(

Nj+1,1(Vj+1,1+Vj+1,2)
)

+ Vj+2,1

)

)

]

=ρ2
2IE

[

(

V0,2 + D1,1

(

N0,1(V0,1+V0,2)
)

+ V1,1

)

·
(

Vj+1,2 + Dj+2,1

(

Nj+1,1(Vj+1,1+Vj+1,2)
)

+ Vj+2,1

)

]

=ρ2
2IE

[

V1,1Vj+2,1 + V0,2Vj+1,2 + V1,1Vj+1,2 + Vj+2,1V0,2

+
ρ1

1 − ρ1

(

V1,1Vj+1,1 + V0,1Vj+2,1 + 2V0,2Vj+1,2

+ Vj+1,1V0,2 + V0,1Vj+1,2 + Vj+2,1V0,2 + V1,1Vj+1,2

)

+
ρ2
1

(1 − ρ1)2

(

V0,1Vj+1,1 + V0,2Vj+1,2 + V0,1Vj+1,2 + Vj+1,1V0,2

)

]

.
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Sxe�p�oY�©giVY[�k�lO�Orwtipqrwo�k�[ ¯ n�o�k×gup�lGo�e�ª>�E

IE [Y0Yj+1] =ρ2
2

[

v2
1 + c1(j+1) + v2

2 + c2(j+1) + 2v1v2 + c12(j) + c12(−j−2)

+
ρ1

1 − ρ1

(

2v2
1 + c1(j) + c1(j+2) + 2v2

2 + 2c2(j+1)

+ 4v1v2 + c12(−j−1) + c12(j+1) + c12(−j−2) + c12(j)
)

+
ρ2
1

(1 − ρ1)2

(

v2
1 + c1(j+1) + v2

2 + c2(j+1) + 2v1v2 + c12(j+1) + c12(−j−1)
)

]

=
ρ2
2

1 − ρ1

[

R2

1 − ρ1
+
c1(j+1) + c2(j+1)

1 − ρ1
+ ρ1(c1(j) − 2c1(j+1) + c1(j+2))

+ c12(−j−2) + c12(j) +
ρ1(c12(−j−1) + c12(j+1))

1 − ρ1

]

.
ª>�G�G

s0nYg�gup�oY�9[j�En�rOgip�lmo�e�ª>�hGC§rwoT~Ëª>�E�m¨p�oGgul�ª>�G�G§rmo�~�tu[�Á²p�o�~f[�¸fp�oY�-giVY[�eunYZ\Z\rwgup�lmo¶�Gp��m[Ce

IE[Xn(Sn,2)Yn] =
ρ2
2

1 − ρ1

∞
∑

j=1

(

R2 + c1(j) + c2(j)

1 − ρ1
+ ρ1(c1(j−1) − 2c1(j) + c1(j+1))

+ c12(−j−1) + c12(j−1) +
ρ1(c12(−j) + c12(j))

1 − ρ1

)

γj .

I¦o�guVYpqe	[�¸f}Yti[jeie�p�lGo�guV�[{gu[�tiZ
R2 kjrwo���[{}�nY����[j~�lGnfg	l ¯ guVY[§eunYZ\Z rOgip�lGo#rwo�~�giVY[¨�Ormtup�lmn�e"k�l®�Ormtupqrwo�k�[¯ nYo�k�gup�lmo�e"kjrwo���[Mk�lm����[jk×gi[j~xgulG�m[�guVY[�t{ª ¯ lGtÀ[�¸YrmZ©}���[G¹ ∑∞

j=1 γ
jc2(j−1) = γc1(0) +

∑∞

j=1 γ
jγc2(j)


gil\tu[j�m[jrm�

IE[Xn(Sn,2)Yn] =
ρ2
2

1 − ρ1

[

ρ2R
2

(1 − ρ1)(1 − ρ)
+ ρ1

(

γc1(0) − c1(1)
)

− c12(−1) + γc12(0)

+

∞
∑

j=1

γj

(

c1(j) + c2(j)

1 − ρ1
+ ρ1c1(j)

(

γ − 2 +
1

γ

)

+ c12(−j)
( 1

γ
+

ρ1

1 − ρ1

)

+ c12(j)
(

γ +
ρ1

1 − ρ1

)

)]

=
ρ2
2

1 − ρ1

[

ρ2R
2

(1 − ρ1)(1 − ρ)
+ ρ1

(

γc1(0) − c1(1)
)

− c12(−1) + γc12(0)

]

+
ρ2
2

(1 − ρ1)2

∞
∑

j=1

(

c1(j) + c2(j) +
ρ1

ρ2
(1 − ρ)2c1(j) +

1 − ρ1(2 − ρ)

ρ2
c12(−j) + ρc12(j)

)

γj .
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s0nYg�gup�oY��[j�En�rOgip�lGo�e¨ª�^O�E×¹Yª ^JG�¹Ormo�~�ª>�G�GÀp�oGgul\ª ^c^w×¹On�eup�oY�
c1(0) = v

(2)
1 − v2

1

¹wrmo�~#k�lG����[jk�gup�oY�+gi[�tiZ e
�Gp��m[Ce

IE[S2
n+1,2] =

ρ2
2IE[S2

n,2]

(1 − ρ1)2
+

ρ2R

(1 − ρ1)(1 − ρ)

(

λ1ρ
2
2b

(2)
1

(1 − ρ1)2
+ λ2b

(2)
2

)

+
ρ2
2

1 − ρ1

(

δ21 + δ22 +R2

1 − ρ1
+ 2ρ1δ

2
1 +

λ1b
(2)
1 R

(1 − ρ1)2

)

+
λ2b

(2)
2 R

1 − ρ1

+
2ρ2

2

1 − ρ1

(

ρ1c1(1) + c12(−1) +
ρ1c12(0)

1 − ρ1

)

+
2ρ2

2

1 − ρ1

[

ρ2R
2

(1 − ρ1)(1 − ρ)
+ ρ1

(

γδ21 − c1(1)
)

− c12(−1) + γc12(0)

]

+
2ρ2

2

(1 − ρ1)2

∞
∑

j=1

γj

(

c2(j) +
1 − ρ1(2 − ρ)

ρ2

(

c12(−j) + ρc1(j)
)

+ ρc12(j)

)

=
ρ2
2IE[S2

n,2]

(1 − ρ1)2
+

R

1 − ρ

(

λ1ρ
2
2b

(2)
1

(1 − ρ1)2
+ λ2b

(2)
2

)

+
ρ2
2

(1 − ρ1)2

(

(

1 − 2ρ1(1 − ρ)
)

δ21 + δ22 +

(

1 − ρ1 + ρ2

1 − ρ

)

R2 + 2ρc12(0)

)

+
2ρ2

2

(1 − ρ1)2

∞
∑

j=1

(

c2(j) +
1 − ρ1(2 − ρ)

ρ2

(

c12(−j) + ρc1(j)
)

+ ρc12(j)

)

γj .

UWVY[¥¬�o�rm�+[�¸f}Yti[jeie�p�lmoSpqe\lG�fgirmp�o�[j~S�Ec¾rmeie�nYZ\p�oY�»e�g�rOgup�lmoTrwticm¹{}Ynfgugup�oY�»giVY[¥gi[�tiZ\e
IE[S2

n+1,2] =
IE[S2

n,2]
lmo�guVY[�eirwZ\[�eup�~f[G¹Yrmo�~�Z#nY��gup�}Y��cdp�oY� ��lmguV¥eupq~f[jeW�dc

(1 − ρ1)
2/ρ2

2
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